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Preface
Another year has gone by, which we celebrate with a brand new annual report. This seventeenth volume
since the foundation of WIT represents the whole bandwidth of WIT research. You will find twenty-three
papers on a broad variety of topics ranging from imaging over modelling to full waveform inversion and
others. The report’s range in topics benefits from the special construction of the WIT project comprising
three individual teams with different focus and approaches to provide leading edge research in seismic
exploration.
This report presents the scientific results of the WIT teams in 2013. There is, however, more to report
on the fruits of our research.
We would like to share a few of the ’highlights’ from 2013 with you, beginning with awards presented
to WIT researchers. Lisa Groos was awarded for the best oral presentation at the annual meeting of the
Deutsche Geophysikalische Gesellschaft (DGG) for her work entitled ’2D full waveform inversion of a
shallow seismic field dataset: Preprocessing and first inversion results’.
Furthermore, the Society of Exploration Geophysicists (SEG) bestowed the prestigious Maurice Ewing
Award on former WIT director Peter Hubral. This award was established for the first time in 1978 and is
the highest honour given by SEG to a person who is deserving of special recognition through having made
major contributions to the advancement of the science and profession of exploration geophysics. Peter is a
founding member of WIT, and we congratulate him from the bottom of our hearts for the appreciation that
comes with this award.
Moreover, GEOPHYSICS published a special section on seismic anisotropy in 2013 which was coedited by WIT researchers Dirk Gajewski and Claudia Vanelle.
One of the reasons for the success of WIT research lies in our pool of promising young scientists.
We congratulate Drs. Rodrigo Bloot, Lisa Groos, Anna Przebindowska, Ines Veile, and Oksana Zhebel
for successfully defending their Ph.D. in 2013. You will find some of their theses on the accompanying
WIT-CD, together with selected Master theses. We are very pleased that several junior researchers who
completed their M.Sc. in 2013 have decided to continue working with us in a Ph.D. programme. To promote
these young scientists is also thanks to your generous and continuous support.
We would like to draw your attention to a workshop on multiparameter processing that will be held
during the 2014 annual EAGE meeting in Amsterdam. WIT scientists, including J. Pruessmann (TEEC)
and Evgeny Landa (OPERA) will act as conveners. The main objectives of the workshop focus on determining the position of multiparameter methods in contemporary processing and imaging workflows, and
investigating their future potential.
Last, not least, we acknowledge your support. As public funding programmes for research on specific
topics are usually limited to a few years of support, our long term research would not have been possible
without your continuing sponsorship. Some of you have been with us for many years and witnessed developments that could not have been achieved within two or three years only. Not only do you provide us with
a solid foundation for our research, but also the means to offer our fledgling scientists the best possible
education. For all of this, we express our appreciation and gratitude, on behalf of all the WIT teams.

Hamburg, 2014/17/02, Dirk Gajewski and Claudia Vanelle
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Summary: WIT report 2013
IMAGING
Adetokunbo et al. investigate the influence of the spread length on the determination of stacking attributes
with the CRS and i-CRS operator.
Ahmed et al. present an application of the 3D-CRS workflow to hard rock data. The considered
data are low fold and the emphasize of the study is on coherence since it provides better images than the
stack.
Borin et al. provide an overview of the 3D ZO CRS Stack software, including its parallel execution model, and an analysis of the performance of the software when executing large data sets. The authors
show that the current implementation of the makeGeometry procedure hinders the processing of large
(1TB) data sets and present a solution for the problem.
Coimbra et al. extend their diffraction-based migration-velocity-analysis method to the prestack
domain. The algorithm uses the focusing of remigration velocity rays from uncollapsed migrated
diffraction curves to iteratively update the velocity model. Since the velocity rays are constructed from a
ray-tracing like approach, the method has a very low computational cost between migrations. Synthetic
data examples demonstrate the method’s feasibility.
Barrera et al. combine modeling with interferometry and correlate the modeled direct wavefield
with seismic surface data to relocate the acquisition system to any datum in the subsurface to which the
propagation of direct waves can be modeled with sufficient accuracy. They demonstrate theoretically and
numerically that reflections from deeper interfaces are repositioned with satisfactory accuracy.
Coimbra et al. present a prestack time-migration tool for local improvement of the seismic migrationvelocity model, based on time-remigration trajectories. Kinematic parameters from local-slope information
of seismic reflection events are used to locally correct the velocity model. The main advantage of this
technique is that it allows to carry out a residual moveout correction for all offsets of a common image
gather (CIG), taking into account the reflection-point displacement in the midpoint direction. Tests on
synthetic and SMAART-Sigsbee2B data demonstrated the feasibility of the method.
Gelius and Tygel revisit seismic imaging employing integral-equation type of migration. To further improve the resolution of the reconstruction of both reflections and diffractions, they propose to
employ ideas taken from Fresnel-aperture migration which uses low-frequency stationarity to select that
part of data that coherently contribute to the final image. The approach offers an efficient way to window
the coherent reflection energy which if being aligned, which, together with a window-steered MUSIC
approach, has the potential of giving high-resolution seismic images.
Gelius and Tygel revisit ray-based approaches to stacking and time-migration of seismic data, and
investigate the role of the smooth-velocity condition normally attached to such techniques. It is shown
that the smooth velocity field plays the role of a replacement medium in such a way that the one-way
analogues of the stacking and time-migration operators can be approximated, in a paraxial sense, by its
11
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impulse responses. It is shown how stacking and time-migration velocities relate to useful properties along
the central or mapping ray of the impulse responses.
Koushesh et al. evaluate the power of CRS and i-CRS methods in interpolating and enhancing of
signal to noise ratio in pre-stack data.
Novais et al. investigate the theoretical expression of the Li correction in order to approximate the
involved Fourier transforms by means of the method of stationary phase. They find a simple phasecorrection factor in space, using the direction of wave propagation as the dominant direction. Numerical
experiments with the exact propagation angle show that the so-achieved correction has acceptable quality
with considerable reduction in computational cost.
Santos et al. discuss two recent time MVA methods, being common-image-gather image-wave
propagation and double multi-stack migration, and compare their potential for the construction of initial
models for more sophisticated MVA techniques. At the example of the Marmousoft dataset, they show that
both methods can be used in a fully automated procedure to produce a velocity model and a time-migrated
image without a-priori information at comparable cost.
Schleicher et al. study various ideas of using weights in the imaging condition of blended-shot
migration, in order to reduce crosstalk. They combine the ideas of random phase and/or amplitude
encoding and random alteration of the sign with additional multiplication with powers of the imaginary
unit. The results indicate that with a combination of these weights, the crosstalk can be reduced by a factor
of 4. Moreover, they compare random shot grouping with one based on Costas arrays. The objective is to
avoid the occurrence of patterns in the distribution, in this way reducing coherent crosstalk energy. Finally,
they show that the crosstalk noise can be reduced after migration by image processing.
Schwarz et al. provide a generalized view on current multi-parameter stacking techniques. They
indicate that all higher-order traveltime approximations, despite being parameterized with the same set
of attributes, are based on the straight ray assumption and can be devided into two main subcategories,
which behave fundamentally different when heterogeneity is present. The authors suggest a simple recipe
for the transformation from one category to the other and argue that both types of operators have distinct
advantages, either accounting well for heterogeneity or leading to an efficient implementation.
MODELING
Camargo and Santos analyse a FD scheme for the acoustic wave equation, with an adaptive spatial
operator which reduces the computational cost but not the accuracy. The idea is to use long operators in
low velocity regions and short operators in high velocity ones.
Gelius and Tygel discuss the validity of the first Born approximation that is used in the inversion
of marine Controlled Source Electromagnetic (mCSEM) data. An extended Born approximation is advocated for which provides significantly more accurate results with a modest increase of computational effort.
Voegele et al. point up the well-known stability issues of a pseudo-acoustic wave equation on numerous 2D TTI macro-models. By varying the amount of shear-wave velocity along the symmetry axis
they get a better insight in the activation of non-physical solutions for the wave equation. In this way, a
common thread between the parameters for anisotropy and the occurring instabilities is derived.
FULL WAVEFORM INVERSION
Butzer et al. shows the application of a diagonal Hessian approximation for preconditioning in 3D elastic
full waveform inversion.
Heider et al. show a synthetic example for inverting a random distributed velocity model and prior
steps to invert for the field data.
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Macedo et al. apply scattering theory to the time-lapse problem, considering the time-lapse change
as a perturbation of the singular part of the model. They make use of the time-lapse differential-waveform
inversion framework, with the linearized scattering-based decomposition of the sensitivity kernel. Their
numerical examples demonstrate that the inclusion of the singular part into the model used for backpropagation helps to improve the perturbation estimates from FWI by taking advantage of the additional
subsurface illumination provided by multiple-scattering phenomena.
Schäfer et al. present two field datasets which they acquired to test their 2D full waveform inversion (FWI) approach. They discuss the main preprocessing steps applied to the field data as well as first
FWI results.
Thiel et al. investigate the potential of Full Waveform Inversions (FWI) applied on the subsalt
imaging problem. Synthetic acoustic and elastic FWI tests were performed for a marine 2D profile. The
Flooding Technique is applied and further developed.
OTHER TOPICS
Pereira and Biloti present an stationary phase analysis for the seismic interferometrical interpolation of
traces in the presence of dipping reflectors.
Vanelle provides an algorithm for the generation of analytical traveltimes for waves reflected by a
spherical interface.

I
Imaging
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OFFSET DEPENDENCE OF STACKING ATTRIBUTES FOR CRS
AND i-CRS OPERATORS
P. Adetokunbo, D. Gajewski, B. Schwarz, and C. Vanelle
email: peter.adetokunbo@zmaw.de
keywords: spread-length bias, wavefield attributes, CRS

ABSTRACT
Multiparameter stacking operators provide kinematic wavefield attributes to simulate high quality zero
offset sections. The quality of these attributes depend on the accuracy of the traveltime moveout used
to describe reflection events. The conventional CRS and implicit common reflection surface (i-CRS)
stack represent approximations of different accuracy. It has been shown previously that the i-CRS
operator provides a better fit to the data than the CRS operator. In this study we quantify the influence
of the spread-length bias on the determination of stacking attributes using simple models. For these
models it is possible to compare the determined attributes with forward calculated values. The results
show that the spread length bias is considerably smaller for the i-CRS operator than for the CRS
operator. Therefore, the application of the i-CRS is much more user friendly since the quality of the
estimated attributes does not depend on the offset at which they are estimated. It is important to note
that the choice of a too short offset compromises the parameter estimation, regardless what operator
is used. As a rule of thumb we found that the minimum offset should not be smaller than the half of
the target depth.

INTRODUCTION
The CRS and i-CRS stack methods (Müller, 1999; Vanelle et al., 2010; Schwarz, 2011) are techniques
which are suited for the simulation of zero-offset sections. Both methods describe the traveltime moveout
in offset-midpoint-time domain. The simulation works by means of a coherence analysis using an
optimization procedure to estimate kinematic wavefield attributes namely α, RN IP and RN . In addition,
a reliable stacking velocity model can be produced from these attributes.
The CRS method is based on second order, i.e., hyperbolic approximation of the traveltimes whereas
the i-CRS formula is of double square root type. Since both operators fit reflection events only approximately the estimated best fit surface does not in general coincide with the observed traveltimes
(Müller, 2006). To illustrate this, we apply the coherence analyses with varying search offset apertures to
qualitatively and quantitatively investigate the effect of spread-length bias on the estimation of wavefield
attributes, the quality of zero-offset simulated stack section and the subsequent post-stack migrated image,
where the migration velocity is derived from the wavefield attributes.

METHOD
The CRS operator is a hyperbolic traveltime approximation (Müller, 1999). In mid-point (xm ) and
half-offset (h) coordinate the CRS formula (Jager et al., 2001) reads

18

Annual WIT report 2013

Figure 1: Geometry for the circular reflector (after Schwarz, 2011).

t2 (∆xm , h) = (t0 +

2t0 cos2 α ∆x2m
h2
2 sin α
∆xm )2 +
(
+
) .
v0
v0
RN
RN IP

(1)

where t0 , v0 are zero-offset traveltime and near surface velocity, respectively, x0 is the central mid-point
location and ∆ xm = xm − x0 is the mid-point displacement. The quantities RN IP , RN and α are the
kinematic wavefield attributes introduced by Hubral (1983).
The implicit common reflection surface stack, i-CRS, is derived considering a circular reflector with
radius R (see Figure 1) in a homogeneous medium centered at (xc , H). The traveltimes ts and tg of the
down and up-going ray segments in half-offset and mid-point coordinates are given by
t(∆xm , h) = ts + tg

(2)

.

where
t2s

=

(∆xm − h − ∆xc − R sin θ)2 + (H − R cos θ)2
v2

,

t2g

=

(∆xm + h − ∆xc − R sin θ)2 + (H − R cos θ)2
v2

.

The reflection angle θ that minimizes the traveltime is computed in a recursive manner. For the zero-offset
angle θ0 can be computed analytically providing initial values for ts and tg which are used to update θ
(Vanelle et al., 2010)
tan θ = tan θ0 +

h ts − tg
H ts + tg

∆xm − ∆xc
H

, θ0 =

.

This procedure can be iteratively applied until the desired accuracy is reached. For most applications a
single iteration is sufficient. In some special cases (Schwarz, 2011) such as horizontal layering in the
subsurface (α=0, RN = ∞) i-CRS reduces to the NMO hyperbola
t2 = t20 +

4h2
VN2 M O

.

(3)

For the case of a diffractor, i.e., RN =RN IP , the i-CRS operator reduces to the well known double–square–
root–equation,
s
s
t20
(∆xm − h)2
t20
(∆xm + h)2
t=
+
+
+
.
(4)
2
4
VN M O
4
VN2 M O
.
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(a)

(b)

Figure 2: Models considered in this study (a) consists of two different degrees of curvatures representing
a limiting diffraction case (R = 10m) and a nearly flat reflector (R = 10.000m) (Adapted after Schwarz,
2011) (b) Model of the Sigsbee2a dataset.
Table 1: Parameters of the circular reflector datasets.
No. of CMP Bins
401

Max. CMP Fold
81

CMP Bin Interval
12.5

Min. Half-Offset
0

Max. Half-Offset
2000

Sampling Interval (ms)
4

RESULTS
In this section we demonstrate the offset dependence of the CRS and i-CRS operators by considering simple
models with interfaces of different curvatures, and complex models. The simple models are beneficial
for this study since the traveltimes for this media can be forward calculated analytically which allows a
direct comparison with the traveltimes predicted by the CRS and i-CRS operators. Two simple models
are considered to investigate whether the spread-length bias is model dependent. The circular reflector
is centered in the midpoint aperture, and therefore the normal incident angle is zero. In table 1 we have
summarized the acquisition parameters.
Traveltimes
The model (Figure 2) used for this study represents a circular reflector (Schwarz, 2011). The quality of fit of
the CRS operators was investigated for two different radii representing very low curvature (R = 10.000m,
i.e., nearly flat reflector) and the limiting diffraction case (R = 10 m). The medium above the curved
reflector is a inhomogeneous overburden with a linear vertical velocity gradient γ= 0.5 1s and near-surface
velocity v0 = 2000 m/s. The wavefield attributes are determined for data with various half offsets. They
start from 200 m and are increased in steps of 200 m until a maximum half-offset of 2000 m is reached.
To obtain the wavefield attributes the CRS and i-CRS operators are fitted to the reference traveltimes
by a three-dimensional optimization minimizing the deviations between the operator traveltimes and the
reference traveltimes. The attributes determined in this step are then substituted into the CRS formulas and
the corresponding RMS error between operator and reference traveltimes (Figure 3 a and b) is calculated by
s
δRM S =

ti − tei
n

.

where n stands for number of considered combinations of half-offset and midpoint displacement.
The figures show that the i-CRS operator better fits the data since it is located always below the green
curve of the CRS operator. Moreover, the gradient with offset of the i-CRS curve is smaller compared to

20
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the gradient of the CRS curves. Particularly for then limiting case of a diffractor the sensitivity of the CRS
attribute determination to the offset is very small. These figures display the net effect of the combined
application of the wavefield attributes in the CRS and i-CRS traveltime operator. In Figures 3 c-f we
compare the offset dependence of individual wavefield attributes. The emergence angle is determined with
high accuracy with both operators and the offset dependence is small (note the scale!). For RN IP and
RN we observe that the offset dependence is smaller for i-CRS and we have a deviation between 90 to
300 m where the largest deviations are observed for the largest offset at which RN IP is determined. The
determination of wavefield attributes using the CRS operator is more sensitive to offset than with the i-CRS
operator. Since in practice we fit traveltime operators to waveforms this case is considered in the following
examples.
Waveform Example
The previous section provided inside into the offset behavior of the CRS operators. The direct fitting to
traveltimes, however, is not feasible in practice since it requires picking. The fitting of traveltime operators to waveform data is more close to practical applications. The optimization scheme applied here is the
CRS implementation by Mann (2002). The underlying numerical experiment is the same as applied to the
traveltime example. The difference stems from the fact that the objective function of the stacking procedure maximizes the semblance as an coherence attribute to determine the best fitting stacking parameters.
Figures 4 shows the coherence results with a color coded semblance coefficient. The results convincingly
show the effect of spread-length bias on the semblance coefficient derived from coherence sections of the
CRS and i-CRS implementation. The semblance coefficient gradually decreases with increasing offset (we
omit “half” in the following).
For the diffraction case, i.e., the R = 10 m model, the i-CRS operator (Fig. 4 a) displays very little
spread length bias, i.e., dependence on offset in the semblance analysis. The coherence for the CRS operator (Fig. 4 b) deteriorates very fast with increasing offset . For the model with R = 10.000 m the difference
with offset between CRS (Fig. 4 c) and i-CRS (Fig. 4 a) are much smaller but still visible at larger offsets.
The wavefield attribute α is determined with high accuracy in both cases (α=0 for this case) and with
both operators. The strong variation with offset is an apparent one and caused by the scaling (10−4 ) of
the figure. The wavefield attributes (RN IP and RN ) show a variation with offset which is considerably
smaller for the i-CRS operator (about 2-3%) than for the CRS (>15%). The strong gradient of RN IP at
short offsets for the CRS operator came as a surprise. Although the traveltime fit is very good for short
offsets we observe a very strong sensitivity of this attributes with offset. In other words, a good traveltime
fit does not automatically lead to reliable attributes. The i-CRS attributes display a much smaller gradient
and the determined values are closer to the forward calculated reference results.
In Fig. 5 we show the percentage deviation of the wavefield attributes with respect to forward computed
reference values. Figs. 5a-d show the results for CRS (left) and i-CRS (right) for α (top) and RN IP
(bottom) for the 10 m radius. The deviations are generally smaller for i-CRS. An observation already made
above for the diffraction case in the examples above. It is interesting to note that the determination of
these attributes is unstable for short offsets for both operators despite the fact that the CRS is a short offset
approximation. Particularly RN IP is highly overestimated whereas the deviations in the angle are much
smaller. To determine the attributes in a reliable fashion we do need move out in our data. The move
out at short offsets, however, is too small, i.e., the curvature in the traveltimes is so small that no reliable
determination of wave field attributes is possible. Figs. 5e and f display the percentage deviation of for
α and RN IP for the 10.000 m model for the i-CRS operator. The deviations of RN IP are considerably
smaller in this case as well as the deviations between i-CRS and CRS (not shown here).
Sigsbee2A Data Set
In this section we present some qualitative results using the Sigsbee2A synthetic dataset which represents
a typical complex geologic salt setting. In Fig. 6 we present time sections obtained by an operator based
post-stack Kirchhoff migration utilizing wavefield attributes which were generated by fitting the i-CRS
operator to the data. Tow maximum offsets were considered to determine the wavefield attributes. A short
offset of 600 m and a far offset of 4000 m. The poststack migrated sections in Fig. 6 clearly show the

Annual WIT report 2013

21

(a)

(b)

(c)

(d)

(e)

(f)

Figure 3: RMS errors of traveltimes and kinematic wavefield attributes as a function of half offset aperture
for the two different curvatures: (a) RMS traveltime errors of CRS and i-CRS for R = 10 m, (b) RMS
traveltime error of CRS and i-CRS for R = 10.000 m, emergence angle of CRS and i-CRS for R = 10 m
(c) and R = 10000 m (d), RN IP of CRS and i-CRS for R = 10 m (e) RN of CRS and i-CRS for R = 10
m (f).

22

Annual WIT report 2013

(a)

(b)

(c)

(d)

Figure 4: Semblance coefficient plot (a) R = 10 m with CRS (b) R = 10 m with i-CRS (c) R = 10.000
m with CRS (d) R = 10.000 m with i-CRS.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 5: Percentage deviation of kinematic wavefield attributes with respect to forward computed reference values (a) Percentage deviation of emergence angle for R = 10m with CRS (b) Percentage deviation
of emergence angle for R = 10 m with i-CRS (c) Percentage deviation of RN IP for R = 10m with
CRS (d) Percentage deviation of RN IP for R = 10 m with i-CRS (e) Typical emergence angle percentage
deviation for R = 10.000m (f) Typical RN IP percentage deviation for R = 10000 m.
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(a)

(b)

Figure 6: i-CRS operator migrated section utilizing (a) 600 m, and (b) 4000 m maximum offset for wavefield attribute determination.

overall effect of spread-length bias on the quality of attributes. At 600 m offset apertures, events are not
properly located and the image is distorted. At 4000 m the i-CRS operator produces a good description
of the model. This confirms the previous observation that the stability of the attributes is unstable for too
short apertures. Unreliable attributes will compromise subsequent processing steps utilizing them.
DISCUSSION
The i-CRS operator provides better estimates of the wavefield attributes compared to the CRS operator and
shows a considerably smaller spread length bias. In other words: The determination of wavefield attributes
is much less sensitive to the maximum offset of the fitting aperture at which they are determined. This is a
user-friendly feature. The advantage particularly applies to the diffraction case. The i-CRS better accounts
for RN IP and RN especially at larger offsets in this case. Since diffraction amplitudes are usually very
small this feature is an advantage for diffraction imaging since coherent energy can be collected for more
traces increasing the stack amplitude.
The results of the synthetic data convincingly show the effect of spread-length bias on the semblance coefficient derived from coherence sections of the i-CRS implementation. In both considered model situations
(almost flat reflector and diffraction limit), the semblance coefficient gradually decreases with increasing
offset. For the case of the diffractor, the difference in operator performance between CRS and i-CRS is
significant as the semblance coefficient decreases with higher half offset for CRS but is generally very
stable for i-CRS. The determined wavefield attributes RN IP and α are generally not stable with increasing
spread length for the CRS. Deviations of more than 20% are observed for RN IP with a strong variation
with offset, i.e., a strong spread length bias, at short offsets. This is a somewhat surprising feature since the
hyperbolic CRS operator is a short spread approximation.
The i-CRS shows a much smaller spread length bias and leads to good estimates of the wavefield
attributes even at large offsets. The good fit at large offsets may not be exploitable in the presence of
strong lateral velocity variations. Since modern exploration targets usually are in complex geological
environments this favorable offset behavior of the i-CRS operator may be of limited practical relevance.
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CONCLUSIONS

We have presented the influence of the spread-length bias of the CRS and i-CRS stacking operators. We
investigated and quantified the spread length bias using simple models of an almost flat reflector (zero
curvature) as well as the limiting diffraction case (infinite curvature). For this models wavefield attributes
could be forward calculated and compared to the determined attributes using the CRS and i-CRS operator.
For a qualitative comparison we used the complex Sigsbee 2a dataset. As has been previously shown the
i-CRS operator has a superior fit to the data when compared to the CRS operator. In addition, also the
spread length bias of the i-CRS is considerably smaller which makes the application of this operator much
more user friendly. The choice at which offset the wavefield attributes are estimated is less critical for the
i-CRS operator than for the CRS operator. The better estimation of the wavefield attributes will benefit all
subsequent processing steps using these.
It is also important to note that a too short spread will compromise the determination of attributes in any
case, regardless what operator is used. The results for the simple models considered in this study we could
suggest as a rule of thumb that the offset should not be smaller than half the target depth. Future work may
include the correction of offset dependence in the i-CRS implementation to improve the performance of
stacking and wavefield parameter estimation.
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ABSTRACT
Seismic data from crystalline or hard rock environments usually exhibit a poor signal-to-noise (S/N)
ratio due to low acoustic impedances in the subsurface. Moreover, instead of continuous reflections
we observe a lot of steeply dipping events resembling parts of diffractions. The conventional seismic
processing (CMP stack and DMO) is not ideally suited for imaging such type of data. CRS processing considers more traces during the stack than CMP processing and the resulting image displays a
better quality. In the last decade, the CRS workflow was established as a powerful tool to provide
improved images, especially for low fold or low S/N data. The application of the workflow to the 3D
Schneeberg crystalline rock seismic data shows that images of coherence provided the best results for
an initial analysis. The CRS stack did not provide an image quality suitable for interpretation. For
data from environments with low acoustic impedance the coherence may provide an alternative way
to image the subsurface. The analysis of the data has shown that without pre-stack data enhancement
methods it may not be possible to generate satisfactory stacked images. Because of the large number
of diffractions in the data leading to numerous conflicting dips and crossing image patterns, stacks are
difficult to interpret. The first time migration results helped to identify several major fault structures
in the data volume which coincide with geological features of the considered area.

INTRODUCTION
3D seismic imaging is a challenge for data acquired in the hard rock environments. The reason for this
is the small reflectivity/acoustic impedance and S/N ratio compared to data from sedimentary basins.
Contrary to typical reflection data where we observe continuous events of large lateral distances hard rock
data are usually dominated by diffractions or parts of diffraction events which leads to a criss-cross pattern
and numerous conflicting dip features in the stacked sections. This challenges any kind of interpretation.
This makes it difficult to obtain an image of the subsurface structure. The velocity in hard rock is usually
high and resulting moveouts are small which provides an additional challenge in the data processing.
Since it was demonstrated previously that the CRS method has advantages for low fold and/or low
S/N data when compared with CMP processing, such processing may provide a suitable alternative. It is
an important feature that the fold in CRS processing is considerably high that in CMP processing which
may help to image weak events. The stacking parameters of the CRS stacking operator are also called
kinematic wavefield attributes. The established CRS based work flow usually includes the CRS stacking,
automatic picking of the kinematic wave field attributes and NIP wave tomography (Hertweck et al., 2007;
Baykulov et al., 2011) and time/depth migration.
In this work we process the 3D Schneeberg seismic reflection data. In a joint project with the University
of Freiberg, Freiberg, Germany and Leibniz Institute for Applied Geophysics, Hannover, Germany a 3-D
reflection seismic experiment was conducted in the area of the city of Schneeberg, Saxonia, Germany.
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The field work is part of a pre-site survey for a geothermal energy project. The subsurface in this area is
complex with steep faulting in the crystalline environment. The velocity in this lithology is approximately
6000 m/s. No significant lateral velocity variations are expected within the crystalline rocks. The data
show a lot of scattering due to the fractured zones and may be because of hydrothermal veins. The processing of this type of seismic data is a challenge because of the above mentioned reasons. Conventional
CMP-DMO-based processing did not provide satisfactory results. Therefore, 3D CRS processing was
applied here in the hope to achieve a better S/N ratio and to obtain an interpretable stacked volume.
In a first attempt we will follow a purely data driven approach without considering any prior geological
information for processing except the near surface velocity. In this stage coherence is considered. Since
these images are difficult to interpret we finally show some time migrated images which represent the
current state of the processing.
BASICS OF 3D-CRS BASED WORKFLOW
The CRS stack (Jäger et al., 2001) was originally developed to obtain simulated zero-offset (ZO) sections
or volumes from seismic multi-coverage data. The method is based on stacking operators that are of second
order in the midpoint and half-offset coordinates xm and h. The shape of the CRS stacking operator at a
given zero-offset location (x0 , t0 ) is determined by a number of parameters related to the coefficients of
the travel time expansion. For each zero-offset sample to be simulated, the optimum stacking operator is
found by varying these parameter values, i.e., the shape of the operator and performing a coherence analysis
directly in the pre-stack data. The parameters which yield the highest coherence value describe the optimum
stacking operator are called kinematic wavefield attributes. If a locally constant near-surface velocity v0
is assumed to be known, the CRS operator may be written in the form that allows the interpretation of
the kinematic wavefield attributes as parameters describing two hypothetical emerging wave fronts at the
considered surface location x0 . These are the so-called normal-incidence point (NIP) wave and the normal
(N) wave (Hubral, 1983). The NIP wave would be observed at x0 if a point-source were placed at the NIP
of the zero-offset ray on a reflector in the subsurface, while the N wave would be obtained if an exploding
reflector element -the CRS- were placed around the NIP in the subsurface.
3D-Common-Reflection-Surface Stack
In the 3D case, the emerging wavefronts are locally characterized by their curvatures and their emergence
direction at x0 , which is the same for the NIP and the N wave. If the NIP wave and N wave curvatures
are given by 2 × 2 curvature matrices Mnip and Mn respectively (each matrix contains three independent
elements) and the emergence direction is described by two angles α and β, the 3D CRS operator reads:


2
t2 (∆xm , h) = (t0 + p∆xm ) + 2t0 ∆xTm Mn ∆xm + hT Mnip h
(1)
It depends on eight stacking parameters: a two component vector p and two symmetric 2 × 2 matrices
Mnip and Mn . These stacking parameters represent first and second order travel time derivatives with
respect to mid-point and half-offset coordinates. Assuming the near surface velocity v0 to be known, they
may be expressed in terms of kinematic wave field attributes:
pm =

1
T
(cos α sin β, sin α cos β)
v0
Mnip =
Mn =

(2)

1
HKnip HT
v0

(3)

1
HKn HT
v0

(4)

where α is azimuth, β is dip angle and H is the 2 × 2 upper left sub matrix of the 3 × 3 transformation
matrix from the wavefront coordinate system into the registration surface. These parameters are referred
to as the kinematic wavefield attributes. During the 3D CRS stack, along with the simulated ZO section,
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a number of volumes containing the optimum kinematic wavefield attributes and coherence for each ZO
samples are obtained.
AREA OF STUDY
Schneeberg is a town in the Saxony district of Erzgebirgskreis (Figure 1) located close to the border of
Czech Republic. The structure and tectonics of the study area include a massive granitic igneous body
overlapping with a number of low, medium and high grade metamorphic rock units. There are also patches
of the sedimentary environments in the vicinity of this area.
The origin of the igneous body goes back to an important Cambro-Ordovician phase of rifting,
which is detectable almost everywhere in Europe (Emmermann and Wohlenberg, 1988). The alternating
metamorphic blocks are layered on that igneous body in a inclined position derived from areas south of
the Saxothuringian Zone. This massive igneous body is the prominent feature in this area which has high
reflectivity at the transition zone between the metamorphic and igneous rocks and exhibits high velocities
in the earth crust.
There is a major steep dipping fault system called Roter Kamm which runs through the igneous body
(Figure 2). Some conjugate faulting can be observed in the upper area in NE which runs till the Roter
Kamm crossing it perpendicularly and cutting this structure in SW direction. This area is highly fractured
with steep dipping tectonics. At the surface the Rote Kamm is characterized by fault systems representing
a major structure separating two different types of zones. The dip of the fault and the overlying rocks of
the igneous body is towards north-east.

Figure 1: Map of the study area. The black box indicates the surface layout of the 3-D survey.
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Figure 2: Geological cross section of the study area following the line in Figure 1

APPLICATION
The 3-D CRS processing was applied to the Schneeberg crystalline rock reflection data. The data have a
very poor signal-to-noise ratio typical for hard rock environments. Figure 3 (a) shows the image of the
brute stack for in-line 390 where the reflectivity of the transition zone from metamorphic to igneous is
visible with little indication in the upper right part of the section. As expected, the image is very poor.
Please note, that there are boundary effects in the very left and right parts of the section. Since the CMP
stack did not provide a good image we had the hope that the CRS method can provide a better image. In
Figure 3 (b) the CRS stacked section of the same line is shown (note again boundary effects). Reflectors
here are clearer and more easy to distinguish in comparison to the brute stack. However, also the quality of
the CRS stacked section is not really impressive despite the increased S/N ration. Therefore we consider
also the coherence as an image. It should display very similar features as the stack but with a decreased
resolution since its value is always positive.

Figure 3: (a) 3D Brute Stack in-line 390 (left), (b) 3D CRS stack in-line 390 (right).
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The coherence section for in-line 390 is displayed in Figure 4 (a). We observe scattered energy in the
left part of the section not so well visible in the CRS stack. This could be an effect of the windowed normalization of the coherence evaluation equalizing the event amplitudes in the whole section. For data with
very good S/N ration a coherence section should be similar to a stacked section where absolute amplitudes
are stacked. For noisy data, however, the coherence section is clearly superior to a stacked section with
absolute amplitudes since it does enhance noise. The observed cluster of scattered energy in Figure 4 (a)
may be related to an extended fracture zone. Whether the fractures are open or mineralized can not be concluded from the current state of processing. It should be noted that in the NW of the study area intensive
mining was carried out. Here many of the found fracture systems where mineralized. The section in Figure
4 (a) also shows many events with a dip to the SW (i.e., right). These dips are associated with the conjugate
faults intersecting the Rote Kamm almost perpendicularly. It is known from surface geology that many
steep dipping events with dips to the SW and NE can be expected. The extend of such events observed in
Figure 4 (a) is huge and may be also caused by many diffraction tails in the stack.

Figure 4: (a) 3D coherence sections of in-line 390 (left), (b) in-line 679 (right).
In Figure 4 (b) the coherence of a section close to SE boundary of the survey is displayed. This section
shows very strong events dipping to the NE which we can attributed to the Roter Kamm system. A possible
reason for the prominent occurence of these events in this sections compared to in-line 390 may be given in
the geological map. In Figure 1 we can identify an intrusive structure (red object) which is separated from
the metamorphic rocks by the Rote Kamm fracture system. This could lead to a stronger impedance change
when compared to the regions where the Rote Kamm intersects just metamorphic sequences. The direct
comparison of CRS stacks and coherence sections has shown that the latter may provide more informations
than the stack. For low S/N data from hard rock environments the coherence section may provide an
alternative section valuable in the interpretation process. In the next paragraph we will now consider time
slices out of a CRS stacked and coherence volume.
Figure 5 shows for time slices out of the CRS stack volume (right) and the coherence volume (left)
for four different times. Please note the strong boundary effects in the results of the stacked volume. The
figure somewhat repeats the experience of the previous images. The times slices from the stacked volume
are very difficult to interpret. The information content of the time slices from the coherence volume is
much smaller but distinct. We can clearly identify an area where most reflected energy is observed in the
surface. This area is located in the southwestern part of the volume in about the middle of the survey box.
To further illustrate the findings of this section we have displayed 3-D images of the coherency cube
which is cut at three different in-line positions (679,374, and 122, see Figure 6). Many steep events with
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dips to the NE and SW are clearly visible. Because of steep structures and a lot of diffractions numerous
conflicting dip situations are present. The NE and SW dipping events resemble the major fault systems
of this area but may be partially also attributed to diffraction tails. The latter may intersect large parts of
the stacked and coherency sections and can be collapsed, e.g., in a time migration. Stacks and coherence
are entirely data driven processes and a result of just data fitting whereas the time migration represents
an interpretation step since it requires a migration velocity. For the imaging of diffraction dominated data
migration is essential. This is clearly illustrated by the previous results. In a first attempt we choose a
constant migration velocity of 6 km/s and applied a post-stack Kirchhoff migration.
The time migrated sections of in-line 128 and 300 are displayed in Figure 7. Most steep dipping events
are focused now indicating in fact that most of the dipping structures in the stacks and coherence belong
to diffraction tails. However, a few steep events remain but are now much more focused to the geological
features of the area. The time migrated section of in-line 128 clearly shows the Roter Kamm. It touches
the surface at about 3500 m and is visible up to 2000 ms at 8000m horizontal position. It is the most
extended event in the whole section which can be clearly correlated despite its broken structure. There is
also some indication of conjugate faults in this section but they are much better visible in the time migrated
section of in-line 300. A whole sequence of events dipping with about the same dips are observed in
this image. Between 2000 and 5000 m at 2000 and 2800 ms we observe a zone of high reflectivity which
comprises predominantly horizontal events. The geological reason of this zone is not yet resolved but could
be important for the geothermal study if it is related to open fractures.
CONCLUSION
We have presented the application of the 3D CRS-based workflow to the Schneeberg 3-D hard rock reflection seismic data. The S/N ratio of these data is very low and neither the CMP nor the CRS-stacks did
provide good images. The data are dominated by diffractions generated at various steep dipping fracture
zones. Steep structures and a huge number of diffraction tails interfere or lead to a complicated pattern
of conflicting dips. This makes the interpretation of the stacks very difficult. Displays of the coherence
actually provided the best images, at least they showed a closer relation to the expected geology. Similar
conclusions apply to the display of time slices where coherence slices provided the best images compared
to time slices out of the stacked volume. The presence of large diffraction events in the data requires
migration for the interpretation. We applied pre-stack Kirchhoff time migration using a constant velocity
of 6 km/s. The obtained sections out of the migrated volume show the major geological features of the
area, particular the steep dipping events of the Rote Kamm and a whole sequence of conjugate faults. The
time migration of the coherency might provide an alternative approach not yet tested on these data. The
greatest effort needs to be imposed on the improvement of the pre-stack data quality. Here the CRS method
provides a suitable option through the partial stack facility.
OUTLOOK
Pre-stack time and depth migration will rely on the quality of the underlying velocities. Because of the
poor data quality the estimation of CRS attributes is not necessarily stable and all processes relying on
these attributes may be compromised. Key element in the processing of hard rock data is the enhancement
of the pre-stack data quality. Partial stacks might be the best option to improve the image quality, however,
if the attributes are poor, the enhancement result might not be effective. The data are largely dominated
by diffractions which are not well fitted by the CRS operator. Processing the data with the i-CRS operator
might improve the determination of wave field attributes since it better fits diffractions. High quality
attributes will result in better time migration velocities, improved NIP wave tomography and better prestack data enhancement opportunities.
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Figure 5: Time slices of coherence (left) and seismic cube (right).
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(a)

(b)

(c)

Figure 6: 3D CRS coherence cubes, (a) in-line 679, (b) in-line 374, (c) in-line 122
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(a)
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Figure 7: Kirchhoff post-stack time migrated sections of in-line 128 (a) and 300 (b). Roter Kamm and
conjugate faults are indicated by arrows.
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ABSTRACT
The 3D ZO CRS Stack software, provided by the WIT consortium, leverages the CRS method to stack
seismic data. In this work, we provide an overview of the 3D ZO CRS Stack software, including its
parallel execution model, and an analysis of the performance of the software when executing large data
sets (1TB). We show that the current implementation of a key procedure, makeGeometry, executed
during the CRS processing, uses an inefficient algorithm that hinders the processing of large data sets.
We present a new algorithm for the makeGeometry procedure that reduces its execution time from
20 000 seconds to just 30 seconds in our infrastructure.

INTRODUCTION
Stacking may be considered one of the most important steps in seismic processing providing an approximate zero-offset (ZO) section with an enhanced signal-to-noise ratio. Conventionally, these sections are
obtained with the Common Midpoint (CMP) method, which depends only on Normal moveout (NMO)
velocity. The Common Reflection Surface (CRS) method represents a natural generalization of the CMP
method, where an ensemble of CMPs is considered for stacking. CRS employs a moveout equation in
which source-receiver pairs are allowed to be arbitrarily located around the CMP position.
The CRS moveout is a second-order approximation of the squared travel time in the vicinity of the
normal ray. For the 2D situation, it is given by
t2 (m, h) = [t0 + A(m − m0 )]2 + B(m − m0 )2 + Ch2 ,

(1)

where m0 is the midpoint position, m is the midpoint of a source-receiver pair in the vicinity of m0 ,
h is the half-offset, and A, B and C are stacking (scalar) parameters that define the stacking surface to be
estimated. In the present 2D case, three stacking parameters are to be estimated. In 3D, eight parameters
are required to be estimated.
The search for the stacking parameters for each midpoint and time samples can be performed in parallel,
since there are no dependencies between the searches. Besides allowing the acceleration of the search
through parallel computing, this property enables the execution time to scale linearly with respect to the
number of midpoints. In fact, we conducted several experiments increasing the number of midpoints
to be processed and showed that, up to 22GB of pre-stacked input data, the execution time increased
linearly with respect to the input file size. However, we noticed a super linear execution time increase
when experimenting with a 44GB data set, which took four times longer to load than the 22GB data set.
Our preliminary analysis shows that the current implementation of the makeGeometry procedure
has quadratic execution time growth, and we estimate that the software would take about 115 days just to
execute the makeGeometry procedure when processing a 1TB input data file in our infrastructure. The
main contributions of this work are:
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• We provide an overview of the 3D ZO CRS Stack software, including its source code organization
and its parallel execution model.
• We analyze the performance of the software when executing large data sets and show that the current implementation of the makeGeometry procedure has quadratic execution time growth, which
hinders the processing of large (1TB) data sets.
• We designed and implemented new algorithms to improve the time complexity of the
makeGeometry procedure, which reduced its execution time from 20 000 to 30 seconds when
processing a 44GB input dataset.

This report is organized as follows. First we provide an overview of the 3D ZO CRS Stack software,
including its organization and the parallel execution model. Then, we discuss the performance issues and
solutions for the makeGeometry procedure.
3D ZO CRS Stack SOFTWARE
The 3D ZO CRS Stack software leverages the CRS method to stack seismic data. This software, provided
by the WIT consortium, is implemented in C++, using the object-oriented programming paradigm, and the
MPI library (Gropp et al., 1994), which allows it to be executed with multiple processes on a single host
or on a distributed memory system. The next sections provide an overview of the source code organization
and the parallel execution model.
Source code organization
The 3D ZO CRS Stack software has 68 126 lines of code and it is organized in four modules, as shown in
Figure 1: mpi3dcrs.v2, libfparse, libsio e libcrs. Follow a brief description of each module.
• mpi3dcrs.v2: The mpi3dcrs.v2 module has 52 888 lines of code, approximately 78% of the total,
containing the main structure of the software. It is responsible for initializing the MPI library; parsing
command line parameters; coordinating execution of master and slaves processes and writing results
back to the disk.
• libfparse: The libfparse module has 938 lines of code, approximately 1% of total. It contains generic
classes for describing and parsing command line parameters.
• libsio: The libsio module has 3248 code lines, approximately 4% of total. It contains classes to read
and write seismic data in various formats. The supported standard formats are SEG-Y REV-0 (Barry
et al., 1975) and SU (Seismic Unix Data Format) (Stockwell, 1999).
• libcrs: The libcrs module is the core of the application and has 11052 lines of code, approximately
17% of total. It contains classes that model an abstract CRS method that is agnostic with respect to
the search method, coherence method and interpolation method. It also contains concrete implementations of the CRS: a sequential search that determines the velocity first, emergence angle second
and curvature third; a CRS Stack; and Simulated Annealing search/stack.
In order to execute the software on a distributed memory system, with multiple computers, the implementation requires the existence of a distributed file system, e.g. Network File System (NFS), to allow
the input and output data files to be shared among the MPI process. The input data file, read by all the
processes, may be replicated in each cluster node in order to avoid the need for a distributed file system.
However, the partial output data files, produced by all the slave processes and consumed by the master
process, need to be shared between these processes.
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Figure 1: 3D ZO CRS Stack software files organization.

Parallel execution model
The 3D ZO CRS Stack software uses the Bag of Tasks parallel execution model to search for the stacking
parameters. In this model, a master worker distributes tasks to slave workers. Whenever a slave concludes
the task, it informs the master, which in turn sends another task to the slave. This process continues until
all the tasks are finished.
A task consists in searching the best stacking parameters for a given midpoint (CMP gather). Each
midpoint is associated with a set of seismic data traces that are read from the input files. The results of the
search are written to a partial results file (one for each slave) and, after all the tasks are finished, the master
worker concatenates all partial results files in a single result file. The overall computation is performed in
three stages: setup, search, and combine.
During the setup stage, the master and slave workers read the input data file in order to construct a data
structure that associates seismic data traces with midpoint identifiers. The master uses this information to
define the set of tasks to be computed (one for each midpoint), while the slaves use it to identify the seismic
data traces associated with a given midpoint. All slaves and master workers perform this stage in parallel.
At the end of the stage, the slave workers send messages to the master informing that they are ready to
work.
The search stage starts whenever the master worker finishes the setup stage. In this stage, the master
distributes tasks to the slave workers. Whenever a slave receives a task, it reads the seismic data traces
associated with the task midpoint and performs the search. At the end of the search, the slave writes the
result to a partial results file and informs the master that it is ready to work on another task. The search
stage finishes whenever all tasks are concluded.
At the combine stage, the master worker combines all the partial results files into a single results file.
The slaves do not perform any work during this stage. Figure 2 illustrates the parallel execution of the
master and slave workers during the three stages.
The master and slave workers are implemented as processes and the communication between them is
performed through the MPI library and a shared file system. The MPI library is used by the master to
distribute tasks to the slave workers and by the slaves to inform the master that they are ready for a new
task. The shared file system is used to store partial results and to store the input files, which are read by all
workers.
The task is identified by the midpoint identifier, which in turn is an unsigned number defined during
the setup stage. This means that very little information is transmitted between the master and the slave
processes when communicating via the MPI library. But this also means that every slave process must have
access to the input file in order to retrieve the seismic traces associated with the midpoint.
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Figure 2: Parallel execution of the master and slave workers during the three stages. Gray areas indicate
active time and white areas indicate idle time.
SCALABILITY ANALYSIS
In order to evaluate the scalability of the 3D ZO CRS Stack software, we carried out several experiments
varying the size of the input seismic data. Our experiments were conducted in a cluster with 15 nodes,
each one featuring two AMD Opteron 2376 processor with 4 cores and 16 GB of RAM. The network
interconnection is a gigabit star topology model with a central Extreme Networks Summit X44-48p switch.
Our preliminary results indicated that, for input files larger than 22GB, the execution time grows in a
faster rate than the input data size. In fact, the software took 20 000 seconds just to read the 44GB data file,
as opposed to 5 000 seconds when reading the 22GB data file.
By profiling the application, we were able to identify one of the main sources of overhead, the
makeGeometry procedure. Figure 3 indicates that the execution time of the makeGeometry procedure has quadratic growth with the size of the input file.
We had fit a parabola with a very good approximation on the performance data and estimated that the
procedure would take more than 115 days just to process a 1TB input data file. The next sections present
an analysis of the makeGeometry procedure and our solution to the problem.
The makeGeometry procedure
The makeGeometry procedure organizes the input seismic traces into gathers. Each gather contains a set
of traces with similar properties. First, it gathers traces with common shots. Then, the procedure gathers
traces with common midpoints, and, finally, it gathers the traces with similar zero offsets. Our profiling
analysis indicated that the main cause of overhead is the gathering process.
The algorithm for the gathering process works as follows: for each trace, the algorithm scans a list of
gathers searching for one that contains the same properties of the trace (e.g., a common shot). If a gather
is found, the trace is inserted into the gather, otherwise, a new gather is created, featuring the properties of
the trace, and the trace is inserted into this gather. The pseudocode for the common-shot gathering process
is provided in Algorithm 1. The pseudocodes for the other two gathering processes are similar.
Let n be the number of seismic traces at the input data file and m be the number of distinct common
shot, the time complexity of the algorithm is given by O(nm).
The number of distinct common shots (m) is typically proportional to n, since the acquisition geometry
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Figure 3: Execution time of makeGeometry procedure for different input data sizes.
Algorithm 1 Common Shot Gathering
for t in traces; do
gather_found = false;
/* Search for a Common Shot Gather to insert trace t */
for csg in CSGs; do
if csg.sx == t.sx and csg.sy == t.sy then
csg.insert(t)
gather_found = true;
end
end
/* If not found, create a new Common Shot Gather and insert trace t */
if gather_found == false then
csg = createNewCommonShotGather(t.sx,t.sy)
CSGs.append(csg)
csg.insert(t)
end
end

(number of receivers) can be considered constant for a given data set. Hence, the time complexity of the
algorithm is O(n2 ). In order to improve the execution time, we modified the algorithm to sort the traces
before organizing them. By doing so, we are able to perform the search for the correct gather in constant
time, which reduces the loop time complexity to O(n). The overall time complexity is reduced from
O(n2 ) to O(n log n), since the sorting procedure is O(n log n). Algorithm 2 shows the pseudocode for
the optimized algorithm.
The execution times for the optimized makeGeometry procedure are shown at Figure 4. Notice that
the execution time was reduced from more than 20 000 seconds to just 30 seconds when processing the
44GB seismic data. In order to estimate the time the makeGeometry procedure would take to process a
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Algorithm 2 Optimized Common Shot Gathering
/* Sort traces by common shot source */
sort(traces)
for t in traces; do
/* Search for a Common Shot Gather to insert trace t */
csg = CSGs.last()
if csg.sx == t.sx and csg.sy == t.sy then
csg.insert(t)
else
csg = createNewCommonShotGather(t.sx,t.sy)
CSGs.append(csg)
csg.insert(t)
end
end

1TB input file we fit a n log n curve to the performance results. The result indicates that the time to process
a 1TB input data file would be reduced from 115 days to just 15 minutes.

Exe c u t io n Tim e (s )
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Figure 4: Execution times for the optimized makeGeometry procedure.

CONCLUSIONS
Stacking is an important step in seismic processing that provides an approximate zero-offset section with
an enhanced signal-to-noise ratio. This process can be performed by the 3D ZO CRS Stack software, a tool
provided by the WIT consortium. In this work, we provided an overview of the 3D ZO CRS Stack software,
including its parallel execution model and its source code organization, and we analyzed the performance
of the software when executing large data sets (1TB).
Our results indicate that the current implementation of the makeGeometry procedure, which is executed during the CRS processing, has a quadratic execution time growth that hinders the processing of
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large data sets. In fact, our estimates indicate that the software would take about 115 days just to execute
the makeGeometry procedure when processing a 1TB input data file in our infrastructure.
Finally, we proposed a new O(n log n) algorithm for the makeGeometry procedure and showed that
it reduces the procedure execution time from 20 000 seconds to just 30 seconds when processing a 44GB
data set in our infrastructure. Moreover, our estimates indicate that the new procedure would take only 15
minutes to process a 1TB input data file.
All modifications and codes for this experiment were uploaded in time of subscription of this report and
should be available in the WIT repository.
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ABSTRACT
A major cause of diffracted seismic waves in the subsurface are nonsmooth structures of sizes in the
same order of the wavelength. Since the wavefield can be meaningfully affected by the these nonsmooth structures, many important model features can be inferred from the diffracted wavefield which
can help to improve the seismic image. We derive a methodology for migration velocity improvement and diffraction localization based on a moveout analysis of over- or undermigrated diffraction
events in the depth domain. The method does not depend on any requirements apart from a fairly
arbitrary initial velocity model as input. We demonstrate that the method can be applied in both the
pre- or post-stack domains. For each iteration, the method provides an update to the velocity model
and consequently to the diffraction locations. The algorithm is based on the focusing of remigration
velocity rays from uncollapsed migrated diffraction curves. These velocity rays are constructed from
a ray-tracing like approach applied to the image-wave equation for velocity continuation. After each
pre-stack migration, the method has a very low computational cost, and the diffraction points are located automatically. We demonstrate the feasibility of our method using two synthetic nonzero-offset
data examples.

