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Preface
On behalf of the members of the Wave Inversion Technology (WIT) Consortium—in the different groups in
Belém, Berlin, Campinas, Hamburg and Karlsruhe—I want to thank the WIT sponsors for their continued
support. I am pleased to see that the WIT activities continue to be as strong as in the previous years. There
we have seen more and more of our scientific research efforts go into the development of new theories,
implementations of algorithms and workflows for seismic imaging, tomographic inversion, characterization
of rock properties and passive monitoring. Anisotropy remains a major topic.
The past year—the 9th year of the WIT Consortium—distinguishes itself from the previous years by
the fact that the collaboration with various sponsors was stronger than ever before. Some sponsors are
very enthusiastic about our activity, others keep only an eye on what we are doing. In any case many
sponsors have provided us with real seismic data and their experience in processing seismic data with our
algorithms in industrial environments. They have accepted PhD students to stay within their companies.
This has helped us to adjust our activities and the development of our methods more to the needs of the
WIT sponsors. One sponsor representative from Landmark has even spent two months in Karlsruhe.
In spite (or maybe because) of the present boom in the Oil Industry, Geophysical famous Research
Consortia in the USA seem to get less popular. The Industry appears to desire more and more a particular
cooperation with Universities rather than supporting general Consortia research. I am concerned that the
WIT Consortium may be affected by this trend. Therefore I want to stress the advantages of WIT compared
to other International Consortia.
In spite of the tightening financial support that German Universities get from the government, WIT
research is still indirectly (in form of salaries and infrastructure) strongly supported by the government as
are the Brazilian WIT partners. For that matter WIT can provide an extremely cost-effective service to
the industry compared to other international consortia that have to charge their sponsors 2-3 more than we
require.
But it is not because of being cheap that we want to keep our sponsors satisfied. We want to maintain
the high standard of innovation of the past. For this the present working conditions in WIT are optimal
even though Geoscience Institutes in German Universities are nowadays suffering from lack of government support. Some institutions have even been closed. On the other hand exists presently a tremendous
international demand for well-trained geophysics students that cannot be met.
WIT members look forward to reinforce the close cooperation from which WIT sponsors should benefit. I am looking forward to give my position over to my successor in 2006. The transition is not as
straightforward as I expected, but I see no reason for concern. I hope that in this time of change our WIT
supporters will maintain confidence in our future research activities. We look forward to continue our
extensive exchange of ideas for years to come with sponsor representatives.

Peter Hubral
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IMAGING
Camargo and Santos present an efficient algorithm for the uniform resampling problem, using Shannon
Sampling Theorem (Sinc function) and the aproximation of the pseudo-inverse of a matrix. To illustrate the
approach, we apply the algorithm to resample a seismogram and to recover a corrupted two-dimensional
image.
Cruz et al. identify first-order interbed symmetric multiple reflections. For this, they compare parameters of hypothetical NIP and N wavefronts obtained by forward modeling and Kirchhoff migration. This
comparison is verified also with the NMO velocity.
Müller presents a technique for correcting traveltimes and wavefield attributes obtained by means of coherence analyses. Search aperture dependent “best fit” quantities are extrapolated to zero-aperture in order
to obtain the desired attributes as well as a corrected stack section.
Spinner presents an CRS-based approach for minimum aperture Kirchhoff migration in the time domain.
The main focus of the method lies on the migration amplitudes and the resulting improvments in AVO/AVA
analysis.
Klüver presents a new technique for migration based velocity model update. It is based on the same
model parameterization as CRS-based tomography but partially overcomes the limitation to second order
of that method.
Novais et al. present a stable implementation of image-wave remigration in the time domain, demonstrating the computational efficiency of the algorithm. An example using ground-penetrating-radar (GPR)
data demonstrates how image-wave remigration can be used to estimate a model of the medium velocity.
Schleicher and Aleixo derive image-wave equations, that is partial differential equations that describe
the dislocation of a reflector image as a function of the velocity model, for time and depth remigration in
elliptically anisotropic media, under variation of migration velocity and medium ellipticity. A numerical
example demonstrates the validity of the theory.
Kashtan, Tessmer and Gajewski show that the commonly used acoustic 2D one-way wave equation
needs to be modified in order to yield correct amplitudes. In order to yield correct results amplitudes from
the one-way and the two-way wave equations need to be the same in the direction into which energy is
propagated. They theoretically explain artifacts when using the one-way wave equation.
Buske et al. describe an extension of Kirchhoff prestack depth migration. The so-called Fresnel-VolumeMigration restricts the migration operator to the physically relevant part of the subsurface using the concept
of Fresnel-Volumes and the emergence angle determined at the receiver from a local slowness analysis. The
application to a synthetic model as well as to a real data set over a salt pillow demonstrates the benefits of
this method, e.g. enhanced image quality and resolution.

9
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Ferreira and Cruz extend that KGB-PSDM algorithm to the case of a depth-dependent velocity medium. A sensibility analysis is made in order to test for possible errors in velocity models.
Santos and Tygel propose an algorithm to invert elastic-parameter contrasts from Amplitude-versus-Ray
Parameter curves using the reflection impedance approximation of the PP-reflection coefficient. First results shown on synthetic data indicate that the procedure may offer a promising alternative to existing
methods of inverting reservoir attributes from AVO/AVA curves
Kashtan, Gajewski, Tessmer, and Vanelle explain and verify by numerical studies that the localization of
seismic events by reverse modeling or other back-projection methods possess inherent errors. The location
and timing of the events by these methods are systematically shifted toward the receiver network and to earlier hypocentral times. The errors depend on the acquisition geometry and the length of the recorded signal.
Yoon et al. applied the CRS stack method to crustal reflection data from the North German basin which
were recently released by the industry. The data were acquired and processed in the early 80ies with the
focus on the sedimentary fill of the basins. The focus of the reprocessing was moved to imaging of the
deeper structures within the basin. The new results yielded improved images of structures in the lower
and middle crust. Also, the visibility of the Moho was significantly enhanced. This example shows a first
succesful application of the CRS stack method to real crustal reflection data.
Heilmann et al. are giving attention to the seismic processing and interpretation of a land data set from
the Takutu basin, Brazil. The presented extension of CRS-stack-based time-to-depth imaging supports arbitrary top-surface topography and is well suited to the specific problems of land data processing, namely,
sparse data, complex geological structures, and complicated near surface conditions. The following processing steps were carried out: CRS stack, residual static correction, determination of a macrovelocity
model via tomographic inversion, and Kirchhoff pre- and poststack depth migration.
ROCK PHYSICS AND WAVES IN RANDOM MEDIA
Gerner et al. investigate P-wave attenuation in vertical direction caused by interlayer flow and scattering
in poroelastic media. Numerical and analytical results indicate that interlayer flow may be a significant
attenuation mechanism in highly permeable sediments. Especially in the lower seismic frequency range
poroelastic modeling yields attenuation values that are comparable to field observations.
Zanoth et al. consider the leaky mode, a possible attenuation phenomenon of seismic waves in a gashydrate-bearing sediment layer. This attenuation mechanism in horizontal direction occurs when a highvelocity layer is embedded in a low velocity zone. This is a typical situation for gas hydrate occurrences.
We will demonstrate that the leaky mode is a significant attenuation mechanism which cannot be neglected.
Ciz et al. perform numerical simulations using the rotated staggered grid for an idealized porous medium,
namely a periodic system of alternating solid and viscous fluid layers. The simulation results show excellent agreement with the theoretical predictions. Specifically the simulations agree with the prediction of
Biot’s theory of poroelasticity at lower viscosities and with the viscoelastic dissipation at higher viscosities.
Saenger et al. consider viscous fluid effects on wave propagation. They implement an accurate approximation of a Newtonian fluid into a finite-difference approach. Biot-type effects can be observed in numerical
experiments on a micro-scale, i.e from first principles.
Saenger et al. model a Biot slow wave on microscale. Since the theory of dynamic poroelasticity was
developed by Biot (1956), the existence of the type II or Biot’s slow compressional wave (SCW) remains
the most controversial of its predictions. To our knowledge this is the first time that the slow wave is simulated on first principles.
Davolio et al. make a review of impedance-type approximations for the P–P reflection coefficient and

Annual WIT report 2005

11

introduce the corresponding approximation for the P–S reflection coefficient. They also describe how to
estimate the ratios of some elastic parameters, directly from the data, using the concept of the impedance
function. Some illustrative examples for a well-log data are presented.
Müller analyzes effective properties of diffusion waves in randomly inhomogeneous poroelastic solids.
Brajanovski et al. analyze characteristic frequencies of seismic wave attenuation due to wave-induced
flow in fractured porous rocks.
MODELING
Bohlen and Saenger consider the accuracy of different finite-difference approaches for modeling Rayleigh
waves. The conventional standard staggered-grid (SSG) and the rotated staggered grid (RSG) is investigated. For an irregular interface the RSG scheme is more accurate than the SSG scheme. The RSG scheme,
however, requires 60 grid points per minimum wavelength to achieve good accuracy for all dip angles.
Silva Neto et al. describe a velocity-stress formulation for elastic finite-difference modeling of elastic
wavefields in 2.5 dimensions. The approach is appealing due reduced storage and computing time when
compared to full 3D finite difference elastic modeling. Numerical experiments show the accuracy of the
scheme.
Lima et al. give a theoretical revision about 3-D CRS Stack. They make a comparison of the CRS
traveltime approximation for reflection and diffraction events with respect to true traveltimes. Although
the 3-D ZO CRS operator have a better fit then the 3-D ZO CDS operator, the last also can be used for 3-D
Stacking.
OTHER TOPICS
Schleicher and Biloti discuss a frequency criterion on how to choose the number of nodes for a smoothing by optimal cubic splines. They also compare smoothing results to those obtained by filtering using a
moving average and a lowpass.
Tygel and Ursin examine the power series representation of traveltime as a function of offset for multiply transmitted and reflected wave in VTI media. They show that there is convergence for sufficiently
small offsets, except in the case of a vanishing NMO-velocity. This can happen for qSV propagation in
some layer. The situation of on-axis triplication, which occurs when the squared NMO-velocity becomes
negative is also discussed.
Vanelle and Gajewski suggest a method to determine the vertical slowness in a weakly anisotropic medium, if only the horizontal slowness components are known. The main applications for the method are the
reflection-transmission problem between two anisotropic media, and the traveltime-based determination of
geometrical spreading and true-amplitude migration weight functions for anisotropic media.
Netzeband, Hübscher, and Gajewski have shown that in the initial stages of salt movement in the Levantine Basin very little lateral evaporite movement has taken place in the past 5 Ma, the direction of this
movement is controlled by the sediment load of the Nile River. Five sub-units of evaporite deposition have
been found, which have been deformed syn-depositionally.

I
Imaging
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UNIFORM RESAMPLING USING THE SINC FUNCTION
A.C. Camargo and L.T. Santos
email: lucio@ime.unicamp.br
keywords: Resampling, Sinc

ABSTRACT
It is common to be needed to reconstruct functions which samples falls on a nonequally spaced grid.
This is due to the fact that some of the most used algorithms require samples in a regular (uniform)
Cartesian grid. Therefore, it is necessary to make an uniform resampling, i.e., to interpolate the
nonuniform samples in a set of equally spaced points. In this work, it is first shown that the resampling
problem can be formulated as a problem of solving a system of linear equations. A solution for this
system can be found using the pseudoinverse matrix, a process that is impractical for a large number
of variables. From particular characteristics of the resampling problem, it is possible to develop a
better algorithm, which only uses a limited number of samples to calculate each uniform sample,
transforming the original problem into a sequence of linear systems with less variables. The final
result can be viewed as both optimal and computationally efficient. Two applications are presented to
demonstrate the efficiency of the new method.

INTRODUCTION
The problem of handling data that falls on a nonequally spaced grid occurs in numerous fields of science.
In general, this problem occurs due to the fact that some very useful algorithms are based on the Discrete
Fourier Transform (DFT), which requires that the samples lie over a regular Cartesian grid.
In many seismic-data processing algorithms the input data must be given in an uniform grid. However,
for real data, difficulties in positioning the sources and receivers may cause the spatial sampling intervals
to vary from place to place. If the variations of the sampling intervals are too large to be acceptable for
data processing, seismic traces have to be resampled. Then, we say that is necessary to make an uniform
resampling.
In this work we show that the uniform resampling problem can be formulated as the solution of a linear
system of equations. We also discuss the Uniform ReSampling (URS) and the Block Uniform ReSampling
(BURS) algorithms, developed by Rosenfeld (1998) to solve the problem. The BURS algorithm is both
optimal and efficient and is suitable for problems where the number of samples is very large and it is
necessary a fast method to reconstruct the function. We apply the algorithm to three data sets to show that
the results are of excellent quality.
ONE-DIMENSIONAL CASE
Let us consider a continuous real function f , sampled in a finite set of nonequally spaced points, {τ1 , τ2 , . . . , τm },
τi ∈ IR, i ∈ M = {1, 2, . . . , m}. The uniform resampling problem consists in to find an approximation
to the function on an equally spaced set of points, i.e., to approximate f (tj ), tj = t0 + j∆t, t0 ∈ IR,
j ∈ N = {1, 2, . . . , n}. Such problem can be solved using the following theorem due to Claude Shannon
in 1949 (see, e.g., Briggs and Henson (1995)):

16
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S HANNON S AMPLING T HEOREM : Let f be a band-limited real function, i.e., its Fourier Transform, fb,
is such that fb(ω) = 0 for |ω| > Ω > 0. If ∆t < π/Ω, then for any t0 ∈ IR


∞
X
τ − n∆t − t0
f (τ ) =
f (t0 + n∆t) sinc
,
(1)
∆t
n=−∞
where

sin πt
,
(2)
πt
Equation (2) defines the so called cardinal sine, or simply sinc function. For more details about this
function, see Gearhart and Shultz (1990). Equations (1) and (2) are readily extend to higher dimensions by
replacing the sum by a multiple sum and the sinc function by a product of sinc functions.
From equation (1), for each τi , i ∈ M we can write


n
X
τ i − tj
f (τi ) ≈
,
(3)
f (tj ) sinc
∆t
j=1
sinc t =

which can be viewed as a system of linear equations
Ax = b,

(4)

where the elements of the matrix A ∈ IRm×n , of the vector x ∈ IRn and of the vector b ∈ IRm are given
by aij = sinc[(τi − tj )/∆t], xj = f (tj ) and bi = f (τi ), for all i ∈ M and j ∈ N . Thus, our problem is
one of solving a set of m linear equations with n unknowns.
UNIFORM RESAMPLING ALGORITHM
As in general the matrix A is not square and, moreover, in most practical cases m > n, a solution for this
problem can be found using the (Moore-Penrose) pseudoinverse of A,
x = A+ b.

(5)

The matrix A+ has n rows and m columns and satisfies the relations A+ AA+ = A+ and AA+ A = A. The
pseudoinverse provides the optimal solution to the equation (4) in the minimal-norm least-square sense, i.e.,
it selects among all vectors x which minimize p
the expression kAx − bk, the one with minimal norm kxk.
Here, k · k denotes the Euclidian norm, kxk = x21 + x22 + . . . + x2n .
The Uniform ReSampling (URS) algorithm computes the solution xU RS = A+ b using the Singular
Value Decomposition (SVD), which is a standard component of most mathematical software packages
(see, e.g., Trefethen and Bau (1997)). Although xU RS is, in some sense, an optimal solution, it has two
inherent drawbacks. First, the computation of A+ becomes impractical when the dimensions of A are too
large. When m e n are on the order of several hundreds, inversion is practical. Second, each uniform
sample, say xj , is calculated by multiplying the jth row of A+ by the vector b, i.e., m multiplications (and
m − 1 additions) are involved. Using the fact that measurements that are distant from the point tj will
have coefficients with small magnitude, Rosenfeld (1998) created an algorithm that includes only a limited
number of terms in its computation. In the following section, this algorithm is developed.
BLOCK UNIFORM RESAMPLING ALGORITHM
Rosenfeld (1998) developed a new algorithm to find a solution of the form x = Ā+ b, where each row of
the matrix Ā+ contain mostly zeroes and only a restricted number of nonzero coefficients, concentrated
in the neighborhood of the line corresponding to tj . The steps of the Block Uniform ReSampling (BURS)
algorithm is as follows: For each tj , instead of considering all the m nonuniform points, select only m̄
points in the vicinity of tj ; for example, one could include all the points within a radius δ from tj . Similarly,
it is sufficient to estimate only n̄ uniform samples of the result. For example, select all grid points within
a radius ∆ from tj . Rosenfeld (1998), after many trials and errors, suggests the relation ∆ ≥ 1.5 δ. The
following system of equations is obtained
Bj xj = bj ,
(6)
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where Bj is an m̄ × n̄ matrix of interpolation coefficients (a submatrix of A), xj is a n̄-dimensional
subvector of x, and bj is a m̄-dimensional subvector of b, which contains the participating measurements.
The solution of equation (6) is not computed, but the pseudoinverse of Bj using the SVD.
The next step is to isolate the row of Bj+ that corresponds to tj . This row contains m̄ elements, which
are the desired coefficients of the linear combination for which xj is the best (in the minimal-norm leastsquares sense). These values are now inserted into the appropriated positions in the matrix Ā+ . That is, the
entire j-th row of the matrix Ā+ is set to zero, with the exception of these m̄ coefficients, which are placed
in the positions corresponding to their respective measurements (b vector). This is done for each uniform
coordinate tj . The result is an n × m matrix Ā+ , which contains mostly zeroes, except for a narrow band
along its “diagonal”.
The following scheme summarizes the method:

BURS A LGORITHM
• Given f (τi ), τi ∈ IR, i ∈ M = {1, 2, . . . , m}, tj = t0 + j∆t, t0 ∈ IR, j ∈ N = {1, 2, . . . , n},
δ > 0 and ∆ ≥ 1.5δ.
• For j = 1, . . . , n
Let d = {k ∈ M | |τk − tj | < δ} and D = {l ∈ N | |tl − tj | < ∆}.
Let Bj be the submatrix of A composed by the elements akl , k ∈ d, l ∈ D.
Compute Bj+ .
Isolate the row of Bj+ , which corresponds to tj , and plug it into the appropriate location in
the j−th line of Ā+ .
• Let b = (f (τ1 ), . . . , f (τm ))T .
• The uniform samples are given by xBU RS = Ā+ b, and then, f (tj ) ≈ (xBU RS )j .

The BURS algorithm is very efficient because many elements of the inversion matrix Ā+ are zero (the
j-th row of Ā+ contains only m̄ nonzero coefficients), and one has only to keep track of these nonzero
coefficients.
TWO-DIMENSIONAL CASE
Let us consider a continuous real function f : IR2 → IR, sampled in a finite set of nonequally spaced points,
{(α1 , β1 ), (α2 , β2 ), . . . , (αm , βm )}. We want to find an approximation for f (ai , bj ), (ai , bj ) = (a0 , b0 ) + (i∆a, j∆b),
(a0 , b0 ) ∈ IR2 , i ∈ N1 = {1, 2, . . . , n1 } and j ∈ N2 = {1, 2, . . . , n2 }.
Such problem can be solved applying Shannon’s theorem to higher dimensions. For each (αk , βk ),
k ∈ M = {1, 2, . . . , m}, we have
f (αk , βk ) ≈

n1 X
n2
X
i=1 j=1


f (ai , bj ) sinc

αk − ai
∆a




sinc

βk − bj
∆b


.

(7)

We can sort these Cartesian grid points by columns (or rows) in a vector as follows: {(b
a1 , bb1 ), (b
a2 , bb2 ), . . . , (b
an , bbn )},
b
b
b
b
where (b
a1 , b1 ) = (a1 , b1 ), (b
a2 , b2 ) = (a1 , b2 ), . . . , (b
an2 , bn2 ) = (a1 , bn2 ), (b
an2 +1 , bn2 +1 ) = (a2 , b1 ), . . . , (b
an , bbn ) =
(an1 , bn2 ), where n = n1 n2 . Then, from equation (7),
!


n
X
αk − b
a`
βk − bb`
f (αk , βk ) ≈
f (a` , b` ) sinc
sinc
, k ∈ M.
(8)
∆a
∆b
`=1

Let us observe that as in the one-dimensional case, the above set of equations form a linear system
AX = B. The elements of matrix A ∈ IRm×n , of vector X ∈ IRn and of vector B ∈ IRm are given
by ak` = sinc[(αk − b
a` )/∆a] sinc[(βk − bb` )/∆b], X` = f (b
a` , bb` ), Bk = f (αk , βk ), k ∈ M,

18

Annual WIT report 2005

` ∈ N = {1, 2, . . . , n}. The solution for this linear system is given by
X = A+ B,

(9)

and all the previous methods discussed in one-dimensional case can be applied.
NUMERICAL EXPERIMENTS
As a first example, we apply the described algorithms to the one-dimensional function f (x) = 15x5 +
ex/2 cos x − x9 sampled onto m = 256 nonuniform points. The image was reconstructed onto n = 128
uniform grid using both URS and BURS algorithms. As expected, the BURS algorithm had a better
performance, as shown in Figure (1). For the URS algorithm, it was computed the pseudoinverse of an
(256 × 128) matrix while in the BURS algorithm it was computed 128 pseudoinverses with sizes varying
from 7 × 5 to 17 × 11.
To show the potential of the interpolation scheme for seismic purposes, and as another one-dimensional
example, we resampled a seismic section where the receivers are not equally spaced. Both algorithms, URS
and BURS were applied to simulate the corresponding seismic section for equally spaced receiver locations.
Figures 2–5 show the results, where again we observe a better performance for the BURS algorithm.
Finally, as a two-dimensional example, we apply the BURS algorithm to reconstruct an image with
some missing samples. The chosen image was the central part of a Lena image with 256 × 256 pixels,
resulting in an image of 128 × 128 pixels. We randomly removed 4916 pixels and resampled the image
using BURS. In Figure 6 we can see the original Lena image, the corrupted image and the reconstructed
one. The running time was 2hs29min and the error is 6.7%. The error was measured by the Frobenius
norm of the difference between the original image and the obtained one divided by the Frobenius norm of
the original image. Algorithm URS was computationally impractical for this problem: the running time
exceeded 5 hours.
CONCLUSIONS
We discussed a new gridding algorithm that is both optimal and efficient. The original problem of resampling over a uniform grid was first formulated as a problem of solving a set of linear equations. The solution
is obtained using the pseudoinverse (SVD). This method, the URS algorithm, is optimal in the minimalnorm least-square sense. The BURS algorithm is a suboptimal counterpart of the URS method, which is
efficient and practical for large problems and others situations. Only a limited number of measurements
are used to generate each uniform grid point. An appropriate set of linear equations is constructed and
subsequently solved using the SVD.
Both BURS and URS algorithms were applied in resampling of seismograms for simulated a seismic
section with equally spaced receivers. It was shown that BURS algorithm gave better results. In the twodimensional case, BURS was used to reconstruct an image and the result was very satisfactory.
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Figure 6: Top: Original Lena Image with 128 × 128 pixels. Middle: Nonuniform Lena Image with 30%
less pixels. Bottom: Reconstructed Lena image using BURS.
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ABSTRACT
The multiple reflections include in the seismograms important informations about the reflectors in
subsurface and can become completely invisible. In marine data acquisition the water layer behaves
as a wave trap, where the waves are repeatedly reflected at the sea surface and sea bottom without
significant amplitude loss. In order to identify and locate target reflectors, these multiples must be
eliminated or, at least, attenuated. In this work, interbed symmetric multiple reflections were identified
in synthetic dataset. We compare the parameters of hypothetical wavefronts Normal-Incidence-Point
(NIP) and Normal (N) obtained by forward modeling and Kirchhoff migration. This comparison was
extended to consider the Normal-Moveout (NMO) velocity. These comparisons led us to identify and
differentiate between multiple and primary reflections.

INTRODUCTION
Seismograms include multiple reflections that can be so strong that the desired primary reflections become
completely invisible. In marine data the water layer often behaves like a wave trap and the waves are
repeatedly reflected at the sea surface and sea bottom without significant amplitude loss. Then, the identification and localization of a target-reflector, which might indicate for instance an oil reservoir requires
that multiple reflections must be eliminated or attenuated (Zaske, 2000). An important task in the seismic
processing is the identification and consequent suppression of multiple reflections.
According to Trappe et al. (2001) the multiple suppression does not necessarily require conventional processing. Alternatively, low velocity zones, that are attributed to multiples, can be edited in the velocity field
derived from Common-Reflection-Surface (CRS) parameters. The CRS method is macro-velocity model
independent. It stacks the amplitudes of seismic traces in multicoverage data along a surface defined by
CRS traveltime approximation which fits best the data set. This technique has been applied on synthetic
and real data with successful results, showing to be more efficient than the conventional processes, e.g.
Common-Midpoint (CMP) or Normal-Moveout/Dip-Moveout (NMO/DMO) stack.
Maciel (2001) simulated first-order zero-offset (ZO) multiple reflections using the CRS method for a forward modeling. The strategy used is based on the knowledge of the model and includes a recursive process
to calculate the radius of curvature of the NIP and Normal (N) wavefronts, respectively (Hubral, 1983).
Gamboa (2003) applied an algorithm to identify the CRS parameters of primary reflections in seismic data.
After this, it was attenuated or eliminated the not desired energy (multiple). He obtained the CRS parameters of the multiple reflections from the corresponding parameters of the primary reflections. The results
were successful.
Maciel et al. (2005) applied the multichannel Wiener-Levinson (WL) Deconvolution method in real data in
CRS domain to attenuate multiple reflections due to reverberation in water depth and at the top and bottom
of the salt pillow and still the presence of peg-legs. They obtained successful results where the primary
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Figure 1: 3-D model showing the relations between the angles α, φ and θ (modified from Levin (1971)).
reflections are good determined.
In this work, we identify first-order interbed symmetric multiple reflections for a simple 2-D synthetic
model. A comparison was done between the parameters of NIP and N wavefronts obtained by forward modeling and by using Kirchhoff migration. This comparison also was extended for NMO velocity. Through
these comparisons it is possible to identify multiple and primary reflections.
TRAVELTIME APPROXIMATION FOR MULTIPLE REFLECTIONS
It is considered a model in depth consisting of a layer over a half-space, separated by a dipping and a plane
reflector (Figure 1). In this case, the root-mean-square (rms) velocity, the interval velocity and average
velocity are the same. It is assumed that there is a constant velocity v between the ground surface and the
reflector.
The n-order multiple reflection traveltimes for the 3-D case is given by (Levin, 1971)
t2n =



2 D sin(n + 1)φ
v sin φ

2


+4

1 − cos2 θ sin2 (n + 1)φ
v2



h2 ,

(1)

where n is the order of the multiple. For the primary reflection, n = 0. The offset between the source S
and the receiver G is given by 2h. The angle between the normal to the reflector and the profile is given
by α. φ is a direction cosine of the normal to the plane. D is the distance from a point along the profile,
halfway between the source S and geophone G. The dip angle of the interface is given by θ (Figure 1).
Substituting θ = 0 in equation (1) then we obtain for a 2-D model the representation of the n-order
multiple reflection traveltimes given by (Levin, 1971)
t2n


=

2 D sin(n + 1)φ
v sin φ

2


+4

1 − sin2 (n + 1)φ
v2



h2 .

(2)

The stacking velocity vN M On is defined by
v

vN M On = q

.

(3)

1 − sin2 (n + 1)φ

Another way to represent the NMO velocity is given by
vN M O =

2 v RN IP
.
t0 cos2 β0

(4)
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Figure 2: 2-D representations of the 3-D traveltime surfaces, tR and tD for different chosen points M in
depth (from Schleicher et al. (1993)).

From NMO velocity also we can express the rms velocity given by
2
2
2
vrms
= vN
M O cos β0 =

2 v RN IP
.
t0

(5)

being β0 the emergence angle of the normal ray (coincident source and receiver). RN IP is the radius of
curvature of the NIP wave and t0 is the two-way ZO traveltime.
GENERAL ASSUMPTIONS ABOUT KIRCHHOFF MIGRATION
Seismic migration searches the relation between the diffraction curve and the position of a difractor point,
where any sample can be related to a point in subsurface, whose representation corresponds to a diffraction
curve. The migration process stacks the amplitudes of seismic traces that coincide with the migration curve,
fixing the result in the apex of this curve. This operation is repeated for all the samples of a seismic section.
In this work we use the Kirchhoff type migration, which considers that all the points of the subsurface are
potential candidates to belong to reflectors.
It is assumed a plane and horizontal measurement surface, z = 0, with source-receiver (S, G) pairs
represented by (Schleicher et al., 1993)
xS = xS (ξ) ,

xG = xG (ξ) ,

(6)

where ξ is a parameter in surface that identifies the position of a source-receiver pair. The seismic primary
reflections from the searched-for reflector are described for each pair (S, G) by zero-order ray theory. They
fall on the called reflection time curve, tR . Connecting each point S and G with an arbitrary depth point
M (Figure 2) provides the diffraction traveltime curve or Huygens curve (tD ) for that point, along which
a diffraction stack is performed. These curves are tangent if and only if M = R (Figure 2). A diffraction
stack performed with arbitrary weights along the Huygens curve will provide a nonzero contribution when
M = R. Otherwise the result will be negligible (Schleicher et al., 1993).
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Diffraction Stack
Schleicher et al. (1993) define for all points ξ within aperture Â and for each fixed subsurface point M
(Figure 2) the diffraction traveltime curve given by
τD (ξ, M ) = τ (S, M ) + τ (M, G) ,

(7)

where τ (S, M ) and τ (M, G) denote the traveltimes from S(ξ) to M and from M to G(ξ), respectively. All
diffraction stacks are based on performing a weighed summation along the Huygens τD curve with respect
to each point M . This summation can be mathematically expressed by the following integral (Schleicher
et al.,1993)
Z
1
dξ w(ξ, M ) U̇ (ξ, t + τD (ξ, M )) ,
(8)
V (M, t) = √
2π
A

where the value V (M, t = 0) is the diffraction stack migration output for the chosen depth point M .
Integral (8) is the “time differentiated, space-weighted Kirchhoff migration” (Schleicher et al., 1993). The
expression U̇ = dU/dt, where U is the analytic particle displacement. The diffraction stack is employed
to represent diffraction traveltime curves τD along of which the summation is performed. w(ξ, M ) denotes
the weight function.
After some considerations and little changes in equation (8) the asymptotic value of the diffraction stack
integral modified into the frequency domain ω is represented by
Rc A iωτF (ξ∗ ,M )+ iπ(sgn HF −1)
4
V̂F (M, ω) = V̂ (M, ω)F (ω) ≈ Ŵ (ω)w(ξ ∗ , M ) p
e
,
L |HF |

(9)

where Ŵ (ω) and V̂ (M, ω) denote the Fourier transforms of W (t) and V (M, t),√respectively. W (t) represents the analytic point-source wavelet. F (ω) is a filter and is represented by −i ω. Rc is the planewave reflection coefficient at the reflection point R. The total loss in amplitude due to transmissions
across all interfaces along the ray is represented by A. L is the normalized geometrical spreading factor.
HF = (∂ 2 τF (ξ, M )/∂ξ 2 )|ξ=ξ∗ 6= 0, where τF is the phase function. “Sgn” is the signature function.
Application to synthetic data
We consider a simple 2-D acoustic model constituted of two homogeneous layers above a half-space,
separated by two interfaces, one curve and other plane-horizontal. The interval velocities from top to
bottom are 2.5 km/s, 3.5 km/s and 4.5 km/s for the half-space (Figure 3)
Using the ray-tracing software SEIS88 (Červený and Psensik, 1988) were generated the multicoverage
synthetic data. These data contains primary reflections and first-order symmetrical multiple reflections only
for the first reflector. To obtain the parameters of hypothetical waves, NIP and N, a forward ZO section
was simulated. This section is constituted by 51 seismic traces (Figure 4). The source signal was a Gabor
wavelet with 40 Hz dominant frequency and the time sampling was 2 ms.
To recover the true depth of the reflectors the Kirchhoff migration algorithm was applied. For this
migration it was adopted a target zone 0 ≤ x ≤ 4 km and 0 ≤ z ≤ 3 km with ∆x = 0, 01 km and
∆z = 0, 015 km. The migrated seismic image is showed in Figure 5. We observe in this Figure a good
recovery of the reflectors in depth and the presence of artifacts, as consequence of the migration process.
The presence of one third reflector is also observed and corresponds the first-order symmetrical multiple
reflection of the first reflector. Figure 6 represents a ZO seismic section of the migrated model. In this
Figure it is observed the absence of the second reflector. That is due to fact that there is no contrast of
seismic impedance between the second and third layer of the model because the layers have the same
properties (e.g. velocity, density). The third layer of the migrated model appears due to the presence of the
multiple reflection of the first reflector.
The accurate values of the three parameters of the hypothetical waves and the NMO velocity have been
calculated by forward modeling. These values were compared with its corresponding values obtained by
the migrated model using in both cases the software SEIS88. The estimated values correspond to the
positions of the maximum amplitude of each seismic signal. We observed that the values of the parameters
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of hypothetical (NIP and N) waves and NMO velocity for the forward model are similar to the same
parameters for the migrated model (Figures 7 and 8). The values of parameters RN IP and VN M O are
bigger when compared with the primary reflections (Figures 7b and 8b) due to the multiple path to be
bigger with respect to the primary reflection path.
CONCLUSIONS
In these initial results multiple reflections were identified due to the following indicatives: a)absence of
acoustic impedance in the migrated model because the densities between the second and third layer are
equal, b)there is symmetry of the radius of curvature of the N wave between the first and “last reflector”
(Figure 8a). This is verified by the comparison of parameters (β0 , RN IP , RN , VN M O ) between the forward
model and the migrated model. In this way, was confirmed the presence of the multiple reflections in the
seismic section. These indicatives are very important and can be considered in seismic interpretation .
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ABSTRACT
When performing coherence analyses for the purpose of stacking and attribute determination, systematic errors may be introduced into the results. This is due to traveltime approximations in the
coherence operators which are not sufficient for the description of the given data. In this paper,
we describe how these errors can be corrected for using multiple coherence analyses with different
configurations. The method is especially designed for the 2-D Common-Reflection-Surface stacking
operator. However, a generalization of the technique to other operators is straightforward.

INTRODUCTION
Producing stack and attribute sections from pre-stack data by means of the Common-Reflection-Surface
(CRS) stack (see, e.g., Höcht et al., 1999) assumes that reflection events can be described by a second-order
approximation of the traveltime. A common way to perform the CRS stack is to apply a coherence analysis.
Doing so, the second order assumption also enters into the respective coherence criterion (in general the
semblance operator). As the coherence analysis yields “best fit” quantities, for non-second-order reflection
events the actually obtained parameters AK
S differ from the searched for first and second order attributes
AK
0 (this misfit is often called “spread-length bias”). In the same way the estimated “best fit” zero-offset
(ZO) traveltimes tS (and thus the ZO stack) do, in general, not coincide with the real ZO-traveltimes tZO
(see, e.g., Hubral and Krey, 1980; Shah and Levin, 1973).
In order to correct for these errors we introduce a new attribute αT (“timedip”) which is related to
a data volume obtained from multiple CMP stacks and coherence analyses with different apertures (the
“CMP-aperture” (CMPA) volume). Assuming a linear relationship between spread-length bias and search
aperture for attributes and traveltimes this parameter is then used to extrapolate corrected CRS attributes as
well as a time-corrected ZO stack section. As will be show for the example of tomography with subsequent
depth migration, these corrected quantities yield better results in applications based on CRS attributes and
traveltimes than the conventional approach without corrections.
THE COMMON-REFLECTION-SURFACE STACK
The aim of performing a 2-D CRS stack is to obtain a CRS stacked ZO section as well as the kinematic
wavefield attributes of the CRS stack, namely the radii of curvature of the Normal-Incidence-Point (NIP)
and normal (N) wave (RNIP and RN ) and the emergence angle α of the ZO ray at the surface. The corresponding hyperbolic stacking operator or traveltime approximation reads
2



2t0 cos2 (α) ∆x2m
h2
2 sin(α)
∆xm +
+
t2hyp =
t0 +
v0
v0
RN
RNIP
=

2

(t0 + 2p∆xm ) + N ∆x2m + M h2 ,

(1)

with v0 being the near-surface velocity, ∆xm the midpoint displacement, h the half-offset in the CMP
gathers, and t0 the ZO traveltime under consideration.
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In order to perform the CRS stack the three attributes M = 2t0 cos2 α/(v0 RNIP ), p = sin α/v0 , and
N = 2t0 cos2 α/(v0 RN ), have to be determined. In practice, the search for these quantities is performed
in three subsequent steps (see, e.g. Mann, 2002): a first search in the CMP domain (∆xm = 0) yields M
and a CMP stacked ZO section. In the latter ZO section (defined by h = 0) a linear search for p (assuming
N = 0) followed by a hyperbolic search for N are applied. Knowing the three quantities M , N , and p , the
CRS stacking operator (1) can finally be applied to the pre-stack data in order to obtain the CRS stacked
ZO section. In addition the kinematic wavefield attributes RNIP , RN , and α can be evaluated.
The three stacking operators related to the three different searches read
t2hyp,CMP
thyp,LZO

= t20 + M h2 ,
= t0 + 2p∆xm ,

t2hyp,HZO

=

(2)
(3)
2

(t0 + 2p∆xm ) + N ∆x2m .

(4)

As can be seen in equations (2)-(4) the searched for parameters are always related to the term with lowest
possible, non-constant order, i.e., M constitutes the second order term in equation (2) (the first order term
vanishes in the CMP configuration), p the first order term in equation (3), and N the second order term in
equation (4) (assuming p is known).1
CORRECT AND “BEST FIT” ATTRIBUTES
In conventional implementations of the CRS stack the search for the three attributes is done by means of
a coherence analysis. As mentioned in the introduction this yields “best fit” attributes MS , NS , and pS
and traveltimes tS which are, in general, different from the correct attributes M , N , and p and traveltime
tZO . Besides e.g., coherence band width, wavelet type, and trace distribution, the amount of misfit (spread
length bias) between “best fit” and correct wavefield attributes and traveltimes depends on the aperture
ξ used in the coherence analysis. If all quantities except for this aperture are kept constant, the relation
between “best fit” and correct values for a reflection event with ZO traveltime tZO may be written as
tS (ξ)
K
AS (ξ, tS )

= tZO + f (ξ) ,
K
= AK
tZO + gtZO (ξ) ,

(5)
(6)

K
with AK
S (ξ, tS ) being one of the “best fit” and AtZO the respective correct attributes (indexed by the suK
perscript K). Functions f (ξ) and gtZO (ξ) denote unknown, aperture dependent functions describing the
spread-length bias between “best fit” and correct values. In the following two properties are assumed to be
0
valid for f (ξ) and gtKZO (ξ), respectively: their first derivatives, i.e., f 0 (ξ) and gtKZO (ξ), exist, and the misfit
vanishes for zero-aperture, i.e., f (0) = 0 and gtKZO (0) = 0. The first property states that the seismic data
does not contain sudden changes or breaks, the second one requires the coherence analysis to tend toward
the correct attributes when using small apertures. This can be justified when considering that lower order
terms dominate a series at small deviations from the expansion point. As mentioned before these lower
order terms are exactly the searched for attributes, so they will dominate the coherence analysis and, thus,
the results for ξ → 0.
In general, the functions f (ξ) and gtKZO (ξ) are not known. For that reason they are expanded into a
Mac-Laurin series up to first order, i.e., only the linear term is retained:

f (ξ) ≈ a · ξ with a = f 0 (0) ,
gtKZO (ξ)

K

≈ b · ξ with b =

0
gtKZO (0)

(7)
.

(8)

Inserting equations (7) and (8) into equations (5) and (6) a linearized approximation for the relationship
between correct and “best fit” attributes is achieved:
tS (ξ) ≈ tZO + a
K
K
AS (ξ, tS ) ≈ AK
tZO + b

·ξ
·ξ

⇔ tZO ≈ ts (ξ) − a · ξ ,
K
K
⇔ AK
tZO ≈ AS (ξ, tS ) − b · ξ .