INTRODUCTION
The potential of seismic diffraction for seismic processing is well-known. Many recent publications make
use of diffractions for velocity estimation (Sava et al., 2005; Novais et al., 2008; Landa and Reshef, 2009),
hydrocarbon reservoir interpretation (Tsingas et al., 2011) and super-resolution (Khaidukov et al., 2004).
Even though many studies have been dedicated to investigate the role of diffraction signatures in seismic
processing, many challenges still exist and must be overcome. Recently, Landa (2012) has raised some important questions related to the potential of diffraction signatures in seismic processing and interpretation.
Although most of time, diffraction signatures show a signal weaker than most reflections, methods capable
to separate diffractions from reflections exist (see, e.g., Fomel et al., 2007) and can be valuable for further
development in seismic diffraction imaging. We agree with Landa (2012), who states that “if diffraction
receives the attention it deserves, we will be able to see the invisible”.
One particularly important point is that diffraction events contain more direct information on the seismic
velocities than reflection events. While from the latter, velocity information can only be extracted making
use of data redundancy, the focusing of a single diffraction event, once identified in the data or made visible
with diffraction/reflection separation, already provides access to a velocity estimate.
In this work, we propose a method for velocity improvement and diffraction-point localization based
on the choosing and picking of residual moveout of incorrectly migrated diffraction events in the depth
domain. Coimbra et al. (2011) derived the post-stack version of this method and successfully applied it to
a simple zero-offset data set. Coimbra et al. (2012) demonstrated that the method is capable of extracting a
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high-quality velocity model from the realistic SIGSBEE 2B data set. Here, we extend their analysis to the
prestack case using diffraction curves for nonzero-offset depth-migration. At low computational cost, the
method uses an approximate velocity model as an input and provides an update.
We propose two algorithms for the use of the residual diffraction moveout for velocity updating. They
are based on depth remigration (Hubral et al., 1996a,b; Tygel et al., 1996; Schleicher et al., 1997, 2004)
and give rise to an automated method for diffraction location that relies on the picking of uncollapsed
diffractions in the pre-stack migrated image. The feasibility of our method is shown through its application
in two numerical examples.
METHOD AND THEORY
We extend the diffraction-imaging and velocity-updating method of Coimbra et al. (2011) to the prestack
domain. Since the method makes use of the moveout of an incorrectly migrated diffraction in the depth
domain, we start with deriving its expression for nonzero-offset.
Residual diffraction moveout
Consider a diffraction point at (xd , zd ) in a constant-velocity medium with velocity vd . Since a diffraction
event migrated with the true velocity vd focuses at the true position (xd , zd ), its location after migration
with a wrong velocity v0 must be smeared over the Huygens image-wave (Hubral et al., 1996b). The
Huygens image-wave is the curve or surface of all points where a possible (reflection or diffraction) event
at a single image point might be placed when the migration velocity is changed. Fomel (2003) derives
a short-offset approximation in the time domain. Substituting the vertical traveltime by 2z/v, it can be
represented in the depth domain as
s


v2
v2
v0
zd2 − 2 d 2 (x − xd )2 + h2 1 − d2 ,
(1)
z=
vd
v0 − vd
v0
where h is the half-offset. Introducing the sign symbol s = sgn(v02 − vd2 ) = sgn(v0 − vd ) of the difference
between the true and migration velocities, this equation can be rewritten as an ellipse or hyperbola,
(x − xd )2
z2
+s
=1,
2
b
a2

(2)

where the half-axes a and b are given by
p
a

=

b =

p
|v02 − vd2 | v02 (zd2 + h2 ) − vd2 h2
,
vd v0
p
v02 (zd2 + h2 ) − vd2 h2
.
vd

(3)

For h = 0, these expressions reduce to the zero-offset versions of Coimbra et al. (2011).
As we can see from equation (2), when the migration velocity is smaller than the medium velocity,
s = −1, i.e., the undermigrated diffraction event follows a hyperbola. On the other hand, when the
migration velocity is higher than the medium velocity, we have s = 1, i.e., the overmigrated diffraction
event follows an ellipse.
Basic velocity updating strategy
Whenever the local velocity distribution at the diffraction point is reasonably well approximated by a
constant average velocity, we can use the theoretical description in equation (2) to pick the incorrectly
migrated diffraction events. As described in Coimbra et al. (2011, 2012), we use the least-squares method
to find the best-fitting hyperbola to describe an undermigrated diffraction event or the best-fitting ellipse for
an overmigrated diffraction event. This provides estimates for the half-axes a and b as well as for horizontal
coordinate of the apex, xd .
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Once we have estimates for a, b, and xd , we can find corresponding estimates for the average medium
velocity and diffractor depth. Solving equation system (3) for vd and zd , we find
s
r
vd2 2
a2
and zd =
(h + b2 ) − h2 .
(4)
vd = v0 1 − s 2
b
v02
In practice, however, the curves are no perfect ellipses or hyperbolas. Therefore, the results depend on
the size of the aperture in which the hyperbolae or ellipses are fitted to the migrated diffraction event. In
our implementation, we chose the aperture that provided the best fitting.
Moreover, incorrectly migrated diffraction events in an environment with a very strong velocity gradient
exhibit a strong tilt. For a better description of the residual moveout in this case, we modify equation (2).
We use a mixed perturbation term (x−xd )z to allow for a rotation of the ellipse or hyperbola, i.e., equation
(2) becomes
(x − xd )2
z2
+
s
= 1 + (x − xd )z .
(5)
b2
a2
The perturbation parameter  is adjusted together with the other parameters of the ellipse or hyperbola in
the least-squares procedure. Its value is not used in our present version of the velocity updating strategy.
Velocity updating using remigration trajectories
The above velocity-updating procedure has a practical drawback. It provides, for each identified and picked
diffraction event, a single velocity estimate that is strongly dependent on the quality of the ellipse or hyperbola fitting, but gives no clue about the quality of the constant-velocity assumption or the velocity estimate.
There is a more sophisticated way of using the information contained in the residual diffraction moveout
for a velocity updating procedure, which allows some quality control. It is based on the velocity continuation method, also known as image-wave equation for remigration. This is an imaginary continuation
operation in which the seismic image is transformed continuously in the post-migration domain (Fomel,
1994, 2003; Hubral et al., 1996b; Sava and Fomel, 2003; Schleicher et al., 2004) as a function of velocity.
Mathematically, it is described by a so-called image-wave equation. In the depth domain, this equation is
given by
2
v ∂2I
∂2I
2∂ I
+
α(h,
z)
+
=0,
(6)
∂x2
∂z 2
z ∂v∂z
where I = I(x, z, v) is an image-wave function representing the seismic image to be transformed, x, z are
the space variables, v is the average velocity at an image point (x, z) and
p
α(h, z) = 1 + h2 /z 2
(7)
is an offset-depth dependent factor that reduces to one for zero offset. By applying a ray-theory-like
approach to the remigration image-wave equation, ray-like trajectories can be found. These remigration
trajectories are the set of positions where a selected reflection point can be found in a migrated image as a
function of migration velocity.
Remigration trajectory tracing
In order to describe the kinematic part of depth remigration, we use an WKBJ or ray-theory-type approximation
I(x, z, v) = A(x, z)F (v − V (x, z))
(8)
to represent the seismic image. In equation (8), F is the seismic wavelet, amplitude factor A represents
the dynamic behavior, and V is image-wave eikonal describing the kinematic behavior of the image under variation of the migration velocity. Substituting expression (8) in image-wave equation (6) for depth
remigration, we find that V must satisfy the image-eikonal equation


∂V
∂x

2
+ α(h, z)

2



∂V
∂z

2
−

V ∂V
=0.
z ∂z

(9)
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This image-eikonal equation is a nonlinear partial differential equation that can be solved by means of
the method of characteristics (Courant and Hilbert, 1989). This method provides us with the characteristic
trajectories along which image propagation takes place from one point (x, z) in the depth domain to another
point (x∗ , z∗ ), associated with a different migration velocity. It is these trajectories that we refer to as
remigration trajectories.
In analogy to the development for the zero-offset case (Coimbra et al., 2011), we write equation (9) as
a hyper-surface G given by
G(x, z, V, p, q) = p2 + α(h, z)2 q 2 −

V
q=0,
z

(10)

where p = ∂V /∂x and q = ∂V /∂z are new variables. The method of characteristics then consists of
transforming this hypersurface into the following system of ordinary differential equations
dx
dv
dz
dv
dp
dv
dq
dv
dV
dv

=
=
=
=
=

∂G
= 2λp ,
∂p


∂G
V
2
λ
= λ 2α(h, z) q −
,
∂q
z
qp
−λ(Gx + pGV ) = λ ,
z
 
λ 2
−λ(Gz + qGV ) = − p − α(h, z)2 − 1 q 2 ,
z

λ(pGp + qGq ) = λ p2 + α(h, z)2 q 2 = 1 .
λ

(11)

In the first five equations of system (11), v could be any monotonously increasing variable along the
trajectory. The actual meaning of this variable is defined by the last equation in the above system. For
convenience, we have imposed the meaning of the independent variable to be the (average) velocity by
setting the derivative of the image-eikonal V with respect to v to one. This choice defines the scale factor
λ as
−1
λ = p2 + α(h, z)2 q 2
.
(12)
System (11) describes the remigration trajectories the image wave follows under variation of v. In other
words, all variables involved in the propagation process are parameterized in terms of v, i.e., as x = x(v),
z = z(v), p = p(v), q = q(v), and V = V (v). For zero-offset (h = 0), the solution to system (11) are
circular arcs (Schleicher et al., 1997). For non-zero-offset, they can be found using numerical ray tracing.
To make use of system (11) for the tracing of remigration trajectories, we need initial conditions for
all of the involved variables. Let us assume that a remigration trajectory starts at an image-point (x0 , z0 )
in an image I0 obtained with velocity v0 . This defines the initial values for image-wave ray tracing as
x(v0 ) = x0 , z(v0 ) = z0 and V (v0 ) = v0 . We still need the initial values p(v0 ) = p0 and q(v0 ) = q0 .
These can be found in analogous way as in the zero-offset case (Coimbra et al., 2011). For one, these
values satisfy the image-eikonal equation (10) at v = v0 , i.e.,
p20 + α2 q02 −

v0
q0 = 0 ,
z0

where α0 = α(h, z0 ). Equation (13) is equivalent to the elliptic expression

2
v0
v2
p20 + α0 q0 −
= 20 2 .
2z0 α0
4z0 α0

(13)

(14)

Introducing a parameter θ, we can thus represent the relationship (14) between p0 and q0 as
p0 =

v0 sin(θ)
2z0 α0

and

q0 =

v0 (cos(θ) + 1)
.
2z0 α02

(15)

The value of parameter θ that defines the correct trajectory at the initial point (x0 , z0 ) in the original seismic
event I0 (v0 ) is determined as follows. Along the initial seismic event, the image-wave eikonal must satisfy
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Figure 1: (a) Pre-stack migrated section (h = 200 m) with remigration trajectories (red lines) starting
at an undermigrated hyperbolic diffraction curve (blue line). The black circle indicates the true diffractor
position. (b) Pre-stack migrated section (h = 200 m) with remigration trajectories (red lines) starting at
an overmigrated elliptic diffraction curve (blue line). (c) Superposition of center sections of parts a and b.
The focusing of the remigration trajectories (red lines) at the correct point is independent of the original
(wrong) migration velocity. The quality of the focussing is an indication for the quality of the velocity
estimate. (d) Same as part c for half-offset h = 600 m.
V (x, z(x)) = v0 or dV /dx = 0. Implicit derivation with respect to the horizontal coordinate x and solution
for dz/dx yields

−1
dz
∂V ∂V
p0
α0 sin(θ)
D0 =
=−
=− =−
,
(16)
dx
∂x ∂z
q0
cos(θ) + 1
where D0 is the dip of the migrated event at the initial point (x0 , z0 ) of the remigration trajectory. Equation
(16) can be inverted to yield the correct value of θ in dependence on the event dip,


2D0 α0
θ = − arcsin
.
(17)
D02 + α02
Substituting these expressions back in equations (15) yields
p0 = −

v0 D0
z0 D02 + α02

and

q0 =

v0
1
.
z0 D02 + α02

(18)

These two equations complete the set of initial conditions needed for the tracing of the remigration trajectories using system (11).
Figures 1 show examples of remigration trajectories (thin red lines) for an incorrectly migrated diffraction event. The trajectories focus at a point close to the true diffractor position. The point on each trajectory
closest to the focus point (in the figure, the trajectories end at the focus point) provides an associated velocity value for that point. In this way, the residual moveout of the incorrectly migrated diffraction events
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Figure 2: (a) Velocity model with constant diagonal gradient v(x, z) = 2000 + 0.4x + 0.4z m/s. (b)
Common-offset time section for h = 200 m. (c) Depth migrated image and undermigrated hyperbolas
(blue lines) and focusing remigration trajectories (red lines). A constant velocity of 2000 m/s was used for
migration. (d) The inverted interval velocity model. (e) Relative velocity error. (f) Migrated image using
this interval velocity model.
can be used to update the migration velocity model. The focus-point scatter provides an indication for the
quality of the velocity estimate.
RESULTS FOR TWO SYNTHETIC DATA SETS
Small offset
To investigate the quality of our method in the presence of lateral inhomogeneity, we applied it to data from
a model with three diffraction points, buried in a constant-gradient velocity background with vertical and
lateral variation, given by v(x, z) = 2000 + 0.4x + 0.4z m/s (Figure 2a). It also contains two horizontal
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reflector elements with endpoints in the center of the model. We used Kirchhoff modeling with a Ricker
wavelet of dominant frequency 20 Hz to generate a common-offset dataset for a half-offsets h = 200 m.
The acquisition geometry consisted of 300 source-receivers pairs spaced at 10 m, covering an extension of
3000 m. Figure 2b shows the resulting common-offset data.
We then depth-migrated these data using a constant velocity of 2000 m/s (Figure 2c). Of course, the
reflectors are in wrong positions and the diffractions are not focused at all. We then fitted hyperbolas to the
undermigrated diffractions (blue lines in Figure 2c) and traced the corresponding remigration trajectories
(red lines in Figure 2c). The remigration trajectories focus almost exactly at the true diffractor positions.
In this example, even under rather strong lateral and vertical velocity gradients, the method was capable
of localizing all diffraction points with an error of ±0.4% in the vertical direction and up to ±0.5% in the
horizontal direction.
We interpolated the resulting average velocity values using a linear least-squares fit to obtain a meanvelocity model given by Vm (x, z) = 2044 + 0.38x + 0.18z m/s. To invert this mean velocity model
for interval velocity, we use that depth remigration averages the slowness (Schleicher et al., 2004). The
resulting inverted interval velocity model is Vr (x, z) = 2044 + 0.38x + 0.37 m/s. Figure 2d shows this
inverted velocity model, and Figure 2e shows its relative error. The error amounts to less than 2% at the
top of the model and is much lower in the center and at the bottom, where the actual velocity information
is located.
Finally, Figure 2f shows a depth migrated section using the velocity model in Figure 2d. The migrated
image focuses all three diffractions points in the model and correctly positions the two straight reflector
elements. Note that for this small offset, a single iteration was sufficient to construct a suitable velocity
model.
Larger offset
Next we repeated this experiment with a larger half-offset of h = 600 m, keeping all other parameters the
same. With the same velocity model depicted at Figures 2a and again using zero-order Kirchhoff modeling,
we generated a second common-offset panel for a half-offset of h = 600 m. Again, we migrated this panel
using a constant velocity model of 2000 m/s. The result is shown in Figure 3a, which also depicts the fitted
undermigrated hyperbolas (blue lines) and the corresponding remigration trajectories (red lines).
The first interval model from the inversion of the resulting average velocities is shown in Figure 3b, with
its error depicted in Figure 3c. As we can see, the larger offset led to a larger error, amounting to almost
12% at the bottom of the model. This insufficient model reflects in the quality of the associated migrated
image (Figure 3d). While the reflector elements are already quite well imaged, only the diffraction at the
left-hand side looks acceptable. The diffractions at the right-hand side and bottom of the image are still out
of focus, indicating that further model improvement is called for.
Consequently, we applied our method again to these uncollapsed diffractions. The fitted hyperbolas
(blue lines) and focusing remigration trajectories (red lines) are shown in Figure 3e. The updated velocity
values led to a new interval velocity model of Vr (x, z) = 2035 + 0.42x + 0.39 m/s (see Figure 3f). This
model is now rather close to the true velocity model, as we observe from its relative error in Figure 3g,
which remains below 2.5%.
Finally, the result of a depth Kirchhoff migration using this inverted velocity model is shown in Figure 3h. As we can see, the reflector elements are correctly positioned in depth and all diffractors are nicely
focused at their true positions (compare to Figure 2a). Thus, even for a rather strong velocity gradient and
a larger offset, the method converges to an acceptable velocity model in only two iterations.
CONCLUSIONS
We have extended the remigration-trajectories method of Coimbra et al. (2011, 2012) to the nonzero-offset
domain. The method uses the moveout of unfocused diffraction events in a prestack migrated seismic
section. The focusing of remigration trajectories originating from these events is used to determine the
correct location of the diffractor and the associated velocity value. Our methodology does not require any
information apart from a fairly arbitrary initial velocity model for an initial depth migration. Except for the
migrations involved, the processing time of the method is very fast. Once the diffraction events are selected
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Figure 3: (a) Depth migrated image with constant velocity of 2000 m/s and with undermigrated hyperbolas
(blue lines) and focusing remigration trajectories (red lines). (b) First interval velocity model resulting in
Vr (x, z) = 2055 + 0.35x + 0.19 m/s. (c) Relative velocity error for first iteration. (d) The migrated image
using the first interval velocity model. (e) The migrated image using the first interval velocity model and
with undermigrated hyperbolas (blue lines) and focusing remigration trajectories (red lines). (f) Second
interval velocity model. (g) Relative velocity error for second iteration. (h) The migrated image using the
second interval velocity model.
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and picked, the necessary computations are executed in a matter of seconds. We have tested the technique
in a numerical model with a diagonal constant gradient. The method has worked satisfactorily. For a near
offset (h = 200 m), only one iteration was required to obtain an acceptable velocity model with an error
of less than 2%. All diffraction points were positioned with an error of less than 0.5%. For far-offset data
(h = 600 m), two iterations were necessary to achieve the same quality.
ACKNOWLEDGEMENTS
This work was kindly supported by the Brazilian agencies CAPES, FINEP, and CNPq, as well as Petrobras
and the sponsors of the Wave Inversion Technology (WIT) Consortium.
REFERENCES
Coimbra, T. A., de Figueiredo, J. J. S., Novais, A., and Schleicher, J. (2011). Migration velocity analysis
with diffraction events using residual moveout. Annual WIT report, 15:57–70.
Coimbra, T. A., de Figueiredo, J. J. S., Schleicher, J., Novais, A., and Costa, J. C. (2012). Migration
velocity analysis with diffraction events using residual moveout: Application to SIGSBEE 2B data.
Annual WIT report, 16:45–58.
Courant, R. and Hilbert, D. (1989). Methods of Mathematical Physics, volume II. Wiley-Interscience.
Fomel, S. (1994). Method of velocity continuation in the problem of seismic time migration. Russian
Geology and Geophysics, 35(5):100–111.
Fomel, S. (2003). Velocity continuation and the anatomy of residual prestack time migration. Geophysics,
68(5):1650–1661.
Fomel, S., Landa, E., and Taner, M. T. (2007). Poststack velocity analysis by separation and imaging of
seismic diffractions. Geophysics, 72(6):U89–U94.
Hubral, P., Schleicher, J., and Tygel, M. (1996a). A unified approach to 3-D seismic reflection imaging Part I: Basic concepts. Geophysics, 61(3):742–758.
Hubral, P., Tygel, M., and Schleicher, J. (1996b). Seismic image waves. Geoph. J. Int., 125:431–442.
Khaidukov, V., Landa, E., and Moser, T. J. (2004). Diffraction imaging by focusing-defocusing: An outlook
on seismic superresolution. Geophysics, 69(6):1478–1490.
Landa, E. (2012). Seismic diffraction: where’s the value? In 82st Ann. Internat. Meeting, SEG, Expanded
Abstracts, pages 1–5.
Landa, E. and Reshef, M. (2009). Separation, imaging, and velocity analysis of seismic diffractions using
migrated dip-angle gathers. In 79th Ann. Internat. Meeting, SEG, Expanded Abstracts, pages 2176–2180.
Novais, A., Costa, J., and Schleicher, J. (2008). GPR velocity determination by image-wave remigration.
Journal of Applied Geophysics, 65:65–72.
Sava, P., Biondi, B., and Etgen, J. (2005). Wave-equation migration velocity analysis by focusing diffractions and reflections. Geophysics, 70(3):U19–U27.
Sava, P. C. and Fomel, S. B. (2003). Angle-domain common image gathers by wavefield continuation
methods. Geophysics, 68(5):1650–1661.
Schleicher, J., Hubral, P., Höcht, G., and Liptow, F. (1997). Seismic constant-velocity remigration. Geophysics, 62(2):589–597.
Schleicher, J., Novais, A., and Munerato, F. P. (2004). Migration velocity analysis by depth image-wave
remigration: First results. Geophysical Prospecting, 52:559–573.

Annual WIT report 2013

53

Tsingas, C., Marhfoul, B. E., Satti, S., and Dajani, A. (2011). Diffraction imaging as an interpretation tool.
First Break, 29:57–61.
Tygel, M., Schleicher, J., and Hubral, P. (1996). A unified approach to 3-D seismic reflection imaging Part II: Theory. Geophysics, 61(3):759–775.
APPENDIX
DERIVATION OF THE IMAGE-WAVE EQUATION
In this appendix, we derive the short-offset image wave equation (6) for remigration from equation (1). The
procedure follows closely the lines of the zero-offset case of Hubral et al. (1996b). For simplicity, let us
denote the ratio between the true and migration velocities by M = v0 /vd . Then, we can rewrite equation
(1) as
M 2 (x − xd )2
.
(19)
z 2 + h2 = M 2 (zd2 + h2 ) −
M2 − 1
To derive the image-wave equation (6), we need to eliminate the unknown constants in equation (19) and
replace them by derivatives. For this purpose, we have to assume that M is a function of x and z. Taking
the derivatives of equation (19) with respect to x and z yields
0 = (zd2 + h2 )
and

(x − xd )2 ∂M
M (xd − x)
∂M
+
+
∂x
(M 2 − 1)2 ∂x
M2 − 1

z
∂M
(x − xd )2 ∂M
= (zd2 + h2 )
+
,
M
∂z
(M 2 − 1)2 ∂z

(20)

(21)

respectively. Combining equations (20) and (21), we obtain the auxiliary equation
∂M
M2
(x − xd ) = z
M2 − 1
∂x



∂M
∂z

−1

(22)

.

Together, these equations can now be used to eliminate xd and zd from equation (19). We find
z ∂M
=
M ∂z



z 2 + h2
M2



∂M
∂z

2


+

z ∂M
M ∂x

2
.

(23)

Substituting M = V /vd , where V = V (x, z) is the image-wave eikonal, we arrive at the image-eikonal
equation

2 

2
∂V
h2
∂V
V ∂V
+ 1+ 2
−
=0.
(24)
∂x
z
∂z
z ∂z
This equation justifies the image-wave equation (1), because that equation can be interpreted as the simplest
second-order differential equation the kinematics of which is described by equation (24) upon the ansatz
I(x, z) = A(x, z)F (v − V (x, z)).
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ABSTRACT
Redatuming aims at correcting seismic data for effects of an acquisition at an irregular surface and for
the effects of complex geological structures in the overburden and low velocity layer. Interferometric
techniques can be used to relocate sources to positions where only receivers are available and have
been used to move acquisition geometries to the ocean bottom or transform data between surfaceseismic and vertical seismic profiles. By combining modeling with interferometry and correlating
the modeled direct wavefield with seismic surface data, we can relocate the acquisition system to
any datum in the subsurface to which the propagation of direct waves can be modeled with sufficient
accuracy. In this way, we can carry the seismic acquisition geometry from the surface to geologic horizons of interest. Specifically, we show the derivation and approximation of the seismic interferometry
equation, conveniently using Green’s theorem for the Helmholtz equation with density variation. We
demonstrate theoretically and numerically that reflections from deeper interfaces are repositioned with
satisfactory accuracy.

INTRODUCTION
In recent years there has been a growing interest to improve petroleum exploration and processing of
seismic data using interferometric techniques. Seismic interferometry is a technique based on optical
physics. It allows the use of parts of the information contained in the seismic data that are not taken
into account in conventional processing. Its basic principle allows us to generate new seismic responses or
virtual sources where only receivers were placed (Wapenaar et al., 2010). In seismic exploration, authors
like Claerbout (1968) and Scherbaum (1978) were the first to make use of interferometric techniques.
Claerbout (1968) showed that the Green’s function for reflections recorded at the Earth’s surface could be
obtained by the autocorrelation of the data generated by buried sources in a 1D medium, while Scherbaum
(1978), using information of microquakes, constructed geological structure based on the properties of the
Green’s functions.
Interferometric redatuming techniques have been studied, e.g., by Xiao and Schuster (2006), Schuster
and Zhou (2006), Dong et al. (2007), Lu et al. (2008), van der Neut et al. (2011) and many others. They
attempt to use the techniques with the objective of improving the seismic sections and reducing the uncertainty in hydrocarbon exploration in regions of high structural and sedimentological complexity. The
redatuming technique’s principal applications are the correction of seismic data for effects of an acquisition at an irregular surface and for the effects of complex geological structures in the overburden and low
velocity layer. The objective is to focus the seismic data processing at a specific subsurface region.
Interferometric redatuming can be used to relocate sources to positions where only receivers are available and allows to carry the seismic acquisitions from the surface to geologic horizons of interest. In this
work, we correlate the modeled direct wavefield with seismic surface data to relocate the acquisition system to any datum in the subsurface to which the propagation of direct waves can be modeled with sufficient
accuracy.
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The derivation starts from a convenient approximation of the seismic interferometry equation using
Green’s theorem on the Helmholtz equation with density variation. It proceeds to the general redatuming
equation and the specific approximation discussing the correlation of acquired seismic data with modeled
direct waves. In the numerical results section, we apply the new redatuming method to synthetic surface
data from a simple earth model in order to redatum sources and receivers to the ocean bottom.
METHOD
In this section we describe the basic theory of interferometry for acoustic media with density variation. We
deduce the reciprocity theorem, interferometry principle and the Green’s function approximation. We start
at the Helmholtz equation for variable-density media, which is written as follows


ω2
1
ψ̂(x, ω) = −F̂ (x, ω) .
(1)
∇ψ̂(x, ω) + 2
ρ(x)∇ ·
ρ(x)
v (x)
Here, ρ(x) is the variable density, ψ̂(x, ω) is the pressure field, ω is the angular frequency, v(x) is the wave
velocity, and F (x, ω) is a source term.
In the particular case of a temporal and spatial point source at position xA , i.e., when the source term
F (x, ω) is given by a delta function δ(x − xA ), the pressure field is represented by the Green’s function
Ĝ(x, ω; xA ), so that the Helmholtz equation reads


ω2
1
∇Ĝ(x, ω; xA ) + 2
Ĝ(x, ω; xA ) = −δ(x − xA ).
(2)
ρ(x)∇ ·
ρ(x)
v (x)
The basis for all seismic interferometry is Gauss’s theorem, which relates an integral over a closed
surface ∂E of an arbitrary vector field to an integral over the enclosed volume E of the divergence of the
vector field. Choosing the vector field appropriately, this theorem can be written as (Green, 1828)


ZZZ
ZZ
1
1
1
(ψ̂∇Ĝ − Ĝ∇ψ̂) · n̂dS =
∇·
ψ̂∇Ĝ −
Ĝ∇ψ̂ dV,
(3)
ρ(x)
ρ(x)
ρ(x)
∂E

E

where n̂ is the unit vector normal to the surface ∂E pointing into the outward direction of the volume E.
Reciprocity theorem

Figure 1: Sketch of a source at position xA with a receiver at position xB , where c is the representation of
a wave path from xA to xB .
To derive the reciprocity theorem for variable-density media, we consider the situation in Figure 1.
Upon the use of equation (3), we deduce the reciprocity theorem for wave propagation between points xA
and xB . We start from equations (1) and (2). For simplicity, we write ψ̂ = ψ̂(x, ω) and ĜA = Ĝ(x, ω; xA ).
Multiplying equation (1) by ĜA , we obtain


1
ω2
ρ(x)ĜA ∇ ·
∇ψ̂ + 2
ĜA ψ̂ = −F̂ (x, ω)ĜA ,
(4)
ρ(x)
v (x)
and multiplication of equation (2) by ψ̂ yields


1
ω2
ρ(x)ψ̂∇ ·
∇ĜA + 2
ψ̂ ĜA = −δ(x − xA )ψ̂.
ρ(x)
v (x)

(5)
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Subtracting equations (4) and (5) after division by ρ(x), integrating over an arbitrary volume E, and applying Green’s theorem (3), we find
ZZ

1 
ψ̂∇ĜA − ĜA ∇ψ̂ · n̂dS =
ρ(x)
∂E
ZZZ
i
1 h
F̂ (x, ω)ĜA − δ(x − xA )ψ̂ dV.
(6)
ρ(x)
E

Using the Sommerfeld radiation condition, is possible demonstrate that the left-hand-side integral of the
above equation tends to zero when the radius of the closed surface tends to infinity, i.e.,
ZZ

1 
lim
ψ̂∇ĜA − ĜA ∇ψ̂ · n̂dS = 0.
(7)
r→∞
ρ(x)
∂E(r)

This results in the following equation for the solution to equation (1) at a point xA ,
ZZZ
1
ψ̂(xA , ω) = ρ(xA )
F̂ (x, ω)ĜA dV.
ρ(x)

(8)

R3

Considering the source of equation (1) to be a point source at xB , i.e., F̂ (x, ω) = δ(x − xB ), we have
ZZZ
1
Ĝ(xA , ω; xB ) = ρ(xA )
δ(x − xB )Ĝ(x, ω; xA )dV,
(9)
ρ(x)
R3

which results in the identity
Ĝ(xA , ω; xB )
Ĝ(xB , ω; xA )
=
,
ρ(xA )
ρ(xB )

(10)

relating the Green’s functions for propagation from xA to xB and from xB to xA . From equation (10), we
see that the Green function between points xA and xB is not reciprocal, if the values of the densities at
these points are different. However, a density-scaled Green’s function (Bleistein et al., 2001) is reciprocal.
This can be seen by multiplying each side of equation (10) by a density factor
"
#
Ĝ(xA , ω; xB )
Ĝ(xB , ω; xA ) p
=
ρ(xA )ρ(xB ) ,
(11)
ρ(xA )
ρ(xB )
which yields
s

ρ(xB )
Ĝ(xA , ω; xB ) =
ρ(xA )

Let us define the density-scaled Green’s function as
s
ĝ(x, ω; xs ) =

s

ρ(xA )
Ĝ(xB , ω; xA ) .
ρ(xB )

ρ(xs )
Ĝ(x, ω; xs ),
ρ(x)

(12)

(13)

where xs is the source position. Then, the original Green’s function can be recovered from its densityscaled version by
s
ρ(x)
ĝ(x, ω; xs ).
(14)
Ĝ(x, ω; xs ) =
ρ(xs )
Note that in the case of constant density the density-scaled Green’s function ĝ(x, ω; xs ) reduces to the
Green’s function Ĝ(x, ω; xs ) itself.
With definition (13), the reciprocity relation (12) reads
ĝ(xA , ω; xB ) = ĝ(xB , ω; xA ).

(15)
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x

x

Figure 2: Sketch of two sources at positions xA and xB inside a volume E with receivers along the closed
surface ∂E of E. Indicated at position x are the propagation directions of the incoming waves from xA
and xB , and their angles θA and θB with respect to the unit normal vector n̂ to the surface.
Interferometry
Let us now review the basic interferometry equation (see, e.g., Wapenaar et al., 2010). We consider the
case where we have a closed surface with receivers located on it. Inside the enclosed volume, we have two
sources located in positions xA and xB (see Figure 2).
We start from the complex conjugate of the Helmholtz equation (1) with a point source at xB . With
the simplified notation G∗B = Ĝ∗ (x, ω; xB ), where the asterisk denotes the complex conjugate, the corresponding equation reads


1
ω2
∇Ĝ∗B + 2
Ĝ∗ = −δ(x − xB ).
(16)
ρ(x)∇ ·
ρ(x)
v (x) B
Multiplying equations (2) and (16) by Ĝ∗B and ĜA , respectively, and subtracting the results after division
by ρ(x), we find



1 
1 
∗
∗
∇·
ĜA ∇ĜB − ĜB ∇ĜA =
δA Ĝ∗B − δB ĜA .
(17)
ρ(x)
ρ(x)
Integration over an arbitrary volume E, application of Green’s theorem (3), and consideration of the reciprocity relation (10) leads to
ZZ
h
i

−2i
1 
ĜA ∇Ĝ∗B − Ĝ∗B ∇ĜA · n̂dS =
Im Ĝ(xB , ω; xA ) .
(18)
ρ(x)
ρ(xB )
∂E

This is the fundamental relationship for all interferometry techniques, because it proves that the Green’s
function of the propagation from xA to xB can be obtained with information about the wavefield propagating from xA and from xB to (all) receivers on the closed surface. This only is possible if xA and xB are
located inside the closed surface.
Green’s function approximation
For practical purposes, equation (18) is inadequate, because it is extremely rare that data on closed surfaces
are available. Moreover, the Green’s functions’ gradients generally are unknown. Therefore, the quantities
in equation (18) need to be approximated by practically available data. For the following considerations,
we refer again to Figure 2.
In the high-frequency situation, we can replace the Green’s functions by their asymptotic WKBJ approximations,
Ĝ(x, ω; xs ) ≈ L(x; xs ) exp [−iωT (x; xs )] .
(19)
There, T is the traveltime from xs to x which satisfies the eikonal equation k∇T (x; xs )k2 = v21(x) and
L(x; xs ) is the amplitude, principally determined by geometrical spreading. Also in high-frequency approximation, the Green’s function’s gradient can be approximated by
∇Ĝ(x, ω; xs ) ≈ −iω Ĝ(x, ω; xs )∇T.

(20)
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Figure 3: Sketch of two receivers inside a volume E at positions xA and xB and sources along the closed
surface ∂E of E.
The product of the traveltime gradient with the surface normal yields ∇T · n̂ = cos θ/v(x), where θ is the
incidence angle of the wavefield under consideration. Thus, substituting equations (19) and (20) in (18)
and defining the obliquity factor
Θ(x; xA , xB ) =
we obtain

ZZ
−ωρ(xB )

cos θA + cos θB
,
2v(x)

h
i
1
ĜA Ĝ∗B Θ(x; xA , xB )dS ≈ Im Ĝ(xB , ω; xA ) .
ρ(x)

(21)

(22)

∂E

If the surface is sufficiently far away from the points xA and xB , the angles θA and θB between the ray
1
paths and the surface normal approximately vanish, so that Θ ≈ v(x)
. Thus, in far-field approximation, we
can write
ZZ
h
i
1
ĜA Ĝ∗B dS ≈ Im Ĝ(xB , ω; xA ) .
−ωρ(xB )
(23)
ρ(x)v(x)
∂E

Considering equations (13) and (15), we can recast equation (23) into the form
ZZ
1
ĝ(xA , ω, x)ĝ ∗ (xB , ω; x)dS ≈ Im [ĝ(xA , ω; xB )] .
−ω
v(x)

(24)

∂E

Equation (24) shows that the situation of Figure 2 can be exchanged for one where instead of sources
inside the volume, there are receivers, and instead of receivers at the surface, there are sources. This is the
reciprocity principle (see Figure 3).
Direct-wave redatuming
As the next step, we understand the surface ∂E in Figure 2 as divided into two surfaces α and γ (see
Figure 4). The surface α contains the sources and receivers of a conventional seismic array, and γ is a
surface part that is needed to close it.
We suppose that seismic data have been acquired for sources at points xA and receivers along the
seismic array at α, and that a velocity model is known for the medium between surface parts α and γ, so
that the direct wave from all points xB on the datum to all points xA on α can be estimated by seismic
modeling. We will show in this section that cross-correlation of this modeled direct waves with the seismic
surface data allows to approximately redatum the acquisition array (sources and receivers) to reference
datum ∂Σ.
The total Green’s function for the wavefield at surface α can then be decomposed in a unique way as
Ĝ = Ĝi + Ĝs (Bleistein et al., 2001), where Ĝi is the solution of the wave equation in the known reference
medium and Ĝs is the difference to the complete solution in the true medium. For a point source at xA ,
ĜiA = Ĝi (x, ω; xA ) must satisfy
L0 ĜiA = −δ(x − xA ),
(25)
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X
XA
XB

Figure 4: Sketch of the surface parts α and γ of ∂E including points xA and xB . Also shown is the surface
∂Σ that is supposed to contain the unknown part of the medium.
where L0 is the Helmholtz operator for the reference medium, involving the density ρ0 and and velocity v0
instead of ρ and v.
The scattered field ĜsA = Ĝs (x, ω; xA ) must then satisfy a perturbed wave equation that can be written
as
h
i
L0 ĜsA = −V(x) ĜiA + ĜsA ,
(26)
where V(x) = L − L0 is the difference between the perturbed and unperturbed Helmholtz operators, called
the perturbation operator or scattering potential (Rodberg and Thaler, 1967).
In other words, the differences between the reference and true media are responsible for the existence
of the scattering potential V and thus for the existence of the scattered wavefield Ĝs . We assume that the
region where the true medium is not known, i.e., where the perturbations between the reference medium
and the true medium are located (indicated as ∂Σ in Figure 4), is outside ∂E.
Using equations (25) and (26), we can set up an equation similar to equation (17). For this purpose, we
multiply equation (26) with Gi∗
B and the complex conjugate of equation (25) for a point source at xB with
GsA . Subtracting the results, we arrive at



1  s
1  i∗
i∗
s
∇·
ĜA ∇Ĝi∗
−
Ĝ
∇
Ĝ
ĜB VĜA − δB ĜsA .
=
(27)
B
B
A
ρ0 (x)
ρ0 (x)
After integration over a volume E containing xB and application of Green’s theorem, this yields
ZZ
ZZZ

Ĝi∗
ĜsBA
1  s
i∗
s
B VĜA
ĜA ∇Ĝi∗
−
Ĝ
∇
Ĝ
·
n̂dS
=
dV −
,
B
B
A
ρ0 (x)
ρ0 (x)
ρ0 (xB )
α+γ

(28)

E

where ĜsBA = Ĝs (xB , ω; xA ). Here, we have written the closed surface ∂E as a sum of two parts, where
α represents the portion where seismic data are available and γ the remaining portion.
Since we suppose that we know the medium perfectly well between xA and xB , we can choose the
volume E such that V = L − L0 = 0 inside E (see figure 4). Thus, the volume integral in equation
(28) vanishes. After high-frequency approximations analogous to equations (19) and (20), equation (28)
therefore allows to approximately calculate the scattered field at xB as
ZZ
s
s i∗
ĝ (xB , ω; xA ) ≈ −2iω
ĝA
ĝB Θ(x; xA , xB )dS + IˆBA ,
(29)
α

where Θ(x; xA , xB ) is the obliquity factor defined in equation (21). As before, we will take
Θ(x; xA , xB ) ≈ 1/v in the far-field approximation. Moreover, IˆBA represents the integration over the
surface portion γ where no seismic data are available. It denotes an undesired scattering term that gives
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Figure 5: Sketch that shows the redatuming to a surface ∂Σ in two steps: (a) receivers and (b) sources.
rise to spurious events. Its contribution will be negligible if the differences between the true and reference
media are small.
Equation (29) is the principal theoretical result of this work. It states that it is possible to redatum
surface data by means of interferometry using direct-wave modeling. This equation allows to obtain the
Green’s function at xB for a point source at xA by cross-correlation of the modeled direct wave in xB with
the acquired wavefield in xA . To redatum the complete survey, equation (29) must be applied in two steps,
first redatuming the receivers and then the sources (see Figure 5).
Scattering term To better understand the physical significance of the scattering term IˆBA in equation
(29), let us analyze it in more detail. For this purpose, we substitute the high-frequency approximations
(19) and (20) to find
ZZ p

ρ0 (xA )ρ0 (xB )  s
i∗
s
ˆ
ĜA ∇Ĝi∗
IBA =
B − ĜB ∇ĜA · n̂dS
ρ0 (x)
γ
ZZ p
ρ0 (xA )ρ0 (xB ) s
≈ −2iω
L (x; xA )Li (xB ; x) exp [iω(TB − TA )] Θ(x; xA , xB )dS. (30)
ρ0 (x)
γ

This result demonstrates that the event described by integral IˆBA is proportional to the amplitude Ls of
the wave GsA that was scattered at the differences between the true medium and the one used for modeling
of the direct wave. Thus, the smaller these differences are, the smaller will the spurious event become. In
practice, the main contributions to equation (30) will be from the region below the datum.
More importantly, the stationary directions for integral (30) are those where the wavepath connects
all three points x, xA and xB . For such wavepaths, the traveltime difference TB − TA that governs the
phase of integral (30) amounts to the traveltime TAB of the direct wave between xA and xB . We will
recognize in the numerical examples that the most important contribution of integral (30) appears at TAB
in the redatumed data.
NUMERICAL EXAMPLES
Synthetic data
To numerically validate redatuming interferometry equation (29), we applied it in a simple numerical experiments, considering a seismic marine acquisition. The model had a width of 1 km and a depth of 750 m.
Synthetic seismic data were simulated considering three situations: (1) shots and receivers are located at
the surface (Figure 6a), (2) shots are located at the surface and receivers at 350 m depth (Figure 6b) and (3)
shots and receiver are located at 350 m depth (Figure 6c).
The seismic array at the surface consisted of 21 sources spaced at 40 m, located between coordinates
100 m and 900 m, and the same number of receivers for each shot, located at the same positions (Figure 6a).
In the second experiment, we kept the same source array at the top surface, but used 21 receivers at 350 m
depth at positions between 400 m and 600 m, spaced at 10 m (Figure 6b). Finally, in the third experiment
we modeled synthetic data with the sources and receivers at the latter positions in depth (Figure 6c). The
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(a)

(b)

(c)
Figure 6: Modeling seismic data considering: (a) array of sources and receivers at the surface, (b) array of
the sources at the surface and receivers at 350 m depth and (c) all array redatuming at 350 m depth.
wavelet used for the numerical modeling was a Ricker wavelet of 50 Hz peak frequency. To further simplify
things we considered the density in all layers constant.
Interferometry results
The first step of redatuming the complete seismic array from the surface to the datum consists of redatuming
the receivers, i.e., transforming the configuration of experiment 1 into that of experiment 2. Figure 7a
compares the results of redatuming the receivers using equation (29) to the synthetic data directly modeled
with the configuration of experiment 2 (Figure 7b).
To carry out the redatuming, we modeled all direct waves from all desired receiver positions at depth to
all true source positions at the surface and crosscorrelated them with the surface data according to equation
(29). Figure 7 shows the resulting common-receiver gathers at the new depth. We see that the kinematic
properties of the data are nicely matched. While the overall amplitude features of the scattered waves are
similar, we notice some differences.
For a more detailed analysis of the quality of the redatumed data, Figure 8 compares the redatumed trace
at the center of both the source and receiver arrays to the modeled one. We see that all events are correctly
positioned in time. Also, the amplitudes of the reflected events are comparable, while the waveforms are
slightly altered. The main reason for the different amplitudes of the scattered waves is the approximation
of the obliquity factor in equation (29). The principal difference between the traces is in the amplitude of
the direct wave. The reason is that the direct wave is not recovered by equation (29). This event is actually
described by the “scattering term” IˆBA , as explained above.
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Figure 7: Redatuming using seismic direct-wave interferometry with the numerical model of Figure 6. (a)
Redatumed data. (b) Modeled data.

The second step of full redatuming consists of repositioning the sources at depth, i.e., transforming the
configuration of experiment 2 into that of experiment 3. We used both data sets of Figure 7 as an input
to this second redatuming step. Figure 9 compares the resulting zero-offset sections to correspondingly
modeled data at depth. We see that both the redatumed surface and ocean-bottom-receiver data (Figure 9a
and b) resemble the modeled data (Figure 9c) quite nicely, with the three reflections events being correctly
positioned. The two-step redatuming of the surface data introduces some additional noise and weak spurious events. These effects will probably reduce if more input data are available. Moreover, they can be
mitigated by using appropriate tapers.
For better appreciation of the quality of the obtained results, Figure 10 shows a trace-to-trace compar-
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Figure 8: Comparison of trace no. 400 of Figures 7a and b. (a) Redatumed data. (b) Modeled data.
ison at midpoint coordinate 500 m. Figure 10 reveals that positions and relative amplitudes of the three
reflections events are correctly recovered by both the one-step and two-step redatuming procedures. The
interferometric wavelet changes by the correlations, and some noise becomes visible in the two-step result
(Figure 10a), due to the low fold of the input data.
CONCLUSIONS
In this work, we have derived a new interferometric redatuming method combining acquired data with
modeling of the direct wavefield in an approximately known overburden of the new datum. We have
shown that a correlation of the modeled direct wavefield with seismic surface data permits to relocate the
acquisition system to any datum in the subsurface to which the propagation of direct waves can be modeled
with sufficient accuracy.
The derivation starts from a convenient approximation of the seismic interferometry equation using
Green’s theorem on the Helmholtz equation with density variation. It proceeds to the general redatuming
equation and the specific approximation discussing the correlation of acquired seismic data with modeled
direct waves. As with conventional redatuming, also interferometric redatuming proceeds in two steps,
independently relocating sources and receivers to the new datum.
To investigate the feasibility of the new interferometric direct-wave redatuming, we have applied the
method to synthetic surface data from a simple model in order to construct redatumed data for sources and
receivers at the ocean bottom. Our numerical example demonstrates that the redatumed reflections events
are repositioned correctly and keep the correct amplitude proportions as compared to data obtained from
seismic modeling at the datum level.
Moreover, we have discussed the most important spurious event resulting from the approximate procedure. We have demonstrated theoretically and numerically that it will appear at the traveltime of the direct
wave between the redatumed source and receiver positions. It will be the smaller the more accurate the
model is that was used for the direct-wave modeling.
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ABSTRACT
We present a prestack time-migration tool for local improvement of the seismic migration-velocity
model. The method is based on time-remigration trajectories. It determines kinematic parameters
using local-slope information of seismic reflection events. These parameters, in turn, are used to locally correct the velocity model. The main advantage of this technique is that it allows to carry out a
moveout correction not just at a fixed point in a zero-offset (post-stack) time-migrated gather, but varying through all offsets of a common image gather (CIG), and taking into account the reflection-point
displacement in the midpoint direction. In other words, it provides for migration velocity analysis
(MVA) by time-remigration trajectories in prestack data. Tests on synthetic and SMAART-Sigsbee2B
data show that the proposed tool not only increased the velocity-model resolution, but also provides a
plausible time-migrated image.

INTRODUCTION
Migration velocity analysis (MVA) is an important seismic processing step in prestack time-imaging. Basically, MVA exploits the redundancy of seismic data to improve an a-priori velocity model. As first observed
by Sattlegger (1975), seismic data from different offsets need to migrate to the same positions when using the correct velocity model. Hence, these images must be horizontally aligned, regardless of structure.
However, the use of too low or too high migration velocities leads to offset-dependent mispositioning,
known as migration smiles or frowns (Al-Yahya, 1989; Zhu et al., 1998).
Over the years, substantial effort has been directed towards the development of new MVA methods.
Because of its conceptual clarity and simplicity, residual-moveout (RMO) analysis has become one of the
favorite tools for MVA (Liu and Bleistein, 1995). Many algorithms are based on the moveout formula for
a horizontal reflector (Al-Yahya, 1989). However, in the case of strongly dipping reflectors, this correction
does not take into account the lateral displacement of the reflector image that is caused by a change in
migration velocity, thus requiring iterative procedures. Schleicher and Biloti (2007) tried to improved AlYahya’s process and achieve higher accuracy in the updated velocity by inclusion of the reflector dip as an
additional parameter.
Another MVA principle is to follow migrated reflection events through the image domain under variation of the migration velocity (Fomel, 1994; Liptow and Hubral, 1995). Hubral et al. (1996) used the term
image waves to describe such a process of transforming time-migrated images according to the changes in
migration velocity. Schleicher et al. (1997) derived equations for remigration trajectories in the zero-offset
case and connected the concept to of residual migration. In a related way, Adler (2003) described the
change in the superposition of seismic data along isochrons at a predicted image point as a function of the
velocity perturbation, a process he called Kirchhoff image propagation. Fomel (2003a,b) further developed
and tested the velocity-continuation or image-wave concept for the prestack situation.

Annual WIT report 2013

67
x

h0

h

reflector
image
at h =0
τ0
τh0

τ r (h)
τ(h)

CIG( xm)
τ

Figure 1: The residual moveout of a dipping reflector in a single CIG at xm after migration with a wrong
velocity is described by curve τ (h). However, the image of a unique reflection point moves through the
whole migrated data volume along the remigration trajectory τr (h). The remigration trajectory can be
approximated from information found at point h0 , τh0 . For details, see text.
Velocity continuation can be also used on migrated diffractions (Fomel et al., 2007; Novais et al.,
2008) for MVA. Based on velocity continuation, Coimbra et al. (2011, 2012, 2013b) recently introduced a
new process of extracting velocity updates from the moveout of incorrectly migrated diffraction events by
tracing so-called remigration trajectories to their focus point in post-stack migrated images, and Coimbra
et al. (2013a) extended their work to the prestack case. This technique makes use of local-slope information
extracted from the data with the help of stacks along local trial surfaces. In this work, we modify this
remigration-trajectory MVA method to make it suitable for an application to reflection events in prestack
data. Tests on synthetic data from a simple model and on the Sigsbee2B data confirm the potential of our
method to produce a plausible velocity model in a region with strong dip variations.
THEORETICAL DESCRIPTION
We are looking for an expression for the remigration trajectory, that is, a formula that describes the position
of a reflection point in the prestack-migrated data volume as a function of migration velocity. For the
mathematical derivation, we consider a horizontal reflector below a constant-velocity overburden with
(true) average medium velocity v. We look at its time-migrated image for half-offset h, obtained with
the (incorrect) migration velocity vm . We start from the expression of Al-Yahya (1989) for the reflector
position in a single common-image gather (Figure 1),
s
τ (h) =

τ02


+

4h2

1
1
− 2
2
v
vm


,

(1)

where τ0 is the vertical time at zero-offset. Solving this expression for τ0 at two half-offsets h and h0 and
equaling the results at h and h0 yields the relationship between migrated times τ (h0 ) = τh0 at h0 and
τ (h) = τh at h as
s


1
1
2
2
2
τ (h) = τh0 + 4 (h − h0 )
− 2 .
(2)
v2
vm
Additionally, based on the kinematics analysis of velocity continuation, Fomel (2003b) approximates

68

Annual WIT report 2013

the dislocation out of the CIG up to second order in h as
s


4(x − xm )2
1
1
2
τr (h, x) = τh2 −
+
4h
−
,
2 − v2
2
vm
vm
v2

(3)

where th is given by equation (2), and where x−xm denotes the relative midpoint coordinate. The envelope
of these curves at all x, determined from setting the derivative with respect to x equal to zero, determines
the lateral displacement as a function of h as
 2

vm − v 2
xr (h) = xm +
τh Dh ,
(4)
4
h
where Dh denotes the event dip in the common-offset section at h, given by Dh = ∂τ
∂x xm . For h = 0,
equations (3) and (4) reduce to the zero-offset equations derived by Schleicher et al. (1997).
Combining equations (3) and (4), we arrive at the residual normal-moveout (RMO) expression
s 



2 − v2
vm
1
1
2
2
2
τr (h) = τh 1 −
− 2 .
(5)
Dh + 4h
2
4
vm
v

Expressions (4) and (5) together approximately describe the dislocation of the image of a reflection point
in the migrated data volume as a function of half-offset (see again Figure 1), i.e., the so-called remigration
trajectory.
With these expressions, we can thus estimate whereto in the data volume a point (h0 , τh0 ) in a CIG
will move when the migration velocity is changed. When applying this equation to all points in a CIG
at a chosen image point, we can estimate the velocity value for which the resulting set of moved points
becomes closest to a horizontal line.
To calculate the image-point positions with equations (4) and (5), we need an estimate of the image
time τh and the event dip Dh at each point in the CIG. To estimate the values for τh , we adjust a curve of
the form of equation (2) to the migrated event within the CIG at xm . To avoid the necessary dip estimations
in all involved common-offset sections, we use that the event dip Dh at h is related to the one at h0 as
Dh = Dh0

τh0
.
τh

(6)

This relationship is obtained from the derivative of equation (2) with respect to x.
To estimate the local slope Dh0 in the common-offset section at h0 , we define a surface T = T (h, x)
as
τh
T (h, x) = τh + (x − xm )Dh = τh + (x − xm ) 0 Dh0 .
(7)
τh
This surface is tangent to traveltime surface (3), if the correct value of Dh0 is used. This fact can be used
to estimate this parameter from the date by semblance maximization using trial surfaces.
Since the residual moveout must be minimized at the correct velocity, we can choose the derivative of
τr (h) as the objective function. Thus, the optimization condition is
min
v

∂τr
∂h

.

(8)

Here, we propose to use the above corrections in an iterative process. In this way, we are able to flatten a
reflection event by an estimation of a local slope through image-wave propagation of the CIG.
APPLICATION TO A SIMPLE SYNTHETIC TEST DATA SET
We tested the MVA technique using time-remigration trajectories as outlined above on a synthetic data
set from a simple test model (Figure 2). It consists of a single trough-shaped reflector separating two
homogeneous half-spaces with velocities 1.7 km/s and 1.9 km/s. Note that the reflector has a slight dip on
the left side of the trough and is horizontal on the right side. Moreover, there is an edge diffractor caused
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Figure 2: 2D sketch of a simple synthetic model and ray family. The model consist of two homogeneous
halfspaces, separated by a reflector composed by a segment with small dip in the left portion, an edge
diffractor caused by an abrupt change of direction, followed by a syncline and a horizontal reflector segment
on the right side.
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Figure 3: Noisy seismic near-offset section of the synthetic model presented in Figure 2. It was generated
by Kirchhoff modeling with 151 traces at every 20 meters and a sampling rate of 4 ms and contaminated
with white random noise at a level of 10% of the maximum amplitude.
by an abrupt change of direction on the left shoulder of the syncline, indicated by the set of diffraction rays
plotted in Figure 2.
We used Kirchhoff modeling to generate synthetic 151 data traces (Figure 3) at every 20 meters with
a sampling rate of 4 ms and contaminated those data with white random noise at a level of 10% of the
maximum amplitude. The trough-shaped reflector causes a caustic, evidenced by the distorted bow-tie
structure in the data (Figure 3). The diffraction event has much smaller amplitude than the reflection event.
Supposing the true velocity of the upper layer to be unknown, we time-migrated these data with a
constant initial velocity (Figure 4). In this example, we chose the water velocity v0 = 1.5 km/s (for
land-data, one might use some known near-surface velocity). The range of possible values of the initial
velocity is fairly large and not vital to the method. We immediately recognize in this migrated image that
the migration velocity was not correct, because the bow-tie structure from the synclinal reflector is not
completely resolved. Also note that the edge diffractor is incorrectly imaged, with a spatial separation
between the two reflector segments.
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Figure 4: Time-migrated image of the seismic near-offset section of Figure 3 using a constant velocity
v0 = 1.5 km/s (water velocity) and a migration aperture of 101 traces.
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Figure 5: Updated velocity model using image point correction from constant velocity migration (one
iteration). The 20 black crosses represent the initial picked points in the migrated image (Figure 6), and the
pink plusses indicate the corrected coordinates for the new velocity. This model was obtained by B-spline
interpolation.
In this migrated section, we select specific points on the images of reflection events (by manual clicks).
The coordinates of each of these points define the present values of τh0 and xm . In the CIG at xm ,
we automatically determine the event slope Dh0 at h0 as indicated in the context of equation (7). This
slope value allows to apply an improved moveout correction to the chosen CIG according to equation (5).
Moveout minimization according to equation (8) yields an improved velocity value and a corrected position
for the chosen point in the image.
Figure 5 shows velocity model obtained after a single iteration of the describe MVA procedure. The
black crosses represent the 20 points initially picked in the migrated image of Figure 4, and the pink plusses
indicate their corrected coordinates in the improved velocity model. This model was obtained by B-spline

Annual WIT report 2013

71
Migrated section

0

0.2

Time (s)

0.4

0.6

0.8

1

0.5

1

1.5
2
Distance (km)

2.5

3

Figure 6: Final migrated image stack after velocity extraction using one iteration of image point correction.
The migration aperture used was 101 traces.
interpolation of the information at the picked points. Note that the determined velocity in the region of the
picks is closely approximating the true velocity of 1.7 km/s, with a maximum error of about 2%. Values
outside the region of the picks are artifacts of the interpolation and carry no meaning.
Figure 6 depicts the stack of all migrated images obtained from migrating all common-offset sections
with the model of Figure 5. We see that MVA by time-remigration trajectories nicely positioned all parts
of the reflector very closely to their true positions, confirming the good velocities in the reflector region.
APPLICATION TO THE SIGSBEE2B DATA
For a more realistic test, we applied the described MVA technique to a subset of the Sigsbee2B NFS (no
free surface) data set, so as to analyze complex structures like syncline segments over a salt structure. The
Sigsbee2B data contains traces at every 45.7 meters with a sampling rate of 8 ms. Figures 7 and 8 show
the Sigsbee2B stratigraphic velocity model and a short-offset section, respectively.

Reference images
In order to simulate a plausible velocity model and its respectively migrated image, we computed the
interval (vint ) and the root-mean-square (vrms ) velocity models in pseudo-time from the stratigraphic
velocity, both using vertical conversion only. The pseudo-time interval velocity model (Figure 9) gives us
an approximate idea of where to look for reflector images in the migrated image. The average velocity
vrms (Figure 10) indicates acceptable migration velocity values, though probably laterally mispositioned.
Therefore, rather than using this model for comparisons to those obtained with our method, we use
vrms to migrate the Sigsbee2B data set. Figure 11 shows the time-migrated image of the seismic nearoffset section using the average velocity vrms and migration aperture equal to 241 traces.
By correlating the time-migrated image of Figure 11 with the pseudo-time interval velocity model of
Figure 9, we can easily identify the positions of most reflectors. We note that the shallow events and most
sedimentary parts are well focused, including the shallow diffraction events. However, the salt bottom and
deepest parts are out of focus, indicating that the model of Figure 10 is only acceptable down to a certain
depth. We will use the image of Figure 11 as a reference for comparison with the images obtained with the
models from our method.
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Figure 7: Complete Sigsbee2B stratigraphic velocity model.
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Figure 8: Seismic near-offset section of the complete Sigsbee2B data.
Velocity analysis
Since the Sigsbee2B data simulate a marine data set, we know the velocity of the first layer to be constant
water velocity v0 = 1.5 km/s. Thus, we choose this velocity for the first migration. Figure 12 depicts the
migrated image obtained from the short-offset data of Figure 8. The migration aperture used was 141 traces.
As expected, this first migration is not able to resolve the bow-tie structure or focus the reflection energy.
Next, in order to apply the MVA by time-remigration trajectory as discussed above, we picked 254
points on some of the most prominent migrated events in the image of Figure 12. At the positions of these
picks, we extract local slopes in the common-offset section and then minimize the residual moveouts in the
respective CIGs. Figure 13 shows the locations of our picks (black crosses) and their corrected positions
after velocity updating (pink plusses) overlain on the resulting updated velocity model. As before, we used
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Figure 9: Sigsbee2B vertical pseudo-time interval velocity model (vint ).
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Figure 10: Sigsbee2B vertical pseudo-time root-mean-square velocity model (vrms ).
B-splines to interpolate the velocity model in the complete region. It is easy to see that the picked image
points are moved further away from their original positions in the (large) syncline region between 16 and
22 km, where the difference between the initial and true velocities is larger than in the upper part of the
model, where the water velocity is rather close to the true medium velocity.
We then used the velocity model of Figure 13 for a second migration. The result is depicted in Figure 14.
We immediately recognize that the shallower parts of the salt top have been nicely improved in this image,
indicating that the velocity model in this region already has reached acceptable quality. Certainly, the same
cannot be said of the salt flanks. Therefore, we have repeated the procedure of reflector picking and velocity
updating for a second set of points picked in this new migrated image.
Figure 15 shows the velocity model after this second iteration together with the 322 picked points
(black crosses) and their updated positions (pink plusses). We note that the displacements are smaller than
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Figure 11: Time-migrated image of the seismic near-offset section using the average velocity vrms (Figure 10) and migration aperture equal to 241 traces.
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Figure 12: Time-migrated image of the seismic near-offset section using a constant velocity v0 = 1.5 km/s
(water velocity) and migration aperture equal to 141 traces.
in Figure 13, indicating convergence of the method. Note that the deeper events in the central part of the
model are still not focused in the image and could therefore not be picked. The velocity model in this
region is thus just obtained from B-splines extrapolation and must be taken with care. Further iterations
would be necessary to improve the image in this region.
The migrated image corresponding to this velocity model is depicted in Figure 16. For this migration,
we used a migration aperture of 241 traces. In comparison to Figure 14, the flanks of the (large) synclinal
structure are much better focused and the bottom of the trough is correctly positioned. Furthermore, we
have also obtained an improvement in the left portion of the salt base. Actually, the image of Figure 16
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Figure 13: Velocity model extracted using image-point correction with remigration trajectories after
constant-velocity migration (first iteration). The 254 black crosses represent the initial picked points in
the migrated image of Figure 12, and the pink plusses indicate their corrected coordinates for the updated
velocity. The overall model was obtained by B-spline interpolation.
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Figure 14: Migrated image after velocity extraction using one iteration of image point correction. The
migration aperture used was 141 traces.
is already visibly better than the one of Figure 11, indicating that the model of Figure 15 is already better
than the vertically converted model of Figure 10.
To evaluate the quality of the final velocity model in more detail, let us look at six selected CIGs
(Figure 17). On the whole, it is easy to observe that the strongest events, mainly the shallow ones, were
completely flattened. The first CIG at 7.65 km (Figure 17(a)) lies in the most simple region where there
are no abrupt velocity variation. In Figure 17(a), all major events were flattened, including the diffraction
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Figure 15: Velocity model after second iteration. The 322 black crosses represent the picked points in the
migrated image of Figure 14, and the pink plusses indicate their corrected coordinates.
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Figure 16: Final migrated image stack after two iterations of velocity extraction using remigration trajectories. The migration aperture was 241 traces.
event below 6 seconds, and the deepest flat salt layer at about 9 seconds (see also Figure 16). In the CIG at
13.68 km (Figure 17(b)), we can observe that the salt top (∼3.6 s) and the diffraction event (∼5.2 s) were
well flattened, but the salt bottom (∼4.2 seconds) still needs improvement at larger offsets. The third CIG
at 16.56 km (Figure 17(c)) allow to analyze the edge diffraction at the salt bottom at about 4.2 seconds
(see also the model in Figure 7). It shows that our method flattened the diffraction event. The fourth CIG
at 18.85 km (Figure 17(d)) represents the central part of the Sigsbee2B syncline. Here, we call attention
to the high amplitudes below 5 seconds due to multiple reflections in this syncline. Nevertheless, it is
possible to observe the nearly flattened event of the bottom of the trough at about 5.6 seconds. The fifth

77

3

3

4

4

4

5

5

5

6

6

6

7

7

7

8

8

8

9

9
2
4
Offset (km)

9
2
4
Offset (km)

(a)

2
4
Offset (km)

(b)

(c)

3

3

4

4

4

5

5

5

6

Time (s)

3

Time (s)

Time (s)

Time (s)

3

Time (s)

Time (s)

Annual WIT report 2013

6

6

7

7

7

8

8

8

9

9
2
4
Offset (km)

(d)

9
2
4
Offset (km)

(e)

2
4
Offset (km)

(f)

Figure 17: Common-image gathers at (a) 7.65 km, (b) 13.68 km, (c) 16.56 km, (d) 18.84 km, (e) 20.54 km,
and (f) 22.32 km.