(9)
(10)

Equations (9) and (10) state that with the knowledge of a and bK , respectively, the “best fit” quantities can
be approximately computed from correct attributes and vice versa.
1 Low order terms approximate the real function best at small distances from the expansion point. For that reason equations (2)-(4)
are also called "small-spread approximations".
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CORRECTION OF MISFITS

In order to correct “best fit” attributes, the unknown quantities a and bK have to be determined from the
available data in some way. Knowing these parameters, corrected CRS attributes and traveltimes can be
calculated by evaluating equations (9) and (10) for zero-aperture, i.e., ξ = 0. In this paper we will discuss
techniques for the determination of a and bK and the subsequent correction of “best fit” attributes by
means of the CMP search of the CRS stack, i.e., the determination of M and the respective CMP stacked
ZO section. Similar corrections can be obtained for other operations based on coherence analysis, e.g., in
context with the CRS stack the searches for p and N . However, the CMP search has, due to its dominant
character in the CRS processing chain, the largest impact on the final results.
Determination of a and tZO
The determination of a and the correction of the traveltime tS to tZO starts with the application of a series
of CMP searches with different search apertures ξ. A new pseudo pre-stack data volume T(x, tS , ξ) is
then constructed from the CMP stacked ZO sections. This “CMP-aperture” (CMPA) volume consists of
the different CMP stacked sections parameterized by trace locations x and traveltimes tS and the search
aperture ξ as third dimension. In this volume, a coherence analysis related to the searched-for zero-aperture
plane T(x, tS ≡ tZO , ξ = 0) is performed. The corresponding traveltime approximation is based on
equation (9) and reads
sin(αT )
·ξ .
(11)
tS = tZO +
v0
Here, parameter a in equation (9) has been replaced by the term sin(αT )/v0 with the “timedip” αT in order
to obtain a more vivid representation of the process.
Outcome of this coherence analysis are a timedip section and, performing a subsequent stack using this
section, a stacked ZO section with corrected traveltimes tZO .
Determination of bK and AK
tZO
Similar to the determination of a the determination of bK starts with the construction of a new CMPA
volume: the different MS sections obtained from the CMP searches form the volume A(x, tS , ξ). Also,
the output section is defined by the zero-aperture plane A(x, tS ≡ tZO , ξ = 0). For each sample j in this
plane, the previously obtained timedip section together with stacking operator (11) define linear trajectories
in A(x, tS , ξ) along which sets Lj of data points (MS (ξ), ξ) are extracted, i.e., the timedip section is used
to follow the reflection events in ξ-direction. A linear regression is then applied on each Lj ; the regression
coefficients coincide with bK as well as the corrected attribute AK
tZO , which is in this case the searched for
M . Thus, the result of this process is a section with the corrected M .
ZO processing and CRS stack
A consequence of the three successive CRS processing steps is, that the CMP stacked ZO section enters
directly into the two ZO searches for p and N . As this section contains incorrectly positioned reflection
events, errors will be introduced to the attributes p and N , too. This can be avoided if the corrected ZO
section from the determination of a is used for ZO processing instead.
The final CRS stack itself can not be performed with the corrected attributes AK
tZO . In contrast to “best
fit” attributes AK
they
are
not
designed
for
the
purpose
of
imaging
and
they
will
likely produce stacked
S
sections with much more artifacts and noise. However, applications based on attributes should show better
results.
SYNTHETIC DATA EXAMPLE
The proposed strategy has been applied to a synthetic dataset modelled for the velocity model shown in
Figure 1(a). A forward modelled ZO section can be found in Figure 1(b).
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(a) Velocity model.
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Figure 1: Velocity model (left) and forward modelled ZO section of the synthetic dataset.

Multiple CMP searches
As described above, the first step is to perform multiple CMP searches with different apertures ξ. The
chosen apertures lay in the range ξ = [1000 m, 3200 m] with a step size of 100 m, i.e., 23 different CMP
searches were realized. Figure 2 shows the traveltime misfit between the forward modelled and CMP
stacked section (ξ = 3200 m) for a subset of the complete ZO section. As can be seen, the maximum
traveltime deviation is about 1/4 wavelet length.
From the results of the 23 CMP searches the CMPA stack and MS volumes shown in Figures 3(a)
and 3(b) were constructed.
Traveltime and attribute corrections
The CMPA stack volume was now used by a coherence analysis with equation (11) as traveltime approximation. The resulting timedip section (shown in Figure 4(a)) demonstrates that the most significant
corrections have to be applied in the region of the central dome where αT , and, thus, the aperture dependent
traveltime misfit, is largest. A subset of the corresponding corrected stack section is shown in Figure 6.
As can be seen the misfit in traveltimes has been greatly reduced compared to the large aperture section
depicted in Figure 2. By means of the CMPA MS volume and the timedip section the MS were finally
corrected to the searched for zero aperture M (see Figure 4(b)) by a linear regression. Figure 5(a) shows
that the percentile difference between the original attribute at aperture ξ = 3200 m and the corrected one
reaches up to 50%.
The modified shape of the reflection events in the corrected CMP stacked section is also relevant for
the two following searches for p and N . Figure 5(b) shows the difference in the emergence angles α after
searches in the corrected and a large aperture (ξ = 3200 m) section. This figure demonstrates that even
for such small traveltime misfits as 1/4 wavelet length (which may actually sum up to 1/2 wavelet length
of total misfit if considering more than one trace), attributes may vary significantly if they require correct
stacked sections for their determination.
Quality of the corrected attributes and traveltimes
The quality of the corrected attributes has been tested by a NIP wave tomography (see, e.g., Duveneck,
2004) followed by a pre-stack depth migration. If the attributes and traveltimes were correctly extrapolated
to zero-aperture, Common-Image-Gathers (CIG) from pre-stack depth migration should generally become
flatter. Also, the depth locations of the reflections events should be improved.
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Figure 2: Misfit between forward modelled and CMP stacked (ξ = 3200 m) ZO sections in the center of
the synthetic dataset.

(a) CMP volume.

(b) M volume.

Figure 3: CMPA volumes obtained by multiple CMP searches. The left side shows a volume of CMP
stacks, the right side a volume of MS sections.
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Figure 4: Timedip αT (left) and M (right) sections obtained from the CMPA stack and MS volumes.
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Figure 5: Left: percentile change of MS (ξ = 3200 m) after correction to M . Right: differences in the
emergence angle α after searches in corrected and ξ = 3200 m stack sections.
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Figure 6: Misfit between forward modelled and corrected (ξ = 0 m) ZO sections in the center of the
synthetic dataset.

For comparison, tomography and migration have been performed on the corrected data as well as on
conventional data with search aperture ξ = 3200 m.
NIP wave tomography The input data for NIP wave tomography was automatically picked from the
attributes obtained from conventional processing and from the correction. Each of the datasets consisted of
approximately 2130 picks. Tomography was performed on a velocity model with a knot-spacing of 300 m
in x-direction and 200 m in z-direction. The processing was performed with equal setups for both datasets.
Figure 7(a) shows the velocity model obtained from the dataset with corrected attributes, Figure 7(b)
the velocity difference model of both datasets. Although there are velocity differences of up to 250 m/s,
both velocity models explain the kinematics and, thus, the depth locations of the picks relatively well (see
Figures 8(a) and 8(b)). However, having a closer look one can see that inside and at the flanks of the dome
the corrected dataset provides a better coincidence with the original model.
Pre-stack depth migration The final test for the quality of the corrected attributes is a pre-stack depth
migration. For both tomographic velocity models the migration was performed with offsets up to 2000 m.
The results are depicted in Figures 9(a) and 9(b). It is clearly visible that almost everywhere the CommonImage-Gathers related to the corrected attributes show less moveout than their counterparts obtained by
conventional processing. Furthermore the model structure is, as already mentioned, closer to the original
model. This means, that the corrected attributes and traveltimes do in fact provide much better results than
“best fit” quantities.
CONCLUSIONS
In this paper, a technique for the minimization of the spread-length bias between coherence based “best
fit” and analytical attributes and traveltimes has been presented. The method is based on CMPA volumes
obtained by multiple coherence analyses with different search apertures. Using CMPA stack volumes, the
“best fit” traveltimes are corrected by an additional coherence analysis related to an attribute αT which
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Figure 7: Left: velocity model obtained from NIP wave tomography with the corrected dataset. Right:
velocity differences between the velocity models obtained with conventional and corrected datasets.
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Figure 8: Depth locations of the picks after tomography (left: with the corrected dataset, right: with
conventional data).
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Figure 9: Common-Image-Gathers after pre-stack depth migration (top: corrected attributes, bottom: conventional attributes).
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describes the spread-length bias. The trajectories in the CMPA volumes defined by αT allow to extract
the “best fit” attributes related to reflection events. These attributes are then extrapolated to the correct
quantities by means of a linear regression.
As shown for a synthetic data example, the corrected traveltimes and attributes provide better results in
applications based on these quantities.
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ABSTRACT
So far, CRS-based limited aperture migration has mainly been introduced to increase the efficiency of
Kirchhoff depth migration and to reduce aperture-related artefacts. However, the size of the migration aperture does not only influence the achievable image quality but does also strongly impact the
reliability of the migration amplitudes. By transferring the minimum aperture migration approach to
the time domain, a consistent workflow can be set up that leads to an improved input for AVO/AVA
analyses.

INTRODUCTION
The Common-Reflection-Surface (CRS) stack method as highly automated imaging process has been successfully applied to various data sets. Its implementation for zero-offset (ZO) simulation was initially
mainly considered as an alternative to stacking procedures like normal moveout/dip moveout (NMO/DMO)/
stack. Meanwhile, the stacking parameters of the CRS stack, the so-called kinematic wavefield attributes,
grow more and more important as they provide additional informations that can be utilized in following
processing steps.
Jäger (2005) employed the CRS attributes in pre- and poststack Kirchhoff depth migration to estimate
the size and location of the minimum migration aperture. His primary aim was to improve the migrated
image by reducing migration artifacts and avoiding operator aliasing. In addition, the efficiency of the
migration process considerably increased. Besides these kinematic aspects, the aperture size also strongly
influences the quality of the migration amplitudes. Schleicher et al. (1997) showed that optimum amplitude
behavior is obtained for restricting the migration aperture to the size of the projected Fresnel zone. The
advantages of minimum-aperture migration with respect to the amplitudes are also obvious from Figure 1:
in conventional migration (Figure 1a) the stationary point where the operator is tangent to the event and
the projected Fresnel zone are unknown prior to migration. Thus, the aperture has to be centered around
the operator’s apex; its size is usually user-given. Choosing the aperture too small leads to the loss of steep
events, if the aperture size even falls below the size of the projected Fresnel zone the amplitudes become
meaningless. On the other hand, too big an aperture means that a lot of noise off the event and possibly other
events contribute to the diffraction stack and deteriorate the amplitudes. In addition, the risk of operator
aliasing is increased and antialias filters tend to falsify amplitudes. In contrast, the minimum-aperture
operator (Figure 1b) avoids these problems as its location and size fits the constructively contributing part
of the reflection event, thus providing an improved input for a subsequent amplitude-versus-offset (AVO)
analysis (Bancroft and Sun, 2003).
Pruessmann et al. (2004) presented a first approach to perform CRS-based AVO analysis in the unmigrated time domain. For complex media, a migration prior to AVO analysis might, however, be inevitable.
As depth migration is quite sensitive to velocity model errors and costly in terms of inversion, we propose
CRS-based AVO analysis in the migrated time domain. In addition to the reduced sensitivity to model
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Figure 1: Time migration operator with a) conventional aperture centered around its apex and with b)
minimum aperture centered around the stationary point. The respective part of the operator within the
aperture is depicted in white.

errors, the time migration benefits from smooth, analytic migration operators and operator slopes; in addition, a consistent, analytic approximation for true-amplitude weight factors can be found, thus avoiding
dynamic ray-tracing. Moreover, the time migration velocity model can be obtained in a simple and largely
automated manner.
DETERMINATION OF THE MINIMUM APERTURE
The determination of the minimum migration aperture consists of two tasks: the constitution of the stationary point that defines the center for the migration aperture and the size of the projected Fresnel zone which
determines its horizontal extension. The basic concept has been described in Jäger (2005) and is briefly
reviewed here.
Basics of CRS stack
The CRS method is based on a second-order approximation of the kinematic reflection response of an
arbitrarily curved reflector segment in depth. This approximation can be entirely expressed in terms of
so-called kinematic wavefield attributes defined at the acquisition surface rather than in the subsurface. In
2D, the commonly used hyperbolic approximation reads (see, e. g., Schleicher et al., 1993)
"
#

2
2
2 sin α (xm − x0 )
2 t0 cos2 α (xm − x0 )
h2
t (xm , h) = t0 +
+
+
.
v0
v0
RN
RNIP
2

(1)

It describes the traveltime along a paraxial ray characterized by source/receiver midpoint xm and half-offset
h in terms of the traveltime t0 along the central normal ray emerging at x0 , the near-surface velocity v0 ,
and the wavefield attributes α, RNIP , and RN . The latter three are related to the propagation direction and
wavefront curvatures of two hypothetical waves, namely the so-called NIP and normal wave, respectively
(Hubral, 1983).
Similar to a conventional stacking velocity analysis, the optimum wavefield attributes for each location
(x0 , t0 ) are determined automatically by means of coherence analysis. Note, however, that this analysis is
carried out with a spatial operator in a multi-dimensional parameter domain. The final results are entire
sections of the wavefield attributes α, RNIP , and RN , as well as coherence section. For details see, e. g.,
Jäger et al. (2001).
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Figure 2: Relationship between emergence angle α of the ZO ray and the local slope β of the associated
event in the ZO time section (Figure taken from Jäger, 2005).

Determination of stationary points
In Kirchhoff migration, the main contribution to the diffraction stack stems from the region where the
reflection event is tangent to the migration operator, the so-called stationary point x0 . As the CRS operator (1) is already tangent to an reflection event in the data, this tangency condition can be directly evaluated
by a comparison of the CRS operator slope and the migration operator slope. The searched-for slope β of
the ZO reflection event is related to the emergence angle α of the ZO ray via the near-surface velocity v0
as can be seen from Figure 2:
2
sin α .
(2)
tan β =
v0
For time migration with straight rays as considered here, the migration operator as well as its derivatives
are given by analytic expressions. In practice, the modulus of the difference between these two slopes is
calculated and the location of the minimum is chosen as stationary point. The associated coherence values
help to decide whether the stationary point is reliable by applying a user-given threshold.
The concept of the Common-Reflection-Point (CRP) trajectory allows to extrapolate the stationary point
to finite offset. Its projection onto the acquisition surface reads (Höcht et al., 1999):
s
!
h2
xm (h) = x0 + rT
+1−1 ,
(3a)
rT2
with

RNIP
.
(3b)
2 sin α
This approximation provides a superior reference for the center of the migration aperture compared to the
conventional approach which ignores the deviation between CMP and CRP gathers.
rT =

Determination of the size of the projected Fresnel zone
The final information relevant for minimum migration apertures which can be gained from the attributes is
the size of the projected ZO Fresnel zone WF . In terms of CRS attributes, it can be approximated as (see,
e. g., Mann, 2002)
v
WF
v0 T
1 u
u
,
(4)
= |xm − x0 | =
t
2
cos α 2 1 − 1
RN

RNIP

where T denotes some measure of the wavelet length. In general, the Fresnel zone size is expected to
widen with offset. Unfortunately, this effect is hard to quantify as the velocity model together with the
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Figure 3: Relative size of the Fresnel zone WF (h)/WF (0) over relative offset h/z for a plane interface
with dip 0◦ , 10◦ and 20◦ beneath a homogeneous overburden. The reflector is located at a depth of (a)
z = 1000 m and (b) z = 4000 m.
dip and curvature of the reflector has to be considered. However, forward calculated examples suggest that
the widening effect is very small as can be seen from Figure 3: for two analytical models with different
reflector depths the relative size of the Fresnel zone WF (h)/WF (0) is determined for three different reflector
dips. As long as the the offset does not exceed the reflector depth, the relative widening is smaller than
10 %. For practical application, the ZO Fresnel zone size as determined from the CRS attributes is always
extended by a certain percentage (usually 10 to 20 % depending on the attribute quality) as it is crucial not
to underestimate the Fresnel zone for true-amplitude processing. Thus, the small widening effect is already
covered and may be neglected therefore. For the data example below, the Fresnel zone was set constant for
all offsets, an approximation which appears to be reasonably accurate to obtain reliable amplitudes.
GENERAL WORKFLOW
A general workflow for CRS-based minimum aperture time migration is depicted in Figure 4: The CRS
stack is applied to simulate a ZO section in a fully automated way. More relevant in this context are
the CRS wavefield attribute sections and the associated coherence section. Applying an event-consistent
smoothing (Mann and Duveneck, 2004) to the found attributes guarantees a smooth input for the following
processing steps. This point is especially important for the determination of the ZO projected Fresnel zone
and the stationary point as outliers and unphysical fluctuations might locally introduce some artifacts in the
amplitudes.
Based on the coherence values which indicate the location of the reflection events and the reliability of
their wavefield attributes, an automated picking process was employed to extract the wavefield attributes
along the reflection events. These attributes are then used
• to determine the stationary points for ZO,
• to extrapolate the stationary points to finite offset,
• to estimate the projected ZO Fresnel zone, and
• to calculate time-migration velocity values.
In order to determine the time-migration velocity values, the CRS wavefield attributes for one ZO
location P0 = (x0 , t0 ) have to be mapped into the apex of the corresponding time migration operator. As
the NIP wave does not depend on the reflector curvature and orientation, it allows to approximate the ZO
diffraction response of a diffractor located on the (unknown) reflector segment in depth. Expressing the
CRS diffraction response in apex coordinates allows to establish a relationship between the searched-for
RMS velocity defined at the operator apex and the original CRS attributes (Mann, 2002).
Each set of (reliable) CRS attributes can now be related to a migration velocity value and its corresponding location in the time domain. In a subsequent infill procedure, the migration velocities are interand extrapolated using a distance weighted polynomial interpolation. This approach has, so far, no sound
physical justification.
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Figure 4: General workflow for CRS-based limited aperture time migration. The CRS attributes serve
as input for the determination of the migration attributes (stationary point, minimum aperture, and CRPtrajectory) and the time migration velocity model.

SYNTHETIC DATA EXAMPLE
To demonstrate the potential of the true-amplitude CRS-based Kirchhoff time migration for AVO analysis
we generated a synthetic prestack data set for the model shown in Figure 5a. The target region for the
amplitude extraction is the horizontally layered structure beneath the uppermost dome-like interface. The
elastic parameters are chosen such as to mimic a sequence of gas/oil/water contacts. The primary P-waves
have been modeled by means of a wavefront construction method using a zero-phase Ricker wavelet with
a dominant frequency of 40 Hz. Edge diffractions have not been considered. Colored noise was added; a
representative common-offset section is shown in Figure 6.
The interpolated smooth time-migration velocity model is shown in Figure 5b. The model is kinematically consistent with the data as can be seen from the set of common-image gathers (CIGs) displayed in
Figure 7.
The time migration was performed twice: on the one hand in a conventional way with user-given
aperture, on the other hand with the minimum aperture given by the (extrapolated) projected Fresnel zone.
The user-given aperture was chosen such that the steep flanks of the dome-like structure have been imaged.
The projected ZO Fresnel zone is shown in Figure 8 for those locations where stationary points have
been detected. As expected, its size increases with increasing traveltime and increasing curvature of the
reflection events.
Stacks of the two true-amplitude prestack migration results are depicted in Figure 9. For Figure 9b, the
minimum-aperture migration was only performed at locations where stationary points have been detected.
This removes many of the artifacts due to modeling deficiencies, but might cause gaps in regions with
conflicting dips (e. g. at the flanks of the dom-like structure) or on weak events (e. g. on the lower-most
reflector between x = 7 km and x = 8 km). In practice, the user-given aperture is used at all other locations
to obtain a fully covered image without gaps.
Finally, the amplitudes for the target reflectors have been extracted. Figure 10 shows the AVA curves
for one selected common image gather for both aperture definitions applied to the noisy data. In addition,
the minium-aperture migration has been applied to the same data without noise to obtain reference values.
Obviously, the CRS-based results are closer to the reference values and far more contiguous compared
to their conventional counterparts. For each target reflector, the extracted amplitudes have been used to
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Figure 5: a) Interval P-wave velocity model used to generate the synthetic data, b) time migration velocity
model determined from CRS wavefield attributes. Note the different color scales.
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Figure 10: Amplitudes along the a) first, b) second, and c) third target reflector extracted from the timemigrated prestack data for one selected CIG. The linepoints denote the reference curve obtained for the
same dataset without noise. Note the significant differences in dispersion between the CRS-based and the
conventional result.
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generate a horizon-based AVO crossplot (Figure 11) using a stable linear regression method Walden (1991).
Again, the noise-free dataset was used to obtain reference values. In general, the migration results for the
noisy data show an oval distribution of the points around these reference values depending on the S/N ratio
of the considered reflector (which is decreasing from the first to the third target reflector). If migration
artifacts or different events contribute to the diffraction stack, a trend might be introduced in the crossplot
or the linear regression might even totally fail. Due to the decreased noise-level in the amplitudes, the
CRS-based results show less dispersion and give an overall better estimation of the reference values.
CONCLUSIONS
Jäger (2005) successfully applied CRS wavefield attributes to estimate the location of stationary points and
the projected Fresnel zone required for minimum-aperture Kirchhoff depth migration. We demonstrated
that this CRS-based minimum aperture concept can be transferred back to the time domain. Here, not
only the sensitivity to model errors is reduced, but also the time migration velocity model building can
be performed in a highly automated and simple way. The entirely analytic migration operators and their
corresponding derivatives allow an efficient implementation, especially concerning the determination of
stationary points.
Due to the reduced sensitivity to model errors and the optimum migration aperture we obtain more
reliable amplitudes for AVO/AVA analyses compared to conventional approaches.
OUTLOOK
As future improvement, a physically sound model infill procedure should be incorporated. Furthermore,
the extrapolation of the projected Fresnel zone to finite offset has to be investigated in more detail. An
extension of the approach to 3 D is expected to increase the benefit of the method as the efficiency of
Kirchhoff time migration will be of significant importance.
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ABSTRACT
The common-reflection-surface stack can be used to extract traveltime information for tomographic
inversion schemes from seismic prestack data. The extracted information is a second order approximation. Thus, the obtained velocity models can only explain the prestack data up to second order.
In this paper I present a technique to update these models. The method makes use of residual traveltime information picked in CIG gathers and is, therefore, beyond second order. Migration is performed
only for selected depth points and directly to residual time. The picking of residual moveout does not
need to follow a specific trend, for example, a parabolic one. The inversion algorithm is demonstrated
on a first synthetic data example.

INTRODUCTION
Many approaches to obtain accurate migration velocity models exist. Basically, these methods can be
divided in two classes: One class works directly in the migrated domain like, e. g., focusing analysis and
scanning approaches, and is based on iterative migration (Al-Yahya, 1989; MacKay and Abma, 1992). The
other methods work in the time domain like classical traveltime tomography (Bishop et al., 1985; Farra and
Madariaga, 1988). Some mixtures exist, for example, the time residuals for traveltime tomography may be
picked and calculated in the depth migrated domain (Stork, 1992). All these methods suffer from several
drawbacks. Picking in the prestack data along continuous events is very time-consuming and error-prone.
Performing several depth migrations is also very time consuming.
To overcome these drawbacks new methods have been developed in the last years. They make use of
the idea of a locally coherent event, either in the time or depth domain (Billette and Lambaré, 1998; Chauris
et al., 2002). Thus, there is no longer a need to identify continuous reflection events. One further method
of this type is CRS-based tomography (Duveneck, 2004) which I will call NIP-wave tomography as it uses
the focusing of the normal incidence point (NIP) wave at zero traveltime as imaging condition. Instead
of using only traveltime residuals also slope and curvature information is included into the tomographic
inversion scheme. The method works completely in the poststack domain. Therefore, the identification of
locally coherent events is notably easy and can be performed in a highly automated way (Klüver and Mann,
2005).
However, as only poststack quantities enter into NIP-wave tomography it is limited to the accuracy of
these quantities. The input for NIP-wave tomography is usually obtained by means of the CRS stack (Mann
et al., 1999) which uses a second-order traveltime approximation. Thus, the obtained model is limited to
second order as well. This means that we will explain as good as possible our prestack data up to second
order. As we will see later on in the data example this might not be enough to flatten our image gathers
completely.
Nevertheless, NIP-wave tomography provides at least a very good initial model for a further update.
In this paper I will present such an update technique. From a physical point of view it is based on the
same principle as NIP-wave tomography: a smooth velocity model is searched for in which all diffraction
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traveltime responses associated with the picks in the poststack time domain will focus in depth. In contrast
to NIP-wave tomography the diffraction response is no longer approximated but is calculated accurately
for each depth point. The curvature information is replaced by traveltime residuals picked in common
image gathers (CIG) of small temporal extent. These CIGs are obtained by migrating directly to residual
time, a concept I will explain later on. The advantage is that there is no need to perform a complete depth
migration, the migration is performed only for selected depth points and, thus, only for these depth points
the diffraction responses have to be calculated. Furthermore, CIGs in residual time show no pulse stretch.
First, I briefly review the concepts of Kirchhoff depth migration. Then, I will explain the concept of
migration to residual time and I will compare residual moveout analyses in residual time with moveout
analyses in depth. This will lead to the presentation of the new method. After a short comparison with
NIP-wave tomography I will present the results of a first test on synthetic data. This test will clearly show
that the sequence of NIP-wave tomography and the here presented updating technique can provide accurate
velocity models for depth migration.
KIRCHHOFF MIGRATION AND VELOCITY ANALYSES
In standard Kirchhoff prestack depth migration the amplitude for a selected depth point M is obtained by
a weighted summation along the Huygens surface in the time domain. The Huygens surface is given by
all points N in the time domain for which the traveltime equals the sum of traveltimes from the source and
from the receiver to a depth point M,
t = τD (xS , xG |M ) = τD (xS |M ) + τD (xG |M ) .

(1)

Mathematically, Kirchhoff migration corresponds to an integration of the recorded wavefield along the
Huygens surface τD for each depth point M:
Z x2 Z h2
1/2
V (M ) ∝
dxm dh W (xm , h|M ) ∂t U (xm , h, t)
.
(2)
x1

h1

t=τD (xm ,h)

In above equation, U is the recorded wavefield, V denotes the migrated image, W is an optional migration
1/2
weight and ∂t is a half-derivative in the time domain. Equation (2) is expressed in midpoint (xm ) and
half-offset (h) coordinates as mostly used in practice. In this paper I assume the migration weight to be
equal to one as I am only interested in kinematic features.
Using the correct migration velocity field yields a well-focused structural image of the subsurface.
Omitting the summation in the offset domain, thus creating a separate migrated image for each offset, one
can prove the correctness of the migration velocity field using the created common image gathers (CIG).
One common image gather contains all traces for one lateral position, each trace with a different offset. For
a correct velocity field , all events in a CIG are flat. A migration velocity too low yields upwards bending of
the events (negative moveout), whereas a velocity too high results in downward bending (positive moveout).
Measuring these moveouts in a number of selected CIGs forms the basis of various kinds of migration
velocity analyses. The aim of all these methods is to flatten the CIGs.
Instead of using midpoint and half-offset coordinates, one can use the illumination angle ψ and the
scattering angle θ as coordinates to formulate the Kirchhoff integral (Xu et al., 2001). In Figure 1 you
find a graphical explanation of the two angles: The scattering angle is half of the opening angle between
the incident and emerging ray. The illumination direction is the sum of the two slowness vectors of the
incident and emrging ray. In the case of non-converted waves the illumination angle is the angle between the
vertical and the bisecting line between the incident and emerging ray. Assuming the depth point belongs to
a reflector, there exists one illumination angle which coincides with the reflector dip. This special angle will
be referred to as ψ0 later on. The source and receiver coordinates or midpoint and half-offset coordinates,
respectively, are then a function of these two angles:
xS = xS (θ, ψ)

and

xG = xG (θ, ψ)

(3)

Inserting equation (3) into equation (2) yields the Kirchhoff integral in the angle domain
Z ψ2 Z θ2
1/2
.
dψ dθ W (ψ, θ|M ) ∂t U (ψ, θ, t)
V (M ) ∝
ψ1

θ1

t=τD (ψ,θ)

(4)
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Figure 1: Explanation of illumination and scattering angle. See main text for details. Note that this
definition of the illumination angle is valid for non-converted waves only.
Instead of performing a double summation over the midpoint and offset domain, now a summation over the
illumination angle and scattering angle domain is carried out. Omitting the summation over the scattering
angle, one obtains CIGs in the angle domain. These gathers can be used, as mentioned above, to measure
the residual moveout and to perform a migration velocity analysis.
For the migration to be carried out, the Huygens surface τD has to be determined for every depth point
M in the target zone.
MIGRATION TO RESIDUAL TIME
Let us assume we have determined the Huygens surface τD for a depth point M. To obtain the amplitude
V(M) for this point we would carry out the double summation as indicated in equations (2) or (4). To
determine the amplitude V of a neighboring sample on our output trace, we need to calculate the Huygens
surface for this neighboring depth point. In this way, we can compute a common image gather around point
M, where M is located on the migrated image for zero offset (or, alternatively, for zero scattering angle)
of an actual reflector. Assuming at the point M a locally constant velocity, we can transform any residual
moveout ∆z from depth to residual traveltime ∆t using
∆t =

∆z
(cos(ψ0 − θ) + cos(ψ0 + θ)) .
v

(5)

In this case, ψ0 is the reflector dip.
In a correct velocity model where we do not observe any residual moveout, our Huygens surface for
point M corresponds to a surface of residual traveltime ∆t = 0. This forms the basis of migration to
residual time. Instead of having a depth dependence of the migrated image it is directly transformed to
residual time. For neighboring samples of point M the Huygens surface is obtained by shifting the one
associated with M by an amount δt, where δt is the sampling in residual time of the output traces. This
output traces can be transformed back to residual depth using equation (5). Obviously, the length of the
output trace is limited as I have assumed a locally constant velocity around point M.
Let me compare conventional migration with migration to residual time using a simple depth model.
The model consists of one horizontal reflector located in a depth of 2000 m in a constant velocity medium
with v = 2000 m/s. Both migrations have been carried out with the correct velocity model. The standard
Kirchhoff migration produced an image gather in the ∆z-offset-domain whereas the migration to residual
time was carried out to produce an image gather in the ∆t-θ-domain. The maximum offset of 3000 m used
in the conventional migration corresponds to a reflection angle of approximately 36 degrees. As we can see
in Figure 2, the migration to residual time shows no stretch with increasing scattering angle as observed
in the standard migration result. The stretch occurs due to the angle dependent scaling factor between
time and depth in equation (5) (Tygel et al., 1994). This means that no mute function has to be applied to
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Figure 2: Common-image gathers in depth (left) and residual time (right) obtained using the correct migration velocity. Due to the angle dependent transformation between residual time and residual depth (see
equation (5)) the image gather in the depth domain shows a wavelet stretch with increasing offset.
image gathers in residual time. Therefore, more traces may contribute to a residual moveout analysis. This
especially holds for shallow events.
RESIDUAL MOVEOUT ANALYSES
The migration results in Figure 2 were obtained using the correct velocity model and knowing the correct
reflector position. Let us now assume the reflector is located in a depth of 1960 m instead of the correct
depth of 2000 m. Once again carrying out the two migrations using the correct velocity model we obtain
the following results: In the conventional image gather we observe the reflector shifted to a depth residual
∆z = 40 m as the image gather is centered around a depth of 1960 m. This depth residual remains constant
for all offsets. The residual time along the zero-offset specular ray (two-way) is 40 ms. This is exactly the
position where we observe our event in the residual time image gather at a scattering angle of zero degree.
With increasing scattering angle we observe a decreasing residual time according to equation (5).
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Figure 3: Image gathers obtained with conventional migration (left) and migration to residual time (right)
using the correct velocity model. A wrong reflector depth of 1960 m/s was supposed.
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Figure 4: Image gathers obtained with conventional migration (left) and migration to residual time (right).
A wrong migration velocity of 1980 m/s was used.
Now let us suppose, the reflector is positioned in a depth of 2000 m, i. e. in the correct depth, but let
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us use a wrong migration velocity of 1980 m/s. We then obtain the image gathers shown in Figure 4.
As expected we observe a ZO depth residual of 20 m which corresponds to a two-way time residual of
approximately 20 ms. Because of the wrong migration velocity we observe an offset dependent residual
depth ∆z. Migration to residual time yields a corresponding time residual varying with the scattering
angle θ. The relationship between depth residual ∆z and residual time ∆t is once again established by
equation (5). The event is bended upwards because a too low migration velocity has been used. With a
too high migration velocity we would observe the opposite behavior: Is the reflector located to deep by an
amount ∆z due to a too high migration velocity, i. e., ∆z > 0, the traveltime along the specular ray is an
amount ∆t too high. The event in the CIG would be bended downwards in that case.
VELOCITY UPDATE USING MIGRATION TO RESIDUAL TIME
Picking the residual time in the image gathers for a number of depth points and various scattering angles
these residuals can be used to perform a migration velocity update using residual traveltime tomography.
In traveltime tomography the time residuals are inverted along the specular rays for a new position of the
point M, a new reflector dip and, of course, for a change in the velocity model. This procedure is repeated
until the traveltime residuals are sufficiently small. Usually, the points M are picked in the migrated image
together with the reflector dip. For each of these points a residual moveout analysis is performed, the depth
residuals are converted to time residuals using equation (5). These residuals are used to update the velocity
model and the reflector geometry. For the next iteration a new prestack migration has to be carried out to
pick the new and hopefully reduced depth residuals.This procedure requires to identify the reflectors in the
depth domain and to introduce a mathematical description for them.
Here I will follow a different strategy: I want to use locally coherent events identified in the time domain
in a simulated ZO section. This allows to drop the explicit reflector description as each locally coherent
event from the time domain is associated with its own depth point M. For a geometrical explanation see
Figure 5.
t
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2p ξ
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Figure 5: Link between time and depth domain. See main text for details.
In the time domain a locally coherent event at point N has been identified. This event is characterized
by its lateral position ξ0 , its dip 2 pξ0 and the ZO two way time (TWT) T0 . Performing a normal ray depth
migration of point N with the ZO one way time (OWT) t0 = T0 /2 using the correct velocity model maps N
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to the correct depth point M. The initial direction of the normal ray (dashed) is directly related to the time
dip of the locally coherent event. The locally coherent event in time might be part of a reflector in depth
as illustrated here. The point M characterizes the point of tangency in depth between the isochron (dashed
curve in depth) and the reflector. In time the point of tangency between the locally coherent event and
the Huygens curve for ZO (dashed curve in time), the so-called stationary point, is given by N. Using the
correct velocity model we will for each offset or scattering angle θ, respectively, map the energy summed
up along the Huygens surface to point M. Thus, we would not observe any residual moveout in our CIG.
Let us now consider the case carrying out a migration for point M’ in a wrong velocity model. Forward
modeling the ZO TWT T, the time dip 2 pξ and lateral position ξ of the stationary point associated with
M’, we see that they deviate from the ones we know from picking the locally coherent event in the time
domain. Migrating with the wrong velocity model to residual time around the Huygens surface of M’, we
will observe residual moveout in our image gather.
The idea of the migration velocity model update presented in this paper is to minimize the misfit between the forward modeled stationary point and the picked one and to minimize the residual moveout in the
image gather for point M’. The knowledge of the stationary point in time substitutes the necessity to pick
reflectors in depth. Migration can be carried out to obtain an image gather directly in residual time. Thus,
there is no limitation in picking residual moveout due to the application of a mute function. Migration
is carried out only for selected depth points and the Huygens surface has to be determined only for these
points.
The model consists of all depth points associated with the picked stationary points in time. For each
depth point we have a location and dip: (x, z, ψ0 )i , i = 1, . . . , npicks . The velocity model itself is described
by two-dimensional B-splines (de Boor, 1978). This is the same model representation as used by Duveneck
(2004) in NIP-wave tomography.
The initial model is updated iteratively using standard traveltime tomography complemented with the
tomographic inversion for the stationary point. The inversion stops when a cost-function S has been minimized in the least-squares sense. The cost-function contains the sum off all squared misfits and, additionally, a regularization term minimizing the second derivatives of the velocity model:


npicks
nθ
X
X
−2
σt−2 (ti − t0i )2 + σp−2 (pξi − pξ0 )2 + σ −2 (ξi − ξ0i )2 +
S=
σ∆t
(∆ti (θj ))2  +
ξ
i
i=1

j=1


ZZ X
nx X
nz 
∂ 2 βi (x)
∂ 2 βj (z)
βj (z) + zz vij βi (x)
+ vij βi (x)βj (z) dxdz ,
xx vij
∂x2
∂z 2
i=1 j=1

(6)

where the different σ and  are weighting factors for the various terms. The number of used B-spline nodes
is given by nx and nz . Imposing a constraint on the model smoothness is a common approach to regularize
the inverse problem (Lailly and Sinoquet, 1996).
PICKING OF RESIDUAL TRAVELTIME
In each iteration of the update the angle-dependent residual times ∆t(θ) have to be picked in the image
gathers. Most standard applications parameterize the residual moveout by a parabolic function. The curvature can then be determined by coherence analysis like in standard stacking velocity analyses. This is
generally a very robust possibility. However, if the residual moveout deviates from the parabolic shape
wrong results are obtained. Such a deviation is common in complex models and we will observe it in the
data example below. Another complication arising is that the point where the energy after migration can be
found is not known a-priori, because the image gather is not centered around that point (see, e. g., Figure
4). For both reasons, I propose a different picking strategy. Since the image gather is sampled in time steps
and there occurs no stretch with increasing scattering angle I cross-correlate each trace in the image gather
with a part of the ZO trace centered around the stationary point which has been picked in that ZO section.
Picking the maximum in the cross-correlation directly gives the residual time. The result of this picking
procedure for one CIG used in the data example below is displayed in Figure 6. On the left side you see
the ZO trace centered around the pick location. On the right side you find the image gather in residual time
for the corresponding depth point. This image gather has been obtained using the initial guess of the depth

60

Annual WIT report 2005

point location and the initial migration velocity model. As the depth point is not located at its true position
and the model is wrong we observe a quite complex moveout behavior. Fitting a parabolic curve to this
image gather would clearly lead to wrong results.
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Figure 6: ZO trace and CIG for one pick. The ZO trace is centered around the picked TWT. A migration to
residual time for the initial depth location of that pick using the initial velocity model yields the CIG shown
on the ride side. Due to a wrong depth position and velocity model a quite complex moveout behavior can
be observed. The picked moveout ∆t(θ) is displayed by the curved black line.

COMPARISON WITH NIP-WAVE TOMOGRAPHY
In the data example below, I will use NIP-wave tomography to obtain the initial model for the above
presented updating technique. Indeed, there exists a close connection between both methods as they are
based on the same physical principle. Both methods try to find that position in depth and that velocity model
which focuses the diffraction traveltime response for that point. Both methods make use of the connection
between time and depth by a ZO normal ray. The main difference between both methods is that in NIPwave tomography the diffraction response is approximated up to second order. This approximation can
be extracted from the prestack data in a very robust manner but suffers from errors and will vary with the
aperture chosen for the extraction. The method here overcomes this limitation as the diffraction response
is exact in the current velocity model in each iteration. Thus, I am able to reduce residual moveout in
the image gathers which is still observed after NIP-wave tomography due to its limitation to second order.
However, the ZO time and the dip in the ZO section are determined after having performed a CMP stack.
Thus, these quantities depend to some extent on the aperture chosen in the determination of the NMO
velocity. In this respect, the here presented updating technique still remains second order.
DATA EXAMPLE
I have tested the above described updating technique on a synthetic data set. The model to for forward
model the prestack data is shown in Figure 7. No noise was added to the data. The midpoints cover the
range from -3960 m to 10000 m with a spacing of 15 m. Offsets up to 3960 m were simulated, the time
sampling is 4 ms.
First, I applied the CRS stack to the data to obtain a simulated ZO section (Figure 8). Automatically,
about 700 picks were selected in the stack section. These picks were used to perform NIP-wave tomography. The final inversion result can be seen in Figure 9.
The final model obtained by NIP-wave tomography served as initial model for the migration velocity
model update. As initial depth locations, I took the final NIP-locations of the NIP-wave tomography. After
four iterations of the update, I obtained the model shown in Figure 10. Compared to the result of NIP-wave
tomography it shows much more details. Generally, it seems to be much closer to the original model as a
comparison between Figure 7 and 10 reveals.
This becomes even clearer considering the obtained depth positions of the picks. In Figure 11 you find
the dip bars for each obtained depth point after NIP-wave tomography plotted into the original model. The
same plot is shown in Figure 12 for the dip bars after the model update. As you can see, especially in the
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Figure 7: Model used for forward modeling of the synthetic data set.
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Figure 8: CRS stack section obtained for the synthetic data set. This section served for picking the input
for NIP-wave tomography.
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Figure 9: Inversion result after twelve iterations of NIP-wave tomography. This model shows the main
features of the original model. However, we can not see much details.
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Figure 10: Inversion result after four iterations of residual traveltime tomography. Compared to the result
of NIP-wave tomography (Figure 9) much more details of the original model (Figure 7) are resolved.
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boxed regions, the dip bars after the update fit better the actual reflectors than after NIP-wave tomography
alone.
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Figure 11: Original model with dip bars for depth points obtained by NIP-wave tomography. Note the
quite large deviation of the inverted depth positions from the actual reflector locations.
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Figure 12: Original model with dip bars after velocity model update. Note the improved accordance
between inverted and actual depths.
The final quality control for the obtained model after the update is to have a look at the CIGs. First,
lets have a look at the CIG in residual time for the same pick as displayed in Figure 6 but now migrated
with the updated velocity model and updated depth position. This CIG you find in Figure 13 together
with the picked moveout. The moveout is significantly reduced after the update. This is more obvious
comparing a number of conventional CIGs obtained for the final model of NIP-wave tomography and after
the update. Therefore, I produced one CIG every 500 m between -500 m and 7000 m. The sets of image
gathers for both models are displayed in Figure 14. The comparison shows that the overall moveout has
been largely reduced after performing the model update which clearly demonstrates the success of the
presented technique.
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Figure 13: CIG in residual time for the same pick as in Figure 6 obtained with the updated velocity model.
Compared to Figure 6 the residual moveout has been largely reduced. The picked moveout is indicated by
the curved black line.
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Figure 14: Comparison of CIGs between -500 m and 7000 m with a spacing of 500 m. On the left side the
image gathers obtained after NIP-wave tomography, on the ride side the ones obtained with the updated
velocity model. Note the generally improved flatness after the model update.
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CONCLUSIONS

I have presented a new updating technique which provides accurate velocity models for depth migration. It
is based on the same physical principles and model representation than NIP-wave tomography and is, thus,
the ideal successor of that method in a processing chain. It partially overcomes the limitation to second
order which is inherent in NIP-wave tomography.
The initial model of the presented method is obtained by NIP-wave tomography which is fast and robust
as it works completely in the poststack domain with the concept of locally coherent events. This concept is
retained in the new method as migration is performed only for a limited number of depth points directly to
residual time. The presented picking technique for the residual moveout is able to handle moveout curves of
any form. There is no parabolic representation as in most methods. A first test on a synthetic data example
shows the potential of the new method. However, further tests on synthetic and real data are required.
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ABSTRACT
We have implemented a finite-difference algorithm for image-wave time-remigration in FORTRAN 90, and studied its theoretical properties in detail. For a number of synthetic models, numerical
experiments have been realized. For these examples, we obtained perfect agreement between the theoretical predictions and numerical results. The examples also prove the computational efficiency of
the algorithm. An example using ground-penetrating-radar (GPR) data demonstrates how image-wave
remigration can be used to estimate a model of the medium velocity.

INTRODUCTION
The objective of seismic migration is the construction of an image of the geological structure of the underground using recordings of seismic waves that have propagated through this medium. An update of the
migrated image, which might turn out to be necessary, for example, if the image was obtained using an
incorrect velocity model and an improved model has become available, is often referred to as remigration.
To construct a subsurface image from time sections, it is necessary to carry out a migration. This process repositions the reflectors and collapses the diffractions, in this way generating an image that actually
represents the geometry of the reflecting interfaces in the underground. For a successful application of
a seismic migration, the knowledge of the velocity distribution in the underground is essential. In this
work, we demonstrate the implementation of a strategy to construct a set of migrated images in a very
fast way, each for a different velocity value. The permitted values for the migration velocity can vary in
a user-defined range. The result of this process is a sequence of images that can be evaluated by the interpreter. In this way, he can choose that particular image and migration velocity which best satisfies his
given interpretive criteria.
The necessity to improve a given migrated image is frequent in seismic and ground-penetrating-radar
(GPR) applications. The reason is that the correct velocity model is unknown and has to be determined
during the process of constructing the best possible image. In conventional seismic processing, the estimation of a velocity model is carried out by constructing velocity panels from CMP gathers using different
offsets. However, this is not a common procedure in GPR processing.
This work is based on the velocity-continuation procedure as originally proposed by Fomel (1994)
(see also Hubral et al., 1996; Fomel, 2003a,b). We have implemented a finite-difference algorithm in
FORTRAN 90, and studied its theoretical properties in detail. For a number of synthetic models, numerical
experiments have been realized. For these examples, we obtained perfect agreement between the theoretical
predictions and numerical results. The examples also prove the computational efficiency of the algorithm.
As a more practical test, the method has also been applied to real GPR data. By picking local velocities
from the remigrated panels, it was possible to determine a laterally varying velocity model that could be
successfully used for a subsequent time migration of the data.
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CONTINUATION EQUATION

In this section, we present the method of velocity continuation for seismic zero-offset data in a medium
with constant velocity. All our theoretical results and numerical algorithms can be directly applied to GPR
data.
When ignoring amplitude effects, the process of velocity continuation for zero-offset data can be described by the partial differential equation (Fomel, 1994; Hubral et al., 1996; Fomel, 2003a,b; Claerbout,
1986)
∂2P
∂2P
+ vt 2 = 0,
(1)
∂v∂t
∂x
where P = P (x, t, v) is the zero-offset section that is to be remigrated in velocity v, t is the vertical time
and x is the coordinate of the source-receiver pair. Each section of constant velocity v corresponds to one
image. To solve equation (1), we need an initial and a boundary condition. The initial condition is given by
the original migrated image, P0 (x, t). The boundary condition can be taken from the condition that outside
the migrated range, no image will be obtained. Then, the conditions read
P |t=T = 0

P |v=v0 = P0 (x, t),

(2)

where v0 is the initial velocity, and T is the boundary time. We need to choose T = 0 for continuations
to smaller velocities and T = tmax , i.e., the largest time value of the image, for a continuation to greater
velocities.
FINITE-DIFFERENCE APPROXIMATION
We use the finite-difference method to solve the problem given by equations (1)–(2). We discretize the
variables in the following way: xl = x0 + l∆x, tm = t0 + m∆t e vn = v0 + n∆v, where x0 , t0 and v0 are
the initial midpoint, time, and velocity value, respectively. We denote the pressure field P (xl , tm , vn ) by
n
Pl,m
. We discretize the equation at the point (xl , tm+1/2 , vn+1/2 ), using a centered scheme for both first
derivatives in the mixed-derivative term and a second-order centered scheme for the second derivative with
respect to x. In this way, we have for the mixed derivative
∂2P
∂v∂t

=
l,m+ 12 ,n+ 21

n+1
n+1
n
n
Pl,m+1
− Pl,m
− Pl,m+1
+ Pl,m

∆v∆t

.
(3)

To discretize the second term of equation (1), we use the mean value of the operator in the vertices, as
indicated in Figure 1 (Fomel, 2003a). In this way, we obtain
vt

∂2P
∂x2

=
l,m+ 12 ,n+ 12


1
n+1
n+1
n
n
vn tm Dx Pl,m
+ vn+1 tm Dx Pl,m
+ vn tm+1 Dx Pl,m+1
+vn+1 tm+1 Dx Pl,m+1
,
4

(4)

with Dx being the second-order centered finite-difference operator for the second derivative with respect
to x, i.e.,
n
n
n
Pl+1,m
− 2Pl,m
+ Pl−1,m
n
Dx Pl,m
=
.
(5)
∆x2
Substituting the approximations (3) and (4) in equation (1), we obtain two inconditionally stable FD
schemes. The first one is forward in velocity and backward in time,
n+1
(1 − an+1
m Dx )Pl,m

n+1
n
n
n
n
(1 + an+1
m+1 Dx )Pl,m+1 − (1 − am+1 Dx )Pl,m+1 + (1 + am Dx )Pl,m , (6)

=

where anm = (vn tm ∆v∆t) /4. The second scheme is forward in time and backward in velocity,
n
(1 − anm+1 Dx )Pl,m+1

=

n+1
n+1
n
n+1
n
(1 + an+1
m+1 Dx )Pl,m+1 − (1 − am Dx )Pl,m + (1 + am Dx )Pl,m , (7)
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Figure 1: Discretization of the second derivative at point (xl , tm+1/2 , vn+1/2 ).
with the same anm . Scheme (6) is inconditionally stable for increasing velocity and decreasing time, while
scheme (7) is inconditionally stable for decreasing velocity and increasing time.
In this work, we have implemented scheme (6), which is more convenient to describe a practical time
remigration, since a zero-offset section can be thought of as a time-migrated section with zero migration
velocity.
Numerical stability
To analyze the numerical stability of scheme (6), we utilize the von Neumann criterion (Strikwerda, 1989;
n
Thomas, 1995). For that purpose, we substitute Pl,m
= ξ n exp(i (lθx + mθt )) in scheme (6) to obtain

i θt
(ξ − 1) ei θt − 1 = bnm + ξbn+1
+ bnm+1 ei θt + ξbn+1
,
(8)
m
m+1 e
where
bnm

4 sin2 (θx /2)
∆x2
∆v∆t
sin2 (θx /2)
= vn tm
∆x2
= vn tm γ .
= anm

(9)

Equation (8) can be solved for ξ to yield
ξ=

ei θt − 1 + γvn (tm + tm+1 ei θt )
.
ei θt − 1 − γvn+1 (tm + tm+1 ei θt )

(10)

After some algebric operations, this can be written as
ξ=

2 − γvn [tm − tm+1 + i(tm + tm+1 ) cot(θt /2)]
.
2 + γvn+1 [tm − tm+1 + i(tm + tm+1 ) cot(θt /2)]

(11)

From this expression for ξ, we can immediately conclude that for vn+1 > vn and tm+1 < tm ,
2

|ξ|2 =

2

[2 − γvn (tm − tm+1 )] + [γvn (tm + tm+1 ) cot(θt /2)]
2

2

[2 + γvn+1 (tm − tm+1 )] + [γvn+1 (tm + tm+1 ) cot(θt /2)]

≤ 1.

(12)

As a consequence, when considering increasing velocity and decreasing time, this FD scheme is inconditionally stable for any grid spacing
To prove that scheme (7) is inconditionally stable, too, it is sufficient to apply the same procedure that
was used above. We conclude that the latter scheme is inconditionally stable for decreasing velocities and
increasing time.
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Figure 2: Model 1: Constant-velocity medium
with a single diffraction point.
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Figure 3: Zero-offset section, which corresponds
to a time-migrated section with velocity 0 m/s.

NUMERICAL EXPERIMENTS
As a next step, we tested the implementation with several synthetic data sets. Of these, we discuss here one
model with a single diffraction point and one with a syncline reflector. Finally, we applied the method to a
real GPR data set.
Diffractor model
The first model consists of a diffraction point in a horizontal position at x = 1250 m and depth z = 750 m.
It is depicted in Figure 2 together with the corresponding ray family. The corresponding zero-offset section
was modeled with a Ricker source pulse with a dominant frequency of 31.25 Hz. The true propagation
medium has a velocity of 1500 m/s (i.e., water velocity). For the zero-offset simulation, 200 sourcereceiver pairs were distributed along the surface symmetrically around the diffraction point, regularly space
at a distance of 10 m. The sampling rate was 2 ms. Therefore, in the finite-difference computations,
∆x = 10 m and ∆t = 2 ms.
Figure 3 shows the modeled zero-offset section that corresponds to a time-migrated section with a
velocity of 0 m/s. Figures 4a-f depict several remigrated sections for different values of the migration
velocity. We can clearly observe the collaps of the diffraction when the migration velocity becomes close
to the true medium velocity of 1500 m/s. Beyond this velocity, the diffraction event starts to change its
shape, so that the concavity, which originally was downward, now becomes upward. For velocities greater
than the true medium velocity, all migrated images have this appearance.
Synclinal model
Our second test with synthetic data is to apply the image-wave velocity continuation to a model where the
wavefield has passed to a caustic. The second model can be seen in Figure 5. The zero-offset section is
depicted in Figure 6, where the CMP spacing was chosen as 10 m. The source pulse was again a Ricker
wavelet, now with a dominant frequency of 31.25 Hz. The true velocity of the propagation medium is
3000 m/s, in which two reflecting interfaces are embedded. The zero-offset section was simulated using
the exploding-reflector model (Loewenthal et al., 1976). Since the second reflector is a synclinal structure,
the zero-offset section presents the well-known bow-tie structure.
The snapshots of the image-wave propagation are shown in Figure 7. We see that as the velocity
increases, the bow tie unfolds. In the section for velocity 2800 m/s, Figure 7c, the bow tie has already
disappeared. From that velocity on, the reflector starts to smooth out. At the velocity of 3000 m/s, it
has arrived at its correct shape. As the velocity continues to increase, the synclinal structure is becoming
broader and broader.
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Figure 4: Remigration of synthetic diffraction data. Velocity is: (a) 1000 m/s; (b) 1400 m/s; (c) 1500 m/s;
(d) 1600 m/s; (e) 1700 m/s; and (f) 2000 m/s.
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Figure 6: Zero-offset section.

From the sequence of remigrated images in Figure 7, we see that it is even possible to roughly estimate
the migration velocity. Even if we did not know the true medium velocity, we could actually recognize
that it must be between 2800 m/s and 3200 m/s. The reason is that only at the former velocity, the bow-tie
structure unfolds and already at the latter one, the bottom of the syncline is imaged with a much smaller
amplitude than the rest of the interface.
Real GPR data
As a more practical test, the method has also been applied to the real GPR data shown in Figure 8. These
data were recorded at a test site of the University of São Paulo (USP) using a shielded 250 MHz antenna,
a receiver spacing of 5 cm, and a sampling rate of 0.358 ns. Although the data were actually acquired
with a small offset between the antennas (40 cm), the data were treated as zero-offset data. Note that
the continuous, almost horizontal event across the section is the direct air wave together with the surface
reflection. This event is normally removed by preprocessing. Here we are using raw data. The visible
diffractions originate from seven barrels with a radius of 0.45 cm and a metallic tube with a radius of
1.9 cm. Although the subsurface geology at this site is in principle known, this knowledge has not been
made use of in this test.
In Figure 9a, all diffractions are still undermigrated. Figures 9b-e show remigrated panels at velocity
values where some of the diffractions focus. In Figure 9f, all diffractions are overmigrated. From this
focussing features, local velocities were determined at several locations in the model by attributing the
velocity values of the corresponding panels to the locations where the focussing occurs. For example, in
Figure 9b the diffractions at t = 21 ns and x = 28 cm and at t = 28.5 ns and x = 18 cm focus. So, the
velocity value of 5.2 cm/ns is attributed to the points (t, x) = (21, 28) and (t, x) = (28.5, 18). In the same
way, as the diffraction at point (22.5,7) focusses in Figure 9c, we have attributed v = 6.2 cm/ns to this
point. From the remaining panels, we have correspondingly v = 7.0 ns/cm at (46,14) and v = 7.4 cm/ns
at (31,10) and (42.5,22). Moreover, we have attributed a constant velocity of 5.0 cm/ns to the near surface
layer above the first diffraction.
As the next step, these local velocity picks have been used to construct a smooth velocity model by
B-spline interpolation. Besides fitting the sampled values in the least squares sense, minimum gradient and
curvature constraints were applied in order to obtain a unique interpolation. The resulting velocity model
is depicted in Figure 10. Note that the relatively high velocities at the bottom of the model are not real but
an artifact of the interpolation, which arises because there are no interpretable events below approximately
50 ns.
As a final test of its quality, the GPR data have been time migrated using the so-obtained velocity model.
For this purpose, we used a hybrid migration method as introduced by Ristow and Rühl (1994), named
“Fourier finite-difference migration”. In this migration method, the full downward-continuation operator is
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Figure 7: Remigration of synclinal structure. Velocity is: (a) 1000 m/s; (b) 2000 m/s; (c) 2800 m/s; (d)
3000 m/s; (e) 3200 m/s; and (f) 4000 m/s.
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Figure 8: Real GPR data from USP test site.

split into two separate partial downward-continuation operators. The first of these partial operators realizes
a phase shift of the data for a chosen constant background velocity, and the second one is an optimized
finite-difference operator, taking into account the varying component of the velocity function.
The resulting time migrated image is shown in Figure 11. All diffraction are nicely focussed and the
reflecting elements have a good continuity. This demonstrates that the obtained smooth velocity model is
of good quality. Actually, it has been independently confirmed that the determined velocities, except for
the artificial velocities at the bottom of the model, are within the range of known velocities at the known
test site. We also see from Figure 11 that these artificial velocities do not affect the quality of the final
migrated image. The reason is that they only occur where no interpretable events are present in the data.
CONCLUSIONS
We have shown the implementation of velocity continuation for time remigration using the finite-difference
method. Through our numerical tests, we can conclude that the chosen algorithm allows to efficiently generate several migrated sections for different migration velocities. Under favorable conditions, an estimate
of the best velocity can be realized by the interpreter based on the following criteria:
• If there is a diffraction event in the data, as is the case during the detection of enterred ducts, the true
velocity can be determined, since at this velocity the diffraction event collapses into a single point,
and for larger velocities, the concavity of the event changes.
• If there is a triplication of a reflection event in the data, these can also be employed to estimage
the correct medium velocity. At the true medium velocity, the triplication unfolds and the energy is
well-distributed along the event.
• For anticlinal interfaces, an upper estimate of the true medium velocity can be found from the same
criterion of the distribution of the energy along the event.
The above conclusions from the test using synthetic data have been confirmed by an application of the
method to real GPR data. By picking local velocities from the remigrated panels, it was possible to determine a laterally varying velocity model that could be successfully used for a subsequent time migration of
the data.
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Figure 9: Remigration of real GPR data. Velocity is: (a) 4.0 cm/ns; (b) 5.2 cm/ns; (c) 6.2 cm/ns; (d)
7.0 cm/ns; (e) 7.4 cm/ns; and (f) 8.6 cm/ns.
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Figure 10: Velocity model as obtained from imagewave remigration after interpolation.

Figure 11: Migrated image of the GPR data using
the velocity model of Figure 10.
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ABSTRACT
The image-wave equations for the problems of depth and time remigration in elliptically anisotropic
media are second-order partial differential equations similar to the acoustic wave equation. The propagation variable is the vertical velocity or the medium ellipticity rather than time. In this work, we
derive these differential equations from the kinematic properties of anisotropic remigration. The objective is to enable the construction of subsurface images that correspond to different vertical velocity
and/or different degrees of medium anisotropy. In this way, “anisotropy panels” can be obtained in a
completely analogous way to velocity panels for a migration velocity analysis.

INTRODUCTION
Depending on the velocity model used, seismic migration positions the images of seismic reflectors at
different locations in time or depth. To transform these migrated reflector images from one into another in
a direct way, i.e., without going back to the original seismic data section, is a seismic imaging task that can
be achieved by a process called remigration, also known as residual or cascaded migration (Rothman et al.,
1985; Larner and Beasley, 1987) or velocity continuation (Fomel, 1994). In this way, improved seismic
reflector images for an improved migration velocity can be obtained by applying a modified migration
operator to the already migrated rather then unmigrated section.
Residual migration is based on the fact that a migrated image obtained from migrating a second time
(with the migration velocity v2 ) a seismic section that has already been migrated (with the migration velocity v1 ) is identical to the one that would have been
p obtained from migrating the original time section
once, with the effective migration velocity vef f = v12 + v22 (Rocca and Salvador, 1982). Given the first
(wrong) migration velocity v1 and the desired effective (true) migration velocity vef f , a residual
q migra2
2
tion is nothing more than a conventional migration with the residual migration velocity v2 = vef
f − v1
(Rothman et al., 1985). Cascaded migration involves an iterative procedure (Larner and Beasley, 1987).
By performing n√times a migration with a small velocity increment ∆v, the desired effective migration
velocity vef f = n∆v 2 is finally reached.
Is is not difficult to accept that by choosing a large number n of steps and a very small velocity increment
∆v, a cascaded migration simulates a quasi-continuous change of the migration velocity. In this situation,
the sequence of images of a certain reflector as subsequently migrated with varying migration velocities
creates an impression of a propagating wavefront. This “propagating image” was termed an “image wave”
by Hubral et al. (1996). The propagation variable, however, is not time as is the case for conventional
physical waves, but the migration velocity.
Of course, conventional physical waves and image waves show a different kinematic behaviour. For example, a slanted plane wave in a homogeneous medium preserves its angle to the vertical axis when propagating. On the contrary, the image of a dipping reflector changes its dip angle when migrated with different
velocities. For this reason, image-wave propagation cannot be described by a conventional (acoustic or
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elastic) wave equation. Nontheless, there are partial differential equations that describe the propagation of
image waves. In the terminology of Hubral et al. (1996), these are called “image-wave equations”.
Inverting the standard ray-theory procedure, such image-wave equations can be derived from the kinematic behaviour of image waves. For homogeneous, isotropic media, image-wave propagation as a function of the (constant) migration velocity has been studied in time (Fomel, 1994; Hubral et al., 1996; Mann,
1998; Fomel, 2003a,b) and in depth (Hubral et al., 1996; Mann, 1998; Schleicher et al., 2004). By treating
them in a similar way as conventional acoustic waves, the above authors derived image-wave equations for
both, time and depth remigration. Both image wave equations for time and depth remigration are equations
similar to the acoustic wave equation (Fomel, 1994; Hubral et al., 1996; Mann, 1998). An independent
earlier derivation of the time remigration image-wave equation by Claerbout (1986) has later also been
made available to the public.
A first extension of the theory to elliptically anisotropic media was presented by (Aleixo and Schleicher, 2004), who presented the image-wave equation for depth remigration as a function on the medium
ellipticity. Here we complement their results with the one for a variation of the vertical (i.e., isotropical
background) velocity and the corresponding equations for time remigration. We demonstrate the validity
of the theory with a simple numerical example.
DERIVATION OF THE IMAGE-WAVE EQUATIONS
In this section, we describe the variation of the position of a reflector image when the parameters of the
elliptically anisotropic medium change. This variation will become the kinematics of the image-wave
propagation of the image waves.
Since imaging is a linear operation, we can restrict our study to the behaviour of a single point on the
image of a seismic reflector when the medium parameters vary. This situation can be understood in analogy
to the propagation of a Huygens wave emanating from a secondary source. The kinematics of the Huygens
wave describes the behaviour of a single point on the wave front when time varies. In the same way, the
kinematics of the analogous “Huygens image wave” will describe the behaviour of a single point on the
reflector image when the velocity model changes.
The procedure follows the lines applied by Hubral et al. (1996) to derive the time and depth imagewave equations in isotropic media. It starts by the construction of the Huygens image wave, that is, the
set of points that describes the possible location of the original point on the reflector after a variation of
the propagation variable. In a second step, the coordinates of the original image point are replace by
derivatives, in this way constructing an image eikonal equation the solution of which is the Huygens image
wave. In a last step, the most simple of all second-order partial differential equations that generate this
image eikonal equation is identified as the searched-for image-wave equation.
Elliptically anisotropic medium
An elliptically anisotropic medium is characterized by possessing a vertical symmetry. Its density-normalized
elastic tensor, i.e., Aik = Cik /ρ, with Cik being the elements of the elastic tensor organized in matrix form,
can be written as a 6 × 6-matrix of the form (Vanelle, 2002)


A11 A12 A13
0
0
0
 A12 A11 A13
0
0
0 


 A13 A13 A33
0
0
0 
,
(1)
A=
 0
0
0
A44
0
0 


 0
0
0
0
A44
0 
0
0
0
0
0
A66
with the additional restrictions that
A12
(A13 + A44 )2

= A11 − 2A66 ,
= (A11 − A44 )(A33 − A44 ).

In this way, an elliptically anisotropic medium is described by four independent elastic parameters.

(2)
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Propagation velocity. For seismic imaging purposes, the most important medium parameter is the velocity of seismic wave propagation. Here, we need expressions for this parameter in elliptically anisotropic
media. For more information on elliptically anisotropic media, the reader is referred to Helbig (1983) or
Vanelle (2002).
In a homogeneous elliptically anisotropic medium, the propagation of a quasi-P wave takes place in
a plane (Helbig, 1983). For simplicity, we assume this plane to be the (x, z)-plane. Therefore, we can
treat the problem as a two-dimensional one. All formulas below can readily be extended to 3D by adding
corresponding y components. The group velocity vector of the quasi-P wave, ~v , depends only on two of
the components of the elasticity tensor. Within the (x, z)-plane, it can be written as


A11
A33
~v =
sin φ, 0,
cos φ ,
(3)
V
V
where A11 and A33 are components of the elastic tensor and φ is the angle between the normal to the
wavefront and the vertical z-axis. Moreover, quantity
q
(4)
V = A11 sin2 φ + A33 cos2 φ
denotes the phase velocity of the quasi-P wave.
From equations (3) and (4), we conclude that the modulus of the group velocity can be represented as
q
A211 sin2 φ + A233 cos2 φ
(5)
|~v | = v(φ) =
V
However, in anisotropic media, the wavefront normal does not generally point into the propagation
direction of the wave. For our purposes, we need the propagation velocity as a function of the propagation
direction. Therefore, we need to introduce the propagation angle θ, i.e., the angle between the group
velocity vector ~v (which points into the propagation direction) and the vertical z-axis. The relationship
between φ and θ is given by (Vanelle, 2002)
tan θ =

A11
tan φ.
A33

(6)

Introducing this relationship in equation (5), we find that the modulus of the group velocity depends on
the propagation direction according to
sin2 θ cos2 θ
v(θ) =
+
A11
A33


−1/2
.

(7)

As a consequence of the medium anisotropy, the propagation velocities of the quasi-P wave depend on
the propagation direction. In particular, there are different wave velocities in the vertical and horizontal
directions. From equation (7), we recognize that the vertical (θ = 0) and horizontal (θ = π/2) velocities
are given by
p
p
v = A33
and
u = A11 ,
(8)
respectively.
At this point, it turns out to be convenient to introduce a new parameter called “medium ellipticity”,
defined as
A33
v2
ϕ=
= 2.
(9)
A11
u
Upon the introduction of the medium ellipticity ϕ as well as the vertical velocity v in equation (7), the
angle-dependent wave velocity in an elliptically anisotropic media can be recast into the form

−1/2
v(θ) = v ϕ sin2 θ + cos2 θ
.

(10)
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S = (ξ, 0)
×




θ


`






× P = (x, z)
Figure 1: Geometry of the zero-offset ray connecting a source at S = (ξ, 0) to a point P = (x, z) on the
seismic reflector image.
Zero-offset configuration
We assume that the migrated section to be remigrated was obtained from zero-offset (or stacked) data
under application of a zero-offset migration. The coincident source-receiver pairs where localized at a
planar horizontal surface (z = 0) at points S = (ξ, 0) (Figure 1).
We denote by x and z the coordinates of a certain point P within the medium under consideration.
Moreover, we denote by ` its distance from a source S, such that `2 = (x − ξ)2 + z 2 . The propagation
angle of a wave that propagates from S = (ξ, 0) to P = (x, z) thus satisfies
cos θ =

z
`

and

sin θ =

x−ξ
.
`

(11)

For the geometry, see again Figure 1.
Using equations (8) and (11) in expression (10), we find the following alternative representation for the
modulus of the group velocity vector in explicit dependence of the coordinates of point P rather than the
propagation angle θ,

−1/2
v(x, z) = `v ϕ(x − ξ)2 + z 2
.
(12)
Traveltime. With these results on the propagation velocity, we are now ready to describe the traveltime
T of a wave that was emitted and registered at S and reflected at P . From formula (12) for the propagation
velocity as a function of the coordinates of P , we obtain for the desired traveltime
1/2
2`
2
T (ξ; x, z) =
=
ϕ(x − ξ)2 + z 2
.
(13)
v(x, z)
v
The factor 2 is due to the fact that in equation (10), we have v(θ) = v(θ + π). Therefore, the traveltime for
the wave to arrive at the depth point P is the same as the time it takes from there back to the receiver at S.
Remigration
Seismic remigration tries to establish a relationship between to media of wave propagation in such a way
that identical seismic surveys on their respective surfaces would yield the same seismic data. One of
these media is the wrong velocity model used for the original migration. The other medium represents the
updated model within which a new image of the subsurface needs to be constructed.
Variation of vertical velocity
Let us suppose that the original migration has been realized with a model M0 with same ellipticity ϕ as
used in the updated model M , but a different vertical velocity v0 . In this old model, the same diffraction
traveltime T of equation (13) is consumed by a different wave, reflected at a different point P0 = (x0 , z0 ).
It is therefore given by the modified equation
1/2
2`0
2 
T (ξ; x, z) =
=
ϕ(x − ξ)2 + z 2
.
(14)
v(x0 , z0 )
v0
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Huygens image wave. To derive the desired image-wave equation, we follow the lines of Hubral et al.
(1996). Firstly, we need to find the set of all points P = (x, z) in medium M for which the diffraction
traveltime of equation (13) is equal to the corresponding diffraction traveltime of point P0 = (x0 , z0 ) in
medium M0 . In other words, we are interested in localizing the so-called Huygens wave for this kind of
image-wave propagation. This Huygens image wave then describes the position z(x) of the image at the
“instant” v that “originated” at the “instant” v0 at point P0 . For this purpose, we equal the times T of P
and P0 , resulting in
F (x, z, ξ, v) =

ϕ
ϕ
(x − ξ)2 + z 2 − 2 (x0 − ξ)2 − z02 = 0.
v2
v0

(15)

This equation represents a family of curves z(x; ξ) that, for a fixed ξ, connect all points P in model M that
possess the same diffraction traveltime T (ξ; x, z) as P0 in model M0 for the same ξ.
The set of points P such that T (ξ; x, z) is equal to T (ξ; x0 , z0 ) for all values of x and z is given by
the envelope of this family of curves described by F (x, z, ξ, v). This envelope is the mentioned Huygens
image wave that represents the image in model M of point P0 in model M0 . Application of the envelope
condition
∂F
= 0,
(16)
∂ξ
to equation (15) yields the condition for the stationary value
2

ϕ
ϕ
(ξ − x) + 2 2 (ξ − x0 ) = 0,
2
v
v0

(17)

which can be solved to yield
ξ=

v 2 x0 − v02 x
.
v 2 − v02

(18)

It is interesting to observe that the stationary point ξ does not depend on the medium ellipticity ϕ. Equation
(18), when substituted back in equation (15), leads to
s
v
(x − x0 )2
z=
z02 − ϕv02 2
,
(19)
v0
v − v02
where the negative square root has been discarded as unphysical.
Equation (19) describes the position of the Huygens image wave for depth remigration that was excited
with the initial conditions (x0 , z0 ; v0 ). For an isotropic medium, where ϕ = 1, the above expression
reduces to the one derived by Fomel (1994) or Hubral et al. (1996).
The corresponding position of the Huygens image wave for time remigration can be obtained from
equation (19) by converting depth to vertical time according to z = vτ /2 and z0 = v0 τ0 /2. The time
domain version of equation (19) reads then
s
(x − x0 )2
τ = τ02 − 4ϕ 2
.
(20)
v − v02
Again, for ϕ = 1, the above expression reduces to the known one for an isotropic medium.
Eikonal equation. The Huygens image wave of equation (19) describes the variation of a single point P0
on a reflector image under variation of the vertical velocity v, starting at an initial velocity v0 . To transform
this expression into one that describes the variation of any arbitrarily shaped reflector image for arbitrary
velocity variations, we need to eliminate these initial conditions from equation (19). In other words, we
need to replace the constants x0 , z0 , and v0 in equation (19) by derivatives, so as to describe image-wave
propagation for any set of initial conditions.
For this purpose, we introduce the image-wave eikonal v = V(x, z). An explicit expression for V(x, z)
can be found by solving equation (19) for v. The image-wave eikonal equation is then found by replacing
v by V(x, z) in equation (19), taking the derivatives with respect to x and z of the resulting expression,
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and using them to eliminate the constants x0 , z0 , and v0 from equation (19). Since this procedure has
beed detailed in Hubral et al. (1996) and Aleixo and Schleicher (2004), here we just state the result for the
present case. The searched-for differential equation for V is
ϕV
Vz = 0,
(21)
z
where Vx and Vz stand for the partial derivatives of V with respect to x and z, respectively. Its solution
for initial conditions (x0 , z0 ; v0 ) is equation (19) solved for v. This differential equation (21) is the imagewave eikonal equation for depth remigration in elliptically anisotropic media under variation of the vertical
velocity. In other words, it describes the kinematics of image-wave propagation for any arbitrary set of
initial conditions as a function of the vertical velocity.
The corresponding procedure applied to equation (20) yields the image-wave eikonal equation for time
remigration,
4ϕ
Vx2 −
Vτ = 0,
(22)
τV
where now V = V(x, τ ). Both of the above equations (21) and (22) reduce to their isotropic counterparts
when substituting ϕ = 1.
Vx2 + ϕVz2 −

Image-wave equation. Now we want to find a partial differential equation such that equation (21) is
its associated eikonal equation. In other words, upon substitution of the ray-theory ansatz p(x, z, v) =
p0 (x, z)f [v − V(x, z)] into our desired differential equation, the leading-order terms need to provide equation (21). From the leading-order terms of the second derivatives of this expression, we recognize that the
second-order partial differential equation
ϕv
pvz = 0
(23)
pxx + ϕpzz +
z
is the simplest one to fulfill this condition. Any additional terms involving arbitrary combinations of p and
its first derivatives with respect to x, z, or v, do not alter the associated eikonal equation. Therefore, we
refer to equation (23) as the image-wave equation for depth remigration in elliptically anisotropic media
under variation of the vertical velocity.
Correspondingly, equation (22) leads to an image-wave equation for time remigration,
4ϕ
pvτ = 0.
(24)
vτ
Again, both of the above equations (23) and (24) reduce to their isotropic counterparts when substituting
ϕ = 1.
√
It is to be observed that a change of variables ω = v/ ϕ transforms equation (24) into
pxx +

4
pωτ = 0,
(25)
ωτ
which is the corresponding equation in isotropic media (Fomel, 1994; Hubral et al., 1996). Thus, time
remigration under variation of the vertical velocity in elliptically anisotropic media can be realized by the
same computational program as in isotropic media upon reinterpretation of the velocity variable.
pxx +

Variation of medium ellipticity
In elliptically anisotropic media, a remigration can be realized upon the variation of a second parameter,
the medium ellipticity. The corresponding image-wave equation for depth remigration has been derived in
Aleixo and Schleicher (2004). We include its derivation here for completeness and add the one for time
remigration.
We now suppose that the original migration has been realized with a model M0 with same vertical
velocity v as used in the updated model M , but a different ellipticity ϕ0 . As before, the same diffraction
traveltime T of equation (13) corresponds to a P0 = (x0 , z0 ) in the old model and a set of points P = (x, z)
in the new model. Therefore, the modified traveltime reads
1/2
2`0
2
T (ξ; x0 , z0 ) =
=
ϕ0 (x0 − ξ)2 + z02
.
(26)
v(x0 , z0 )
v
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Huygens image wave. Again, to derive the desired image-wave equations, we need to find the Huygens
image wave for this problem, i.e., the set of all points P = (x, z) in medium M for which the diffraction
traveltime of equation (13) is equal to the diffraction traveltime (26) of point P0 = (x0 , z0 ) in medium M0 .
This Huygens image wave then describes the position z(x) of the image at the “instant” ϕ that “originated”
at the “instant” ϕ0 at point P0 . Equal the times T of equations (13) and (26), we find
F (x, z, ξ, ϕ) = ϕ(x − ξ)2 + z 2 − ϕ0 (x0 − ξ)2 − z02 = 0.

(27)

This equation represents a family of curves z(x; ξ) that, for a fixed ξ, connect all points P in model M that
possess the same diffraction traveltime T (ξ; x, z) as P0 in model M0 for the same ξ.
The set of points P such that T (ξ; x, z) is equal to T (ξ; x0 , z0 ) for all values of x and z is given by
the envelope of this family of curves described by F (x, z, ξ, ϕ). This envelope is the mentioned Huygens
image wave that represents the image in model M of point P0 in model M0 . Application of the envelope
condition (16) to equation (27) yields the stationary point
ξ=

ϕx − ϕ0 x0
,
(ϕ − ϕ0 )

which, upon substitution in equation (27), leads to
s
z=

z02 + ϕϕ0

(x − x0 )2
.
ϕ − ϕ0

(28)

(29)

Equation (29) describes the position of the Huygens image wave that was excited with the initial conditions
(x0 , z0 ; ϕ0 ).
As for the velocity variation, the substitution z = vτ /2 and z0 = vτ0 /2 transfers the Huygens image
wave to the time-migrated domain, resulting in
s
4ϕϕ0 (x − x0 )2
τ = τ02 +
.
(30)
v 2 ϕ − ϕ0
Eikonal equation. The Huygens image wave of equation (29) describes the variation of a single point
P0 on a reflector image under variation of the medium ellipticity ϕ, starting at an initial ellipticity ϕ0 . To
transform this expression into one that describes the variation of any arbitrarily shaped reflector image for
arbitrary ellipticity variations, we need to eliminate these initial conditions from equation (29). In other
words, need to replace the constants x0 , z0 , and ϕ0 in equation (29) by derivatives, so as to describe
image-wave propagation for any set of initial conditions.
For this purpose, we introduce the image-wave eikonal ϕ = Φ(x, z). An explicit expression for Φ(x, z)
can be found by solving equation (29) for ϕ. By replacing ϕ by Φ(x, z) in equation (29) and taking the
derivatives with respect to x and z of the resulting expression, we find a differential equation for Φ, the
solution of which for initial conditions (x0 , z0 ; ϕ0 ) is equation (29) solved for ϕ. This differential equation
is the image-wave eikonal equation,
2Φ2
Φz = 0,
(31)
z
which describes the kinematics of the propagation of a reflector image as a function of the medium ellipticity for any arbitrary set of initial conditions, not only of that of a single initial point (x0 , z0 ).
The same procedure applied to equation (30) yields the corresponding image-wave eikonal equation for
time remigration,
8Φ2
Φ2x + 2 Φτ = 0,
(32)
τv
where now Φ = Φ(x, τ ).
Image-wave equation. Again, the last step is to find a partial differential equation such that equation (31) is its associated eikonal equation. In other words, upon substitution of the ray-theory ansatz
Φ2x −

Annual WIT report 2005

83

p(x, z, ϕ) = p0 (x, z)f [ϕ − Φ(x, z)] into our desired differential equation, the leading-order terms need
to provide equation (31). From the leading-order terms of the second derivatives of this expression, we
recognize that the second-order partial differential equation
2ϕ2
pzϕ = 0
(33)
pxx +
z
is the simplest one to fulfill this condition. Therefore, we refer to equation (33) as the image-wave equation
for depth remigration in elliptically anisotropic media under variation of the ellipticity.
It is important to observe that the image-wave equation (33) can be transformed into a partial differential
equation with constant coefficients. Upon the introduction of the new variables γ = 1/ϕ, and ζ = z 2 /4,
the mixed derivative becomes
pzϕ = pζγ ζz γϕ = pζγ

z
z −1
. = − 2 pζγ .
2
2 ϕ
2ϕ

(34)

Under this variable transformation, the image-wave equation (33) thus takes the form
pxx − pγζ = 0 .

(35)

The transformation into equation (35) is meaningful from an implementational point of view, since for differential equations with constant coefficients, it is generally much easier to find stable FD implementations.
As a final word on the image-wave equation (33) or its constant-coefficient version (35), let us mention
that both equations do not depend on the vertical velocity v but only on the medium ellipticity ϕ. Thus,
it can be expected that depth image-wave remigration in elliptically anisotropic media should be relatively
insensitive to the actual value of the vertical velocity. This, in turn, points towards a potentially broad
applicability of the image-wave concept for elliptically anisotropic remigration even in inhomogeneous
media.
Correspondingly, equation (32) leads to an image-wave equation for time remigration,
pxx −

8ϕ2
pϕτ = 0.
τ v2

(36)

√
It is to be observed that the same change of variables as before, ω = v/ ϕ, now with varying ϕ, also
transforms this equation into the corresponding equation (25) for isotropic media. In other words, also time
remigration under variation of the medium ellipticity can be realized by the same computational program
as in isotropic media.
In fact, a careful analysis of time remigration under a simultaneous variation of both, vertical velocity v
and medium ellipticity ϕ shows that even in this situation, the final image-wave equation can be transformed
into equation (25) that depends on the above combined parameter ω only. By substitution of the definition
of the medium ellipticity ϕ into the above expression for the transformed variable ω, we observe that
v
v
ω=√ =p
=u
ϕ
v 2 /u2

(37)

is nothing else than the horizontal velocity. In other words, time remigration in elliptically anisotropic
media is independent of the vertical velocity and depends only on the variation of the horizontal velocity.
NUMERICAL EXAMPLE
To validate the above theoretical results, we present a numerical example for time remigration in elliptically
anisotropic media using the image-wave equation (25). The model, depicted in Figure 2, is a simple
synclinal structure with a homogeneous, elliptically anisotropic overburden. Synthetic zero-offset data
where modeled using an elliptically anisotropic finite-differences code and an exploding-reflector model.
767 source-receiver pairs were positioned at every 12 m between x = 0 km and x = 9.192 km, at a depth
of 250 m. The synthetic data are depicted in Figure 3. The reflector shadow is due to incomplete damping
of the surface reflection by the absorbing boundary conditions.
These data are the input for the implementation of Novais et al. (2005) of an implicit finite-difference
scheme for image-wave remigration. A few snapshots of the resulting image-wave propagation for different
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Figure 2: Model for the numerical example. The overburden of the synclinal reflector is homogeneous,
elliptically anisotropic with a horizontal velocity of 4.5 km/s and vertical velocity of 3.0 km/s. Also shown
is the ray field for the used configuration.
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Figure 3: Synthetic zero-offset for the model of Figure 2.
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Figure 4: Snapshots of image-wave propagation at (a) ω = 4.2 km/s, (b) ω = 4.3 km/s, (c) ω = 4.4 km/s,
(d) ω = 4.5 km/s, (e) ω = 4.6 km/s, (f) ω = 4.7 km/s.
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values of the propagation variable ω are shown in Figure 4. As predicted by equation (37), the synclinal
structure assumes its correct shape at where the value of ω is equal to the horizontal velocity of the model.
Moreover, it is interesting to observe that from the unfolding of the bow-tie structure, together with
the distribution of the amplitude along the reflector image and the focussing of energy at the flanks of
the trough, it is even possible to establish bounds for an estimate of the horizontal velocity. Clearly, in
Figure 4a, the bowtie structure of Figure 3 is not fully resolved, while in Figure 4f, the trough is already
overmigrated. So, even if the velocity were unknown, it would be possible to determine that it must be
between 4.2 km/s and 4.7 km/s.
CONCLUSIONS
As discussed by Fomel (1994) and Hubral et al. (1996), the changing position of a seismic reflector image
under variation of the migration velocity model can be understood in an analogous way to the propagation
of a physical wave.
In this work, we have derived a set of second-order partial differential equations that work as imagewave equations for remigration in elliptically anisotropic media. They describe the propagation of a reflector image in time and depth remigration as a function of the vertical velocity and the medium ellipticity.
To this end, we have studied the kinematics of the image wave in such media to derive the corresponding eikonal equations. From an inverted ray procedure, we have then inferred the desired image-wave
equations, the solutions of which exhibit this correct kinematic behaviour.
The description of the position of the reflector image as a function of the medium ellipticity can be
very useful for the detection of this parameter. A set of migrated images for different medium ellipticities
can be obtained from a single migrated image without the need for multiple anisotropic migrations. From
additional information on the correct reflector position, focusing analysis, or the like, the best fitting value
of the medium ellipticity can then be determined.
The probably most interesting application of this procedure would start with an initial condition of
an isotropic medium, described by unit ellipticity, i.e., ϕ0 = 1. Since isotropic migration is a very well
understood field, the image-wave equation could then be used to transform an isotropically migrated image,
which can be obtained with one of the highly sophisticated migration methods that are nowadays available,
into an image that corresponds to an elliptically anisotropic medium.
In the case of time remigration, the image-wave equation shows that the position of the reflector image
in elliptically anisotropic media depends on the horizontal velocity only. This theoretical prediction, which
is in agreement with the findings of Alkhalifah and Tsvankin (1995), was confirmed with a simple numerical example. This implies that a migration velocity analysis based on time migration can only detect this
parameter. In particular, this means that there is no way to distinguish an elliptically anisotropic medium
from an isotropic one on the basis of time migration only.
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ABSTRACT
The acoustic one-way wave equation has applications in the fields of reverse time migration and
reverse modelling for localization. Generally it is desired that not only the kinematics is correctly
reproduced by the one-way wave equation but also amplitudes need to be correct. We examine the
respective equations and find that the commonly used solution in modelling for the one-way wave
equation is dynamically not exact since it is lacking a wavenumber factor k. In a numerical example
for a homogeneous model we found an amplitude error of about 50 %. Moreover, it is theoretically
shown, that the one-way wave equation produces artifacts, which are also observable in numerically
modelling. These artifacts manifest themselves in 2-dimensional modelling in form of plane waves
travelling in the horizontal direction. These waves transport non-negligible amplitudes.