CIG at 20.54 km (Figure 17(e)) shows the right portion of the syncline, where the salt structure is thicker
and where shallow diffractors are present. We note that down to the salt top, all events are nicely flattened.
The last CIG at 22.32 km (Figure 17(f)) enables us to evaluate the right portion of the salt structure, with
a thinning of the salt body and a greater dip variation of its top. As expected, the deeper events below the
salt are not well imaged with the present velocity model.
The coherence panel associated with the migrated image provides another indication of where the obtained velocity model can already be trusted and where further improvement is required. Figure 18 shows
the horizontal semblance in the corresponding CIG at each point of the migrated image of Figure 16. All
main events down to the salt top are well imaged, and even the edge diffractor at the salt bottom is clearly
visible. The slight residual moveout of the bottom-of-the-trough reflection in the CIG of Figure 16 results
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Figure 18: Coherence panel after the second iteration.
in its poor visibility in this panel.
From the analysis of the coherence panel, the CIGs and the final migrated image, we conclude that MVA
using time-remigration trajectories constitutes a powerful tool to improve the positioning of key reflectors
in a migrated image and update the velocity model correspondingly, at least in sedimentary regions. The
focused edge diffraction event at the salt bottom gives rise to hopes that the method will also work in
more complex areas. The computational cost of the technique is determined by the cost of prestack time
migration in each iteration. Intermediate computations are negligible. Further investigations will have to
show whether the picking of selected reflection event points can be carried out in an automated way.
When testing our method, we noted that the resulting velocity models were strongly dependent on the
method chosen to interpolate the velocity between the positions of the picks. However, the resulting images
were rather similar to each other, providing another confirmation for the robustness of time migration with
respect to velocity errors. For the presentation in this work, we chose the models obtained by B-splines
interpolation of Matlab (Sandwell, 1987).
CONCLUSIONS
We have developed a tool that uses the estimation of local kinematic attributes of selected events in seismic
data to update the velocity model and improve the positioning of key reflectors. The method is based
on image-wave propagation in the common-image-gather (CIG) domain described by the means of timeremigration trajectories in the prestack time-migrated domain. Such a trajectory is defined as the set of
points where a certain point on a reflection event is migrated to as a function of migration velocity.
The methods consists of analyzing the local slope of selected key reflections and determining the velocity value for which an approximate residual-moveout expression is minimized. The advantage of this
procedure over conventional MVA methods is that the RMO expression follows the events outside a fixed
CIG. In our numerical tests, this led to acceptable velocity models in very few iterations, even if the starting model was simply constant water velocity. The sedimentary shallow part of the Sigsbee2B model was
satisfactorily resolved in two iterations. The computational cost of the technique is determined by the cost
of prestack time migration in each iteration. Intermediate computations are negligible.
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ABSTRACT
Seismic imaging employing integral-equation type of migration is revisited. To further improve the
resolution of the reconstruction of both reflections and diffractions, we propose to employ ideas taken
from Fresnel-aperture migration which uses low-frequency stationarity to select that part of data that
coherently contribute to the final image. Thus, this technique offers an efficient way to window the
coherent seismic energy which if being aligned can be input to a window-steered MUSIC approach
with the potential of giving high-resolution seismic images.

INTRODUCTION
One major class of techniques employed to image seismic data is integral-equation (Kirchhoff type) migration (IEM) (Schleicher et al., 2007). Like other imaging techniques its resolution power is diffraction
limited. Moreover, the basic inherent assumption is that the larger migration aperture the better resolution.
In case of reflections, this is not true in general and the use of a too large aperture may lead to severe
degradation of the final seismic reconstruction. That part of the data which constructively contributes to an
image point, is denoted the Fresnel aperture. In case of both reflections and diffractions, we use a technique
introduced by Tabti et al. (2004) to identify the corresponding Fresnel apertures in an efficient manner. The
Fresnel apertures of diffractions are significantly larger reflecting their higher resolution capabilities. Such
windowed data can then be input to a standard IEM technique. However, in this paper we advocate for the
use of a windowed-MUSIC approach to imaging. This implies that the Fresnel-aperture selected data are
aligned or steered and combined with the high-coherency technique Multiple Signal Classification (MUSIC) introduced by Schmidt (1986).
FRESNEL APERTURE
If we consider the basic working principle of IEM, the image of a general subsurface point (acting either as
a scatterer or as part of a reflector) is formed by adding seismic data values along a time-diffraction curve
defining the migration operator. The concept is shown schematically in Fig.1 in case of a single reflector.
It is generally assumed that a large migration aperture, i.e. a migration operator acting on many traces
simultaneously, is a needed requirement. However, this is only partly true. In the simple analysis to follow
we will demonstrate that in case of seismic reflections, only a small area defined by the so-called Fresnel
aperture is needed. However, in case of diffractions, the corresponding Fresnel aperture is much wider.
Figure 2 shows a simple reflection experiment within the zero-offset limit (coinciding source and receivers), where the time-diffraction curve corresponding to reflection point R is ’tangent’ to the zero-offset
reflected energy in a region surrounding the point of emergence of the corresponding specular ray at the
receiver array. We will denote this tangential contact the Fresnel aperture. Thus the envelope of the cluster
of seismic traces receiving a contribution from a common point on the reflector forms what we call here the
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Figure 1: Schematics of the scattering traveltime (time-diffraction curve) representing the migration operator.

Figure 2: Definition of the Fresnel aperture (ZO case)

Fresnel aperture. It is important to stress that the Fresnel aperture is a result of considering several distinct
Fresnel zones belonging to different specular reflection points surrounding the actual one (i.e. around R in
Fig.2 for instance). All these Fresnel zones have in common the actual specular reflection point. This is
the only condition to include a neighboring Fresnel zone’s trace in the Fresnel aperture. If one considers a
fixed scattering point in the subsurface, only that part of the migration operator which is represented by the
Fresnel aperture will contribute constructively to its image. In the following we will introduce an efficient
way to isolate that part of the operator, thus we will window the operator. To illustrate this procedure, consider the simple zero-offset (ZO) synthetic data set as shown in Fig.3. It consists of a dipping reflector (20
degree) and a nearby scatterer, both embedded in a homogeneous background with a velocity of 2000m/s.
A Ricker wavelet with a center frequency of 20Hz was used as the pulse. Fairly strong white-noise with a
STD of about 10% of the maximum signal strength was added.
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Figure 3: Synthetic ZO data set

Consider now the solid vertical line in Fig.3 and let it represent the output position of a migrated trace
(note, it also represents the lateral location of the scatterer in this example). Thus for each point along
this line, the corresponding migration operator is calculated. If the data that falls along each operator are
plotted horizontally for each image point along this line, a migration-operator panel is formed as shown in
Fig.4a. Stacking the traces in this panel gives the corresponding image or migrated trace. This stacking
process can be regarded as a low-pass filtering of the data. Thus if the data corresponding to each operator
are correspondingly low-pass filtered before stacking, the final migrated trace should virtually not change.
In Tabti et al. (2004) a triangular smoothing filter is applied, and it is demonstrated using synthetic and field
data that the final migrated image is virtually unchanged if such smoothening is applied or not. We apply
the same smoothening approach to the operator panel in Fig.4a and obtain the filtered panel as shown in
Fig.4b. This filtering can be regarded as a low-frequency stationarity process, leaving only that part of the
migration operator that represents coherent contributions. But such contributions are simply equivalent to
the Fresnel apertures. This can be easily seen from Fig.4 b where the Fresnel aperture for both the reflected
event and the diffracted event are now enhanced. We can also see the difference between the aperture
lengths, with that of a diffraction being much wider as expected. Since the Fresnel aperture associated with
diffractions is considerably larger, it is another demonstration of the well-known fact that diffractions carry
higher-resolution information than reflections.
By considering the full set of migration-operator panels after filtering, and by analogy with a velocityanalysis, the Fresnel apertures can be identified by coherency measures. For more details the reader is
referred to Tabti et al. (2004).

(a)

(b)

Figure 4: Migration-operator panel. (a) Raw data and (b) after filtering
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WINDOWED-MUSIC APPROACH TO IMAGING
We assume in the following that accurate migration velocities are available. For such a case, both reflections
and diffractions are (near) horizontalized inside the corresponding Fresnel aperture in the filtered migration
operator panel (cf. Fig.4b). Define now a data window surrounding the aligned event in the operator panel
with the length of the Fresnel aperture (Nr traces) and a width of Nt time samples (cf. red rectangle
in Fig.4b in case of the reflection). The corresponding aligned or steered data D inside this window can
formally be decomposed in three different contributions (all matrices having dimension Nt × Nr )
D = A + ∆A + N = mTav u + ∆A + N ,

(1)

where A represents the average-trace contribution, ∆A the residual traces and N the noise (cf. Fig.5).

Figure 5: Decomposition of steered data matrix D
In Eq.(1), mav is the average measurement vector associated with this window and u is a column vector
of ones. The covariance matrix can now be calculated as
R=

1 T
D D.
Nt

(2)

Assuming incoherency between the residual traces (each of them having an energy ) and white noise with
a variance σn2 , this latter expression can be further simplified (also combined with Eq.(1))


kmav k2 T

R=
uu +
+ σn2 I .
(3)
Nt
Nt
√
It is now straightforward to show that the vector u/ N is an eigenvector of the matrix R.
Singular-value decomposition of the correlation matrix R, when computed from the actual data window,
gives formally
R = Vs Σs VsT + Vn Σn VnT ,
(4)
where Vs and Vn are, respectively, the signal and nil subspace singular matrices, while Σs and Σn are the
corresponding singular-value matrices.
MUSIC is a sparsity technique that requires a larger number of observations than features to be resolved.
If this requirement is fulfilled, the correlation matrix can be decomposed into two orthogonal spaces (respectively, signal and nil spaces). In the case of steered MUSIC as discussed here, we have Nr multiple
measurements of the same single horizontal event (reflection or diffraction within the Fresnel aperture).
Thus, the fundamental requirement is well satisfied. Since, the normalized vector, u, is an eigenvector
of the correlation matrix R, this corresponds to the use of a horizontal steering vector and thus implying
frequency independency. This allows us to handle wideband seismic data as discussed by Kirlin (1992),
who applied the concept of window-steered MUSIC to further improve the velocity analysis.
We are now in the position to construct the MUSIC coherency measure (pseudo-spectrum) at a given
time t0 and trace position m0
uT u
I(m0 , t0 ) = T
wsb ,
(5)
u Pn u
where Pn = Vn VnT is the nil-space projection matrix and wsb is a so-called semblance-balancing factor
taking into account that MUSIC yields values (pseudo-spectra) of arbitrary values Asgedom et al. (2011).
For further details the reader is referred to Gelius et al. (2013).
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SIMPLE DEMONSTRATION OF PRINCIPLES

In order to demonstrate the main principles, we will employ the same simple test data (cf. Fig.3) as before,
but image the reflection and the diffraction separately. This will often be the case in practice, since the
diffracted energy is quite low and normally masked by the stronger reflections. However, diffractions
can be imaged separately after application of a diffraction-enhancement technique (Fomel et al., 2007;
Berkovitch et al., 2009; Asgedom et al., 2012). As discussed before (cf. Fig.4b), the Fresnel aperture of
a diffracted event is significantly larger than in case of a reflection. Thus quite a large migration aperture
(operator) is needed if a good image is to be obtained employing migration. In the example shown here,
we used a Fresnel aperture width corresponding to the reflected event in Fig.4b, thus far too short. The
corresponding migrated image obtained is shown in Fig.6a. The focus of the scattering energy is seen
to be rather poor as expected due to the limited aperture. In addition, the effect of the noise is quite
prominent since the migration operator is rather short. Next, employing the windowed MUSIC approach
with data input again limited to the same aperture, gave the image shown in Fig.6b. The effect of noise has
been virtually eliminated and the focus is now well reconstructed. For further discussions about imaging
of diffractions the reader is referred to Gelius et al. (2013) and Gelius and Asgedom (2011). In these
works, a resolution beyond the classical diffraction limit of Rayleigh has been demonstrated employing the
windowed MUSIC approach.

(a)

(b)

Figure 6: (a) Kirchhoff migration and (b) MUSIC imaging.
Now, we continue with the reflected event. Reflections do not carry the same potential resolution as the
diffracted events, since they represent an ensemble response of a series of infinitesimal scatterers. However,
use of the windowed MUSIC technique can still improve the S/N as well as the sharpness of the reflector.
This is demonstrated in Figs.7a and b, where the MUSIC image is seen to be quite superior in quality and
resolution.

(a)

(b)

Figure 7: (a) Kirchhoff migration and (b) MUSIC imaging.
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CONCLUDING REMARKS

This paper has demonstrated that the resolution power of standard wave-equation imaging of seismic data
can be further enhanced if combined with techniques adapted from the signal processing community. More
specifically, recovering the Fresnel apertures corresponding to stationarity in the seismic data makes it
possible to reduce distortions during the reconstruction process. In particular, when combined with the
high-coherency technique MUSIC considerable improvements in the seismic resolution can be obtained.
This observation applies for both reflections and diffractions, but with the latter ones being superior when
it comes to the finer details.
RELATION TO PRIOR WORK
Improving the resolution of seismic images, has been an area of research for many years. Various approaches have been introduced and investigated, among them 1-D deconvolution techniques (Yilmaz,
2001), 2-D deconvolution techniques (Gelius et al., 2002; Takahata et al., 2013) and Least-Squares migration (Nemeth et al., 1999). Combination of wave-theory and high-resolution techniques like MUSIC
has been investigated by several groups (Devaney et al., 2005; Miwa and Arai, 2004; Solimene et al., 2012;
Aliyaziciogl et al., 2008) where the problem in common has been to image a sparse set of scatterers. The
work presented here (in combination with other recent publications (Gelius et al., 2013; Gelius and Asgedom, 2011) can be regarded as an extension of these works to cover the case of seismic data. For such data,
the scattering contributions are not sparse and reflections are major information carriers. The key to success
has been to introduce a windowed-MUSIC approach to imaging. This ensures that the sparsity condition is
fulfilled. The idea of window-steered MUSIC was first investigated by Kirlin (1992). However, his area of
application was not within seismic imaging but velocity analysis.
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ABSTRACT
We revisit ray-based approaches to stacking and time migration of seismic data, and investigate the
role of the smooth-velocity condition normally attached to such techniques. It is demonstrated that the
smooth velocity field plays the role of a replacement medium which ideally should have the following
characteristic: the one-way analogues of the stacking and time-migration operators can be approximated in a paraxial sense by means of its impulse responses. In order to link the intrinsic properties
of this smooth medium to the data-driven velocities, an incremental ray propagator system has been
introduced. Based on this system, it is shown how stacking and time-migration velocities can be regarded as paraxial quantities which can be mapped to intrinsic properties representing information
sampled along the central or mapping ray of the paraxial impulse responses considered.

INTRODUCTION
Extraction of stacking and time-migrating velocities from field data are routine procedures in seismic processing with the aim of producing reliable images and geological attributes from the subsurface. Because
such (time-domain) velocities are directly estimated from the data, one may refer to them as data-driven
velocities. A next, much more complicated task is to invert, from the data-driven velocities, corresponding depth-domain velocities, which somehow capture the intrinsic properties of the subsurface medium.
Within acceptable limits, the inverted velocities must be such that: (a) The seismic wave propagation in
depth honor the observed data; (b) the images produced with the help of the the inverted velocities are
consistent with the available geological content of the illuminated subsurface. The construction of depth
velocities with the above characteristics is a far from solved problem. An account of the state-of-the art
approaches and results to velocity model building can be found in Jones (2010) with a comprehensive
literature therein.
In the following, we use the imaging tool of time-to-depth conversion of time migration data, to gain
a better insight to the concept and role of data-driven and depth velocities in that process. As it is the
case of ray-based time migration approaches, our formulation assumes a smooth velocity medium in which
the image-ray concept represents a valid mapping between time and depth. As established in Cameron
et al. (2007), a key relation exists between time-migration velocities (i.e., data-driven velocities) and their
corresponding smooth velocities in depth.
A more unified analysis is presented here, where both ray-based stacking and time-migration techniques are considered in a parallel manner. Smoothing of velocity fields is routinely applied in connection
with both stacking and migration of seismic data. The construction of such fields is often rather ad hoc
and mainly based on visual inspection and performance (e.g., enough smoothness to avoid apparently artificial events). We demonstrate that the ideal smooth velocity field associated with ray-based techniques
can be regarded as a replacement medium with well-defined characteristics. Thus, not only the image-ray
concept is valid, but also the normal-ray concept in case of stacked data. This implies that data-driven
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Figure 1: Time-to-depth mapping. (a) Stacked section and normal ray. (b) Time-migrated section and
image ray.

velocities, such as NMO-velocities and time-migration velocities, are both ray-mapped to intrinsic properties (velocities) of the same smooth model. The mapping rays play the role of central rays of paraxial
impulse responses associated with common scatterer points (CSP) in case of time-migration, and common
reflection points (CRP) in case of stacking. These impulse responses are again closely linked to the corresponding operators of time migration and stacking. To properly describe the information content of a
paraxial impulse response of a smooth medium, we introduce a special version of paraxial raytracing based
on an incremental ray-propagator system.
SMOOTH VELOCITIES AND RAY-BASED APPROACHES TO STACKING AND
TIME-MIGRATION
In this section we discuss ray-based approaches to stacking (e.g., Common Reflection Surface (CRS) technique (Jäger et al., 2001)) and time-migration (integral equation or Kirchhoff type (Schleicher et al., 2007)).
For both techniques, smooth velocities are assumed, however without a clear understanding of what such
velocities do represent. From velocity analysis, stacking velocities are obtained after smoothing of highcoherency velocity picks. However, such smoothing is carried out in a rather ad hoc manner. Similarly,
migration velocities are typically derived from such smooth stacking velocities, with possible updating
based on coherency measures. Again, the construction of the final smooth velocity field is designed by
more or less subjective criteria.
In the analysis presented here, it will be clear what characteristics this smooth velocity field ideally
should have. Moreover, it will be seen that this ideal field represents a replacement medium, in such a way
that the stacking and migration operators are closely related to the paraxial impulse responses calculated
along the corresponding time-to-depth mapping rays. In case of a stacked section, the mapping ray from
time-to-depth is defined by the normal ray as shown in Fig.1a. In case of a time-migrated section, the
mapping is governed by the image ray as shown in Fig.1b. In both cases, the velocity model is assumed
smooth and equal. From the above understanding, it follows that stacking and time-migration velocities
have much in common and are closely linked to the smooth velocity field. We will see that the underlying
assumption is that the one-way version of the stacking and time-migration operators can be locally approximated by impulse responses, if the smooth or replacement velocity field is ’correctly’ chosen. Thus, in
case of stacking, there is an underlying assumption of a CRP scenario (cf. Fig.2a) and correspondingly, in
case of time-migration, a CSP scenario (cf. Fig.2b).
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Figure 2: Paraxial-ray impulse description of (a) stacking operator and (b) time-migration operator.
Common Reflection Surface (CRS) stacking
In its simplest form, the Common Reflection Surface (CRS) method (see, e.g., Jäger et al., 2001) uses as
stacking moveout the generalized hyperbolic traveltime in offset-midpoint (y, h) coordinates as a paraxial
approximation around the (central) zero-offset (ZO) normal ray. In 2D, and assuming a straight seismic
line, such moveout reads (t0 is the two-way traveltime along the central ray and y0 is the central midpoint)
t2 (y, h) = [t0 + A(y − y0 )]2 + B(y − y0 )2 + Ch2 ,
with
A=

2 sin β
,
v0

B=

2t0 cos2 β
,
v0 R N

C=

2t0 cos2 β
.
v0 RN IP

(1)

(2)

In equation (2), β is the take-off angle of the central/normal ray, v0 is the surface velocity and RN IP is the
radius of curvature (paraxial sense) associated with a point source at the normal-incidence point (NIP) of
the central ray at the reflector segment and measured at the surface in ray-centered coordinates. Similarly,
RN is the radius of curvature of a local exploding reflector wave initiated around the same NIP. Equation
(1) can be interpreted as a paraxial approximation of a reflection traveltime surface that originates from a
reflector element surrounding the NIP. By considering data sorted in common midpoint (CMP) gathers (i.e.
with y = y0 ), equation (1) reduces to the same form as the well-known normal moveout (NMO)-equation:
t2 (y = y0 , h) = t20 + Ch2 ,

(3)

in which we readily relate the coefficient C to the NMO velocity, vN M O ,
C=

4
2
vN
MO

.

(4)

Within the CRS formulation, equation (3) can be interpreted as a paraxial approximation of a reflection
traveltime or NMO curve that originates from an unknown CRP (located at NIP). Alternatively, it can be
interpreted as a diffraction curve associated with a scatterer at NIP. The point (y0 , t0 ) specifies the apex of
the NMO-curve. Thus, the normal ray that starts at the NIP hits the seismic line at y0 and traveltime t0 /2.
Equivalently, the normal ray that propagates backward in time hits the NIP when the (one-way) traveltime
t0 /2 is consumed (cf. Fig.2a). Note also that the wavefront along the normal ray from NIP to y0 makes
an angle β with the seismic line. For each sample point (y0 , t0 ), the parameter C can be determined from
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Figure 3: (a) Stacking operator and (b) its one-way analogy assuming reciprocity and local symmetry.
a two-step procedure: (i) a standard velocity analysis is first carried out to define guide functions (initial
approximation of the velocity curve) and (ii) the guide functions with a user defined spread are then used
to compute the C = C(y0 , t0 ) value at the given sample point. Note that, since there is an underlying
paraxial approximation, only smaller offsets should be considered. Figure 3a shows schematics of the rays
defining the local CRS stacking operator as approximated by a CRP response (i.e. ideal smooth velocity
field). Note that the kinematics of this operator is based on two-way traveltimes. Its one-way traveltime
equivalent can be approximated by the operator shown in Fig.3b, assuming reciprocity and local symmetry.
Note, that the one-way traveltime now is measured along the new axis y 0 = q (local ray coordinate), being
perpendicular to the central ray at y0 . The kinematics of this one-way operator analogy of the stacking
operator is governed by the equation (cf. equation (3) with the coordinate transformation q = h cos β and
half traveltimes T = t/2 and T0 = t0 /2):
T 2 (y = y0 , q) = T02 +

C
q2 .
4 cos2 β

(5)

In the framework of Fig. 3b, and well known from ray theory, the time-wavefront curvature, MN IP =
(v0 RN IP )−1 , satisfies the relationship
MN IP =

d2 T
dq 2

.

(6)

q=0

As a consequence, twice differentiation of equation (5) with respect to q, and also use of equation (4)
readily yields
C
1
MN IP =
=
.
(7)
2
2
4T0 cos2 β
T0 vN
M O cos β

Prestack time migration
In the following, midpoint and half-offset coordinates in the time-migration domain will be denoted by
(m, h). The two-way time-migrated traveltime is denoted τ . Of course, such coordinates will be always
considered in the vicinity (paraxial) to the central midpoint and half-offset coordinates, m0 and h0 = 0,
and central traveltime,τ0 . If one can assume that the time-migration velocity is offset independent (e.g., by
using, in the migration, smaller offsets only), the moveout equation for prestack migration can be written
as
4
τ 2 (m, h) = τ02 + 2 [(m − m0 )2 + h2 ] ,
(8)
vM
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where vM = vM (m0 , τ0 ) denotes the time-migration velocity. One possible implementation of equation
(8) is to first introduce a so-called asymptotic effective offset, denoted by hef f and given by
(9)

h2ef f = (m − m0 )2 + h2 ,
which transforms the prestack time-migration moveout (8) into an NMO-like expression
τ 2 (m, h) = τ02 +

4 2
2 hef f .
vM

(10)

This formulation can be regarded as an asymptotic version of the effective-offset approach to pre-stack
migration denoted Equivalent Offset Migration (EOM) (Bancroft et al., 1994). To see that, EOM starts
with the double-square-root (DSR) equation for migration (Yilmaz, 2001)
s
s
2  
2  
τ0 2
τ0 2
(m − m0 ) − h
(m − m0 ) + h
+
+
+
.
(11)
τ (m, h) =
vM
2
vM
2
Squaring equation (11) twice and reorganizing, gives the alternative form (Li et al., 1997)
τ 2 (m, h) = τ02 +


4 
4 4(m − m0 )2 h2
(m − m0 )2 + h2 − 2
2
2 τ 2 (m, h) .
vM
vM vM

(12)

The effective offset now takes the general form
h2ef f = (m − m0 )2 + h2 −

4(m − m0 )2 h2
2 τ 2 (m, h) .
vM

(13)

If we assume larger traveltimes the last term in equation (13) can be neglected, and the effective offset is
given by its asymptotic representation. A practical implementation of equation (10) involves two steps:
(i) mapping to effective-offset and (ii) followed by ’NMO-type’ correction in the effective-offset domain.
We will now briefly discuss in more detail how the mapping step can be implemented. At each location
m = m0 a so-called CSP gather is formed that will replace the classical CMP-gather associated with the
same midpoint location. The spatial axis of a CSP-gather will be effective offset. Unlike the CMP-gather,
which will be vulnerable to reflector dip (reflector smearing), the CSP-gather will ideally represent data
from same scatterer locations (dip-moveout is inherent). Each CSP-gather is constructed from a family
of CMP-gathers representing a range in midpoints from m0 to mmax , with the latter being the migration
aperture (cf. Fig.4). Each trace is only mapped along the spatial axis and the time-coordinate is not
changed. Since this transformation is nonlinear, a binning procedure is applied along the effective offset
axis. For each CSP-gather, multiple traces can be present at a given effective offset (fold). Such traces are
stacked together and normalized with the fold. There is also a need to introduce an amplitude weight factor
by analogy with Kirchhoff migration. Li et al. (1997) propose two different possible scale factors:
scale1 = 1 −

(m − m0 )
hef f

and scale2 = 1 −



(m − m0 )
hef f

2
.

(14)

After all the CSP-gathers are constructed employing the mapping procedure, the final step involves a
NMO-type of correction followed by stacking of each gather (cf. Fig.2b). This CSP-stacked section gives
now the time-migrated result.
The migration operator associated with each CSP gather is defined by two-way travetime moveouts as
governed by equation (10). By analogy with the CRS stacking case, we introduce the one-way traveltime
equivalent, T(m, h) = τ (m, h)/2, of this operator, as described by Fig.5 in case of ZO (i.e. paraxial
impulse response with secondary source at CSP and central ray equal to image ray)
T 2 (m, h) ≡

1
τ 2 (m, h)
= T02 + 2 h2ef f .
4
vM

(15)
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Figure 4: Mapping to effective offset: forming a CSP-gather from a family of CMP-gathers.
where T0 = τ0 /2. The time-wavefront curvature associated with the moveout in equation (15) is given by
M=

d2 T
dh2ef f

=
hef f =0

1
2 .
T0 vM

(16)

From equations (7) and (16), it readily follows that the scaled time-wavefront curvature of the paraxial
impulse response of the smooth velocity medium is inversely proportional to the square of the data-driven
velocities (i.e. stacking and time-migration velocities). The scale factor is equal to the one-way traveltime
along the mapping (normal or image) ray. The additional angular factor present in equation (7) reflects
the fact that the ray coordinate, q, makes an angle with the actual measurement (e.g. offset) axis. In
order to unravel the link between the data driven velocities and that of the smooth medium, we need to
establish an expression for the time-wavefront curvature associated with a paraxial impulse response of the
smooth velocity model. This observation has motivated the development of the incremental ray propagator
approach presented in the next main section.
However, before concluding this chapter, we also demonstrate how NMO (stacking) velocities and
time-migration velocities are closely connected within a ray approach formulation.
Linking NMO-velocities to time-migration velocities
The 2D diffraction curve employed in time-migration (referred to as a time-migration stacking moveout)
can also be formulated within a CRS parametrization. Consider Fig.6 which shows schematics of a ZO
(stacked) section with a reflection response measured associated with an arbitrary reflector in depth together
with the corresponding ZO time-migration operator. This reflection falls at sample t0 for the trace with
midpoint y0 . If this event is traced backward along the normal ray in the depth domain until the one-way
traveltime t0 /2 is consumed, the local reflector segment will be orthogonal to the ray at this point (map
migration). This termination point is denoted NIP (normal incidence point). From the CRS analysis it
follows that at each data point (y0 , t0 ) in the ZO section three parameters are estimated: A, B and C (cf.
equation (1)). The question is now how to construct the corresponding diffraction response from knowledge
of the CRS reflection response at (y0 , t0 ). This operator will correspond to a point scatterer placed at NIP.

Annual WIT report 2013

93

Figure 5: Interpretation of the one-way version of the time-migration operator as a paraxial-wave impulse
response, with the image ray serving as the reference ray (ZO case or post-stack migration shown here).
Such a scatterer can be regarded as the limiting case when a reflector element shrinks to a point. This
implies that RN = RN IP or B = C. From equation (1) it then follows that this time diffraction operator
can be written formally as (considering the prestack case and with offsets being not too large)
T 2 (y, h) = [t0 + A(y − y0 )]2 + C[(y − y0 )2 + h2 ] .

(17)

In time migration we assume that the scatterer is located vertically in time below the current trace location
being imaged. Let us denote this location m0 . We now assume prestack time migration employing the
equivalent-offset approach, where the time-migration stacking curve is given by equation (10). The apex of
this operator corresponds to hef f = 0, which again implies m = m0 and h = 0. Imposing this condition
in equation (17) gives the following constraint
dt
dy

⇒ At0 + A2 (m0 − y0 ) = 0 ⇒ m0 = y0 −
y=m0 ,h=0

A
t0 .
A2 + C

(18)

Inserting equation (18) into equation (8) and equating equations (8) and (17) gives (also using equations
(2) and (7))

−1
1
sin2 β
2
vM = 2
+
,
(19)
vN M O
v02
and
τ02 = t20 −



vM t0 sin β
v0

2
.

(20)

where vM = vM (m0 , τ0 ), β = β(y0 , t0 ) and vN M O = vN M O (y0 , t0 ). Based on equation (20), we can
revise equation (18) as follows
m0 = y0 −

2
vM
t0 sin β
.
2v0

(21)

Similar expressions have been derived earlier by Mann et al. (2000) considering the ZO limit but using
a slightly different parametrization (RN IP instead of vN M O ). We think that the mapping formulation
introduced here gives a clearer idea of how NMO-velocities and time-migration velocities relate.
In case of a stratigraphic earth model (β = 0), it follows from equation (19) that
vM (m0 , τ0 ) = vM (y0 , t0 ) = vN M O (y0 , t0 )

[= vRM S (y0 , t0 )] .

(22)
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Figure 6: Mapping from stacking domain to time-migration domain (post-stack migration case shown
here).
THE 2-D INCREMENTAL RAY PROPAGATOR
In this section, a naive approach to paraxial raytracing in a 2-D model is derived. The overall goal is
to obtain simple analytical expressions describing the main characteristics of the impulse response of a
smooth velocity model. By means of such information, we can link the data-driven velocities to intrinsic
properties of the smooth velocity field (replacement field).
Incremental tracing
The starting point is the paraxial dynamic ray-tracing system in ray-centered coordinates, which in a 2D
medium reads (Červený, 2001)
dQ
= v 2 P,
dT

dP
= −v −1 vqq Q ,
dT

(23)

where T is the traveltime along the central ray, v is the medium velocity (measured along the central or
reference ray) and vqq is the second derivative of the velocity with respect to the ray centered coordinate q
(i.e. along a direction orthogonal to the central ray direction). Taking the time derivative of the above two
equations gives
dv
d2 Q
dv
dP
= 2v
P + v2
= 2v
P − v vqq Q ,
dT 2
dT
dT
dT


d ln v −1 vqq
d2 P
d
dQ
−1
−1
−1
=
−
v
v
Q
−
v
v
=
−v
v
Q − v vqq P .
qq
qq
qq
dT 2
dT
dT
dT

(24)

Consider now two nearby points xi and xi+1 (not end points) along the central ray representing an incremental traveltime difference δT (cf. Fig.7) and introduce the following Taylor expansions to second order
in traveltime (employing the notation Qi ≡ Q(xi ) and similarly for Pi , vi and vi,qq )
Qi+1

1 d2 Qi
dQi
∼
δT +
δT 2 =
= Qi +
dT
2 dT 2

Pi+1



dPi
1 d 2 Pi
1
−1
2
2
∼
δT +
δT = [−vi vi,qq δT ]Qi + 1 − vi vi,qq δT Pi .
= Pi +
dT
2 dT 2
2



1
2
1 − vi vi,qq δT Qi + (vi2 δT )Pi ,
2

(25)
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In equation (25) we have neglected the time derivatives in equation (24) and assumed constant values within
each time step. As usual practice, the system in equation (25) can be conveniently recast in matrix form




Qi+1
Qi
= ↑ ∆πi
,
(26)
Pi+1
Pi
where ↑ ∆πi is the ray-propagator matrix along the incremental ray segment from xi to xi+1 , given by


 
vi2 δT
1 − 21 vi vi,qq δT 2
↑ ∆Q1 ↑ ∆Q2
.
(27)
∆π
=
=
↑
i
−vi−1 vi,qq δT
1 − 12 vi vi,qq δT 2
↑ ∆P1
↑ ∆P2
In analogy with the usual definition of the propagator matrix (Červený, 2001), the columns
(↑ ∆Q1 , ↑ ∆P1 )T and (↑ ∆Q2 , ↑ ∆P2 )T of the matrix ↑ ∆πi represent the incremental plane-wave (telescopic) and point-source solutions of the dynamical ray-tracing system along the incremental ray that
connect the nearby points xi and xi+1 . In the same way, ↑ ∆πi fulfills the symplectic condition (Červený,
2001) (within 2nd order time perturbation)


0 1
T
(↑ ∆πi ) J (↑ ∆πi ) = J , with J =
(28)
−1 0
from which |↑ ∆πi | = 1.
The time-reversed version of equation (26) will formally read






Qi
Qi+1
Qi+1
−1
= (↑ ∆πi )
≡ (↓ ∆πi )
Pi
Pi+1
Pi+1

(29)

Note that the equality between the inverse and the time-reversed incremental ray propagator holds because
we are not considering the complete ray propagation from source to receiver. From the symplectic condition, together with the definition of the ray centered coordinates, we have (Červený, 2001)
 


−↑ ∆Q2
↑ ∆P2
↓ ∆Q1 ↓ ∆Q2
−1
T
T
=
.
(30)
= J (↑ ∆πi ) J =
↓ ∆πi = (↑ ∆πi )
−↑ ∆P1 ↑ ∆Q1
↓ ∆P1
↓ ∆P2

Figure 7: Incremental paraxial raytracing.
Cascaded system
Based on equations (26) and (27), corresponding cascaded solutions can be constructed. Assume a total
of N time steps (corresponding to a total traveltime T = N δT ). Then we can write, in case of forward
propagation in time (assuming either point or telescopic source initial condition),






↑ Qf in
↑ Qini
↑ Qini
= (↑ ∆πN ) · · · (↑ ∆π2 )(↑ ∆π1 )
= ↑π
,
(31)
↑ Pf in
↑ Pini
↑ Pini
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where ↑ π represents the ray-propagator matrix along the full ray

= (↑ ∆πN ) · · · (↑ ∆π2 )(↑ ∆π1 ) =

↑π

↑ Q1

↑ Q2

↑ P1

↑ P2



(32)

The telescopic and point-source components of the propagator matrix are found to be
↑ Q1

=1−

(N
N
X
X
i=1

↑ P1

=−

N
X

vk2

k=1

3v 2 δT
δT − i
2

)
vi−1 vi,qq δT ,

vi−1 vi,qq δT ,
(33)

i=1
N
X

vi2 δT ,
i=1
)
(N
N
X
X
3vi2 δT
2
vi−1 vi,qq δT ,
vk δT −
↑ P2 = 1 −
2
i=1
↑ Q2 =

k=1

The corresponding cascaded system in case of time-reversed propagation reads


↓ Qf in




(↓ ∆π1 )(↓ ∆π2 ) · · · (↓ ∆πN −1 )(↓ ∆πN )

=

↓ Pf in

T

T

T

↓ Qini



↓ Pini

T

T



J (↑ ∆π1 ) (↑ ∆π2 ) · · · (↑ ∆πN −1 ) (↑ ∆πN ) J




T ↓ Qini
↓ Qini
T
.
= ↓π
J ↑π J
↓ Pini
↓ Pini

=
=

↓ Qini



↓ Pini

(34)

which, in combination with equation (31), gives the well-known relationships between forward and reverse
time-propagated ray matrices (by analogy with equation (30)) (Červený, 2001)

↓π

=
=

↓ Q1

↓ Q2

↓ P1

↓ P2

JT





= J T (↑ π)T J

↑ Q1

↑ Q2

↑ P1

↑ P2

T


J=

↑ P2

− ↑ P1

−↑ Q2
↑ Q1


.

(35)

It follows from equation (35) that, if the dynamic quantities, Q and P , of the forward propagation in time
are known, the corresponding quantities for the reverse time solution can be easily deduced (and vice versa).
The forward-propagated solutions represent physical responses. Nevertheless, as later demonstrated, indirect quantities, such as the wavefront curvature (or its inverse), of the non-physical, time-reversed telescopic
solutions can provide useful information about the local (interval) velocities. As a consequence, such solutions are bound to play an important role in velocity mapping, where the transformation is represented
by tracing along normal or image rays. We observe, in passing, that these types of rays are telescopic in
nature in a paraxial sense, since the wavefront is linear at the takeoff for an image ray (traced backward in
time) and linear at the reflector for a normal ray (traced forward in time.
Special case of smooth velocity model
Consider now the special case of a smooth velocity model. This type of assumption is commonly employed
both in stacking and migration of seismic data as discussed earlier. As demonstrated then, both the stacking
and migration operators within a ray-based approach are closely related to the impulse response of such a
smooth medium. Moreover, this smooth velocity field is not representing the true velocities of the subsurface but plays the role of a replacement medium. By imposing a smooth velocity condition, equations (33)
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↑ Q1

2
−1
∼
vqq i + T hv −1 vqq iw ,
= 1 − T 2 vRM
S (0, T )hv

↑ P1

∼
= −T hv −1 vqq i ,

↑ Q2

2
∼
= T vRM
S ,

↑ P2

= 1 − T hv −1 vqq iw ,

(36)

in which we have employed the time averages
Z
1 T −1 0
v (T ) vqq (T 0 ) dT 0 ,
hv −1 vqq i =
T 0Z
1 T 0 2
hv −1 vqq iw =
T vRM S (0, T 0 ) v −1 (T 0 ) vqq (T 0 ) dT 0 .
T 0

(37)

In equations (36), the notation vRM S (Ta , Tb ) implies an RMS-velocity calculated along the central ray
between propagation times Ta and Tb . We also adopted the simplifying notation vRM S (0, T ) = vRM S .
RELATIONSHIP BETWEEN THE DATA DRIVEN VELOCITIES (TIME-WAVEFRONT
CURVATURES) AND THE INTRINSIC PROPERTIES OF THE SMOOTH VELOCITY MODEL
We start by summarizing the main observations made up to now:
• Time-wavefront curvature of paraxial impulse response of smooth velocity model describes one-way
version of ray-based operator for both stacking and time-migration.
• Application of operators to data determines time-wavefront curvatures (maximizing coherency measures).
• To link time-wavefront curvatures or data driven velocities (’observations’) to intrinsic medium properties, need to compute paraxial impulse response of such a smooth medium.
Recovering intrinsic properties
The paraxial impulse response is calculated from equations (31) and (32) with propagation matrices corresponding to the smooth model as given by equations (36) and the following initial condition (vi being the
local or interval velocity at the source location):
Qini = 0,

Pini =

1
.
vi

(38)

Since the incremental raytracing system is calculated in local ray-coordinates, we use a subscript q on
each quantity defined, as a reminder. If Mq represents the time-wavefront curvature of a paraxial impulse
response of the smooth velocity model, we define the following ’observables’ (i.e. determined from data
employing appropriate operators and coherency criteria):
• Paraxial NMO-velocity:
• Paraxial Dix-velocity:

2
−1
vqN
M O = (T Mq )

(39)

2
vqDix
= dMq−1 /dT ,

(40)

where T represents the (one-way) traveltime along the central or mapping ray.
In the limit of infinitesimal time stepping and smooth model, the following main result was obtained
from the incremental raytracing system
Mq =

d2 T
dq 2

2
= T vqRM
S
q=0

−1

2
.ℵ ≡ T vqN
MO

−1

,

(41)
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with
2
vqRM
S =

1
T

Z
0

T

v 2 (T 0 ) d T 0 ,

Z
ℵ=1−

T
2
0
−1
T 0 vqRM
(T 0 ) vqq (T 0 ) dT 0 .
S (0, T ) v

(42)

0

In equation (42), vqRM S represents the RMS-velocity calculated along the central or mapping ray and ℵ
is a stretch factor. Based on equations (41) and (42) and from knowledge of the wavefront-curvature, the
intrinsic properties of the smooth velocity model (i.e. local velocity v) can be recovered as follows:
v 

u
u d T v2
t
qRM S
2
2
v=
,
vqRM
(43)
S = vqN M O .ℵ ,
dT
if the stretch factor is known. Hence, both in case of ray-based stacking and time-migration, the data-driven
velocities determined (i.e., represented by time-wavefront curvature in equations (7) and (16)) can now be
linked to the local intrinsic velocity, v.
Cameron et al. (2007) were the first to link time-migration velocities to the intrinsic properties of the
smooth velocity model. The work presented here represents a more generalized approach to the same
problem, by considering ray-based stacking and time-migration within a unified approach. Thus, a more
complete understanding of data-driven velocities in general and their link to intrinsic properties are obtained. The unified approach also makes it clear what ideal characteristics the smooth velocity field should
have (i.e. underlying paraxial assumptions). The main task has been to unravel the close relationship between the paraxial impulse response in the smooth medium and the corresponding stacking and migration
operators. The impulse responses are paraxial approximations with the proper mapping rays acting as the
central rays. In this paper, the concept of incremental ray propagator has been introduced. In their work,
Cameron et al. (2007) employed a different solution strategy based on a perturbed-source approach (cf.
Fig.8). In case of time-migration they arrived upon the main result


2
d T vqN
d M −1
MO
2
2
2
.ℵ =
≡ vqDix
.ℵ ,
(44)
v =
dT
dT
Thus, they used the paraxial Dix-type of velocity as data input to estimate the local velocity. This involves
the use of a time-differentiated time-wavefront curvature.

Figure 8: Perturbed-source approach employed to analyze intrinsic mapping.
When mapping data driven velocities (or time-wavefront curvatures) to intrinsic properties the following observation can be made: we measure quantities in a paraxial sense but want to transform them to
quantities describing central ray (intrinsic properties, cf. Table1).
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Paraxial-sense quantity
2
−1
NMO-velocity: vqN
/T
MO = M

2
Dix velocity: vqDix
= d M −1 /dT

Central/mapping-ray quantity
r  (intrinsic)
2
2
2
vqRM
v = d T vqRM
S = vqN M O .ℵ,
S /dT
2
v 2 = vqDix
.ℵ

Table 1: Mapping to intrinsic properties.
The stretch factor
The stretch factor ℵ in equation (42) can be computed from time-reversed paraxial raytracing along the
mapping rays employing a telescopic solution (Cameron et al., 2007). The time-reversed version of the
incremental raytracing system is given by equations (34) and (35). From this system it readily follows that
↓ Q1

= ↑ P2 = v0 .ℵ .

(45)

Equation (45) gives an alternative interpretation of the stretch factor, namely that it is proportional to the
geometrical spreading factor, G = ↓ Q1 , of a telescopic paraxial ray computed backward in time along the
mapping ray acting as the central ray. Figure 9 shows an example of such a ray tracing in case of an image
ray.

Figure 9: Time-reversed tracing of telescopic solution along image ray as its central ray.
We can now summarize the role of the elementary paraxial solution of the smooth velocity model:
• Paraxial point-source (impulse response) solution: links the paraxial type of velocity information
(time-wavefront curvatures) to intrinsic quantities (e.g. local time-domain velocities).
• Time-reversed telescopic solution:
– estimates stretch factor
– provides mapping from time-to-depth.
Time-to-depth mapping
In the original work of Cameron et al. (2007), time-to-depth mapping of data-driven velocities to smooth
intrinsic velocities in depth was the main goal. They suggested to solve for stretch factor and time-to-depth
mapping jointly through inversion. Possible problems with this strategy can be:
• The quantity M at each sample has to be estimated from the data. One has to have ’reliable’ estimates
so as to compute dM/dT at every sample point;
• Estimates of M can be only trusted at points of high coherency;
• Instability can be expected.
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An alternative strategy could be to decouple the problem:
• Use smooth macro-velocity field in depth obtained from tomography to estimate stretch and time-todepth mapping
• Use only reliable values of M (samples with high-coherency) followed by ’smart’ interpolation and
time differentiation to recover v.
CONCLUSIONS
An incremental ray-propagator system has been introduced as a possible tool to more easily analyze the
medium information carried by different elementary earth responses (point and telescopic type). This system is not to be regarded as a practical paraxial ray-tracing system, but serves the purpose of an analyzing
tool. The concept is also well tailored for analyzing the so-called velocity stretch problem, i.e. how to
recover local (interval) velocities from either time-migration or stacking velocities. Finally it should be
noted that the generalization to the 3D case is rather straightforward.
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ABSTRACT
During seismic data acquisition a lot of reasons can cause loss of traces or the loss of desired signals
because of noise. In this study, interpolation, regularization and enhancement of signal to noise ratio
in seismic data are considered using CRS and i-CRS attributes. After introducing the partial i-CRS
and reviewing the partial CRS stack, we evaluate their abilities in recovering signals. In our workflow, we test both methods on simple and complex synthetic data examples. Both operators showed
similar results in recovering lost reflection signals, but in case of diffractions, the partial i-CRS stack
extracted higher amplitude seismic signals even at large offsets when compared with partial CRS
stacking. The coherency factor of the partial i-CRS stack also provided a higher value which makes
the determination of CRS attribute more reliable than using the CRS method.

INTRODUCTION
Lack of permission for exploration in special areas, damaged receivers or high noise levels in some seismograms during filed data acquisition are some problems which may require interpolation, regularization
and/or to enhance the signal to noise ratio. This part of data processing gets more crucial when we know
that the outputs of this stage, will be the base of other stages in seismic data processing. Regularization
of traces and filling data gaps are usually performed using different binning and interpolation techniques
(see, e.g., Brune et al. (1994), Yilmaz (2001), Stolt (2002), Fomel (2003), Spitzer et al. (2003), Chandola
et al. (2004), Herrmann et al. (2008)). Based on the CRS method (Common Reflection Surface) Baykulov
and Gajewski (2008, 2009), created new powerful stacking based interpolation technique called partial
CRS stack which can be also used to improve the quality of pre-stack data by incorporating information
not only from neighboring traces in the offset dimension but also from neighboring CMPs. Performed on
3-D data it corresponds to a 5-D interpolation method (inline, crossline, offset, azimuth, time) where the
dips of the events are automatically considered.
It has be shown previously Schwarz (2011) that the i-CRS operator better fits reflection seismic data than
the CRS operator. The improvement is particularly significant for diffractions. CRS attributes play a key
role for wavefield separation, e.g., to separate diffractions from reflections. So far it has been successfully
applied in the post-stack domain (Dell and Gajewski, 2011). The separation process in the pre-stack domain
is based on partial stacks (see the report by Baktiari et al. in this volume). Therefore we are also interested
in the performance of the i-CRS operator for partial stacks. Since i-CRS provides improved CRS attributes
the partial stack method should benefit from that. Since the i-CRS does not contain zero offset time it
would require a different implementation than the CRS operator. Therefore we consider the shifted version
of the i-CRS operator as used by Schwarz (2011). The shifted version of the i-CRS operator is particularly
suited for applications since it can be easily incorporated into the existing code for partial CRS stacking.
In the next sections we schematically show the differences of stacking surface and partial stacking surface
over our data cube. Afterwards, by giving some synthetic data examples, we evaluate the power of both
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operators in filling data gaps and enhancing the signal to noise ratio in pre-stack data. For this goal, we
consider two simple models including a single reflector and diffractor. Finally we apply the methods to the
data of the Sigsbee 2A synthetic model.
THE I-CRS OPERATOR IN OPTICAL-IMAGE-SPACE
After introducing the i-CRS operator by Vanelle et al. (2010) which presents a double square root
expression for reflection traveltimes, Schwarz et al. (2013) extended the operator to heterogeneous media
by an effective medium approach and suggested an alternative version of the i-CRS operator in the
optical-image-space. We obtain the optical image space version from the effective-medium i-CRS operator
by applying the following procedure:
1- Replace the actual zero-offset traveltime t0 by its optical analogue
tp =

2Rnip
v0

(1)

Where Rnip is radii of curvature of the normal-incidence-point wave and v0 is the near surface constant
velocity.
2- Subtract the time shift tp − t0 from the total traveltime t.
By applying the instructions to the i-CRS operator, we obtain the shifted version of i-CRS:
t − t0 +

2Rnip
= ts (v0 , α, Rnip , Rn ) + tg (v0 , α, Rnip , Rn )
v0

(2)

Where Rn is the radius of curvature of the normal wave, α is the emergence angle of the ZO ray, t is total
traveltime, ts denotes a part of traveltime from the source to the reflection point and tg the part of the
traveltime from the reflection point to the receiver:
q
1
2
2
(∆xm − h + Rn sin α − (Rn − Rnip ) sin θ) + (Rn cos α − (Rn − Rnip ) cos θ)
(3)
ts =
v0
q
1
2
2
tg =
(∆xm + h + Rn sin α − (Rn − Rnip ) sin θ) + (Rn cos α − (Rn − Rnip ) cos θ)
(4)
v0
The angle θ is obtained from the recursive equation:
tan θ =

∆xm + Rn sin α
h
ts − tg
+
Rn cos α
Rn cos α ts + tg

(5)

The presence of ts and tg in this equation emphasizes the implicit character of the operator which inspired
its name. It was shown previously (Vanelle et al., 2010; Schwarz, 2011) that ignoring the second term or
assuming ts = tg in Eq. 5 leads to a sufficient accuracy of the resulting traveltimes. This simplifies the
application and implementation of the i-CRS operator.
THE PARTIAL STACKING SURFACE
After the determination of stacking parameters for each zero offset traveltime and for each CMP, we sum
the data along the red net shown in Figure 1, which defines the i-CRS stacking surface over the defined
apertures in offset and midpoint dimensions. For the stack we assigns the result to the corresponding zero
offset point B = (t0 , 0). In partial stacking we may consider just a part of the i-CRS surface (blue net)
and assign the stacking result to any position on this surface. We may assign the stack result to, e.g., the
sample A(th , h), where th is two way traveltime and h is half source-receiver offset. In other words: We
may interpolate the waveforms to any position on the partial stack surface. In this understanding the partial
stack concept is the most universal stacking concept were the stack to zero offset and time is just a special
case.
To implement the partial stack for each sample A(th , h), a search procedure selects the best t0 and
determines the resulting i-CRS parameters which result in the minimum time deviation from th at the
offset h. For the selection process, we restrict our choices to pre-defined values of coherency. This leads
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Figure 1: i-CRS stacking surface (red net) which belongs in point B = (t0 , 0) and Partial i-CRS stacking
surface (blue net) which is assigned to point A = (th , h). Modified Müller (1999).
to a filtering which considers only those events which are above the pre-defined threshold. By assuming
that α, Rnip and Rn vary smoothly in the vicinity of event A, these selected parameters are kept fixed to
compute t0 from the traveltime th and offset h in equation (2), i.e.:
t0 = th − ts (v0 , α, Rnip , Rn ) − tg (v0 , α, Rnip , Rn ) +

2Rnip
v0

(6)

The computed t0 together with its corresponding stacking parameters are used in equation (2) to construct
the partial i-CRS stacking surface which fits the considered event A.
SIMPLE SYNTHETIC DATA TESTS
To evaluate the performance of the partial i-CRS stack, we designed two simple synthetic models which
include a single curved reflector with curvature radius of 10 km (Model REF) and a “point” diffractor with
a curvature radius of 10 m (Model DIF), where both structures are located at a minimum depth of 1 km. For
both models we assumed an inhomogeneous overburden comprising a constant vertical velocity gradient of
0.5 s−1 and a near surface velocity of 2000 ms−1 . Figure 2(a) and 2(b) schematically depict the designed
models. For the modeling of the synthetic data we choose a receiver interval of 25m and a maximum offset
of 2 km. The CMP fold is 81. The total extend of the data acquisition is 5km and the sampling interval is
4ms. In the first numerical experiment, Gaussian noise with a signal to noise ratio (S/N) of 5 is added to
the data. In the examples we compare the results of the partial stack based on the CRS and i-CRS operators.
Figure 3 shows the results of partial stacking for Model REF and DIF, respectively, where we have
interpolated the traces by partial stacks exactly at the positions of the seismograms of the input data. The
results for Model REF are displayed in the left column and the results for Model DIF are shown in the
right column. The top row displays the input seismograms, the middle row the CRS partial stacks and
the bottom row the i-CRS partial stacks. The pre-stack data enhancement effect of the partial stacks is
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(a) Model REF: A curved reflector with minimum depth of
1km and curvature radius of 10km.

(b) Model DIF: A diffractor at a depth of 1km with curvature radius of 10m.

Figure 2: Simple synthetic models with inhomogeneous overburden. For details see text.
clearly visible since the S/N ratio is considerably improved. The waveforms are very well reconstructed
for most offsets, even for offsets considerably larger than the target depth. There are a few distortions in
the waveforms which may be a problem in the current implementation of the method. For Model REF the
differences between CRS and i-CRS are hardly visible. Stronger differences are observed for the diffraction
case (Model DIF) in the right column. Particularly at large offset the i-CRS operator better reconstructs
the recorded diffracted waveforms. This is in accordance with previous results that the i-CRS operator
better fits the data of diffractions at large offsets when compared to CRS. This conclusion obviously also
concerns the quality of the attributes.
In a second numerical experiment we included three data gaps at three different offset areas in our
simple synthetic data. These gaps are at short offsets, intermediate offsets, i,.e., with an offset to target
ratio close to one, and at large offsets with an offset to target ratio close to two. The latter is already outside
the “hyperbolic window”. With this experiment we can investigate the behavior of the partial stacks at
different offsets. No noise was added to data in this case since the pre-stack data enhancement effect was
already demonstrated in the previous example. In the left column of Figure 4 the results for model REF are
displayed. The right column shows the results for model DIF. The top row shows the input data, middle
row the CRS partial stacks, and the bottom row presents the i-CRS partial stack results.
For model REF again hardly any differences can be detected. Even at the large offset data gap no clear
differences between the partial CRS and i-CRS stack can be recognized. For this case the CRS attributes
are well determined even outside the hyperbolic window for both methods. Again, the diffraction case
give a different results. Whereas the partial i-CRS stack reconstructs the waveforms well even at the large
offset data gaps, the CRS partial stack amplitudes are decreased. In the next section we consider a complex
synthetic example displaying a lot of diffractions because of rough topography of the top of salt.
COMPLEX SYNTHETIC DATA TESTS
In this numerical study we apply both methods in the complex synthetic Sigsbee 2A model. Because of
the rough topography of the top of salt we observe a large number of diffractions in the stack leading
to numerous conflicting dip situations. Sigsbee 2A is a 2-D synthetic data set, simulating the geological
structure of Golf of Mexico. The model does not contain free surface multiples. This synthetic model is
a constant density acoustic data set. Figure 5 shows the optimized CRS stack. CRS and i-CRS attributes
were determined using Mann (2002)’s code modified to include the CRS and i-CRS operator. Similar to
the simple models, we evaluate the partial CRS and i-CRS stacks in two separate experiments: In the first
case, we add Gaussian noise to original synthetic data such that events are not visible. We reconstruct the
data at exactly the same positions of the input seismograms. In the second case we consider data gaps at
different offset ranges.
Figure 6(a) and 6(b) shows CMP gathers at CMP position 800. On the left the raw data are shown, on
the right the same data after adding Gaussian noise are displayed. It is almost impossible to identify events
in this gather. Figure 6(c) and 6(d) show the partial CRS and i-CRS stack results. Despite the extremly
poor data quality of the input gather, both partial stack results display proof the powerful pre-stack data
enhancement feature of these methods. Both partial stacks do not reconstruct the small amplitude events
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Figure 3: (a) Input data for Model REF at CMP 3250 m. (b) Input data for Model DIF at CMP 3250 m.
(c) CRS partial stack Model REF, (d) CRS partial stack Model DIF, (e) i-CRS partial stack Model REF, (f)
partial i-CRS stack Model DIF.
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Figure 4: (a) CMP gather for model REF comprising three data gaps at three different offsets. (b) same
as (a) but for model DIF. (c) Partial CRS stack results for input (a). (d) Partial CRS stack for input (b). (e)
Partial i-CRS stack for input (a). (f) Partial i-CRS stack for input (b). Red boxes in (a) and (b) indicate
location of gaps and the original waveforms before removal. In figures (c), (d), (e) and (f) the blue boxes
show the interpolated signals).
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Figure 5: CRS stack of the Sigsbee 2A data set.
at TWT greater than 4.1 s only visible in the noise-free data (Fig. 6(a)) but not recognizable in the actual
input gather (Fig. 6(b)). This is an effect of the coherence threshold and the strong noise used in this
experiment. The i-CRS shows more events, i.e., i-CRS better fits the data resulting in a higher coherence
above the threshold and allowed to reconstruct events not present in the CRS partial stack. Both partial
stacks, however, show also distortions in the waveforms which is an unwanted side effect of the coherence
threshold in the current implementation. The coherence is not constant for all samples of an event and parts
may be not included in the partial stack. This is currently further investigated and a more sophisticated
implementation of the coherence threshold will resolve this issue.
In the second example we introduce again missing traces at various offsets of the noise free data and
reconstruct the data with both partial stack methods. Figure 7(a) and 7(b) show the input data at CMP
number 800 before and after introducing the gaps, respectively. Figure 7(c) and 7(d) show the partial
CRS and i-CRS stack results. Because of the much better S/N ration in this case also the small amplitude
events at larger TWT are reconstructed. There are differences between the CRS and i-CRS partial stacks
related to weak events. Apparently i-CRS better fits the data and leads to higher coherence values above
the threshold. Otherwise both results look very similar.
CONCLUSIONS
In this study we introduced the partial i-CRS stack and compared it to the already established partial CRS
stack method. We considered generic simple synthetic models resembling the reflection and diffraction
case as well as a complex synthetic model comprising a lot of diffractions and conflicting dip situations.
Both partial stack methods display a powerful pre-stack data enhancement quality. They showed similar
results in recovering reflection signals hidden in noise, but in case of diffractions, the partial i-CRS stack
was superior in extracting higher amplitudes of lost signals even at large offsets. Because of better data fit
and coherency factors the partial i-CRS stack recovered more signals than the CRS partial stack method.
Both techniques show sometimes distortions in the waveforms which is an unwanted side effect of the
coherence threshold used in the partial stacks. This, however, is not a feature of the method but an issue of
the implementation and thresholding. Although the partial stack was already established within the CRS
workflow its extension to the i-CRS is an essential advancement. Because of the better performance with
diffraction, the i-CRS method is clearly preferred. The better attributes will lead to a better separation of
reflections and diffractions in the stack (see, e.g., Dell and Gajewski (2011)). For the separation in the pre-
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Figure 6: (a) Data at CMP number 800 for the Sigsbee 2A data before adding noise. (b) Input gather after
adding Gaussian noise. (c) Result of partial CRS stack. (d) Result of partial i-CRS stack.
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Figure 7: (a) Data at CMP number 800 for the Sigsbee 2A data before removing traces. (b) The same after
removing some traces. (c) Reconstructed traces by partial CRS stack. (d) Reconstructed traces by partial
i-CRS stack.
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stack domain, the partial stack is the tool of choice (see paper by Baktiari et al in this volume). The better
performance of the i-CRS operator for diffractions will support the pre-stack separation of reflections from
diffractions.
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ABSTRACT
One reason for the high cost of 3D wave-equation migration is the inversion of large matrices involved.
The technique of directional splitting reduces this cost by significantly reducing the dimensions of
the matrices to be inverted. Unfortunately, this approach is not accurate and introduces a numerical
error in the propagation of the wavefields. The most accepted way in the literature to correct for
this error is the Li correction. However, this technique still has a high computational cost due to
the need of applying multiple Fourier transforms and their inverses. To see if we can avoid this
costly method and find a fix that has roughly the same effect as the Li correction, we investigate its
theoretical expression in order to approximate the Fourier transforms. To do so, we use the method
of stationary phase. We find a convolutional operator of small support that could be used to make an
approximate correction. However, its implementation involves finding the directions of the stationaryphase correction by means of an equation system that has no analytical solution. To further facilitate
the correction process, we choose to further reduce the convolution operator to a simple application of
a phase-correction factor in space, using the direction of wave propagation as the dominant direction.
Numerical experiments with the exact propagation angle show that the so-achieved correction has
acceptable quality with considerable reduction in computational cost. However, application of this
operator in inhomogeneous media requires the extraction of the propagation angle from the wavefield.
In our numerical tests, the correction with angles obtained by phase extraction did not reach the same
quality as obtained with the exact angles.

INTRODUCTION
The application of wave-equation migration in three dimensions adds the problem of computational cost to
the problems of stability and accuracy. To accelerate FD or FFD migration, a technique known as splitting
is frequently used, i.e., the separation of single-step 3D migration into two steps inside 2D planes along
the horizontal coordinate axes, usually in the inline and crossline directions (Brown, 1983). When operator
splitting is applied to the implicit FD operator, so that the equations are solved alternately in the inline and
crossline directions, the scheme is called alternating directions implicit (ADI). This bears the disadvantage
of being incorrect for reflectors with high slope, resulting in strong positioning errors of reflectors with dip
directions far from the directions of the migration planes. Thus, it generates strong numerical anisotropy.
Over the years, several approaches were proposed to remedy this problem. Ristow (1980) suggested (see
also Ristow and Rühl, 1997), in addition to migrations 2D axes directions, 2D migration in the diagonal
directions. Kitchenside (1988) used phase-shift migration plus extrapolation of the wavefield residual by
finite differences to reduce the error caused by splitting. Graves and Clayton (1990) proposed implementing
a phase-correction operator using finite differences incorporating a damping function to ensure stability of
the 3D FD migration scheme.
Instead of using phase-shift migration plus FD residual-wavefield extrapolation as in Kitchenside
(1988), Li (1991) proposed the use of conventional FD migration plus residual-wavefield extrapolation
by phase shift to improve the quality of the migrated image. Without change in conventional 3D FD migra-
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tion, the Li correction consists of adding an error compensation by means of a phase-shift filter at certain
steps of downward extrapolation. This method not only compensates for the splitting error of extrapolation,
but also corrects the positioning error of steeply dipping reflectors.
However, the Li correction is a technique that demands a high computational cost due to the need of
applying multiple Fourier transforms and their inverses. However, a large spacing between two subsequent
Li corrections is generally not an option because the correction becomes increasingly worse if too much
error is accumulated. Therefore, we are interested in a cheaper, possibly approximate, version of the Li
correction that can be applied at every depth step without the need for a Fourier transform and its inverse.
Such a procedure should help to reduce the high cost of the Li correction while retaining approximately
the same effect. To find such an approximation to the Li correction, we investigate its asymptotic behavior
by means of the method of stationary phase in order to approximate the Fourier transforms involved.
CORRECTION FOR SPLITTING IN TWO DIRECTIONS (LI CORRECTION)
As discussed previously, splitting in two directions causes numerical anisotropy, i.e., the occurrence of
positioning errors in the images of large complex structures. To compensate for these errors and still preserve the efficiency of the method of finite-differences migration, Li (1991) proposed the application of a
phase-correction operator, implemented either using the phase-shift method or phase-shift plus interpolation (PSPI). This operator is obtained by evaluating the difference between the ideal and split migration
operators.
The idea of this method is to carry out the split migration, i.e., conventional 2D FD migrations in
the two coordinate directions, together with a further extrapolation of the wavefield residual. This latter
correction is done by the phase-shift method when the lateral velocity variation is small, and by phase-shift
plus interpolation when the lateral velocity variation is relevant.
To obtain the Li correction for the techniques discussed above, we expand the one-way wave equation
in a complex Padé series and apply the splitting technique in two directions. Rewriting the directional parts
of the migration operator in fractional terms, we arrive at the FD migration operator
Opmig = 1 +

2

N
X

∂
An ∂x
2

n=1

∂
1 + Bn ∂x
2

2

+

2

N
X

∂
An ∂y
2

n=1

∂
1 + Bn ∂y
2

2

.

(1)

In this work, we consider the complex Padé version of FD migration (Amazonas et al., 2007), where An
and Bn are the complex Padé coefficients. The error caused by a migration using this operator can be
described by the difference
s
c2 (x) ∂ 2
∂2
Opdif =
1−
(
+
)
ω 2 ∂x2
∂y 2
"
#
∂2
N
N
∂2
X
X
An ∂y
An ∂x
2
2
.
(2)
− 1+
+
∂2
∂2
1 + Bn ∂x
1 + Bn ∂y
2
2
n=1
n=1
The above difference operator (2) defines a differential equation that needs to be solved to correct the
extrapolated wavefield for the splitting error. It reads


∂P
iω
=
Opdif P .
(3)
∂z
c(x)
In order to allow for the solution of this differential equation (3) and find the correction operator of Li
(1991), the square root in the difference (2) needs to be approximated by means of a Padé expansion. The
solution to the differential equation with the resulting approximate difference operator can be represented
by means of the finite-difference method as
r

P (z + ∆z) = ei(kz − cr )∆z
ω

N
N
Y
pn + iqn Y rn + isn
P (z) ,
p − iqn n=1 rn − isn
n=1 n

(4)
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where the coefficients are given by
s

kzr

=

pn

=

qn

=


ω
− kx2 − ky2 ,
cr
h
2 i 2
1 − µ∆x2 + Bn cωr
k̄x
∆z
cr An k̄x2
,
2ωh

1 − µ∆y 2 + Bn
rn

=

sn

=


cr 2
ω

i

k̄y2

∆z

,

,

cr An k̄y2
.
2ω

In these equations, cr is a reference velocity and µ is the term of the Douglas (1962) that increases the
order of the approximation from second to fourth order. Finally, the overlined symbols k̄x and k̄y denote
the numerical approximations to the wavenumbers. According to Claerbout (1985), they are given by
k̄x2

=

k̄y2

=

2 − 2 cos(kx ∆x)
,
∆x2
2 − 2 cos(ky ∆y)
.
∆y 2

As is evident from the dependence on the wavenumbers kx and ky , the Li correction needs to be applied
in the wavenumber domain. This implies that multiple spacial Fourier transforms are required, because the
original FD migration operator (1) is in the space domain.
SPATIAL APPROXIMATION OF THE LI CORRECTION
To reduce the cost involved in this procedure, we search for a spatial-domain approximation to the Li
correction. For this purpose, we study the stationary-phase evaluation of the involved Fourier transforms.
In the wavenumber domain, the Li correction can be represented by a simple multiplication of the
wavefield by a phase-correction factor, given by
ω

Pcorr (kx , ky , z, ω) = P (kx , ky , z, ω)ei cr E∆z ,

(5)

where the phase-correction term, E, can be written as (Li, 1991, equation 11)
E

q

1−cos2 φ sin2 θ−sin2 φ sin2 θ
q
q
− 1−cos2 φ sin2 θ − 1−sin2 φ sin2 θ + 1
q
q
= cos θ − 1 − cos2 φ sin2 θ − 1 − sin2 φ sin2 θ + 1,

=

(6)

and where ∆z represents the depth interval over which the Li correction is applied. The angles θ and φ are
the propagation angles for each wavenumber vector component.
After inverse Fourier transform in kx and ky , we obtain
Z
Pcorr (x, y, z, ω)

=

ω

dkx dky P (kx , ky , z, ω)ei cr E∆z eikx x+iky y .

(7)

To find a computationally more economic correction procedure, we apply certain approximations to this
expression for the case of a homogeneous medium, i.e., where cr is the constant reference velocity.
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Approximation by convolution
Expressing the wavefield P (kx , ky , z, ω) in the wavenumber domain by means of the Fourier transform,
we obtain
Z
Z
Pcorr (x, y, z, ω) =
dkx dky dx0 dy 0 P (x0 , y 0 , z, ω)
ω

0

0

×ei cr E∆z eikx (x−x )+iky (y−y )
Z
=
dx0 dy 0 P (x0 , y 0 , z, ω)
Z
ω
0
0
× dkx dky ei cr E∆z eikx (x−x )+iky (y−y ) ,
|
{z
}

(8)

C(x−x0 ,y−y 0 )

where we have changed the order of integration to arrive at the final expression. Note that the operation
described by this equation is a convolution with the operator C resulting from the internal integration.
Stationary phase To simplify the convolutional operator C, we approximate its integral expression by
means of the stationary-phase method. This leads to
Z
ω
0
0
0
0
C(x − x , y − y ) =
dkx dky ei cr E∆z eikx (x−x )+iky (y−y )
r
∗
ω
∗
0
∗
0
cr
≈
ei cr E ∆z eikx (x−x )+iky (y−y ) ,
(9)
ω det E∆z
where E denotes the Hessian matrix of second derivatives of E with respect to kx and ky , and E ∗ denotes
the value of E at the stationary point. This point is defined by the stationary values kx∗ e ky∗ , which in turn
are defined by


ω
0
0
E∆z + kx (x − x ) + ky (y − y )
∇k
cr
∗ ,k ∗
kx
y


ω
=
∆z∇k E + ∆~x
= ~0 ,
(10)
cr
k∗ ,k∗
x

y

where ∇k = (∂kx , ∂ky ) denotes the gradient in the horizontal wavenumber components and ∆~x = (x −
x0 , y − y 0 ). The assumption of a homogeneous medium leads to the second expression in equation (10).
Stationary directions. To calculate the derivatives ∂E/∂ki (i = x, y), we make use of the dependency
of the components ki on the propagation angles φ and θ. By means of the chain rule, we can write
∂E
∂ki

=

∂E ∂θ
∂E ∂φ
+
.
∂θ ∂ki
∂φ ∂ki

(11)

Differentiating E of equation (6) with respect to θ and φ, we find
∂E
∂θ
∂E
∂φ

cos2 φ sin θ cos θ
sin2 φ sin θ cos θ
p
= − sin θ + p
+
,
1 − cos2 φ sin2 θ
1 − sin2 φ sin2 θ
cos φ sin φ sin2 θ
sin φ cos φ sin2 θ
p
= −p
+
.
1 − cos2 φ sin2 θ
1 − sin2 φ sin2 θ

(12)
(13)

The derivatives of the propagation angles with respect to the components of the wavenumber vector can be
found from the equations relating these quantities, i.e.,
ω
kx =
sin θ cos φ ,
(14)
cr
ω
ky =
sin θ sin φ .
(15)
cr
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Differentiating these equations with respect to kx and ky , respectively, we find


ω
∂θ
∂φ
1 =
cos θ cos φ
− sin θ sin φ
,
cr
∂kx
∂kx


ω
∂θ
∂φ
0 =
cos θ cos φ
− sin θ sin φ
,
cr
∂ky
∂ky


ω
∂θ
∂φ
0 =
cos θ sin φ
+ sin θ cos φ
,
cr
∂kx
∂kx


ω
∂θ
∂φ
1 =
cos θ sin φ
+ sin θ cos φ
.
cr
∂ky
∂ky

(16)
(17)
(18)
(19)

Multiplication of equation (16) with cos φ and of equation (18) with sin φ and summation of the resulting
equations leads to
cos φ =

ω
∂θ
cos θ
.
cr
∂kx

(20)

Correspondingly, multiplication of equation (17) with cos φ and of equation (19) with sin φ and summation
of the resulting equations leads to
sin φ =

∂θ
ω
cos θ
.
cr
∂ky

(21)

By exchanging in these operations sin φ by cos φ and cos φ by − sin φ, we find analogously
− sin φ

=

cos φ

=

ω
∂φ
sin θ
,
cr
∂kx
ω
∂φ
sin θ
.
cr
∂ky

(22)
(23)

Combining these equations, the searched-for derivatives of the propagation angles with respect to the
wavenumber components can be represented as
∂θ
∂kx
∂θ
∂ky
∂φ
∂kx
∂φ
∂ky

=
=
=
=

cr cos φ
,
ω cos θ
cr sin φ
,
ω cos θ
cr sin φ
−
,
ω sin θ
cr cos φ
.
ω sin θ

Substitution of these expressions, together with equations (12) and (13), in equation (11), yields
!
∂E
cr
cos θ
=
cos φ tan θ p
−1 ,
∂kx
ω
1 − cos2 φ sin2 θ
!
∂E
cr
cos θ
=
sin φ tan θ p
−1 .
∂ky
ω
1 − sin2 φ sin2 θ

(24)
(25)
(26)
(27)

(28)
(29)

Upon using these equations in the stationary-phase equation (10), the propagation angles that define the
stationary direction are given by the equation system
!
1
1
0
−
∆z,
(30)
x − x = − cos φ sin θ p
1 − cos2 φ sin2 θ cos θ
!
1
1
0
y − y = − sin φ sin θ p
−
∆z.
(31)
1 − sin2 φ sin2 θ cos θ
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Figure 1: Stationary value of sin θ as obtained Figure 2: Stationary value of the difference φ − ψ
by solving system (33-34) by means of Newton’s as obtained by solving system (33-34) by means of
method.
Newton’s method.
Propagation direction.

Representing the displacement vector ∆~x in polar coordinates, i.e.,
x − x0 = r cos ψ

and

y − y 0 = r sin ψ ,

(32)

we can recast system (30-31) into the form
cos φ sin θ

sin φ sin θ

1

!

1

!

1
p
−
2
1 − cos2 φ sin θ cos θ
1
p
−
2
2
cos
θ
1 − sin φ sin θ

∆z + r cos ψ

=

0,

(33)

∆z + r sin ψ

=

0.

(34)

It is easy to verify that this system is satisfied in the following horizontal dislocation directions ψ
ψ = 0◦ :
◦

ψ = 90 :
◦

ψ = 45 :

φ = 0◦ ,

(35)

◦

(36)

◦

(37)

φ = 90 ,
φ = 45 .

For other directions ψ, system (33-34) needs to be solved numerically. Since this system does not depend
on ω or cr , it can be solved independently of the actual migration problem to be solved, with the stationary
values of the directions stored in a table.
When solving system (33-34) for a number of directions ψ and distances r, we noted that the stationary
point only exists for rather small distances r. Moreover, the value of sin θ is very close to 1 for a great
part of the domain under consideration (Figure 1). This means that the stationary direction is close to the
horizontal, and the angle φ is always relatively close to the dislocation angle ψ, with differences below
4◦ (Figure 2). This motivated us to abandon the convolutional approach for a even simpler one, discussed
below.
Single-point approximation of the correction
Because of these characteristics of the solution to system (33-34), we assume that in the correction equation
(7), a single propagation direction is mainly responsible for the outcome. For simplicity, we assume this
direction to be well-approximated by the direction parallel to the propagation vector. Apart from the above
discussed fact that the deviation between these directions is small for most points in the medium, this
direction has also the advantage of being rather easily determined from the wavefield. Thus, the correction
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factor E is approximated by its value in this direction, i.e., E ≈ E p = E(θ = θp , φ = φp ). As a
consequence, equation (7) can be approximated by
Z
p
ω
Pcorr (x, y, z, ω) ≈ ei cr E ∆z dkx dky P (kx , ky , z, ω)eikx x+iky y
ω

≈ e i cr E

p

∆z

(38)

P (x, y, z, ω) .

In this way, we arrive at an approximate correction directly in space, the application of which is much
simpler than the full Li correction (4) and which does not require the execution of a convolutional operation
like equation (8). Please note, however, that this approach is rather crude. An approximate solution of
system (33-34) might provide better values of θ and φ for each ∆z and ψ, even if r is small. Such a
procedure will still allow the application of the multiplicative correction (38) with better values for the
propagation angles and might thus lead to a better correction than our crude procedure.
Extraction of the propagation angle
The application of the simplified correction (38) demands the knowledge of the present propagation angle
of the wavefield to be corrected at a point (x, y). In a homogeneous medium, this angle can be determined
from the relative position of the point with respect to the source location. However, in a heterogeneous
medium, the angle ψ must be extracted from the wavefield at (x, y). To achieve this extraction, we use the
identities
h
i
∇(h) P (x, y, z, ω) = ∇(h) P0 (x, y, z)eiωτ (x,y,z)
≈ P0 (x, y, z)eiωτ iω∇(h) τ (x, y, z) ,

(39)

where ∇(h) represents the horizontal components of the gradient vector, i.e., ∇(h) = (∂/∂x, ∂/∂y). In
this way, the horizontal slowness vector is given by
p~ (h) = ∇(h) τ (x, y, z) ≈

1
∇(h) P (x, y, z, ω) .
iωP (x, y, z, ω)

(40)

Since this vector also has to satisfy
p~
we can conclude that



cos ψ
sin ψ

1
=
cr



cr
≈ =
ω



(h)



cos ψ
sin ψ



(41)

,

∇(h) P (x, y, z, ω)
P (x, y, z, ω)


.

(42)

We stress that this is a high-frequency approximation. For lower frequencies, the propagation angle extracted in this way might not correctly represent the true propagation direction of the wavefield under
consideration.
NUMERICAL RESULTS
We tested the approximate correction (38) for wave propagation in a homogeneous model. Figure 3 shows
four horizontal slices through the impulse response of FD migration in a homogeneous medium without Li
correction. The same slices after conventional Li correction at every 6th depth level are shown in Figure 4.
Note the improvement of the circular shape, particularly at the intermediate depth levels.
The corresponding results using the approximate Li correction of equation (38) are shown in the next
figures. First, we show the result when the wavefield-propagation angles are calculated from the position of
the grid point where the correction is performed (Figure 5). We see that the wavefronts were well corrected,
resulting in an almost perfectly circular shape. The correction is of at least the same quality as that of the
conventional Li correction (compare to Figure 4). Note, however, that this procedure is only possible in the
homogeneous case, where the propagation direction is always in radial direction from the source. We have
included these figures to demonstrate the potential of the approximate correction.
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Figure 3: Horizontal slices through the impulse response of FD migration without Li correction in a
homogeneous medium at the depths (a) 480 m, (b) 960 m, (c) 1920 m, and (d) 2880 m.

When we extracted the propagation direction directly from the wavefield, frequency by frequency, we
obtain the corrected result shown in Figure 6. We note that the quality of the achieved correction is reduced
as compared to the result of the grid-position angles (Figure 5). Still, the quality is superior to the result
without applying any correction (Figure 3).
We have experimented with various modifications of the algorithm used to extract the propagation
angles from the wavefield, notably working with selected frequencies and smoothing over adjacent frequencies. The best result that was obtained by application of such techniques is presented in Figure 7. In
this case, the phase extracted from the wavefield was averaged over six adjacent frequencies, while the horizontal gradient field was smoothed over 10 neighboring points. We observe an improvement compared to
the results of Figure 6, but even smoothing could help to not reach the same quality as in Figure 5. We note
specifically that the smoothing created some artifacts inside the wavefront at greater depth (see Figure 7d).
As another way of improving the extracted propagation angles, we experimented with different implementations of the numerical derivative. The best quality was achieved with a Gaussian derivative or with
the centered derivative of the mean between adjacent field values. Moreover, we chose at each point in
the image the angle that was extracted from that frequency component which had the highest amplitude at
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Figure 4: Corresponding slices to Figure 3 after conventional Li correction.
that point. This reduces the sensitivity of the wavefield derivative on numerical noise in the data. The best
correction obtained with angles extracted from these tests is depicted in Figure 8. While the circular shape
is almost as well recovered as by the correction with the grid angles (see Figure 5), the artifacts are even
stronger than in Figure 7.
These tests, particularly the one with the grid angles, indicate that approximation (38) is of acceptable
quality. However, further tests to improve the extraction of the propagation angle, particularly in inhomogeneous media, are required to make sure the best possible correction is achieved. We cannot rule out the
possibility that the numerical realization of approximation (42) does not have enough quality to determine
the propagation angle with the necessary precision for the wavefield under consideration, particularly when
applied to noisy data.
Computational cost
The elimination of the back-and-fourth Fast Fourier transform for each application of the Li correction leads
to a significant reduction in computation time needed for the wavefield correction. In our experiments, we
compared the application of the conventional Li correction at every 8th depth level with the application
of the approximate spatial Li correction at every depth level. In our implementation and under these
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Figure 5: Corresponding slices to Figure 3 after approximate Li correction (38) using the angles calculated
from the grid position.
conditions, the approximate spatial Li correction was about a factor of 4 times faster than the conventional
correction. The different types of extracting the propagation angle did not result in significant differences
in the required computation time.
CONCLUSIONS
It is well-known that the implementation of three-dimensional migration by means of the directionalsplitting technique causes numerical anisotropy. The most widely used method to reduce this effect is
called Li correction (Li, 1991). However, the Li correction is a technique that still has a relatively high
computational cost due to the need of applying multiple Fourier transforms and their inverses. To see if it
is possible to reduce this cost, we have tried to find an approximate correction that has roughly the same
effect as the Li correction. For this purpose, we investigate the theoretical expression of the latter in order
to approximate the involved Fourier transforms. For this analysis, we utilized the method of stationary
phase applied to the Li correction in a homogeneous medium.
We found a convolutional operator of small support that could be used to make an approximate correction. However, its implementation involves finding the directions of the stationary-phase correction through
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Figure 6: Corresponding slices of Figure 3 with approximate Li correction (38) using angles extracted
from the propagating wavefield at every frequency.

a system of equations that has no analytical solution. Since these equations do not depend on the signal
frequency and the value of the supposedly constant velocity, the system could be resolved in principle once
and for all, saving the stationary directions for each direction in a table.
However, the correction operation would still be a somewhat expensive convolution. To further simplify
and cheapen the correction process, we chose to reduce the convolution operator to a single pointwise
application of an approximate phase-correction factor in space. From a trial solution of the stationaryphase equations, we know that the stationary angles are close to the dominant propagation direction of
the wavefield. Numerical experiments with the exact propagation angle calculated from the grid position
show that the approximate correction achieved by this operator has acceptable quality and can achieve
a considerable reduction in computational cost. However, the application of this approximate correction
factor in inhomogeneous media requires the extraction of the propagation angle directly from the wavefield.
In our numerical tests, the correction with angles obtained by such an extraction did not reach the same
quality as obtained by the exact angles. This suggests that if a better extraction technique can be found, the
approximate correction can become an interesting alternative to a full Li correction. Because of its lower
computation cost, it can be applied at each depth level, avoiding the accumulation of errors over a larger
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Figure 7: Corresponding slices of Figure 3 with approximate Li correction (38) using angles extracted
from the propagating wavefield at 6 frequencies with smoothing.
depth interval.
ACKNOWLEDGMENTS
This work was kindly supported by the Brazilian National Research Council CNPq as well as Petrobras
and the sponsors of the Wave Inversion Technology (WIT) Consortium.
REFERENCES
Amazonas, D., Costa, J. C., Schleicher, J., and Pestana, R. (2007). Wide-angle FD and FFD migration
using complex Padé approximations. Geophysics, 72(6):S215–S220.
Brown, D. L. (1983). Applications of operator separation in reflection seismology. Geophysics, 48:288–
294.
Claerbout, J. F. (1985). Imaging the Earth’s Interior. Blackwell Scientific Publications, Inc., Boston.

Annual WIT report 2013

123
(a)

(b)

Inline [km]
0

5

10

5

0

Crossline [km]

Crossline [km]

0

Inline [km]

10

0

5

5

10

(c)

(d)

Inline [km]

5

10

0

5

Inline [km]
10

0

Crossline [km]

Crossline [km]

0

10

0

5

10

5

10

Figure 8: Corresponding slices of Figure 3 with approximate Li correction (38) using angles extracted
from the highest-amplitude frequency component of the propagating wavefield at each image point.
Douglas, J. (1962). Alternating direction methods for three space variables. Numerische Mathematik,
4:41–63.
Graves, R. W. and Clayton, R. W. (1990). Modeling acoustic waves with paraxial extrapolators. Geophysics, 55:306–319.
Kitchenside, P. (1988). Steep dip 3-D migration: Some issues and examples. In 58th Annual International
Meeting, SEG, Expanded Abstracts, pages 976–978.
Li, Z. (1991). Compensating finite-difference errors in 3-D migration and modeling.
56(10):1650–1660.

Geophysics,

Ristow, D. (1980). 3-D downward extrapolation of seismic data in particular by finite difference method.
PhD thesis, University of Utrecht.
Ristow, D. and Rühl, T. (1997). 3D implicit finite-difference migration by multiway splitting. Geophysics,
62:554–567.

124

INITIAL-MODEL CONSTRUCTION FOR MVA TECHNIQUES
H. B. Santos, J. Schleicher and A. Novais
email: hbuenos@gmail.com,js@ime.unicamp.br
keywords: Time-migration, migration velocity analysis, seismic velocity interpretation and processing

ABSTRACT
For iterative migration-velocity-analysis (MVA) methods, good starting models are required. We
discuss the parameterization of two recent time MVA methods, being common-image-gather imagewave propagation and double multi-stack migration, and compare their potential for the construction
of initial models for more sophisticated MVA techniques. Both methods are able to generate a velocity
model and a time-migrated image without a-priori information. While multi-stack MVA is already
fully automatic by design, we eliminate human intervention from image-wave MVA by introducing
automated picking of the involved flattening velocities. At the example of the Marmousoft dataset,
we show that both methods can produce equivalent results at comparable cost.

INTRODUCTION
A major challenge both in seismic exploration and in seismological investigations is the construction of
the best possible undistorted image in depth from the acquired data. For this purpose, imaging methods
are employed that rely on the knowledge of a subsurface velocity model. Most present-day model-building
techniques are iterative procedures that improve a starting model based on intermediate results. Among
these, most important are model-building methods based directly on migration itself, so-called migration
velocity analysis (MVA). All of these techniques strongly depend on the quality of the starting model.
Conventional techniques for constructing a starting model are methods based on an analysis of the
traveltime of seismic waves. Among the most commonly used methods are the Common-MidPoint (CMP)
and Common Reflection Surface (CRS) stacks (see, e.g., Hertweck et al., 2007).
Both these methods operate in the data-acquisition time domain. Thus, there is a need for transforming
such a velocity model to the migration domain, be it in time or depth. This conversion is problematic in that
it depends on the actual values of the velocity model to be converted (Hubral, 1977). Therefore, alternative
velocity-analysis methods are desirable that work directly in the desired migration domain, so that there is
no need for a conversion of the model domain.
Motivated by the importance of the subject, MVA methods have been proposed by many authors. Because of its conceptual clarity and simplicity, residual moveout (RMO) analysis has become a favorite tool
for MVA. In recent years, many improvements have been proposed. However, few authors have studied
the problem of how to construct the best possible starting model. Schleicher et al. (2008) and Schleicher
and Costa (2009) proposed two MVA methods for time migration that can fill this gap. The first one treats
the events in common-image gathers (CIGs) similar to wavefronts and lets them propagate until they are
flat, updating the migration velocity model from the flattening velocities (Schleicher et al., 2008). The
second method stacks twice over migrated images for many models with different weights in order to extract stationary migration velocities from the ratio of the images (Schleicher and Costa, 2009). Both MVA
methods’ purpose is to begin the analysis from scratch, without the need to specify an initial velocity model
that has already certain features of the searched model. Thus, they differ fundamentally from tomographic
methods (Billette et al., 2003; Clapp et al., 2004) or full waveform inversion (FWI, see, e.g., Virieux and
Operto, 2009), which require a good initial model to ensure convergence.
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After application of an adequate time-to-depth conversion algorithm (Cameron et al., 2007, 2008;
Iversen and Tygel, 2008), a high-quality time-migration initial model may even provide sufficient quality to serve for subsequent depth MVA or FWI methods.
Schleicher et al. (2008) and Schleicher and Costa (2009) tested their time-migration MVA methods
on the synthetic Marmousoft dataset (Billette et al., 2003). These synthetic data were obtained by Born
modeling in a smoothed version of the original Marmousi model, using the original reflectivity. However,
although these authors applied both methods to the same dataset, they did not compare their performance
or try to combine them.
In this work, we deliver this comparison using the Marmousoft model, not only with respect to the
quality of the resulting velocity models and migrated images, but also regarding the human and computational effort required to achieve a certain quality. Another goal of our research is to study the setting of the
parameters involved in the methods, in order to optimize their performance. Parameter to be cited in this
respect are the measure of nonflatness of the events in the common image gather (CIG) or the number of
CIGs necessary for a successful analysis.
MVA TECHNIQUES
We start with a brief review of the migration-velocity-analysis techniques under consideration.
MVA by image-wave propagation of CIGs
Theoretical Description Schleicher et al. (2008) started from the position of a horizontal reflector below
a homogeneous medium with constant-velocity vm as a function of vertical time τ , half-offset h, and
migration velocity v, as derived by Al-Yahya (1989). It reads
τ=

q
2 − 1/v 2 ) ,
τ02 + h2 (1/vm

(1)

where τ0 is vertical time at zero offset, i.e., the true migrated position of the reflector image. They arrived
at the image-wave equation for the continuation of a CIG,
∂ p̃ v 3 τ ∂ p̃
+ 2
=0.
∂τ
h ∂v

(2)

Note that equation (2) does not depend on the medium velocity vm nor the correct zero-offset vertical time
τ0 of the reflector. This equation was independently derived by Fomel (2003), who called it the kinematic
RMO equation.
Schleicher and Biloti (2007) presented the equivalent of equation (1) for depth migration
s
z=

v2 2
z +
2 0
vm




v2
−
1
h2 ,
2
vm

(3)

where z0 is the true depth of the supposedly horizontal reflector and z is the migrated pseudodepth.
Based on equation (3) and in analogy to the procedure in time, Schleicher et al. (2008) showed that the
equation for continuation of the CIGs in depth can be written as
∂p
vz ∂p
+ 2
=0.
∂z
h + z 2 ∂v

(4)

Because of the initial hypothesis of a horizontal reflector, equations (2) and (4) do not describe a dislocation of the image along the half-offset axis. The complete equation for dipping reflectors, which includes
a derivative with respect to h, can be found in Fomel (2003). However, since the dislocation in the h direction is the smaller the closer the model is to the true one, equations (2) and (4) are sufficient for an iterative
procedure (see also Al-Yahya, 1989).
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v = vj (x,z)

v = v (x,z)

v = vc

v = vf

j+1

Figure 1: Iterative velocity model construction by image-wave propagation of CIGs. Here vj represents the
present velocity model at the jth iteration; vj+1 is the updated velocity model; vc is the constant velocity to
begin the image continuation (e.g., water velocity v0 = 1500 m/s for marine data or near-surface velocity
for land data); and vf is the constant velocity that flattens an event.
Iterative model building For a velocity model construction using the continuation of a single CIG,
Schleicher et al. (2008) proposed the following iterative procedure (Figure 1):
1. Migrate data with inhomogeneous velocity model vj .
2. Organize data into CIGs.
If CIGs are not flat:
3. Let CIGs propagate as if obtained with constant velocity vc .
4. For each event, determine the flattening velocity vf .
5. Use vf to update the velocity model vj to vj+1 .
6. Go to 1.
In this way, we are able to update the velocity model using the concepts of residual migration. Residual
migration is based on the fact that migrating a time-migrated image a second time yields a time-migrated
image as if directly obtained with an effective migration velocity (Rocca and Salvador, 1982). If the first
migration uses velocity v1 and the second migration velocity v2 , then the effective migration velocity vef
can be expressed as
q

Data

(5)

v12 + v22 .

vef =

migration

Image 1

v1
vef
migration

migration

v2

Image 2

Figure 2: Pythagoras Theorem of Time Migration.
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Equation (5) can be called to the Pythagoras Theorem of Time Migration as illustrated in Figure 2. Rewriting it as
q
2 − v2 ,
(6)
v2 = vef
1
it allows to determine the necessary residual migration velocity v2 that will transform an image after migration with velocity v1 into an image for the desired effective migration velocity vef .
In our image continuation procedure, the initial image was obtained by migration with model vj , which
thus is our v1 . The desired velocity model is the one where events are
qflat, hopefully achieved at the next
2
− vj2 . On the other hand, we
iteration, i.e., vj+1 = vef . Thus, we need a residual velocity v2 = vj+1
have treated the image as if migrated with vc , which thus may also assume the role of v1 in equation (6). The
event is approximately flattened at q
vf , which thus also represents vef , implying that the residual velocity

should be approximated by v2 ≈ vf2 − vc2 . Equating these two expressions for the residual-migration
velocity v2 , the velocity updating formula reads (Schleicher et al., 2008)
vj+1 ≈

q

vj2 + vf2 − vc2 .

(7)

This formula allows to obtain an updated velocity model (vj+1 ) as a function of the present velocity model
(vj ), the constant velocity that flattens an event (vf ) and the constant velocity used to start the image
continuation (vc ). To avoid a so-called Deregowski loop with only local velocity improvements without
achieving global convergence, the model should be smoothed between iterations.
MVA by double multi-stack migration
We compare the procedure and result of the above technique to the one of Schleicher and Costa (2009),
which is based on the multipath-summation imaging process of Landa et al. (2006). The fundamental
idea is to stack the migration results for “all possible” velocities, or at least as much models as practically
reasonable. Since only “good” models yield flat events in common-image gathers, these will prevail in
the overall stacked image, which thus will show the geologic structure without the need for a migrationvelocity model. Below, we will refer to this technique as multi-stack migration.
Using the notation of Landa et al. (2006), the multi-stack time-migration operator by can be written as
Z
VW (x) =

Z
dα w(x, α)

Z
dξ

dt U (t, ξ)δ(t − td (ξ, x; α)) ,

(8)

where VW is the resulting time-migrated image at an image point with coordinates x = (x, τ ), x being the
lateral distance, τ vertical time, U (t, ξ) a seismic trace at coordinate ξ in the seismic data, td (ξ, x; α) is a
stacking surfaces corresponding to a set of possible velocity models that are parameterized using variable
α and w(x, α) is a weight function, which serves to attenuate contributions from unlikely trajectories and
emphasize contributions from trajectories close to the optimal.
In the application of Schleicher and Costa (2009), α directly represented the time-migration velocity
and the weight w(x, α) was given by a bell-shaped exponential formula with peak value at zero dip in the
common-image gather at x.
By means of Laplace’s method and an asymptotic evaluation of the integral (8), Schleicher and Costa
(2009) showed that the result of a multipath summation produces a migrated image that is, at each image
point x, proportional to the migration with stationary velocity value, i.e., the one for which the weight
function in integral (8) takes its maximum value, and to the weight factor calculated for this velocity. This
analysis implies that the use of a slightly modified weight function, w̃(x, α) = αw(x, α) provides, at each
point x, a second migration result that is proportional to the first one, the factor being the stationary value
of the velocity at point x. Thus, the ratio between the migration results provides this velocity value. This
property allows for the determination of a velocity value for all points with a nonzero multi-stack image.
A complete velocity model can then be constructed by intelligent smoothing (Schleicher and Costa, 2009).
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Figure 3: (a) Best time-migration velocity model obtained from MVA (a) after five iterations of imagewave RMO correction (from Schleicher et al., 2008); (b) using the multi-stack migration process (from
Schleicher and Costa, 2009).
NUMERICAL EXAMPLES
The process of time imaging needs a smooth velocity model. Both MVA methods by image-wave propagation (Schleicher et al., 2008) and double multi-stack migration (Schleicher and Costa, 2009) provide such
a smooth model. Since in the original works, both methods were tested for the Marmousoft model, we
can directly compare the results. Comparing the best velocity models obtained by image-wave and double
multi-stack MVA, we can see that both image-wave (Figure 3a) and double multi-stack MVA (Figure 3b)
produce similar models in the sedimentary parts of the model but yield some visible differences in the
geologically complex central part, probably due to the limitations of time migration in such a situation.
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Figure 4: Migrated image obtained by time migration using the velocity model from (a) image-wave RMO
correction (from Schleicher et al., 2008); (b) multi-stack migration (from Schleicher and Costa, 2009).
While there is a notable difference between the velocity models, it is not easy to detect important
differences in the images resulting from time-migration with these models (Figure 4). This illustrates
the ambiguity in the determination of a starting model for more sophisticated iterative methods. Further
investigations will need to decide which of the models is better suited for this purpose.
RESULTS
To perform a qualitative and quantitative analysis comparing the result obtained by image-wave propagation of CIGs and double multi-stack migration, we have considered in our analysis:
• the interpolation method applied;
• the number of iterations and computer time required to complete the process;

Annual WIT report 2013

129

• and the necessity and duration of human intervention.
Velocity interpolation
Regardless of the method used, a time-migration velocity model must not present abrupt variations. So,
when an MVA method generates a grid with blank points, it is necessary to complete these gaps and smooth
this velocity model before the migration process can be executed (Schleicher and Costa, 2009). In this
regard, linear interpolation can be useful but requires that the data be filtered (e.g., by a moving average)
to avoid discontinuities in the velocity derivatives. In our tests, B-splines interpolation turned out to be the
best way to interpolate the data, since it smoothed the velocity models even in edge regions. Therefore, all
results presented here were obtained using B-splines interpolation.
An important parameter in this process is the number of B-splines nodes for the velocity interpolation.
We have tested different grid sizes, but did not find any significant influence on the quality of the results.
However, as the number of nodes increases the processing time also increases. For the examples shown below, the number of B-splines nodes along the vertical axis (in vertical time) was 12 and along the horizontal
axis (in horizontal distance) 100.
Image continuation
Parameter setup For the image-wave propagation of CIGs, we started in all the tests from a constant
velocity model with 1500 m/s (water velocity). The initial and final velocities required for the image-wave
propagation technique were set as 1500 m/s and 6500 m/s, respectively. Moreover, to use the migration
velocity as the propagation variable in the image continuation, we have to treat the CIGs as if obtained
with a constant velocity vc . The choice of vc is rather arbitrary because the principle does not depend on
its actual value. In practice, it is helpful to avoid too large velocity differences to the background model.
Given the range of true velocities in the Marmousoft model, we chose vc = 2000 m/s. From this reference
velocity, we continued CIGs to larger velocities up to 3500 m/s and to lower velocities down to 1500 m/s
in steps of ∆v = 10 m/s.
Automated velocity picking from propagated CIGs Schleicher et al. (2008) showed that time migration velocity analysis by image-wave propagation of CIGs allows to determine a meaningful velocity model
and a migrated image of acceptable quality (Figure 4a). However, to do so, they had to manually pick the
flattening velocities, which made the process rather cumbersome.
In this work, we perform the process without any human intervention using two automatic picking
procedures. Both consider the semblance values along horizontal lines in the propagated CIGs. The first
procedure picks the velocities for all maxima in the semblance panel (Figures 5 and 6), while the second
procedure picks the maxima after smoothing (Figures 7 and 8).
The velocity model and its respective migrated image for the third and fifth iteration are depicted,
respectively, in Figures 5-7 and Figures 6-8. Our results indicate that already after the third iteration we
can produce an acceptable velocity model for the lateral regions where the geology is not so complex (less
variation). In the more complex central part of the model, additional improvement is achieved up to the
fifth iteration. More iterations of the process led to no further improvement, indicating that the remaining
inaccuracies cannot be resolved by time migration.
Computational Cost The largest part of the computation cost of image-wave remigration resides in the
migrations necessary at each iteration. The image-wave propagation of the CIGs are about two orders of
magnitude faster. In the original implementation of Schleicher et al. (2008), severe human interaction was
required (they picked flattening velocities at 95 CIGs in 5 iterations). Here, we tested how automatic picking could be used to accelerate the procedure. The experience was quite positive. Although the automatic
picking provides slightly less quality in the extracted velocities, there was no need for more iterations in
the automatic process than in the interactive process to achieve a final model of about the same quality.
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Figure 5: Third iteration of the image-wave propagation method using auto-picks at the maxima of horizontal semblance. Shown are the velocity model (a), the final migrated image (b), and common-image
gathers from time migration at (c) 3000 m, (d) 4000 m, (e) 5000 m, (f) 6000 m, (g) 7000 m and (h) 8000 m.
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Figure 6: Fifth iteration of the image-wave propagation method using auto-picks at the maxima of horizontal semblance. Shown are the velocity model (a), the final migrated image (b), and common-image
gathers from time migration at (c) 3000 m, (d) 4000 m, (e) 5000 m, (f) 6000 m, (g) 7000 m and (h) 8000 m.
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Figure 7: Third iteration of the image-wave propagation method using auto-picks at the maxima of
smoothed horizontal semblance. Shown are the velocity model (a), the final migrated image (b), and
common-image gathers from time migration at (c) 3000 m, (d) 4000 m, (e) 5000 m, (f) 6000 m, (g) 7000 m
and (h) 8000 m.
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Figure 8: Fifth iteration of the image-wave propagation method using auto-picks at the maxima of
smoothed horizontal semblance. Shown are the velocity model (a), the final migrated image (b), and
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Figure 9: Results of multi-stack MVA with strong regularization. Shown is the velocity model (a); the
time-migrated image (b); and common-image gathers from time migration at (c) 3000 m, (d) 4000 m, (e)
5000 m, (f) 6000 m, (g) 7000 m and (h) 8000 m.
Multi-stack migration
Parameter setup The most fundamental parameter in multi-stack migration velocity analysis is the quantity used to measure flatness of an event in a CIG. We use the same parameter as in the original work of
Schleicher and Costa (2009), being the sum over the squares of the local slopes along a horizontal line in
the CIG.
As in the image-wave propagation of CIGs, the double multi-stack migration needs to scan between a
minimum (vmin ) and maximum (vmax ) velocity values. The results presented here were obtained setting
up vmin = 1400 m/s and vmax = 4200 m/s, with a velocity sampling interval ∆v = 25 m/s. These
values can be chosen almost arbitrarily as long as the velocity range is large enough to ensure the properties
and limitations of the method. It is possible to use a priori information to reduce the number of migrations,
for example, discarding unrealistic velocity values.
Regularization Since the method extracts velocity values only at points where the image is nonzero, the
B-splines interpolation needs some regularization. This is achieved by a relative weight of each constraint
in the cost function (Costa and Schleicher, 2011). The resulting model is rather sensitive to the choice of
the regularization parameter. Here, we tested how to chose this parameter in order to arrive at a comparable
model to the one from CIG continuation. Figures 9 to 11 show the results of the velocity extraction using
double multi-stack migration velocity analysis under three different forms of regularization. Note that the
resulting velocity models are considerably different.
Parts a of Figures 9, 10 and 11 show the velocity model computed by a strong, intermediate, and weak
regularization, respectively. In comparison with the models of Figures 5 to 8, it is easy to see that the
velocity model obtained with a strong regularization (Figure 9) is much smoother. In turn, after weak
regularization the model presents too much detail for a time-migration model. Also, boundary effects of
the B-splines interpolation start to affect the resulting model. Note the high velocity values in the upper
part and low values in the bottom part of the velocity model (Figure 11). The velocity model obtained
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Figure 10: Results of multi-stack MVA with intermediate regularization. Shown is the velocity model (a);
the time-migrated image (b); and common-image gathers from time migration at (c) 3000 m, (d) 4000 m,
(e) 5000 m, (f) 6000 m, (g) 7000 m and (h) 8000 m.
from a intermediate regularization (Figure 10) seems to be more compatible with the ones obtained by the
image-wave propagation of CIGs (Figures 5 to 8).
On the other hand, when we compare the migrated images obtained with these models (parts b of
Figures 9, 10 and 11), we see that they are virtually identical. Even in the image gathers (parts c to h),
it is hard to spot significant differences. Thus, from an imaging point of view, there is a broad range of
regularization that can provide suitable velocity models for an acceptable time-migrated image. Future
investigations with subsequent depth conversion will be necessary to decide which level of regularization
is most suited in order to find a suitable initial model for depth MVA.
Computational Cost The computational cost of double multi-stack migration is only slightly higher
than for a single multi-stack migration. All that is needed is the multiplication of the migrated image
by the present velocity, a summation into a second, velocity-weighted image, and a division of the final
results at each point in the image. The computationally most expensive part, the time migration for each
of the chosen velocities, is done only once. The computational cost of a single multi-stack migration is, of
course, Nv times the cost of a single time migration, where Nv is the number of velocities used. However,
constant-velocity time migrations are the cheapest possible migrations. Moreover, these time migrations
are completely independent of each other, making the process fully parallelizable.
The total cost of the proposed velocity analysis is just the one of double multi-stack migration. The
velocity extraction, interpolation, and smoothing can be done fully automatically, without the need of
human interpretation or other intervention. This makes it highly advantageous over conventional velocityanalysis techniques which strongly rely on human interaction.
CONCLUSIONS
We have studied the migration-velocity-analysis methods of image-wave common-image-gather continuation (Schleicher et al., 2008) and multi-stack migration (Schleicher and Costa, 2009). Our comparison of
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Figure 11: Results of multi-stack MVA with weak regularization. Shown is the velocity model (a); the
time-migrated image (b); and common-image gathers from time migration at (c) 3000 m, (d) 4000 m, (e)
5000 m, (f) 6000 m, (g) 7000 m and (h) 8000 m.
the velocity models obtained with both methods revealed that rather different models are obtained depending on the parameterization. However, the associated time-migrated images exhibit fairly much the same
quality. This indicates that for the purpose of time-migration, all models are equivalent.
In the original version of (Schleicher et al., 2008), the strongly interactive character of CIG-continuation
MVA is a significant drawback. In this paper, we have demonstrated that an automatic implementation of
the involved picking of flattening velocities does not degrade the final image or lead to additional iterations.
In this way, the technique becomes competitive in terms of computational cost to multi-stack migration
MVA, which is completely automatic and exclusively relies on constant-velocity migrations.
We have seen that multi-stack migration MVA can provide a broad range of differently smoothed velocity models. Since in our implementation of CIG-continuation MVA, the velocity model is represented
in an identical way, the same should be possible for that method. How a smoother or more detailed model
affects the result of the image-wave propagation is a topic of ongoing research.
One difference of the methods is that multi-stack migration allows to extract a velocity model without
any a-priori information whatsoever, while the velocity continuation method needs a (fairly arbitrary) initial
model. In our applications, starting from a constant-velocity model (e.g., water velocity) was always
sufficient to reach a reasonable time-migration velocity model. A fairly intuitive extension of the present
research is to use the velocity model generated by multi-stack imaging as an initial model in velocity
continuation.
Our evaluation demonstrates that both methods are equivalent regarding the final result, i.e., the timemigrated image. In summary, the methods were shown to be qualitatively and quantitatively consistent.
Both of them proved to be capable of calculating a representative velocity model, with their results depending on the choice of some fundamental parameters.
The broad range of obtainable models that produce equivalent image quality in time migration is a
strong indicator that the investigated techniques can be employed to construct initial models for a subsequent more sophisticated depth migration-velocity analysis. In order to evaluate which parameterization
will lead to the best-suited starting models, a time-to-depth conversion to depth will be necessary to com-
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pare the attainable model quality.
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ABSTRACT
When migrating more than one shot at the same time, the nonlinearity of the imaging condition causes
the final image to contain the so-called crosstalk, i.e., the results of the interference of wavefields associated with different sources. In this work, we study various ideas of using weights in the imaging
condition, called encoding, for the reduction of crosstalk. We combine the ideas of random phase
and/or amplitude encoding and random alteration of the sign with additional multiplication with powers of the imaginary unit. This procedure moves part of the crosstalk to the imaginary part of the
resulting image, leaving the desired crosscorrelation in the real part. In this way, the final image is
less impaired. Our results indicate that with a combination of these weights, the crosstalk can be reduced by a factor of 4. Moreover, we evaluate the selection procedure of sources contributing to each
group of shots. We compare random choice with a deterministic procedure, where the random numbers are exchanged for numbers similar to those of a Costas array. These numbers preserve certain
properties of a random choice, but avoid the occurrence of patterns in the distribution. The objective
is to avoid that nearby sources can be added to the same group of shots, which cannot be guaranteed
with a random choice. Finally, we show that the crosstalk noise can be reduced after migration by
image processing.

INTRODUCTION
Because of the great effort needed to migrate data from an acquisition consisting of a large number of
sources, as required in 3D seismics, blended-shot migration processes data from more than one source
simultaneously (Temme, 1984). This idea is based on the observation that the (full or one-way) wave
equation is a linear operation, i.e., the wavefield produced by a set of sources is equal to the sum of the
wavefields produced by each source acting alone.
The problem with this procedure arises when applying the image condition, conventionally a crosscorrelation (Claerbout, 1971) between the wavefield propagated down from source and the recorded field,
backpropagated from the receivers. When migrating shot groups, we replace the individual fields associated with a single source by a sum over a shot group. The result is a modified imaging consisting of two
contributions, one being the desired image and other the interference from fields associated with different
sources, called crosstalk. Thus, this procedure is only feasible in practice, if the crosstalk is considerably
smaller than the desired image. Since the number of individual crosstalk contributions is higher than that
those to the image, measures must be taken to reduce each of them in comparison to the desired image.
Several ideas on how to achieve the reduction of crosstalk have been discussed in the literature, based
on the encoding of the sources, i.e., the inclusion of weights in the imaging condition. Ideally, we would
like to choose the weights such that the resulting crosstalk matrix equals the unit matrix (Godwin and Sava,
2013, see also references there). This would mean no crosstalk. As this cannot be satisfied exactly, we
need the best possible approximation.
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One of the first proposals of shot encoding was plane-wave migration (Temme, 1984). The work of
Romero et al. (2000) contains several proposals for phase encoding (linear, random, by frequency modulation – chirp). However, the noise reduction achieved in that study was not sufficient to allow for the sum
of large numbers of sources. Other ideas include the alteration of the sign (Sun et al., 2002), source modulation (Soubaras, 2006), phase encoding using gold codes (Guerra and Biondi, 2008), random amplitude
encoding (Godwin and Sava, 2010) and source decimation (Godwin and Sava, 2011). Godwin and Sava
(2013) provide a comparison of several ideas of encoding.
In this work we combine the ideas of random phase and amplitude encoding and sign alteration with
additional multiplication with the weight wgk = w̃gk = ig . In this way, half the crosstalk passes to the
imaginary part of the resulting image, while the desired image is unchanged. Thus, the real part of the
modified image is less affected by crosstalk.
Additionally to encoding, we evaluate the influence of the choice of sources contributing to each shot
group. We compare the random choice with a procedure, where the random numbers are exchanged for
numbers similar to those of a Costas array (Costas, 1965; Golomb and Taylor, 1984; Drakakis and Rickard,
2010). These numbers preserve certain properties of a random choice, but avoid the occurrence of patterns
in the distribution. The goal is to avoid coherent energy in the crosstalk by making sure that nearby sources
cannot be added to the same shot group, which cannot be guaranteed with a random choice.
Finally, under the hypothesis that the crosstalk behaves like random noise with zero mean, we apply a
denoising technique borrowed from image processing to the results of a blended-shot migration.
BLENDED-SHOT MIGRATION
Wave-equation migration consists of two basic parts. The first part is the downward propagation of the
source and receiver wavefields into the subsurface domain to be imaged. The second part is the application
of an imaging condition to distinguish potential reflection points from points with no reflectivity under the
current seismic survey.
The propagation part consists of the numerical solution of the (full or one-way) wave equation. Since
the wave equation is a linear operation, the wavefield produced by a set of sources is equal to the sum of
the wavefields produced by each source acting alone. Mathematically, we can write
L

N
X

Uk =

k=1

N
X

LUk ,

(1)

k=1

where L denotes the wave-equation operator under consideration, Uk denotes the wavefield to be propagated, associated with source number k, and N is the number of simultaneously described wavefields.
Thus, the wave-propagation part of wave-equation migration can be carried out with several wavefields
at once. Unfortunately, the same is not true for the imaging condition. Each individual image is constructed
by crosscorrelation between the wavefield propagated down from source (Dk ) and the recorded field, backpropagated from the receivers (Uk ), at the same level in depth. The final image is then determined by the
sum of the individual images of all common-shot gathers, i.e., the final image at each point x is obtained
as
N
X
I(x) =
Uk ⊗ Dk ,
(2)
k=1

where the operator ⊗ denotes the crosscorrelation.
As we can see from equation (2), the imaging condition is nonlinear. If we want to migrate K shot
groups, we need to replace in equation (2) the individual fields associated with single sources by a sum
over a shot group. Thus, we obtain


!
G
K
K
X
X
X
˜
I(x)
=
Uk
⊗
Dj  = I + C ,
(3)
g=1

k=1

g

j=1

g

where the sum over g represents the sum over groups and the other two sums are those over the shots
constituting the groups. Therefore, the result is a modified image I˜ consisting of two contributions, one
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being the desired image I and other the interference from fields associated with different sources, called
crosstalk. The latter is given by
N X
X
C=
Uk ⊗ Dj .
(4)
k=1 j6=k

Thus, this procedure is only feasible in practice, if it is possible to ensure that the contribution of crosstalk
C is negligible in comparison to the contribution of the desired image I. Since the number of individual
contributions to C is higher than that for I, C can be greater than I, thus degrading the resulting image up
to a point where it becomes useless. Therefore, measures must be taken to reduce C in comparison to the
desired image I.
Several ideas on how to achieve the reduction of C have been discussed in the literature, based on the
encoding of the sources, i.e., the inclusion of weights in equation (3) as


!
G
N
N
X
X
X
˜
I(x)
=
wgk Uk
⊗
w̃gj Dj  = Iˆ + C ,
(5)
g=1

k=1

g

j=1

g

where Iˆ is the image, modified by weights wgk and w̃gk . For each g, the weight vectors have K nonzero
values for k between 1 and N . The weighting by these factors causes the final energy distribution between
Iˆ and C to depend on the crosstalk matrix
Wkj =

G
X

∗
wgk w̃gj
.