INTRODUCTION
The acoustic one-way wave equation is of importance in reverse time migration, both in post-stack, e.g.
Baysal et al. (1983) and in pre-stack case. It is also applied in localization techniques based on time
reversed modelling, e.g. Gajewski and Tessmer (2005). Usually the one-way wave equation is designed
such that wave propagation in the horizontal (x1 -)direction is allowed both, in +x1 - and −x1 -direction. In
the vertical (x2 -)direction, however, wave propagation is usually only allowed downward, i.e. in the +x2 direction. This makes sure that multiple reflections between horizontal layer boundaries cannot occur.
In the following we limit ourselves to the 2D case for the sake of simplicity. However, the considerations
apply as well to the 3D case. In numerical modelling results it was observed that artifacts are present
when using the one-way wave equation. These artifacts appear as plane wave fronts which are oriented
perpendicular to the horizontal axis. These wave fronts travel exactly in the horizontal direction.
Analysis of the one-way wave equation revealed that the analytic solution contains contributions which
explain the above mentioned artifacts.
ANALYTIC WAVE FIELDS USING THE FOURIER TRANSFORM
Theoretical wave field solutions at a given time were computed in the wave number domain and subsequently Fourier transformed into the space domain. This allows direct comparisons of results from the
two-way and the correct and incorrect one-way wave equations. Details of the theory for computing the
one-way and two-way wave fields are given in the Appendix.
To show the correctness of the formulation of the acoustic 2D one-way wave equation solutions of the
two-way and the one-way wave equations are compared.
For the computations of the two-way wave equation Eq. (5) and for the correct one-way wave equation
Eq. (12) were used. The medium has constant velocity of 1000 m/s, the propagation time is 175 ms, the
spatial discretization is 1 m and the parameter a which determines the spatial width of the initial pulse is
equal to one.
the two-way and the one-way wave equations. At the top the wave fields are shown. The left and right
sides show results of the two-way and the one-way wave equation, respectively. Below the wave field
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displays horizontal sections through the wave field at depths of 350 m, 400 m, and 450 m are displayed.
The displays of the results of the one-way wave equation show the above mentioned artifacts, i.e. the
horizontally travelling plane wave front. This can be seen very clearly in the bottom section at 450 m at
which the wave front has not yet arrived. Note the amplitude scale.
For better quantitative comparison Fig. 2 shows horizontal sections of the one-way and two-way wave
equation at different depths merged together. As can be seen from the plots the agreement is, apart from
the artifacts, very good.
A difference plot of the wave fields of the two-way and the one-way wave equations is given in Fig. 3.
The lower semicircle of the wave front vanishes. This shows perfect agreement of the wave fields of both
wave equations in their downward travelling parts.
In Fig. 4 the solutions of the wrong and the correct one-way wave equations are shown in juxtaposition.
A considerable difference of amplitudes can be observed. In the solution of the incorrect wave equation
amplitudes appear about 50% too large compared to the correct one-way wave equation.
CONCLUSIONS
We have theoretically shown that the acoustic one-way wave equation needs an additional wavenumber
factor (k) in the denominator to be correct. Otherwise amplitude errors occur. This was also verified by
direct comparison with results of the two-way wave equation. It is expected that similar amplitude errors
will also arise in inhomogeneous media. However, we cannot prove this since we have no analytic solution
for this case. To date we have not found a way to improve the one-way wave equation in numerical
modelling like it was done for the homogeneous analytical situation. Furthermore, the plane wave like
artifacts which occur when modelling with the one-way wave equation can be explained theoretically.
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REFERENCES
Baysal, E., Kosloff, D., and Sherwood, J. W. C. (1983). Reverse-time migration. Geophysics, 48:1514–
1524.
Bleistein, N. (1984). Mathematical methods for wave phenomena. Academic Press.
Gajewski, D. and Tessmer, E. (2005). Reverse modelling for seismic event characterization. GJI, 163:276–
284.
Gradsteyn, I. S. and Ryzhin, I. M. (1965). Table of integrals, series and products. Academic Press, New
York & London.

90

Annual WIT report 2005

100

400

500

200

200
z [m]

100

300

400

500

500
350 m

Amplitude

0

0

100

200

300

400
400 m

1000
0
-1000

0

100

200

300

500

-20

0

100

200

300

x [m]

400

0

100

200

300

500

400

500

400 m

1000
0
-1000

450 m

-10

500

350 m

0

100

200

300

10

0

400

0

Amplitude

Amplitude

10

400

x [m]
300

1000

-1000

500

200

300

400

1000

100

0

100

-1000

Amplitude

x [m]
300

Amplitude

Amplitude

z [m]

0

200

400

500

450 m

0
-10
-20

0

100

200

300

400

500

x [m]

Figure 1: Wave fronts of the two-way and the modified corrected one-way wave equations. Horizontal
sections through the wave field at 350 m, 400 m and 450 m depth, respectively are shown at the bottom.
Please note the amplitude scale.
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Figure 2: Horizontal sections through the wave field at 350 m (left) and 400 m (right) depth. One-way and
two-way wave fields are overlain for comparison.
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Figure 4: Wave fronts of the one-way wave equation after Baysal et al. (1983) (left) and the corrected
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depth, respectively are shown at the bottom. Please note the amplitude scale. Amplitudes in the left panel
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APPENDIX A

TWO-WAY MODELING BY FOURIER METHOD
We study the simplest problem for wave propagation in homogeneous 2D space. The wave equation reads:
1 ∂2u ∂2u ∂2u
−
−
= δ(x1 , x2 )δ(t).
v 2 ∂t2
∂x21
∂x22
We perform the 2D Fourier transform with respect to the x1 and x2 coordinates :
Z ∞Z ∞
1
e−ik1 x1 e−ik2 x2 U (k1 , k2 , t)dk1 dk2 .
u(x) =
(2π)2 −∞ −∞

(1)

(2)

Then for U (k1 , k2 , t) we obtain the differential equation:
1 ∂2U
+ k 2 U = δ(t),
v 2 ∂t2

(3)

p
where k = k12 + k22 .
Let us solve the equation (3) with help of the temporal Fourier transform: The formal solution of Eq. 3
is given by:
Z ∞
1
1
eiωt 2
dω.
(4)
u(t) = ±v 2
2π −∞
ω − k2 v2
The path of integration in (4) contains zeroes in the denominator. To obtain the exact result of integration
we need to define the exact path of integration.
We define the path of integration as follows: in the lower complex ω-halfplane it leads from −∞ − i
to ∞ − i, where  > 0 . Then for t < 0 we can close the contour of integration in the lower halfplane
(=(ω) < 0) and the integral vanishes because there is no singularity inside the contour.
For t > 0 we close the contour of integration in the upper halfplane (=(ω) > 0) and calculate the
integral using the theorem of residues.
This leads to the following result:
U =v

sin(kvt)
,
k
U = 0,

t > 0,
t < 0.

We obtain the representation of the solution in (x1 , x2 )-space by calculating the inverse Fourier transform
(2):
p
Z ∞Z ∞
k12 + k22 vt
v
−ik1 x1 −ik2 x2 sin
p
u(x1 , x2 , t) =
e
e
dk1 dk2 .
(5)
2
(2π) −∞ −∞
k12 + k22
This leads to the classical result for the 2D case:
( p
−1
v
v 2 t2 − x21 − x22
u(x1 , x2 , t) = 2π
0

p
for x21 + x22 < vt
p
.
for x21 + x22 > vt

(6)

ONE-WAY WAVE EQUATION FOR THE 2D CASE
Let us now to take the contour of integration in (4) from the second quadrant (<(ω) < 0, =(ω) > 0) to
the fourth quadrant (<(ω) > 0, =(ω) < 0) so that the contour is above the real axis between ω = −kv
to ω < 0 and below the real axis between ω > 0 and ω = kv. For t > 0 we can close the contour of
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integration in the upper halfplane (=(ω) > 0) and for t < 0 in the lower halfplane (=(ω) < 0). Then we
have the following solution of equation (3) :
v ikvt
e
,
2k
v −ikvt
U (t < 0) = −i e
.
2k
U (t > 0) = −i

(7)
(8)

One can test that for t > 0
 1 ∂U
v ∂t


− ikU = 0,

(9)


+ ikU = 0.

(10)

and for t < 0
 1 ∂U
v ∂t

We can split a second order equation (3) into 2 first order equations (9) and (10) for t > 0 and for t < 0.
But for t > 0 solution (9) does not satisfy the condition
U (−k1 , −k2 , t) = U ∗ (k1 , k2 , t)
which guaranties the wave field to be real valued after inverse Fourier transform (2) . Therefore we will
use a solution of the form
U (k1 , k2 , t) =

v
eivtk sign(k2 ) ,
2ik sign(k2 )

p
where k = k12 + k22 . This solution also satisfies the differential equation (9) for t > 0.
The wave field in (x1 , x2 )-space can be calculated using the inverse Fourier transform (2)
Z ∞
Z ∞
1
−ik1 x1
e
dk1
e−ik2 x2 U (k1 , k2 , t)dk2 .
u(x1 , x2 , t) =
(2π)2 −∞
−∞

(11)

(12)

The result can be written in the following form
u(x1 , x2 , t) =

v
2π 2

Z

∞

cos k1 x1 <{A+ }dk1 ,

(13)

0

where
Z
A+ (k1 , t, x2 ) =
0

∞

√
1
ivt k12 +k22
dk2 .
e−ik2 x2 p 2
e
i k1 + k22

(14)

The value of A+ of (14) can be calculated approximately by the stationary phase method for values vt >>
1, x2 = Cvt >> 1.
Z ∞
1
A+ (k1 , t, x2 ) =
eivtϕ(k2 ) p 2
dk2 ,
(15)
i k1 + k22
0
where the phase function
ϕ(k2 ) =

q
k12 + k22 − k2 C

(16)

is introduced.
(0)
We will now take into account the contribution of the stationary point k2 of phase function (16) and
of the end point of integration k2 = 0 to the integral (15) (see Appendix B).
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Contribution by the stationary point
The first and second derivatives of the phase function (16) are :
k2
ϕ0 (k2 ) = p 2
− C,
k1 + k22
ϕ00 (k2 ) =

k12
3

(k12 + k22 ) 2

.

The equation for the stationary point
ϕ0 (k2 ) = 0
shows that the stationary point exists only for x2 > 0 and the stationary point is at
(0)
k2 = √

Ck1
x2
= k1 p
.
2
2
C −1
v t2 − x22

The above required expressions (see Appendix B)
p
= k1 1 − C 2 =

(0)
ϕ(k2 )

(0)

ϕ00 (k2 ) =

p
v 2 t2 − x22
k1 ,
vt

3
1
(1 − C 2 ) 2 > 0
k1

lead to the result
r
A+ (k1 , t, x2 ) ≈

√ 22 2
1
2π −i π
1
e 4 (1 − C 2 )− 4 √ eik1 v t −x2 .
vt
k1

(17)

By introducing the following notations in (17):
r
1
2π
M=
(1 − C 2 )− 4 ,
vt
α=

q
v 2 t2 − x22 ,

the contribution to the wave field from the stationary point is given by
√ Z ∞

 1
2
v 1
√ dk1 .
cos(k
x
)
cos(k
α)
+
sin(k
α)
u(x1 , x2 , t) =
M
1
1
1
1
2 0
2 π2
k1
For the area behind of the wave front:
0 < x1 < α =

q
v 2 t2 − x22

using the Fresnel integral (see Appendix B) we have
u≈
If x1 > α =

v1
1
√
.
2 π v 2 t2 − r 2

p
v 2 t2 − x22 (in front of the wave front)
u≈

1
.
x1

For the halfspace x2 > 0 the contribution of the stationary point reproduces behind the wave front the
value of the wave field which coincides asymptotically with exact solution (6) of the 2D two-wave equation
solution.
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Contribution from the end point of integration
We need the following function values (see Appendix B):
ϕ(k2 = 0) = k1 ,
ϕ0 (k2 = 0) = −C,

A+ (k1 , t, x2 ) ≈ −

1 1 ivtk1
e
.
x2 k1

For the wave field we get:
u(x1 , x2 , t) ≈ −

v 1
2π 2 x2

 Z ∞

Z
1
1
1 ∞ 1
cos [k1 (x1 − vt)] +
cos [k1 (x1 + vt)] .
2 0 k2
2 0 k2

So the contribution of the end point of integration produces two waves with wave fronts orthogonal to the
axis x2 = 0 which propagate in opposite directions along the x1 -axis.
2D POINT SOURCE APPROXIMATION
For the implementation of the described 2D one-way equation (11) we need to modify the point source
space distribution because equation (11) contains k = 0 in the denominator.
We start with the point source distribution in a δ-function-like form
p(x1 , x2 ; a) =

a −a(x21 +x22 )
e
π

(18)

with the normalization
Z

∞

Z

∞

p(x1 , x2 ; a)dx1 dx2 = 1.
−∞

−∞

If a → ∞ then
p(x1 , x2 ; a) → δ(x1 , x2 ).
The space spectrum of the source (18) is given by:
P (k1 , k2 ; a) = e−

2 +k2 )
(k1
2
2a

=

a
π

Z

∞

−∞

Z

∞

2

2

e−(x1 +x2 )a e−ik1 x1 e−ik2 x2 dx1 dx2 .

(19)

−∞

The above source distribution will be introduced by calculating the derivative with respect to a on both
sides of the equation (19) :

(k12 + k22 )
=

1
π

Z

∞

−∞

Z

∞

2

2

1 − (k12 +k22 )
2a
e
=
2a2

{1 − a(x21 + x22 )}e−(x1 +x2 )a e−ik1 x1 e−ik2 x2 dx1 dx2 .

(20)

−∞

Since the source term (20) has the factor k 2 in k space implementation of the one-way 2D wave equation
(11) can be done. Division by k is no problem any longer for this kind of source representation.
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APPENDIX B

The approximate value of the integral
Z

b

g(t)eiλf (t) dt

a

can be calculated for values λ >> 1 by the following formula (e.g. Bleistein (1984)) :
r
Z b
00
π
1 g(a) iλf (a)
2π
1
1 g(b) iλf (b)
iλf (t)
p
e
−
e
.
g(t)e
dt ∼
g(t0 )eiλf (t0 ) ei 4 sign(f (t0 )) +
0 (b)
00 (t )|
iλ
f
iλ
f 0 (a)
λ
|f
a
0
The definite Fresnel integrals are (e.g. Gradsteyn and Ryzhin (1965)):
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ABSTRACT
Kirchhoff prestack depth migration (KPSDM) distributes the recorded wavefield along two-waytraveltime isochrones. An image is generated by constructive interference of these isochrones along
the actual reflector elements. This method is considered as a state-of-the-art technique in obtaining
high-quality images of the subsurface. However in the case of sparse sampling or limited aperture
the resulting image is affected by significant migration noise due to the insufficient constructive interference of the back-propagated wavefield. Some modifications have been proposed which aim at
reducing these artefacts. These modifications consist in the construction of a specular path of wave
propagation derived from the slowness of coherent phases in the seismogram section and the mainly
heuristic restriction of the imaging operator to that wave path.
In this paper we propose another approach by using the concept of Fresnel-Volumes to restrict the
migration operator in a physically frequency-dependent way. We have implemented this FresnelVolume-Migration (FVM) scheme for single-component seismic data. The emergence angle at the
receiver is determined by a local slowness analysis. Using the emergence angle as the starting direction
a ray is propagated into the subsurface and the back-propagation of the wavefield is restricted to the
vicinity of this ray according to its approximated Fresnel-Volume. We describe the procedure and
discuss the limitations of the approximation. Furthermore we show the properties of the FVM scheme
with the help of a simple synthetic model as well as a real data set over a salt pillow in North Germany.
Compared with standard KPSDM the image quality of FVM is significantly enhanced due to the
restriction of the migration operators to the region near the actual reflection point.

INTRODUCTION
Seismic imaging comprises the reconstruction of subsurface structures from seismic wavefields. A number of imaging algorithms have been developed over the past decades, mainly by back-propagation of
the recorded wavefield using either finite-differences (Claerbout, 1971), frequency-wavenumber methods
(Stolt, 1978) or Kirchhoff theory (Schneider, 1978). One of the most widely used imaging methods is
Kirchhoff prestack depth migration (KPSDM) (Bleistein and Gray, 2001). The basic principle behind
this procedure is to construct an image by a weighted summation through the wavefield along diffraction
surfaces. Alternatively it can be described by distributing the wavefield along the corresponding two-waytraveltime isochrones (migration operator). The image itself is generated by constructive interference of
these isochrones along the actual reflector elements.
KPSDM is considered as a state-of-the-art technique for producing high-quality images of the subsurface, especially in complex geological settings. It is easy and straightforward to implement, flexible with
respect to acquisition parameters and several extensions have been proposed to incorporate attenuation,
anisotropy, etc. Its areas of application include a wide range of scales from engineering seismology over
hydrocarbon exploration to deep seismic soundings.
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However in certain cases the condition for a sufficiently good interference of isochrones is not fulfilled.
This situation includes surveys with e.g. low coverage or limited aperture. In these cases the image result
can be affected by significant migration noise and artefacts due to the less constructive interference of
the back-propagated wavefield. Furthermore steeply dipping reflectors almost always pose problems since
the corresponding migration operators are often artificially limited in dip by muting near the acquisition
surface.
Some modifications have been proposed which aim at reducing these artefacts. These modifications
consist in the construction of a specular path of wave propagation, which can be derived from the slowness
of coherent phases in the seismogram section, and the mainly heuristic restriction of the migration operator
to that wave path (Takahashi, 1995; Tillmanns and Gebrande, 1999; Sun and Schuster, 2003).
We propose another approach by using the concept of Fresnel-Volumes in order to restrict the migration
operator in a physically frequency-dependent way. For this purpose we initially determine the emergence
angle of the wavefield at the receiver. Using this angle as the starting direction we propagate a ray into
the subsurface and we restrict the back-propagation of the wavefield to the vicinity of this ray according to
its approximated Fresnel-Volume. This so-called Fresnel-Volume-Migration (FVM) can be regarded as an
extension of KPSDM where the migration operator is restricted to the area around the specular reflection
point. The procedure itself resolves spatial ambiguities and results in strongly reduced migration artefacts,
particularly in the case of low-coverage data. The final image comprises a significantly higher image
quality and consequently a better resolution.
We have already implemented the FVM scheme successfully for multicomponent seismic data, where
the emergence angle can be computed from the polarization of the wavefield, and applied it in a hardrock environment for seismic imaging and prediction ahead of a tunnel construction site (Goertz et al.,
2003; Lüth et al., 2005). Here we describe the application to single-component surface seismic reflection data. In this case the emergence angle at the receiver is determined from a local slowness analysis
using a cross-correlation of neighbouring traces. In the following section the methodology and the numerical implementation is described in detail. Afterwards the concept is tested on a simple synthetic model
which illustrates the basic properties and advantages over standard implementations of KPSDM. Finally
the method is applied to an exploration data set acquired over a salt pillow in North Germany. This example
demonstrates the above mentioned benefits of FVM over standard KPSDM, i.e. increased image quality
and resolution.
METHODOLOGY
Principle
KPSDM can be formulated as a weighted diffraction stack over the recorded wavefield U (Schneider
(1978); Schleicher et al. (1993); Bleistein and Gray (2001)). The image value M at an image point located at r is obtained by integrating the wavefield along the corresponding diffraction surface (tS + tR ):
ZZ
M (r) =
W (r, r0 )U̇ (r0 , tS + tR )dr0 .
(1)
A

tS and tR denote the traveltimes from the source (S) and the receiver (R) to the image point P (r),
respectively. The weighting function W accounts for the correct amplitude treatment based on Kirchhoff
theory. The wavefield itself is differentiated with respect to time in order to recover the true source pulse
after migration.
Although equation (1) is an adequate basis for a numerical implementation the migration procedure
can alternatively be considered as a smearing of the wavefield along the corresponding TWT (two-waytraveltime) isochrones. An image of the actual reflector is generated by constructive interference of these
TWT isochrones along the reflector. According to equation (1) the wavefield U is smeared throughout the
subsurface along the whole TWT isochrones although usually only small parts of the isochrones actually
contribute constructively to the image of the reflector. In particular for spatially sparsely sampled data with
low coverage this may cause strong artefacts and significant migration noise. The reason for this unlimited
smearing is that normally the migration is performed as a single-trace operation and no further information
is used from which part of the isochrone the reflected energy originates.
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Figure 1: Fresnel-Volume-Migration scheme. The migration operator is limited along the TWT isochrone
to the area near the reflection point using the Fresnel-Volume of that ray which starts at the receiver with
the estimated emergence angle and ends after the TWT at point S’.
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We propose to limit the smearing along the TWT isochrone to the vicinity of the actual reflection point
by using the corresponding Fresnel-Volume (Kravtsov and Orlov (1990); Kravtsov (2005)). The concept
is illustrated schematically in Fig. 1. Consider a source (S) and a receiver (R) along the acquisition
surface as well as a plane horizontal reflector at depth. KPSDM would smear the reflected signal along the
corresponding TWT isochrone (indicated by the dashed line in Fig. 1). However only the part of the TWT
isochrone in the vicinity of the actual reflection point contributes effectively to the image of the reflector.
Therefore we limit the smearing to this region by the following procedure, which is performed for every
trace and for every time sample (t0 ) of this trace.
• Estimate the emergence angle at the receiver. This can be done either by analysing the polarisation
of multi-component data (see Lüth et al. (2005)) or by a slowness analysis of neighbouring traces.
Here we use an efficient and robust cross-correlation procedure (Haslinger (1994)).
• Trace a ray into the subsurface using the estimated emergence angle as the starting direction until
the time t0 is reached. This ray (continued as a dotted line below the reflection point in Fig. 1) will
ideally pass the actual reflection point and continues to the point S’. For a homogeneous model with
no velocity contrast at the reflector the point S’ is given by the actual source position (S) mirrored at
the reflector.
• Calculate the Fresnel-Volume of this ray. The concept of Fresnel-Volumes transforms the mathematically infinitely thin ray to a physically frequency-dependent ray of finite thickness. This is
performed during the previous step by a slightly modified version of Fresnel-Volume-Ray-Tracing
(Cerveny and Soares (1992)). At every point r along the ray the Fresnel-Radius rF (i.e. the size of
the Fresnel-Zone perpendicular to the ray) is given by:
s
rF (r) ≈

Π−1
13 (r)

T
− (Π13 (r) − Π13 (r0 ))−1

(2)

where T denotes the dominant period. r0 is the endpoint of the ray at time t0 and Π13 is a raypropagator element which can be computed along with the standard ray tracing procedure (for details
see Lüth et al. (2005)).
• Smear the recorded wavefield amplitude along the corresponding TWT (t0 ) isochrone (migration
operator) but weight the amplitude such that inside the Fresnel-Volume the weight is one and outside
it is tapered to zero with increasing distance from the Fresnel-Volume. Mathematically the procedure
results in an additional weighting factor within the Kirchhoff integral
ZZ
M (r) =

V (r, r0 , tS + tR )W (r, r0 )U̇ (r0 , tS + tR )dr0 ,

(3)

A

where the weighting function is given by


 1 if d ≤ rF

F
.
V =
1 − d−r
if rF < d < 2rF
d


0 if d ≥ 2rF

(4)

d is the distance between the image point under consideration and its nearest point on the corresponding TWT (t0 ) ray. rF denotes the Fresnel radius at this nearest point on the ray. The weighting
function passes all image points within the Fresnel-volume of the corresponding ray with full weight
and applies a linear taper outside to the double Fresnel radius.
This procedure is in principle performed for all samples of all traces. Within the time window of the
reflected signal the wavefield is back-propagated along the corresponding emergence angle, which leads to
the actual reflection point. Outside this time window the emergence angle is randomly distributed according
to the characteristics of the noise so that the noise itself is randomly distributed in the subsurface.
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The weighting using the Fresnel-Volume leads to a restriction of the smearing process around the actual
reflection point. Migration noise produced by smearing the amplitudes too far away from the reflection
point is therefore avoided. For standard seismic surveys this means that less migration noise appears with
large dips near the acquisition surface. Some advanced implementations of KPSDM also try to tackle
this problem by artificially limiting the migration operator near the surface or for steeply dipping parts.
However, this implies the dangerous assumption that no steeply dipping reflectors are present and that they
do not reach the surface. Here no such a-priori dip limitation has to be included, the procedure accounts
for arbitrary dips whether they are near the surface or at greater depths.
Validity of approximations
The procedure described above limits the smearing to the region around the reflection point by using the
Fresnel-Volume of the ray which starts at the receiver, passes the reflection point and continues until the
TWT t0 is reached. This direct Fresnel-Volume of the transmitted ray (dotted line in Fig. 2a) is used as
an approximation of the Fresnel-Zone on the reflector. The reflected Fresnel-Volume (solid line in Fig.
2a) describes the region around the reflected ray between source (S) and receiver (R) which physically
contributes to the recorded wavefield. The intersection between the reflector and the reflected FresnelVolume defines the true Fresnel-Zone on the reflector. For vanishing velocity contrast at the reflector as
in Fig. 2a both Fresnel-Volumes span the same Fresnel-Zone on the reflector. Hence the approximation is
well justified.
Fig. 2b shows the case of significantly different travel distances from the source and the receiver to the
reflector, but also vanishing velocity contrast. This example is equivalent to the case of a dipping reflector
(acquisition surface as a straight line trough source and receiver). Here the approximation is also well
justified, i.e. both Fresnel-Volumes coincide on the reflector.
Fig. 2c finally illustrates the difference for non-vanishing velocity contrast at the reflector. For increasing velocity in the lower layer the direct Fresnel-Volume (dotted line in Fig. 2c) is expanded and
the Fresnel-Zone on the reflector is slightly overestimated. On the other hand for decreasing velocity the
direct Fresnel-Volume (dashed line in Fig. 2c) becomes smaller and the Fresnel-Zone on the reflector is
slightly underestimated. However, the center of the estimated Fresnel-Zone is in both cases still correct
since the position of the reflected ray does not depend on the velocity contrast. Furthermore the migration
operator itself is tapered at the boundary of the direct Fresnel-Volume so that a slightly wrong estimate of
the Fresnel-Zone due the actual velocity contrast does not significantly influence the migration results.
APPLICATION TO SYNTHETIC DATA
The principal features are illustrated with the help of a single shot migration applied to a simple synthetic
data set (see Fig. 3). The model consists of a plane horizontal reflector at a depth of 3 km between to
homogeneous layers. 501 receivers are distributed along the x-axis (z = 0) with a spacing of 10 m and the
source is located at the center of the model (x = 2.5 km).
Fig. 3a shows the result of standard KPSDM. The reflector is well imaged at its correct depth but
significant migration smiles centered at the boundaries of the covered reflector area (x = 1.25 km and
x = 3.75 km) can be observed. Fig. 3b shows the result of FVM. Again the reflector is well imaged at its
correct depth but now the migration smiles are effectively suppressed. Almost no migration smile can be
seen at depths less than 2.8 km. The smiles do not reach the lateral boundaries of the model, although they
still exist at the boundaries of the illuminated reflector area due to the fact that the migration operator is
tapered outside of the Fresnel-Volume.
This comparison of KPSDM and FVM demonstrates how migration smiles are suppressed even in the
case of a simple synthetic model. The following real data example demonstrates the gain of image quality
due to this suppression.
APPLICATION TO REAL DATA
The data set was acquired over a salt pillow in North Germany. Fig. 4a shows the corresponding P-wave
velocity model consisting of a high velocity salt inclusion embedded within dipping sedimentary layers. A
total of 107 shots distributed along the surface with a symmetric split-spread configuration of 120 receivers
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Figure 2: Validity of the approximation. (a) FV of the reflected ray versus FV of the direct ray for (a)
symmetric source and receiver locations and vanishing velocity contrast (b) asymmetric source and receiver
locations ("dipping reflector") and vanishing velocity contrast (c) symmetric source and receiver locations
and non-vanishing velocity contrast.
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Figure 3: Comparison of KPSDM (a) and FVM (b) for the synthetic example. Note the suppressed migration smiles at the edges of the illuminated reflector area in the FVM result.
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and an effective aperture of 4.8 km per shot were used here. The traveltime computation of the diffraction
curves was performed using a FD eikonal solver (Podvin and Lecomte (1991).
The results of KPSDM and FVM are shown in Fig. 4b and 4c, respectively. The basic structural features
and the layer interfaces can be identified in the KPSDM result (Fig. 4b). Nevertheless significant migration
noise is present because no artificial dip limitation was applied to the migration operators. In comparison
the FVM result (Fig. 4c) provides a much cleaner image with almost no migration smiles. The interfaces
can be better traced troughout the model in particular below the salt pillow in the center of the model.
This behaviour becomes also evident for single migrated shot gathers. Figure 5 (top) shows the comparison of KPSDM and FVM for such a gather from the left part of the model. The KPSDM result (Fig. 5a)
allows to identify the major interfaces but strong migration noise appears especially at the lateral boundaries as well as at deeper parts of the section. On the other hand the FVM result (Fig. 5b) still contains
some of these smiles but they are strongly suppressed so that the overall image quality is enhanced.
Figure 5 (bottom) shows a zoomed portion of the lower right part of the model just below the salt pillow.
Again the FVM result (Fig. 5d) is superior to the KPSDM result (Fig. 5c) in terms of image quality. The
reflectors are more continuous and most of the migration smiles have been removed. That not only allows
for a better reflector visibility and characterization but in turn also prevents a misinterpretation of smiles as
structural features.
CONCLUSIONS
We presented an extension of Kirchhoff prestack depth migration (KPSDM). The basic idea is to restrict
the migration operator to the area around the actual reflection point using the concept of Fresnel-Volumes
and emergence angles at the receiver estimated from a local slowness analysis. This so-called FresnelVolume-Migration (FVM) limits the back-propagation of the recorded wavefield to the physically relevant
part of the subsurface. No dips are a-priori excluded by any artificial muting of migration operators. The
image quality is significantly enhanced over standard KPSDM by the inherent suppression of migration
smiles. This is shown on a simple synthetic example as well as on a real data set over a salt pillow in North
Germany.
The FVM procedure shown in this paper is described, valid and fully implemented in 3D. The method
can also be applied in a straightforward way to migration algorithms using later arrivals which is sometimes
beneficial for sub-salt-imaging. The extension to anisotropic media is also valid as long as the traveltime
computation of the diffraction surfaces is performed using an appropriate anisotropic scheme and the computation of the Fresnel-Radius is replaced by the corresponding anisotropic formula.
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ABSTRACT
In this work we extend the KGB-PSDM algorithm to the special case of a constant gradient velocity
media. Following the same lines as for the homogeneous media, se have teste our operator in some
synthetic important geological models and we have observed an increase in the resolution of the
seismic images, as well as a great reduction of migration artifacts and noise.

INTRODUCTION
Kirchhoff-type migration has been used as workhorse by the oil industry since the pioneering work of
Hagedoorn (1954), whose “maximum convexity surfaces” were later related to the acoustic wave equation
and have since then become familiar in the geophysics literature as Kirchhoff migration (Schneider, 1978;
Hertweck et al., 2003). However, in the last two decades Kirhhoff migration has evolved from a single
imaging operator to an operator that embraces, among others, the structure of an inversion operator. This
allowed the development of several others techniques (Tygel et al., 1993; Tygel et al., 1998), such as
AVO/AVA operators, important in the characterization and analysis of oil-bearing reservoirs.
The basic algorithm that supports Kirchhoff migration is based on the kinematic and dynamic raytracing
(Červený, 2001). However, depending on the velocity model built up through velocity analysis in CMP
gathers for the prestack migration, zero order ray theory may not correctly simulate the seismic wavefield
in some determined regions of the same velocity field, where raytracing becomes impossible analytically
and numerically. In some most common geological models, such as salt dome flanks and thrust faults,
shadow zones are formed, which implicates in a lack of ilumination by the simulation of the wavefield,
consequently yielding a poor imaging of these parts of the model. In order to solve this dilemma, along the
years several alternative methods have been studied, among then the paraxial ray theory (Bortfeld, 1989),
where some drawbacks of the ray theory are satisfactorily solved. The paraxial ray theory is essencially
a real theory, where wavefront curvatures and and amplitudes are computed by the dynamic raytracing
(DRT) procedure (Červený, 2001). Its extension to a complex theory drive us to the Gaussian beam (GB’s)
concept, which are paraxial rays with an exponential decay amplitude factor with respect to the central ray.
Unlike the central ray itself, which is a mathematical representation of the energy raypath of the wavefield,
the beams are physical quantitites that can be measured, and as so, can exist in regions where the rays
cannot be traced. And besides that, in some regions where the wavefield is not regular (i.e., amplitudes are
infinite), GB’s present an continuation of this wavefield that grants the numerical stability.
To the knowledge of the authors, the first works to use GB’s as imaging operators were due to Raz
(1987) and Costa (1989). Later, Hill (1990) developed an GB migration in postack data decomposing the
data into plane waves, followed by its downward extrapolation in depth. Although Hill states that its plane
wave data uses near surface constant velocities, his methods is able to handle lateral velocity variations.
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Beyond discussing and describing quantitatively and qualitatively the abtaintion of the main migration
parameters of his imaging, Hill (1990) demonstrates that the variation of the beam half-width does not
influence in the final image, considering that the width of this parameter is not larger than the dominant
seismic wavelenght.
In Hill (2001), GB migration is extended to 3D prestack data. In this case, by using the Kirchhoff downward extrapolation principle (Schneider, 1978) and the Claerbout (1971) imaging principle, it is shown that
in the midpoint coordinates, for each half-offset, the main procedure can be seen as a local slant stack
of each element of the wavefield decomposed in beams (Hale, 1992). The final image is obtained by a
summation in the half-offset coordinates.
In the last WIT meeting, we have presented the theoretical and numerical results of a 3D prestack
Kirchhoff-type depth migration operator, where we make use of a weighted superposition integral of GB’s
as Green’s function of the imaging problem. In order to adequately control the parameters that define
the half-width of a GB, we use as physical constraint in the determination of the beam parameters the
Fresnel volume of the seismic wavefield (Červený and Soares, 1992). Specifically speaking, we use the
Fresnel zone of a seismic experiment and its counterpart, projected along the acquisition surface. By using
the diffraction stack principle (Schleicher et al., 1993), we calculate the Fresnel volume by DRT, and in
doing so, a radius of influence inside the projected Fresnel zone is determined, and the paraxial reflections
corresponding to reflector elements in the neighbourhood of a reflection point in depth, over a real reflector,
and that influences in the resolution of the final image in depth. At the same time, our process grants (in
synthetic data) the true amplitudes of reflection events, correcting the seismic data of geometrical spreading
losses. The interaction between the weigh-function of the GB superposition integral and the weigh-function
of the true amplitude migration integral yielded in a weigh-function for the superposition integral that is
proportional to the value of the Fresnel zone matrix. This has led us to reinterpret in a physical sense
the previous, numerical only, weigh-function of Kliměs (1984), which presented no constraints as for the
number of rays to be superposed in a reference geophone. Now, with the idea of the Fresnel zone, it is clear
that the number of paraxial rays that influence an observation in a geophone are those that emerges inside
the first Fresnel zone of this geophone. These ideas can be seen in Ferreira and Cruz (2004,2005a).
In this work we extend the above ideas to a prestack depth migration where velocity varies in a depthdependent way. The synthetic results demonstrates that in thinking in this way (i.e., using projected Fresnel
as delimitators for the paraxial rays), the final images presented a sensible reduction in the number of
migration artifacts and noise, besides a good resolution of the final images.
METHODOLOGY
The migration operator to be considered is given by (Ferreira and Cruz, 2005b)
Z
Z
1
~
~ f, t + τD (ξ,
~ M )],
dξ1 dξ2 w(ξ, M )
df U̇ [ξ,
I(M, t) =
4π 2 A
f

(1)

where
~ f, t + τD (ξ,
~ M )] =
U̇ [ξ,

Z

dξ1P

dξ2P

q
~ f, t + τD (ξ,
~ ξ~P , M )].
det HP (ξ~P , f ) Ü [ξ,

(2)

AP

In (1) and (2) A is the migration aperture, AP is the projected Fresnel zone aperture for each seismic trace,
~ M ) is the migration weigh-function that
M = M (x, z) represents the coordinate of a point in depth, w(ξ,
corrects the seismic amplitudes from geometrical speading losses, ξ~ = (ξ1 , ξ2 )T is a coordinate vector
~ ξ~P , M ) is
that parameterizes the positions of sources and geophones along the acquisition surface, τD (ξ,
P
~
the Huygens surface (Schleicher et al., 1993) relative to the position vector ξ (points inside the projected
~ t) is the seismic data –
Fresnel zone), HP = HP (ξ~P , f ) is the projected Fresnel zone matrix and U (ξ,
the dots over it represent time derivatives. In the present case, the dependence of HP in frquency f is
due to the frequency content of each Fresnel zone that it is summed and serves as input in the Kirchhoff
summation; that is why we assign a integration in f in the operator above, but it has nothing to do with
Fourier transforms. The imaging condition is given by t = 0.
Figure 1 illustrate the fact of imaging a syncline without the frequency summation. In Figure 1a, the
dominant frequency of the seismic signal is 10 Hz. We can see that only the plane parts of the synclie were
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(a)

(b)

(c)

Figure 1: Frequency content of the data: (a) 10 Hz. (b) 50 Hz. (c) 100 Hz.

actually and correctly imaged; the curved part, correspondng to its trough, was not “seen” by the migration
operator. This enphasizes the fact that the Fresnel zones locate don the plane parts of the structure present
different values and sizes of Fresnel zones than the values and sizes of the curved parts, inside the trough.
It means that these frequencies are higher (i.e., the size of the Fresnel zones in the trough are lower) and
the frequency summation was not sufficient to image the referred parts.
In Figures 1b and c, the frequencies used were 50 Hz and 100 Hz, respectively. In this time, the
trough of the syncline was corrected imaged, although the frequency content of 100 Hz did not bring any
enhancement to the final image. On the other hand, the planr parts of the model were not well imaged and
its resolution were not sufficient to form a image with a higher resolutionin these parts of the structure.
The migration artifacts seen in the final images are due to this fact, since when one part of the structure
is not imaged due to its frequency content, artifacts imediatelly appear. In the first case (Figure 1a), the
plane parts of the syncline are correctly imaged, including with no border effects, i.e., no migration smiles.
However, artifacts from the trough of the syncline are introduced in the image, since it was not found in
the data the informations corresponding to the frequency that is being used in the imaging of that area. In
the other examples (Figures 1b and c), the effects happen again, but this time the artifacts are due to the
border, which in turn were not correctly imaged.
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SYNTHETIC EXAMPLES