(6)

g=1

We observe that if the diagonal of matrix W in equation (6) is composed only of unitary values, then the
ˆ equals the desired image, I. Moreover, if the off-diagonal elements of this matrix are
weighted image, I,
all zero, then no crosstalk remains in the final image. Thus, we recognize that ideally, we would like to
choose the weights wgk and w̃gj such that
(7)

Wkj = δkj ,

with δkj denoting the Kronecker delta. In this case, we would obtain C = 0, i.e., no crosstalk, and I˜ = I.
As equation (7) can not be satisfied exactly, we need the best possible approximation.
In this work we combine the ideas of random phase and amplitude encoding and sign alteration with
additional multiplication with the weight wgk = w̃gk = ig . In this way, half the crosstalk C passes to the
imaginary part of the resulting image, while the desired image I is unchanged. Thus, the real part of the
modified image (5) is less affected by crosstalk.
Weight functions
All random encoding schemes make use of a random variable to calculate the weights. Let rj denote the
j-th realization of a random variable, uniformly distributed between 0 and 1. Using this notation, we can
represent the weight functions under investigation as follows.
• Random phase encoding (between −π and π)

exp{iπ(2rj − 1)}
wgj =
2[M rj ]−M +1
}
exp{iπ
M −1

continuous
discrete, M levels

(8)

and w̃gj = wgj .
• Random amplitude encoding (between −1 and 1)

2rj − 1
continuous
wgj =
(2 [M rj ] − M + 1)/(M − 1) discrete, M levels.

(9)

ˆ The choice
Here, we also used w̃gj = wgj , although this choice degrades the quality of image I.
w̃gj = 1/wgj would avoid this degradation, but introduces instabilities when the weights are very
small.
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• Random choice of sign (only factors −1 or 1)
wgj = sgn (2rj − 1) and

w̃gj = wgj .

(10)

Note that this choice is a subset of both preceding ones. It corresponds to a two-level phase or
amplitude encoding (phase −π and π, or amplitude −1 e 1).
• Deterministic imaginary-unit weight per group
wgj = ig

and

w̃gj = wgj .

(11)

• Combinations of these weights, like the product of weights (8) and (9), (8) and (11), (10) and (11),
(8), (9) and (11), etc.
In the above formulas, the operator [.] denotes the Gauss brackets, defining the largest integer less than its
argument.
To evaluate the reduction in crosstalk in the migrated image achieved by these weights, we compare
the matrices W generated by the product (6) of the weights. An important number in this sense is the
energy ratio between the off-diagonal and diagonal of matrix W. The lower this number, the better W
approximates the desired relationship (7).
Group composition
Another question regarding the grouping of shots for the purpose of migration refers to the selection of
shots joined into groups. Besides classical choices like the simulation of plane or cylindrical waves, the
random choice of shots is suggested in the literature. A possible problem with this approach is that by
not controlling the choice, patterns can form that may affect the final image. An example for such patterns would be the choice of neighboring shots showing strong correlations between them. In this paper,
we investigate a way to mitigate this problem through a technique that selects numbers minimizing the
occurrence of patterns (“pattern-free”).
The technique is inspired by so-called Costas arrays (Costas, 1965; Golomb and Taylor, 1984; Drakakis
and Rickard, 2010). A Costas array is a permutation of the unit matrix so that within the vector formed
by all columns, there is no equal distance between two nonzero elements. Thus, a shift creates, at most,
a coincidence of two such elements. These arrays are used to reduce crosstalk in radar and sonar systems
(Beard et al., 2004).
Unfortunately, the construction of Costas arrays presents practical difficulties. First, Costas arrays of
the dimensions 32 and 33 are not known in the literature. In addition, the definition of a Costas array
as a permutation matrix with no special restrictions leads to a simple method to find them, because the
Costas condition is not easily stated in a clear and simple set of restrictions. The only known way to find
all Costas arrays for a given order is an exhaustive search. However, to check the Costas condition for all
N ! permutations of an array of order N is prohibitively expensive. Moreover, for large N , the chance to
actually find a Costas array decreases, because the number of Costas arrays of order N drops quickly after
reaching a maximum of 21,104 for N = 16. Beard et al. (2004) show that there are only 200 Costas arrays
of order 24.
For these reasons, we opted for a process inspired by one of the algorithms for finding Costas arrays for
some dimensions, the so-called Welch algorithm (Golomb and Taylor, 1984). In our modification of this
algorithm, we first seek the smallest prime P greater than N , where N denotes the total number of shots in
the survey. We then look for the largest prime T less than P that generates a complete permutation of the
numbers from 1 to N by the following process. First, we calculate the sequence
nj = T j

mod P ,

(12)

where nj (j = 1, . . . , P ) form a permutation of the numbers from 1 to P . In this sequence, we eliminate
the elements nj > N to arrive at the final array, which we refer to as a quasi-Costas array. If we desire
redundancy of shots within the set of groups, we change T to the largest prime less than T that allows the
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construction and repeat the process. Note that the probability for the array found with this process to be a
true Costas array decays with increasing N .
The thus obtained quasi-Costas array defines the sequence in which the shots are grouped. If we want
to build groups of K shots, each set of K values of this vector defines a group. Note that this construction
process of the permutation vector actually has an advantage over the use of true Costas arrays. Because of
the limited number of Costas arrays existing for large N , the exclusive use of these arrays could lead to
repeated groups in the case of shot redundancy.
A posteriori crosstalk reduction
Since it is impossible to prevent the occurrence of crosstalk when shot groups are migrated, another option
is to remove it (or part thereof) after migration. Assuming that the noise is random and zero mean, we
can apply existing techniques for removing such noise. In this study, we have tested the application of the
nonlocal means (NLM) technique borrowed from image processing (Buadès et al., 2005, 2010; Bonar and
Sacchi, 2012) and first applied to a seismic problem by Bonar and Sacchi (2012).
The NLM algorithm is a random-noise attenuation filter supposing that every image has a certain degree
of redundancy, which can be used to highlight structures. The process searches, for each image point,
other points whose neighborhoods are similar to the neighborhood of the original point, and uses these
similarities to recover the image in this region. The fundamental process of the algorithm is an average
over the whole image, applied with a weight that is determined by the similarities between the image in the
vicinities under consideration.
Mathematically, the filtered image I is calculated from the original image I by the weighted average
X
W(x, x0 )I(x0 ) ,
(13)
I(x) =
x0

where W(x, x0 ) denotes the filter weights, calculated as


−D2 (x, x0 )
1
exp
.
W(x, x0 ) =
Z(x)
h2

(14)

Here, h is a parameter that controls de exponential decrease and Z(x) is a normalization factor, i.e.,


X
−D2 (x, x0 )
Z(x) =
exp
.
(15)
h2
0
x

Function D(x, x ) represents the similarity measure between the vicinities of image points x and x0 . It is
calculated as
X
2
D2 (x, x0 ) =
Ga (d) [I(x + d) − I(x0 + d)] ,
(16)
0

d

where d represents a dislocation vector of size d and function Ga (d) = exp(−d2 /a2 ) denotes a Gaussian
window taper, in which the parameter a defines the effective size of the neighborhood.
NUMERICAL RESULTS
The large number of variables involved, which implies a high amount of comparative tests, makes actual migrations with all possible weights prohibitively expensive. Therefore, to estimate the reduction in
crosstalk in the migrated image achieved by the weights (8) to (11), we evaluate the matrices W generated
by the product (6) of the weights and their proximity to the identity matrix.
An important number in this sense is the ratio between the accumulated energy in the off-diagonal and
diagonal elements of matrix W,
P
2
i6=j |Wij |
E=P
(17)
2
i=j |Wij |
for simplicity from now on referred to as “energy factor”. The lower this number, the better W approximates the Kronecker delta. Note that for a group of K shots without encoding, the energy factor always
takes the value K − 1.
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Figure 1: No shot encoding, no redundancy, 50
groups of 95 shots (reference matrix).

Correlation coefficient nr.

0

500
0

0

off−diag energy: 24.8954
0.7
0.6

100

0.5
200

0.4
0.3

300

0.2
400

100
200
300
400
Correlation coefficient nr.

500

0

off−diag energy: 22.5314
0.7
0.6

100

0.5
200

0.4
0.3

300

0.2
400

0.1
500
0

100
200
300
400
Correlation coefficient nr.

500

0

Figure 3: No shot encoding, redundancy with 200
groups of 95 shots.
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Figure 2: No shot encoding, redundancy with 50
groups of 380 shots.
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Figure 4: No shot encoding, no redundancy, 200
groups of 24 shots.

For all our tests, we have used dimensions of the narrow azimuth data from the EAGE/SEG salt model,
i.e., a total of 4750 shots. We have tested various groupings of these shots. If not mentioned otherwise,
the comparisons are done with 50 groups of 95 shots each, i.e., no redundancy of shots. The number in the
upper left corner of each figure is the energy factor as defined above.
No encoding. Figure 1 shows the matrix W without shot encoding, i.e., for unit weights, wgk = w̃gk = 1.
The choice of used sources was made randomly. We note that in this case the off-diagonal energy is 94
times greater than the diagonal energy, corresponding to 95 shots per group, as expected. When increasing
the number of shots per group by a factor of four, to 380, the energy factor increases to 117 (Figure 2).
Also, when maintaining 95 shots per group and increasing the number of groups to 200, to achieve the
same fourfold redundancy, the energy factor reduced to approximately 25 (Figure 3). However, with 24
shots in each of the 200 groups, the energy factor decreased more strongly, to about 22 (Figure 4). We
conclude that for a given number of groups, one should use a minimum of sources per group. The use of
shot redundancy is counterproductive.
Random phase encoding. The next set of figures shows the weight matrices for random phase encoding,
for some possible levels of phase shift according to equation (8), for the case of 50 groups of 95 shots. In
Figure 5, we see the result of continuous phase encoding, i.e., allowing for all values between −π and π.
Figures 6, 7, and 8 show the corresponding results for 16, 10, and 4 levels, respectively. We observe that
the continuous distribution yields the strongest reduction of the energy factor.
Random amplitude encoding. Figures 9, 10, 11 and 12 show the corresponding results for random amplitude encoding, with continuous distribution and 16, 10 and 4 levels. Again, we observe an increase in
energy factor for a decreasing number of levels. In addition, we note that the magnitude of the diagonal is
reduced (colored dots on the diagonal, where black indicates a unitary value). This reduction is due to the
fact that the product of the weights is not unitary, as mentioned in the context of equation (9).
The fact that the energy factors decreases for a growing number of levels, both for random phase and
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Figure 6: Random phase encoding, 16 levels.
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Figure 7: Random phase encoding, 10 levels.
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Figure 8: Random phase encoding, 4 levels.
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Figure 9: Continuous random amplitude encoding.
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Figure 10: Random amplitude encoding, 16 levels.
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Figure 11: Random amplitude encoding, 10 levels.

−0.6
500
0

100
200
300
400
Correlation coefficient nr.

500

Figure 12: Random amplitude encoding, 4 levels.

amplitude encoding, is corroborated in Figures 13 and 14, which show the energy factor as a function of the
number of levels. We see that in both cases, the factor decays with increasing number of levels. We tested
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number for random amplitude encoding.

off−diag energy: 25.8795

0

off−diag energy: 26.7021

100

0.4
0.2

200

0
300

−0.2
−0.4

400

0.6
Correlation coefficient nr.

Correlation coefficient nr.

0.6
100

0.4
0.2

200

0
300

−0.2
−0.4

400

−0.6
500
0

100
200
300
400
Correlation coefficient nr.

Figure 15: Continuous random phase and amplitude encoding.
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Figure 16: Random phase and amplitude encoding, 16 levels.
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Figure 17: Random phase and amplitude encoding, 10 levels.
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Figure 18: Random phase and amplitude encoding, 4 levels.

up to a maximum of 20 levels. The red dot at the end of the curve represents the continuous distribution.
Random phase and amplitude encoding. When we apply random encoding of both amplitude and phase,
we obtain the matrices shown in Figures 15, 16, 17, and 18. We note that the simultaneous encoding
further reduces the power factor, while the diagonal values are comparable with those for random amplitude
encoding only. The decay of the energy factor with the number of levels is comparable to previous cases.
To avoid loss of information due to the reduction of the diagonal values, we also tested the effect of
redundancy for this type of encoding. Figure 19 shows the weight matrix for 50 groups of 380 shots and
Figure 20 shows the weight matrix for 200 groups of 95 shots. We observe the same effect as in the
case without encoding, i.e., the energy factor increases with respect to the same number of groups without
redundancy.
Random-sign and imaginary-unit encoding. Figure 21 shows the result of random sign encoding, equa-
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Figure 19: Continuous random phase and amplitude encoding, 50 groups of 380 shots.
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Figure 20: Continuous random phase and amplitude encoding, 200 groups of 95 shots.
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Figure 21: Random-sign encoding.
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Figure 22: Imaginary-unit encoding.
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Figure 23: Random phase encoding combined
with imaginary-unit weighting.
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Figure 24: Random amplitude encoding combined
with imaginary-unit weighting.

tion (10), which is equivalent to random amplitude (or phase) encoding with two levels. We note that this
encoding does not reduce the energy factor. Encoding with the imaginary unit, according to equation (11),
reduces this factor by half (Figure 22) by transferring half the crosstalk to the imaginary part of the image,
which will be discarded.
Combinations. Finally, we investigate the combination of the latter weight with random signal, amplitude
and/or phase encoding. We note that the combination of random phase encoding with imaginary-unit
weighting does not contribute to a further reduction of the energy factor (Figure 23). The reason is that
random phase encoding already transfers energy to the imaginary part of the image, thus not offering
the potential for a further reduction. On the other hand, the combination of random amplitude encoding
with imaginary-unit weighting further reduces the energy factor significantly (Figure 24), reaching the
same level as simultaneous random amplitude and phase encoding. The combination of random phase and
amplitude encoding with imaginary-unit weighting does not contribute to a further reduction of the energy
factor (Figure 25). Finally, the combination of random sign encoding with imaginary-unit weighting only
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Figure 25: Random phase and amplitude encoding
combined with imaginary-unit weighting.
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Figure 26: Random sign encoding combined with
imaginary-unit weighting.
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Figure 27: Random amplitude encoding combined
with imaginary-unit weighting, 50 groups of 380
shots.
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Figure 28: Random amplitude encoding combined
with imaginary-unit weighting, 200 groups of 95
shots.
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Figure 29: Random amplitude and phase encoding combined with imaginary-unit weighting, 50
groups of 380 shots.
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Figure 30: Random phase encoding combined
with imaginary-unit weighting, 200 groups of 95
shots.

reduces the energy factor to the same level achieved by mere imaginary-unit weighting (Figure 26).
The use of redundancy for random amplitude encoding combined with imaginary-unit weighting (Figures 27 and 28) and random amplitude and phase along combined with imaginary-unit weighting (Figures 29 and 30) leads to the same conclusions as the previous cases.
3D migration tests
We implemented a code for 3D finite-difference blended-shot migration with two different choices of shot
selection: random and pattern-minimizing. We applied this blended-shot migration to narrow azimuth data
from the SEG/EAGE salt model. For simplicity, we tested the shot selection for random phase encoding.
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Figure 31: 3D FD migrated data from the
SEG/EAGE salt model, depth slice at depth 680 m,
with (a) random and (b) pattern-minimizing shot selection; (c) model slice.

Figure 32: 3D FD migrated data from the
SEG/EAGE salt model, depth slice at depth 1040 m,
with (a) random and (b) pattern-minimizing shot selection; (c) model slice.

To enhance the effect of crosstalk, migration was performed with a redundancy of 10, using 100 groups
with 475 shots.
The following figures show depth slices at some selected depths. To our perception, at some depths the
slices using pattern-minimizing shot selection are of better quality than those using random shot selection.
At all other depths, the quality is comparable. This is the expected behavior, since the pattern minimization
is supposed to reduce the probability for correlated shots to appear in the same group.
Figure 31 compares the depth slices at depth 680 m. We observe that the events are clearer in part (b),
particularly those close to the salt body in the center of the image.
At 1040 m depth (Figure 32, the differences are more subtle. We can observe a slight improvement in
the definition of the right flank of the salt in Figure 32b.
However, not always all properties of the image are better for pattern-minimizing shot selection. While
in the salt in Figure 33b is still easier to delineate, particularly in the lower part of the image, the shape of
the inclusion on the right side of the image is better represented in Figure 33a.
Since inside the salt, the comparison is difficulted by the effect of the strong velocity contrast in the
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Figure 33: 3D FD migrated data from the
SEG/EAGE salt model, depth slice at depth 1260 m,
with (a) random and (b) pattern-minimizing shot selection; (c) model slice.

Figure 34: 3D FD migrated data from the
SEG/EAGE salt model, depth slice at depth 2340 m,
with (a) random and (b) pattern-minimizing shot selection; (c) model slice.

model, our last figure is a slice from below the salt, at depth 2340 m (Figure 34). In this depths, the
energy of the events is already significantly reduced by illumination effects. Still, the events in part (b) are
generally more continuous and less rugged.
A posteriori crosstalk reduction. To reduce crosstalk after blended-shot migration, we have implemented
a 2D version of the non-local-means (NLM) algorithm, following the original prescription of Buadès et al.
(2005).
Figure 35 compares the result of the NLM method for a depth slice of the image at 1040 m with its
original cut. We found that the processing could remove almost all noise caused by cross-talk. However,
some less energetic events were also attenuated. As we see in this figure, the result of the reduction of noise
depends strongly on the value of parameter h, equation (14). In our tests, the characteristics of the result
did not change as a function of depth. This result demonstrates that it is possible to mitigate crosstalk using
image processing methods.
Note that the application of the NLM method consumes a considerable computation time. Thus, a full
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Figure 35: Depth slice at 1040 m depth of (a) SEG/EAGE salt model; and of the FD migrated section (b)
without noise reduction and with NLM noise reduction with (c) h = 10−4 ) and (d) h = 1.5 · 10−4 .
3D implementation of this algorithm would be prohibitively expensive. We believe that the implementation
can be improved using a modification of the NLM algorithm proposed by Dowson and Salvado (2011) who
report significant savings.
CONCLUSIONS
In this work, we studied the possibilities of reducing the effect of crosstalk in blended-shot migration. In
the first part, we evaluated the weight matrix of different encoding techniques.
In these tests, we found that for the investigated encoding methods, there is no advantage in admitting
redundancy in the number of shots used. In other words, the choice of the number of shots per group should
always be the ratio between the total number of shots acquired and the number of groups to be realized.
The fewer shots are contained in each group, the lower is the off-diagonal energy in the weight matrix.
This conclusion, however, needs to be confirmed in actual migration tests, since wavefields can show
destructive interference, which might help to further reduce crosstalk, even if the content of off-diagonal
energy is higher.
Another conclusion from these tests is that random amplitude encoding helps to improve the ratio
between the energy on and off the diagonal. Although this encoding reduces the energy contained in
diagonal, it reduces the off-diagonal energy more strongly, so that the amplitude of the crosstalk declines
more than the amplitude of the image.
Random phase encoding contributes to the reduction of crosstalk mainly by the fact that part of the
off-diagonal energy is transferred to the imaginary part of the image. Another way to ensure that this effect
is exploited to the maximum is applying a deterministic imaginary-unit weight, which moves every second
term of the crosstalk skip to the imaginary part. Thus, the strongest reduction of off-diagonal energy in the
weight matrix was achieved by combining this weight with random amplitude encoding. In our examples,
this combination reduced crosstalk to approximately a quarter of its nominal value.
In addition to this evaluation of the encoding weights, we studied how to select the shots to form
groups to be migrated. Comparing random selection with quasi-Costas-array-based selection, designed to
minimize patterns, we observed a trend of the latter to provide less coherent events in the crosstalk.
Finally, we investigated the possibility of reducing the noise generated by crosstalk in a processing step
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applied after migration by means of the non-local-means method. In our tests, the noise behaved favorably
to this method, so that it was possible to remove much of the crosstalk. This result demonstrates that it is
possible to mitigate the crosstalk noise by image processing methods.
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ABSTRACT
Current multi-parameter stacking techniques aim to include higher order terms in the traveltime moveout surface. Without increasing the number of parameters, this goal is commonly achieved by assuming a certain reflector geometry and straight raypaths. In the presence of heterogeneity, as a consequence, moveout is described in an auxiliary medium. Although modern methods are usually based
on the same set of parameters, we show that they can be divided into two types of approximations,
one assuming an effective medium, the other describing the optical analogue in a medium of constant
near-surface velocity. Based on ideas of de Bazelaire and Höcht et al., we present optical representations of effective medium operators currently in use. In addition, we clarify the unique role of the
multifocusing method, theoretically and with synthetic examples, and point out distinct advantages of
both approaches.

INTRODUCTION
Stacking still plays a fundamental role in seismic data processing. While the summation itself helps to
decrease data redundancy and leads to a first interpretable time image with a high signal-to-noise ratio, the
estimated parameters form the foundation of many important subsequent processing steps, including depth
imaging.
In contrast to the classical NMO/DMO approach, recent works have indicated that even for complex
settings, a macro-velocity model is not needed to perform all important time imaging tasks (e.g. Mann,
2002). Extending ideas of de Bazelaire (1988), the common reflection surface (CRS) stack takes
neighbouring CMP gathers into account. It is based on three surface-related kinematic wavefield attributes,
which are closely related to first- and second-order derivatives of the traveltime near the reference ray. In
addition to the well-known parabolic and hyperbolic formulae (e.g. Jäger et al., 2001), several higher-order
approximations exist, which all depend on the very same set of parameters.
In this work, we argue that without increasing the number of parameters, all higher-order approximations are based on the concept of straight rays, and consequently describe moveout in an auxiliary medium
of constant velocity. Depending on the incorporation of parameters, the actual subsurface model is either
replaced by a medium with effective properties or the method describes traveltime differences for the
optical analogue in a medium of constant near-surface velocity.
Based on suggestions by de Bazelaire (1988) and Höcht et al. (1999), we establish a connection
between both domains and provide a general recipe with which all effective medium operators can be
transformed to their surface-based optical representations. Following this recipe, we introduce transformed
versions of the hyperbolic CRS operator and the implicit CRS (i-CRS) approach by Vanelle et al. (2010)
and Schwarz et al. (2012), which are both based on an effective medium.
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Figure 1: In the classical CMP stack, a vertically inhomogeneous model is replaced by an effective medium
with the velocity vRM S , denoting the root-mean-square velocity (left). The shifted hyperbola accounts for
inhomogeneity by shifting the reference time tp (right).
The multifocusing method (MF, Gelchinsky et al., 1999) in contrast, being closely related to de
Bazelaire’s shifted hyperbola, has properties of an optical approach. Supporting these findings, both,
multifocusing and the transformed i-CRS operator, turn out to perform equivalently for a simple synthetic example as well as the more complex Sigsbee 2a synthetic dataset. Concluding this paper, we
shortly discuss distinct advantages of both concepts from a physical and an implementational point-of-view.

AUXILIARY MEDIA
In the classical CMP stack (Mayne, 1962), the summation operator is a hyperbolic expression, which is
only exact for a planar reflector and a constant velocity overburden. For the inhomogeneous case, the actual
model is replaced by an effective medium with constant velocity. Thus, the NMO hyperbola is intrinsically
based on the assumption of straight rays. De Bazelaire (1988) suggested an alternative strategy to account
for heterogeneity by utilizing simple concepts of geometrical optics. In his approach (see Figure 1), not
the velocity changes, but the centre of coordinates. Since this corresponds to the application of a shift in
time rather than in velocity, de Bazelaire’s shifted hyperbola, which depends only on the velocity near the
surface, can be considered a macro-model independent time imaging method.
OPTICAL REPRESENTATIONS
De Bazelaire’s shifted reference tp (see below) is the zero-offset time in the optical image space of constant
near-surface velocity v0 . It can be formulated in terms of the radius of curvature RN IP of the fundamental
NIP wavefront (Hubral, 1983), which leads to an appealing geometrical interpretation (see Figure 2):
tp =

2RN IP
v0

.

(1)

Höcht et al. (1999) found that this interpretation not only holds for a layered medium, which was initially
considered by de Bazelaire, but also for the general case of lateral inhomogeneity (compare Figure 2).
Due to coefficient comparisons, so-called osculating equations can be gained. These connect the effective to the surface-based attributes. Inspired by the work of Höcht et al. (1999), we suggest the following
strategy to transform effective-medium-based traveltime operators to the optical image space:
1. Replace the actual zero-offset traveltime t0 by its optical analogue (1),
2. Subtract the time shift tp − t0 from the total traveltime.
In the following section, we apply this strategy to the hyperbolic CRS operator and the recently introduced
implicit CRS, and shortly elaborate on the role of the multifocusing approximation.
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Figure 2: The optical methods approximate the moveout with the help of projections. A fictitious point
source initiated at P in the actual model is assumed to produce the same measured wavefront as if the
energy stemmed from point P’ in a medium of constant near surface velocity v0 .
Hyperbolic CRS
The CRS stack is an extension of the classical CMP stack, in which summation not only takes place in
offset (h) but also in midpoint (xm ) direction. The hyperbolic CRS operator is closely related to the NMO
hyperbola and thus describes traveltimes in an auxiliary medium of effective properties. According to
Hertweck et al. (2007), it can be written as
2



t (∆xm , h) =

2 sin α
t0 +
∆xm
v0

2
+

4h2
4∆x2m
+ 2
2
vCM O
vN M O

,

(2)

where x0 is the horizontal position of the central midpoint and vCM O is a curvature dependent analogue of
the NMO velocity. The connection of the two velocities to the surface-based kinematic wavefield attributes
α, RN IP and RN (Hubral, 1983) is established by the following set of osculating equations,
2v0 RN IP
,
t0 cos2 α
2v0 RN
=
.
t0 cos2 α

2
vN
MO =

(3a)

2
vCM
O

(3b)

Like in the offset situation, the curvature-dependent velocity combines the wavefield attributes with the
zero-offset traveltime. As a result, the CRS moveout also depends on t0 , which is characteristic for an
effective-medium-based approach.
By the transformation according to the suggested recipe, we arrive at the optical representation of the
CRS stack formula,


2RN IP
t − t0 +
v0

2

4 h
2
(RN IP + sin α∆xm )
v02


RN IP
2
2
2
+ cos α
∆xm + h
RN
=

,

(4)

which was also developed by Höcht et al. (1999). For horizontal layering (α = 0) and vanishing midpoint
displacement (∆xm = 0), this shifted CRS equation reduces to de Bazelaire’s shifted hyperbola. It is
important to note that, like for the CMP setting, the moveout becomes independent of the zero-offset
traveltime and is purely described by surface-related attributes.

Annual WIT report 2013

153

Implicit CRS
The i-CRS operator evaluates the reflection traveltime from a locally circular interface and is a pure doublesquare-root expression (Vanelle et al., 2010),
t(∆xm , h) = ts + tg ,
q
1
2
2
ts =
(∆xm − h − ∆xc − R sin θ) + (H − R cos θ)
Vq
1
2
2
tg =
(∆xm + h − ∆xc − R sin θ) + (H − R cos θ)
V

(5)
,
,

where
tan θ =

∆xm − ∆xc
h ts − tg
+
H
H ts + tg

(6)

,

and ∆xc = xc − x0 . The link to the surface-related attributes is again established via a set of osculating
equations, which, similar to (3) combine the wavefield attributes with the reference traveltime (Schwarz
et al., 2012),
V =q
1+
xc = x0 −

vN M O
2
vN
MO
v02

RN sin α


cos2 α 1 +

H=
vN M O
R=

cos2

1+

2
vN
MO
v02

sin2 α



v0 RN


v2
α 1 + NvM2 O sin2 α

(7b)

,

,

(7c)

0

v0 R N
vN M O cos2 α

q

(7a)

,
sin2 α

vN M O t0
2

−

2
vN
MO
v02

(7d)

,

sin2 α

with vN M O defined according to (3a). The traveltimes of the up- and downgoing ray segments are coupled
via the angle θ, which can be updated recursively following (6). The quantity R represents the radius and
(xc , H) denotes the position of the center of the circle approximating the reflector segment. Please note
that ∆xm − ∆xc = xm − xc . While for a homogeneous overburden these parameters are directly linked
to the subsurface geometry, they become effective properties for the heterogeneous case.
Following the transformation recipe, relations (7) simplify to
V = v0

(8a)

,

xc = x0 − RN sin α
H = RN cos α

,

(8c)

,

R = RN − RN IP

(8b)

,

(8d)

and the shifted i-CRS traveltime becomes
t − t0 +

2RN IP
= ts (v0 , α, RN IP , RN ) + tg (v0 , α, RN IP , RN ) .
v0

(9)

Like the shifted CRS moveout (see equation (4)), the shifted i-CRS moveout is independent of the zerooffset traveltime t0 and entirely described in the auxiliary medium of constant near-surface velocity v0 .
Multifocusing
Gelchinsky et al. (1999) introduced a double-square-root expression for the traveltime that depends on the
same set of parameters as the CRS method, namely the kinematic wavefield attributes α, RN IP and RN .
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Figure 3: Underlying model (a) and corresponding semblance distributions for multifocusing (b), conventional i-CRS (c), and the shifted i-CRS expression (d).
Their operator describes the traveltime of a reflection event in terms of the traveltime of a central ray and
corrections applied at source and receiver for a paraxial ray,
t(∆xs , ∆xg ) = t0 + ∆ts + ∆tg ,
p
Rs2 + 2Rs ∆xs sin α + ∆x2s − Rs
∆ts =
v0
q
Rg2 + 2Rg ∆xg sin α + ∆x2g − Rg
∆tg =
v0

(10a)
,

(10b)

,

(10c)

where the radii Rs and Rg are functions of the CRS attributes (for details see, e.g., Landa et al., 2010).
Please note that these two radii and, consequently, the multifocusing moveout does not depend on the
zero-offset traveltime. In addition, (10a) can be rewitten in a time shift notation,
t − t0 +

Rs + Rg
= ts (v0 , α, Rs ) + tg (v0 , α, Rg ) ,
v0

with ts = ∆ts + Rs /v0 and tg = ∆tg + Rg /v0 . It reduces to de Bazelaire’s shifted hyperbola for the CMP
configuration, implying that it is natively based on concepts of geometrical optics.
SYNTHETIC EXAMPLES
To get a better idea how the optical representations behave in an actual data application, we have
investigated two synthetic examples of different complexity. The first example considers the diffraction
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Figure 4: While effective media change their properties for each time sample due to their dependency
on the reference time t0 (left), the moveout for the optical methods is purely surface-related and may be
precalculated in grid-based parameter searches (right).
case in a constant vertical velocity gradient medium v = 2000 m/s+γz, with γ ranging from 0 for the
homogeneous case to 1.5 s−1 , representing strong vertical inhomogeneity. A sketch of the gradient model
can be found in Figure 3(a).
Figure 3 shows the achieved semblance values of multifocusing and both, conventional i-CRS
(expressions (5) with (7)) and its optical representation (equations (9) and (8)) as a function of the distance
from the apex and the strength of the gradient. Multifocusing (Figure 3(b)) provides a good description for
moderate and small gradients. However, it shows a rapidly decreasing performance for stronger gradients
and larger distances to the apex. The conventional i-CRS operator, in turn, despite being parameterized
with the same attributes and having the same double-square-root shape, turns out to be considerably
less affected by heterogeneity. The shifted version of the i-CRS approximation reveals exactly the same
semblance distribution as multifocusing, indicating that time-shift-based parameterizations are less suited
to account for inhomogeneity than their effective medium counterparts (compare Figure 3(c) and 3(d)).
The same behaviour occurs for the more complex Sigsbee 2a synthetic dataset. In Figure 5, the semblance deviations between both i-CRS operators and multifocusing are displayed. While the differences are
noticeable for conventional i-CRS, they mostly vanish for the shifted approach. Observe in Figure 6 that
the conceptual connection of shifted i-CRS and multifocusing also shows in the estimation of the attributes.
PRACTICAL CONSIDERATIONS
The synthetic examples indicate that the auxiliary medium underlying the parameterization of a stacking
operator has an impact on its performance for stronger overburden heterogeneity. Since the zero-offset
traveltime is used as input in the stacking procedure, it serves as a direct link to the data und thus to the
actual subsurface model. The effective medium parameters in that sense are linked to the model, since
they all have in common that t0 is combined with the surface-related attributes in the osculating equations.
As a result, the traveltime moveout always depends on t0 for these operators, resulting in wavelet stretch
during moveout correction.
The optical methods on the other hand reveal a high potential for efficient implementation (see Figure
4). Since moveout is always independent of the zero-offset traveltime, grid-based parameter searches can be
accelerated by precalculating all possible moveouts outside of the time loop. While the effective medium
parameters change for each time sample, the optical representations describe the moveout always in the
same medium of constant v0 .
CONCLUSIONS
We found that current multiparameter stacking techniques can be divided into two groups of approximations, one assuming an effective medium, the other dealing with projections in the optical image space.
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While the hyperbolic CRS operator is closely related to the NMO hyperbola, which substitutes the actual
subsurface model by a medium of a constant effective velocity, the multifocusing method reveals a strong
link to the shifted hyperbola by de Bazelaire, which is an optical approach. The implicit CRS, like hyperbolic CRS, is an effective medium operator. Based on ideas of de Bazelaire and Höcht et al., we have
presented a general recipe that allows for a simple transformation from the effective medium to optical image space. Applied to CRS and i-CRS we introduced time-shifted versions, i.e. optical representations of
both operators. Synthetic examples reveal that the effective-medium-based conventional i-CRS operator is
only mildly affected by overburden heterogeneity, whereas the shifted counterpart shows considerably decreased quality for higher gradients. Multifocusing, being a native optical image space approach, showes
the exact same behaviour for the considered gradient example, as well as for the complex Sigsbee 2a
dataset. Since moveout in image space is independent of the zero-offset traveltime, the optical methods are
less suited to account for strong inhomogeneity but promise a high potential for efficient implementation,
because moveouts can be precalculated in grid-based parameter searches.
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Figure 5: Difference in semblance for a part of the Sigsbee 2a model. Multifocusing is compared (a)
with conventional i-CRS and (b) with the shifted i-CRS operator. Conventional i-CRS, being an effective
medium formula, shows higher semblance values than the optical methods for medium to large distances
to the diffraction apices.
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ABSTRACT
Most of Finite Difference (FD) methods used in seismic modeling are based on fixed length spatial
operators. These operators are chosen observing computacional cost, stability and dispersion criteria.
In this work we analyse a FD scheme with an adaptive spatial operator which reduces the computational cost but not the accuracy. The idea is to use long operators in low velocity regions and short
operators in high velocity ones. The analysis is made in the one- and two-dimensional cases, but the
results can be extended for 3D models.

INTRODUCTION
Seismic modeling simulates the wave propagation in subsurface. One of the fundamental basis of seismic
modeling is the acoustic wave equation which requires, with rare exceptions, efficient numerical methods to
be solved. Due to their simple implementation, algorithms based on Finite Differences (FD) are preferred to
solve the acoustic wave equation (Liu and Sen, 2009, 2011; Dablain, 1986; Kelly et al., 1976). In addition,
if a FD method satisfies all the criteria of stability and dispersion, the numerical solution is of excelent
quality.
If we are not concerned with computacional costs, we can use a spatial grid based on the the minimum
velocity. As the source usually is fixed in the modeling, its main frequency is also fixed and then the
wavelength in the region with low velocity is smaller than in the region with high velocity. Therefore,
the accuracy is greater in the high velocity regions. There are many variants of FD method to increase
efficiency without decreasing accuracy, or to increase accuracy without decreasing efficiency or to increase
both efficiency and accuracy. See, e.g., Virieux (1984), Virieux (1986), Finkelstein and Kastner (2007) and
Bartolo et al. (2012).
For fixed spatial and time steps, when we use the same length for the spatial operator of the FD scheme,
we reach greater accuracy in higher velocity regions than in lower ones. Therefore, it would be more
efficient if we could choose the length of the spatial operator according to the velocity. In this work we
analyse one approach introduced by Liu and Sen (2011), based on a FD scheme with an adaptive spatial
operator. The length of the spatial operator is chosen based on the analysis of the stability and dispersion in
each velocity region, in such a way that the length decreases with increasing velocity. Numerical examples
illustrate the approach.
Let x ∈ IRn (n = 1, 2, 3) be the space variable, t ∈ IRn be the temporal variable and c(x) be the wave
propagation velocity in the acoustic model. The acoustic wave equation is given by
1
Utt (x, t) − ∆U (x, t) = F (x, t),
c(x)2

(1)

where U (x, t) is the scalar wavefield, ∆ denotes the Laplacian operator, and F (x, t) is the source term.
For n = 1 we will consider x = x and for n = 2, x = (x, z).
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ONE-DIMENSIONAL MODELING

We first analyse the one-dimensional case (n = 1) and describe the FD scheme and the method that will
be used to choose the length of the space operator, according to the velocity. Applying a second-order FD
operator in time and a (2M )th-order FD operator in space, we get

1 
−2ukj + (uk−1
+ uk+1
) ,
j
j
∆t2
"
#
M
X
1
k
k
k
∆U (xj , tk ) = Uxx (xj , tk ) ≈
a0,j uj +
am,j (uj−m + uj+m ) ,
∆x2
m=1

(2)

Utt (xj , tk ) ≈

(3)

where ukj = U (xj , tk ), xj = x0 + j∆x, tk = k∆t, with j = 0, 1, . . . , J and k = 0, . . . , K. The
coefficients am,j are given by (Liu and Sen, 2009; Finkelstein and Kastner, 2007)
am,j =

(−1)m+1
m2

M
Y
n=1,n6=m

n2 − rj2
,
n2 − m2

and
a0,j = −2

M
X

(4)

m = 1, 2, . . . , M,

(5)

am,j ,

m=1

where rj = c(xj )∆t/∆x are the Courant numbers. Substituting equations (2) and (3) into equation (1),
we obtain the following recursion formula,
"
#
M
X
k+1
k−1
k
2
k
k
k
uj = 2uj − uj + rj a0,j uj +
am,j (uj−m + uj+m ) + [c(xj )∆t]2 F (xj , tk ).
(6)
m=1

Stability Analysis
The stability of the method can be obtained by the Von Neumman analysis (Strikwerda, 1989). Taking
(7)

ukj = Ak ei(jξ∆x) ,

where ξ is the wavenumber and A is the amplification factor. The FD scheme is stable if the amplification
factor is such that |A| ≤ 1. Substituting equation (7) into equation (6), without considering the source
term, we have
A2 − βj A + 1 = 0,
(8)
where
βj = 2 + 2rj2

M
X

(9)

am,j (cos(mξ∆x) − 1).

m=1

Solving the above equation for A, we find
βj ±
A=

q

βj2 − 4

2

(10)

.

Therefore, if |βj | ≤ 2 we have |A| ≤ 1, and then the FD scheme is stable. Assuming that, in general,
the error increases with the wavenumber, we can consider the Nyquist wavenumber ξN yq = π/∆x as the
maximum value for ξ. Computing βj for ξ = ξN yq we obtain
βj = 2 + 2rj2

M
X
m=1

am,j (cos(mπ) − 1) = 2 − 4rj2

M
X
m=1

a2m−1,j ,

(11)
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Figure 1: Variation of σ with r for different values of the length operator M , in the one-dimensional case.
where M is the integer part of the half of M . Now, since from equation (4), a2m−1,j > 0, the method is
stable if
M
X
−1/2
rj ≤
a2m−1,j
≡ σ(rj ).
(12)
m=1

In Figure 1 we show the behaviour of σ(rj ) for different values of M . From that figure, we can conclude
that relation (12) is satisfied if rj ≤ 1.
Dispersion Analysis
The condition rj ≤ 1 guarantees the stability of the FD scheme, but not prevent it for numerical errors due
to dispersion. The dispersion occurs when the phase velocity vj and propagation velocity cj = c(xj ) are
different. The difference is measured by the ratio between them, given by
ψj =

vj
ϕj /ξ
=
,
cj
cj

(13)

where ξ is the wavenumber and ϕj is the dispersion angular frequency determined by plane wave theory
applied to the recursion formula (6). Taking
ukj = ei(ξxj −ϕj tk ) ,

(14)

and substituting it into equation (6), we find
v
u
M
 mγ 
u X
2
arcsin trj2
am,j sin2
,
ϕj =
∆t
2
m=1

(15)

v
u
M
 mγ 
u X
2
ψj =
arcsin trj2
am,j sin2
.
rj γ
2
m=1

(16)

where γ = ξ∆x. Therefore,

If ψj is far from 1, the FD scheme is very dispersive. Therefore, we want some condition that makes
ψj ≈ 1. Figure 2 depict the dispersion curves, i.e., the variation of ψj with γ, in the cases M = 2 and
M = 12 for some values of rj in the interval (0, 1). We can observe that the region for γ that makes ψ ≈ 1
increases with the increasing of M .
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Figure 2: Dispersion variation with γ for different values of r and M = 2 (left) and M = 12 (right).
The Choice for ∆x, ∆t and M
Before presenting the method that chooses the length operator M , we will explain why ∆x can be fixed
without loss of accuracy or stability. Based on Figure 2, given  > 0 and M ≥ Mmin ≥ 1, there exist
γmax and rmax such that,
|ψ − 1| ≤  if

γ ≤ γmax

and r ≤ rmax .

(17)

Denoting by λ the wavelength and f the frequency, we can write
γ = ξ∆x =

2π∆x
2πf ∆x
=
.
λ
c

(18)

Assuming that the maximum frequency is fmax and the minimum velocity is cmin , we have that
γ ≤ γmax

if ∆x ≤

γmax cmin
.
2πfmax

(19)

Once ∆x is chosen, ∆t can be given by
∆t ≤

∆x rmax
,
cmax

(20)

where cmax is the maximum velocity. Remember that for the FD scheme to be stable is necessary that
rmax < 1. For example, let us consider the case of fmax = 30 Hz, cmin = 1.5 km/s, cmax = 5 km/s, and
the tolerance for the dispersion  = 0.05. For Mmin = 2, from Figure 2 we can choose γmax = 2 and
rmax = 0.5. Therefore, we can take ∆x ≈ 15 m and ∆t ≈ 1.5 ms.
Now, let us explain how to choose the length operator Mj according to the velocity cj . For a fixed M
the error in the FD scheme can be measured by the difference between FD and exact propagation times,
µ(M, cj ) =

∆x 1
∆x ∆x
−
=
−1 ,
vj
cj
cj ψ j

(21)

where ψj is given by equation (16) with
γ=

2πfmax ∆x
.
cj

(22)

Therefore, for a fixed maximum error η > 0, we choose Mj as the minimum M ≥ Mmin such that
µ(M, cj ) ≤ η.

(23)

Following the numerical example above, in Figure 3 we show the values of Mj according to equation (23)
for different values of cj and η.
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TWO-DIMENSIONAL MODELING
The analysis of the two-dimensional case is very similar to what we have done in the previous section. For
n = 2 we consider the following FD scheme,
Utt (xj , z` , tk ) ≈

i
1 h
k+1
−2ukj,` + (uk−1
j,` + uj,` ) ,
2
∆t

(24)

"
#
M
X
1
a0,j,` ukj,` +
am,j,` (ukj−m,` + ukj+m,` ) ,
Uxx (xj , z` , tk ) ≈
∆x2
m=1

(25)

"
#
M
X
1
a0,j,` ukj,` +
am,j,` (ukj,`−m + ukj,`+m ) ,
Uzz (xj , z` , tk ) ≈
∆z 2
m=1

(26)

where ukj,` = U (xj , z` , tk ), xj = x0 + j∆x, z` = z0 + `∆z, tk = k∆t, with j = 0, 1, . . . , J, ` =
0, 1, . . . , L and k = 0, . . . , K. We will consider a regular grid, i.e, ∆x = ∆z, and the coefficients am,j,`
are given by the solution of the followig Vandermonde linear system (Liu and Sen, 2009; Finkelstein and
Kastner, 2007)
2n−2
M
X
rj,`
m2n am,j,` =
, n = 1, 2, . . . , M,
(27)
fn (θ)
m=1
a0,j,` = −2

M
X

am,j,` ,

(28)

m=1

where rj,` = c(xj , z` )∆t/∆x are the Courant numbers, fn (θ) = cos2n (θ) + sin2n (θ), and θ is the propagation angle. Observe that am,j,` ≡ am,j,` (θ) and that function fn is periodic, i.e., fn (θ) = fn (bπ/2 ± θ),
with b an integer. Substituting equations (24)–(26) into equation (1) with n = 2, we obtain the following
recursion formula,
"
#
M
X
k+1
k−1
k
2
k
k
k
k
k
uj,` = 2uj,` −uj,` +rj,` 2a0,j,` uj,` +
am,j,` (uj−m,` + uj+m,` + uj,`−m + uj,`+m ) +F (xj , z` , tk ).
m=1

(29)

Stability Analysis
Similar to the one-dimensional, we use the Von Neumman Analysis. Taking,
ukj,` = Ak ei(jξx ∆x) ei(`ξz ∆x) ,

(30)
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Figure 4: Right: Variation of σ with r for different values of the length operator M , in the two-dimensional
case. Left: Dispersion variation with the propagation angle.
where ξx and ξz are the wavenumbers in x and z,respectively, and A is the amplification factor. Substituting
equation (30) into equation (29), we find

where
2
βj,` = 2 + 2rj,`

M
X

A2 − βj,` A + 1 = 0,

(31)

am,j,` (cos(mξx ∆x) + cos(mξz ∆x) − 2).

(32)

m=1

Solving the above equation for A, we obtain
βj,` ±
A=

q

2 −4
βj,`

2

(33)

.

Again, if |βj,` | ≤ 2, we have |A| ≤ 1, and then the FD scheme is satble. Using the same argument as
in the one-dimesnsional case, i.e., that the error increases with the wavenumber, we can take the Nyquist
wavenumber, ξN yq = π/∆x = π/∆z, as the maximum values for ξx and ξz . Computing βj,` for ξ = ξN yq ,
we find
M
M
X
X
2
2
βj,` = 2 + 4rj,`
(cos(mπ) − 1) = 2 − 8rj,`
a2m−1,j,` .
(34)
m=1

m=1

Since from equation (27), a2m−1,j,` > 0, the method is stable if
rj,`

M
 X
−1/2
a2m−1,j
< 2
≡ σ(rj,` ).

(35)

m=1

In Figure 4 we can observe the behaviour of σ(rj,` ) for differente values of M . From that figure, we can
conclude that relation (35) is satisfied if rj,` ≤ 0.7.
Dispersion Analysis
Similarly to the one-dimensional case, we define
ψj,` =

vj,`
ϕj,` /ξ
=
,
cj,`
cj,`

(36)

where ξ is the wavenumber and ϕj,` is the dispersion angular frequency determined by plane wave theory
applied to the recursion formula (29). Taking
ukj,` = ei(ξx xj +ξz z` −ϕj,` tk ) ,

(37)
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Figure 5: Source wavelet in time (left) and frequency (right) domain.
where ξx = ξ cos θ, ξz = ξ sin θ, θ is the propagation angle, and substituting it into equation (29), we find

ϕj,`

v
u

M




u
X
2
2 m sin(θγ)
2 m cos(θγ)
t
2
+ sin
,
arcsin rj,`
=
am,j,` sin
∆t
2
2
m=1

(38)

where γ = ξ∆x. Therefore,

ψj,`

v
u

M
 m cos(θγ) 
 m sin(θγ) 
u
X
2
2
=
am,j,` sin2
arcsin trj,`
+ sin2
.
rj,` γ
2
2
m=1

(39)

Observe that ψj,` ≡ ψj,` (θ) = ψj,` (π/2 ± θ), and then we can compute ψj,` only for θ ∈ [0, π/4]. In
the right of Figure 4 we can observe the dispersion curves ψj,` in the case of M = 10, c = 3 km/s,
∆x = 0.01 km, ∆t = 0.001 s, for different values of the propagation angle. We can observe that θ = π/4
is the value for which ψj,` ≈ 1, and it is this value that we are going to use in the numerical experiments.
The Choice for ∆x, ∆z, ∆t and M
The choice of parameters ∆ = ∆x = ∆z and ∆t is as in the one-dimensional case. For a fixed maximum
error η > 0, we choose Mj,` as the minimum M ≥ Mmin such that
µ(M, cj,` ) =

∆
∆
∆x 1
−
=
− 1 < 1.
vj , ` cj,`
cj,` ψj,`

(40)

NUMERICAL EXPERIMENTS
In this section we presente the numerical simulations for the one- and two-dimensional cases, for a source
term given by F (x, t) = δ(x − xS )g(t), where δ is the Dirac’s delta function, xS is the source position,
and g is a Ricker wavelet, with peak frequency of 20 Hz,
2

g(t) = (1 − 2(20πt)2 )e−(20πt) .

(41)

as illustrated in Figure 5. For the discretization, we have
F (xj , tk ) =

1
1
δj,j s(tk ) or F (xj , z` , tk ) = 2 δj,jS δ`,`S g(tk ),
∆x S
∆

(42)

where jS and `S are the indices for the source position and δp,q denotes the Kronecker delta. Regarding
the boundary conditions, we used a time window [0, Tmax ] and a large box in the space domain to avoid
unwanted reflections from the boundary.
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Figure 9: (a) Comparison of the solutions between adaptive FD and conventional FD with a
long spatial operator. (b) Difference.

Figure 10: (a) Comparison of the solutions between adaptive FD and conventional FD with a
short spatial operator. (b) Difference.

One-Dimensional Modeling
We used the following parameters: ∆x = 10 m, ∆t = 1 ms, η = 10−3 , xS = 0, and the velocity profile
depicted in Figure 6. Figure 7 shows the solution of the adaptive FD schemes for some time values, and in
Figure 8 we show the full seismogram.
We compare the solutions for different choices of the length operator: (i) M computed in the adaptive
way, (ii) M fixed and based on the lowest velocity (long), (iii) M fixed and based on the highest velocity
(short), and (iv) M = Mmin = 2 (since depending on the velocity, M may not reach Mmin ).
In Figures 9 and 10 we compare the solutions from the adaptive scheme and the ones computed with a
conventional FD scheme with long and short spatial operators. We can observe that there is no significant
dispersion, as expected, whereas in Figure 11, which depicts the solution using M = Mmin , the dispersion
is significant. Figure 12 shows the value of the length operator chosen by the method (23).
To validate our algorithm, we also compared the solution from the FD schemes with the analytical
solution of the wave equation with constant velocity (negative x in the model). The results, for two different
times, are shown in Figures 13 and 14. To compare the computational effort of the algorithms, in Figure 15
we show the computational times for the algorithms, for different values of η.

Two-DimensionalModeling
For the two-dimensional modeling we used the following paramenters: ∆x = 10 m, ∆t = 0.001 ms,
η = 10−4 , xS = (0, 0), and with the velocity model shown in Figure 16. The snapshots for the adptive
scheme are show in Figures 17 and 18, and Figure 19 depicts the variation of the length operator M with
the velocity.
Figures 20 and 21 show the solutions from the adaptive scheme and the ones computed with a conventional FD scheme with long and short spatial operators. Figure 22 exhibit the computational time for the
algorithms only for η = 10−4 .
CONCLUSIONS
We tested the adaptive FD scheme for the acoustic wave equation proposed by Liu and Sen (2011). The
advantage of the new approach is that it is possible to have a better accuracy than the conventional method
with the same discretization. We presented dispersion and stability analysis, with sopme numerical experiments.
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THE COST FUNCTION USED IN 3D MCSEM INVERSION - IS
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ABSTRACT
The validity of the first Born approximation as used in the inversion of marine Controlled Source
Electromagnetic (mCSEM) data is investigated. It is demonstrated that a Born based cost-function
can lead to potential large errors. As an alternative, the Extended Born approximation is advocated
for here. It represents a modest increase in computational effort and gives significantly more accurate
results.

INTRODUCTION
In order to speed up the computations during 2D and 3D inversion of mCSEM data, the first order Born
approximation (Born, 1933) has been frequently used. Zhigang et al. (2008) applied a Born type of inversion to data from the Troll field in the North Sea. Yuan et al. (2009) inverted data from the Gulf of
Mexico employing a numerical scheme where the gradient calculation inside the inversion loop was based
on Born. It is well known that the Born assumption can lead to erroneous errors in case of larger scattering
contrasts. This often leads to underestimated values which an inversion scheme tries to compensate for by
introducing a larger fictitious anomalous area (blurring). During the recent years a number of scattering
approximations beyond Born have therefore been introduced within EM. These include the Extended Born
(EB) approximation (Habashy et al., 1993), the Quasi Analytical (QA) approximation (Zhdanov et al.,
2000) and the Diagonal Tensor approximation (Song and Liu, 2005). For a more complete discussion of
approximate methods the reader is referred to Gelius (2007).
In this paper we demonstrate that the Born approximation is not a good choice when constructing the
cost function for inversion of mCSEM data. In a previous study Gribenko and Zhdanov (2007) proposed
to employ a Quasi-Analytical (QA) type of cost function. We show here that the use of the even simpler
Extended Born approximation should be equally adequate.
ELECTRIC FIELD EQUATION AND ITS APPROXIMATIONS
We assume an inhomogeneous 3D anomaly defined by a volume D embedded in a background model
(homogeneous or layered). The scattered field response, in case of EM illumination is described by the
electric field equation (Hohmann, 1975)
Z
Ge (r, r0 ) ∆σ(r0 ) E(r0 ) d3 r0 ,
(1)
Es (r) = E(r) − Eb (r) =
D

where E(r), Es (r) and Eb (r) represent the three-dimensional total, scattered and background electric
fields all of them evaluated at the three-dimension position vector, r. Moreover, Ge (r, r0 ) and ∆σ(r0 ) are
3 × 3 matrices representing the dyadic Green’s function and conductivity contrast function of the anomaly,
respectively, all referred to the running three-dimension position vector, r0 of the volume integral. The
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anomalous conductivity contrast is explicitly given by
(2)

∆σ = σ − σb I ,

where σb is the conductivity of the (homogeneous) background medium and I is the 3 × 3 identity matrix.
Exact solution
To ensure convergence by the iterative dissipative method (MIDM) (Singer and Fainberg, 1995; Pankratov
et al., 1995; Gelius, 2007), Eq.(1) is transformed into the scattering equation
√
α Es (r) = GcD (β α Es ) + σb Es,B (r) ,
(3)
where Es,B is the scattered field within the Born approximation as given by equation (7) and
1
α = √ [∆α + 2σb I] ,
2 σb

β = ∆σ[∆α + 2σb I]−1 .

Moreover, a so-called contrastive operator has been introduced in equation (3), i.e.
√
√
GcD (x) = σb GD (2 σb x) + x, kGcD (x)k ≤ kxk .

(4)

(5)

with the integral operator GD defined later in equation (11). Based on the method of successive iterations
(Neumann series) the iterative version of equation (3) can be constructed as (Gelius, 2007)
√
α E(n)
= GcD (β α E(n−1)
) + σb Es,B .
(6)
s
s
In this paper, equation (6) is employed to compute the exact solution of the scattering problem considered.
Born approximation
This is the case in which the total field inside the anomalous volume is replaced by the background field.
Thus, equation (1) simplifies to the Born-approximated scattered field, Es,B (r), given by
Z
Es,B (r) = E(r) − Eb (r) =
Ge (r, r0 ) ∆σ(r0 ) Eb (r0 ) d3 r0 .
(7)
D

Extended Born approximation
Note that equation (1) is also valid within the anomalous region D where it can be simplified by the
Extended Born (EB) approximation (Habashy et al., 1993), which makes use of the singularity of the
Green’s function when r = r0 . This gives rise to the Extended Born approximation of the total field inside
the anomalous region, EEB (r), given by
Z
EEB (r) ∼
Ge (r, r0 ) ∆σ(r0 ) d3 r0 , r ∈ D ,
(8)
= Eb (r) + EEB (r)
D

or, alternatively,
EEB (r) = Γ(∆σ(r)) Eb (r) ,

r∈D,

where the EB scattering tensor, Γ(∆σ), is explicitly given as
h
i−1
Γ(∆σ) = I − GD (∆σ)
.
in which
GD (∆σ)(r) =

Z

Ge (r, r0 ) ∆σ(r0 ) d3 r0 .