Syncline and anticline models
Now consider the case in which we have a constant gradient velocity medium (Figure 2). In the present
case, the velocity is depth dependent only and is given by
vP = v0 + β(z − z0 ),

(3)

where β is the velocity gradient (measured in s−1 ) and z0 the value of an initial depth. One common
parametrization for the raytracing in this case is to consider the own depth as integrator in ray equations
(Portugal, 2002). In this way coordinates x, traveltime τ and the parameter σ, besides the own ray Jacobian
(Červený, 2001) are analitically computed.
In this particular example, we consider that the P wave velocities in the sediments above the strutures
in the form an anticline and in the form of a synclinevaries from v0 = 2.0 Km/s to vP = 3.5 Km/s.
Then, the assumed gradient in velocity has the value of β = 0.975 s−1 . Considering these velocity models
as the true ones, we have simulated an common-offset seismic data acquisition, with 2h = 12.5 m.
In Figure 3, we see the results of the KGB-PSDM migrations compared to the Kirchhoff PSDM migrations, for the dome model. The KGB-PSDM image is much less noisy than the Kirchhoff PSDM image, but
we can also see that the resolution in Kirchhoff is still superior near the dome flanks. In the same figure, we
also have the results of comparisons for the case of the syncline model. Again we see that the KGB-PSDM
migration is less noisy than Kirchhoff, with some minor differences in some parts of the reflector, such as
the borders.
Sensibility with respet to errors in the velocity model
In this section we analyse and compare the results of the migration process for the oparators Kirchhoff
and KGB-PSDM, respectively, with respect to errors in the velocity models. We shall use as examples the
dome model (anticline) and a trough model in strike (syncline). Their respective velocity models can be
seen in Figure 2.
In Figure 4 we see the tests with lower velocity errors (undermigration) in the migration process varying
between 5% and 20 %, respectively, assuming a 5% interval. To the left, we have the Kirchhoff migration
results; to the right, we have the KGB-PSDM results. Since the velocity model is not correct, the structures
were undermigrated to false positions in depth. In the Kirchhoff migration, besides border artifacts and
noise, in the top part of the images it can be seen artifacts originated from the plane parts of the model,
according to what was explained in Hertweck et al. (2003). With the KGB-PSDM migration these artifacts
and noise are no longer seen, but the higher the velocity error the artifacts reappear (cf. below structures
in Figures 4e e 4f ). In Figure 5 we test for the overmigration. Again velocities are varying from 5% to
20%, with increments of 5%. Overmigratrion does not collapses diffractions to the apex of their hyperbola
(Yilmaz, 1987), such that the final form of the structure does not correspond to its true format in depth.
Besides, in the Kirchhoff migration we can still notice the artifacts from the plane parts of the structures and
from the borders, which are common in this kind of migration and that are due to the truncation of their
diffraction curves on their respective positions. By using the KGB-PSDM migration, all these artifacts
disappear, but we can see that the overmigration process is analogous to Kirchhoff, altough less noisy,
numerically speaking.
Amplitudes
As for the amplitudes, Figure 6 shows one first comparison of normalized picked amplitudes, obtained
by the two migration process, for the dome model (Figure 2a), this time the true velocity model. The
amplitudes in red represent the amplitudes of interest. In green, we depict the amplitudes obtained by
the true amplitude Kirchhoff migration. It must be noticed that the values obtained oscillates along the
relfector, mainly around the domic part. With the KGB-PSDM migration, these values does not oscillate
like Kirchhoff, but even so they are far unsatisfactory with respect to the true values.
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Figure 2: Velocity models with constant vertical gradient. In these models we consider
(a) Anticline model (dome). (b) Syncline model (trough or channel).
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= 0.975 s−1 .
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Figure 3: Constant gradient migration for the velocity models of Figure 2. Left: KGB-PSDM migration.
Right: Kirchhoff PSDM migration.
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Figure 4: Sensibility comparison with respect to errors in the velocity model for the Kirchhoff (left) and
KGB-PSDM (right) migrations, respectively. Errors in velocity percentage: (a) and (b) 5% lower, (c) and
(d) 10% lower, (e) and (f) 20 % lower.
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Figure 5: Sensibility comparison with respect to errors in the velocity model for the Kirchhoff (left) and
KGB-PSDM (right) migrations, respectively. Errors in velocity percentage: (a) and (b) 5% higher, (c) and
(d) 10% higher, (e) and (f) 20 % higher.
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CONCLUSIONS
We have developed a Kirchhoff-type prestack depth migration in which we considered as Green function
for the imaging problem an superposition integral of Gaussian beams. In the present work, this approach
was extended to the special case of a constant gradient velocity media in depth.
We have tested the KGB-PSDM algorithm in some curved geologic models, such as salt domes (anticline) and a channel (syncline). The velocity gradient with depth considered was 0.975 s−1 . In both
examples, the KGB-PSDM algorithm considerably eliminated the presence of migration artifacts, as well
as migration noise most common in the tradicional Kirchhoff migration. In the case of the salt dome, we
have observed some lack of resolution in the parts representing the flanks of the structure, where we firmly
believe that this a direct consequence of thetrunction of its impulse response. But, above all, both images
using the KGB-PSDM algorithm showed themselves less aliased when compared to the Kirchhoff process.
One test regarding the sensibility of our algorithm to possible errors in the velocity models showed
that the KGB-PSDM operator is equally sensible to errors in the velocity model, considering the cases os
undermigration or overmigration. However, in terms of artifacts and noise commonly present in the seismic
data, the KGB-PSDM migration showed less aliased a less noisy results.
A preliminary comparison of normalized picked amplitudes of both methods, considering the true migration velocity, showed that the amplitudes recovered by the KGB-PSDM process does not oscillate as
much as the ones recovered by Kirchhoff. These amplitude were abtained along the domic part of the
structure. Altohugh these are good results, they are still unsatisfactorally good for the present case, when
compared to their true values to be recovered.
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INVERTING AMPLITUDE VERSUS RAY PARAMETER CURVES
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ABSTRACT
Amplitude versus offset (AVO) or amplitude versus angle (AVA) curves are nowadays regularly extracted from seismic data for various purposes of reservoir studies and characterization. Besides the
information that can be obtained merely from their shape, AVO/AVA curves can also be used to invert
more quantitative attributes, such as the intercept and the gradient of the reflection coefficient or, even
better, the elastic-parameter contrasts. For a common-midpoint gather, the AVA curve is generally derived from its AVO counterpart by means of a well-known expression that relates the reflection angle
to offset. The recently introduced reflection impedance concept provides an attractive approximation
of the elastic PP-reflection coefficient as a function of the ray parameter. In this sense, that approximation can be of value when amplitude versus ray parameter (AVP) curves are available from seismic
data. In this paper, we propose an algorithm to invert elastic-parameter contrasts from AVP curves
using the reflection impedance approximation of the PP-reflection coefficient. First results shown on
synthetic data indicate that the procedure may offer a promising alternative to existing methods of
inverting reservoir attributes from AVO/AVA curves.

INTRODUCTION
The common midpoint (CMP) method, originally called the common depth point (CDP) method (see,
e.g., Dix (1955)) is a classical procedure to produce both a simulated zero-offset (stacked) section and a
corresponding time-domain velocity model defined throughout that section.
The procedure optimally stacks sorted out in CMP gathers, namely source-receiver pairs that are symmetrically located around a fixed point, the CMP. In the 2D situation of a single (horizontal) seismic line
and within a given CMP gather, the stacking is carried out along the traveltime function
q
T (h) = T02 + C h2 ,
(1)
called Normal Moveout (NMO). In the above equation, T (h) is the traveltime from the source to the reflector and back to the receiver, h being the source-receiver half offset. At selected zero-offset (ZO) time
samples, T0 , the parameter C is determined as the one that maximizes the coherency (semblance) of the
data along the traveltime (1). In this situation, T0 is interpreted as the CMP ZO traveltime at the CMP and
C=

4
VN2 M O

,

(2)

where VN M O is the NMO-velocity. The procedure, referred to as velocity analysis in the seismic literature,
is carried out for all CMP locations and well-selected ZO time samples. After interpolation, an NMOvelocity field is determined at all CMP and ZO time samples. Finally, the ZO (stacked) output at each
CMP and ZO time sample, (Xm , T0 ), is obtained by stacking the CMP gather defined by Xm along the
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NMO curve (1) using the given ZO time sample T0 and the C parameter defined by the NMO velocity
vN M O = vN M O (Xm , T0 ).
Under the usual assumption of a horizontally stratified (or small-dip) media, the ray parameter for the
reflection ray in the CMP gather can be approximated by (see, e.g., Castagna and Backus (1993)),
p=

1 d
C
T (h) = p
.
2 dh
2 C + T02 /h2

(3)

sin θ
,
v

(4)

From the well-known relationship
p=

where θ is the incident angle at the reflector and v is the interval velocity, the corresponding expression for
the angle is
Cv
sin θ = p
.
(5)
2 C + T02 /h2
Note that, in the present situation of P-P reflections, the incident angle, θ, at the reflector coincides with
the corresponding reflection angle.
We recall that interval-velocity field, v, (in depth) has to be inverted from its corresponding NMO
velocity field, vN M O , by the well-known Dix algorithm (see, e.g., Hubral and Krey (1980)). In this way,
ray parameters, as directly extracted from the seismic data, tend to be more reliable that their counterpart
incident angles, that need an additional inversion to be obtained.
The following step is to perform an inversion based on the amplitudes versus ray parameter (AVP) of
the CMP rays. Figure 1 ilustrates the described process for a synthetic model.
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Figure 1: Example of an AVP analysis: (a) Synthetic model with CMP rays; (b) CMP section with fitted
hyperbola; (c) Exact and extracted ray parameter; (d) Amplitude variation with ray parameter.
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VELOCITY ANALYSIS BY THE CRS METHOD
The common reflection surface (CRS) method, introduced by Peter Hubral and co-workers (see, e.g.,
Hubral et al. (1998)) represents a natural extension of the CMP method in two important aspects. Firstly,
for each stacking trace location (now called simply a central point), the CRS considers a supergather of
source-receiver pairs, arbitrarily located with respect to the central point. In other words, the gather is not
restricted to the CMP condition. Secondly, not only the NMO velocity, but also other additional parameters
are extracted from the data. In the present 2D situation, three parameters are determined for each central
point and all ZO traveltime samplea. The procedure is performed automatically, with no a priori selection
of traveltime samples.
To be able to stack source-receiver pairs that do not conform to the CMP condition, the CRS method
utilizes the (generalized) hyperbolic moveout
p
T (x, h) = (T0 + A x)2 + B x2 + C h2 ,
(6)
where x and h denote the midpoint (relative to the central point) and half-offset coordinates of the source
and receiver pair, and T0 is the ZO traveltime at the central point. As shown in Hubral et al. (1998), the
parameters A, B and C are related to physical quantities referred to as the CRS parameters or attributes,
A=

2T0 cos2 φ
2T0 cos2 φ
2 sin φ
, B=
KN , C =
KN IP ,
v0
v0
v0

(7)

where φ is the emergence angle of the ZO ray with respect to the surface normal, and KN and KN IP
are the curvatures of the N- and NIP-waves, respectively (see Hubral (1983)). All these quantities are
evaluated at the central point. Finally, v0 denotes the medium velocity, also at the central point. Observe
that formula (6) reduces to the normal-moveout (1) in the case of a CMP gather, i.e., x = 0. Moreover, the
relation between VN M O and the CRS parameters is clear,
VN2 M O =

4
2 v0
=
.
C
T0 cos2 φ KN IP

(8)

As described in Hubral (1983), the NIP-wave is a fictitious wave that starts at the reflection point of the ZO
ray. This point is called normal-incident-point or NIP and progresses upwards with half the velocity of the
medium. The N-wave is also a fictitious wave that starts as a wavefront that coincides with the reflector
in the vicinity of the NIP. It is instructive to emphasize that the NIP-wave concept (with no special name),
as well as the relation (8) between its curvature and the NMO velocity has been previously described in
Chernyak and Gritsenko (1979).
The CRS method can be also used to perform an amplitude versus ray-parameter analysis, in the same
way as it is done in the CMP method. The advantage of the CRS strategy is that the semblance analysis is
applied for a grid of possible values for the central point and ZO traveltimes, using all gathers and not only
the CMP ones. It is expected that the greater redundancy used by the CRS method, together with some
average and smoothing procedures, should provide a more reliable NMO velocity field. A confirmation of
this has been recently reported in Perroud and Tygel (2005).
The CRS method provides, as part of its output, a coherence section, in which the semblance value
is assigned to each point at the stacked section. By examining the coherence section, it is possible to
select regions with high values of the semblance function and then focus the attention at these regions. In
Figure 2, we show the semblance panel obtained from the CRS method applied to the same synthetic model
in Figure 1(a), together with the respective C-parameter panel.
REFLECTION IMPEDANCE
As introduced in Connolly (1999) and discussed in Santos and Tygel (2004), it is possible to define an
impedance function (I), for which the P-P reflection coefficient can be approximated in the appealing form
RP P =

I(ρ2 , α2 , β2 , p) − I(ρ1 , α1 , β1 , p)
.
I(ρ2 , α2 , β2 , p) + I(ρ1 , α1 , β1 , p)

(9)
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Figure 2: (a) Semblance panel obtained from the CRS method applied to the same synthetic model in
Figure 1(a); (b) C-parameter panel.
In the above expression, ρj , αj , βj denote the density and P- and S-wave velocities at the incident side
(j = 1) and at the opposite side (j = 2) of the reflecting interface, respectively. Moreover, p is the ray
parameter given by p = sin θ/α1 and θ is the incidence angle.
In its general form, equation (9), does not allow for a closed-form impedance function I that adequately
approximates the P-P reflection coefficient for arbitrary elastic parameters ρ, α, and all ray parameters p.
Therefore, some additional constraints are required. Santos and Tygel (2004) consider a Gardner’s type
relationship between ρ and β,
ρ = b βγ ,
(10)
where b and γ are constants. Such constraint leads to the reflection impedance function
ρα
exp{−2[2 + γ]β 2 p2 } .
I=p
1 − α 2 p2

(11)

Replacing the condition (10) by
K = β 2 /α2 ,

(12)

where K is a constant, the elastic impedance function,
2
2
2
I = ρ1 − 4K sin θ αsec θ β −8K sin θ .

(13)

earlier introduced in Connolly (1999) and formulated using the incident angle, θ, instead of ray parameter
p is obtained.
In practical situations, both the reflection impedance constants, b and γ, as well as the elastic impedance
constant, K are to be estimated using well-log information in the area.
In Figure 3 we compare the approximation formula (9), using (11) and (13), and the linear approximation of Aki and Richards (1980), for a representative elastic model. Observe the accuracy of the reflection
impedance function, even for angles within the critical range.
AVP INVERSION
The previous two sections have shown that (a) ray parameters can be well recovered from the seismic data
and (b) the P-P reflection coefficient can be reliably approximated in terms of reflection impedances. From
the above considerations, we now address the main topic of this paper, namely the inversion of AVP curves.
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Impedance (◦).
Before starting the description of the inversion procedure, it is convenient to recast the reflection coefficient expression (9) in a form more suitable for the algorithm. From equations (9) and (11) we write
RP P (p) =

J(p) − 1
,
J(p) + 1

(14)

where
I(ρ2 , α2 , β2 , p)
ρ2 α2
J(p) =
=
I(ρ1 , α1 , β1 , p)
ρ1 α1

s

1 − α12 p2
exp{−2[2 + γ](β22 − β12 )} .
1 − α22 p2

(15)

For the inversion, we now write
s
J(p) = Λ3
where
Λ1 = α1 ,

Λ2 = α2 ,

Λ3 =

1 − Λ21 p2
exp{Λ4 p2 } ,
1 − Λ22 p2

(16)

ρ2 α2
,
ρ1 α1

(17)

and Λ4 = −2[2 + γ](β22 − β12 ) .

Given a set of ray-parameters {pn } and the respectives reflection coefficients,{Rn }, we can apply a leastsquares procedure to invert for the parameters Λi . The optimization problem to be solved is then
2
N 
X
J(pn ) − 1
min
Rn −
.
Λi
J(pn ) + 1
n=1

(18)

After the optimal solution is found, we compute the inverted ratios for P-wave velocity and density,
α2
Λ2
=
,
α1
Λ1

and

ρ2
Λ1
= Λ3
.
ρ1
Λ2

(19)

To extract the ratio for the S-wave velocity, additional information about the data is needed. For example,
from a well-log analysis, if we estimate the value of the constant γ in equation (10), then
β2
=
β1



ρ2
ρ1

1/γ
.

(20)
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NUMERICAL EXPERIMENTS

A simple test on the accuracy of the AVP analysis presented above can be provided by the illustrative
two-layer model depicted in Figure 4. For each interface, the values for the S-wave
above and
√ velocities,
√
below the interface, are given by their corresponding P-wave velocity divided by 2 and 3, respectively.
Densities are taken 1.2 g/cm3 and 1.5 g/cm3 , above and below each interface, respectively. The CRS
method, developed in Santos et al. (2005), was applied for central points x0 and ZO traveltimes T0 within
the ranges [3, 7] km and [0, 4] s.
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Figure 4: Synthetic model for the numerical experiments.
For each of the three interfaces, we select a box region with large values of the semblance function, and
apply the inversion procedure for each x0 in the box. We consider the two situations (a) using the correct
values for the P-P reflection coefficient and (b) adding 10% noise. For the constant γ, from equation (20)
we use the averaged value
ln
1
1
=
γ
3

3
X

[βj+1 /βj ]

j=1

ln(1.5/1.2)

= −0.4795 .

(21)

Figures 5–7 show the results. Please observe that since the layers are homogeneous, each parameter ratio
is constant along the x0 -axis for each reflector.
CONCLUSIONS
We have addressed the problem of inversion of amplitude versus ray parameter (AVP) curves, using a
combination of the CRS method and the formulation of the P-P reflection coefficient by means of the
reflection impedance concept. The CRS method provides semblance and attribute panels, which yield
information about the ray-parameter at the reflection point at target interfaces within the elastic model.
The reflection impedance formulation, on the other hand, produces an approximation formula for the P-P
reflection coefficient that is much suitable for inversion.
We have illustrated the inversion algorithm by applying it to a synthetic three-interface example, in
which, for all interfaces, good approximations of all elastic-parameter contrasts were retrieved. The obtained numerical results indicate that the process has a good potential for real-data application.
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ABSTRACT
The passive seismic method gains more and more attention in the hydrocarbon industry since it can
be used for reservoir characterization and monitoring. For deposits with poor 4-D signatures like
carbonate reservoirs the imaging of acoustic emissions during production may be the only tool to
detect 4-D effects. The localization of seismic events in space and time is of utmost importance
for the passive method. Localization of seismic events by reverse seismic modeling or other backprojection techniques increasingly attracts attention since it does not require any event picking and
works even for very poor signal to noise ratio. Synthetic reverse modeling studies in the past have
shown that the method works surprisingly well even in complex media. In this paper we discuss the
back-projection techniques for event localization which reveal that inherent localization and timing
errors are present in these methods. The location errors are in the order of the prevailing period of the
signal and depend on the acquisition aperture and the signal length. Numerical experiments confirm
the qualitative considerations.

INTRODUCTION
The passive seismic method gains an increased interest in the hydrocarbon industry. It has the potential as a
powerful tool for reservoir characterization and for reservoir monitoring or hydro-frac imaging. The passive
method may also provide a tool for reservoirs with too weak 4-D seismic effects, like carbonate reservoirs
(Dasgupta, 2005). Here the impedance changes with time are so small that classical 4-D seismics do not
produce visible signatures. The imaging of acoustic emissions may provide the only working technique
to observe 4-D effects here. The localization of seismic events in time and space is the most important
step in interpreting passive seismic data. Recently back-projection methods or reverse modeling methods
were introduced which do not require any picking in the seismograms of the network (Kao and Shan, 2004;
Gajewski and Tessmer, 2005). Due to the involved stacking of energy these techniques work very well
even for noisy data, where the event can not be recognized in the seismograms. A detailed numerical study
was presented by Gajewski and Tessmer in the 2004 WIT report and in Gajewski and Tessmer (2005).
Time reversal is a key ingredient of the reverse modeling approach and the technique therefore belongs
to the class of methods which are currently discussed in the exploration community (e.g., during the SEG
workshop on " Seismic interferometry, daylight imaging and time-reversal" in Houston, 2005).
For the location methods using time reversal or inverse modeling the recorded wavefield is backprojected into the structure assuming a velocity model. For point sources and the correct velocity model the
observed seismograms should focus at the source position at the excitation or hypocentral time of the event
under consideration. Let us for simplicity consider a 2-D case now, assuming a seismic source at a position
(x0 , z0 ). The radiated energy of this source is observed by a linear receiver array covering an aperture 2L.
It is intuitive that we can not reconstruct the correct amplitude of the emitted signal even for the correct
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velocity model since our observation aperture is limited. We are therefore not stacking all emitted energy
of the source when we back-project the recorded wavefield. The reconstruction of the amplitude would
require an acquisition surrounding the source position which is practically impossible for a reservoir. For
isotropic media the point source radiation, however, displays a high symmetry and the observation of one
quadrant may be sufficient to determine the emitted energy in simple types of media. Complex models with
strong lateral velocity variations may require larger apertures. For the sake of simplicity, we will assume
an isotropic source radiation of magnitude A in the following.
It may be less obvious that the localization of the point source event is also affected by the limited
aperture and bandwidth of the data. This statement applies even if the correct velocity model is used for
back-projection. The major cause of this feature is the length of the signal of a bandlimited event when we
go from a distance-time (x, t) section to a distance-depth (x, z) section by back-projecting the observations.
In this paper we qualitatively describe the influence of signal length and aperture on the location accuracy
of seismic events. The graphical explanation of the problem is verified by numerical examples using
reverse modeling. The numerical experiments also enable us to provide a first empirical quantification of
the effects. In the outlook we briefly describe the strategy to develop a theory for a detailed quantification
of the location error. The result of this theory will enable us to correct the location of the event under
consideration to its real position.
GRAPHICAL EXPLANATION OF THE LOCATION ERROR
The location error is best visualized and explained if we consider a homogeneous medium and a backprojection method based on Kirchhoff migration. We assume a seismic point source at (x0 , z0 ). The energy
of this seismic source is radiated at hypocentral time t0 and is recorded by a receiver network with aperture
2L either at the surface or in a borehole. In the following we will assume that the recording network is
located at the surface and that the acquisition aperture is symmetrical with respect to the position of the
source. We consider a model which is reasonably discretized, i.e., similar to the discretization in migration.
For every subsurface point (xi , zi ) of this model we compute the diffraction traveltimes to the receiver array.
This basically means we consider each subsurface position as a potential source position.
In contrast to the migration of reflection data we usually do not know the excitation time of the event.
Therefore, we have to investigate the total recorded time range tb to te which contains the event with
a time step ∆t. This means that we are moving the diffraction curves for every considered subsurface
position from time tb to time te with increment ∆t through the seismic section and stack the amplitudes
for every time step. This is repeated for each subsurface position and time t. In this way we construct a
set of N = (te − tb )/∆t images where each image represents the stacked result for all possible subsurface
positions and one particular time in the time window from tb to te . The process transforms the seismograms
from the (x, t) domain to the (x, z) domain for every time between tb to te . This is similar to depth
migration of reflection data but here we obtain only one image since we know the excitation time of the
event.
The resulting amplitudes in each image are searched for the maximum. For the correct velocity model
we expect from our physical intuition an optimal focussing of the amplitudes of the back-projected event.
We expect the maximum amplitude at the location (x0 , z0 ) for the imaged section of time t = t0 . If
the seismograms are impulsive (i.e., delta peaks with zero signal length), we would in fact observe the
maximum amplitude for the image at time t = t0 and for the diffraction curve computed for position
(x0 , z0 ) (see Fig. 1). The total strength of the imaged source amplitude depends on the size of the aperture
of the acquisition since larger apertures stack more energy.
If we consider band limited signals, i.e., the length of the recorded event is non zero, the maximum
stacked energy is found at a position which deviates from the actual source position and zero time even if
the correct velocities are used for back-projection.
This is best explained by Fig. 2 which shows the seismic section for the exact hypocentral time t = t0
and the traveltime curves corresponding to three different depth locations. The solid traveltime curve represents the traveltimes obtained for the exact source location (x0 , z0 ), the dotted traveltime curve corresponds
to a deeper position z > z0 and results in a smaller moveout and an apex shifted to later times compared
to the curve for the exact location (x0 , z0 ). The dashed curve corresponds to a position shallower than the
actual source position, i.e., z < z0 and results in a higher moveout and the apex appears at earlier times
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Figure 1: Impulse synthetic seismograms of an event with the diffraction traveltime curve for the exact
hypocentral time and correct source position. Stacking along this curve provides maximum amplitude. The
strength of the amplitude, however, depends on the size of the aperture L1 or L2 .
compared to the curve for the exact location (x0 , z0 ).
We first consider the traveltimes for the correct source position, i.e., the solid curve in Fig. 2. Stacking
along this curve provides a zero amplitude since physical signals are minimum phase signals. Just from
this fact it is immediately obvious that the maximum amplitude in the back-projected (x, z) section for the
correct hypocentral time t0 can not coincide with the correct source position. At the correct source position
(x0 , z0 ) we obtain zero amplitude. This result is independent of the size of the aperture.
The dashed curve in Fig. 2 is computed for a shallower location and is therefore shifted to earlier times.
Due to its larger moveout the traveltime curve cuts through the seismograms for larger offsets. Stacking
along this curve leads to a non-zero amplitude in the image at a position shallower than the actual source
position.
Finally, the dotted curve in Fig. 2 is obtained for a deeper location and is therefore shifted to later times
compared to the curve for the actual source location. However, owing to its smaller moveout it also cuts
through the seismograms and a stack along this curve has a non zero amplitude and depends on the size of
the aperture. This explains that the source image is in fact not a point but a bright region where the spatial
extension of this area depends on the signal length and the aperture of the acquisition.
Form these considerations we can conclude that the source location obtained by searching the maximum amplitude in back-projected images of the recorded wavefields will occur shifted in time and space.
The shift in space will be towards the receivers of the acquisition since we obtain non zero amplitudes
already for positions above the actual source location. The time of the image with maximum amplitude
will therefore be smaller than the real hypocentral time. The maximum magnitude of the location error
will be in the order of the prevailing wavelength of the signal since it is determined by the signal length.
The maximum timing error will be in the order of the signal length. Both errors depend on the acquisition
aperture. The numerical experiments discussed below confirm the qualitative considerations of this section.
The described phenomenon is a result of the limited bandwidth and the moveout of the seismic events
and therefore related to the well-known pulse stretch phenomenon in depth migration as reported by Tygel
et al. (1994). As described above we shift the diffraction curves through the seismic section from time
tb to time te with increment ∆t and stack for each time step. This corresponds to non-stretch-NMO and
the source localization by back-projection is therefore related to the work by Perroud and Tygel (2004).
Moreover, there is also a link to the influence of velocity errors on the imaged amplitude in pre-stack depth
migration. The relations between these phenomena are not yet put into a unified theory.
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Figure 2: Seismic section for the exact hypocentral-time t = t0 with three traveltime curves representing
sources at the exact location (x0 , z0 ) (solid) and for positions above (dashed) with higher move out and
below (dotted) with smaller move out. Details are given in the text.

We want to add a final remark here: Our intuition is usually driven by a high frequency approach, i.e.,
we think in terms of rays, traveltimes, i.e., high frequency signals with zero lengths. It was shown above,
this intuition sometimes is misleading.

NUMERICAL TESTS
In this section we want to quantify the above described effects of location and timing errors in event
localization utilizing a back-projection approach of the recorded wave field. For the back-projection we
use the reverse modeling approach as described by Gajewski and Tessmer (2005). For the reverse modeling
we apply a numerical technique based on the Fourier-method. This generally allows using coarse grids, i.e.,
the shortest wavelength can be represented by only two grid points which satisfies the Nyquist sampling
condition.
Since the maximum location errors are in the order of the prevailing wavelength of the signal we use
a fine numerical grid which is oversampled with respect to the stability conditions for the modeling. We
consider an acoustic homogeneous 2-D model with spatial discretization of 2.5 m. Since the acoustic
velocity is 2000 m/s and the cut-off frequency of the source wavelet is 100 Hz the shortest wavelength is
20 m. This would require a sampling interval of at least 10 m. Therefore, we are dealing with a four times
oversampled spatial discretization. The dominant wave length is sampled by eight grid points. The total
extent of the numerical model is 1430 m x 780 m. The source is located at x=715m and z=375m.
The first experiment was based on an acquisition with two receiver lines which were placed symmetrically above and below the source position (Fig. 3). Time reversed seismograms of two receiver lines at
z1 = 0m, called line 1, and z2 = 750m, called line 2, were used as boundary conditions in the numerical
algorithm. Using this acquisition geometry the reverse modeling led to the correct source position and
excitation time. Such an acquisition is, however, very unlikely to be met in the real world.
In a second experiment we only used receiver line 1 of the above described experiment as input to the
reverse modeling algorithm. In this case the source location is found one grid point, i.e. 2.5 m, too high.
Therefore the error is of the order of an eighth of the shortest wave length. The excitation time was found
correctly.
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Figure 3: Localizations depending on different receiver line apertures. In insert: a) full aperture lines 1
and 2, b) full aperture line 1, c) one-sided aperture line 1, d) symmetric shortened aperture line 1. The
arrow shown in the enhanced source region points to the exact source position indicated by a plus sign.
In a third experiment receiver line 1 was truncated to half of its original length but is chosen symmetrical
with respect to the lateral position of the source. For this acquisition the estimated source positions appears
five grid points too high. The excitation time is wrong by -5 ms, i.e., 5ms earlier than the exact hypocentral
time.
In a last experiment the aperture was only half (right side) of the receiver line 1, i.e., unsymmetrical
with respect to the source position. The localization was erroneous by five grid points in the horizontal
direction (to the right) and seven grid points (upwards) in the vertical direction, respectively. Due to this
positional error also the excitation time was found wrong by -9 ms, i.e., too early. In the insert of Fig, 3 the
true (arrow) and the estimated source positions are shown.
The numerical experiments confirm the qualitative considerations of the section above. We observe a
systematic location error which is below the prevailing wavelength of the considered signal. The events are
localized to close to the receiver array than the real source location. Since this reduces the distance to the
geophones the observed hypocentral times appear smaller than the real excitation time of the source.
QUANTIFICATION OF ERRORS
To quantify the location error theoretically we investigate the stack integral and express the seismic signal
by its zero order ray theory representation. The integration boundary represents the size of the aperture. The
stack integral is performed for any possible subsurface position (xi , zi ) and any time tk in the considered
time window, producing the image Im(xi , zi )k . In this set of images we search for the maximum amplitude
M ax(Im(xi , zi )k ) = Im(x̂, ẑ). Due to the limited aperture and the finite signal length we have a deviation
from the real source position (x0 , z0 ). The goal is to estimate these deviations as a function of frequency
of the signal and the size of the aperture. For this we expand the image function Im(x, z) up to second
order with respect to the spatial coordinates x, z and time. We recognize a similarity to the derivation of
the pulse stretch in depth migration here (Tygel et al., 1994).
The details of this procedure will be presented in the next WIT report. For the determination of the
deviations the first and second spatial derivatives of traveltimes from the subsurface position to the receivers
are required. They are averaged (integrated) over the aperture of the recording network in the final results.
The traveltime derivatives are a key element of the traveltime based strategy for true amplitude migration
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(Gajewski et al., 2002) and can be determined from coarsely-gridded traveltime tables (Vanelle, 2002;
Vanelle and Gajewski, 2002). These tables are in any case needed, since they are a prerequisite to perform
the stacks to obtain the images for each time step in the localization procedure. The results enable us to
update the imaged source location to its real position.
CONCLUSIONS AND OUTLOOK
The accuracy of seismic event localization by reverse modeling depends on the aperture and the signal
length. In realistic acquisition geometries where a surface (horizontal) or vertical receiver line is available,
there will always be a spatial shift of the estimated source location towards the receivers. This means that
the source position appears too high when we consider a surface receiver network. Numerical experiments
with a laterally asymmetric acquisition geometry show that the estimated source position appears laterally
shifted towards the center of the receiver line. Since the imaged position is moved toward the recording
receivers the hypocentral-time appears earlier than the real excitation time. The predictions made from
simple graphical considerations concerning the stacked amplitudes were confirmed by numerical reverse
modeling examples. For 3-D media and observations in 2-D geophone networks we expect similar effects,
i.e., a shift of the actual position toward the recording array and a shift toward the center of the aquisition
if the network is not located symmetrically to the position of the event. Du e to the greater proximity of the
imaged location to the recording array the hypocentral-time is too small.
Most recent theoretical investigations allow us to quantify the errors introduced by the localization
methods based on back projection of the observed seismograms. The implementation of these findings will
enable us to build a localization tool which only needs coarsely-gridded travel time tables, very similar
to our past work on true amplitude imaging. The obtained source location on the coarse grid can then be
updated for its correct position where the bandwidth of the signal and the size of the aperture are properly
taken into account. This tool will be computationally very efficient and may move us closer to the goal of
a real time implementation of the localization methods by back projection.
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ABSTRACT
In this paper we present new seismic images of the North German Basin and its crustal features that
resulted from reprocessing of industrial reflection data sets using the CRS stack method. The data
were acquired and already processed in the 80ies with the main focus on the sedimentary fill of the
basin. The processing was based on conventional CMP stacking. The focus of the reprocessing was
moved to lower crustal structures in order to investigate the influence of old deep rooted processes on
the evolution of the Central European Basin System (CEBS). In the reprocessed sections the image
quality of the lower and middle crust and the visibility of the Moho could be significantly improved.
The present day Moho appears as a flat boundary lacking the typical features of basin formation and
graben developments.

INTRODUCTION
An extensive database was gathered by the Oil- and Gas Industry in the 70ies and 80ies to explore the North
German Basin for hydro carbons. This data base also included reflection seismic profiles recorded up to
15 s TWT which where recently released to the priority program SPP 1135 Dynamics of the Sedimentary
Systems of the Deutsche Forschungsgemeinschaft. Th processing of the reflection data by the industry
in the 80ies was tuned to image the basin sediments down to the Zechstein using basically standard CMP
processing. The potential of the data to image the crystalline crust was never optimized and only marginally
exploited although structures in the lower crust and partly also some Moho reflections were already visible
in the CMP stacked data. The CRS stack method (Müller et al., 1998; Mann, 2002) has already been
successfully applied to reflection data from sedimentary basins (Trappe et al., 2001; Menyoli and Hübscher,
2004), but yet it has not been used to investigate the crystalline crust and deeper structures. With the focus
on deeper crustal structures three seismic reflection lines of this data base have been reprocessed using the
CRS stack method.
STUDY AREA AND DATA SETS
The reprocessed seismic reflection lines 7405, 8106 and 8401 were located in the area of the Glückstadt
Graben which is one of the deepest post-Permian structures in the Central European Basin (Fig. 1). The
north-south heading reflection line 7405 was about 130 km long. Line 8401 was shot as a western prolongation of line 8106. The total length of these east-west heading lines were about 300 km. The total
recording time of the data was 13 s to 15 s TWT. The geophone spacing was about 100 m for line 7401 and
20 m for line 8106-8401. The number of recording channels was 48 and 120 for line 7401 and 8106-8401,
respectively. The maximum offset was 4.8 km for all profiles. The acquisition geometry was irregular in
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Figure 1: Tectonic map of the Central European Basin with the major crustal structures and fault zones
(modified after Maystrenko et al. (2005)). The reprocessed reflection lines 7405, and 8106-8401 are located
in the area of the Glückstadt Graben (see inset).
some parts along the lines. This resulted partially in a CMP fold less then ten. The mean CMP fold of the
data sets ranged between 15 and 20. The maximum fold was about 30. In general the CMP fold of this
data is very low compared to contemporary acquisitions. The low fold of the data made the application of
the CRS method particularly interesting since much more traces are included in the CRS stacked sections
and the signal-to-noise can be significantly increased.
DATA PROCESSING
Preprocessing
The preprocessing of the data sets basically consisted of setting up the acquisition geometry, trace editing,
i.e. removal of dead traces, noise elimination, muting and frequency filtering. The applied static corrections
were available either on paper (line 7405) or as electronic documents (line 8106-8401). Also, residual
statics were applied using the FOCUS tools. An automatic gain control was applied to the data prior to the
CRS stack.
Only paper copies of the former processed CMP sections were available. For direct comparison the
CMP stacked sections were recalculated using the FOCUS tool. The stacking velocities were taken from
the paper copies of the final stacks provided by the industry. Partially additional stacking velocity analyses
at some CMP locations were added for better resolution and imaging.
CRS stack
After preprocessing the CRS stack method (Müller et al., 1998; Mann, 2002) was applied to the data. To
obtain an estimation for the optimal aperture sizes of the stacking operator the approximate size of the
first projected Fresnel zone F Z at different reflector depths z were calculated using the following formula
(Hertweck et al., 2003):
q
vzT
vT 2
2 cos Θm + ( 4 )
(1)
FZ =
cos Θm
with v the medium velocity, T the dominant frequency of the signal and Θm the maximum dip angle. In
the data sets the dominant frequency was about 25 Hz and the maximum dip angle was set to 60◦ .
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Based on these values the parameters defining the size of the CRS stacking operators were modified in
each calculation to optimize the images at the specified targets.
THE RESULTS
Fig. 2(a) shows the CMP stack of line 7405 (old CMP processing) and Fig. 2(b) displays the corresponding
section after reprocessing with the CRS method. Fig. 3 shows line 8106 after classical CMP processing.
The CRS stack of line 8106 is shown in Fig. 4. Fig. 5(a) and Fig. 5(b) show the CMP and the CRS stack of
line 8401, respectively. Zoomed areas of line 8401 are shown in Fig. 6.
The comparison between the CMP stack and the CRS stack shows that the CRS stack generally improved the image quality of the sedimentary cover in all sections. Particulary also, the images of the
internal salt structure were improved. Especially, the visibility of reflections from the crystalline crust and
from the Moho was enhanced. Generally, the signal-to-noise ratio was significantly increased. But also
multiples and diffractions are enhanced in the CRS sections since we did not exclude certain sets of CRS
parameters yet. Without a particular choice of CRS attributes the CRS stack enhances all coherent energy
in the data. In the initial phase of the reprocessing we did not want to make a pre-mature decision which
energy is useful or not. In the following the results will be described in detail.
Internal structure of salt plugs
An interesting feature of the CRS stacked section is visible in the sedimentary cover of the basin particularly
the salt plugs in the area of the Glückstadt Graben (see Fig. 4 and Fig. 6). The resolution of the events could
be improved compared to the CMP processing. The images display predominantly horizontal reflection
events which show continuity not yet recognized in previous processing results (for comparison see zoomed
sections in Fig. 6). These reflections may be interpreted as Keuper horizons which would point to a different
internal structure of the salt plugs than previously thought of and currently applied (Maystrenko et al.,
2005). This observation, however, needs further investigation by additional processing, particularly prestack depth migration after careful velocity analysis. Pre-stack depth migration is clearly superior to CMP
and CRS stacking in areas of great geological complexity and strong lateral velocity variations like salt
structures. For a high quality imaging with pre-stack depth migration, however, a very good velocity
model is required. For the model building we use stereotomography and CRS tomography. The results will
be published in the next WIT report.
Mid crustal reflections
Some mid crustal reflections for CMP position 1550 and 1100 at about 8 s TWT are visible in the CRS
stack of line 8106 (Fig. 4) which can be hardly identified in the corresponding CMP section (Fig. 3). In
the present state of the processing we cannot conclude, whether these events correspond to the Conrad
boundary, but it is obvious that the mid-crustal reflectivity clearly increases in the right (eastern) part of
the section. This area was tectonically less active than the area in the western part of the profile. It will
be interesting to note, whether this observation applies also to other reflection lines of the North German
Basin. For the better evaluation of mid crustal reflections further processing on the multiples is required
since the multiples mask mid crustal reflectors and reflectivity.
Deep crustal and subcrustal reflections
Reflections from the deeper crust were hardly visible in the CMP stacked sections. The results show that
the CRS stack clearly improved the imaging of deeper crustal reflections. The characteristics of these
reflections varies from sharp and continous in line 7405 (Fig. 2) to broad and diffuse reflection events in
line 8106 (between CMP location 1000 and 1500, Fig. 3).
Especially, the image of the reflections from the deeper crust is of geological relevance. The Moho
below the Glückstadt Graben at CMP 4300 of line 8106 (Fig. 4) was assumed to increase by about 4 km in
this area (Bachmann and Grosse, 1989; Brink et al., 1990) forming a pronounced bump in its topography.
The reflections corresponding to this interpretation are clearly visible as the strongest events at deeper
parts of the crust below the graben proper at about 10 s TWT. However, a careful inspection of the event
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(a) CMP stack section of line 7405. The sedimentary fill of the basin is adequatly imaged where as lower crustal reflections are
hardly visible.

(b) CRS stack section of line 7405. Moho reflections are clearly visible. The image quality at this level is improved compared to
the old processing shown in 2(a).

Figure 2: Comparison of CMP and CRS section of line 7405.

Annual WIT report 2005

137
.

Figure 3: CMP stack section of line 8106.
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Figure 4: CRS stack section of line 8106.
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(a) CMP stack section of line 8401.

(b) CRS stack section of line 8401 which represents the western extension of line 8106. The highlighted areas of salt
plugs and crustal reflections are magnified in Fig. 6.

Figure 5: Comparison of CMP and CRS section of line 8401.
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Figure 6: Right colum: Zoom of boxed areas in the CMP stack (Fig. 5(a)). Left Colum: Zoom of boxed
areas in the CRS stack (Fig. 5(b)). Note the improved resolution within the salt plugs of the CRS processing
compared to the CMP processing (a) and b). The deeper events could be interpreted as Keuper events.
Also note the improved continuity of the crustal reflection events in the CRS section compared to the old
processing (c).
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characteristics reveals that these reflections are different from all other Moho reflections of this section (see
e.g. Moho events at CMPs 3200, 2300 and 600-1800 at about 11-11.5 s TWT). The events in the area
of the Glückstadt Graben area are much stronger in amplitude and also more continuous than the other
events interpreted as Moho reflections in this section. Therefore, these events were not referred to as Moho
reflections but as lower crustal events. Moreover, the weaker reflections at 11.5 s TWT exactly correspond
in character to the events interpreted as Moho reflections elsewhere visible in this section.
This interpretation, however, results in a flat Moho at about 11.5 s TWT throughout the section and
slightly increasing in TWT to the east. A flat Moho is in conflict with the currently supported extension
model of the Glückstadt Graben. This area also corresponds to the location with maximum sedimentary
thickness, i.e. the center of the basin where we would expect a Moho high. The flat Moho topography
would be in good agreement with the observations of the DEKORP profiles (DEKORP-BASIN Research
Group, 1999), located in the eastern part of the North German Basin, where also a flat Moho is observed
(Bayer et al., 1999; Hoffmann and Brink, 2001). A similar observation is also reported by Maystrenko
et al. (2003) for the reflection line in the Dniepr-Donets basin, Ukraine. There, also a flat Moho was
observed in the basin center. A flat Moho in the area of the Glückstadt Graben combined with lower crustal
heterogeneity will influence the gravity modeling as well as the Finite Element (FE) stress modeling in this
area (Kaiser et al., 2005; Reicherter et al., 2005). This directly leads to the question, what the reflection
Moho really represents (see, e.g. Mooney and Brocher (1987)). With respect to the geodynamic model it
is important to keep in mind that we image the PRESENT DAY Moho and it remains an open question to
what extend the present day Moho reflects the deeply rooted crustal processes which are responsible for
basin formation which was initialized severl hundret million years ago. It is quite likely that the topography
and depth of the present day Moho is overestimated with respect to the set up of geodynamical models.
The causes for the lower crustal reflector below the Glückstadt Graben are not yet resolved. However,
recent gravity modeling by Bayer et al. (2005) reveals that a high density body in the lower crust is required to fit the observations. The location of the body coincides with the lower crustal layer found above
the Moho in the Glückstadt Graben area. A detailed velocity analysis of the observed diffractions will
hopefully provide interval velocities for this area to better characterize this local heterogeneity which could
be a result of a metamorphic process. Prior to further interpretation attempts additional investigations are
certainly necessary.
CONCLUSIONS
Although the CRS stack method suffered in areas with highly irregular acquisition geometry and extreme
low fold (lower than 10) the reprocessing improved the seismic images considerably. Especially, the visibility of crustal structures and of the Moho events were enhanced. Also, the resolution of the internal
structure of salt bodies could be improved. A first interpretation of the new images implies a flat Moho
throughout the Glückstadt Graben area, which stands in contradiction to previous results and geological
models. However, further processing such as velocity model inversion and pre-stack depth migration is still
necessary in order to comfirm the new interpretations. Furthermore, as the CRS stack method enhances
all coherent energy present in the data diffractions and multiples were enhanced as well. Suppressing of
the latter events, which masque or even distort primary energy of deeper reflections, will be an important
subject for additional data processing.
The CRS stack method provides a promising tool for processing of not only subsurface structures, but
also for imaging of crustal and subcrustal features.
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ABSTRACT
In this case study we are giving attention to the seismic processing and interpretation of a land data set
from the Takutu basin, Brazil. This aims at establishing a new seismic imaging workflow well suited
to the specific problems of land data processing, namely, sparse data, complex geological structures,
and complicated near surface conditions. The presented extension of CRS-stack-based time-to-depth
imaging supports arbitrary top-surface topography. We applied the following processing steps: CRS
stack, residual static correction, determination of a macrovelocity model via tomographic inversion,
and Kirchhoff pre- and poststack depth migration. Our CRS stack implementation combines two
different approaches of topography handling to a cascaded processing strategy that demands very
little additional effort. After initial values of the CRS attributes are determined for a smoothly curved
measurement surface, the final CRS stack and also the CRS-stack-based residual static correction
are applied to the original prestack data, considering the true source and receiver elevations. This
is very important to achieve physical meaningful CRS attributes. Conventional elevation statics that
assume every ray to emerge vertically deteriorate the CRS attributes, similar as in case of the stacking
velocity. After the CRS stack is completed, we utilize the extracted emergence angles to relate the
stacked zero-offset section, the CRS attribute sections and the quality control sections to a chosen
planar reference level. This redatuming procedure removes the influence of the rough measurement
surface from the CRS stack results and provides standardized input for interpretation, tomographic
inversion, and poststack depth migration. As a final step, we applied a prestack depth migration from
topography using the prestack data after residual static correction.

INTRODUCTION
In the current situation of rapidly growing demand in oil and gas, on-shore exploration, even under difficult conditions, becomes again more and more important. Unfortunately, rough top-surface topography
and a strongly varying weathering layer often result in poor data quality, which makes conventional data
processing very difficult to apply. Under such circumstances, where simple model assumptions may fail,
it is of particular importance to extract as much information as possible directly from the measured data.
Fortunately, the ongoing increase in available computing power makes so-called data-driven approaches
(see, e. g., Hubral, 1999) feasible which, thus, have increasingly gained in relevance during the last years.
The Common-Reflection-Surface (CRS) stack (see, e. g., Mann, 2002) is one of these promising methods.
Besides an improved zero-offset simulation, its decisive advantage over conventional methods is that for
every zero-offset sample several so-called kinematic wavefield attributes are obtained as a by-product of
the data-driven stacking process. As will be shown, they can be applied both, to improve the stack itself and
to support subsequent processing steps. Using these CRS attributes, an advanced data-processing workflow
can be established leading from time to depth domain, covering a broad range of seismic reflection imaging
issues in a consistent manner. The major steps of this workflow are displayed in Figure 1.
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Figure 1: Major steps of seismic-reflection data processing in time and depth domain. Imaging procedures
that can be incorporated in the CRS-stack-based imaging workflow are highlighted in yellow.

TAKUTU DATASET
The Takutu dataset used in the case study was acquired by P ETROBRAS (Takutu Basin, Rondônia, Brazil)
for petroleum exploration. The data is free for use on university research and it was obtained from ANP
(Agência Nacional do Petróleo). The goal here is to support academic projects that can deal with basin
reevaluation based on seismic reprocessing. The software used is non-commercial, developed in the spirit
of continuous cooperation between the Geophysics Department of the Federal University of Pará (Brazil)
and the Wave Inversion Technology (WIT) Consortium of the University of Karlsruhe, Germany. This
data set is offered in the form of non-processed field records, therefore a complete preprocessing stage was
necessary.
Following the description by Eiras and Kinoshita (1990), the Takutu basin is classified as a Mesozoic intracontinental rift, oriented NE-SW, with approximately 300 km length and 40 km width. It was developed
in the central part of the Guyana shield, and it is located at the border between Brazil and Guyana. The rift
is filled with sediments ranging from the Jurassic to the Quaternary, and composed of two asymmetrical
half-grabens: The SW part dips southeasterly and the NE part dips northwesterly.
The structural scenario of the Takutu basin features horsts, grabens, anticlines, synclines, flower structures,
and dip inversions (rollovers). Transcurrent faulting is considered to have reactivated local features that
were developed in the rift stage (Figure 2).
The stratigraphic scenario of the Takutu basin is divided into four depositional sequences that reflect the
geological evolution of the area (Figures 3, 4 and 5). The first basal sequence is represented by the volcanic
Apoteri formation and by the shaly Manari formation, both related to the pre-rift phase. The second sequence is represented by the evaporitic Pirara formation, and relates to the stage of maximum stretching in
the rift phase. The third sequence is represented by the sands and conglomerates of the Takutu and Tucano
formations, and is interpreted to correspond to the continuous decrease in stretching. The fourth sequence
is represented by the lateritic and alluvium of the Boa Vista and North Savannas formations.
Continuing with Eiras and Kinoshita (1990), the conclusions for the model of the Takutu basin were formally based on the interpretation of the conventionally processed seismic data, seismic reprocessing, seismic stratigraphy, surface geology, drilled wells, geochronology and geochemistry. Several structural styles
were considered for the basin in focus, and the most attractive were deltaic fan-shaped, compressional
inversions, internal horst highs, and dip reversals. Our intention at this moment is not yet to trace new evidences for the structural scenario for the Takutu basin; this may follow with the course of the studies with
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Figure 2: Structural map of Takutu graben redrew from Eiras and Kinoshita (1990) showing the directions
of the seismic lines.

more systematically processed data completing at least a full block for a proper geological interpretation.
Among the processed lines, the selected line for this case study was the one numbered 204-239. It has
the following survey information: date of acquisition 1986; direction NW-SE; length of 31.5 km; 631 shot
points; 4 ms of time sampling interval; 50 m spacing of shot points and stations; charges of 0.9 kg at 2 m
depth distributed as L-3x2/25 m. The array distribution from left to right starts with a part right-unilateral
0-48; the second part is split-spread symmetrical 48-48; the third part is split-spread asymmetrical 76-20;
and the fourth part is a left-unilateral 76-0. Unfortunately, the data quality from 20 km to 31.5 km distance
is very bad so that hardly any continuous reflection event could be imaged. Consequently, we had to limit
the target area for this case study to the range between 0-20 km.
The preprocessing steps were performed with the CWP/SU package of the Colorado School of Mines (Cohen and Stockwell, 2000), whose data format is also used in the CRS code. Similar procedures should be
carried out for all the lines of the two seismic blocks (numbered 50 and 204) of the Takutu graben. The
tasks consisted of 3 main parts: (1) Geometry setting; (2) Muting of bad traces (3) F and F-K filtering (4)
Trace balancing.
As a first observation about the original Takutu seismic land-data, the line 204-239 has many noisy sections. For this reason, several shot and receiver gathers were initially completely muted. Afterward, as a
result of visual analysis of all shot gathers, again several single traces had to be zeroed due to the high noise
level like spikes and sensor wandering. As a second observation, several band-pass filters with polygonal
form were experimented, and the decision was for adopting the case with corners 8-10-35-45 Hz. The F-K
velocity dependent filter was used to further emphasize the cutting of surface waves and critically refracted
waves. The decision for adopting the filter parameters was based on the trace gathers analysis through the
spectrum and preliminary stack results, reinforcing the importance of the preprocessing stage on the CRS
stack results. Also, it should be mentioned that no deconvolution was carried out on this data.
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Figure 3: Seismic section A from Eiras and Kinoshita (1990) with aspects of geological interpretation for
Takutu graben.

Figure 4: Seismic section D from Eiras and Kinoshita (1990) with aspects of geological interpretation for
Takutu graben.
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Figure 5: Seismic section E from Eiras and Kinoshita (1990) with aspects of geological interpretation for
Takutu graben.

CRS STACK FOR TOPOGRAPHY
The simulation of stacked ZO sections is routinely applied to enhance the signal-to-noise ratio and reduce
the amount of seismic data for further processing. A conventional approach to achieve this goal is the
application of normal moveout (NMO) and dip moveout (DMO) corrections to the multicoverage dataset
followed by a subsequent stack along the offset axis, usually denoted as NMO/DMO/stack (e. g., Yilmaz,
2001). The CRS stack (e. g., Müller, 1999; Jäger et al., 2001; Mann, 2002) is a powerful alternative to this
conventional approach that can be seen as a generalized multi-dimensional high-density stacking-velocity
analysis tool. It has been reported by several case studies, e.g. Gierse et al. (2003), that the CRS stack
produces reliable stack sections with high resolution and signal-to-noise ratio. As mentioned before a set
of physically interpretable stacking parameters is determined as a result of the data-driven stacking process.
These kinematic wavefield attributes obtained by the CRS stack are important because they can be applied
to solve a number of dynamic and kinematic problems (see Figure 1). So far, CRS-stack based seismic
imaging was limited to data acquired on a planar measurement surface or at least to data for which a planar
measurement surface had been simulated by elevation statics. However, conventional elevation statics may
introduce a certain error to the stack and—even worse—to the CRS attribute sections, as a vertical emergence of all rays has to be assumed. In case of rough top-surface topography this error might significantly
deteriorate the results of the CRS stack and of all processing steps based on it. Therefore, we extended the
existing implementations of CRS stack and CRS-stack-based residual static correction to consider the true
source and receiver elevations (Heilmann, 2003; von Steht, 2004; Koglin, 2005).
In recent years, two different CRS stacking operators that consider the top-surface topography have
been developed at Karlsruhe University [see Appendix A]. Chira et al. (2001) assumed a smoothly curved
measurement surface for which the elevation of all source and receiver points contributing to a single stacking process can be approximated by a parabola. This approach is attractive from the computational point of
view as it allows to adopt most parts of the conventional CRS stack implementation. In particular, the pragmatic CRS-attribute search strategy using three one-parameter searches to determine the optimal stacking
operator can be maintained. However, small elevation statics are still required in order to transfer the real
data to the chosen smoothly curved measurement surface. Zhang (2003) presented a very general CRS
stacking operator that directly considers the true elevation of every source and receiver. This approach
demands far more computational effort, as at least two of the three CRS attributes have to be searched
for simultaneously due to the higher complexity of the stacking operator. On the other hand, no elevation
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Figure 6: Cascaded processing scheme for topography handling in CRS stack and CRS stack based residual static correction
statics are required and the elevations of the emergence points of the simulated zero-offset rays can be
chosen—within certain limits—arbitrarily. A similar approach based on the methology of Multifocusing
was presented in Gurevich et al. (2001).
Following the idea of a step-by-step refinement, we chose an implementation that combines both methods
of topography handling mentioned above to a cascaded processing strategy. Doing this, most of the specific disadvantages of the single approaches can be compensated without loosing their individual benefits.
In a final step, we relate the CRS stack results to a planar reference datum close to the actual measurement surface. By this redatuming procedure a seamless transition to the tomographic inversion and other
succeeding processing steps is provided. A flowchart of this pragmatic strategy is depicted in Figure 6.
Initial CRS stack
As shown by Heilmann (2003), the CRS traveltime operator for smoothly curved topography is well suited
to determine initial values of the CRS attributes. Therefore, the global search is splitted into three oneparameter searches. Each parameter is determined in a specific 2D subset of the 3D data volume. In order
to apply the CRS traveltime operator for a smoothly curved measurement surface to our data set we have
(1) to find an appropriate smooth reference surface, (2) to determine the local dip and curvature in every
CMP location, and (3) to apply datum static corrections that relate the prestack data to this surface.
For this purpose, it is necessary to consider that, in general, the larger the scale of the smoothing the larger
the elevation static correction which has to be applied. Nevertheless, the surface has to be smooth enough
such that for every single stacking process the elevations of all contributing sources and receivers can be
well approximated by a parabola. To control the degree of smoothing, a smoothing window was introduced.
As a rule of thumb, its size should be in the range of the maximum offset aperture used for the wavefield
attribute search and the stacking procedure. A comparison between the original measurement surface and
its smoothed counterpart can be found in Figure 7.
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Figure 7: Comparison between original and smoothed measurement surface. The horizontal redatuming
level at z = 90 m is also displayed.

0

0

2

4

6

8

CMP [km]
10

12

14

16

18

Time [s]

1

2

Figure 8: ZO section achieved by initial CRS stack considering a smooth curved measurement surface
The datum static correction for every source and receiver location is calculated from the near-surface
velocity and the differences in elevation of the true source and receiver points and their vertical projections
onto the smoothed surface. In this specific case we can assume a laterally constant near-surface velocity, i. e. the replacement velocity used in the preprocessing. For every zero-offset sample the kinematic
wavefield attributes KNIP , KN , and β0 are determined by means of three one-parameter searches. Thus,
an individual stacking operator (13) is defined for every sample of the zero-offset section. The summation process is performed within a user-defined aperture or within an aperture that accounts for the size
of the projected first Fresnel zone for offset zero. The latter can be estimated from the CRS attributes
by comparing the approximated traveltime of the actual reflection event with the approximated traveltime
of its associated diffraction event (characterized by the property KN → KNIP ). The locations where the
zero-offset traveltimes of these events differ by the temporal wavelet length define the extension of the
considered projected first Fresnel zone and, thus, the optimum aperture to apply the attribute search and
the stack. The initial CRS stack result achieved in this step is depicted in Figure 8.
Event-consistent smoothing
At this stage, event-consistent smoothing of the initial attributes can be helpful to remove fluctuations and
outliers. The latter are mainly caused by the limitations of the utilized three-times-one parameter search
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Figure 9: ZO section after event-consistent smoothing and three-parameter optimization.
strategy. The smoothing algorithm itself is based on the combined application of mean and median filtering
in volumes aligned with reflection events. The information about slopes of events in the time domain is
readily available from the CRS attributes themselves and allows to avoid the mixing of intersecting events.
By this means, the smoothing algorithm can be designed in an event-consistent manner. This process does
not imply any loss of information about the parameterized reflection events (see, e. g., Mann and Duveneck,
2004). Thus, even in case of conflicting dip situations, it often provides significantly improved input for
the subsequent optimization. In case of complex near-surface conditions which often lead to a strongly
variable data quality along the line, this intermediate processing step was especially successful.
Three-parameter optimization considering the true topography
An important feature of the CRS traveltime operator for arbitrary topography (2) is that the elevation of
the emergence point X0 of each zero-offset ray to be simulated can be chosen arbitrarily. This property
provides the link to the initial results determined under the assumption of a smoothly curved measurement
surface. Since the latter are related to a fictitious smoothly curved measurement surface we choose this
surface also as reference level for the optimization. By this means, the zero-offset rays to be simulated
are identical in both cases. Therefore, it can be expected that the CRS attributes obtained in the previous
step are close to their optimum values and, thus, well suited as initial values for a local three-parameter
optimization using equation (2). The objective function to be maximized is, as in case of the one-parameter
searches, the semblance (Neidell and Taner, 1971), a measure of the coherence of the prestack data along
the stacking operator. Particularly in noisy areas, a significantly increased continuity of the reflection events
can be expected.
To confine the spatial extent of the stacking operator, the projected first Fresnel zone is taken into account.
Both, the local optimization and the stacking itself are applied to the original, i. e., uncorrected, data using
the CRS traveltime operator for arbitrary topography. Consequently, any inaccuracies of the initial stack
and especially of the initial attributes caused by the elevation statics should be compensated. Nevertheless,
stack and attribute sections are still related to the floating datum corresponding to the smooth reference
surface. The resulting stack section after event-consistent smoothing of the CRS attributes and threeparameter optimization is depicted in Figure 9.
Redatuming
Floating datum sections are no appropriate input for interpretation or further processing. Therefore, we
implemented a redatuming procedure that relates the CRS stack results to a fictitious horizontal measure-
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ment surface close to the smoothly curved reference level (see Figure 7). Due to the fact that the emergence
angle of every simulated zero-offset ray is known, it is easy to continue them to a constant reference level—
especially, if the replacement velocity vr between the smoothly curved and the planar surface is chosen to
equal the near-surface velocity v0 [see Appendix B]. In this case no refraction has to be considered when
crossing the smoothly curved reference level.
RESIDUAL STATIC CORRECTION
The CRS-stack-based residual static correction methodology (Koglin, 2005) is an iterative process close to
the super-trace cross-correlation method by Ronen and Claerbout (1985). However, the cross correlations
are performed within CRS supergathers of moveout corrected prestack traces instead of being confined
to single CMP, common-shot, or common-receiver gathers. The moveout correction makes use of the
previously obtained CRS attributes and considers the true source and receiver elevations. Thus, elevation
static correction can be omitted that may introduce, in certain cases, non surface-consistent errors of the
same scale as the searched-for residual statics.
Due to the spatial extent of the CRS operator, the CRS supergathers contain many neighboring CMP
gathers but with different moveout corrections depending on the current zero-offset location. Thus, the
cross correlations of the stacked trace (here used as pilot trace) and the moveout corrected prestack traces
are summed up for each shot and receiver location. This summation is performed for all CRS supergathers
contained in the specified target zone. After all cross correlations are summed up, the searched-for residual
time shifts are expected to be associated with maxima in the cross correlation stacks. Finally, the estimated
time shifts are used to correct the prestack traces and the next iteration of residual static correction can be
started. Now, the entire CRS stack process is repeated using the corrected prestack data set. The optimized
CRS stack section after two iterations of residual static correction and redatuming is depicted in Figure 10.
It can be observed that besides an strongly improved resolution and event continuity also the small scale
undulations of the reflection events are mostly removed.
TOMOGRAPHIC INVERSION
In order to obtain a depth image from the time-domain pre- and/or poststack data, a macrovelocity model
needs to be estimated, which is one of the crucial steps in seismic data processing. Fortunately, such
a model can be obtained directly from the CRS stack results: the attributes RNIP and β0 related to the
hypothetical normal-incidence-point (NIP) wave at a given ZO location describe the approximate multi-
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Figure 11: Macro-velocity model [km/s] obtained by CRS attribute based tomographic inversion.

offset reflection response of a common-reflection-point (CRP) in the subsurface. Therefore, the NIP wave
focuses at zero traveltime at the NIP if propagated into the subsurface in a correct model. This principle
can be utilized in an inversion that uses the above mentioned attributes picked in the CRS-stacked section
to obtain a laterally inhomogeneous velocity model. The CRS-stack-based velocity model determination
approach is realized as a tomographic inversion (Duveneck, 2004), in which the misfit between picked and
forward-modeled attributes is iteratively minimized in the least-squares sense. Fortunately, the tomographic
inversion has not to consider the real topography, as the redatuming procedure of the CRS stack provides
stack and attribute sections related to a planar reference level.
In this case study, about 1000 ZO samples together with the associated attribute values were picked for
each profile to achieve an appropriate resolution and reliability. Automatic picking was performed using
a module based on the coherence associated with the ZO samples. The picked data was checked using
several criteria, in order to discriminate outliers and attributes related to multiples, before the tomographic
inversion process was applied. The obtained macrovelocity model is defined by 800 B-spline knots. It is
displayed in Figure 11.
DEPTH MIGRATION
A Kirchhoff type prestack depth migration (PreSDM) procedure for migration from topography (Hertweck
and Jäger, 2002; Jäger et al., 2003) was applied. Therefore we used the prestack data after residual static
correction together with the macrovelocity model obtained by the tomographic inversion (Figure 11). The
necessary kinematic Green’s function tables were calculated by means of an eikonal solver. The resulting
depth-migrated prestack data was firstly muted to avoid excessive pulse stretch for shallow reflectors and
then stacked in offset direction in order to obtain the depth-migrated image displayed in Figure 12. Some
common-image gathers (CIGs) are displayed in Figure 14, where the muting can directly be seen. As most
of the events in the CIGs are flat, we can state that the estimated macrovelocity model is kinematically
consistent with the data. Note that no velocity model refinement was applied after the PreSDM.
As a complementary or alternative step of the CRS-stack based imaging workflow, poststack depth
migration (PostSDM) was performed. Input for the PostSDM were the final CRS-stacked section after
redatuming (Figure 10) and the macrovelocity model derived from the CRS attributes (Figure 11). The
result is depicted in Figure 13.
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Figure 12: Prestack depth migration result.

The PostSDM result as well as the PreSDM result shows many structural details; in particular, faults,
vertical offsets of reflectors, deflection of reflectors, changes of reflector characteristics across faults, and
fracturing are directly observable in the sections. Although the PreSDM seems to provide a higher resolution and more details, there are also regions, especially in the deeper part, where some structures are
better resolved in the PostSDM. Consequently, the PostSDM result provides complementary information
and both migrated sections were used for a structural interpretation.
CONCLUSIONS
We presented results of CRS-stack-based time-to-depth imaging applied to a challenging land-data set.
The work was conducted within the framework of an ongoing basin-reevaluation project. The high quality
of the obtained results proves the great potential of CRS-stack-based imaging in complex land-data processing. Due to the fact that the spatial CRS stacking operator fits the searched-for reflection events in
the prestack data much better than, e.g., the NMO/DMO operator an excellent signal-to-noise ratio can
be achieved. Furthermore, the large fold of the CRS operator provides a significantly increased statistical
basis for residual static correction making this process more precise and stable. For both, stack and residual
static correction, no datum static correction of the prestack data is necessary as the topography is directly
considered. A cascaded strategy for stacking and attribute extraction was presented combining two different approaches of topography handling to a very efficient implementation. The obtained CRS attributes
can be used to redatum the CRS stack results so that a standardized input for further processing steps is
provided. Finally, a smooth macrovelocity model well suited for subsequent depth migration is determined
from the CRS attributes by means of tomographic inversion. In this way a consistent and fully data-driven
imaging workflow can be established leading from time to depth domain.
The geological interpretation should be carried out mainly on the basis of Figures 10, 11, 12, and 13.
Doing this, thinning , a long anticline and different faults can be mapped where plays of horsts, grabens and
rollovers can be indicated. The quality of the Takutu seismic data was the main limitation for imaging the
selected line. Nevertheless, the obtained results provide good ground for giving continuity to the Takutu
seismic data reprocessing and reinterpretation project. Our intention is to process in the course of this
ongoing project also neighboring lines in order to achieve a better geological interpretation of this part
of the Takutu graben. We hope that this example serves to reinforce our perspectives and intentions on
research collaboration between different universities, and between university and industry. Only in this
way a continuous development of seismic exploration technology and of the "human resources" needed in
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Figure 13: Poststack depth migration.
future research and production can be maintained.
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APPENDIX A
Based on the ray-theoretical foundations presented in Červený (2001), Zhang (2003) derived a very general
CRS stacking operator for arbitrary top-surface topography. This stacking operator describes the secondorder traveltime moveout along any ray in the paraxial vicinity of a chosen central ray by means of physically interpretable properties. These properties, called kinematic wavefield attributes, are directly related
to the central ray. For comparison, in case of the well known common-midpoint (CMP) stack we have
only one kinematic wavefield attribute, i. e., the stacking velocity. For the specific geometry of CMP experiments on a planar measurement surface this single parameter is sufficient to describe the traveltime
moveout with offset up to the second order. In contrast to this, the CRS stack operator also takes neighboring CMP gathers into account, i. e., it describes the traveltime moveout with offset and midpoint dislocation.
In case of the zero-offset CRS stack, we choose the central ray to have the coincident source and receiver
location X0 and normal incidence on the reflecting interface. If we denote the traveltime along a paraxial
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ray by t and the traveltime along the central ray by t0 , the so-called parabolic CRS stacking operator for
arbitrary topography reads
tpar (∆m,
~ ~h)

= t0 −
+
+

2
(∆mx sin β0 + ∆mz cos β0 )
v0
KN
2
(∆mx cos β0 − ∆mz sin β0 )
v0
KNIP
2
(hx cos β0 − hz sin β0 ) ,
v0

(1)

~ 0 and
where (∆mx , ∆mz ) and (hx , hz ) are the components of midpoint displacement ∆m
~ = m
~ − OX
half-offset ~h of the considered paraxial ray. The searched-for CRS attributes are:
1. β0 , the emergence angle of the central ray measured with respect to the z-axis,
2. KNIP , the curvature of the normal-incidence-point wavefront, and
3. KN , the curvature of the normal wavefront.
The mentioned wavefronts are related to hypothetical eigenwaves firstly introduced by Hubral (1983). The
parameter v0 defines the near-surface velocity and is assumed to be known. By taking the square on both
sides of equation (1) and keeping only terms up to second order, we obtain the hyperbolic representation,
t2hyp (∆m,
~ ~h)


=

2
2
(∆mx sin β0 + ∆mz cos β0 )
v0
2 t0 K N
2
(∆mx cos β0 − ∆mz sin β0 )
v0
2 t0 KNIP
2
(hx cos β0 − hz sin β0 ) .
v0

t0 −
+
+

(2)

After systematic investigations, Ursin (1982) suggested that in most cases a hyperbolic traveltime formula
is a better approximation to the real traveltime response than a parabolic one. This was later verified by the
work of Höcht (1998), Müller (1999), Jäger (1999), and Bergler (2001). Therefore, we use the hyperbolic
traveltime expansion for our current implementation.
Even though equations (1) and (2) are quite compact and provide an accurate and very natural description of the topography, the computational cost connected with their practical evaluation are very high. In
order to determine the optimal stacking operator for a certain sample in the zero-offset section, a simultaneous search for at least two of the three CRS attributes is required. Therefore, we use equation (2) only for
the local optimization of the initial attributes, determined by means of a traveltime approximation which is
less accurate but better suited for a global search. Such a traveltime approximation was presented by Chira
et al. (2001). We will rederive this formula in the following starting from equation (1). For this purpose,
we establish in every point X0 a local Cartesian coordinate system as depicted in Figure 15, with its origin
in X0 and its x̂-axis being tangent to the surface in X0 . In the local coordinate system the ẑ-component
of any source or receiver point in the vicinity of X0 can be approximated up to the second order by the
relation
K0 2
d2 ẑ
x̂ , with K0 = − 2
(3)
ẑ(x̂) = −
2
dx̂ X0
being the local curvature of the measurement surface in X0 . Thus, in the local coordinate system the
location of two points S and G in the vicinity of X0 reads


x̂(S)
ẑ(S)




=

mx̂ − hx̂
− K20 (mx̂ − hx̂ )2




and

x̂(G)
ẑ(G)




=

mx̂ + hx̂
− K20 (mx̂ + hx̂ )2


.

(4)
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Figure 15: Local Cartesian coordinate system with origin in X0 and x̂-axis tangent to the measurement
surface in X0 .

For the corresponding midpoint and half-offset vectors we find, according to Figure 15,

 



mx̂
mx̂
x̂(G) + x̂(S)
=
,
m(S,
~
G) =
= 21
mẑ
ẑ(G) + ẑ(S)
− K20 (m2x̂ + h2x̂ )



 

hx̂
x̂(G) − x̂(S)
hx̂
~h(S, G) =
= 12
=
.
hẑ
ẑ(G) − ẑ(S)
−K0 mx̂ hx̂

(5)
(6)

Denoting the dip angle of the measurement surface in X0 with respect to a global z-axis by α0 we obtain
for ∆mz and hz after a simple rotation of the coordinate system
∆mx = mx̂ cos α0 − mẑ sin α0 ,
∆mz = mx̂ sin α0 + mẑ cos α0 ,

hx = hx̂ cos α0 − hẑ sin α0 ,
hz = hx̂ sin α0 + hẑ cos α0 .

(7)
(8)

From equations (5), (6), and (7) we can derive
mx̂ =

∆mx
sin α0 K0 2
−
(mx̂ + h2x̂ )
cos α0
cos α0 2

and hx̂ =

hx
sin α0
−
K0 mx̂ hx̂ .
cos α0
cos α0

(9)

Multiplying the above equations by mx̂ and hx̂ , respectively, we find the second order approximation
m2x̂ =

∆m2x
,
cos2 α0

h2x̂ =

h2x
,
cos2 α0

and mx̂ hx̂ =

∆mx hx
.
cos2 α0

(10)

Together with equations (5), (6), (8) and (9), this leads to the following expressions
∆mz

=

hz

=

sin α0 ∆mx
K0
(∆m2x + h2x ) ,
−
cos α0
2 cos3 α0
sin α0 hx
K0
−
∆mx hx .
cos α0
cos3 α0

(11)
(12)

Inserting equations (11) and (12) into equation (1) and retaining only terms up to the second order yields
the parabolic CRS traveltime operator for smoothly curved topography. By squaring both sides and keeping
again only terms up to second order, we obtain the hyperbolic CRS traveltime operator for smooth curved
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topography:
t2hyp (∆mx , hx )

2
2 ∆mx
=
t0 +
sin(β0 + α0 )
v0 cos α0

2 t0 ∆m2x
+
KN cos2 (β0 + α0 ) − K0 cos(β0 + α0 )
2
v0 cos α0

2 t0 h2x
+
KNIP cos2 (β0 + α0 ) − K0 cos(β0 + α0 ) .
v0 cos2 α0


(13)

Setting K0 = 0 and α0 = 0 the above traveltime operator reduces to the well-known zero-offset CRS
stack formula for a planar measurement surface (see, e. g. Höcht, 1998; Müller, 1999; Mann, 2002). For
convenience this formula (in different notation) is repeated here. It reads
t2hyp,planar (∆mx , hx )

2
2
=
t0 +
∆mx sin β0
v0
2 t0
+
KN cos2 β0 ∆m2x
v0
2 t0
KNIP cos2 β0 h2x .
+
v0


(14)

APPENDIX B
The redatuming of the zero-offset samples of stack and attribute sections is composed of a lateral displacement ∆x and a time shift ∆t. Denoting the emergence point of the zero-offset ray at the planar reference
level by X00 (x00 , z00 ) the respective transformations read
x00 = x0 + ∆x = x0 + (z00 − z0 ) tan β0

and t00 = t0 + ∆t = t0 +

2 (z00 − z0 )
.
v0 cos β0

(15)

An important aspect to be considered by the redatuming procedure is that the stack amplitudes and especially the CRS attributes KNIP and KN alter their values while the zero-offset ray is continued. The
0
0
propagation law (see, e. g., Hubral and Krey, 1980) yields for the two wavefront radii KNIP
and KN
measured at the planar reference level
0
KNIP


=

1
KNIP

1
+ ∆t v0
2

−1
and

0
KN


=

1
1
+ ∆t v0
KN
2

−1
(16)

The values of the emergence angle are not altered by the redatuming as no refraction occurs at the smoothly
curved reference level due to the condition vr = v0 . To map the stack amplitudes, the geometrical spreading factor calculated from the CRS attributes could be used to extrapolate appropriate values corresponding
to the planar reference level. However, this is not yet implemented and the amplitudes are currently mapped
without altering their values.
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ABSTRACT
An increasing interest in gas hydrates as a potential energy source gave reason for numerous field
studies, laboratory and numerical experiments, that have revealed some interesting aspects of sedimentary layers containing gas hydrates. Still the mechanism of formation of gas hydrates and the
reasons for an observed strong attenuation are not fully understood. Two rock physical models are
controversly debated: one attributes the content of gas hydrate to the properties of the rock’s matrix,
the other relates presence of hydrates to the properties of the pore fluid.
In our approach we assume, that an occurrence of gas hydrates affects the properties of the fluid, the
frame and the grain of the host sediment. A poroelastic generalization of the O’Doherty-Anstey theory indicates that this would result in increased values for attenuation.
In order to create realistic models of multilayered, poroelastic media and to account for the observed
strong fluctuations in gas hydrate-bearing sedimentary layers we investigate exponentially correlated,
random media. Numerical as well as analytical results confirm, that correlated fluctuations in properties of the frame, grain and fluid can cause significant attenuation values. Especially in the seismic
frequency range they are comparable to those observed in field measurements.