(9)

(10)
(11)

D

Substitution of equation (9) into equation (1) allows us to recast the Extended Born approximation of the
scattered field as
Z
Ge (r, r0 ) ∆σ(r0 ) Γ(∆σ(r0 )) Eb (r0 ) d3 r0 ,
(12)
Es,EB (r) =
D

valid for all position vector r.
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mCSEM and the Born approximation
In later years mCSEM has been introduced as a supplementary exploration technique to seismic. Unlike
seismic, mCSEM is rather sensitive to saturation changes in a gas-brine reservoir and can also discriminate
better between oil and brine. In case of a hydrocarbon reservoir (characterized by a significantly lower
conductivity than the surroundings), guided or refracted diffusive waves are generated at reservoir level.
These waves are less attenuated and can be detected at receivers mounted on the seafloor at source-receiver
offsets from about 2km and above (Eidesmo et al., 2002) (cf. Fig.1).

Figure 1: Guided waves inside hydrocarbon reservoir.
The Born approximation fails to describe the physics of mCSEM from several reasons. In particular,
a) From equation (7), the phase of the electric field inside the anomaly is the same as that of the incident
or background field. This is in conflict with the observed guided-wave phenomenon.
b) Under a perturbation, ∂(∆σ), of the anomalous conductivity, the corresponding perturbation of the
Born-approximated scattered field (cf. equation (7)) has the form
Z
∂Es,B (r) =
Ge (r, r0 ) ∂(∆σ)(r0 ) Eb (r0 ) d3 r0 .
(13)
D

Under the consideration of a localized perturbation of the anomalous conductivity centered at the
point r0 ,
(14)
∂(∆σ)(r) = (∂) δ(r − r0 ) ,
in which ∂ is a small constant, the corresponding Born-approximated wavefield (cf. equation (7))
is given by
∂Es,B (r) = Ge (r, r0 ) (∂) Eb (r0 ) .
(15)
We now take into account the natural decomposition (Einstein summation involved)
∂ = ∂ij I ij ,

(16)

of the matrix ∂ = (∂ij ). For each pair (i, j), I(ij) represents the 3 × 3 matrix with all zero entries
except the one at position (i, j), that has a unit value. Substitution of the above decomposition into
equation (15) yields
(17)
∂Es,B (r) = ∂ij Ge (r, r0 ) I ij Eb (r0 ) ,
which, in turn, produces the Fréchet derivative of the Born-approximated scattered field with respect
to the component ij
∂Es,B (r)
= Ge (r, r0 ) I ij Eb (r0 ) ,
(18)
∂ij
The above equation states that the Born-approximated wavefield is independent of the contrast of the
scattering volume. This result may potentially give rise to large errors as demonstrated below when
used in a cost-function.
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Consider now the simple scattering model as shown in Fig. 2. It represents a simplified mCSEM scenario
with a homogeneous overburden (no sea layer) and a horizontal electric dipole (HED) source. In the
simulations a source frequency of 0.25 Hz was employed. The conductivity of the background medium
was set to 0.5 S/m. We consider the inline horizontal electric field component. The results obtained using
the Born approximation are compared with calculations employing the exact solution of equation (1). In
the simulations we assume a single receiver located at the origin (cf. Fig. 2).

Figure 2: Numerical test model.

Low-contrast case
In the first example the conductivity of the scatterer is initially set to 0.49 S/m, which represents a weak
contrast relative the background. We assume a cost-function with a Fréchet derivative based on equation
(18) and simulate changes in the scattered field in case the contrast changes between 1 and 5%. The relative
errors in magnitude and phase when compared with the exact result are shown in Figures 3a and b. Even
in this low-contrast case, the errors are not negligible (error in magnitude in the order of 11% and error in
phase in the order of 2%).

(a)

(b)

Figure 3: Relative errors in (a) magnitude and (b) phase. Low-contrast case.
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High-contrast case
In the second example the conductivity of the scatterer is initially set to 0.01 S/m, which represents a strong
contrast relative the background. We assume again a cost-function with a Hessian based on equation (7)
and simulate changes in the scattered field in case the contrast changes between 1 and 5%. The relative
errors in magnitude and phase when compared with the exact result are shown in Figures 4a and b. These
errors are now seen to be erroneous: in the order of 83 - 84% for the magnitude and in the order of 14.5 15% for the phase.

(a)

(b)

Figure 4: Relative errors in (a) magnitude and (b) phase. High-contrast case.

EXTENDED BORN VERSUS BORN
In this section, a direct comparison between the EB and Born approximations is carried out. We employ
the same test model as sketched in Fig. 2 and consider again the inline electric field component calculated
for a receiver placed at the origin. This time we allow the conductivity of the scatterer to vary within a
large range of values:

0.001 ≤ σ ≤ 0.49

[S/m]

Scattered fields are computed based on respectively equation (7) (Born) and equation (12) (Extended Born).
Both results are compared with the exact solution and relative errors are calculated. Figures 5a and b show
the relative errors in respectively magnitude and phase in case of the Born approximation. At both moderate
and larger contrasts these errors are very large as expected. Figures 6a and b show the corresponding results
in case of the Extended Born approximation. The errors have now been reduced significantly and for most
contrasts the relative error level is between 2 - 4% for the magnitude and less than 1% for the phase.
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(a)

(b)

Figure 5: Relative errors in (a) magnitude and (b) phase in case of Born approximation.

(a)

(b)

Figure 6: Relative error in (a) magnitude and (b) phase in case of Extended Born approximation.
RESPONSE TO LOCALIZED PERTURBATION OF ANOMALOUS CONDUCTIVITY IN CASE
OF EXTENDED BORN APPROXIMATION
For completeness we will now derive the wavefield (perturbation) response, under the Extended-Born
approximation (cf. equation (12), of the localized conductivity perturbation of equation (14). As a first
step, we compute the perturbation of the EB scattered field under a general conductivity perturbation, ∂σ.
We have
Z
n
o
Ge (r, r0 ) ∂ ∆σ(r0 ) Γ(∆σ(r0 )) Eb (r0 ) d3 r0 .
(19)
∂Es,EB (r) =
D
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n
o
∂ ∆σ Γ(∆σ) = [∂∆σ] Γ(∆σ) + ∆σ [∂Γ(∆σ)] ,

as well as that

2

2

∂Γ(∆σ) = Γ (∆σ)∂[GD (∆σ)] = Γ (∆σ)GD (∂∆σ) .

(20)
(21)

Substitution of equations (20) and (21) into equation (19), as well as comparison with equation (13) allow
us to recast the Extended Born, scattered-field perturbation of equation (19) as a sum of two terms, namely
(1)

(2)

∂Es,EB (r) = ∂Es,EB (r) + ∂Es,EB (r) ,
where
(1)
∂Es,EB (r)

and

Z

(23)

D

Z

(2)

∂Es,EB (r) =

Ge (r, r0 ) (∂∆σ)(r0 ) Γ(∆σ(r0 )) Eb (r0 ) d3 r0 ,

=

(22)

2

Ge (r, r0 ) ∆σ(r0 ) Γ (∆σ(r0 ))[GD (∂∆σ)](r0 ) d3 r0 .

(24)

D

Localized conductivity perturbation
In the case of a localized conductivity perturbation of equation (14), simplifications occur. We find
Z
(1)
∂Es,EB (r) =
Ge (r, r0 ) (∂) δ(r0 − r0 ) Γ(∆σ(r0 )) Eb (r0 ) d3 r0
D

= Ge (r, r0 ) (∂) Γ(∆σ(r0 )) Eb (r0 ) ,
and
(2)
∂Es,EB (r)

Z
=

2

Ge (r, r0 ) ∆σ(r0 ) Γ (∆σ(r0 ))Ge (r, r0 ) (∂) Eb (r0 ) d3 r0 ,

(25)

(26)

D

where we have used the fact that
GD (∂∆σ(r)) =

Z

Ge (r, r0 ) (∂) δ(r0 − r0 ) d3 r0 = Ge (r, r0 ) (∂) .

(27)

D

To obtain our final expression, we observe that, for the one-dimensional background model, Eb , we have
parallel vectors for all position vectors. In particular, we can write
Eb (r0 ) = ψ(r0 , r0 ) Eb (r0 ) ,

(28)

Eb (r0 )EH
b (r0 )
.
EH
(r
)E
0
b (r0 )
b

(29)

with
ψ(r0 , r0 ) =

Substituting equation (29) into equation (26) and collecting results, we arrive at our desired formula for the
scattering field perturbation under the Extended Born approximation:
n
o
∂Es,EB (r) = Ge (r, r0 )(∂)Γ(∆σ(r0 )) + K(r, r0 ) Eb (r0 ) .
(30)
with the notation
Z
K(r, r0 ) =

2

Ge (r, r0 ) ∆σ(r0 ) Γ (∆σ(r0 )) Ge (r0 , r0 ) (∂) ψ(r0 , r0 ) d3 r0 ,

(31)

D

When compared with the Born approximation case (cf. equations (17) and (18), the Fréchet derivative of
both terms in the integrand of equation (30) can be seen to be dependent on the scattering contrast. Thus
the Fréchet derivative of the Extended Born approximation is no longer contrast independent.
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CONCLUSIONS

This paper has investigated how accurate the Born approximation is when used as part of a cost function
for inversion of mCSEM data. The analysis has been carried out employing simple numerical models, and
even for such idealized cases the Born model is shown to be very inaccurate. Moreover, the corresponding
Fréchet derivative within a Born approximation is shown to be independent of the contrast of the anomalous
(scatterer) region. A much improved result can be obtained if the Extended Born approximation is being
employed. It represents a rather modest increase in computational effort and ensures a significant improvement in accuracy. It is also shown that in case of the Extended Born approximation the corresponding
Fréchet derivative is contrast dependent as it should be from a physical point of view.
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ABSTRACT
In this work, the performance of two coupled second-order pseudo-acoustic differential equations
were tested on various 2D TTI macro-models. At this, we examined particularly the relation between
artificially varied amounts of shear-wave velocity and the stability of the modelling. Moreover, the
effect of smoothing the underlying macro-model was studied. Contrary to expectations, reducing
parameter contrasts may have a positive effect for simple models in a weakly anisotropic environment but turns out to become counter-productive in more complex models or models with stronger
anisotropy.
Based on our investigations, we conclude that models with a rapid varying tilt of the symmetry axis
and an increased number of interfaces favour the activation of non-physical, with propagation time
growing solutions for pseudo-acoustic wave equations using the differential operators presented.

INTRODUCTION
The need for efficient and robust algorithms which take anisotropy into account, leads to a pseudo-acoustic
approach which can be derived from the P-SV dispersion relation for the full-elastic system (Alkhalifah,
1998). Unfortunately, modifying this relation by setting the amount of shear-wave velocity along the axis
of symmetry artificially to zero not only simplifies qP-wave modelling but also enhances the model results
to become susceptible to numerical instabilities in tilted transversely isotropic (TTI) media. This is the case
for numerous so far presented pseudo-acoustic wave equations (e.g Zhou et al. (2006); Du et al. (2008);
Duveneck et al. (2008)). Especially in acoustic media with a varying tilt of the symmetry axis relative to
the coordinate system, all of them turned out to produce unphysical solutions for the wave equation which
distort the modelling even after a few iteration steps (Bube et al., 2012). Coming from the conjecture that
zero shear velocities normal to the symmetry plane cause numerical instability, Fletcher et al. (2009) advertised a new finite shear-wave velocity attempt which turned out to become numerically unstable as well
in TTI media.
Based on their approach, we examine the performance of the two coupled second-order differential equations (PDEs). The main purpose of these studies is to get a better idea of how to stabilise and (at best)
prevent the activation of non-physical solutions of the wave equation in a TTI environment.
DERIVATION OF THE PSEUDO-ACOUSTIC WAVE EQUATION
The pseudo-acoustic wave equation is based on the dispersion relation of the three wave modes P, SV
and SH which are obtained when solving the Christoffel equation for its eigenvalues and associated
eigenvectors.
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Since the SH-mode is decoupled, the P-SV dispersion relation for the phase velocities in the general 3D case is given by

2
2
2
2
2
2
ω 4 = [(Vpx
+ Vsz
)(k̂x2 + k̂y2 ) + (Vpz
+ Vsz
)k̂z2 ]ω 2 − Vpx
Vsz
(k̂x2 + k̂y2 )2
2
2 4
2
2
2
2
2
2
− Vpz
Vsz
k̂z + [Vpz
(Vpn
− Vpx
) − Vsz
(Vpn
− Vpz
)] · (k̂x2 + k̂y2 )kz2 ,

(1)

where ω is the angular
√ frequency, Vpz and Vsz are the P and S-wave velocities parallel to the symmetry
1 + 2δ is defined as the normal moveout velocity (Fletcher et al., 2009). The quantity
axis and Vpn
=
V
pz
√
Vpx = Vpz 1 + 2ε denotes the P-wave velocity parallel to the symmetry plane. By setting Vsz = 0, the
dispersion relation corresponds to the approximation from which the first pseudo-acoustic wave equation
was derived by Alkhalifah (1998). The parameters k̂x , k̂y and k̂z are rotated wavenumbers with respect to
the symmetry axis in TI media.
The solution for equation 1 is given by one fourth order or two coupled second-order partial differential
equations in time that are obtained by substituting the expression for the wave numbers from equation
4 into the dispersion relation 1 and multiplying both sides with the pressure wave field p(ω, kx , ky , kz ).
Then, an inverse Fourier transform to both sides leads to the final equations presented by Fletcher et al.
(2009)
∂2p
2
2
2
= Vpx
H2 p + αVpz
H1 q + Vsz
H1 (p − αq) + S
∂t2
2
Vpn
∂2q
2
2
=
H2 p + Vpz
H1 q − Vsz
H2
∂t2
α




1
p−q +S .
α

(2)

Here, q(ω, kx , ky , kz ) denotes an auxiliary wave field and α = 1 is a non-zero scaling factor. In the
degenerated isotropic case, wave field p(ω, kx , ky , kz ) equals q(ω, kx , ky , kz ) and both PDEs from 2 are
identical. The variable S represents the source function and H1 and H2 are two introduced differential
operators that contain single and mixed-space derivatives (for more details see appendix A).
Since the numerical studies are performed in the two-dimensional x-z-domain, all derivatives with respect
to the y-direction are zero. For the sake of minimising computational resources, spatial derivatives in
equation 2 are solved using a pseudo-spectral algorithm introduced by Kosloff and Baysal (1982). The
time integration is approximated using fourth-order Taylor expansions.
NUMERICAL STUDIES
The stability of the wave equation has been studied exemplary for the two-dimensional case on 105 synthetic anisotropic models ranging from homogeneous VTI models to more complex geological structures
with strong anisotropy and a rapid varying tilt angle θ. The reason for this large number of experiments is
to find a common thread in
(a) the parametrisation of the anisotropy
(b) the complexity of the geology
of the models that are likely to end in numerical instability.
We tested each model with 14 different shear-wave velocities, in order to point out their effect on the
modelling. In addition to that, we investigated whether smoothing the underlying macro-model can be
used to preserve stability. For this report, three subsurface models have been chosen representatively of
which the studies will be demonstrated in detail.

Annual WIT report 2013

185

Table 1: Parameters of representative macro-models

δ
θ
Model 1
0.1
0.01
60◦
Model 2
0.11
-0.035
40◦
◦
◦
Model 3
0.15
0.081
0 , 31 , 51◦ , 60◦

Model 1 and model 2 are two-layered models with an isotropic top layer with Vpz = 3000 m s−1 and a
subjacent weakly TTI layer. The lower layer of model 2 resembles a Taylor sandstone where the parameters
are taken from Thomsen (1986). Model 3 represents a geologically more complex anisotropic structure
with an overhang in an isotropic environment. It is based on a model from Fletcher et al. (2009) and is
characterised by velocity contrasts between 2740 and 6000 m s−1 and strong variations in the tilt axis
between 0◦ and 60◦ .
Apart from the Thomsen parameters that define the anisotropy in the models, a fourth parameter σ is
introduced to describe the kinematics of SV-waves (e.g. Tsvankin, 2001):

σ≡

Vpz
Vsz

2
(ε − δ).

(3)

The value of σ has been chosen in the range of 0.2 - 6 for each model. For σ → ∞, the SV-velocities in
the model become zero. Unfortunately, strong diamond-shaped shear-wave artefacts may impair the image
and the ratio Vpz /Vsz becomes physically unrealistic (Fletcher et al., 2009). For σ → 0, triplications in the
SV-wave front disappear in strong anisotropic media. However, in this case the shear-wave velocities may
become unphysically large.

RESULTS
General stability issue
Presenting the global maximum pressure amplitude over time for the example cases illustrates the
well-known stability issue of the pseudo-acoustic wave equation.
Figure 1a) shows the global pressure trend of a wave field propagating in the weakly anisotropic twolayered model 1 with varying shear-wave velocities governed by σ. Despite a strong vertical variation of
the tilt angle θ at the boundary layer, wave propagation can be considered as stable over time.
Figure 1b) presents the trend of the global maximum pressure for model 2 in a weakly anisotropic environment of a Taylor sandstone. At first glance, the result for the propagating wave field remains relatively
constant for all values of σ. However, after roughly 12000 iteration steps, the pressure amplitudes of all σ
values except σ = 0.2 start to grow.
In contrast, the pressure trend of the geologically more complex model 3 is presented in figure 1c). Here,
the pressure amplitudes of the propagating wave fields become unstable after roughly 3100 iteration steps.
At this point, wave fields with smaller shear-wave velocities tend to become unstable more easily. By comparing the gradient of the amplitude trends, one can recognise a slightly steeper slope for larger values of σ.
Combined with findings obtained from other test runs, the connection between parametrisation, number
of boundaries in the geology and unstable model results over time turn out to be very complex. Therefore,
a direct determination of whether a subsurface configuration is suitable for modelling or not is impossible.
Consequently the performance of smoothing is tested to reduce parameter contrasts in the model and delay
instabilities occurring during modelling.
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Figure 1: Global maximum pressure over time for (a) model 1 with a weakly anisotropic layer, (b) model
2 with a subjacent weakly anisotropic Taylor sandstone layer and (c) model 3 with a variable tilt angle for
varying values of σ. The amplitudes are scaled logarithmically.

Smoothed macro-models
Fletcher et al. (2009) hints at rapid alterations of the orientation of the symmetry plane as the origin
of numerical instabilities in the model. For the numerical studies, the macro-models were smoothed
iteratively with a weighted two-dimensional window of second order. The intensity of smoothing has been
controlled by applying the smoothing operator repeatedly to the model. For smoothing seismic velocities,
the filter is applied on their slowness in order to preserve time-depth relations. The tilt angle distribution
is smoothed without inversion. The result leads to smaller amplitude contrasts at the cost of decreasing
spatial resolution of the structures in the model. Fortunately, not too strong smoothing the macro-model
does not necessarily lead to inaccurate migration results using pre-stack RTM (Tessmer, 2003).
Figure 2 illustrates the results of applying the smoothing operator a) zero times, b) 500 times and c)
1000 times on the weakly anisotropic macro-model 2 which will serve as an example in this section.
Smoothing introduces spatial parameter changes to the macro-model. As a result, the formerly stable
numerical computations for a wave field in model 1 becomes highly unstable in figure 2b) 500 smoothing
iterations and figure c) 1000 iterations. Whereas the activation of exponentially growing solutions for the
PDEs arise shortly after 4000 time steps in the former case, doubling the application of the smoothing
operator not only reduces the contrasts in the macro-model stronger, but also delays exponentially growing
pressure amplitudes. Again, higher values of σ advance the activation of numerical instabilities.
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Figure 2: Outcome of smoothing the weakly anisotropic model 1 with a different number of iterations: (a)
no smoothing, (b) 500 smoothing iterations and (c) 1000 smoothing iterations. The amplitudes are scaled
logarithmically.
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CONCLUSIONS

In this report a pseudo-acoustic wave equation was tested in TTI media. The first part of the numerical
studies considered the performance of the algorithm in 105 two-dimensional macro-models that have been
defined through anisotropic parameters, the tilt angle of the symmetry axis, the vertical P-wave velocity
and their geometries. Each model has hereby been tested with 14 different shear-wave velocities which are
controlled by the parameter σ.
Since each parameter value and its associated distribution alters the model results, the formerly stability
issue which has been linked with zero shear-wave velocities turns out to be associated additionally with
the amount of anisotropy and the number of interfaces in the model. Consequently, the complexity of
the model geometries was limited to the homogeneous, two-layered and multi-layered case in order to
facilitate the interpretation of the results.
By trying to find a common thread within the parametrisation of the models, their geometry and the
respective robustness of the model solutions, it is striking that increasing the number of interfaces within a
model while the anisotropic parameters are kept constant advances the activation of numerical instabilities.
Vice versa, the degree of anisotropy amplifies occurring non-physical solutions of the PDE. Larger values
for σ lead to a stronger activation of instabilities.
Fletcher et al. (2009) stated in their work, that rapid variations in the tilt angle of the symmetry axis
favour numerical instability. This is in accordance with our findings since smoothing the model (and
thus increasing the number of interfaces and parameter variations in the model) impairs the computations
tremendously. In the case of TTI models with a high number of variations in the tilt axis and moderate to
strong anisotropy, the pressure amplitudes are likely to end in floating-point exceptions within few time
steps. Coming from the conjecture that an increased number of interfaces in the model compromises the
robustness of the algorithm, it is understandable that smoothing is counter-productive.
Contrary to the conclusions of Fletcher et al. (2009), our studies reveal that even for non-zero shearwave velocities, long propagation times lead to instability. As opposed to Bube et al. (2012) and Fletcher
et al. (2009) who suggested that zero shear-wave velocities are the reason for numerical instabilities, we
suggest that time-growing solutions for the wave equation are likely to be inherent to the PDEs and result
from the implementation of the rotated differential operators (Zhang et al., 2011) (see appendix A).
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ACKNOWLEDGMENTS
This work was kindly supported by the sponsors of the Wave Inversion Technology (WIT) Consortium,
Karlsruhe, Germany. Especially we want to thank TEEC for the close cooperation in this work.
REFERENCES
Alkhalifah, T. (1998). Acoustic approximations for processing in transversly isotropic media. Geophysics,
63(2).
Bube, K. P., Nemeth, T., Stefani, J. P., Ergas, R., Liu, W., Nihei, K. T., and Zhang, L. (2012). On the
stability in second-order systems for acoustic VTI and TTI media. Geophysics, 77(5).
Du, X., Fletcher, R. P., and Fowler, P. J. (2008). A new pseudo-acoustic wave equation for VTI media:
70th Annual Conference and Exhibition. EAGE, Expanded Abstracts, H033.
Duveneck, E., Bakker, P. M., and Perkins, C. (2008). Acoustic VTI wave equations and their application
for anisotropic reverse-time migration. 78th Annual International Meeting, SEG, Expanded Abstracts,
2186-2190.
Fletcher, R. P., Du, X., and Fowler, P. J. (2009). Reverse time migration on tilted transversely isotropic
(TTI) media. Geophysics, 74(6).

Annual WIT report 2013

189

Kosloff, D. D. and Baysal, E. (1982). Forward modeling by a Fourier method. Geophysics, 47.
Tessmer, E. (2003). Full-Wave Pre-Stack Reverse-Time Migration by the Fourier Method and Comparisons
with Kirchhoff Depth Migration. Annual WIT report.
Thomsen, L. (1986). Weak elastic anisotropy. Geophysics, 51(10).
Tsvankin, I. (2001). Seismic Signatures and Analysis of Reflection Data in Anisotropic Media, volume 29.
Pergamon.
Voegele, M. (2013). Stability tests on a numerical solution of a pseudo-acoustic TTI wave equation. Universität Hamburg. Bachelor Thesis.
Zhang, Y., Zhang, H., and Zhang, G. (2011). A stable TTI reverse time migration and its implementation.
Geophysics, 76(3).
Zhou, H., Zhang, G., and Bloor, R. (2006). An anisotropic acoustic wave equation for modeling and
migration in 2D TTI media. 76th Annual International Meeting, SEG, Expanded Abstracts, pages 194–
198.
APPENDIX A
ADDITIONAL INFORMATION ON THE PSEUDO-ACOUSTIC WAVE EQUATION
Since the P-SV dispersion relation 1 takes TTI media into account, two angles θ and φ are adopted in the
definition of the wave numbers k̂x , k̂y and k̂z in the rotated system.
kˆx = kx cos θ cos φ + ky cos θ sin φ − kz sin θ ,
kˆy = −kz sin φ + ky cos φ,
kˆz = kx sin θ cos φ + ky sin θ sin φ + kz cos θ

(4)

Here, θ is the tilt angle of the symmetry plane relative to the vertical axis of the coordinates and φ is the
azimuth of the symmetry axis.
The two introduced differential operators H1 and H2 are given by:
∂2
∂2
∂2
∂2
2
2
2
2
+
sin
θ
sin
φ
+
cos
θ
+
sin
θ
sin
2φ
∂x2
∂y 2
∂z 2
∂x∂z
2
2
∂
∂
+ sin 2θ sin φ
+ sin 2θ cos φ
,
∂x∂y
∂x∂y
∂2
∂2
∂2
H2 =
+
+
− H1 .
∂x2
∂y 2
∂z 2
H1 = sin2 θ cos2 φ

(5)
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ABSTRACT
Full waveform inversion has the potential to recover high resolution models for multiple parameters.
Our approach is based on the gradient method, in which gradients are calculated from forward and
adjoint wavefields. Due to the geometrical amplitude decay of these wavefields, we observe high
amplitudes in the gradients around source and receiver positions. Thus, a successful inversion requires a good preconditioning. Here, we apply the inverse of a diagonal Hessian approximation for
preconditioning, which is a physically founded approach. However, its calculation is computationally expensive, as it requires one additional forward simulation for each receiver, and we therefore
calculate it only once for each frequency range. We show the preconditioning for two examples, a
transmission geometry example and a surface acquisition example. In transmission geometry, source
and receiver artefacts were removed sufficiently and the inversion was successfully performed. Still,
the effects are much more profound in the surface geometry example. Here, the gradient in shallow areas is emphasised by the acquisition geometry and the presence of surface waves while its amplitude
rapidly decays with depth. The application of our preconditioning approach mitigates these effects
and allows a meaningful model update in deeper areas.

INTRODUCTION
Full waveform inversion (FWI) aims to resolve structures of the subsurface in high resolution by minimising the misfit between modeled and observed data. To solve this optimisation problem, we use the
conjugate gradient approach (e.g. Tarantola, 1984; Mora, 1987), which uses the gradient of the misfit function to approach its minimum. This approach can be implemented very efficiently with the adjoint method
(e.g. Mora, 1987; Plessix, 2006) and is thus realisable for large model and dataset applications. Another
class of optimisation methods, the Newton methods, take into account the second derivative of the misfit
function, the so-called Hessian matrix. The use of the Hessian can significantly improve the performance
of FWI, by speeding up convergence and improving resolution. The Hessian matrix can account for geometrical amplitude effects in the gradient due to source receiver coverage and for limited-bandwidth effects
and can thus focus and sharpen the image (Pratt et al., 1998; Brossier et al., 2009). The full-Newton and
Gauss-Newton methods explicitely calculate the Hessian or in the latter case the approximate Hessian.
However, these methods are computationally very expensive and thus not attractive for realistic problem
sizes (Pratt et al., 1998). Quasi-Newton methods, such as the L-BFGS method (Byrd et al., 1995) and the
truncated Newton method (Métevier et al., 2012) are computationally more feasible, as they do not calculate the Hessian matrix directly. The L-BFGS method uses changes in gradients and models from recent
iterations to approximate the Hessian, whereas the truncated Newton formula is based on second-order
adjoint equations.

194

Annual WIT report 2013

Another approach, which includes information about the Hessian, is the use of an approximation of the
diagonal of the Hessian for preconditioning in the conjugate gradient method (Shin et al., 2001; Brossier
et al., 2009). Generally, the gradient shows high amplitudes near sources and receivers due to the geometrical spreading of the forward and adjoint wavefields. Thus, a thorough preconditioning of the gradients is
required for a successfull inversion. This can be done by Gaussian tapering around sources and receivers.
Still, a more physical and sophisticated approach is the use of the diagonal of the Hessian, which can correctly account for the geometrical amplitude effects in the gradient. In this report we will discuss the theory
and implementation of the gradient method with Hessian preconditioning for 3D elastic FWI and show its
performance for two simple examples.
THEORY AND IMPLEMENTATION
Newton and conjugate gradient methods
Full waveform inversion (FWI) aims to minimise the misfit beween observed and modeled data. We use
the L2 -norm based misfit function E given as
Z
X
1 X
dt
δui (xs , xr , t)δui (xs , xr , t)
(1)
E=
2 sources
receivers
with the i-th component of the displacement residual δui = ui − ui,obs at source position xs and receiver
position xr . Different optimisation approaches can be used for minimizing the misfit and a good discussion
about different Newton methods and gradient methods can be found in Pratt et al. (1998). We will give a
short overview here.
A Taylor expansion of the misfit function E around the model parameters m = (m1 , ..., mn )T up to second
order leads to:
1
E(m + δm) = E(m) + δmT ∇m E(m) + δmT Hδm + O(|δm|3 ).
2

(2)

Hereby H is defined as the second derivative of the misfit with respect to the model parameters, i.e.,
Hij =

∂ 2 E(m)
∂mi ∂mj

(i = 1, ...n) (j = 1, ...n).

(3)

The index n is the total number of model parameters. To find the minimum of the misfit function the
deviation of equation 2 with respect to the model perturbation δm is set zero. This gives us the following
model update:
δm = −H−1 ∇m E.
(4)
The Newton method uses this model update for an iterative solution and updates the model in iteration
k + 1 with
mk+1 = mk − H−1
(5)
k ∇m Ek .
The use of the Hessian leads to a good convergence. However, the calculation and inversion of the large
n × n Hessian matrix is highly expensive. The gradient method thus uses the following simplified update:
mk+1 = mk − αk P∇m Ek .

(6)

In this case, the model is updated in gradient direction using an appropriate step length α. In this case, the
gradient is not scaled and preconditioned by the inverse Hessian. Consequently, a preconditioning operator
P and a the estimation of α are required for the inversion to succeed. The corresponding convergence
is lower. A slight improvement in convergence of the gradient method is gained by using the conjugate
gradient c as search direction (Mora, 1987), which is given by
ck = P∇m Ek + βk ck−1 ,

(7)

where the scalar β is calculated as given by Mora (1987). This gives as the following model update:
mk+1 = mk − αk ck .

(8)
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The preconditioning operator used in the gradient method is the replace of the Hessian operator. Thus, it
is natural to use some approximation of the Hessian for preconditioning, which can lead to improvements
in the gradient method.

Gradient calculation
We use the adjoint-state method to calculate the gradients (e.g. Tarantola, 1984; Mora, 1987; Pratt
et al., 1998; Plessix, 2006). Hereby we use a time-frequency approach (Sirgue et al., 2008), where the
forward propagation is done in time domain and the gradients are calculated for few discrete frequencies
in frequency domain. To transform the wavefields from time to frequency domain, a discrete Fourier
transform is performed on the fly. A detailed introduction of our implementation can be found in Butzer
et al. (2013). For forward modeling, we use the 3D viscoelastic finite-difference code (SOFI), which is
based on a velocity-stress formulation (Bohlen, 2002). The following steps are performed to calculate the
gradient direction in each iteration k:
1. forward propagation of source wavefield across themedium
2. calculate residual between modeled and observed seismograms
3. backpropagation of residual wavefield from receivers across the medium with time-reversed residuals
acting as source-time function
in step 1) and 3): discrete Fourier transformation on the fly
steps 1)-3): these steps are performed for each source
4. gradient (∇m Ek ) calculated as multiplication of forward wavefield and conjugate backpropagated
wavefield in frequency domain and summed up over all frequencies and sources
Afterwards, a preconditioning operator is applied to the gradients and the conjugate gradient direction ck
(equation 7) is calculated. To estimate an optimal step length αk we use the misfit value of zero steplength
and of two additional test steplengths calculated for a subset of shots. The model can then be updated
according to equation 8.
The main computational time in FWI is spent for wavefield modelings. In the gradient method the number
of forward modelings is 2× (number of shots) + 2× (number shots steplength calculation).
Calculation of the diagonal Hessian approximation
In this section, we will introduce how the diagonal Hessian approximation HD , that we use for preconditioning, is calculated. Detailed discussions about the calculation of the Hessian matrix can be found in
Sheen et al. (2006) and Pratt et al. (1998). The Hessian (equation 3) can be calculated as
H = Re(Jt J∗ ) + R.

(9)

The second term R is generally small (Pratt et al., 1998), and we only use the first term, known as the
approximate Hessian. J is the Jacobian matrix, which is defined as
Jij =

∂ui
∂mj

i = 1, 2, ..., w, j = 1, 2, ..., n.

(10)

The indice i runs over all wavefield parameters w and the indice j runs over all model parameters n. For
preconditioning the calculation of H is restrained to the diagonal elements of the approximate Hessian,
with
X ∂ui ∂u∗
i
.
(11)
Hjj =
∂m
∂m
j
j
i
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The full Hessian is very large with n × n elements, whereas the diagonal Hessian only consists of n
elements. The Jacobian matrix is not explicitely calculated in the gradient method and additional computations are required to calculate it for the diagonal Hessian. The following steps describe, how the Jacobian
matrices are constructed and how the diagonal Hessian approximation HD is calculated.
1. forward propagation from each source into medium; this is already done for gradient computation
2. backpropagation of delta functions from each receiver into media to find the Green’s receiver functions
in step 1) and 2): discrete Fourier transforms on the fly
3. calculation of Jacobian matrices for each source-receiver combination by multiplication of forward
wavefield and conjugate receiver Green’s functions in frequency domain
4. calculate diagonal Hessian approximation HD as multipliaction of the complex Jacobian matrices
with their conjugate, summed up over all frequencies and source-receiver combinations
The calculation of Jacobian matrices for each source-receiver combination is required. Hence, either the
Green’s receiver functions or the forward propagated wavefields need to be stored. In our implementation,
the Hessian calculation is performed in frequency domain, which means, that these wavefields are stored
only for few discrete frequencies.
In the gradient calculation, the backpropagated wavefield is generated at all receivers simultanously. For
the calculation of HD we need the Green’s receiver functions. Thus, one forward propagation for each
receiver is performed additionally to the gradient calculations. Depending on the number of receivers, this
can be very time consuming.
To compute the full diagonal approximate Hessian, the Green’s receiver functions are calculated for each
spatial direction, which requires 3× (number receivers) modelings in step 2. We use only the component
which dominates the forward wavefield.

Application of Hessian preconditioning
After calculation of HD , as described in the last section, we use this operator to precondition the gradients.
The preconditioning operator is then given by:
P = (HD + I)−1 .

(12)

I is the identity matrix. Hereby a water level  is added to HD to stabilise the inversion. At the moment,
we estimate this water level empirically. The inversion of HD is straightforward, because we use only the
diagonal part of the Hessian.
The Hessian is calculated only once for each frequency stage, because its calculation might become quite
expensive. Then the same P is applied within this frequency stage.
EXAMPLES
Example 1 - Box in transmission geometry
Model and inversion setup Even though the implementation of the Hessian preconditioning is of main
interest for its application to FWI of complex models, we choose a relatively simple test to show its effects
on the gradients and to prove its performance in the inversion. We consider a transmission geometry test
of a box model with the size of 160×160×184 grid points corresponding to 128 m×128 m×147.2 m in x-,
y- and z-direction. The true models for the seismic velocities are shown in Figure 1, the density model is
chosen constant and known with 2800 kg/m3 . The seismic velocity models contain a box, which is divided
into four differently-sized parts with different positiv and negativ velocity variations. The vp /vs ratio is not
constant. The model does not contain a free surface. As a starting model, the homogeneous background
velocities outside the box are used.
Sources and receivers are arranged within x-y-planes, as indicated in Figure 1. We use 12 (3×4) sources
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in 88 m depth and 169 (13×13) receivers in 24 m depth. The sources are vertical directed point forces with
sin3 -wavelets as source time functions and a dominant frequency of 200 Hz.
In total, we performed 75 iterations, divided into 4 different frequency stages ranging from 160 Hz to

a)

b)

Figure 1: Real box model of vp (a) and vs (b) with indication of source and receiver plane.
290 Hz. In each stage five discrete frequencies in 10 Hz intervals were used for inversion and frequencies
increased from stage to stage.
For the general gradient method 30 forward modelings are calculated within each iteration. 169 additional
forward modelings are required for the calculation of the Green’s receiver functions, needed for the
diagonal Hessian preconditioning matrix HD . This matrix was calculated only once for each frequency
stage and used for the whole stage. Thus, for the full inversion 667 forward modelings are added to the
2250 forward modelings of the general gradient approach, which is an increase of about 30% of runtime
in this example.

Hessian preconditioning Figure 2 shows the effects of the diagonal Hessian preconditioning on the
gradients of vp and vs for the first iteration, and thus for the first frequency stage. The gradients before
preconditioning, normalised to their maximum are shown in Figure 2a) for vp and b) for vs . The high
amplitudes around sources and receivers are clearly visible. Without preconditioning, the model update is
only significant within these areas, and the inversion fails. Figure 2c) and d) shows the logarithm of the
normalised diagonal Hessian approximation HD for vp and vs . The Hessian matrix covers several orders
of magnitude and, like the gradient, it shows extremly high values at source and receiver positions. The
influence of the geometric amplitude decay of the wavefield is clearly visible. Areas with no or very low
wavefield coverage show very low values. This is for example visible in the blue areas of the vp Hessian.
The application of the inverse Hessian in such areas would thus lead to an enormous enhancement of the
gradient, even though we have no or very little information in our data. To avoid this, the water level is
added to the Hessian, which, at the moment, we determine manually.
HD is used as preconditioner according to equation 12 and applied to the gradient. The normalised
preconditioned gradient is shown in Figure 2e) and f) for vp and vs , respectively. The high amplitudes at
the sources are corrected. Most of the high amplitudes around the receivers also vanished, however, some
receiver artefacts are still visible. The reason for this is probably the approximation we do by calculating
only Green’s receiver functions from delta functions applied as vertical forces. Hence, some additional
damping at receiver positions might be required. The highest amplitude in the gradient now concentrates
on the box area. Some effects of the preconditiong are also visible within the box area, where amplitudes
of the preconditioned gradient are higher in the middle part of the box. However, for transmission
geometry, these effects are low. Unfortunately, some artefact below the source plane are increased after
preconditioning in the gradient of vs . However, the inversion results show, that these artefacts in the
gradients have no significant impact on the final inversion result.
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a)

b)

c)

d)

e)

f)

Figure 2: Effects of Hessian preconditioning on the gradients of vp and vs in the box model, a) normalised
gradient vp , b) normalised gradient vs , c) logarithm of normalised HD (vp ), d) logarithm of normalised
HD (vs ), e) normalised preconditioned gradient vp and f) normalised preconditioned gradient vs .
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Figure 3: Seismograms of vertical component for observed, starting and final inverted data for few representative traces.
Inversion results Figure 3 shows the data fit of observed, starting and final inverted data for some representative traces for the vertical component. The data is lowpass-filtered with a corner frequency of 290 Hz,
which is the maximum frequency used for the inversion. It is visible, that the seismograms of the homogeneous starting model are already relatively close to the data. The final inverted data and the observed data
show a nearly perfect fit.
The final inverted models of vp and vs are shown for two slices: a horizontal slice in Figure 4 and a vertical slice in Figure 5. For comparison, the real models are plotted. Overall, the box could be successfully
reconstructed by the FWI. In the horizontal slice of the final inverted models in Figure 4 b) and d) the three
sub-boxes are successfully resolved. Due to the smaller wavelengths of the shear wave, the shape of the
sub-boxes is clearer in vs copared to vp .
The results plotted in the vertical slice are not as well resolved. The high velocity anomalies on the right
side could not be distinguished by the inversion. This is not unexpected when looking at the minimum
wavelengths of 21 m for vs and 35 m for vp within this high velocity zone, which is only 12 m thick. The
resolution of FWI for transmission geometry is about a wavelength and we would therefore require higher
frequencies for a better reconstruction.

Example 2 - Surface acquisition geometry
Model and inversion setup The effects of Hessian preconditioning are more profound in surface geometry experiments. We consider a 3D layered onshore surface model as shown in Figure 6 for vp (a) and vs
(b). The model consists of sedimentary layers over a basin-shaped homogeneous halfspace. The size is of
320×320×160 grid points which corresponds to 256 m×256 m×128 m. At z = 0m, the model contains a
free surface. The density is homogeneous with 2900 kg/m3 and remains constant during inversion. For the
compressional and shear wave velocities we use a smoothed version of the real model as starting model
(see Figure 6 b) and d)). We used 49 (7×7) sources and 81 (9×9) receivers equally distributed along the
surface. As source time function, we use a sin3 function with a dominant frequency of 20 Hz applied as
vertical point force.
In this work we will show a preliminary investigation of the effects of Hessian preconditioning on the
gradient in the first iteration. The gradient and the diagonal Hessian approximation are calculated for five
discrete low frequencies from 8 Hz to 12 Hz.
Figure 7 shows a seismogram section of the vertical component for one exemplary shot lowpass-filtered
with 12 Hz. The data is plotted for the real model and the starting model. The wavefield is dominated by
surface waves. For these low frequencies, the starting model can already explain the data quite well and
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Figure 4: Results box model for horizontal slice at z = 64 m with a) real model vp , b) inverted model vp ,
c) real model vs and d) inverted model vs .
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a)

b)

c)

d)

Figure 6: a) Real surface model vp , b) starting model vp , c) real surface model vs and d) starting model
vs .
it is obvious, that no cycle skipping will occur in the inversion. Thus, this frequency range is adequate to
start the inversion.

Hessian preconditioning We calculated the gradients and the diagonal Hessian approximation for this
frequency range. Hereby, 81 additional forward modelings were required for the calculation of HD . The
results are plotted in Figure 8. The gradients for vp and vs are shown in Figure 8 a) and b). The gradients
are normalised to their maximum value, and the colorbar is strongly clipped. The highest gradient values
are found in shallow areas, while they decrease significantly with depth. A model update without good
preconditioning of the gradients would therefore focus on the uppermost part of the model. Figure 8 c) and
d) shows the logarithmic diagonal Hessian approximation HD for vp and vs , respectively. The colorbar is
clipped and minimum logarithmic values amount to -19, so that HD covers several orders of magnitude.
Here, the fast decrease of amplitudes with depth is also visible.
We determined a water level and applied the inverse diagonal Hessian approximation to the gradients. The
normalised preconditioned gradients can be seen in Figure 8 e) and f) for vp and vs . The highest amplitudes
now occur in the middle and deeper structures of the basin. High amplitudes near the surface vanished and
the amplitude variation due to geometric wave propagation effects could be corrected. Thus, the inversion
will now be able to update the deeper layers of the model.
CONCLUSIONS AND OUTLOOK
A thorough preconditioning is required for gradient based full waveform inversion. We apply a preconditioning operator to the gradients in 3D FWI, which is based on the inverse diagonal Hessian
approximation. The calculation of this preconditioning matrix is performed only once for each frequency
stage and requires one additional forward simulation for each receiver. We showed its application for a
box model in transmission geometry. High amplitudes at sources and receivers could be well corrected.
However, the impact of the Hessian preconditioning in the remaining area is low. A successfull inversion
was performed. For comparison, the effects of the diagonal Hessian approximation on the gradients of
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Figure 7: Seismograms of vertical component for observed and starting data for one representative shot
lowpass-filtered with 12 Hz.
a surface model were shown. The seismograms of this model are dominated by a surface waves. This
leads to gradients and diagonal Hessian matrices which are strongly concentrated near the surface. After
preconditioning, however, the gradients concentrate on deeper parts of the model.
In future tests, we will test the performance of Hessian preconditioning in the inversion of the surface
model introduced in this work. Additionally we will implement and test the performance of the L-BFGS
method which, combined with Hessian preconditioning, should lead to an even better performance.
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ABSTRACT
In order to explore the application potential of full waveform inversion (FWI) in crystalline host rocks
we acquired vibroseis seismic data in the GFZ-Underground-Laboratory of the research and education
mine “Reiche Zeche“ of the TU Bergakademie Freiberg. 76 shot positions and 30 3-C receivers were
mounted around three galleries. In the elastic FWI only the first arrival P-waves are considered.
A synthetic FWI test was sucessfully performed for a random medium velocity model describing the
local gneiss. The used geometry was the same as in the field measurement. The starting model was a
smoothed version of a travel time tomography of the true model. The preprocessing of the data mainly
comprises a windowing of the first arrival P-wave. After 75 iterations the inversion converged. The
inverted model is very similar to the true model.
In the field data inversion the source signal and the receivers coupling is unknown. In order to analyze changes of the wave field related to source and receiver locations a new semblance analysis is
developed. The analysis revealed that wave field changes are mainly associated with the receiver positions. One pronounced receiver related effect is a ghost reflection at the tunnel surface which varies
significantly with the depth of the receiver that alternate from 1 - 2 m. A synthetic forward modeling
study using three different scenarios revealed that the best agreement between synthetic and observed
data is obtained if the tunnel wall is not considered, i.e. no ghost reflections are modeled. Therefore a
new deconvolution strategy was developed to correct receiver side effects and to remove ghost reflections. In the deconvolution the desired response is the simulated data without tunnel surface. After
deconvolution the coherence between all receivers is improved and ghost reflections are reduced.
It remains to be demonstrated that the residuals between synthetic and field data are caused by the
velocity model and not by further source or receiver related effects.

INTRODUCTION
In this work we explore the potential of the time-domain Full Waveform Inversion (FWI) in crystalline
host rock under almost laboratory conditions. We use the infrastructure at the GFZ-Underground-Lab and
performed multi-component vibroseis measurements in crystalline rock (Freiberger Greygneiss) within the
research and education mine “Reiche Zeche“ of the TU Bergakademie Freiberg, Germany. The FWI is
an iterative minimization method to reduce the difference between computed and observed wavefields.
FWI has the potential to use the full information content of multi-component seismograms and leads to
a significantly higher resolution of seismic velocity models compared to traveltime based methods. The
challenges in the GFZ underground lab are (1) the pre-processing and incorporation of the vibroseis source
characteristics into the FWI workflow, (2) strong small-scale medium heterogeneities within the crystalline
rock mass close to the receivers and (3) ghost reflections. The inversion scheme, the pre-processing of the
data and synthetic inversion results are shortly described in the first part. In the second and third part, the
real data is presented and solutions for the occurring problems are proposed.
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THE FWI METHOD AND SYNTHETIC CASE STUDY

FWI aims to minimize the misfit between modeled and observed seismograms. This can be implemented
efficiently using a conjugate gradient approach (Tarantola, 1984; Mora, 1987). The adjoint-state method
enables to calculate the gradient of the misfit function as zero-lag cross-correlation between a forward
propagated wavefield and a wavefield propagated back from the receivers into the medium. We use the
time-domain 2-D elastic FWI code developed by Köhn (2011), which is available under the terms of GNU
GPL at www.opentoast.de. For the inversion of crystalline host rock vibroseis data this code was further enhanced by implementing different misfit definitions and especially a source wavelet inversion. The source
wavelets are estimated by a stabilized deconvolution of the recorded data with the simulated data for the
current subsurface model.
To explore the possible resolution of FWI in the Freiberger underground environment, the FWI workflow is first tested with synthetic data. This simulated scenario is very close to the real measurements in
the GFZ-Underground-Lab. 76 shot position with an average spacing of 2 m and 30 receiver positions
around the three galleries were simulated (Figure 1). The receivers GP1 - GP15 along the “Richtstrecke”
are drilled alternately 1 m respectively 2 m deep in the host rock. Because of the almost plane transmission
geometry of sources and receivers, the 2-D elastic FWI method was chosen. To get a better understanding
of the involved wavefields we show trace-normalized correlograms of a common receiver gather (CRG)
for Receiver 1 (Figure 1, GP1) in Figure 2. The dominant wave type recorded close to the source is the
tunnel-surface wave. For the shots on the opposite site of the Freiberger Gneiss the first arrivals are build
mainly by the directly propagating P-wave. For the Shots SP50 - SP55 the direct S-waves exhibits increased signal amplitudes caused by the specific radiation characteristic of the vibroseis source. Due to the
normalization of traces to their maximum amplitude this leads to apparently smaller signal amplitudes of
the direct P-wave.
Using the 2-D elastic forward modeling performed during the FWI we cannot simulate the tunnel surface wave properly (Jetschny et al., 2010). We thus restrict the FWI to the directly transmitted P-waves
highlighted in Figure 2. All other traces are not inverted. We apply a time window around the directly
traveled P-wave to damp later phases. Additionally, traces are normalized to their maximum amplitude
before going into the FWI (Sheng et al., 2006). The Freiberger Greygneiss exhibits heterogeneities on all
scales and can be approximated by a random medium model. We choose a correlation length of 10 m and a
Gaussian velocity distribution with a standard deviation of 5% and an average P-wave velocity of 6000 ms
v
(Kneib, 1995). The S-wave velocity model is calculated via vs ≈ √p3 . The density model is kept constant
kg
at 2550 m
3 . The starting model is obtained by travel time tomography of the transmitted P-waves. The
model update was only allowed within the gneiss block.
In this synthetic study we used a Klauder wavelet as the source time function extracted from the field
data and filtered it with a butterworth lowpassfilter of 750 Hz. The required 74 iterations of the FWI took
12 hours on 96 cores. In Figure 3, we compare the true model, the starting model obtained by a traveltime
tomography and the FWI result. In the inverted model the large scale structures could also be reconstructed
very well. Even inside these structures many detailed velocity distributions are similar to the true model.
The typical structure size of objects which cannot be reconstructed by the FWI is approximately 4 to 5 m
and lies in the range of the smallest wavelength. Nevertheless, some artifacts at the receiver positions and
high velocity contrasts close to the air-rock interfaces can be observed. In the upper most part, the inversion
did not update the model because of zero ray coverage.
Altogether we can conclude that the FWI was able to resolve the small scale structures with the expected
resolution..

CHALLENGES FACED BY FIELD DATA
Semblance analysis
In crystalline host rock a significant influence of small scale heterogenities in the vicinity of both the source
and the receiver is often observed. We refer to these effects as source and receicer coupling. In the synthetic
example we assumed a known source signal and a perfect coupling of sources and receivers. To explore
the relative contributions of source and receiver effects we compare waveforms in the CSG and CRG. As a
measure of coherence between seismograms we use the semblance.
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Figure 1: Top view of the GFZ-ULab: 30 3-C receiver (GP1 - GP30, inverted triangles) and 76 shot
positions (SP1 - SP76, stars) are located along the three galleries. The encircled source locations (SP18 SP20) and receiver location (GP10) get lost due to excavation of incline and chamber which was built after
the meausurement (Krauss, 2013).

Figure 2: Correlograms of a common receiver gather (CRG) for Receiver 1 (Figure 1, GP1). The traces are
normalized. The dominant wave type is the tunnel-surface wave for shot numbers below 28 (highlighted
by an dashed circle). Shot numbers above 36 show the transmitted P-wave as first arrival (highlighted with
a doted circle).
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Figure 3: Result of the synthetic case study. Comparison of P-wave velocity models: a) True model: A
Random media model with a velocity perturbation which simulates a crystalline host rock. b) Starting
model: The model was derived from a first arrival travel time tomography of the true model. c) FWI-result:
Inverted P-wave velocity model after 75 iterations using the first arrival P-waves only and a bandpass
filtered Klauder wavelet with a corner frequency of 750 Hz.
In order to calibrate the semlance analysis we also test our new seblance analysis with synthetic data.
Three different scenarios are considered with the same velocity model we used for the synthetic study. In
the first scenario we use a 2-D model without any tunnel. The second scenario consists of a 2-D model
with plane tunnel surfaces perpendicular to the propagation plane. In the third scenario we simulate a 3-D
model with cylindrical tunnel surfaces.
For the field data and for the three scenarios we consider the semblance analysis for the first arrival Pwave. The same preprozessing as described above has been applied. For the semblance analysis the energy
of each trace d is normalized, so that effects of the radiation pattern and the offset-dependent amplitude
decrease is removed.For two equal seismograms the maxium value of the semblance is one. A semblance
based cross-correlation is performed for all possible combinations of sources and receivers. The maximum
value of the correlograms are summed and normalized as follows::
Pnr
SEM =

n=1 [max(

nr

dˆi ⊕dˆj
ns )]n

(1)

where nr is the number of possible combinations, dˆi respectively dˆj is the energy normalized trace, ns
is the number of samples, ⊕ denotes the cross correlation and i, j = 1, ..., tmax the number of traces for
each CRG or CSG.
In Figure 4, the semblance for the field data for the CSG and the CRG are shown. The two most
important areas of the plots are in the left upper and right lower part. For these traces, most of the shots
and receivers are close to each other and on the same side of the investigated block. Also, in these parts
the total number of correlations is much higher for nearby shots and receivers. For some shot and receiver
combinations, no semblance could be calculated due to muted traces.
For the CSG (Figure 4a) some white crosses are apparent, e.g., for Shots 34 or 74. Obviously these
shots differs most. In general, the overall reproducibility of the vibroseis signal seems to be very consistent.
For the CRG in Figure 4b also white colored crosses like in the CSG are observable, e.g., Receiver GP7,
GP26 or GP29. Another more crucial effect is visible: For the Receiver GP1 - GP15 in the CRG, the pattern
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Figure 4: Semblance values for a) different shot pairs and b) different receiver pairs for the field data. The
colorbar is clipped at the lowest value. For some shot and receiver pairs no correlograms could be calculated
(yellow parts) because of muted traces. In the title the SEM value (Equation (1)) and the maximum possible
value is shown.
is like a checkerboard. Just the waveforms of every second receiver fits to each other. This checkerboard
pattern corresponds to the depth of two adjacent receivers varying from 1 - 2 m or vice versa. This might
be caused by ghost reflections at the tunnel wall as the distance to the tunnel surface between neighbouring
receivers changes by ±1 m. All other receivers area in the same depth of 2 m, except of Receiver 25.
For those receivers, the geometry and the velocity pertubation within the host rock is responsible for the
different waveforms.
We thus investigate the influence of the ghost effect for the three different synthetic scenarios and compare the results with the field data for Receivers 1 to 15. In Figure 5 the semblance values for the three
above described scenarios are shown. In scenario 1 (2-D model without tunnel, Figure 5a) no ghost reflections from the tunnel air interface is simulated. In scenario 2 (2-D model with plane tunnel surfaces
perpendicular to the acquisition plane, Figure 5b) scenario 3 (3-D model with rectangular tunnel surface,
Figure 5c) the checkerboard is very distinct. For a 3-D simulation with a finite tunnel structure the checkerboard is also obvious but not that dominant. Nevertheless, the best agreement with the observations might
be achievied if we assume no tunnel in the forward calculations of the wavefields. This can further be
emphasized by the accumulated semblance value. For the 2-D model without tunnel the value results in
581/711. The field data gives 571/711.
The comparison of the semblance plots of the field data (Figure 4) and the synthetic scenarious (Figure 5) revealed that the best agreement is achieved if the tunnel is not considered in our forward modelling.
In other words, the best way to account for the ghost reflection is to try to remove them in the field data for
example by deconvolution. Although the actual velocity model is not the same for the synthetic scenarios,
the influence of the velocity distribution is neglectable in contrast to the different receiver depth.
The effect of the ghost reflection is also visible in the waveforms. In Figure 6 two seismograms of the
field data and the synthetic data for scenario 1 and 2 are shown (Figure 1, GP4 and GP5). The data is
preprozessed as described befor and the amplitude is normalized for each trace. The source was directly on
the opposite site of the gallery in a transmission geometry (Figure 1, SP60). The two receivers are drilled
in the host rock with different depths: Receiver 4 is drilled with a depth of 1 m and Receiver 5 with a depth
of 2 m.
First of all, the field data and the synthetic data matche quit well. Modeled with the tunnel model, in
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Figure 5: Semblance values for three different synthetic scenarios. a) For a 2-D model without a tunnel.
There is no tunnel-air interface. b) For a 2-D model with a tunnel. The tunnel wall act like an infinite
interface. c) For a 3-D model with finite tunnel height. In the title the summed up values and the maximum
possible values are shown.
the black seismogram of Receiver 5 it is noticeable that the first peak is splitted in two peaks in contrast to
Receiver 4. This is typical for the ghost reflection. Depending on the considered receiver, the two peaks
can also be plurred into each other. Both, in the field data as well as the red seismograms, modeled without
a tunnel, the double peack is not observable in both Receivers.
In the next step we describe a deconvolution approach to remove possible receiver coupling effects
including the ghost reflection in the field data.

Figure 6: Three seismograms for two different Receivers (GP4 and GP5) for one Shot (SP60). GP4 is
drilled with 1 m depth and GP5 with 2 m depth. For Receiver 5 and the 2-D model with tunnel (black
seismogram), the ghost reflection can cleary be seen. This is not the case for Receiver 4. Also for the field
data (grey seismogram) as well as for the synthetic data modeled without a tunnel (red seismograms) for
both receivers no ghost reflection is visible.