INTRODUCTION
Gas hydrates are ice-like solids or clathrates composed of water and natural gas, mainly methane, which
form under conditions of low temperature, high pressure, and proper gas concentration. The ice-like structure causes strong changes in the physical properties of the host sediment (Guerin and Goldberg, 2002).
Naturally these gas hydrates are located in sediments of permafrost regions and in marine sediments under
high pore fluid pressure and low temperature conditions. Wave velocities and attenuation are two important
properties of seismic investigations which can give information about lithology, saturation, and the in situ
conditions of rocks (Gei and Carcione, 2003). In gas hydrate-bearing sediments high velocity and strong
attenuation are observed. The increase of velocity and attenuation in gas hydrate-bearing sediments can
be caused by different parameters: microstructure, gas hydrate concentration, porosity, pore and confining
pressures, dominant frequency of signal, and gas and water saturation. Numerous laboratory experiments
and core measurements have shown, that an accumulation of crystals of gas hydrate in the pore space can
cause partial replacement of the pore fluid and stiffening of the rock’s usually weak frame, which results
in increased seismic velocities (Guerin and Goldberg, 2002; Bauer et al., 2005; McConnell and Kendall,
2002; Tinivella et al., 2002). Several authors consider increased acoustic velocities in the proper geological environment a reliable proxy for the presence of gas hydrates (Kumar et al., 2005; Ecker et al., 2000;
Tinivella and Lodolo, 2000).
The reasons for the observed strong attenuation, however, still are not fully understood. In our numerical
experiments we therefore primarily investigate seismic attenuation of vertically incident plane waves by
using a poroelastic model. The theory of poroelasticity enables us to model attenuation mechanisms in
multilayered media that could be related to the known geology and physics of hydrate-bearing sediments.
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BASIC CONCEPTS OF MODELING LAYERS CONTAINING GAS HYDRATES

Analysis of drilled cores and log data of sediments containing gas hydrates reveal strong fluctuations of the
various involved parameters (Winters et al., 2005). In terms of rock physics, for each layer these parameters can in general be described using a model consisting of the rock’s skeleton (frame) and the fluid in the
pore space. Considering seismic wave propagation certain physical parameters of the three phases (frame,
fluid, grain) can be used to calculate the properties of an effective medium (Mavko et al., 1998).
Most of the modeling work published so far relates hydrate content to frame properties and porosity (Gei
and Carcione, 2003; Kumar et al., 2005; Guerin and Goldberg, 2002). In those models the properties of the
fluid are solely altered by the presence of gas, which results in a pore fluid, that is effectively less dense,
less viscous and more compressible.
Recent laboratory experiments indicate, that crystals of hydrate are chemically subject to a permanent,
dynamic balance of formation and decay. This implies that the pore fluid permanently contains crystals
of hydrate smaller than the pore size, what would cause the pore fluid to be less compressible and more
viscous [e.g. Tohidi et al. (2001)].
Further the deposition of gas hydrates in the pore space would not only alter the properties of the frame.
Since hydrate becomes a constituent of the frame, it affects the bulk properties of the grain as well. In a
similar way this was implemented by Tinivella et. al (2000, 2002), who calculate frame properties (e.g.
bulk and shear moduli) from one effective solid material.
To implement the observed fluctuations in fluid, grain and frame into our model, and to account for possible correlations of these fluctuations we used a random media approach. The random fluctuations were
exponentially correlated to statistically characterize the random medium. In our model we assume that an
increasing content of hydrate in the pore space would at the same time:
• decrease the porosity (φ), hydraulic permeability (k), the grain’s bulk modulus (Kgr ) and bulk density (%gr )
• increase the frame’s bulk- (Kf r ) and shear modulus (µf r ), the fluid’s viscosity (η) and bulk modulus
(Kf l ).
The fluctuations in the density of the fluid (brine with density %f l ) are mainly interpreted as variations in
gas concentration, since both, hydrate and brine are much denser than gas.
NUMERICAL MODELING
Our model approach can seismically be addressed with the theory of wave propagation in fluid saturated,
poroelastic media (Biot, 1956). A seismic wave propagating through a fluid-saturated, porous medium is
being attenuated not only due to effects of elastic scattering, but due to the motion of the fluid relative to the
solid matrix as well. This fluid flow generally takes place at different scales, and can therefore be divided
into three different types: Biot global flow (Biot, 1956), squirt or local flow (Dvorkin et al., 1995) and interlayer flow (Gurevich and Loplatnikov, 1995). Attenuation due to Biot global flow reaches it’s maximum at
the Biot critical frequency ωc = φ η/k %f l , which is usually much higher than seismic frequencies (Müller,
1997). Consequently, we focus on attenuation due to scattering and interlayer flow, which is caused by
differences in pressure and fluid compressibility within the scale of a wavelength.
For our numerical experiments we used the Reflection Coefficient Module (OASR) of the OASES software, consisting of several modules for calculating seismic wave propagation in layered media using the
matrix propagator method (Schmidt and Tango, 1986). From input files containing information on thirteen
physical parameters, related to the three phases involved (fluid, frame and grain) OASR is able to calculate
complex, frequency-dependent reflection- and transmission coefficients (|T |, Phase ϕ) in poroelastic, fluid
saturated, layered media for a given range of frequencies and angles of incidence.
From the complex transmission coefficient T = |T | · ei ϕ and the thickness L of the stack of layers we
calculate the inverse P-wave quality factor Q−1 using (Mavko et al., 1998):
Q−1 = −

ln |T | v
·
L
πf

(1)

where v is the phase velocity v = ω L/ϕ of the P-wave, that can be calculated from frequency ω = 2π f
and vertical phase increment ϕ/L.
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In order to create realistic models of multilayered media we used the following approach: A gaussian
random process provides us with a random field of n normally distributed numbers R, where n is the desired
number of layers in our model. For a given average hXi and average-normalized standard deviation σXX ,
we yield the fluctuation part εXi of the physical quantity X in the i − th layer by: εXi = σXX · hXi · Ri .
In general a random medium is mathematically characterized by it’s auto-correlation-function (ACF) and
it’s probability-density-function (PDF) (Kamei et al., 2005). To statistically correlate our depth-dependent
fluctuations we used a spectral-based method (Frankel and Clayton, 1986): The Fourier-Transform of the
ACF, the so-called Pseudo-Spectral-Density-Function (PSDF), was multiplied with the Fourier-Transform
of the average-normalized fluctuations. The result was then inversely transformed and now contains the
properly correlated average-normalized fluctuations.
For derivation of average background values we chose properties of a highly permeable water-saturated
unconsolidated sediment: Kgr ≈ 35 GP a, %gr ≈ 2.65 g/cm3 , Kf r ≈ 3 GP a, µf r ≈ 2 GP a, φ ≈ 0.35,
k ≈ 1000 mD. To model the impact of gas hydrates we slightly modified these values according to the
properties of hydrate (% ≈ 0.9 g/cm3 , K ≈ 8 GP a, µ ≈ 5 GP a, see Guerin and Goldberg (2002); Gei and
Carcione (2003)) and according to estimations we have made using effective media theories (Mavko et al.,
1998). This enables us to interpret the fluctuations of the properties as variations in content of gas hydrate.
ESTIMATING P-WAVE ATTENUATION USING THE GENERALIZED ODA-FORMALISM
In order to estimate the influence of each of the nine varying parameters we made use of the poroelastic generalization of the O’Doherty-Anstey formulas developed by Gelinsky and Shapiro (1997). For a
statistically stationary, exponentially correlated, multilayered medium, they derived simple descriptions of
attenuation and phase velocity from a restricted number of statistical parameters characterizing the medium
(Shapiro and Hubral, 1999). Given a constant background average and small average-normalized fluctuations εi = (Xi − hXi)/hXi  1 the inverse quality factor Q−1 = 2 γ/κ1 can be expressed using the
attenuation coefficient γ:
Ca
2B a
+
,
(2)
1 + 2aκ2 + 2 (aκ2 )2
1 + 4 (aκ1 )2
p
p
ω η/2 k N are the wavenumbers of the fast and slow P-wave
where κ1 = ω · %sat /H and κ2 =
respectively. Equation (2) reveals the additive character of the three attenuation mechanism involved: κI1
is the imaginary part of the complex wavenumber κ1 and accounts for Biot global flow (Müller, 1997),
which has been neglected in our experiments since it occurs at frequencies much higher than the seismic
frequency range. The second term in eq. (2) describes the interlayer flow, where:
r
%sat P0 α02 M0
(P0 − α02 M0 )2 2
2B
ω
·
·
σαα +
=
·
2
H0
H0
P02
κ2
2
γ = κI1 +

(

2
2
2
+ σP2 P − 2 σP2 M + σM
M − 2 (σP α − σM α ) ·

P0 − α02 M0
P0

)

(3)

is a combination of the variances and covariances of the poroelastic parameters α (factor for relative loss
of stiffness), P (P-wave modulus of the dry material), M (a modulus accounting for fluid saturation) and
H (saturated P-wave modulus). The quantities marked with an index 0 are assumed to be averaged values:

−1
φ
α−φ
Kf r
M =
+
α = 1−
Kf l
Kgr
Kgr
2
4
H = P +α M
P = Kf r + µf r
3
Further Gelinsky and Shapiro (1997) derived expressions for calculating the frequencies, at which attenuation caused by scattering or interlayer flow would have their peaks.pWith N = P M/H and the correlation
length a those frequencies are ff low = N k/π η a2 and fscat = H/%sat /4 π a, which indicate that attenuation due to interlayer flow occurs at lower frequencies than attenuation caused by scattering.
For each of the attenuation mechanisms it is assumed that the fluctuations and correlations of the quantities
(e.g. the variances and covariances) are the dominant influence controlling the amplitude of attenuation
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(Shapiro and Müller, 1999). This makes our approach less dependent on the absolute values of the parameters, which are sometimes difficult to estimate, since exact in-situ measurements of all of the required
properties related to gas hydrates are not available.
The third term in eq. (2) accounts for scattering effects:
r
C
ω
%sat P02
α 2 M0 2
=
·
· 2 · σP2 P + 2 0
(σP M + 2 σP2 α ) +
2 κ1
8
H 0 H0
P0

(

+

)

α04 M02 2
2
2
(σM M + 4 σαα
+ 4 σM
α)
P02

(4)

Equation (3), (4) and especially the parameters α and M indicate that fluctuations in the properties of the
fluid and grain have an influence on attenuation. Although the generalized ODA formulas have been verified by several authors (Shapiro and Müller, 1999; Müller and Gurevich, 2004), we consider this formalism
rather an estimation than an exact calculation, since in bore hole data we observe strong fluctuations (up to
60 % in porosity, Guerin and Goldberg (2002) and several orders of magnitude in permeability). Modeling
results still show that the ODA formulas are suitable for identifying and estimating the parameters related
to attenuation.
EXAMPLES OF MODELING AND INTERPRETATION
In our models we investigate the influence of the fluctuations in fluid, frame and grain. All models consist
of 500 isotropic layers with a layer thickness of 0.3 m. The stack of layers therefore had a thickness of
L = 150 m and was embedded in a homogenous, elastic halfspace. The fluctuations were exponentially
correlated with a correlation length of a = 1.3 m. To account for the range of seismically relevant frequencies we modeled attenuation for frequencies from 0.5 Hz to 700 Hz.
In this study we consider three different scenarios:
• In order to compare and demonstrate the influence of fluctuations we started modeling stacks of
layers with small and intermediate fluctuations (Fig. 1). Attenuation is mainly caused by scattering
at higher frequencies and has it’s maximum peak of Q ≈ 40 around 100 Hz. The influence of
interlayer flow (Qmax ≈ 200) on attenuation is visible at lower frequencies (≈ 1 Hz) and rather
small, which is consistent with the results of Müller (1997). The results of our experiments with
small and intermediate fluctuations are not comparable to the strong attenuation of Q ≈ 20 observed
in field experiments (Bauer et al., 2005). Analytically [i.e. by solving eq. (2)] calculated attenuation
is in good agreement with the numerical results obtained by the OASES software.

Fig. 1: Velocity and attenuation for a model with intermediate fluctuations in fluid, frame and grain.
Averages (fluctuations) and variances are: %f l = 0.95 g/cm3 (9.6 %), Kf l = 2.7 GP a (16.4 %),
η = 1.6 cP (0 %), %gr = 2.45 g/cm3 (10.3 %), Kgr = 32.5 GP a (21.1 %), φ = 0.39 (31.4 %),
k = 1100.8 mD (28.6 %), µf r = 2.73 GP a (29.1 %), Kf r = 3.4 GP a (25.5 %), σP2 = 7.48 · 10−2 ,
2
2
−2
σM
= 0.11, σα2 = 4.27 · 10−3 , σP2 α = −1.68 · 10−2 , σP2 M = 7.37 · 10−2 , σM
α = −1.88 · 10
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• Our modeling experiments with large fluctuations in general yield attenuation values, that are significantly higher. To distinguish between the influence of frame, grain, and fluid we calculated models
with fluctuations in frame properties only. The modeling results shown in Fig. 2 indicate stronger
attenuation due to interlayer flow (Q ≈ 40 at f ≈ 2 Hz) and scattering (Q ≈ 20 at f ≈ 200 Hz),
than in our intermediate fluctuations model. Larger fluctuations obviously cause stronger attenuation
by scattering and interlayer flow. The results are comparable to the numerical experiments conducted by Gei and Carcione (2003) and Guerin and Goldberg (2002), who calculated attenuations in
the order of Q ≈ 20 − 70.

Fig. 2: Velocity and attenuation for a model with strong fluctuations in frame properties only.
Averages (fluctuations) and variances are: %f l = 1.03 g/cm3 (0 %), Kf l = 2.4 GP a (0 %),
η = 1.6 cP (0 %), %gr = 2.65 g/cm3 (0 %), Kgr = 35.0 GP a (0 %), φ = 0.38 (45.6 %),
k = 1124.9 mD (40.9 %), µf r = 2.67 GP a (52.3 %), Kf r = 3.3 GP a (50.6 %), σP2 = 0.27,
2
2
−3
σM
= 0.94, σα2 = 2.81 · 10−3 , σP2 α = −2.73 · 10−2 , σP2 M = 0.37, σM
α = −3.85 · 10
• Experiments with large fluctuations in all of the involved phases result in even stronger attenuation
(Fig. 3). The amplitude of attenuation is similar to the one observed by Bauer et al. (2005) during a
crosswell tomography. Attenuation values due to interlayer flow and scattering are comparable (Q >
20). Interlayer flow is less fluctuant than scattering and in the range of 1 − 5 Hz the dominant effect,
which has been observed by Müller (1997) as well. In models with strong fluctuations (> 40%) the
analytical solution of the generalized ODA theory significantly differs from numerical results, which
is due to it’s basic assumption, that the fluctuations are sufficiently small (ε  1). Moreover, another
important assumption of ODA theory is hεi = 0. In models with large fluctuations we observe that
hεi =
6 0, which can be observed in bore hole data as well (Bauer et al., 2005).

Fig. 3: Velocity and attenuation for a model with strong fluctuations in fluid, frame and grain.
Averages (fluctuations) and variances are: %f l = 0.98 g/cm3 (10.5 %), Kf l = 2.5 GP a (36.2 %),
η = 1.6 cP (0 %), %gr = 2.44 g/cm3 (21.2 %), Kgr = 31.9 GP a (42.7 %), φ = 0.38 (57.1 %),
k = 1078.5 mD (51.3 %), µf r = 2.88 GP a (53.5 %), Kf r = 3.6 GP a (52.5 %), σP2 = 0.28,
2
2
σM
= 11.41, σα2 = 5.07, σP2 α = −0.34, σP2 M = 0.24, σM
α = 0.12
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CONCLUSIONS

In our experiments we investigated P-wave attenuation in vertical direction caused by interlayer flow and
scattering in poroelastic media. Since the experiments conducted so far mostly relate hydrate content to
frame properties of the sediment we generated random models with fluctuations in frame only as well as
models with fluctuations in frame, grain and fluid.
The generalized ODA formulas enabled us to identify involved parameters and estimate attenuation in our
models. Deviations of analytical solutions from numerical calculations are due to assumptions made in the
derivation of the ODA formulas, that are not entirely fulfilled in our models.
Results indicate, that with increasing fluctuations we observe increasing attenuation in both types of models. Still the attenuation appears to be stronger in models with fluctuating fluid, grain and frame properties,
which is consistent with the results of Müller (1997). This indicates that especially fluid properties should
be considered investigating seismic attenuation in porous rocks containing gas hydrates. Results of Tohidi
et al. (2001) justify the assumption of fluctuating fluid properties.
Interlayer flow in highly permeable sedimentary layers may be a significant attenuation mechanism for
vertically incident plane waves especially in the lower seismic frequency range (1 - 5 Hz). Poroelastic
modeling yields attenuation values that are similar to field observations.
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ABSTRACT
This paper is concerned with the leaky mode, a possible attenuation phenomenon of seismic waves
in a gas-hydrate-bearing sediment layer. This attenuation mechanism in horizontal direction occurs
when a high-velocity layer is embedded in a low velocity zone. This is a typical situation for gas
hydrate occurrences. To quantify this mechanism a numerical model orientated on the crosswell-data
of the Mallik 2002 Gas Hydrate Research Project is created. In our purely elastic simulations we
can exclude the usual attenuation mechanism like scattering loss and intrinsic absorption. We will
demonstrate that the leaky mode is a significant attenuation mechanism which cannot be neglected.

INTRODUCTION
Gas hydrates are ice-like solids or clathrate composed of water and natural gas, mainly methane, which
forms under conditions of low temperature, high pressure, and proper gas concentration. The ice-like
structure causes strong changes in the physical (i.e., elastic) properties of the host sediment (Guerin and
Goldberg, 2002). Naturally these gas hydrates are located in sediments of permafrost regions and in marine
sediments under high pore fluid pressure and low temperature conditions. The common formula for gas
hydrate is M ∗ nH2 0 (M is a molecule of hydrate-forming gas, n is ratio of the quantity of water molecules
to one molecule of gas that varies from 5,75 to 17). At present time three different crystal structures of gas
hydrates are known: SI, SII and S-H (Sloan, 1998). However, it is not reported that they behave elastically
different. Wave velocities and attenuation are two important properties of seismic investigations which can
give information about lithology, saturation, and the in situ conditions of rocks (Gei and Carcione, 2003).
In gas-hydrate-bearing sediments high velocity and high attenuation are observed. The increase of velocity
and attenuation in gas-hydrate-bearing sediments can caused by different parameters: microstructure, gas
hydrate concentration, porosity, pore and confining pressures, dominant frequency of signal, and gas and
water saturation. During the crosswell ray-based tomography from the Mallik 2002 Project, in the Northern West Territorium of Canada, the phenomenon of high velocities and attenuation were observed. This
is a very typical observation for gas hydrate occurrences in general. The tomograms are dominated by the
effects of the gas hydrate deposits, which cause higher seismic velocities. The location of laminated silts
is correlated with increased velocity anisotropy. A combination of high velocities and strong attenuation
(Qp < 15) is observed in sediments with the highest gas hydrate saturation (up to 80 %), which provides
constraints on models for the microscopic structure of the deposits (Bauer et al., 2005a). Many theoretical estimations are proposed in which strong attenuation of seismic waves caused by three mechanisms:
intrinsic absorption, scattering loss and interlayer-fluid flow between layers induce by the passing wave.
Dai et al. (2004) investigated that the microstructure of gas hydrates also has an influence of the attenuation. We want to show that the observation of high attenuation and high P-wave velocity can be explained
partly by the so called leaky mode. This kind of acoustic energy propagates in one direction and is limited in the other two directions, and can be considered as multiply reflected and constructively interfering
waves. For example these waves are propagating in a gas-hydrate bearing sediment layer as a type of a
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guided wave. Each time a compressional wave hits the layer boundary, one part of the energy is reflected
back into the layer, while the rest is converted to compressional or shear energy that radiates into the non
gas-hydrate-bearing sediment layer or propagates along the interface of the two solids.
NUMERICAL EXPERIMENT
This study is mainly inspired on the crosswell seismic data from the Mallik 2002 drilling program. Mallik
is a subpermafrost location in the Mackenzie Delta, N.W.T., Canada. This drillings where carried out by the
Geological Survey of Canada (GSC), the Japan National Oil Corporation (JNOC/JAPEX), the United States
Geological Survey (USGS) and the Geoforschungszentrum Potsdam (GFZ). The wells named Mallik 3L38, 4L-38, 5L-38, were drilled through gas hydrate layer of depths approximately 900m-1100m beneath
600m of permafrost on a line of 40m spacing (Takahashi et al., 2005). The boreholes 3L-38 and 4L38 were used as source and receiver wells and the borehole 5L-38 as a production research well. The
following physical parameters [see Figure 1] for the Mallik crosshole data are determined by Bauer et al.
(2005b): velocity range of the elastic P-wave of 2000-4000 m/s. The petrophysical parameter of gashydrate-bearing sediment are determined by Kulenkampff and Spangenberg (2005): a bulk and matrix
density range of 1900-2000 kg/m3 and 2300-2600 kg/m3 .

Figure 1: a).This illustration shows the Mallik setup of the boreholes and the major regional stratigraphic
sequences and the depth range of the gas hydrate interval indicated on the right hand side., b). These two
tomograms modified from Bauer et al. (2005a) show high P-wave velocity correlated with high attenuation
in the gas-hydrate-bearing sediment.
The numerical simulations performed in this study are based on the RSG-FD-scheme (Saenger et al.,
2000). Two simplified 2-D numerical models of Mallik are created to simulate the wave propagation in a
gas hydrate-bearing sediment [i.e, a high-velocity layer, see Figure 2]. The models are made up of maximal
2600x1200 grid points with an interval of 0.25m and the parameters given in Table 1. A explosion source
is used in the different models. The source wavelet in the experiments is always the first derivative of
a gaussian curve with a dominant frequency of fdom = 95Hz. The P-wave generated in the models
propagates as a type of a guided wave through the gas-hydrate-bearing sediment layer. Within a vertical
line of 5 receivers, with a distance of 25-50-75-125-175m from the explosion source, we measure the
seismic wavefield.
model

thickness of LVL
[m]

thickness of HVL
[m]

vp and vs of LVL
[m/s]

vp and vs of HVL
[m/s]

ρ
[kg/m3 ]

A

300

25-37-50

2400
950

3700
1500

2200

B

300

25

2400
950

3700-3300-2900-2600-2500-2450
1500-1300-1100-950-950-950

2200

Table 1: The parameter of the different 2-D digital rock models.
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timestep t=0.030s
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Figure 2: Z-Snapshots of the numerical simulations at a timestep of t=0.015s, t=0.030s, t=0.045s and
t=0.060s. HVL is the high-velocity-layer (i.e., gas-hydrate-bearing sediment) and LVL the low-veloctylayers (i.e., non gas-hydrate-bearing sediment). The dot is the location of the explosion source and the
triangles of the five receivers.
NUMERICAL RESULTS
The numerical model shown in Figure 2 is the bases for several computations which simulate the P-wave
propagation in a high velocity layer (HVL) caused by an explosion source. The seismic waves provided
attenuation in this HVL [see Figure3]. The receivers measure the attenuation on the peak-to-peak ampli7

4
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HVL: 3700m/s (homogen)
HVL: 3700m/s LVL: 2400m/s
3
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time[s]
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Figure 3: Two seismograms recorded at R5 (see Figure2) for exactly the same explosion source. Solid
line: For a HVL with an infinite thickness. Dashed line: For a HVL of 25m thickness. The observed
attenuation is due to the leaky mode.
tude of a single compressional pulse, observed as they arrive. These observation are made under different
conditions as described in Table 1: In model A three different high velocity layer thicknesses with a constant P-wave velocity contrast and in model B a constant layer thickness with various P-wave velocities
contrasts. To determine the attenuation by the quality factor Q we perform a correction for geometrical
spreading. After this correction the seismic wave amplitude decay exponentially and the decay rates are
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proportional to Q−1 which characterizes the attenuation (Knopoff, 1964):
A(x) = A0 e(−xπ)/(λQ) ,

(1)

where A(x) is the displacement amplitude, A0 is the amplitude at the receiver points, x is the distance from
the explosion source, λ is the wavelength. The measured attenuation in the numerical calculations depends
in model A on the layer thickness of the experiment, but in B on a contrast of the P-wave velocities
of the high- to the low-velocity layers. As a result Q increases in model A with a decrease of the gas
hydrate layer thickness (low Q) and in model B Q decreases with a loss of the P-wave velocity (high Q)
[see Figure 4]. The observed losses can only be explained by the so called Leaky mode, because other
attenuation mechanisms are not included in our elastic FD-modeling calculations.
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Figure 4: Observed quality factors Q for our different simulations due to the leaky mode for our different
models. Left hand side: Different layer thickness and constant velocity contrast. Right hand side: Different
velocity contrast and constant layer thickness. Representing in a least square fit (amplitude versus distance
of travel).
CONCLUSIONS
In gas-hydrate-bearing sediments high velocity and high attenuation are observed. The increase of velocity
and attenuation in gas-hydrate-bearing sediments can caused by different parameters: microstructure, gas
hydrate concentration, porosity, pore and confining pressures, dominant frequency of signal, and gas and
water saturation. However, with our numerical considerations we quantify another significant attenuation
mechanism in horizontal direction: The phenomenon of leaky mode. By determing the attenuation of
P-waves in gas-hydrate-bearing sediment layer (i.e., a high-velocity layer), we show that this absorption
process can not be neglected. We can (partly) explain with our study the observed high attenuation which
correlates with a high P-wave velocity [see Figure 2] in the crosswell-tomography of Mallik 2002 (Bauer
et al., 2005a) .
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ABSTRACT
Numerical pore-scale simulation of elastic wave propagation is an emerging tool in the analysis of
static and dynamic elastic properties of porous materials. Rotated staggered-grid (RSG) finite difference method has proved to be particularly effective in modelling porous media saturated with ideal
fluids. Recently this method has been extended to viscoelastic (Maxwell) media, which allows, in particular, simulation of wave propagation in porous solids saturated with Newtonian fluids. To evaluate
the capability of the viscoelastic RSG algorithm in modelling wave dispersion and attenuation we perform numerical simulations for an idealized porous medium, namely a periodic system of alternating
solid and viscous fluid layers. Simulations are performed for a single frequency of 50 kHz (for shear
waves) and 500 kHz (for compressional waves) and a large range of fluid viscosities. The simulation
results show excellent agreement with the theoretical predictions. Specifically the simulations agree
with the prediction of Biot’s theory of poroelasticity at lower viscosities and with the viscoelastic
dissipation at higher viscosities. The finite-difference discretization is required to be sufficiently fine
for the appropriate sampling of the viscous boundary layer to achieve accurate simulations at the low
values of viscosity.

INTRODUCTION
Despite five decades of research into acoustics of porous media, many questions concerning the nature
of acoustic attenuation and dispersion in such media remain unresolved. Some of these questions can be
addressed by numerical simulations performed on the micro-scale, that is, on the scale of individual pores
and grains. This approach, which can be called digital (or computational) rock physics, is increasingly
used to model the effect of pores, fractures and fluid on the effective acoustic properties (Roberts and Garboczi, 2000; Arns et al., 2002, Grechka, 2003; Saenger et al., 2004) as well as geometrical, hydraulic and
electrical properties of rocks (Schwartz et al., 1994; Spanne et al., 1994; Auzerais et al., 1996; Arns et al.,
2001; Keehm et. al., 2004). Until recently, most of the computational methods for effective acoustic properties focused on ideally elastic materials saturated with ideal fluids; however understanding of acoustic
dissipation requires taking into account the viscosity of the pore fluids.
Recently Saenger et al. (2005) developed viscoelastic rotated staggered grid (VRSG) algorithm that can
perform pore-scale simulation of wave propagation in porous materials saturated with Newtonian fluids.
The algorithm of Saenger et al. (2005) is essentially an extension to viscous pore fluids of the rotated
staggered grid (RSG) finite-difference (FD) method developed by Saenger et al. (2000). The fluid viscosity
is included by modelling the pore fluid as generalised Maxwell body (GMB), which in a wide range of
viscosities and frequencies is equivalent to a Newtonian fluid.
In order to use VRSG algorithm for the study of wave propagation in porous media, it is necessary
to investigate whether this algorithms can accurately simulate known effects in wave propagation in such
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media. It is known that attenuation and dispersion of elastic waves in poroelastic media mainly occurs due
to the flow of the pore fluid induced by the propagating waves. Such wave-induced fluid flow can occur due
to pressure gradients between peaks and troughs in the wave (Biot’s global flow (Biot, 1956a,b)), between
more compliant and stiff pores (local or squirt flow (Mavko and Jizba, 1991, Dvorkin et al., 1995)) and between regions of lower and higher compliance (mesoscopic flow (Pride and Berryman, 2003)). The global
flow attenuation and dispersion can occur in homogeneous single-porosity media described by the classical Biot’s equations of poroelaticity (Biot, 1956a,b), and has a peak at the so-called Biot’s characteristic
frequency
η
ωB =
,
(1)
ρf κ
where η and ρf are the viscosity and density of the pore fluid, and κ the permeability of the medium.
The local flow attenuation is less well understood. While there is no universally accepted model of this
phenomenon, it is generally believed that its characteristic frequency is given by
 n
B b
ωR =
,
(2)
η a
where B is characteristic rock stiffness, a is characteristic size of the (stiff) pores, b << a is characteristic
thickness of compliant pores (cracks) and n is a dimensionless constant usually taken to be equal to 3
(Mavko and Nur, 1975). The characteristic frequency of the mesoscopic attenuation is given by equation
(1) with n = 2 (Pride et al., 2003). The principle difference between equations (1) and (2) is in the
role of fluid viscosity: Increase of fluid viscosity causes an increase of Biot’s characteristic frequency
but a decrease of the characteristic frequency for local and mesoscopic flow. One can also note that for
single porosity medium (that is, a medium where the size of all pores is of the same order of magnitude)
b/a = O(1) so that
B
(3)
ωR = .
η
Therefore, for the single-porosity medium frequency ωR is the same as that for attenuation due to the
classical viscoelastic effect, also known as viscous shear relaxation, that is, stiffening of the material due
to fluid viscosity at high frequencies. In other words, in single porosity medium local flow attenuation
reduces to classical viscoelastic atternuation.
In order to be applicable for a detailed simulations of porous media, VRSG algorithm needs to be able
to simulate phenomena with characteristic frequencies given by equations (1) and (2) or (3). To do this,
one needs to simulate the dynamic behaviour of a porous medium with VRSG algorithm and compare the
results with known expressions for attenuation and dispersion in such media. While explicit expressions are
known for global-flow (Biot’s) attenuation (Biot, 1956a,b), they are not known for local flow mechanism,
which is the least understood.
This problem can be at least partially resolved by considering an idealised porous medium, such as
a periodic system of alternating solid and viscous fluid layers. Such a system, although very idealised,
is known to possess many features of saturated porous media. In particular, shear and compressional
waves propagating in the plane of the layers of such system and polarised in the same plane have exhibit
both Biot’s and viscoelastic attenuation with characteristic frequencies given by equations (1) and (3 ),
respectively. At the same time, such a layered system represents the only case of a porous medium for
which exact expressions for attenuation and dispersion are known. For these reasons the periodic system
of alternating solid and viscous fluid layers is ideally suited for testing of the VRSG algorithm.
Recently Saenger et al. (2005) simulated shear wave propagation in a system of solid and fluid layers
and showed excellent agreement with the theoretical solution for Biot’s global-flow velocity dispersion.
The objective of this paper is to expand on the results of (Saenger et al., 2005) in three ways: (1) by
performing numerical simulations of compressional as well as shear wave propagation, (2) computing
attenuation as well as dispersion of these waves, and (3) comparing the numerical and theoretical results
for both global and local-flow mechanisms.
First, we review the exact dispersion equations for such layered systems and give the basic description
of VRSG algorithm. Numerical setup and simulation results are presented in the last section followed by
conclusions.
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THEORETICAL BACKGROUND

Consider a system of periodically alternating solid and fluid layers of period d (Figure 1). The elastic solid
has density ρs , bulk modulus Ks and shear modulus µs . The viscous fluid has densityρf , bulk modulus
(inverse compressibility) Kf , and dynamic viscosity η. The solid and fluid layer thicknesses are hs and
hf , respectively, so that hs + hf = d.
We analyze the propagation of shear and compressional waves in the x direction parallel to the layering,
with the displacement in the direction y (for the shear or SH wave) and to x (for the compressional wave),
both parallel to the bedding. For a given frequency ω the solutions can be sought in the form of plane waves
uy = uy0 exp iω(x/b − t)

(4)

ux = ux0 exp iω(x/c − t)

(5)

for the SH-wave and

for the P-wave.

Figure 1: Medium of alternating solid and viscous fluid layers.

Shear waves
Propagation of the SH wave in a periodic system of solid and viscous fluid layers is governed by an exact
dispersion equation (Rytov, 1956, Brekhovskikh, 1981, Gurevich, 2002a):


βs hs
βf hf
2 βs hs
2 βf hf
p tan
+ tan
+ (1 + p2 ) tan
tan
= 0.
2
2
2
2

(6)




1/2
1/2
Here βs2 = ω 2 1/b2s − 1/b2 , βf2 = ω 2 1/b2f − 1/b2 , where bs = (µs /ρs ) , and bf = (µf /ρf )
are shear velocities in the materials s and f , respectively, p = µf βf /µs βs and µf = −iωη.
Our aim is to solve the dispersion equation (6) on a macroscale, that is for long waves, to obtain the
phase velocities b and c as a function of ω for long waves such that |ωd/b| << 1. In this limiting case
equation (6) reduces to (Gurevich, 2002b):
"
#

ρ2f φ2
1
1
φ
1
+
iω/ω
=
ρ
−
,
V
b2
µ
q(ω)
1−φ

(7)
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where φ = hf /d is the volume fraction of the fluid layers (porosity), µ = µs (1 − φ) is the static shear
modulus of the system, ρ = (1 − φ)ρs + φρf is the average density, and
h
i−1
−1/2
1/2
q(ω) = φρf 1 − (iω/ωB )
tan (iω/ωB )
,

(8)

is generalized virtual mass coefficient of the layered system. ωB has the role of characteristic frequency
and is given by an equation similar to equation (1):
ωB = ηφ/3κρf = 4η/ρf h2f

(9)

with permeability of porous slabs given by (Bedford, 1986)
κ=

φh2f
.
12

(10)

In turn, ωV is viscoelastic characteristic frequency, equation (3 ). According to equation (7), the behaviour
of SH-wave velocity dispersion and attenuation in the layered system depends on the ratio ωB /ωV . When
ωB << ωV , equation (7) reduces to
"
#
ρ2f φ2
1
1
=
ρ−
.
(11)
b2
µ
q(ω)
The dispersion equation (11) is identical to the dispersion equation for S-waves in a porous medium described by Biot’s theory of poroelasticity with permeability (10) and virtual mass coefficient (8), thus
confirming the system of solid and fluid layers as a particular (limiting) case of a poroelastic medium. In
the opposite case ωB << ωV , we have


1
φ
1
=
1
+
iω/ω
.
(12)
V
b2
µ
1−φ
This equation describes the standard viscoelastic dispersion (Gurevich, 1999, 2002a).
The theoretical solutions presented above give the complex shear-wave velocity (or slowness) as a
function of frequency. Real part of the complex velocity yields the phase velocity of the wave, while the
ratio of imaginary to real part of the squared slowness yields the dimensionless attenuation (inverse quality
factor)
Im b−2
Q−1
=
.
(13)
Sh
Re b−2
Compressional waves
Propagation of the P wave in a periodic system of solid layers denoted by s and f is governed by an exact
dispersion equation (Rytov, 1956, Brekhovskikh, 1981, Gurevich, 2002a):


4(µs − µf )2 K1 K2 + ω 2 ρs c2 ρs − 4 (µs − µf ) K2 tan βs2hs


β h
+ω 2 ρf c2 ρfh + 4 (µs − µf ) K1 tan f2 if
(14)
β h
−ω 2 ρf ρs c2 L1 tan f2 f + L2 tan βs2hs = 0,
1/2

1/2

where αs2 = ω 2 (1/cs − 1/c), αf2 = ω 2 (1/cf − 1/c) and cs = [(Ks + 4µs /3)/ρs ] , cf = [(Kf + 4µf /3)/ρf ]
are compressional velocities in the materials s and f , respectively, Imµf = Imλf = −ωη, Kf =
λf + 2µf /3 and
2
K1 = ωc2 tan βs2hs + αs βs tan αs2hs ,
2
β h
α h
K2 = ωc2 tan f2 f + αf βf tan f2 f ,
(15)
αf hf
βs hs
ω2
L1 = c2 tan 2 − αf βs tan 2 ,
2
β h
L2 = ωc2 tan f2 f − αs βf tan αs2hs .
Similarly to the shear wave case, equation (6) needs to be analysed on the macroscale, that is in the
limit|ωd/c| << 1. However such a theoretical analysis appears to be too involved, and the analytical
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solution is only known in the low-frequency limit (Gurevich, 2002a). However it has been shown numerically (Bedford, 1986), that for sufficiently small values of |ωd/c| attenuation and dispersion predicted
by equation (14) are the same as given by Biot’s dispersion equation for fast compressional waves in a
porous medium with steady state permeability (10) and virtual mass coefficient given by (8). Note that
both equation (14) and Biot’s theory predict another type of compressional wave, so-called Biot’s slow
wave. However analysis of this highly dispersive wave is beyond the scope of this paper.
The theoretical expressions summarised in this section will be used for comparison with numerical
simulations.
ALGORITHM
To model wave propagation in a solid-fluid mixture, we apply displacement-stress rotated staggered finitedifference grid (Saenger et al., 2000) to solve the elastodynamic wave equation. With a viscoelastic extension (described in detail in Saenger et al., 2005) we are able to model wave propagation in different kinds
of porous media.
The theoretical model of viscoelasticity is based on an approach described by Emmerich and Korn
(1987). Incorporation of viscosity based on the generalized Maxwell body (GMB) means that Hooke’s law
is modified:
n
X
ij
σij = cijkl kl −
ξm
.
(16)
m=1

In this equation, σij , cijkl , εkl denote the stresses, the elastic tensor and the strains, respectively. The
ij
number of relaxation mechanisms is equal to m. The anelastic functions ξm
are determined by:
ij
ij
ξ˙m
+ ωm ξm
= ωm Ỹmijkl εkl ,

(17)

with Ỹmijkl as the tensors of anelastic coefficients and ωm as angular relaxation frequencies. The GMB
frequency-dependent viscoelastic modulus Cijkl (ω) can be derived by inserting the Fourier transform of
equation (17) into equation (16):
Cijkl (ω) = cijkl −

n
X

Ỹmijkl

m=1

ωm
.
iω + ωm

(18)

A second order discretization of equation (6) is implemented in the rotated staggered grid algorithm. As a
ij
result the anelastic functions ξm
and coefficients Ỹmijkl are located in the center of an elementary FD-cell
at the same position as the stress tensor (see Fig 1(d) of Saenger et. al 2000). The exact position of a
boundary between two different materials is exactly the bound of the appendant elementary cells.
A compressible viscous fluid (i.e., Newtonian fluid) can be charcterized by the following frequencydependent elastic moduli:
C44 (ω) = µ(ω) = iωηµ ,
(19)
C12 (ω) = λ(ω) = λ(0) + iωηλ ,

(20)

with λ(ω) and µ(ω) as angular-frequency dependent Lamé parameters. For all examples in this paper we
assume that the dynamic fluid viscosity η is equal to ηµ and ηλ . However, the key question is how to
approximate the viscous behaviour given by equation (19) and (20) with a GMB. The following strategy is
based on a Taylor-expansion of equation (18) for ω = 0:
•We use one relaxation mechanism (n=1).
•Ỹ144 = c44 . Only in this case it is possible that C44 (0) = 0.
•In the low frequency range of the GMB for one relaxation mechanism one can determine the wanted
fluid-viscosity by using the following relations:
ηµ =

1 ∂C44 (ω, Ỹ144 = c44 )
i
∂ω
ηλ =

1 ∂C12 (ω)
i
∂ω

=
ω=0

=
ω=0

Ỹ112
.
ω1

c44
,
ω1

(21)

(22)
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•For ηµ = ηλ one can show that Ỹ112 = c44 . Further, with equation (18), (20) and the known relation
c11 = c12 + 2c44 one can derive (for ω = 0):
c11 = λ(0) + 3c44 .

(23)

•For FD approaches it is necessary to take into account the stability criterion. For the rotated staggered
grid with FD operators of second order in time and space the following relation is valid (Saenger et al.
2000):
r
c11
∆h
= vp ≤ γ, γ =
.
(24)
ρf luid
∆t
•We choose c44 with the following restriction [given by the ’stability criterion’-relation (24) and equation (23)]:
γ 2 ρf luid − λ(0)
.
(25)
c44 ≤
3
•Together with the choice of the angular relaxation frequency ω1 one can determine the wanted dynamic
viscosity η [compare with equation (21)].
•We choose a source signal in the low frequency range of the applied GMB (ωsource << ω1 ).
NUMERICAL SIMULATIONS AND RESULTS
Numerical setup
To obtain effective velocities and attenuation coefficients in layered media we choose the following numerical setup. The full synthetic model contains two horizontal thin layers of viscous fluid and elastic solid
of equal size (30x3000 grid points with an interval of ∆x=0.0001 m for SH wave and ∆x=0.00001 m
for P wave). The solid has the P-wave velocity vp =5100 m/s, S-wave velocity vs =2944 m/s, density
ρs =2540 kg/m3 and viscosity η=0 kg/m.s. For the viscous fluid we always set c11 =3.922*1011 , c44 =1.3*1011
, and ρf =1000 kg/m3 . The fluid viscosity η is varied with the choice of ω1 (see equation (21)). To generate
a plane SH-wave (Ricker1, fdom =50 kHz, ∆t=5e-9 s) or a P-wave (Ricker1, fdom =500 kHz, ∆t=5e-10 s),
we apply a line source in horizontal or vertical direction and perform the finite-difference simulations with
periodic boundary conditions in the same direction. The effective velocity is estimated by measuring the
time of the zero-crossing of the plane wave over a distance of 1000 grid points. All computations are
carried out with the second order spatial FD operators and with the second order time update.
To obtain attenuation coefficients from simulation data we analyze the amplitude decaying with distance
over one wavelength. Based on the constant “Q” model (Knopoff, 1964, Pilant, 1979, Mavko et al., 1998)
the attenuation 1/Q reads
1 ∆A
1
=−
.
(26)
Q
π A LW
where ∆A is the change in amplitude A over one wavelength “LW ”. This methodology is used to derive
the attenuation from the numerically simulated waveforms at the distance of one wavelength.
Numerical results
The results of shear wave simulations are summarized in Figures 2a and 2b which show the shear wave
velocity and attenuation plotted versus the fluid viscosity. The solid triangles are simulations results, and
the solid line is the theoretical solution obtained by numerically solving the exact dispersion equation (6).
Also shown are theoretical solution in poroelastic (11) and viscoelastic (12) limits. We observe a very good
agreement between the full theoretical solutions and the numerical simulations for almost the full range of
viscosities. Up until viscosity of about 3000 kg/ms the numerical solution also agrees with poroelastic
(Biot’s) solution (11), after which it tends to follow the viscoelastic solution (12). This latter effect is
shown only for a relatively narrow range of frequencies, as the viscoelastic solution is only valid as long
as the parameter ω/ωV = ωη/µs is small, that is, for viscosities η << µs /ω. At higher viscosities when
the viscoelastic term begins to dominate, the waves become strongly dispersive and our method of velocity
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Figure 2: Shear wave velocity (a) and attenuation (b) versus viscosity. The triangles represent values of
shear wave velocity obtained from numerical simulations for models with different viscosity values. The
cross-dotted line corresponds to exact solution (6), the solid line represents the poroelastic solution (7) and
the dash-dotted line denotes the viscoelastic solution (12).

estimation no longer applies. We did not focus on these high viscosities as they are unphysical (in the sense
that Newtonian fluid model is no longer valid, see Landau and Lifshitz, 1987). The viscoelastic behaviour
is much more clearly visible on attenuation than on the dispersion plot, since the first-order viscoelastic
term in (12) is purely imaginary and therefore does not contribute to the phase velocity.
Some small discrepancies are observed for very low and very high viscosities. The discrepancy at low
viscosity is likely to be caused by insufficient sampling of the viscous boundary layer near the solid/fluid
interface. For instance, at viscosity η = 10 kg / ms and frequency 50 kHz, the thickness of the boundary
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1/2

layer (viscous skin depth) is already about (2η/ωρf )
= 2.5 · 10−4 m, or about less than 3 grid points
of the FD grid. Thus the value η = 10 kg / m.s is the minimum value of viscosity for which the boundary
layer is adequately sampled.
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Figure 3: SH-wave velocity versus viscosity. The solid line corresponds to the poroelastic solution (equation 7 ). The discrete points represent values of SH-wave velocity obtained from numerical simulations for
models with varying number of grid points.
To further investigate the relationship between the thickness of the viscous solid/fluid boundary and
the number of grid points, the computation of shear velocities was performed for different number of grid
points and different size of spatial steps. The results are summarised in Figure 3. These results demonstrate
that insufficient spatial sampling causes the observed velocity errors at low viscosities, in situations when
the viscous skin depth is small.
The results for P-wave dispersion and attenuation are shown in Figure 4a, b. The numerically simulated
values of P-wave velocities (Figure 4a) and inverse quality factor (Figure 4b) are consistent with the exact
solution. This agreement is observed in a wide range of viscosities. A small discrepancy appears at
viscosities as low as η < 0.1 kg / m.s. At these very low viscosities the very thin solid/fluid boundary layer
is still not properly discretized.
It is useful to note that Biot’s theory of poroelasticity neglects the bulk viscosity of the pore fluid.
Our numerical simulations include the effects of both bulk and shear viscosities. The theoretical solution
for shear waves includes only the effect of shear viscosity. The good agreement between the numerical
simulation and the theoretical attenuation and dispersion proves the legitimacy of Biot’s assumption as
expected. For compressional waves Figures 4a,b show solutions both with (Imλf = Imµf = −ωη)
and without (Imλf = 0) bulk viscosity. We see that influence of bulk viscosity on the dispersion and
attenuation of compressional waves is negligible in the poroelastic regime, and becomes significant only in
the viscoelastic regime, again confirming Biot’s assumption.
CONCLUSIONS
The main result of this paper is an excellent agreement between the numerical simulations and theoretical
predictions of shear and compressional wave velocities and attenuation factors. This agreement is observed
in a wide range of fluid visocities. In the lower viscosity range the solution shows excellent agreement with
the poroelastic solution as predicted by Biot’s theory of poroelasticity. At higher viscositis the behaviour
of velocities and, in particular, attenuation factors is consistent with classical viscoelastic dissipation. This
confirms that the viscoelastic rotated staggered grid FD method of Saenger et al. (2005) is capable of
modelling both poroelastic (associated with global flow) and viscoelastic effects with high accuracy. The
finite-difference discretization required to achieve this accuracy must be sufficiently fine to ensure adequate
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Figure 4: Compressional wave velocity (a) and attenuation (b) versus viscosity. The dashed line corresponds to the exact Rytov’s dispersion equation (14) for the case when the bulk viscosity of the fluid layer
is neglected. The cross-dotted line represents the exact Rytov’s dispersion equation when the solution accounts for the bulk viscosity of the fluid layer. The solid line corresponds to the Biot’s dispersion equation
for compressional waves. The triangles represent values of compressional wave velocity obtained from
numerical simulations for models with varying viscosities for spatial step ∆x = 1e − 5.

sampling of viscous boundary layer near the pore wall. At least two grid points with spatial distance less
than the viscous skip depth are required for the accurate computation.
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ABSTRACT
This paper is concerned with numerical considerations of viscous fluid effects on wave propagation
in porous media. We apply a displacement-stress rotated staggered finite-difference (FD) grid technique to solve the elastodynamic wave equation. An accurate approximation of a Newtonian fluid is
implemented in this technique by using a generalized Maxwell body. With this approach we consider
the velocity predictions of the Biot theory for elastic waves in different digital rock samples. To distinguish between the low and the high frequency range we estimate the effective permeabilities by a
flow simulation. Our numerical results indicate that the viscous Biot-coupling is visible in the numerical experiments. Moreover, the influences of other solid-fluid interactions (e.g. Squirt flow) are also
discussed.