Receiver site effects
To reduce the different couplings of the sources, Pratt (1999) introduced an iterative source time function
inversion which is similar to a deconvolution.
In the synthetic example we assumed a known source signal and a perfect coupling of sources and
receivers. We assumed no unknown small-scale heterogeneities (fractures, tunnel surface topography) in
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the vicinity of the sources and receivers. As we can see in Figure 4, unfortunately these assumption are
invalid for the real measurements. Especially at the receivers we observe a site response which differs
significantly for some receivers location. Previous studies and test measurements revealed that the receiver
coupling is likely caused by small-scale heterogeneities such as fractures or local tunnel wall topography
in the immediate vicinity of the receivers. During the drilling of the borehole, small-scale fractures around
the anchor and the geophone at their tips may be generated. The effect of the small-scale heterogeneities
close to the receivers on the recorded transmitted P-waveforms can again be studied in Figure 7a. This
time we have a look hat the seismograms. The site effect is mainly observed on the receiver site, i.e., in the
CSG. The CRG shows relatively coherent P-wave forms for each shot indicating a good reproducibility of
the vibroseis source for different shot locations (Figure 7b).

Figure 7: a) Exemplary common shot gather (CSG) for Shot 56 and b) common receiver gather (CRG) for
Receiver 3. c) Same CSG as in a) after the correction of the receiver coupling.
From Figure 7 it is obvious that an inversion and correction of the receiver coupling is required for
FWI. The approach is similar to iterative source time function deconvolution introduced by Pratt (1999)
for common shot gathers which is generally required in field data applications. Here we apply the deconvolution approach to common receiver gathers to remove the effects of small-scale heterogeneities close to
the receivers (Maurer et al., 2012). In our approach we minimize the least squares misfit function for each
frequency ω in the Fourier-domain
~ut · d~∗

(2)
α + ~ut · d~∗
where ~u denotes the synthetic data and the vector d~ the field data of a CRG. The superscript t is the
s(ω) =
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transpose operator and the superscript * means the complex conjugated. α is a water-level parameter which
is necessary for a stable deconvolution to avoid small values in the denominator. The gained filter functions
for the receivers are then convolved with the field data (Figure 7c ) in the time domain. In contrast to a
source time function inversion, the field data is fitted to the synthetic data because the synthetics are free
of any receiver effects. In our case, we choose the synthetic data which was modeled without any tunnel.
In Figure 7c the same CSG as in 7a is shown after the receiver coupling correction. The coherence of the
waveforms has been improved and the receiver coupling effect is eliminated.
A semblance analysis is repeated with the seismograms in Figure 7c. We expect a better coherence
especially for Receiver 7 which clearly sticks out in Figure 4a. Figure 8 shows that the checkerboard
pattern was significantly reduced. The coherence between the receivers is more distinct and no receiver is
highlighted.

Figure 8: Semblance values for different receiver pairs for the field data after the receiver coupling correction. By a comparison with Figure 4b, the coherence is much higher.

SUMMARY
For measurements and studies in the underground a block of crystalline rock (Freiberger Greygneiss)
in the GFZ-Underground-Laboratory within the research and education mine “Reiche Zeche“ of the TU
Bergakademie Freiberg, Germany, was chosen. With the local infrastructure seismic measurements with
30 multi-component receivers and 76 vibroseis sweeps as sources were performed. With synthetic test
small scale structures of a randomly distributed velocity mdoel could be reconstructed very well. The used
source wavelet, a Klauder wavelet, was extracted from the field data.
To invert for the field data we first have to identify effects in the data we are not able to model correctly.
For this, a semblance analysis was performed comparing the waveforms of the field data and three different
modeled scenarios. For synthetic velocity models which includes a tunnel, both in 2-D as well for 3-D
models, the dominate effect for the first arrival is the ghost reflection at the tunnel wall. Another characteristic of the field data is that the recorded waveforms differ significantly from some receivers, even if they
are very close to each other. This is caused by individual unknown medium heterogeneities at the receivers
locations. By a receiver coupling correction deconvolution, the various couplings of the receiver could be
successfully corrected. A greater coherence is visible in the wave fields and the data is now processed to
be inverted with the FWI. It remains to be demonstrated that the residuals between synthetic and field data
are caused by the velocity model and not by further source or receiver related effects.
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ABSTRACT
Time-lapse seismic surveys are a powerful reservoir monitoring tool. The basic approach in time-lapse
surveys is to image the changes in the reservoir by subtracting separated-in-time seismic images of
the reservoir. Recently FWI has been used to improve time-lapse monitoring. However, in practice,
nonlinear gradient-based FWI is limited due to its notorious sensitivity to the choice of the starting
model. Kernel decomposition based on scattering theory allows to break the acoustic-wavefield sensitivity kernels with respect to model parameters into background and singular parts, which should help
to address model-convergence issues in FWI. Here we apply scattering theory to the time-lapse problem, considering the time-lapse change as a perturbation of the singular part of the model. We make
use of the time-lapse differential-waveform inversion framework, with the linearized scattering-based
decomposition of the sensitivity kernel. Our numerical examples demonstrate that the inclusion of the
singular part into the model used for backpropagation helps to improve the perturbation estimates from
FWI by taking advantage of the additional subsurface illumination provided by multiple-scattering
phenomena.

INTRODUCTION
Over the past few years, time-lapse seismic surveys has become a powerful tool used to monitor the fluidflow in a producing reservoir. Generally speaking, such a survey consists in acquiring and analyzing
multiple seismic data, repeated at the same site over time in order to look for differences from which one
can infer the changes in the reservoir due to production. This is possible because, as fluid saturations and
pressures in the reservoir change, the seismic reflection properties change accordingly.
A seismic image contains information on reflections that depends on both the geological structure and
its fluid contents. On a single-time images these contributions are coupled and difficult to separate. The
basic approach in time-lapse surveys is to image the changes in the reservoir by subtracting subsequent
time-lapse seismic images of the reservoir from one another. Assuming that geology is time-invariant
during production and that repeatability in the seismic data acquisition is, in some way, assured, the image
difference from a time-lapse survey would indicate the changes due only to the fluid-flow since, to first
order, the geology part subtracts out since it is time invariant (Lumley, 2001).
Recently, full waveform inversion (FWI) has been used as an alternative time-lapse monitoring tool
(Queißer and Singh, 2013; Yang et al., 2011; Zheng et al., 2011). FWI allows the reconstruction of highresolution velocity models of the subsurface through the extraction of the full information content of seismic data (Tarantola, 1984; Virieux and Operto, 2009). Since the FWI approach delivers high resolution
quantitative images of macro-scale physical parameter, it ought to be a good candidate for monitoring
applications to reconstruct the parameter variation through time evolution (Asnaashari et al., 2012).
Asnaashari et al. (2012) studied the robustness of three different FWI methods applied to time-lapse
problems: differential method, parallel difference method and the sequential difference method. In the
differential method, instead of minimizing the difference between the observed and modeled data, the

Annual WIT report 2013

215

difference of the differential data between two sets of data is minimized to obtain the time-lapse change
estimate (Watanabe et al., 2004). The parallel difference method considers independent inversion of the
baseline and monitor data-sets, using a similar starting model (Plessix et al., 2010). The sequential difference method uses the recovered baseline model as a starting model for the monitor data inversion.
While in principle capable of handling all aspects of wave propagation affecting the seismic data, including full nonlinearity, in practice nonlinear gradient-based FWI is limited to localizing the nearest local
mimimum, leading to its notorious sensitivity to the choice of the starting model. This is so because, for
narrow-offset acquisition of reflection data, the seismic wavefield is rather insensitive to high/intermediate
wavelengths.
In previous work, we sought to help addressing model convergence issues in FWI. For this purpose, we
studied a wavefield decomposition based on scattering theory that allows to break the acoustic-wavefield
sensitivity kernels (SKs) with respect to model parameters into background and singular parts (Macedo
et al., 2011, 2012a,b, 2013). We were able to demonstrate that the forward kernel decomposition is successful in revealing subkernels that unravel different levels of non-linearity with respect to data and model.
This, in turn, can be translated into different levels of interaction between non-, single-, and multiplescattered information that otherwise would be hidden in the full-wavefield sensitivity kernels. Moreover,
we predicted that part of the answer to the problem of lacking low-frequency information on the model
should lie in utilizing scattered wavefields, because these travel through the medium long enough to carry
this information (see also Snieder et al., 2002).
In this work we apply our scattering decomposition to the time-lapse problem, considering the timelapse change as a perturbation of the singular part of the model, i.e., perturbation of the scattering potential.
Under the differential-method framework, we demonstrate that the scattering-based decomposition of the
sensitivity kernels allows to take advantage of the illumination of the time-lapse change due to multiplescattering phenomena in order to improve the perturbation estimates from FWI.
SCATTERING-BASED SENSITIVITY KERNELS
The wavefield perturbation δp due to a medium change can be evaluated, under the assumptions of the
Born approximation, using so-called secondary or adjoint sources (Tarantola, 1984). Based on scattering
theory, Macedo et al. (2011) decompose the full-acoustic-wavefield perturbation δp into 13 components
(one reference-wavefield perturbation δp0 and 12 parts of the scattered-wavefield perturbation δps , see
Figure 1) that reveal different levels of interaction between single and multiple-scattered information within
data (see also Macedo et al., 2012a,b, 2013).
The reference-wavefield perturbation and all components of the scattered-wavefield perturbations have
the same functional structure (time dependency is ommited for simplicity):
Z
δp0 or δps,αOγ (xg ; xs ) =
d3 x0 Gγ (x0 ; xg ) ∗ LO [pα (x0 ; xs )] ,
(1)
V

where the subscripts α and γ denote the involved wavefield parts, with pγ denoting the incoming source-

δp

δp0 U δKB

1x

UB δKB

8x

US δKS

4x

Uf δK
δpS

+

Figure 1: Subkernels obtained from the decomposition considering no perturbation in density. Uf , U , UB
and US are Frechet’s derivatives, also called sensitivity kernels. The first is the full-wavefield derivative
with respect to the full bulk modulus, the second is the reference-wavefield derivative with respect to the
background bulk modulus. The last two are scattered-wavefield derivatives with respect to the background
and singular part of the bulk modulus respectively.
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(a) δp0

(b) δps,0B0

(c) δps,−0B0

(d) δps,0Bs

(e) δps,−0Bs

(f) δps,sB0

(g) δps,sBs

(h) δps,bV0

(i) δps,bVs

(j) δps,0S0

(k) δps,0Ss

(l) δps,sS0

(m) δps,sSs

Figure 2: Physical interpretation of the subkernel contributions. Each one of the cartoons shows three
elements: source-side wavefield; the operator applied to generate the secondary source; and the receiverside wavefield extrapolator. Subcaptions indicate the name of the contribution with subscripts explained in
the text.

side wavefield and Gα the involved receiver-side Green’s function extrapolator. Also, LO is a differential
operator indicating the acting medium perturbation, and the asterisk (∗) denotes time convolution.
Figure 2 illustrates the possible values that the subscripts α, O and γ in equation (1) can take. The
receiver-side Green’s function can either be the one for the reference wavefield, represented by subscript
γ = 0, or the scattered part, represented by γ = s. The source wavefield can, in addition to the reference
or scattered wavefield represented by α = 0 or α = s, respectively, also be the wavefield perturbation due
to the background-medium perturbation, represented by α = b. The operator LO represents the part of
the medium that scatters the incoming wavefield, thus causing the secondary sources. The values B, B, S,
and V for subscript O represent the background secondary potential, background part of the full secondary
potential, singular part of the full secondary potential, and scattering potential, respectively. For details,
please refer to Macedo et al. (2011, 2012b).
For simplicity, let us analyze the situation without density perturbation. Then, the expression to evaluate

Annual WIT report 2013

217

the reference- and scattered-wavefield residual is given by
"
# 


b
δKB
δp
0
PU
P 0
=
,
b
δKS
δp
i UB,i
j US,j
s

(2)

with i = 0B0, 0Bs, sB0, sBs, −0B0, −0Bs, bV0, bVs, and j = 0S0, 0Ss, sS0, and sSs.
Under the discussed separation into background and singular components, estimates of background and
singular model perturbations can be evaluated separetely by backprojecting the residuals. The perturbation
estimates are given by the adjoint of equation (2). They are obtained from
#
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 " † P † #"

est
est
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δKB,0
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0
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P †
=
.
(3)
est
b
0
δp
j δKS,j
s
j US,j
The explicit meaning of these expressions is analogous to the representation of the estimate in Tarantola
(1984). At each point x of the model, each contribuition to the perturbation estimate is the cross-correlation
between the direct wavefield from source with the (once or twice) backpropagated residual from the reest
ceivers. For example, estimate δKB,0Bs
explicitly reads
direct wavefield
est
δKB,0Bs
(x) =

XXZ
s
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b (xg , ω; xs ) .
b † (x, ω; xg )δp
pb0 (x, ω; xs ) G
dω 2
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|0
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}

(4)

c
back-propagation of δp
s

Proper substitution of the wavefields and potentials yields the corresponding explicit expressions for the
other sensitivity kernels.
Time-lapse survey as a FWI scattering problem
To apply the above decomposition theory to a time-lapse survey, we think of the baseline model as decomposed into a background and a singular part. We consider both parts of the baseline model as known. The
background part could be, for instance, the best smooth velocity model from a conventional inversion technique, and the singular part could be determined by the reflector positions in the corresponding migrated
image. Then, the time-lapse changes can be considered as (unknown) perturbations to the singular and/or
background parts.
The situation is the simplest, if we consider the time-lapse change as a perturbation of the singular part
only. According to equation (2), the data difference between baseline and monitor is then the scatteredwavefield residual, and the model perturbation estimates are
X
X †
est
b ,
δKSest =
δKS,j
=
US,j δp
(5)
s
j

j

where the sum consists only of the four terms associated with the singular part of the full secondary potential.
NUMERICAL EXPERIMENTS
To test our approach, we have set up two synthetic experiments with simple layered models (see Figure 3).
The two baseline models are identical except for the velocity contrast at the deepest interface. In the first
model, this interface is a weak reflector and in the second model, a strong one. The monitor models differ
from the baseline models in both experiments by a 5% velocity perturbation in a rectangular lens of 400 m
width within the 4th layer. The density was considered constant in all models (2200 kg/m3 ). We used
2 passes of a 20-point triangular moving-average filter on the baseline models to create the corresponding background models. The singular models are the differences between the complete and background
models.
In this study we consider both the background and singular parts of the baseline velocity model as fully
known.
The numerical experiments consisted of the following basic steps:
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(a) B1

(b) B2

(c) M1

(d) M2

Figure 3: Center parts of the baseline (a and b) and monitor (c and d) models for model sets 1 (a and c)
and 2 (b and d).
1. Simulation of the seismic acquisition by modeling the wavefields in the baseline and monitor models.
2. Computation of the true scattered-wavefield residual, which in this case is identical to the true fullwavefield residual, i.e., the difference between the wavefields in the monitor and baseline models.
3. Modeling the wavefield in the smooth background model.
4. Computation of the scattered wavefield, i.e., the difference between the wavefields in the baseline
and background models.
5. Backpropagation of the true scattered-wavefield residual using the receiver-side reference and scattered wavefields.
6. Determination of the four contributions to equation (5) by crosscorrelation of the backpropagated
wavefield residual with the source-side reference and scattered wavefields as exemplified in equation
(4).
7. Stack of the resulting contributions over sources and receivers.
Large offset surveys
The first acquisition geometry consisted of 87 shot gather with 726 receivers each, placed at 10 m depth,
spaced at 4 m, and covering the distance between 0 m and 2900 m. Sources were placed at 40 m depth
spaced at 32 m, and covering the distance between 80 m and 2832 m earth’s surface, Thus, the survey was
positined almost symmetrically over the rectangular perturbation, centered at 1500 m. Figure 4 indicates
the source positions by black stars and every 10th receiver position by a downward-pointing triangle.
In Figure 4a, we show the estimate for the singular-part bulk-modulus perturbation in model set 1
with all four contributions according to equation (5). For comparison, Figure 4b shows the corresponding
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(a) δKSest

(b) δK est

Figure 4: Estimates for bulk-modulus perturbation for model set 1 without a strong reflector. (a) Singular
part estimate according to equation (5); (b) Conventional perturbation estimate using wave propagation in
est
the background model. Corresponds to contribution δKS,0S0
.

(a) δKSest

(b) δK est

Figure 5: Estimates for bulk-modulus perturbation for model set 2 with a strong reflector. (a) Singular part
estimate according to equation (5); (b) Conventional perturbation estimate using wave propagation in the
est
background model. Corresponds to contribution δKS,0S0
.
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estimate from the single-scattering contribution only. Note that this is the result that would be obtained
from conventional inversion with a smoothed background model. We see that in the absence of a strong
reflector in the bottom of the model, the conventional sensitivity kernel gives a satisfactory estimate.
The corresponding results for model set 2 with the strong bottom reflector are depicted in Figure 5.
While the estimate from all contributions (Figure 5a) together looks similar to the one in Figure 4a, the
conventional estimate is visibly different (see Figure 5b), indicating that in this situation, the use of a
smooth background model to simulate the backpropagation is insufficient. We conclude that in this case,
multiple-scattering contributions carry important information that cannot be neglected. We may think of
the scatterers contributing to the inversion by self-illumination.
In Figure 6 we exhibit the individual contributions to δKSest of Figure 5(a) for model set 2. We see that
particularly the contributions using the scattered wavefield at one side of the propagation carry important
information on the position of the medium perturbation. Note that the last contribution (Figure 6d) has a
signficantly lower magnitude than the other three.
Narrow offset surveys
It is known in the literature on FWI that the acquisition geometry has a strong influence on the inversion
result. When inversion is done with enclosing, source and receiver arrays behave as in transmission tomography, which is known to recover very well the low-frequency information (see,e.g., Pratt, 1999; Brenders
and Pratt, 2007). On the other hand, according to Zhu et al. (2009), when dealing with reflection/scattered
data, narrower offsets (or reflection angles) may lead to fast-varying sensitivity kernels, in opposition to
slow-varying ones in large-offset acquisitions. Fast-varying sensitivity kernels cause slower convergence
of the inversion procedure.
To investigate this effect in the case of the decomposed inversion, we repeated the above experiments
with a shorter survey. The new acquisition geometry consisted of 48 shot gather with 251 receivers each,
and covering the distance between 0 m and 1000 m. Sources were spaced at 20 m and covering the distance
between 48 m and 948 m earth’s surface, Thus, the survey was positined almost symmetrically over the
rectangular perturbation, now centered at 500 m. All other parameters were the same as in the first survey.
Figure 7 indicates the source positions by black stars and every 10th receiver position by a downwardpointing triangle.
Figures 7(a) and 8(a) show the short-offset estimate for the singular-part bulk-modulus perturbation
in both model sets with all four contributions according to equation (5), and Figures 7(b) and 8(b) depict
the corresponding conventional estimates. As expected, the figures display fast-varying estimates due to
the narrow-offset illumination. As for the long-offset survey, the conventional estimate is rather similar to
the four-contributions estimate when no strong reflector is present (Figure 7), but visibly worse with the
strong reflector present (Figure 7). Actually, in the latter case the four-contributions estimate is the best
one, clearly indicating the importance of self-illumination. The multiple-scattered information improves
the perturbation estimates, giving a less varying and more delineated response (compare Figure 8(b) with
8(a)). This indicates that the multiple-scattering contribution perceives both the low- and high-frequency
content of the perturbation.
This can be understood with the help of Figure 8(c), which shows the contribution to the full estimate
calculated with the source-side scattered wavefield. We see that this contribution alone does a better job
then the conventional estimate of Figure 8(b), nicely delineating the top and bottom of the medium perturbation. The reason is that in this case not the source array alone, but also the singularities contribuite to the
source-side wavefield in the kernel. Physically, this can be interpreted as the strong reflector illuminating
the time-lapse change from bottom to top.
This short-offset experiment demonstrates that it is even more important than for long surveys to include
the singular part into the model used for backpropagation, since it enhances the self-illumination due to
scattering and leads to better perturbation estimates.
CONCLUSIONS
In this work we have applied the scattering decomposition of the sensitivity kernels of Macedo et al. (2011,
2012b) to the time-lapse problem, considering the time-lapse change as a perturbation of the singular part of
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(a) δKS,0S0

est
(b) δKS,0Ss

est
(c) δKS,sS0

est
(d) δKS,sSs

Figure 6: Individual contributions to δKSest for model set 2.
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(a) δKSest

(b) δK est

Figure 7: Short-offset estimates of the perturbation for model set 1 without a strong reflector. (a) Full
estimate with all contributions; (b) conventional estimate, i.e., single-scattering contribution.

the model, i.e., perturbation of the scattering potential. Under the differential-method framework, we have
demonstrated that the scattering-based decomposition of the sensitivity kernels allows to take advantage
of the illumination of the time-lapse change due to multiple-scattering phenomena in order to improve the
perturbation estimates from FWI.
We employed the FWI differential method. By considering the baseline model fully known, the data difference between baseline and monitor surveys is the residual to be minimized in order to obtain time-lapse
change estimates using the baseline as starting model. Considering time-lapse change as a perturbation of
only the singular part of the model, we circumvented the problem of separating the reference wavefield
from the scattered field.
Our numerical experiments demonstrated that it is beneficial to include the singular part into the model
used for the necessary back propagations. In the presence of a strong reflector below the time-lapse
change, the use of the multiple-scattering-based sensitivity kernels yielded better estimates in both largeand narrow-offset surveys compared to estimates obtained with the conventional sensitivity kernel. In the
large-offset case, it better handled the backscattered information coming from the deep reflector which
would, otherwise, give rise to spurious estimates. In the narrow-offset case, the scattering-based sensitivity
kernels help to bring out the low-frequency spacial information carried by the back-scattered wavefield
coming up from the deep reflector. In other words, in the subkernels (e.g., US,sB0 ) where the scattered
wavefield acts as source-side wavefield, the singularities or reflectors that originate the scattered wavefield
act as sources of illumination, enhancing and broadening the spatial spectral content of the estimate.
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(a) δKSest

(b) δK est

est
(c) δKS,sS0

Figure 8: Short-offset estimates of the perturbation for model set 2 with a strong reflector. (a) Full estimate with all contributions; (b) conventional estimate, i.e., single-scattering contribution; (c) source-side
scattered-field contribution.
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ABSTRACT
Shallow seismic Rayleigh waves can be excited by hammer blows on the surface and have high sensitivity to the S-wave velocity in the first meters of the subsurface. Therefore, they are attractive for
geotechnical site investigations. Established methods for the inversion of surface waves are limited
to 1D subsurface structures where the material properties vary only with depth. However, this assumption is not satisfied in many applications of practical relevance. To overcome this limitation we
work towards a full waveform inversion (FWI) of shallow seismic Rayleigh waves. We present two
field datasets which we acquired to test our 2D FWI approach. The first data example is recorded on
a predominantly depth dependent structure while the second data example shows also lateral variations along the profile. Before applying FWI to field data we identified three essential preprocessing
steps: 3D/2D transformation, consideration of anelastic damping and estimation of unknown source
wavelets. We successfully applied our FWI strategy to the 1D field dataset. The resulting 2D S-wave
velocity model is again predominantly depth dependent. We have also started applying FWI to the 2D
field dataset. In this more complex case we identified further problems. Currently the inversion gets
stuck in a local minimum.

INTRODUCTION
The inversion of shallow seismic surface waves is very attractive for geotechnical site investigations. Surface waves which are easily excited by a hammer blow have a high sensitivity to the shear wave velocity
in the first meters of the subsurface. There are established methods to invert surface waves e. g. inversion
of dispersion curves (Wathelet et al., 2004) or wavefield spectra (Forbriger, 2003). But all these methods
assume 1D subsurface structures because they require consistent phase velocities along the profile. This
assumption is not valid in many applications of practical relevance. To overcome this limitation we want
to apply an elastic full waveform inversion (FWI) to shallow seismic surface waves. Previous applications
have shown the high potential of this method (Romdhane et al., 2011; Tran and McVay, 2012; Bretaudeau
et al., 2013). The application of a 3D FWI to surface waves unfortunately is still difficult due to excessive
computational requirements. Therefore, we use a 2D inversion code originally developed by Köhn (2011).
In the following we present data examples, essential preprocessing steps and inversion results.
DATA EXAMPLE I - 1D SUBSURFACE STRUCTURE
The first field dataset was acquired on a test site at Rheinstetten near Karlsruhe (Germany). The subsurface
consists of layered fluviatile sediments. The acquisition geometry was a linear profile with 72 vertical
geophones (eigenfrequency of 4.5 Hz) with an equidistant receiver spacing of 1 m. 25 shots were recorded
along the profile where a vertical hammer blow was used as source.
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DATA EXAMPLE II - 2D SUBSURFACE STRUCTURE

2D full waveform inversion is reasonably applicable to field data acquired on 2D structures. Scattering at
3D structures cannot be explained by 2D modelling. We selected a test site on the vertical fault system of
the southern rim of the Taunus (near Frankfurt on the Main, Hesse, Germany). With preparatory investigations (seismics and DC geoelectrics) we confirmed the predominantly 2D nature of the subsurface. In the
northwestern part of the vertical fault sericite-gneiss is met at shallow depth (0.5 - 2 m), while it is covered
by sedimentary layers of up to 6 m thickness southeast of the fault. This is confirmed by Dynamic Probing
Light (DPL) investigations and borehole profiles in the near vicinity. Perpendicular to this 2D fault we
carried out a shallow seismic 2D survey in summer of 2011. We used 50 three component and 39 vertical component geophones (eigenfrequency of 4.5 Hz) and set up linear profiles of 89 m with 1 m receiver
spacing. We employed 24 vertical hammer blows as vertical sources and we used an SH-source to excite
horizontally polarized waves with horizontal hammer impacts. In Figure 1 a sketch of the survey layout
and an exemplary shot in the southeast of the fault is plotted. We observe a significant change in the phase
velocities along the profile which indicates significant lateral variations in the shallow subsurface. With
additional seismic profiles parallel and one more perpendicular to the fault (dashed black lines in Figure
1a) we verified the 2D assumption.

Figure 1: a) displays a sketch of the test site on a vertical fault system located on the southern rim of
the Taunus (near Frankfurt on the Main, Hesse, Germany). The main seismic profile is displayed by the
solid black line, additional seismic profiles which we used to verify the 2D assumption are displayed by
the dashed black lines. The dashed red line indicates the location of the 2D fault. b) displays an exemplary
common shot gather in the southeast of the fault of the main profile.

METHOD
We use a 2D elastic FWI code developed by Köhn (2011). It uses the time-domain adjoint method. The
viscoelastic forward modelling is done with Finite Differences (FD) in the time domain (Bohlen, 2002).
Viscoelastic damping is implemented by a generalized standard linear solid (Robertsson et al., 1994). We
invert for elastic parameters (P-wave velocity, S-wave velocity and density) but not for parameters describing anelastic damping. As misfit definition we use the L2 norm of normalized wavefields where each trace
is normalized by its RMS amplitude as suggested by Choi and Alkhalifah (2012). The misfit definition is
not sensitive to an amplitude decay with offset. We apply frequency filtering during the inversion. We start
with a bandwidth between 5 Hz and 10 Hz and increase the bandwidth sequentially during the inversion to
higher frequencies. The gradients are preconditioned by semicircular windows around the source positions.
The gradients and in some tests also the models are smoothed by 2D median filters. The filter lengths are
always smaller than the minimum wavelength.

a)
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Figure 2: Preprocessing of field data acquired on the 1D subsurface structure. a) displays a comparison
of recorded vertical velocity seismograms excited by a point source (black) and the corresponding estimated line source seismograms obtained by a 3D/2D transformation (red). Each trace is normalized to its
maximum amplitude. b) displays estimated source wavelets for a bandwidth between 5 Hz and 10 Hz.
PREPROCESSING OF FIELD DATA
To apply 2D FWI to a field dataset acquired with point sources a geometrical spreading correction must be
applied. Our 3D/2D transformation is based on the acoustic wave equation but we have approved
that it
√
t.
Afterwards
is also valid in the elastic
case
by
synthetic
tests.
The
seismograms
are
convolved
with
1/
√
√
they are tapered by 1/ t and scaled by the offset multiplied with 2 where t is the traveltime. Figure 2a
displays a comparison of recorded seismograms and the corresponding transformed seismograms. The
transformation produces a phase shift of π/4 as well as an amplitude scaling. The change in amplitude
decay with offset is not observable due to the normalization of each trace.
From previous synthetic tests we know that anelastic damping cannot be neglected in an FWI of shallow
seismic surface waves. Therefore, we use viscoelastic forward modelling with an a priori known quality
factor in the FWI but do not invert for dissipative properties. For simplicity and to obtain physically
consistent subsurface models we assume Qs = Qp where Qs is the quality factor of S-waves and Qp of
P-waves. To estimate the quality factor we simulate seismograms for different quality factors. For these
simulations we use a subsurface model which describes the field data already as good as possible. The
quality factor is then estimated by a comparison of the simulated data and the recorded data.
In an inversion of field data the unknown source wavelet for each shot must be estimated. We do this once
at the beginning of each frequency bandwidth. The source wavelets are then used unaltered within this
frequency band. The source wavelets are estimated by a stabilized deconvolution of the recorded data with
the simulated data for the current subsurface model. Some exemplary source wavelets are displayed in
Figure 2b.
RESULTS DATA EXAMPLE I
We applied the FWI to the field dataset acquired on the predominantly depth dependent structure. As initial
P-wave velocity model we use the 1D model shown in Figure 3c which was gained from an analysis of first
arrival P-wave travel times. As inital S-wave velocity model we use a 1D linear gradient (Figure 3d). In this
test we only inverted for S-wave velocity and P-wave velocity. The density was kept unaltered during the
3
inversion. As density model we use a model of a homogeneous layer (ρ=1700 kg/m ) over a homogeneous
3
halfspace (ρ=2000 kg/m ) with a layer thickness of 6.8 m.
Figure 3e displays a comparison of seismograms for shot 25 at x=77 m. The data misfit is successfully
decreased by FWI as the seismograms calculated with the final model fit the recorded data significantly
better than the seismograms calculated with the initial model. Figure 3a-d displays the final 2D velocity
models obtained by FWI. We observe 2D structures in the layer of the obtained P-wave velocity model. As
the amplitude of the P-waves is much smaller compared to the Rayleigh waves the P-wave velocity model
is not as well constrained as the S-wave velocity model and is therefore not further interpreted. The S-wave

228

Annual WIT report 2013
c)

e)

2

2

4

4

Depth in m

Depth in m

a)

6

6

8

8

10

10

10

20

30

40
x in m

50

60

0

70

Shot 25

500
1000
1500
P−wave velocity in m/s

2000

2D model (x=41.1 m)

200

300
400
P−wave velocity in m/s

470

initial model

1905

b)

2D model (x=10.1 m)

2

4

4

Depth in m

Depth in m

d)
2

6
8

6
8

10

10

10
100

20
150

30

40
x in m

200

50
250

S−wave velocity in m/s

60
300

70
350

0

100
200
300
S−wave velocity in m/s

400

2D model (x=41.1 m)
initial model
2D model (x=10.1 m)

Figure 3: 2D subsurface model obtained by FWI applied to data example I. a) displays the P-wave velocity
model and b) the S-wave velocity model. The red stars mark the source positions. Absorbing boundaries
are cut off. c) and d) show the corresponding vertical velocity profiles in comparison to the initial model
(dash-dotted black line). e) displays vertical displacement seismograms for shot 25 (x=77.0 m) in the
frequency band between 5 Hz and 70 Hz. Recorded data are displayed by the thick grey line, seismograms
calculated with the initial model are displayed in black and seismograms calculated with the 2D model are
displayed in red. Each trace is normalized to its maximum amplitude.
velocity model still corresponds to a predominantly depth dependent structure. It seems that we cannot
resolve structures that are deeper than 6.0 m. First tests indicate that this could be improved by a better
preconditioning of the gradients (e. g. using the inverse of main diagonal elements of the approximate
Hessian matrix or an amplification of low frequencies). Although the changes in the S-wave velocity
model are small (Figure 3d) these changes have a strong influence on the wavefields (see Figure 3e) which
confirms the high sensitivity of the Rayleigh waves to the S-wave velocity model. This makes FWI of
shallow seismic Rayleigh waves interesting to image very shallow lateral inhomogeneities (e. g. filled
ditches or sinkholes). More details on this application can be found in Groos et al. (2013).
RESULTS DATA EXAMPLE II - 10 HZ LOWPASS FILTERED DATA
To obtain a suitable starting model for the P-velocity model we have used a first arrival time tomography
result. The P-velocity to density relation was taken from literature. The relationship of the P- and Svelocity is unknown to us but during synthetic tests we have gained good experience by using 1D linear
gradients for the S-velocity model. The shallow S-velocity values are estimated from the phase velocity of
the Rayleigh waves in the field dataset. The starting models of the FWI are plotted in Figure 4. The result
of the travel time tomography for the P-velocity came as a surprise to us, because we expected a step like
structure of the subsurface. But the tomography model fits the first arrivals of the field dataset very well.
We start the FWI with strongly lowpass filtered data at 10 Hz. Initially we need synthetic wavefields
modelled on the current model (at the beginning the starting model) to obtain source wavelet correction
filters for each single shot. This source wavelet will be updated when we increase the frequency content in
the inversion. In Figure 5 (left side) the optimized source wavelets for the 10 Hz lowpass filtered data are
shown. They are quite similar to each other and they have just a small acausal part which is a promising
indication for an appropriate starting model. On the right side of Figure 5 the field data and the synthetics
modelled on the starting and the final model are plotted. There is only a selection of representative traces
of the near, middle and far field shown. In contrast to the full bandwidth we observe for the lowpass filtered
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Figure 4: Starting models for the S-velocity, the P-velocity and the density of the FWI. Red stars denote the
source locations and the dashed black line indicates the absorbing boundary used in the forward modelling.

data that almost the same phase velocities occur in the synthetics of the starting model and the field data.
Hence, we have less problems with cycle skipping. When we apply the FWI we obtain a model for the
S-velocity, the P-velocity and the density which produce synthetic wavefields that fit the field data in some
features better. The fit of the near field traces is not much improved even in some parts it gets worse. In
the offset range of 20 to 60 m we observe a very good fit of the synthetics of the final model and the field
data. For the far field the fit becomes worse. The corresponding final S-velocity model is shown on the left
side of Figure 6. We observe that the final model is smooth but there are some large-scale changes. This
can be especially seen in the differences of the starting and the final model which are plotted on the right
side in Figure 6. Here we can study the spatial changes in the model which indicate a 2D structure in the
S-velocity model.

Figure 5: Optimized source time functions of the 10 Hz lowpass filtered data and comparison of recorded
data with synthetics modelled on the starting and final model, respectively.

Figure 6: Preliminary S-velocity model and differences between the starting and the final model. Dashed
black line indicates the absorbing boundary used in the forward modelling.
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PROBLEMS WHEN ADDING HIGHER FREQUENCIES TO THE INVERSION

The inversion has to proceed with increasing bandwidth to infer smaller scale structure. But if we do so,
we obtain strong local anomalies in the gradients (S-velocity, P-velocity and density). These anomalies are
charaterized by 106 times larger values than their neighbors. The location of these anomalies isn’t in the
vicinity of source or receiver locations. It seems that the inversion is trapped in a local minimum. Recently
we tried two different ways to tackle the problem. On the one hand we applied a preconditioning right on
top of the anomaly to taper the artefact. This was only partially succesful, because it didn’t improve the
inversion result of higher frequencies. On the other hand we tried to implement a kind of regularisation
to the inversion. The most simple regularisation is smoothing. We tested to correlate the filter length of
the 2D median filter with the smallest present wavelength λmin in the dataset. The filter length will be
half the length of the smallest wavelength λmin . E.g. for the 10 Hz lowpass filtered data the smallest
wavelength is about λmin ≈ 20 m. Therefore, we use a 2D median filter with a filter length of 10 m to
smooth the gradients. For higher frequencies the filter length is recalculated according to frequency content
and seismic velocities. With this approach the anomalies occur no longer but the inversion fails for higher
frequencies because no adjustment of the waveforms is observable.
Within these tests we kept the same starting model for the S-velocity. The approach of using 1D linear
gradients for the S-velocity model worked for synthetic tests excellent but it maybe is not appropriate for
field data application on 2D structure although the fit in Figure 5 for the starting model is quite reasonable.
In a next step we will use a first arrival time tomography of SH-waves from the field data with the SHsource to obtain a more appropriate S-velocity model. A more detailed disussion is found in Schäfer et al.
(2013).
SUMMARY
We present two field datasets which we acquired to test our 2D FWI approach. The first data example is
recorded on a predominantly depth dependent structure while the second data example shows also lateral
variations along the recorded profile. Before applying FWI to field data we have identified three essential
preprocessing steps: 3D/2D transformation, consideration of anelastic damping and estimation of unknown
source time functions of hammer impacts. We successfully applied our FWI strategy to the 1D field dataset.
The resulting 2D S-wave velocity model is again predominantly depth dependent. Furthermore, we are
currently working at the application of FWI to the 2D field dataset but in this more complex case we have
to deal with further problems. At the moment it seems that the inversion is trapped in a local minimum.
We tried different ways to overcome this problem like preconditioning and smoothing but could not find a
proper solution yet. In a next step we want to improve the starting model of the S-velocity by a first arrival
time tomography with SH-waves.
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ABSTRACT
The aim of this study is to apply the Full Waveform Inversion (FWI) to the problem of subsalt imaging.
We perform a synthetic test with acoustic and elastic FWI in presence of acoustic and elastic data. The
choice of a starting model and the influence on the FWI results are studied. We also further develop
and apply the Flooding Technique for the subsalt imaging problem.
In this study we identify potential problems of the starting model for the FWI and show how accurate
information about shape and location of the salt body are required in the starting model. We show that
the acoustic FWI with acoustic data and the elastic FWI with elastic data is able to image the subsalt
area sufficiently, if the salt body is included in the starting model. The accordance of the FWI results
and the true model is very high. The acoustic inversion of elastic data is not successful and produces
many artefacts.
By using the Flooding Technique within the framework of acoustic FWI with acoustic data, very good
imaging results for the subsalt part can be achieved. This technique does not require information about
the salt body in the starting model. For the acoustic FWI with elastic data the Flooding Technique is
not successful in imaging the subsalt area.

INTRODUCTION
The demand for hydrocarbons is huge and will continue to be huge in the next years. Therefore, energy
companies keep looking for new reservoirs but the discovery of new hydrocarbons becomes increasingly
challenging (Leveille et al., 2011). In the past, salt basins proved to be successful sites for the search. The
most well-known site of salt basins in connection with hydrocarbons is the Gulf of Mexico (GoM).
For classical imaging techniques the reconstruction of structures beneath or near salt bodies is challenging (e.g., Ravaut et al., 2008). The main reason is the geomechanical characteristics of salt bodies.
The salt was deposited millions of years ago and other sediments deposited on top. Using openings in the
sediments on top of the salt layer the salt moved upwards, driven by the surcharge, and formed canopies.
Therefore, the shapes of salt bodies and salt layers are normally very complex. In addition to the shape,
the allochthonous salt layers often contain trapped sediments and have a rugose surface (Leveille et al.,
2011). The intricate shapes and surfaces of salt bodies result in a complex wave propagation. Regions
of poor illumination are often present. Additionally, the energy coming up from subsalt regions is weak
due to high reflection coefficients at the sediment-salt interfaces. Therefore, classical imaging techniques
have problems picturing the flanks, the bottom of the salt and the subsalt area. Consequences could be
geological misinterpretations which are very expensive (Ravaut et al., 2008).
For some subsalt imaging problems solutions have already been developed, such as undershooting for
smaller salt bodies by using longer offsets. For salt layers even this technique is not applicable. A promising
solution for the problem of subsalt imaging is the application of Full Waveform Inversion (FWI). Unlike
conventional techniques the entire waveform is used in the FWI approach. Synthetic data is modelled by
using a starting model of the subsurface beneath the acquisition profile. The synthetic data is compared
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with the field data. In order to match the synthetic data to the field data the starting model is updated
iteratively. The FWI can help, depending on the acquisition geometry and recorded waves, to improve the
depth image considerably, in particular the subsalt area.
In this work the 2D acoustic (e.g., Tarantola, 1984) as well as the 2D elastic FWI in time domain (e.g.,
Tarantola, 1986; Mora, 1987) is used. The FWI is applied on synthetic marine data, based on a 2D seismic
line from the GoM, delivered by Fugro (Fugro Multiclient Services, now part of CGG). The main focus is
on the reconstruction of subsalt structures such as horizontal layers and steep dipping structures.
The most simple and fastest approach for the FWI is the usage of acoustic FWI in combination with
synthetic acoustic field data. Different starting models and their influence on the FWI result are tested. This
study answers questions about the required quality of a starting model for a successful FWI. The Flooding
Technique is investigated in detail. This multi-stage inversion strategy requires no a priori information
about the salt body. The original approach of Boonyasiriwat et al. (2010) is compared with the modified
Flooding Technique proposed in this work.
As the assumption of acoustic field data is unrealistic the acoustic FWI is applied to elastic data. Especially for large data sets the acoustic FWI is not as expensive as the elastic FWI (Vigh et al., 2009). The
FWI experiment uses a starting model including the salt at the exact location and with the correct shape. In
order to compare the acoustic and elastic data the elastic data was converted in pressure data. The comparison revealed an increase of the data differences with offset. Therefore, a limitation of the offset is analysed.
The results of the modified Flooding Technique using the acoustic FWI with elastic data are discussed.
PREPARATION
For the synthetic tests we use a salt body from a migration model delivered by Fugro. The salt body spreads
over the full width of the model. The true background model is a subpart of the sigsbee2A model with a
size of about 10 km in x direction and 6 km in depth. The used frequency content is in a range of 3-10 Hz.
The vS and density models were calculated from the vP model, shown in figure 1. The parameter
models consist of an equidistantial grid with 850 grid points in x direction and 532 grid points in depth
direction. The grid spacing is 12.5 m.
The acquisition geometry is based on the real acquisition geometry and has the feature of a long far
offset of 9.5 km for the last shot. The acquisition geometry consists of 50 shots with an increasing number
of receivers (16 to 751 receivers per shot).
ACOUSTIC INVERSION WITH ACOUSTIC DATA
In the starting model test the required correctness of the starting model for a successful inversion was
studied. By using a 1D linear gradient as background model and the correct salt body in the correct location
in the starting model, the true model can be reconstructed very well by the acoustic FWI with acoustic data
(figure 2(c)). The area above the salt body is reconstructed almost perfectly and the subsalt area can be
reconstructed. All sedimentary layers and steep dipping structures can be resolved. This example shows
the high potential of the FWI pertaining the subsalt imaging problem.
If the starting model contains no information of the salt body the FWI fails (figure 2(d)). Only a rough
top salt line can be reconstructed and the upper part of the model contains various artefacts. In the subsalt
part no structures can be reconstructed. Apparently more information about the salt body are necessary to
perform a successful FWI.
To estimate the required preciseness of these information the salt body was shifted up in the starting
model (figure 3(f)). This study shows that even a shifting of the salt body smaller than one wave length
(75 m) produces artefacts in the resulting model. The greater the shifting the higher are the amount of
artefacts, especially in the upper part of the model, produced by the cycle skipping effect. The amount of
artefacts can be reduced for small displacements (up to one wave length) of the salt body by introducing a
transition zone at the sediment-salt boundary.
To avoid the requirement of precise information of the salt body the Flooding Technique (Boonyasiriwat
et al., 2010) was applied. The Flooding Technique is a multistage inversion strategy reconstructing the
model in three stages:
• first stage: FWI with a starting model without salt body
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(a) True vP model.

(b) True density model.

(c) True vS model. The salt body velocity is 2600

m
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Figure 1: Modified part of the Sigsbee2A model including the salt body.
• second stage: picking the top line of the salt body in the result of the first stage and flood the area
below with salt velocity before applying the FWI
• third stage: picking the bottom line of the salt body in the result of the second stage and flood the
area below with sediment velocity before applying the FWI
In the result of the Flooding Technique the salt body can be reconstructed with a location error of 5075 m (figure 4). The edges of the salt body have a greater error due to the linear extrapolation. The poor
matching at the sides of the model does not influence the remaining part of the model notably, because the
illumination, and therefore the information content of these parts in the data, is very small. A few artefacts
are visible but considerably less than in the FWI with the mislocated salt body in the starting model. In the
subsalt part the thicker layers can be reconstructed and also the steep dipping structures are slightly visible.
A lower location error of the salt body is one possibility to enhance the imaging result in the subsalt
part. Therefore, the original Flooding Technique was modified:
• a 2D lowpass filter applied on the model and the correction of pronounced artefacts
• a smoothed sediment-salt transition zone
• flooding with a gradient in the subsalt area
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• reconstruction from shallow to deeper parts (time windowing)
In the result of the modified Flooding Technique the upper part of the model contains almost no artefact
(figure 5 and 6). The location error of the salt body is below 50 m, apart from the model sides including
the extrapolations. The layers in the subsalt area are also better resolved than in the result of the original
Flooding Technique. The FWI can adapt the velocities in the layers to the real velocity and not only relative
velocity changes.
The modified Flooding Technique produces realistic FWI result by reconstruction the salt body without any a priori information about the salt body. The last stage of the modified Flooding Technique can
reconstruct the layers and faults in the subsalt area very well.
ACOUSTIC INVERSION WITH ELASTIC DATA
A more realistic approach is the usage of elastic data. As the acoustic FWI is the fastest way with relative
low computational cost, this method is used first. As supposed, the acoustic FWI with elastic data produces
results containing many artefacts (figure 7(a)). The artefacts are the results of the attempt to explain the
elastic data with acoustic data. By varying the parameters of the FWI the artefacts can be reduced but not
prevented completely. In the subsalt area, only the thicker layers can be reconstructed. The steep dipping
structures are not visible. The following parameters were modified:
• using normalised L2 norm instead of L2 norm
• apply additionally a 2D median filter to the starting model (filter size: 5 grid points)
• reduce maximum deviation from starting model (vP and ρ) to 20%
The Flooding Technique produces also results with a great amount of artefacts (figure 7(b)). The salt
body is not constructed as precisely as with acoustic data. Structures in the subsalt area can be reconstructed
only partly.
ELASTIC INVERSION WITH ELASTIC DATA
The acoustic FWI of elastic data cannot reconstruct the subsalt area successfully. Therefore, the elastic
FWI was applied on the elastic data. Firsts test have shown that the FWI results of the elastic FWI are
comparable to the results obtained with the acoustic FWI of acoustic data (figure 8). The results are
optically identical and the relative model error is very similar. Another advantage is the result of a vS
model. A successful FWI on vP and vS waves can deliver important information for fluid or gas reservoirs
in the subsalt area. The first elastic FWI for only 40 iterations produces a vS model with weak updates.
First structures are visible in the upper part above the salt body. Further iterations will probably lead to a
better vS model result.
CONCLUSIONS
In this synthetic study we used 2D Full Waveform Inversion to investigate the problem of subsalt imaging.
We applied successfully acoustic FWI to acoustic data as well as elastic FWI to elastic data. Here, the salt
body is included in the starting model at the right location. The subsalt part can be imaged very precisely
and the resulting model shows high accordance with the true model. The impact of a potential location
error of the salt body in the starting model on the FWI results is considerably. Only for small location
errors the artefacts in the results can be reduced by a smoothed sediment-salt transition zone. If the salt
body is missing completely in the starting model, the FWI failed.
Therefore, the Flooding Technique was further developed and successfully applied in the acoustic FWI
with acoustic data. In this multistage inversion strategy the knowledge of the salt body location is not
necessary. The model recovery starts with shallow and continues with deep parts including the subsalt
area. By using the Flooding Technique for the acoustic FWI with elastic data the result was not satisfactory.
Many artefacts occur in the results and the subsalt part cannot be reconstructed.
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(a) vP starting model including the salt body.

(b) vP starting model with no salt body.

(c) vP inversion result after 400 iterations (saltbody included
in the starting model).

(d) vP Inversion result after 400 iterations with no starting
model.

(e) Velocity profile located at the black line in Figure 2(c).

(f) Velocity profile located at the black line in Figure 2(d).

Figure 2: Test result with different starting model.
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(a) Salt body shifted up by 75 m, hard sediment-salt transition.

(b) Salt body shifted up by 75 m, smoothed sediment-salt transition.

(c) Salt body shifted up by 100 m, hard sediment-salt transition.

(d) Salt body shifted up by 100 m, smoothed sediment-salt transition.

(e) Salt body shifted up by 200 m, hard sediment-salt transition.

(f) Salt body shifted up by 200 m, smoothed sediment-salt transition.

Figure 3: Comparisons of FWI results for the vP model with various shifts of the salt body in the starting
models.
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(a) Starting model for the first FWI stage.

(b) Result after the first FWI stage.

(c) Starting model for the second FWI stage.

(d) Result after the second FWI stage.

(e) Starting model for the third FWI stage.

(f) Result after the third FWI stage.

Figure 4: P-wave velocity model at different stages of the original Flooding Technique after Boonyasiriwat
et al. (2010).
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(a) Starting model for the first FWI stage.

(b) Result after the first FWI stage using 3 s long data.

(c) Result after the second FWI stage using 4 s long data.

(d) Starting model for the third FWI stage: corrected artefacts
above salt and smoothed transition zone included.

(e) Result after the third FWI stage using 4.8 s long data.

(f) Starting model for the fourth FWI stage: subsalt area is
flooded with gradient.

Figure 5: P-wave velocity model at different stages of the modified Flooding Technique.
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(a) Inversion result after 400 iterations, original Flooding Technique.

(b) Inversion result after 400 iterations, modified Flooding Technique.

(c) Difference plot: result after FWI minus true model, original
Flooding Technique.

(d) Difference plot: result after FWI minus true model, modified
Flooding Technique.

(e) Profile of vP models located at the black vertical line in
Figure 6(c), original Flooding Technique.

(f) Profile of vP models located at the black vertical line in
Figure 6(b), modified Flooding Technique.

Figure 6: Analysis of the FWI results obtained with the original and modified Flooding Technique.
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(a) VP FWI result after 400 iterations using modified parameter.

(b) FWI result after 400 iteration using modified Flooding Technique.

Figure 7: Results of the acoustic inversion with elastic data.
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(a) VP model after acoustic FWI with acoustic data (after 40
iterations).

(b) VP model after acoustic FWI with acoustic data (after 100
iterations).

(c) VP model after acoustic FWI with elastic data (after 40 iterations).

(d) VP model after acoustic FWI with elastic data (after 100
iterations).

(e) VP model after elastic FWI with elastic data (after 38 iterations).

(f) VS model after elastic FWI with elastic data (after 38 iterations).

Figure 8: Comparison of the results of the acoustic and elastic FWI with acoustic and elastic data (no
frequency filtering; true density model).

IV
Other topics

247

STATIONARY PHASE ANALYSIS FOR INTERFEROMETRIC
INTERPOLATION APPLIED TO DIPPING REFLECTORS
A. J. O. Pereira and R. Biloti
email: biloti@ime.unicamp.br
keywords: Seismic interferometry, trace interpolation

ABSTRACT
Seismic Interferometry is a relative new branch of Seismic and Seismology. Despite the start with
paper of Claerbout (1968), it was only during the late nineties that the use of Seismic Interferometry
start continuously increasing in Seismic. One of the most promising use of this technique is the ability
to create new positions of sources and receivers by cross correlating the seismic wavefield recorded. To
understand the physical meaning of Seismic Interferometry we study one of its fundamental equations
by means of the stationary phase method, in a very simple geometry: a flat dip reflector.

INTRODUCTION
It is possible to define Seismic Interferometry as a variety of methods used to create virtual seismograms,
never physically recorded. These virtual seismograms are created only through mathematical operations,
which include cross correlation, convolution, deconvolution and summation of actually recorded wavefields, (Galetti and Curtis, 2012). One of the most interesting applications of interferometric methods is the
ability to produce artificially traces in positions of sources or receivers that are not possible to be located.
With this capacity, at least in principle, it is possible to fill gaps in seismic acquisition (Wang et al., 2009).
This possibility is a direct consequence of the nature of physical process behind Seismic Interferometry. In
this work, by means of the stationary phase method, we investigate range of applicability of the interferometric interpolation of primary reflections from recorded multiples and primaries. We take the dip of the
reflector into account.
SEISMIC INTERFEROMETRY
The retrieval of the Green’s Function, or the response of a given media when excited by an impulsive
source, is made with interferometric reciprocity equation of correlation type (Wapenaar, 2004; Schuster,
2009), given by
ZZ
1
=Ĝ(xB , ω; xA ) = −ω
Ĝ(xA , ω; x)Ĝ∗ (xB , ω; x)dS,
(1)
c(x)
ε

where = denotes the imaginary part, Ĝ(xB , ω; xA ) is the Fourier Transform of the Green’s Functions for
a source at xA , evaluated at a receiver at xB , and ω is the frequency, Ĝ∗ is its complex conjugate, x, the
variable of integration, represents source positions over the surface ε, dS is the element of area, and c(x)
is the velocity. The positions xA and xB , where the Green’s Functions is computed, are located inside the
volume bounded by surface ε. All those elements are sketched on Figure 1.
By means of equation (1), a primary reflection from xA to xB can be obtained by cross correlating
multiple and primary reflections acquired in the field. This is illustrated through a ray diagram, in marine
seismic, in Figure 2. In this specific example the dominant arrivals are assumed to be the reflection primaries and free-surface first order multiples. The direct arrivals are muted in the data, an easy task in depth
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Figure 1: In the figure the rays represent the full response between the source and receivers points, including primary and multiples due to inhomogeneities inside and outside volume (based on Wapenaar and
Fokkema (2006)).

Figure 2: Diagram of cross correlating primaries and multiples from a dipping reflector, modified from
Wang et al. (2009). The cross correlation of primaries and first-order multiples results in an interferometric
trace.
marine seismic. The Green’s function can be approximated as a sum of specular primary reflection and
first order multiple reflection. The cross correlation of primaries with primaries or multiples with multiples
do not contribute significantly, because as we shall see the stationary contributions of these terms is zero.
For a constant velocity overburden, c(x) = v, the Green’s Function accounting only for primaries and first
order multiples is asymptotically approximated by
Primary

Multiple

}|
{ z
}|
{
exp(−iωTx xM )
exp(−iωT
)
x
x
M
0
Ĝ(xM , ω; x) ≈ rM
+ rM
,
4π v Tx xM
4π v Tx xM
z

(2)
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0
where rM and rM
are the reflection coefficients associated to the primary and multiple reflections, the
traveltimes for specular primary reflection and first order free-surface multiple are Tx xM and Tx xM , respectively, for source in x, and receiver in xM at marine surface.
Suppose that surface ε = S0 +S∞ , where S0 is the surface where the acquisition takes place. Replacing
the expression for Green’s Function of equation (2) into (1), we obtain

=Ĝ(xB , ω; xA ) ≈
Z
exp {−iω (Tx xB − Tx xA )}
ω
0
dS + O.T.,
− rM rM
v
(4π)2 Tx xB Tx xA
S0

(3)

where O.T. stands for higher order terms, called virtual multiples or cross talk, and will be attenuated in the
final image for a sufficient large integration’s aperture. A last approximation made in equation (3) was to
consider that the integral over S∞ vanishes as its radius goes to infinity. The Figure 3 shows the geometry
for this integral.



 






  


Figure 3: Geometry and surface of integration of equation (3), based on Schuster (2009).




Since the integrand in equation (3) has an oscillatory character, the integral can be asymptotically
approximated by the stationary phase method (Bleistein, 1984).
STATIONARY PHASE
The stationary phase method is a method to obtain an asymptotic approximation for integrals with an
oscillatory term of the form
Z ∞
I=
F (x) eiωφ(x) dx,
(4)
−∞

where φ is a rapid varying function of x over most range of integration, and F is a slowly waring function of
x. Such kind of integral frequently arise in radiation and scattering problems. Due to the rapid variation of
exponential term the integral is approximately zero over all ranges of x, except at regions where φ0 (x) ≈ 0.
Each x∗ such that φ0 (x∗ ) = 0, is called an stationary point of φ. It can be shown (see Bleistein, 1984)
that, for large ω, I can be fairly approximated as
s
I∼

∗
2π
F (x∗ ) e(iωφ(x )+iωπ/4) .
ω|φ00 (x∗ )|

(5)

This formula states that dominant contribution to the integral comes from point(s) where phase is stationary.
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STATIONARY PHASE METHOD IN A PRESENCE OF A DIPPING REFLECTOR

The use stationary phase method to interpret the Seismic Interferometric results in the case of horizontal
plane reflectors was done by Snieder (2004), Snieder et al. (2006), and recently by Draganov et al. (2012).
Following the same strategy, we also employ the stationary phase method to investigate if, in the presence of a dipping reflector in a medium of constant velocity, the seismic interferometric interpolation can
be useful to create virtual traces.
In our case, the phase function φ(x) = T(x, xB ) − T (x, xA ), where x, xA , and xB are the horizontal
coordinate of points x, xA , and xB , respectively, since we are only dealing with 2D acquisition lines,
T (x, xA ) is the traveltime of the primary reflection from x to xA , and T(x, xB ) is the traveltime of the
first-order multiple reflection from x to xB . Note that the primary as well as the multiple reflection have
the source at x. Therefore, it would be more suitable to work with a traveltime formula for common shot
configuration.
For primary reflections traveltime we will use an expression similar to the one presented on Sheriff and
Geldart (1995), pp. 87. To simplify the notation use Tx,h to represent the traveltime of a primary reflection
from a source at x to a receiver at 2h ahead of it, given by
s
h2 + 2hd(x) sin α
,
(6)
Tx,h = T0 (x) 1 +
d2 (x)
where T0 (x) is the traveltime of the zero-offset reflection from the source in x, h is the half-offset, d1 (x) is
normal distance from the source to the reflector, α is the dip angle. The zero-offset traveltime and normal
distance vary with x as
2z(x) cos α
T0 (x) =
(7)
v
and
d(x) = z(x) cos α,
(8)
where z(x) is the depth of the dip reflector at x, i.e.,
z(x) = z0 + (x − x0 ) tan α,

(9)

for some fixed point (x0 , z0 ) over the reflector (see Figure 4).
The traveltime of a multiple reflection, in such geometry, is equal to the traveltime of a primary reflection due to a double dip reflector. Therefore, the same expressions just presented by the primary-reflection
traveltime can be recasted for the multiple-reflection traveltime:
s
ˆ sin 2α
h2 + 2hd(x)
Tx,h = T̂0 (x) 1 +
,
(10)
dˆ2 (x)
where
T̂0 (x) =
and

2ẑ(x) cos 2α
,
v

ˆ = ẑ(x) cos 2α,
d(x)

(11)
(12)

where ẑ(x) is the depth of the virtual double-dip reflector
ẑ(x) = ẑ0 + (x − x0 ) tan 2α,

(13)

with ẑ0 = z0 (cos 2α + sin 2α tan 2α).
From equation (3), the function φ, for the stationary phase method, is given by
φ(x) = Tx,h − Tx,h .

(14)

To find the stationary point, representing the sources that contribute most to the integral (3), we have to
solve the equation
dφ(x)
= 0.
(15)
dx
Although this equation can not be analytically solved, it is fairly simple to solve it numerically.
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Figure 4: Geometry for the primary and multiple rays.




RESULTS

Depth [m]

We present two tests simulating a 2D acquisition line, one for shallow water and another for deeper water.
In the case of shallow water, a dipping reflector is located 200 m below receiver in xA and has 10◦ dip. The
other receiver, xB , is located 1000 m down dip of the first one, xA . For this two receivers there is only one
stationary point x∗ located 292.76 m in shallow water of xA . Figure 5 shows the situation. As expected,
the ray path of the primary from x to xA coincides with the ray path of the first bounce of multiple from x
to xB .

0

X*

XA

XB

200
400
600
1000

2000

Source/Receivers position [m]
Figure 5: In this shallow water example one receptor is located at 200 m above a dip reflector (10◦ dip).
The stationary point is 292.76 m of xA . The distance between xA and xB is 1000 m.
The second case is a deep water environment, the reflector is 1000 m below the receiver in xA and
the dip angle is still 10◦ . The other receiver, xB , is locate at the same distance of the first one (offset of
1000 m). Again, for this configuration there is only one stationary point x∗ at a distance of 161.34 m of xA
(Figure 6).
To investigate how the stationary point moves as the distance of xA and xB varies, we present two
further results in figures 7 and 8. The horizontal axis is the offset between xA and xB . xA was kept fixed,
while xB was shifted from xA position up to 8 km, down dip. The vertical axis is the relative position of
the stationary source point to the xA receiver, (x∗ − xA ), i.e., negative values stand for stationary points at
left of xA , while positive values stand for stationary points at right of xA .
For small offsets between xA and xB , we can observe that the stationary source points are between the
two receivers. Such source–receiver is highly uncommon in conventional towed marine seismic, where all
receiver are behind the sources.
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Figure 6: In deep water, one receiver is locate at 1000 m above the same flat dip reflector. The stationary
point is only 161.34 m of xA , in up-dip direction.
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Figure 7: Relative position of the stationary point in the shallow water case.
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Figure 8: Relative position of the stationary point in the deep water case.
CONCLUSIONS
From the experiments we have made so far, in the shallow water situation we can observe that the predicted
positions for stationary sources vary near to the first receiver, up at most 500 m up dip. In the usual
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acquisition geometry for towed marine seismic this means that at most 13 shot points, with 25 m between
consecutive shots, would be available to span the stationary source positions. The red strip in the Figure 7
indicates the range of offsets between stationary sources and xA which are not present in the data, due to
acquisition constraints. The first trace for which the stationary source would be acquired is the one with
offset 500 m, assuming that the minimum recorded offset is 175 m.
In the case of deep water, from Figure 8, we see that the range of positions for stationary sources is
more favorable, varying from 175 m up to 1800 m, for 8 km cables. In this range, there is typically 67
shots. Again, the red strip in the figure indicates the range of offsets between sources and xA which are not
present in the data. The first trace for which the stationary source would be acquired is the one with offset
1130 m.
Using stationary-phase method’s approach and with the simple geometry of a dip reflector, we were
able to investigate what are the most favorable spatial conditions to interpolate traces with Seismic Interferometry. It remains to investigate how much the interpolation actually suffer due to the lack of shots near
the stationary source position.
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REFLECTIONS FROM A SPHERICAL INTERFACE
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ABSTRACT
Analytical reference traveltimes are convenient for many purposes. Whereas reflection traveltimes for
plane interfaces in a homogeneous background can immediately be computed with an exact hyperbolic
expression, the situation becomes more complicated as soon as curved reflectors are involved. In this
manuscript, I provide an intuitive algorithm for the computation of seismic reflection traveltimes for
a spherical reflector in a 3D homogeneous medium.

INTRODUCTION
There are many situations where it is convenient to have access to analytical reference traveltimes for
simple media. One example is the verification of software routines, where input data must be reliable.
In this work, I present a solution for the traveltime of a wave reflected from a spherical interface in
a homogeneous medium. This is a classic problem that has been addressed in mathematical treatises
early on (e.g., Salmon, 1848). I suggest a solution based on Snell’s law and geometry that provides more
physical insight than the purely mathematical approach.
Since the derivation for the traveltime from Snell’s law leads to a polynomial of order six, which cannot
be solved analytically, I use results from a related problem, the reflection of a wave from an inclined
interface. In combination with these results, I obtain a polynomial of order four for a circular interface, i.e.,
in 2D, which has an analytical solution. The 3D case can be expressed in terms of the 2D problem. I will,
therefore, first discuss reflections from an inclined interface before turning to the problem of the circular,
and then, finally, the spherical reflector.
REFLECTIONS FROM AN INCLINED INTERFACE
Figure 1 shows the geometry of the 2D problem considered in this section. A dipping plane interface
with the inclination angle φ0 intersects the acquisition surface at the origin denoted 0 with coordinates
~ = (s, 0) to a receiver at G with G
~ = (g, 0)
~0 = (0, 0). The raypath from a source denoted S with S
leads to a reflection point at R. The reflection traveltime of the ray SRG is T = SRG/V , where V is
the velocity. As can be observed in Figure 1, the length of the ray SRG is the same as the distance XG,
where X is the mirror point of S with respect to the reflector.
From the geometry in Figure 1, we immediately see that
SX = 2 s sin φ0
SG = g − s
and

∠GSX = 90◦ + φ0

⇒

(1)

,

(2)

,

cos ∠GSX = − sin φ0

.

(3)
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0

S

G

φ0

R
X

Figure 1: Geometry of a reflection from an inclined interface.
The law of cosines yields
XG

2

=

(g − s)2 + 4 s2 sin2 φ0 + 4 s(g − s) sin2 φ0

=

(g − s)2 + 4 sg sin2 φ0

= V 2T 2

(4)

.

As we will see in the next section, the traveltime from S to R, Ts = SR/V , as well as the traveltime
from R to G, Tg = RG/V , are also required for the circular and, respectively, spherical reflector problem.
I use the law of sines in the triangle SXG, leading to
sin ∠GSX
sin(90◦ + φ0 )
cos φ0
sin ∠XGS
sin ∠XGS
=
=
=
=
V
T
V
T
2 s sin φ0
XG
SX
and with ∠XGS = ∠RGS

,

(5)

sin ∠RGS =

2 sin φ0 cos φ0
s
VT

.

(6)

sin ∠GSR =

2 sin φ0 cos φ0
g
VT

.

(7)

In a similar fashion, I find that

The angles ∠RGS and ∠GSR together with the distance SG = g − s are sufficient to describe the triangle
SRG. With the law of sines in SRG,
sin ∠RGS
sin ∠GSR
sin ∠GSR
=
=
V Ts
V Tg
V (T − Ts )

(8)

Finally, I arrive at the following expressions for Ts and Tg in terms of T , s, and g:
Ts =

sT
s+g

,

Tg =

gT
s+g

(9)

.

These expressions are a result that is needed in the following section for the derivation of the traveltime of
a reflection from a circular interface.
REFLECTIONS FROM A CIRCULAR INTERFACE
Again, I begin by introducing the geometry of the problem as it is shown in Figure 2. The circle has the
~ = (0, H). The reflection point R for a ray from the source at S to the
radius r. Its centre C is located at C
receiver at G is described by (xR , zR ), where
xR = r sin φ

,

zR = H − r cos φ

.

(10)
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Figure 2: Geometry of a reflection from a circular interface with the radius r: for a fixed reflection point
R, the circular reflector can be replaced by an auxiliary plane and inclined reflector that is tangent to the
sphere in R. Note that this auxiliary plane intersects the acquisition surface at X0 , unlike the inclined
reflector in Figure 1, which intersects the acquisition surface at 0.
Note that the angle φ is not known at this point. The traveltimes from S to R, Ts = SR/V , and that from
R to G, Tg = RG/V , are given by
p
V Ts =
(s − r sin φ)2 + (H − r cos φ)2 ,
p
V Tg =
(g − r sin φ)2 + (H − r cos φ)2 .
(11)
In order to determine the angle φ, I evaluate Snell’s law, demanding that ∂T /∂φ = 0, where T =
Ts + Tg is the traveltime of the reflected ray. Carrying out the derivation, I find that
sr cos φ − Hr sin φ gr cos φ − Hr sin φ
+
=0 .
Ts
Tg

(12)

Substituting the expressions for Ts and Tg , equation (11), into (12) leads to a polynomial of sixth order,
which cannot be solved analytically. There is, however, an alternative for using (11) in (12): the reflection
from the circle for a fixed reflection point R is equivalent with that from an inclined reflector that is tangent
to the circle in R, even though R is not yet known. The inclination angle of this auxiliary reflector is φ,
~0 = (x0 , 0), as depicted in
which is also not yet known, and it intersects the acquisition plane at X0 with X
Figure 2. In this case, we can use the expressions for Ts and Tg derived in the previous section, Equation
(9). Taking the change of the intersection point with the acquisition plane into consideration, I find that
Ts =

(s − x0 ) T
s + g − 2 x0

,

Tg =

(g − x0 ) T
s + g − 2 x0

.

(13)

If these are substituted into (12), after some tedious algebra, I obtain the fourth-order polynomial
ay 4 + by 3 + cy 2 + dy + e = 0 ,

(14)

where y = sin φ and
a

= −4 [H 2 (s + g)2 + (H 2 − sg)2 ]

b =

4 r(s + g)(H 2 + sg)

c =

4 (sg − H 2 )2 − 4 H 2 r2 − (r2 − 4 H 2 )(s + g)2

d = −4 rsg(s + g)
e

=

(r2 − H 2 )(s + g)2

.

(15)
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Figure 3: Coordinates and raypaths for the reflection from a sphere and their projections to the 2D equiv~ = (ξs , ηs , 0) and the receiver
alent. In the 3D coordinate system defined by (ξ, η, ζ), the source lies at Σ
~ = (0, 0, ζ). The plane spanned by the source,
at ~Γ = (ξg , ηg , 0). The centre of the sphere is located at Z
receiver, and centre of the circle contains also the reflection point R. The corresponding 2D problem with
source (S) and receiver (G) aligned along the x-axis with origin at O is obtained from a projection into this
plane. The angle made by z and ζ leads to the 2D depth H.
Note that x0 does not occur in these coefficients. The polynomial (14) has four solutions. Only two of
them fulfill Snell’s law (12). The reason is that (12) had to be squared in order to obtain (14). Of the two
solutions obeying (12), one describes the reflection from the top of the circle, and the other the reflection
from the bottom of the circle.
Once the angle φ has been determined from (12), Ts and Tg , and therefore the reflection traveltime for
the given source-receiver combination can be computed.
In the next section, I will explain the geometrical correspondence between the reflection from a circle
in 2D and that from a sphere in 3D, and how the two cases are related.
REFLECTIONS FROM A SPHERICAL INTERFACE
The plane in which a reflected wave travels is generally determined by the plane of the incident wave and
the reflector tangent plane, respectively, its normal. Since the normal for a spherical reflector has a radial
orientation, this means that wave propagation takes place in the plane defined by the source and receiver
position and the centre of the sphere. Since the reflection point R also lies in this plane, the reflection can
be treated as a corresponding 2D situation. I will now provide the necessary geometrical relations for the
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Figure 4: Possible alignments of source (Σ), receiver (Γ), and projection (O) of the centre of the sphere
(Z) onto the source-receiver line. Note that these cases comprise those where source and receiver positions
are interchanged because reciprocity holds.
application of the results from the previous section.
In order not to confuse the notations in 2D and 3D, Latin letters denote properties in the 2D system, and
~ = (ξs , ηs , 0)
Greek letters stand for 3D. Accordingly, the source and receiver positions in 3D are Σ at Σ
~
and Γ at Γ = (ξg , ηg , 0), respectively, as shown in Figure 3. The centre of the sphere is located at Z with
~ = (0, 0, ζ)1 .
Z
As I have stated above, the rays contributing to the reflection travel in the plane spanned by Σ, Γ, and
Z. To obtain expressions for the 2D equivalents S, G, and C, the (ξ, η, ζ) coordinate system must be
~
~
~
rotated to (x, z) coordinates in a fashion that S(Σ)
= (s, 0), G(Γ)
= (g, 0), and C(Z)
= (0, H).
Note that while the radius of the sphere is the same as that of the circle, the depth H of the centre of the
circle is not equal to ζ. This is the case because the depth H is obtained from the distance of Z on the line
that connects Σ and Γ. It can be computed by a simple projection of Z on the line that connects Σ and Γ,
resulting in the point O, the new origin that corresponds to (0, 0) in the 2D system. In 3D coordinates, the
point O is given by
~ ~
~ ~
~
~ =Σ
~ + (Z − Σ) · (Γ − Σ) (~Γ − Σ)
,
(16)
O
~ · (~Γ − Σ)
~
(~Γ − Σ)
and the depth H by the distance between Z and O, i.e.,
~ −O
~
H= Z

(17)

.

The values for s and g are, accordingly, given by the distances between Σ and O, and Γ and O, respectively. However, in contrast to the depth H, we must now also take into account that the signs of the
respective distances may differ. These depend on the positions of Σ and Γ with respect to O, as illustrated
in Figure 4.
Any point Π on the line defined by the source and receiver obeys the equation
~ =Σ
~ + t (~Γ − Σ)
~
Π

.

(18)

~ = Σ,
~ the parameter t is zero, and for Π
~ = ~Γ, t=1. For the three cases depicted in
In particular, for Π
Figure 4, we find that
(a) t < 0 and therefore s and g must be chosen as
~ −O
~
• s=− Σ
~
• g = − ~Γ − O
1 This

choice is due to the lack of a letter in the Greek alphabet that corresponds to ’C’.
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(b) 0 < t < 1 and therefore s and g must be chosen as
~ −O
~
• s=− Σ
~
• g = + ~Γ − O
(c) t > 1 and therefore s and g must be chosen as
~ −O
~
• s=+ Σ
~
• g = + ~Γ − O
With the now determined values for s, g, H, and the radius r, the reflection traveltime between Σ and
Γ can be evaluated with the previous results for the reflection from a circle.
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Wave Inversion Technology
established 1996 in Karlsruhe, Germany
The Wave Inversion Technology Consortium (WIT) was established in 1996 and is organized by the
Institute of Geophysics of the University of Hamburg. It consists of three integrated working groups, one
at the University of Hamburg and two at other universities, being the Mathematical Geophysics Group
at Campinas University (UNICAMP), Brazil, and the Geophysical Institute of the Karlsruhe University.
In 2003, members of the Geophysical Department at the Federal University of Pará, Belém, Brazil, have
joined WIT as an affiliate working group. In 2007, NORSAR joined WIT as research affiliate. In 2010,
Fraunhofer ITWM joined WIT as research affiliate.
The WIT Consortium offers the following services to its sponsors:
a.) research as described below;
b.) deliverables;
c.) technology transfer and training.
The ultimate goal of the WIT Consortium is a most accurate and efficient target-oriented seismic
modelling, imaging, and inversion using elastic and acoustic methods. Within this scientific context it is
our aim to educate the next generations of exploration geophysicists.
Exploration and reservoir seismics aims at the delineation of geological structures that constrain and
confine reservoirs. It involves true-amplitude imaging and the extrapolation of the coarse structural features
of logs into space. The goals on seismic resolution are constantly increasing which requires a complementary use of kinematic and wave equation based techniques in the processing work flow. At WIT we use a
cascaded system of kinematic and full wave form model building and imaging techniques. Since our data
and inversions are never perfect it is the challenge to find those techniques which produce the best images
for erroneous velocities and faulty wave forms.
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RESEARCH TOPICS

The WIT consortium has the following main research directions, which aim at characterizing structural
and stratigraphic subsurface properties. Some of the topics are studied by more than one team, applying
different approaches. The WIT research is divided into five subgroups:
Processing and Imaging
The Common Reflection Surface (CRS) concept plays a key role in the WIT research on processing and
imaging. The WIT hyperbolic CRS and non-hyperbolic i-CRS stacking operators are based on this concept
and represent the backbone of many research topics.
• global (ZO CRS) vs. local (CO CRS) approximations
• estimation of CO CRS attributes from ZO attributes
• 3-D i-CRS operator
• wavefield decomposition using stacking attributes (multiples, reflections, diffractions)
• utilizing super resolution
• pre-stack diffraction/reflection separation
• 5-D CRS and i-CRS interpolation and pre-stack data enhancement
• improved coherence measures (MUSIC, cross-correlation, analytical trace, etc.)
• optimization of multi-dimensional coherence analysis
• data driven isotropic and anisotropic time migration
• wavefield decomposition and filtering in the CSP domain
• inverse CSP mapping
• CRS and diffraction processing of 3-D hard rock data
• angle domain migration
• beam migration
• image wave re-migration
• migrated-domain CRS methods
Model Building
Most of our model building approaches also exploit the CRS concept, which may be applied in the data or
time migrated domain.
• diffraction focusing velocity analysis
• passive seismic data velocity model update
• CRS based time to depth conversion
• tomographic inversion of stacking attributes
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Full Waveform Inversion
Research on Full Waveform Inversion (FWI) is moving toward applications to marine reflection seismic
data and near surface seismic data (surface waves) and three-component Vibroseis data acquired in crystalline rocks.
• development of robust preprocessing of seismic data for FWI
• multi-parameter FWI
• source wavelet inversion
• accurate methods for geometrical spreading correction
• implementation of 3-D acoustic/elastic/viscoelastic FWI on HPC machines
• FWI in viscoelastic media
• optimization of Finite-Difference forward solvers used in FWI with respect to MPI communication,
higher order time integration, variable spatial discretization and smooth free surface topography
• application of pseudo spectral methods in FWI
Modeling and RTM
In modeling and RTM we use FD, FE, and pseudo spectral approaches. Optimizations of the computational
effort is highest on the agenda.
• 2-D and 3-D RTM for VTI and TTI media (spectral methods)
• 2-D and 3-D acoustic and elastic RTM (FD methods)
• finite element (FE) elastic wavefield modeling
• computational optimizations of FD and spectral method approaches for acoustic, elastic, and anisotropic media, including benchmarking
• improved one-way wave equation
• reflection impedance description of reflection coefficients
• tuning effects in AVO and AVA
Passive Seismics
Passive seismic signals as a diffraction event provide the link to reflection seismics. Located diffractions
or micro-earthquakes provide natural Green’s functions for reflection imaging.
• optimization of model-domain stacking and correlation based localization approaches
• high resolution full waveform relative event localization
• microtremor localization
• interferometric re-localization
• development of fast time-domain localization technique
• localization uncertainties (apertures, velocities, bandwidth, acquisition footprint)
• real time processing methodology
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WIT STEERING COMMITTEES
Internal Steering Committee
Name

WIT team

Thomas Bohlen

Karlsruhe

Norman Ettrich

ITWM

Dirk Gajewski

Hamburg

Tina Kaschwich

NORSAR

Jörg Schleicher

Campinas

Martin Tygel

Campinas

Claudia Vanelle

Hamburg

External Steering Committee
Name

Sponsor

Andreas Hölker

Addax Petroleum Services

Thomas Hertweck

CGG

Heron Antônio Schots

Centro Potiguar de Geocîencias

Gerd Rybarczyk

DMT Petrologic

Carlo Tomas

Eni

Paul Krajewski

Gaz de France SUEZ

Dan Grygier

Landmark Graphics Corporation

Jan Erik Lie

Lundin

Rune Øverås, Jon Sandvik

PSS-Geo

Henning Trappe

TEEC
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COMPUTING FACILITIES

The Hamburg group has access to a 264 nodes (16 dual core CPUs, 8448 cores in total) IBM p575
"Power6" cluster at the German Computer Center for Climate Research (Deutsches Klimarechenzentrum,
DKRZ) for numerically intensive calculations. It is equipped with 20 TeraByte of memory and its
performance per core is 18.8 GigaFlops. There is also access to an IBM Linux cluster (Intel XEON). A
SUN Fire X4600 (8 dual core Opteron, 32 GB) is exclusively available for the group’s computing demands.
Additional computer facilities consist of several Linux workstations and Linux PCs. Furthermore, the
group has exclusive access to a Maxeler MaxWorkstation with a 24 GB memory MAX3 acceleration card
which is FPGA based.
The research activities of the Campinas Group are carried out in the Computational Geophysics
Laboratory. The Lab has 15 Linux PC workstations connected by a dedicated jhigh-speed network,
suitable for parallel processing. Educational grants provide seismic packages from leading companies
such as Landmark and Paradigm. Besides State Government funds, substantial support both for equipment
and also scholarships are provided by the Brazilian Oil Company Petrobras. An extension of the Lab with
substantial increase of computer power and space in the new facilities of the Center of Petroleum Studies
went fully operational in 2012. The new Lab extension counts on another 30 Linux PC workstations that
rely on resources shared by a high-performance server and provide access to a 3Tflops cluster with 2TB
RAM. The LGC also has remote access to the computing facilities of the Petrobras Research Center in Rio
de Janeiro.
The local facilities of the WIT group in Karlsruhe mainly consist in about 30 clustered quad-core
Linux workstations. For large-scale computational tasks, a Hewlett-Packard XC3000 (HC3) Linux cluster
and is available on campus. It hosts about 300 nodes with two quad cores each. The total nominal
peak performance is 27 Teraflops, the total main memory 10 Terabyte. About 300 Terabyte disk space
are available via a Lustre file system and an InfiniBand interconnect. Sharing the same file system, the
WIT group in Karlsruhe co-funded and has exclusive access to the SCC Institutscluster 2 (IC2) which
is a distributed memory parallel computer with 400 16-way compute nodes where each node has two
Intel Xeon Octa-Core sockets with Sandy Bridge architecture, 2.6 GHz frequency and 64 GB local
memory. The total nominal peak performance is 132 Teraflops, the total main memory 28.3 Terabyte. In
addition, the WIT group in Karlsruhe has access to the computing facilities of the state-owned bwGRiD
consisting of a total of 101 IBM blades centers distributed over seven universities in Baden-Württemberg.
Furthermore, successful project proposals at the Jülich Supercomputing Centre (JSC) and the High
Performance Computing Center Stuttgart (HLRS) has granted access and a large volume of computing
hours for the Juropa Clustercomputer and the Cray Hermit Supercomputer. The Juropa super computer
consists of 8640 cores total, 52 Terabyte main memory with a peak performance of 101 TeraïňĆops,
while the Hermit cluster computer consists of 3552 cores total, about 150 Terabyte main memory and
with a peak performance of 1.045 Petaflops. Both super computers will be used for large scale forward
simulation and full waveform tomographies.
The main computing facility at the Geophysics Graduation Program in Belém is the Seismic Processing Lab (ProSis) . The hardware resources include: several networked Linux-PCs and for large-scale
applications, a cluster of PCs with 15 dual-processor nodes with Tesla GPGPU cards in 8 nodes. The
proprietary software packages available for seismic applications are ProMAX and MATLAB.
Fraunhofer ITWM builds up new compute clusters early 2014. The largest machine consists of 192
dual Intel Xeon E5-2670 ("Sandy Bridge") (i.e. 16 CPU cores per node) with 64 GB RAMeach, 300
GB HDD, 2x Gigabit Ethernet and FDR Infiniband interconnect. In total, 3072 CPU cores, 12 TB main
memory, and 57 TB disk space. Estimated peak performance is 56 TFlops. In addition, 4 quad Intel Xeon
E5-4650L ("Sandy Bridge") (i.e. 32 CPU cores per node) with 256 GB RAM, 2x 500 GB HDD will be
available. The storage system consists of 12 storage servers, connected via FDR Infiniband an 10 Gigabit
Ethernet with a total capacity of 200 TB via the Fraunhofer file system. In addition, the HPC department
of ITWM runs a cluster with 92 compute nodes, among them 60 Intel Xeon E5-2680 IvyBridge nodes.
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WIT research personnel
Ivan Abakumov received his MSc from St. Petersburg University in 2013. He is now a PhD student in the
University of Hamburg. His research interests are time imaging, converted waves, time-lapse seismic, full
waveform inversion, geophysical data processing and computer programming. Ivan is a student member
of EAGE, SGE and SPE.
Peter Adetokunbo received a B.Tech. in Applied Geophysics from the Federal University of Technology,
Akure, Nigeria in 2007 and is currently a M.Sc. student in Geophysics at Earth Science Department,
King Fahd University of Petroleum and Minerals, Saudi Arabia. His research interests focus on frequency
dependent seismic attenuation, seismic imaging and interpretation. He is a member of SEG, SPE and IAH.
Niklas Ahlrichs is a B.Sc. student in geophysics at the University of Hamburg since 2011. His research
interests focus on seismic velocity analysis.
Khawar Ashfaq Ahmed received a B.Sc. from the University of the Punjab in Lahore, Pakistan, in
2005. He received a M.Sc. in Geophysics in 2007 and a M.Phil. in Geophysics in 2009, both from the
Quaid-i-Azam University in Islamabad, Pakistan, where he also worked for three years as teaching and
research associate in the Department of Earth Sciences. Since 2010, he is enrolled at the University
of Hamburg as a Ph.D. student in Geophysics. His recent work is 3D seismic processing with hybrid
approach and diffraction mapping. His current research work is on seismic imaging in 3D Schneeberg
data(crystalline environment)
Denis Anikiev received his MSc in geophysics in 2011 from Saint Petersburg State University, Russia,
with a thesis "Methods of dynamic inverse problem for horizontally homogeneous media". He participated
in an exchange program with Hamburg University in 2006-2009 during his work on the BSc thesis "Localization of Seismic Events by Diffraction Stacking". Since 2011 he is a Ph.D. student at Earth Physics
Department in Saint Petersburg State University. The preliminary title of his Ph.D. thesis is ‘Reverse-time
migration in isotropic elastic media’. His present research interests include elastic reverse-time migration,
full waveform inversion, localization of seismic events, localization of microtremors, dynamic inverse
problems for acoustic layered media. He is a student member of SEG, EAGE, SPE.
Parsa Bakhtiari Rad received a B.Sc. in Mine Exploration Engineering from the Islamic Azad University,
Iran, in 2005 and received a M.Sc. in Exploration Seismology in 2008 from the same university with
a thesis title "Application of Karhunen-Loeve Filter in Multiple Attenuation Camparison with Radon
Transform on Seismic Reflection Data". He also worked for almost three years as a Data Analyst in
2D/3D seismic data processing center of OEOC-CGG companies in Tehran and as a geophysicist in data
acquisition fields for geophysical section of National Iranian Oil Company(NIOC) as well. In 2012, he
enrolled at the University of Hamburg as a Ph.D. student in Geophysics. His main research interest is
processing and imaging of seismic diffractions.
Alexander Bauer received a B.Sc. in Geophysics from Hamburg University in 2012 and is currently
M.Sc. student in the Hamburg WIT group. His research interests focus on multiparameter stacking and
converted waves.
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Mehrnoosh Behzadi has received her B.Sc. in physics (2004) and M.Sc. in seismology (2009) from
Islamic Azad University of Tehran, Iran. Since 2011, she is a Ph.D. student in the Hamburg WIT group.
Her research interests include passive seismics, site effects, and microseismicity. She is a member of
EAGE.
Ricardo Biloti received his B.Sc.(1995), M.Sc. (1998) as well as Ph.D. (2001) in Applied Mathematics
from the State University of Campinas (UNICAMP), Brazil. He worked at Federal University of
Paraná (UFPR), Brazil, as an Adjoint Professor, at the Department of Mathematics, from May 2002
to September 2005, when he joined Unicamp as an Assistant Professor. He has been a collaborator
of the Campinas Group since his Ph.D. His research areas are multiparametric imaging methods, like
CRS for instance. He has been working on estimating kinematic traveltime attributes and on inverting
them to construct velocity models. He is also interested in Numerical Analysis, Numerical Linear Algebra, and Fractals. He is a member of SBMAC (Brazilian Society of Applied Mathematics), SIAM and SEG.
Martina Bobsin received her B.Sc. in geophysics at the University of Hamburg in 2012 and is now
an M.Sc. student in the Hamburg WIT group. Her research interests focus on multiparameter stacking
operators and time migration.
Thomas Bohlen received a Diploma of Geophysics (1994) and a Ph.D. (1998) from the University of
Kiel, Germany. From 2006 to 2009 he has been Professor of Geophysics at the Institute of Geophysics
at the Technical University Freiberg where he has been the head of the seismics and seismology working
groups. Since 2009, he is Professor of Geophysics at the Geophysical Institute of the Karlsruhe Institute
of Technology. He is the head of the applied geophysics group. His research interests and experience
include: seismic modelling, full waveform inversion, surface wave inversion and tomography, reflection
seismic imaging. He is a member of SEG, EAGE, AGU, ASA, and DGG (member of the executive board).
Alexandre William Camargo received his BS (2011) in Applied Mathematics from the State University
of Campinas (UNICAMP), Brazil. He is currently about to finish the Master Science in Applied Mathematics in the same university. His professional interests include seismic modeling and numerical methods
for differential equations. He is member of SEG (Society of Exploration Geophysicists).
Pedro Chira Oliva, received his diploma in Geological Engineering (UNI-Peru/1996). He received his
MSc., in 1997 and PhD., in 2003, both in Geophysics, from Federal University of Pará (UFPA/Brazil). He
took part of the scientific research project "3D Zero-Offset Common-Reflection-Surface (CRS) stacking"
(2000-2002) sponsored by Oil Company ENI (AGIP Division - Italy) and the University of Karlsruhe
(Germany). Currently he is full Professor at the Institute of Coastal Studies (IECOS) of UFPA. His
research interests include seismic stacking and seismic modeling. He is member of GOCAD consortium
(France) and SBGf.
Tiago A. Coimbra received a B.Sc. (2007) in Mathematics from Federal University of Espirito Santo
(UFES) and an M.Sc. (2010) in Applied Mathematics from University of Campinas (UNICAMP), Brazil.
Since 2010 he has been a Ph.D. student in Applied Mathematics at UNICAMP. His research interests
include seismic modeling, particularly ray theory, velocity analysis, offset continuation, and image-wave
theory. He is a member of SEG and SBGf.
Jessé Carvalho Costa received his diploma in Physics in 1983 from the Physics Department, Federal
University of Pará (UFPA) and a Doctor degree in Geophysics in 1993 from the Geophysics Department at
the same University. He was a Summer Student at Schlumberger Cambridge Research in 1991 and 1992.
He spent 1994 and 1995 as a post-doc in the Stanford Tomography Project at Stanford University. He held
a faculty position the Physics Department at UFPA from 1989 to 2003. Currently he is Associate Professor
in the Geophysics Department, UFPA. His fields of interest include seismic anisotropy, traveltime
tomography and seismic modeling.
João Carlos Ribeiro Cruz received a BSc (1986) in geology, a MSc (1989), and a PhD (1994) in
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geophysics from the Federal University of Pará (UFPA), Brazil. From 1991 to 1993 he was with the
reflection seismic research group of the University of Karlsruhe, Germany, while developing his PhD
thesis. Since 1996 he has been full professor at the geophysical department of the UFPA. His current
research interests include velocity estimation, seismic imaging, and application of inverse theory to seismic
problems.
Jesper Sören Dramsch participated in the junior studies programme at the University of Hamburg in
2006. He continued his studies in Geophysics at the same university and finished his BSc thesis in 2010.
Recently he is participating in the M.Sc. programme in Geophysics at the University of Hamburg. He is
currently working on pre-stack data enhancement for improving sub-salt illumination..
Simone Dunkl received her diploma in geophysics at the Karlsruhe Institute of Technology (KIT) in 2010.
Afterwards she started her PhD in Karlsruhe, working on 3D elastic full waveform inversion.
Norman Ettrich received his diploma in geophysics in 1993 from the Technical University of ClausthalZellerfeld, and a Ph.D. in geophysics (1997) from the University of Hamburg. In 1998-2002, he worked
at the research center of Statoil, Trondheim. In 2002, he joined the Fraunhofer Institut für Techno- und
Wirtschaftsmathematik in Kaiserslautern, Germany. Since 2005, he has been contributing to building up
research activities in the fields of seismic migration, processing and visualisation. His key interests are
seismic migration, seismic processing, ray tracing, and anisotropy. He is a member of EAGE and SEG.
Yaqueline Figueredo graduated as Engineer Cadastral and Geodest in 1997 from Distrital University of
Colombia, she received a M.Sc. in Geophysics in 2003 from the National University of Colombia, after
that, during three years she was teacher of Geophysics and Physics. She also worked on seismic imaging
and seismic attenuation for five years in the Geophysical Group of the Colombian Petroleum Institut being
part of the Tenerife Multicomponent project and complex areas in the Piedemonte Llanero project. Since
2011, she is enrolled at the University of Hamburg as a PhD student in Geophysics. Her current research
interest is seismic imaging for source location.
José Jadsom de Figueiredo received a B.Sc. (2006) in Physics from Federal University of Paraiba
(UFPB), an M.Sc. (2008) in Physics, and a PhD (2012) in Petroleum Science and Engineering from the
State University of Campinas (UNICAMP), Brazil. During his PhD, he spent one year (2010-2011) at
Allied Geophysical Laboratories at Houston University. In October 2012, he has joined the Faculty of
Geophysics at Federal University of Pará (UFPA) as an Associate Professor. His research interests include
seismic imaging methods, particularly diffraction imaging, physical modeling of seismic phenomena,
anisotropy and rock physics . He is a member of EAGE, SEG, SBGf and SPE.
Dirk Gajewski holds the chair of Applied Seismics at the University of Hamburg. Until 2006 he worked
at the same institution as associate professor. He received a diploma in geophysics in 1981 from Clausthal
Technical University and a Ph.D from Karlsruhe University in 1987. After his Ph.D, he spent two years
at Stanford University and at the Center for Computational Seismology at the Lawrence Berkeley Lab in
Berkeley, California. From 1990 until 1992, he worked as an assistant professor at Clausthal Technical
University. His research interests include high-frequency asymptotic, seismic modeling, and processing of
seismic data from isotropic and anisotropic media. Together with Ivan Psencík, he developed the ANRAY
program package. He is a member of AGU, DGG, EAGE, and SEG, and served as Associate Editor for
Geophysical Prospecting (section anisotropy). Since 2009 he is a member of the research committee of the
EAGE. Besides his activities in WIT he is vice director of the Centre for Marine and Climate Research.
Håvar Gjøystdal is Research Manager of Seismic Modelling at NORSAR in Kjeller, near Oslo. He also
holds an adjunct position of Professor of Geophysics at the Department of Earth Science, University of
Bergen. In 1977 he joined NORSAR and started building up research activities within the field of seismic
modelling, which to-day include both R&D projects and services and software products for the petroleum
industry. Key topics are ray tracing, seismic tomography, and time lapse seismic modelling. He is a
member of SEG and OSEG.
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Ellen de Nazaré Souza Gomes received her diploma in Mathematics in 1990 from University of
Amazônia. She received her Master degree in Applied Mathematics in 1999 from the Mathematics
Departament, Federal University of Pará. In 2003, she received her Doctor degree in Geophysics from
Geophysics Department at the same University. Her fields of interest are anisotropy and seismic modeling.
She has been professor at the Federal University of Pará since 1997.
Lisa Groos received her diploma in geophysics in 2009 at the Karlsruhe Institute of Technology with
a thesis about the determination of response functions of tall buildings using seismic interferometry.
Between 2009 and 2013 she was a Ph.D. student at the Geophysical Institute in Karlsruhe. In 2013 she
received her Doctor degree in Geophysics from the KIT with a thesis on 2D full waveform inversion
of shallow-seismic surface waves. She continues her research on FWI as a PostDoc researcher at the
Geophysical Institute in Karlsruhe.
Carina Guntern is a M.Sc. student at the University of Hamburg. She received her B.Sc. in geophysics
in 2013 with a Bachelor thesis on diffraction imaging with the CRS and i-CRS operator. Her research
interests focus on diffraction imaging and multiparameter stacking operators.
Sven Heider received his diploma in geophysics in 2010 at the Karlsruhe Institute of Technology. The
topic of his diploma thesis was the interpretation of noise measurements produced by foot steps. Since
2011 he is a a Ph.D. student at the KIT. His Ph.D. research focuses on 2D full waveform inversion in
crystalline host rock. He is a member of DGG and the SEG.
Einar Iversen received Cand.scient. (1984) and Dr. philos. (2002) degrees in geophysics, both from
the University of Oslo, Norway. He has worked for NORSAR since 1984 and is currently a senior
research geophysicist within NORSAR’s Seismic Modeling Research Programme. He received the
Best Paper Award in Geophysical Prospecting in 1996. His professional interests are seismic ray theory and its application to modeling, imaging, and parameter estimation. He is a member of SEG and EAGE.
Tina Kaschwich received her diploma in geophysics (2001) and a Ph.D. in geophysics (2006), both from
the University of Hamburg. Since 2005 she has been a research fellow at the seismic modelling group at
NORSAR, Norway. Her research interests are ray tracing and wavefront construction methods, imaging
and illumination studies for survey planning and quality control for different model and wave types. She
is a member of EAGE, OSEG and SEG.
Boris Kashtan obtained his MSc in theoretical physics from Lenigrad State University, USSR, in 1977.
A PhD (1981) and a Habilitation (1989) were granted to Boris by the same University. He is Professor at
St. Petersburg State University, Russia, and since 1996 Boris is head of the Laboratory for the Dynamics
of Elastic Media. His research interests are in high frequency methods, seismic modeling, inversion,
anisotropy, and imaging. He regularily visits Germany and spends from weeks to several month at the
University of Hamburg every year.
Vladimir Kazei is a PhD student in geophysics at St. Petersburg State University, where he received BSc
in mathematical physics (2009) and MSc in geophysics (2012). His research interests are seismic modeling, inversion and its quality control tools. Throughout visits to University of Hamburg Vladimir works on
multiscale pseudo-spectral full waveform inversion. Vladimir is a student member of EAGE, SEG and SPE.
Mohsen Koushesh studied Physics at the Isfahan University of Technology and received his B.Sc. in
2007. He continued his studies in Seismology at the Tehran University as a M.Sc. and wrote his thesis in
"site effect estimation" in 2010. He has begun his studies as a Ph.D. student at the University of Hamburg
in Applied Seismics since October, 2012 . Interpolation, regularization and enhancement of signal to noise
contain his interests and studies. In this regard, he has presented the partial i-CRS stack, which is evolved
version of the partial CRS stack method.
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Andre Kurzmann studied geophysics at the TU Bergakademie Freiberg. In 2006 he received his diploma
in geophysics. From 2006 to 2007 he worked in several engineering offices. His tasks were supervision,
performance and analysis of geophysical measurements. From 2007 he is has been a Ph.D. student at
the Institute of Geophysics, TU Bergakademie Freiberg (2007-2009) and at the Geophysical Institute,
Karlsruhe Institute of Technology (2009-2012). In 2012 he received a doctorate in natural sciences from
the Faculty of Physics, with a thesis on the applications of 2D and 3D full waveform tomography in
acoustic and viscoacoustic complex media. His research interests focus on 2D seismic modelling of
acoustic/elastic wavefields and 2D and 3D full waveform inversion applied to reflection and crosshole
acquisition geometries. He is a member of EAGE.
Isabelle Lecomte received an M.S. (1987) in geophysics, an Engineering Geophysics (1988) degree, and
a Ph.D. (1991) in geophysics, all from the University of Strasbourg, France. In 1988-1990, she worked as
a Ph.D. fellow at IFREMER/University of Strasbourg. In 1991-1992, she was a post-doctoral fellowship
at NORSAR, Norway (grant from EU in 1991, and the Research Council of Norway in 1992). Since 1993,
she joined NORSAR permanently as a senior research geophysicist in R&D seismic modelling, and is now
a principal research geophysicist. Since 2003, she is also a part-time researcher at the International Centre
for Geohazards (ICG, Oslo), acting as the theme coordinator for geophysics. She received the EAGE
Eötvös award (best paper, Geophysical Prospecting) in 2001. Her main research interests are seismic
modelling (finite-differences, ray-tracing, Eikonal solvers, hybrid RT-FD), with applications to seismic
reflection, refraction and tomography in oil exploration, and seismic imaging (generalized diffraction
tomography) including resolution studies. More recent studies concerned seismic imaging with SAR-type
processing, and simulation of PSDM images. She is a member of EAGE, OSEG, and SEG.
L.W.B. Leite is a professor of geophysics at the Graduate Course in Geophysics, and member of the
Department of Geophysics of the Federal University of Pará (Belem, Brazil). His main emphasis at the
present time is seismic wave propagation in thin layers for deconvolution and inversion problems.
Daniel Macedo received a B.Sc. (2004) in Physics and an M.Sc. (2010)in Geosciences from University
of Campinas (UNICAMP), Brazil. Since 2010 he has been a Ph.D. student in Petroleum Science
andEngineering at UNICAMP. His research interests include wave phenomena, seismic imaging and
inversion methods, particularly full waveform inversion, and scattering theory. He is a member of SEG,
EAGE and SBGf.
Jonathas Maciel graduated in Physics (2008) and received his M.Sc. in Geophysics (2011), both from
Federal University of Pará (UFPa), Belém, Brazil, where he is now working toward a Ph.D. in seismic
methods. His research interests are concentrated in wave-equation migration velocity analysis methods.
He is a member of SEG and SBGf.
Leo Nesemann received his MSc in computational mathematics in 2006 from Brunel University (London) and a PhD in applied mathematics from the University of Hannover in 2010. Since 2011, he is
working as a scientist in the HPC department of the Fraunhofer ITWM in Kaiserslautern. His research interests are highly scalable, efficient applications of FEM and FDM for linear acoustic and elastic equations.
Amélia Novais received her M.Sc. in Mathematics from the Brazilian Institute of Pure and Applied
Mathematics (IMPA) in 1993 and her PhD in Applied Mathematics from State University of Campinas
(Unicamp) in 1998. From 1996 to 2002, she was a professor for Mathematics at the Federal University
of São Carlos (UFSCar), Brasil. She has joined Unicamp in April 2002 as an Assistant Professor and
since 2009 as an Associate Professor. Her research interests focus on partial differential equations and
include seismic forward modeling and imaging. In particular, she works with finite differences to obtain
the solution of the acoustic, elastic and image wave equations, as well as with the Born and Kirchhoff
approximations. Presently, she also studies image-wave equations. She is a member of SEG, SBGf,
SBMAC, and SBM.
Antonio J. Ortolan Pereira got his bachelor degree in Geophysics and Economy from the University
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of Sao Paulo, Brazil, during the early nineties. Since 2000, he has been working for Petrobras in Rio de
Janeiro. During this period he has worked as a geophysicist in Seismic Processing and Marine Seismic
Acquisition. Between 2008 and 2011 he was involved as a Petrobras manager in the largest time lapse (4D)
marine survey in the world (more than 3400 square kilometers in highly congested areas in the Campos
and Espirito Santo basins, covering several major offshore fields in Brazil). Currently he is on leave from
Petrobras to study Seismic Interferometry towards a master’s degree at University of Campinas.
Robert Pfau will complete his geophysics degree in the M.Sc. programme at the University of Hamburg
in 2013 after receiving his B.Sc. in 2010. His master thesis deals with multiple attenuation within the CRS
workflow. His main interests are applied seismics, geology and the polar regions. He is a member of SEG
and AAPG.
Vanessa Propach is a M.Sc. student of climate and environmental change at the University of Mainz
since 2013. She received a B.Sc. of geophysics from the University of Hamburg in 2013. Her research
interests in geophysics were focused on coherency measures in seismic velocity analysis.
Lúcio Tunes Santos received his B.Sc. (1982) and M.Sc. (1985) in Applied Mathematics from the State
University of Campinas (UNICAMP), Brazil. In 1991 he earned his PhD in Electrical Engineering also
from UNICAMP. From 1985 to 1988 he was employed as a Teaching Assistant at the University of Sao
Paulo (USP). Since 1988 he has been working for UNICAMP, first as an Assistant Professor and after
1999 as an Associate Professor. From 1994 to 1995 he visited Rice University as a postdoc researcher and
in 1998, 1999 and 2001 he was a visiting professor at the Geophysical Institute of Karlsruhe University
(Germany). His professional interests include seismic modeling and imaging as well as nonlinear
optimization and fractals. He is a member of SBMAC (Brazilian Society of Computaional and Applied
Mathematics) and SEG. His present activities include the development of new approximations for the P-P
reflection coefficient, alternative attributes for AVO analysis, and finite-difference methods for the eikonal
and transport equations.
Henrique B. Santos received a B.Sc. (2009) and an M.Sc. (2011) in Geophysics from University of
Sao Paulo (USP), Brazil. Since 2011 he has been a Ph.D. student in Petroleum Science and Engineering
at University of Campinas (UNICAMP), Brazil. His research interests include seismic modeling and
inversion, particularly migration methods, velocity analysis, offset continuation, and image-wave theory.
He is a member of SEG, EAGE, SBGf, AGU and EGU.
Martin Schäfer studied geophysics at the Karlsruhe Institute of Technology (former University of
Karlsruhe). In 2010 he received his diploma in geophysics. Between 2008 and 2009 he spent six months
at the UiO in Oslo. Since 2011 he is a Ph.D. student at the Institute of Geophysics, Karlsruhe Institute of
Technology (KIT). He works on shallow seismics surface waves and the advancement of field technology
for near-surface exploration.
Paula Schemmert received a B.Sc. in geophysics from Hamburg University in 2012. She continues her
studies in the M.Sc. programme in geophysics, also at the University of Hamburg. Currently, she is
working on the KTB-VB (pilothole) data set in order to test a localization method which is independent of
a velocity model. She has been a student assistant since December 2010.
Jörg Schleicher received a BSc (1985) in physics, an MSc (1990) in physics, and a PhD (1993) in
geophysics from Karlsruhe University (KU), Germany. From 1990 to 1995, he was employed as a research
fellow at KU’s Geophysical Institute. From September 1995 to September 1996, he was a visiting scientist
at the Institute for Mathematics, Statistics, and Scientific Computing of State University of Campinas
(IMECC/UNICAMP) in Brazil with joint grants from the Brazilian Research Council CNPq and Alexander
von Humboldt foundation. Since October 1996, he has been a professor for Applied Mathematics at
IMECC/UNICAMP, first an Associate Professor and since 2013 a Full Professor. In 1998, he received
SEG’s J. Clarence Karcher Award. His research interests include all forward and inverse seismic methods,
in particular Kirchhoff modeling and imaging, amplitude-preserving imaging methods, ray tracing, and
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model-independent stacking. He is a member of SEG, EAGE, DGG, AGU, SBGf, and SBMAC.
Benjamin Schwarz received his diploma in Geophysics in August 2011 and is currently a PhD student
at Hamburg University. His main research interests are data-driven time imaging and velocity model
building. He is a member of DGG and SEG.
Dela Spickermann wrote her B.Sc. thesis in the field of synthetic water seismics in 2011 and is now
studying in the M.Sc. programme of Geophysics at the University of Hamburg. Her main interest is
passive seismics.
Ekkehart Tessmer received an MSc in 1983 in geophysics from Hamburg University and a PhD in 1990
from Hamburg University. Since 1990, he has been senior research scientist at the Institute of Geophysics
at Hamburg University. Since 1994, he has a university staff position. His research interests include
exploration seismology, seismic and electromagnetic wave propagation simulation, and migration. He is a
member of DGG, EAGE, and SEG.
Niklas Thiel received his Bachelor of Science in Geophysics at the Karlsruhe Institute of Technology
(KIT) in 2011. His topic was the processing of a marine 2D reflection seismic profile. Afterwards he
started with the Master program in Geophysics and has finished his Master studies with a thesis on
Sub-salt seismic imaging using full waveform inversion. He will continue this work as a PhD student at
the Geophysical Institute in Karlsruhe. He is member of the DGG (member of the executive board) and
student representative of the German Geophysics students.
Martin Tygel received his B.Sc. in physics from Rio de Janeiro State University in 1969, his M.Sc. in
1976 and Ph.D. in 1979 from Stanford University, both in Mathematics. He was a visiting professor at
the Federal University of Bahia (PPPG/UFBa), Brazil, from 1981 to 1983 and at the Geophysical Institute
of Karlsruhe University, Germany, in 1990. In 1984, he joined Campinas State University (UNICAMP)
as an associate professor and since 1992 as a full professor in Applied Mathematics. Professor Tygel has
been an Alexander von Humboldt fellow from 1985 to 1987. In that period, he conducted research at the
German Geological Survey (BGR) in Hannover. From 1995 to 1999, he was the president of the Brazilian
Society of Applied Mathematics (SBMAC). In 2002, he received EAGE’s Conrad Schlumberger Award,
and in 2007 the Lifetime Achievement Award by the Brazilian Geophysical Society (SBGf). Prof. Tygel’s
research interests are in seismic processing, imaging and inversion. Emphasis is aimed on methods and
algorithms that have a sound wave-theoretical basis and also find significant practical application. These
include, for example, the unified approach of seismic reflection imaging (problem-specific combinations
of true-amplitude migration and demigration) and, more recently, data-driven seismic imaging approaches
such as the Common Reflection Surface (CRS) method. Prof. Tygel is a member of SEG, EAGE, SBGf,
and SBMAC.
Claudia Vanelle received her diploma in physics in 1997, her Ph.D. in 2002, and her habilitation and
venia legendi in 2012 from the University of Hamburg. Since 1997 she has been a research associate at the
University of Hamburg and since 1998 at the Institute of Geophysics in Hamburg, where she was raised to
a senior tenured staff position in 2006. In 2002, she received the Shell She-Study-Award in appreciation of
her Ph.D. thesis. Her scientific interests focus on true-amplitude migration, multiparameter stacking, ray
method, and anisotropy. She is a member of DGG and SEG.
Manizheh Vefagh received a B.Sc. (2000) in Physics From K.N.Toosi University of Technology and an
M..Sc. (2008) in Seismic From University of Tehran. She was a research assistant in research group of
Prof. Javaherian (2011-2012). Since 2012 she is enrolled at University of Hamburg as a PhD student in
Geophysics. Her current research interest are CRS, CSP mapping and multiple attenuation.
Martin Vögele received his Bachelor’s degree in geophysics from the University of Hamburg in 2013,
and has entered the M.Sc. programme. Since November 2011, he has been working as a student assistant
at the applied seismics group, Hamburg. His research interests focus on seismic modelling in isotropic and
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anisotropic media.
Marie Voss is a M.Sc. student in the Hamburg WIT group. She received her B.Sc. in geophysics in 2013
with a Bachelor thesis on diffraction stacking using CRS and time-shifted i-CRS operator. Her research
interests are multiparameter stacking operators and the improvement of diffraction imaging.
Jan Walda wrote his master thesis in Geophysics in 2013 and is currently a Ph.D. student at the University
of Hamburg. His main research interests are diffraction imaging, seismic anisotropy and parameter
estimation. He is a member of EAGE and SEG.
Sophia Wißmath is a M.Sc. student in Hamburg WIT group. She received her B.Sc. in geophysics
in 2013 with a thesis on coherence measurements in seismic velocity analysis. Her research interest is
multiparameter stacking operators.
Philipp Witte is a M.Sc. student at the University of Hamburg. He received his B.Sc. in Geophysics in
2012. His research interests are seismic data processing and optimization.
Yan Yang received her B.Sc. (2007) majoring in Mathematics from Huaibei Coal-mine Normal University,
Anhui, China and her M.Sc. (2012) in Geophysics from China University of Petroleum, Beijing (CUPB),
China. Since 2012 she has been a Ph.D. student in Geophysics at the University of Hamburg. She is
currently working on Multiparameter processing and parameter estimation, Common Scatter Point(CSP)
data mapping, prestack time migration.
Oksana Zhebel obtained a diploma in Geophysics at the University of Hamburg in 2010. She has been a
research assistant at the Institute of Geophysics in Hamburg since then and has successfully defended her
Ph.D. thesis on microseismicity, stacking methods and seismic imaging in 2013. She is a member of SEG.
Inka Zinoni received a B.Sc. in geophysics from Hamburg University in 2012. She is now an M.Sc. student of Geophysics at the University of Hamburg and is currently working on the KTB-VB (pilothole)
data set in order to test a localisation method which is independent of a velocity model. She has been a
student assistant since June 2012.
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Addax Petroleum Ltd.
16, avenue Eugène-Pittard
P.O.Box 265
1211 Geneva 12
Switzerland
Contact: Andreas Hölker
Tel: +41 - 22 - 702 - 6428
Fax: +41 - 22 - 702 - 9590
E-mail: andreas.hoelker@addaxpetroleum.com

CGG
Horizon House, Azalea Drive
Swanley, Kent BR8 8JR
United Kingdom
Contact: Thomas Hertweck
Tel: +44 1322 661369
Fax: +44 1322 613650
E-mail: Thomas.Hertweck@CGG.com

DMT Petrologic GmbH
Karl-Wiechert-Allee 76
30625 Hannover
Germany
Contact: Gerd Rybarczyk
Tel: +49 511 541 3917
Fax. +49 511 541 3917
E-mail: gerd.rybarczyk@dmt.de
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Centro Potiguar de Geocîencias – CPGeo
Av. Prudente de Morais, no 577
Tirol – Natal/RN
CEP: 59.020-505
Brazil
Contact: Heron Antônio Schots
Tel: +55 - 84 36 11-1636
E-mail: cpgeo-gerencia@cpgeo.com

Eni
E&P Division
AESI Dept.
Via Emilia 1
20097 San Donato Milanese MI
Italy
Contact: Carlo Tomas
Tel: +39 2 520 62236
Fax: +39 2 520 63891
E-mail: carlo.tomas@eni.com

GDF SUEZ E&P Deutschland GmbH
Waldstr. 39
49808 Lingen
Germany
Contact: Paul Krajewski
Tel: +49 591 612381
Fax: +49 591 6127000
E-mail: P.Krajewski@gdfsuezep.com

Landmark Graphics Corp.
1805 Shea Center Drive
Suite 400
Denver, CO 80129
USA
Contact: Dan Grygier
Tel: +1 303 488 3979
Fax: +1 303 796 0807
E-mail: DGrygier@lgc.com

Lundin Norway AS
Strandveien 50
N-1366 Lysaker
Norway
Contact: Jan Erik Lie
Tel: +47 - 67 10 72 50
E-mail: jan-erik.lie@lundin-norway.no
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NORSAR
Sseismic Modelling
P.O. Box 53
2027 Kjeller
Norway
Contact: Tina Kaschwich
Tel: +47 6380 5957
Fax. +47 6381 8719
E-mail: Tina@norsar.no

PSS-Geo as
Solligt 2
0254 Oslo
Norway
Contact: Rune Øverås, Jon Sandvik
Tel: +47 - 2256 0715
E-mail: rune@pss-geo.com, sandvik@pssgeo.com

Trappe Erdöl Erdgas Consulting
Burgwedelerstr. 89
D-30916 Isernhagen HB
Germany
Contact: Henning Trappe
Tel: +49 511 724 0452
Fax. +49 511 724 0465
E-mail: Trappe@teec.de
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