INTRODUCTION
Although the theory of seismic wave propagation in porous fluid-saturated media has been established 50
years ago (Biot, 1956) there are still many unanswered questions about the origin of attenuation and dispersion in such media. In particular, while it is generally accepted that these dissipative effects can be
explained by the presence of wave-induced flow phenomena, there is still no consensus on the mathematical model of these phenomena. Some of the questions about the physics of wave propagation in porous
materials can be addressed by numerical simulations performed on the micro-scale, that is, on the scale
of individual pores and grains. Having this in mind, Saenger et al. (2004b) already have performed such
wave propagation simulations based on the rotated staggered grid (RSG) finite-difference (FD) technique
(Saenger et al., 2000). However, they have restricted themselves to determine effective elastic properties
of porous media saturated with a non-viscous fluid.
In this paper we extend this approach to a Newtonian (i.e. viscous) fluid. We propose an accurate
approximation of a viscous fluid saturating a porous solid using a generalized Maxwell body. This is a
well-known rheological model, which has been previously used to simulate (nearly) constant frequencyindependent attenuation by a time-domain FD scheme (Emmerich and Korn, 1987; Kristek and Moczo,
2003).
In a second part of this paper, we use the proposed method to test the applicability of the Biot velocity
relations (Biot, 1956) to porous materials. We explicitely simulate elastic waves in porous solid structures
saturated with a viscous fluid. This means that our modeling involves all solid-fluid interactions which are
covered by the elastodynamic wave equation. The goal here is to identify explicitely the seismic effect of
the viscous Biot-coupling in the numerical experiments.
The flow simulations additionally performed in this paper are carried out for the determination of the
reference frequency of the Biot theory. These simulations provide a combined estimate of transport and
mechanical properties of the same digital rock sample.
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DIGITAL ROCK SAMPLES

To generate realistic synthetic microstructures we use an approach described in Roberts and Garboczi
(2002), the so-called open-cell Gaussian random field (GRF) scheme. The porespace is defined by the
intersection of two two-cutted Gaussian random fields (i.e. Gaussian A and Gaussian B; see Table 1 for
details). To ensure a complete connectivity of the pores we eliminate isolated pores. In this paper we use
exact the same GRF’s as in Saenger et al. (2004b). Figure 1 shows one typical realization (GRF3).

Figure 1: An open-cell Gaussian random field (GRF3). The structure shown is the porespace, the transparent part is the grain material.
Permeability values were estimated through the Lattice-Boltzmann (LB) flow simulations on the synthetic digital rocks. The biggest advantages of the LB method are that it is readily applied to any arbitrary
discrete geometry (Keehm et al., 2004) and that it describes fluid flow in porous media very accurately
(Ladd, 1994; Keehm, 2003). We used the time-averaged velocity scheme (Ladd, 1994) to avoid artifacts
in local velocity fields. The numerical flow simulation was performed with an assigned pressure gradient
(∇P ) across opposite faces of cubical digital rocks. We imposed no-flow boundary condition on the other
four side faces of the cube. From the simulated local flux field, we calculated a volume-averaged flux
< q >. Then, the macroscopic permeability (κ) was estimated using the Darcy’s law:
< q >=

κ
∇P
η

(1)

where η is the dynamic viscosity of the fluid. We repeated the LB simulation with 1-D pressure gradient
for all three directions and the permeability was estimated by averaging three permeability values (κx , κy
and κz ). We did not observe any significant anisotropy of permeability in the synthetic digital rocks. With
the permeability (Table 1) it is possible to calculate the Biot reference frequency (Table 2).
VISCOELASTIC WAVE SIMULATIONS
Theoretical model of viscoelasticity
We reformulate the approach described by Emmerich and Korn (1987) and Kristek and Moczo (2003).
Incorporation of viscosity based on the generalized Maxwell body (GMB) means that Hooke’s law is
modified:
n
X
ij
σij = cijkl kl −
ξm
.
(2)
m=1
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MEDIUM
Porosity φ
Perm. κ [10−4 (∆x)2 ]
corrl. len. [0.0002m]
cut min.
cut max.
corrl. len. [0.0002m]
cut min.
cut max.

GRF 1
GRF 2
3.42% 8.77%
9.780
151.5
Gaussian A
25
25
0.4
0.4
0.6
0.6
Gaussian B
30
30
0.485
0.48
0.515
0.52

GRF 3
13.2%
500.6

GRF 4
8.02%
33.1

GRF 5
21.6%
647.6

25
0.4
0.6

13
0.4
0.6

25
0.38
0.62

30
0.4575
0.5415

15
0.4904
0.5296

14
0.46
0.54

Table 1: Details of the open-cell GRF models (size: 4003 gridpoints, ∆x = 0.0002m). Every single model
(GRF1-5) is build up of the intersection of two two-level cutted Gaussian random fields (Gaussian A and
B).
In this equation, σij , cijkl , kl denote the stresses, the elastic tensor and the strains, respectively. The
ij
number of relaxation mechanisms is equal to n. The anelastic functions ξm
are determined by:
ij
ij
ξ˙m
+ ωm ξm
= ωm Ỹmijkl kl ,

(3)

with Ỹmijkl as the tensors of anelastic coefficients and ωm as angular relaxation frequencies. The GMB
frequency-dependent viscoelastic modulus Cijkl (ω) can be derived by inserting the Fourier transform of
equation (3) into equation (2):
Cijkl (ω) = cijkl −

n
X
m=1

Ỹmijkl

ωm
.
iω + ωm

(4)

Using this formalism it is possible to implement attenuation in a general anisotropic media.
Implementation of viscoelasticity in a displacement-stress rotated staggered grid scheme
A second-order discretization in time of equation (3) yields (compare with discretization of equation (28)
of Emmerich and Korn (1987)):
ij
ξm
(t + 1/2∆t) =
2 − ωm ∆t ij
2ωm ∆t
ξ (t − 1/2∆t) +
Ỹ ijkl kl (t).
2 + ωm ∆t m
2 + ωm ∆t m

(5)

This can be implemented in a displacement-stress finite difference algorithm as shown in Moczo et al.
(2001). They point out that this is the most efficient FD scheme for incorporating attenuation models. One
main feature of the RSG is that all components of one physical property are placed in an elementary cell at
ij
one single location. This is also true for the anelastic functions ξm
and the tensor of anelastic coefficients
ijkl
Ỹm . These parameters are located at the same position as the stiffness tensor (see Fig. 1(d) of Saenger
et al. (2000)).
Approximation of a Newtonian fluid using a generalized Maxwell body
A compressible viscous fluid is charcterized by the following frequency-dependent elastic moduli (Auld,
1973):
C44 (ω) = µ(ω) = iωηµ ,
(6)
C12 (ω) = λ(ω) = λ(0) + iωηλ ,

(7)

with λ(ω) and µ(ω) as angular-frequency dependent Lamé parameters. For all examples in this paper
we assume that ηµ = ηλ = η. The key problem is how to approximate the viscous behaviour given by
equation (6) and (7) using a GMB. The following strategy (illustrated in Figure 2) is based on a Taylorexpansion of equation (4) around ω = 0:
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• We use one relaxation mechanism (n=1).
• Ỹ144 = c44 . Only in this case it is possible that C44 (0) = 0 [compare with equation (6) and (4)].
• In the low frequency range of the GMB, using one relaxation mechanism, the wanted fluid-viscosity
can be determined by the following relations:
ηµ =

1 ∂C44 (ω, Ỹ144 = c44 )
i
∂ω

ηλ =

1 ∂C12 (ω)
i
∂ω

=
ω=0

=
ω=0

c44
,
ω1

Ỹ112
.
ω1

(8)

(9)

• From ηµ = ηλ it follows Ỹ112 = c44 . Further, with equation (4), (7) and the known relation c11 =
c12 + 2c44 we obtain:
c11 = λ(0) + 3c44 .

(10)

• For FD approaches it is necessary to take into account the stability criterion. For the rotated staggered
grid with FD operators of second order in time and space the following relation is valid (Saenger
et al., 2000):
r
∆h
c11
= vp ≤ γ, γ =
.
(11)
ρf luid
∆t
• We choose c44 from the following range [given by the ’stability criterion’-relation (11) and equation (10)]:
γ 2 ρf luid − λ(0)
.
(12)
c44 ≤
3
Together with the choice of the angular relaxation frequency ω1 one can determine the wanted dynamic viscosity η [compare with equation (8)].
• We choose a source signal in the low frequency range of the applied GMB (2πfsource << ω1 ).

Wave propagation modeling procedure
We apply the 3D RSG-technique with the viscoelastic extension described above to explicitely model
wave propagation in fluid saturated porous media. The synthetic porous rock-models are embedded in
a homogeneous elastic region. The full models are made up of 804x400x400 grid points with an interval of ∆x=0.0002m. In the homogeneous region and for the grain material we set a P-wave velocity of
vp =5100m/s, a S-wave velocity of vs =2944m/s and a density of ρgrain =2540kg/m3 . For dry pores we
set vp =0m/s, vs =0m/s and ρv =0.0001kg/m3 . For the fluid-filled pores we use the parameters given in
Table 2. We perform our modeling experiments with periodic boundary conditions in the two horizontal
directions. To obtain effective velocities in different models we apply a body force plane source at the top
of the model. The plane P- or S-wave generated in this way propagates through the porous medium. We
measure the time-delay of the peak amplitude of the mean plane wave caused by the inhomogeneous region. Using the time-delay we estimate the effective velocity and, therefore, also the corresponding elastic
moduli (see Table 2). The source wavelet is the first derivative of a Gaussian with a dominant frequency of
fsource = 8 × 104 Hz and with a time increment of ∆t = 2.1 ∗ 10−8 s. All computations are performed
with second order spatial FD operators and with a second order time update. A similar numerical setup
with a detailed error analysis is discussed in Saenger et al. (2004a).
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Figure 2: Absolute values of the shear modulus C44 in dependence of the angular frequency ω. In the
frequency range of the used source the precision of the numerical approximation of the Newtonian fluid is
very high. Parameters are taken from experiment 13 (Table 2).
INTERPRETATION OF NUMERICAL RESULTS
Permeability versus static dry elastic moduli
Experiments No. 1,2,3,9 and 15 (see Table 2) provide the effective dry rock moduli of the digital rock
samples GRF 1-5. As expected we observe an increasing permeability with an increasing porosity (Table 1).
Also elastic moduli decrease with increasing porosity. We make the following observations: First, the
permeability varies over two orders of magnitude whereas the effective elastic moduli varies about 30%.
Second, the permeability varies with the poresize (i.e. ∆x) whereas the static elastic moduli are scale
independent.
Viscous versus non-viscous pore fluid
In experiments No. 4,5,10 and 11 (Table 2) we consider effective elastic moduli of GRF3 and GRF4
saturated with a non-viscous and a Newtonian fluid of normal density (ρf luid = 1000kg/m3 ). However,
the theoretical differences of the low- and the high-frequency limit of Biot are in these cases not significant
enough to clarify unambiguously if the Biot effect is visible in the synthetics (exact formulae can be found
e.g. in Mavko et al. (1998)). This change significantly if we use a fluid with an artificially high density
(ρf luid = 15000kg/m3 ):
• Using a non-viscous high-density fluid for pore saturation [experiment 6,12 and 16 of Table (2)] we
consider the high frequency limit of Biot (: viscosity η = 0; hence, the reference frequency fbiot can
be determined for our rock-models with a non-zero permeability κ using fbiot = φη/(2πρf luid κ) as
zero; see e.g. Mavko et al. (1998)). This enables us to estimate the corresponding tortuosity of the
rock models [see Figure (3) and Saenger et al. (2004b) for details].
• Using a high-density Newtonian fluid with a viscosity of η = 1000kg/(ms) for pore saturation
[experiment 7,13, and 17 of Table (2)] we consider the low frequency limit of Biot because the
dominant frequency of the propagating wave [fsource = 8×104 Hz] is clear below the Biot reference
frequency. We observe a reduction of the effective elastic moduli towards the theoretical predicted
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Figure 3: The normalized effective bulk modulus (< K > /Kgrain ) versus porosity for GRF 3,4 and
5 saturated with a non-viscous (thick solid line) and a Newtonian [η = 1000kg/(ms); dash-dotted thick
line] fluid of artificially high density (ρf luid = 15000kg/m3 ). The dashed lines display the high frequency
limit of the Biot theory calculated from < Kdry > using different values for the tortuosity α.
low-frequency limit of Biot (i.e. Gassmann; derived from the dry case) in comparison to experiment
6,12 and 16. This is shown in Figure 3 for the effective bulk modulus.
The interpretation of this result is as follows: The seismic effect of the Biot theory is clearly visible in our
numerical wave propagation experiments.
However, we have fixed three physical reasons why we still observe some numerical deviations from
Biot’s predictions (i.e. for GRF 3 and 5 the observed low-frequency value is not consistent with Gassmann;
see Figure 3):
• The unknown influence of Squirt. The critical frequency of this flow as well as the amount of soft
porosity is very difficult to estimate for our used models (for details see Mavko et al. (1998)).
• The relatively
high velocity of shear waves (most significant for experiment 8 and 14) in the fluid
p
(vs = |iωηf luid /ρf luid |) is not included in Biot and Squirt theories; this effect can be roughly estimated by analysing the upper Hashin-Sthrikmann bound (e.g. Mavko et al. (1998)) using µf luid =
vs2 ρf luid and ω = ωsource (see Table 2).
• Local anisotropy in overall isotropic heterogeneous porous media (for details see Berryman (2004))
CONCLUSIONS
In this paper we perform finite-difference simulations on micro-scale to study the effect of viscous Biotcoupling on wave propagation. We implement a generalized Maxwell body (Emmerich and Korn, 1987;
Kristek and Moczo, 2003) into a displacement-stress rotated staggered grid scheme with the result that all
viscous parameters are located in the centre of an elementary cell. Using this technique it is possible to
saturate synthetic rock models with realistic approximations of Newtonian fluids. This allows us to study
all coupling mechanism of fluid-solid interaction which are covered by the elastodynamic wave equation.
To estimate the reference frequency for the Biot approach we also determine the permeabilities of our
digital rock samples by flow simulations. This gives us the possibility to compare mechanical and transport
properties derived for exact the same digital rock samples. The wave propagation experiments in those
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Table 2: Normalized effective moduli (µ̂ =< µ > /µgrain , K̂ =< K > /Kgrain ) for the digital rock
models GRF1-5 saturated with different types of fluids. The fluid can be characterized by it elastic moduli
c44 , the fluid viscosity ηf luid , the density ρf luid and the P-wave velocity at zero frequency vp (ω = 0).
Additionally we give the Biot reference frequency fbiot and a viscosity dependent upper Hashin-Sthrikmanbound µviHS
c44 of f luid
[109 kg/(ms2 )]

vp (ω = 0)
[m/s]

ρf luid
[kg/m3 ]

1

0

0

0.0001

2

0

0

0.0001

3
4
5
6
7
8

0
0
29.16
0
6.694
6.694

0
1485
1485
1485
1485
1485

0.0001
1000
1000
15000
15000
15000

9
10
11
12
13
14

0
0
29.16
0
6.694
6.694

0
1485
1485
1485
1485
1485

0.0001
1000
1000
15000
15000
15000

15
16
17

0
0
437.4

0
1485
1485

0.0001
15000
15000

No.

η
[kg/(ms)]
GRF 1 (φ =
0
GRF 2 (φ =
0
GRF 3 (φ =
0
0
300
0
1000
10000
GRF 4 (φ =
0
0
300
0
1000
10000
GRF 5 (φ =
0
0
1000

fbiot
[104 Hz]
3.42%)
- (dry)
8.77%)
- (dry)
13.2%)
- (dry)
0
314
0
69.9
699
8.02%)
- (dry)
0
2892
0
643
6427
21.6%)
- (dry)
0
88.4

norm. eff. moduli

"viscosity-dependent"
upper HS-bounds

µ̂ = 0.849, K̂ = 0.790

µviHS = 0.935

µ̂ = 0.605, K̂ = 0.493

µviHS = 0.841

µ̂
µ̂
µ̂
µ̂
µ̂

=
=
=
=
=

0.472, K̂ = 0.369
0.509, K̂ = 0.529
0.532, K̂ = 0.544
0.652, K̂ = 1.097
0.602, K̂ = 1.028
µ̂ = 0.735

µviHS = 0.770

µ̂
µ̂
µ̂
µ̂
µ̂

=
=
=
=
=

0.754, K̂ = 0.695
0.759, K̂ = 0.757
0.764, K̂ = 0.763
0.776, K̂ = 1.005
0.770, K̂ = 0.986
µ̂ = 0.851

µviHS = 0.854

µ̂ = 0.344, K̂ = 0.272
µ̂ = 0.410, K̂ = 1.058
µ̂ = 0.440, K̂ = 0.992

µviHS = 0.650

µviHS = 0.773
µviHS = 0.779
µviHS = 0.847

µviHS = 0.856
µviHS = 0.860
µviHS = 0.900

µviHS = 0.662

highly heterogeneous media saturated with viscous fluids indicate that the velocity estimations of the Biot
theory are visible in our numerical results.
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ABSTRACT
We perform wave propagation simulations in porous media on microscale in which a slow compressional wave can be observed. Since the theory of dynamic poroelasticity was developed by Biot
(1956), the existence of the type II or Biot’s slow compressional wave (SCW) remains the most controversial of its predictions. However, this prediction was confirmed experimentally in ultrasonic
experiments. The purpose of this paper is to observe the SCW by applying a recently developed
viscoelastic displacement-stress rotated staggered finite-difference (FD) grid technique to solve the
elastodynamic wave equation. To our knowledge this is the first time that the slow compressional
wave is simulated on first principles.

INTRODUCTION
One of the key predictions of Biot’s theory of poroelasticity (Biot, 1956) is the fact that in a poroelastic
medium, there may propagate elastic waves of three types: a shear wave and two types of compressional
waves. The first compressional wave is the one that is very similar to the compressional wave in an elastic
medium, while the second wave, also called type II or Biot’s slow wave, has a strongly dispersive character. At low frequencies, at which the flow of the pore fluid is characterized by the Poiseuille flow, the slow
wave has a diffusion-type character. At higher frequencies, when the viscous skin depth of the fluid in the
pores is smaller than the size of the pores, the slow wave becomes a normal propagating wave with small
attenuation, and can be approximately described as an acoustic wave in the pore fluid.
The slow wave at higher frequencies was confirmed experimentally, when the SCW was observed in ultrasonic experiments by Plona (1980). Theoretical analysis, e.g. by Dutta (1980), shows that the observed
travel times of the SCW are consistent with the predictions of Biot’s theory.
Goal of this study is to observe numerically the SCW on first principles (i.e. by solving the elastodynamic
wave equation) and not by solving Biot’s equations of poroelasticity [e.g.; Dai et al. (1995); Gurevich et al.
(1999)]. This is done in 2D with a comparison to an analytical solution as well as in 3D numerical experiments. We apply a recently developed viscoelastic displacement-stress rotated staggered finite-difference
(FD) grid technique (Saenger et al., 2005).
2D NUMERICAL EXPERIMENTS
We consider a system of periodically alternating solid and fluid layers of period d (Figure 1). The elastic
solid has density ρs , bulk modulus Ks and shear modulus µs . The viscous fluid has densityρf , bulk
modulus (inverse compressibility) Kf , and dynamic viscosity η. The solid and fluid layer thicknesses are
hs and hf , respectively, so that hs + hf = d.
Propagation of compressional waves in a periodic system of solid layers denoted by s and f is governed
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by an exact dispersion equation (Rytov, 1956; Brekhovskikh, 1981; Gurevich, 2002):


4(µs − µf )2 K1 K2 + ω 2 ρs c2 ρs − 4 (µs − µf ) K2 tan βs2hs


β h
+ω 2 ρf c2 ρfh + 4 (µs − µf ) K1 tan f2 if
β
h
−ω 2 ρf ρs c2 L1 tan f2 f + L2 tan βs2hs = 0,

(1)

1/2

1/2

where αs2 = ω 2 (1/cs − 1/c), αf2 = ω 2 (1/cf − 1/c) and cs = [(Ks + 4µs /3)/ρs ] , cf = [(Kf + 4µf /3)/ρf ]
are compressional velocities in the materials s and f , respectively, Imµf = Imλf = −ωη, Kf =
λf + 2µf /3 and
2
K1 = ωc2 tan βs2hs + αs βs tan αs2hs ,
2
β h
α h
K2 = ωc2 tan f2 f + αf βf tan f2 f ,
(2)
2
α
h
β
h
L1 = ωc2 tan s2 s − αf βs tan f2 f ,
2
β h
L2 = ωc2 tan f2 f − αs βf tan αs2hs .
Equation (1) needs to be analysed on the macroscale, that is in the limit |ωd/c|  1. However such a theoretical analysis appears to be too involved, and the analytical solution is only known in the low-frequency
limit (Gurevich, 2002). It has been shown numerically (Bedford, 1986), that for sufficiently small values
of |ωd/c| attenuation and dispersion predicted by equation (1) are the same as given by Biot’s dispersion
equation. Note that both equation (1) and Biot’s theory predict both types of compressional waves (the fast
compressional wave and Biot’s slow wave).
(a)

(b)
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Figure 1: Left hand side (a): Medium of alternating solid and viscous fluid layers. Right hand side (b):
Numerical (dots) vs. analytical solution (solid line) for the velocity of the SCW in the medium shown on
the left hand side. An excellent agreement is observed.
To obtain the effective velocities of slow waves in layered media we choose the following numerical
setup. The synthetic model contains two horizontal thin layers of viscous fluid and elastic solid of equal size
(30x3000 grid points with an interval of ∆x=0.0001 m). The solid has the P-wave velocity vp =5100 m/s, Swave velocity vs =2944 m/s, density ρs =2540 kg/m3 and viscosity η=0 kg/m.s. For the viscous fluid we set
c11 =3.922*1011 , c44 =1.3*1011 , and ρf =1000 kg/m3 . The fluid viscosity η = 10 kg/(ms) is determined
with the choice of ω1 = 1.3 ∗ 1010 [see Saenger et al. (2005) for details]. To generate a slow-wave in
x-direction (fdom =50 kHz or fdom =10 kHz), we apply a line source in z-direction in the fluid and perform
the finite-difference simulations with periodic boundary conditions (in z-direction). The effective velocity
is estimated by measuring the time of the zero-crossing of the plane wave over a distance of 1000 grid
points (distance between receiver position 1 and 2; see Figure 1). All computations are carried out with
the second order spatial FD operators and with the second order time update. The results are shown in
Figure 1.
3D NUMERICAL EXPERIMENTS
To observe a slow wave in a realistic 3D porous solid we perform simulations with a numerical setup similar to the experiments described in Saenger et al. (2005). We apply the 3D RSG-technique to explicitely
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model wave propagation in fluid saturated porous media. The synthetic porous rock-models are embedded
in a homogeneous fluid region. The full models are made up of 600x400x400 grid points with an interval of ∆x=0.0002m. For the grain material we set a P-wave velocity of vp =5100m/s, a S-wave velocity
of vs =2944m/s and a density of ρgrain =2540kg/m3 . For the fluid we set vp =1500m/s, vs =0m/s and
ρv =1000kg/m3 . We perform our modeling experiments with periodic boundary conditions in the two horizontal directions. We apply a plane source at the top of the model. The plane P-wave generated in this
way propagates from the top of the model to the interface of fluid and fluid-saturated porous media. The
source wavelet is the first derivative of a Gaussian with a dominant frequency of fsource = 8 × 104 Hz and
with a time increment of ∆t = 2.1 ∗ 10−8 s. All computations are performed with second order spatial FD
operators and with a second order time update.

(a)

(b)

Figure 2: Two different 3D synthetic porous models. The pore structure is defined by the synthetic rock
model GRF5 (see Saenger et al. (2005) for details). White regions indicates water; blue regions indicates
grain material. Left hand side (a): Open pores at the interface (x-position ≈ 0.4m). Right hand side (b):
Sealed conditions (a very thin solid layer) at the same interface.

For the model shown in Figure 2a the incident P-wave generates from a theoretical point of view (Gurevich et al., 2004) one reflected and two transmitted compressional waves (fast and slow). The reflected
P-wave and the transmitted fast P-wave can be detected very clearly from a 2D slice from a snapshot of the
full 3D wavefield (Figure 3a). The transmitted slow P-wave can only be seen by calculating the average
displacement field as shown in Figure 4a.
An analysis based on the boundary conditions at an interface for Biot’s equations of poroelasticity
shows that the slow wave is generated if and only if there exist at least a hydraulic contact between the
free water and the water in the pore space [e.g. (Rasolofosaon, 1980)]. Therefore we repeat the previously
described simulation with a small modification: We create a very thin solid layer at the interface between
fluid and fluid-saturated porous media (Figure 2b). As expected a slow wave can not be observed in such a
simulation as shown in Figure 4b.
CONCLUSIONS
We have performed numerical modeling of seismic wave propagation on a micro-scale. A compressional
slow wave (a Biot type II wave) is observed in 2D and 3D simulations. In both cases we compare our
results with theoretical predictions successfully. This confirms that the viscoelastic rotated staggered grid
FD method of Saenger et al. (2005) is capable of modelling poroelastic (associated with global flow)
effects with high accuracy. To our knowledge this is the first time that the slow wave is simulated on first
principles.
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(a)

(b)

Figure 3: A z-displacement snapshot of the wavefield after 2100 timesteps. The reflected P-wave (at x ≈
0.02m) and the transmitted fast P-wave (at x ≈ 0.07m) are clearly visible. Left hand side (a): Snapshot for
the model with open pores at the interface (Figure 2a). Right hand side (b): Same as (a) but with for the
model with a sealed interface (Figure 2b).

(a)

(b)

x[m]

x[m]

Figure 4: Average of the z-displacement-field after 2100 timesteps and after the incident P-wave was partly
reflected and transmitted at the interface at x= ≈ 0.04m. Left hand side (a): A slow compressional wave
can be observed (marked with a circle) using the model shown in Figure 2a). Right hand side (b): The
slow wave is not generated using the model shown in Figure 2b.
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ABSTRACT
In the last two decades, many approximations for the P–P reflection coefficient have been proposed.
Most of them are derived from the classical Aki and Richards’ weak-contrast approximation, using
additional assumptions. More recently, it was introduced a new kind of approximation using the concept of an “angular” impedance function. In this work we discuss the impedance-type approximations
for the P–P reflection coefficient and we present a corresponding shear reflection impedance for the
P–S reflection coefficient. Based on this kind of approximation, we also introduce new indicators for
predicting some of the elastic parameters.

INTRODUCTION
Approximations to the Zoeppritz equations, based on Taylor series, can be derived with some assumptions in the model, like restrictions on the elastic-parameter contrasts, or at the incidence angle. The most
classical, and used, one is the weak-contrast approximation of Aki and Richards (2002). Recently, some
authors (Connolly, 1999; Santos and Tygel, 2004) have shown that the approximations for the P–P reflection coefficient (RP P ) using the Impedance Function concept provide good results. The idea of this kind
of approximation is to look for a representation similar to the expression for the elastic reflection coefficient in the case of normal incidence. In addition, Duffaut et al. (2000) have proposed an impedance type
approximation for the P–S reflection coefficient (RP S ), based on the work of Connolly (1999).
In Whitcombe et al. (2002) was presented how to use the elastic impedance function to predict some
elastic parameters such as Lamé parameters or bulk modulus. They used the three term approximation of
the reflection coefficient RP P from Shuey (1985), to obtain the reflectivities of such parameters. They had
to suppose a velocity ratio constant and a Gardner relation between compressional velocity and density.
In Grosfeld and Santos (2005) was introduced a new indicator to separate shale over gas sand from
shale over brine sand from clastic sections. This indicator is based on the impedance type approximation
for the reflection coefficient. In addition, they showed how to use this indicator to estimate a ratio of Lamé
parameter λ directly from the reflection coefficient RP P , following the work of Whitcombe et al. (2002)
but tryng to be a little more general.
In this work we review the impedance type approximation for RP P and introduce a new impedance
type approximation for RP S , following the same ideas proposed by Santos and Tygel (2004). In addition,
we show how to estimate density ratio from impedance type approximation for RP S . We also propose an
experimental estimation for the Poisson ratio.
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IMPEDANCE-TYPE APPROXIMATIONS FOR RP P

Different approximations based on Taylor series for the reflection coefficient RP P exist in the literature.
The most famous one is the weak-contrast approximation of Aki and Richards (2002),


1
β2
∆ρ sec2 θ ∆α
β2
∆β
2
RP P ≈
1 − 4 2 sin θ
+
− 4 2 sin2 θ
,
(1)
2
α
ρ
2
α
α
β
where θ denotes the incidence/transmission angle, α denotes the compressional velocity, β denotes the
shear velocity, and ρ denotes the density. We also use the notation u = (u2 + u1 )/2 and ∆u = u2 − u1 for
u = θ, α, β, ρ, where the sub-indices 1 and 2 refer to the incidence and transmission sides of the interface,
respectively.
Shuey (1985) rewrote equation (1) in the form,
RP P ≈ A + B sin2 θ + C[tan2 θ − sin2 θ],
where the parameters A (Intercept), B (Gradient) and C are given by




1 ∆α
β 2 ∆ρ
∆β
1 ∆ρ ∆α
A=
+
, B=
−2 2
+2
2 ρ
α
2 α
α
ρ
β

(2)

and C =

1 ∆α
.
2 α

(3)

For θ ≤ 30◦ , tan2 θ ≈ sin2 θ, and then equation (2) can be approximated by,
RP P ≈ A + B sin2 θ,

(4)

which is the most popular AVO formula (from Amplitude Variation with Offset.)
Another kind of approximation can be obtained by following the simple case of normal incidence in
elastic media and/or for general oblique incidence in acoustic media. The idea is to approximate the
reflection coefficient with the help of an “angular” impedance function Ij = I(ρj , αj , βj , θj ), j = 1, 2.
Such approximation is given by
I2 − I1
1 ∆I
RP P ≈
=
,
(5)
I2 + I1
2 I
where ∆I = I2 − I1 and I = (I2 + I1 )/2.
Connolly (1999) with the assumptions of a constant ratio k = β1 /α1 = β2 /α2 and a constant angle
θ = θ1 = θ2 , introduced the Elastic impedance function,
2

Ij = EIj = N0 αjsec

θ

βj−8k

2

sin2 θ

ρ1−4k
j

2

sin2 θ

,

j = 1, 2,

(6)

where N0 is a normalization constant (Whitcombe, 2002).
Santos and Tygel (2004) have shown that no exact closed-form solution for equation (5) exists. However, under suitable restrictions in the medium parameters they introduce the Reflection impedance function,
ρj αj
Ij = RIj = M0 q
exp{−4p2 [βj2 + f (βj )},
(7)
1 − αj2 p2
where M0 is a normalization constant, p is the ray parameter,
p=

sin θ1
sin θ2
=
,
α1
α2

(8)

and f is a function that relates ρ with β. For the particular choice of a Gardner’s type relationship, ρ = b β γ ,
where b and γ are constants, f is given by f (β) = γβ 2 /2. In the derivation of the reflection impedance
function RI, it is p, and not θ, that is considered the same on both sides of the interface, honoring Snell’s
law given by equation (8).
Figure 1 compares the two impedance-type approximations, equations (5)–(7), with the weak-contrast
approximation, equation (1), for an interface of shale over gas sand, taken from Castagna and Smith
(1994). On the left it is presented a small contrast model (∆α/α = −0.0088, ∆β/β = 0.0056, ∆ρ/ρ =
−0.0119), where we can observe that up to 30o all the approximations have the same behaviour. Above
that, the elastic-impedance-type approximation fails. On the right, a large contrast model (∆α/α =
0.3454, ∆β/β = 0.4798, ∆ρ/ρ = 0.0207) is shown. In this case, only the reflection-impedance-type
approximation follows the exact curve in the critical region (θ ≥ 40o ).
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Figure 1: Comparison between the exact P–P reflection coefficient curve and the weak-contrast (weak),
elastic-impedance-type (EI) and reflection-impedance-type (RI) approximations, for a small (left) and a
large (right) contrast model.
IMPEDANCE-TYPE APPROXIMATIONS FOR RP S
For the P–S reflection coefficient there is not a particular case to analyze, as the case of normal incidence for
the P–P reflection. Nevertheless, it is still possible to obtain an impedance-type approximation for the P–S
reflection using expression (5). Assuming a weak contrast on the elastic parameters and a small incidence
angle, Duffaut et al. (2000) have developed the shear-elastic-impedance (SEI) function, considering the
same assumptions as in the previous case of the elastic-impedance for RP P , i.e., k = β1 /α1 = β2 /α2 and
θ = θ1 = θ2 . The SEI function is given by,
Ij = SEIj = ρ−m
βj−n ,
j

j = 1, 2,

(9)

where,
m = [1 + 2k − k (1 + 1.5k) sin2 θ] sin θ,

and n = 2k [2 − (1 + 2k) sin2 θ].

(10)

Following the work of Santos and Tygel (2004), we propose here a shear-reflection impedance. First
we define the reflectivity function,
RP S (ν, ∆ν)
IR = lim
,
(11)
∆ν→0
∆ν
where ν is a single variable describing the change of the elastic parameters, α, β and ρ, and also the angle
θ, along the ray and through the interface. For example, α1 = α(ν) and α2 = α(ν + ∆ν). Taking into
account the impedance-type approximation given by equation (5), we have
IR =

1 I 0 (ν)
,
2 I(ν)

(12)

where the prime denotes the derivative with respect to ν.
From the exact expression for the P–S reflection coefficient, it is possible to compute the reflectivity
function (11), and then the following differential equation is obtained,
"
 0
p
I0
−p α
βp
ρ
2 2
2
2
2
2
p
=
1 − 2β p + 2
1−α p 1−β p
2
2
I
α
ρ
1−β p
#

 0
p
βp
β
+4 −β 2 p2 +
1 − α 2 p2 1 − β 2 p 2
.
(13)
β
α
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Using Snell’s law,
p=

sin θ
sin φ
=
,
α
β

(14)

where φ is the P–S reflection angle, we can rewite equation (13) as

 0


sin θ
β
β0
ρ0
I0
ρ
=−
2 cos(θ + φ)
+2
+
,
I
cos φ α
ρ
β
ρ

(15)

Approximating the first derivatives of the elastic parameters by the respective finite-difference approximations, i.e., g 0 ≈ ∆g/∆ν, from equation (12) we obtain the first-order approximation for RP S ,




∆ρ
∆β
1 ∆ρ
sin θ β
RP S ≈ IR ∆ν = −
cos(θ + φ)
+2
+
,
(16)
cos φ α
ρ
β
2 ρ
The above equation is the well-known weak-contrast approximation of Aki and Richards (2002) for the
P–S reflection coefficient.
Let us now analyze the differential equation (15). From the chain rule,
I0 =

∂I 0 ∂I 0 ∂I 0
ρ +
α +
β,
∂ρ
∂α
∂β

(17)

we conclude that if there was a solution I = I(ρ(ν), α(ν), β(ν), p), we would have that function I does
not depend explicitly on α, which is not the case. Therefore, some additional assumption, relating α
with β and/or ρ, must be done in order to solve (13). In this work we are going to assume a constant
ratio k = β/α. With this assumption only, it is still not possible to find a solution. So, similarly to the
case of the P–P reflection, we include a Gardner’s-type relation between ρ and β, ρ = b β γ . After some
tedious mathematical manipulations we obtain a solution for equation (13), which we call Shear-ReflectionImpedance (SRI) function,
Ij = SRIj = exp{2 φj / k − (2 + γ) [k θj + sin(θj + φj )]},

j = 1, 2,

(18)

where,
p=

sin θ1
sin φ1
sin θ2
sin φ2
=
=
=
.
α1
β1
α2
β2

(19)

Figure 2 compares the two impedance-type (SEI and SRI) approximations for RP S , with the weakcontrast approximation (16) for an interface of shale over gas sand (from Castagna and Smith (1994)). On
the left are shown the results for the contrasts, ∆α/α = −0.1440, ∆β/β = −0.2500, ∆ρ/ρ = −0.0368.
We can observe that all approximations are reasonable for incidence angles less than 50o , but for large angles only the approximation based on the SRI has a good fit. On the right are the results for a large contrast
model, ∆α/α = 0.3454, ∆β/β = 0.4798, ∆ρ/ρ = 0.0207. In this case, none of the approximations was
able to follow the exact curve in the critical region. Moreover, our approximation with the SRI has the
worst results near zero offset.
PREDICTION OF ELASTIC PARAMETERS
Fundamental rock properties such as the Lamé parameters (λ and µ) or Poisson ratio (σ) are better understood than velocities or impedances and so, it is desirable to extract them from the data. In that direction,
Whitcombe et al. (2002) defined an Extended-Elastic-Impedance function, from which they can recover
λ, µ and the compressibility module κ. The estimatives are computed directly from the reflection coefficient samples at specific angles of incidence. The approach requires additional assumptions on the elastic
parameters, to say the ratios β/α and A/C in equation (2) are constant. In the following we present a similar approach (Grosfeld and Santos, 2005), using the previous derived expressions of the impedance-type
approximations for the reflection coefficients.
For any choice of the impedance function, we can define function J as
J=

I1
1−R
≈
,
I2
1+R

(20)
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Figure 2: Comparison between the exact P–S reflection coefficient curve and the weak-contrast (weak),
shear-elastic-impedance-type (SEI) and shear-reflection-impedance-type (SRI) approximations, for a
small (left) and a large (right) contrast model.
where R can be RP P or RP S . Note that this function is directly obtained once you have the reflection
coefficient, and it depends on the angle of incidence. We are going to use J to estimate some elastic
parameters.
For θ = 45o the weak-contrast approximation for RP P , equation (1), gives


β 2 ∆β
∆λ
β 2 ∆ρ ∆α
+
−2 2
=q
,
(21)
RP P ≈ 1 − 2 2
α
2ρ
α
α β
2λ
where q = 1 − 2 β 2 /α2 and λ = ρ (α2 − 2 β 2 ). From the impedance approximation (5), we can write
∆λ
∆I
=q
,
2I
2λ

(22)

If we consider the ratio β/α constant along the ray, integration of the above equation gives
I(45o ) = C0 λq ,
where C0 is a constant. Therefore, from the definition of function J, equation (20),
 q
λ1
o
J(45 ) =
≡ rλq .
λ2

(23)

(24)

The above result suggests a strategy to extract the λ-ratio, rλ , assuming that additional information
about the constant ratio β/α is known. After an AVA procedure is carried out, select the amplitudes of the
events related to angles close to 45o and with the help of equations (20) and (24), estimate rλ . Equation (21)
also indicates that the λ-reflectivity, IRλ = ∆λ/2λ, can be estimate directly from RP P . However, as we
are going to show in the next section, this approximation is not a good alternative.
In a similar way it is possible to estimate the ρ-ratio (or the ρ-reflectivity, IRρ ) from the P–S reflection
coefficient. Let θρ and φρ be such that θρ + φρ = 90o . From Snell’s law (14), we find
θρ = arctan(α/β).

(25)

Therefore, approximation (16) for RP S at θ = θρ reduces to
RP S ≈ −

∆ρ
,
2ρ

(26)
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and then,
∆I
∆ρ
=−
.
(27)
2I
2ρ
Therefore, assuming again a constant ratio β/α along the ray, integration of the above equation results in
I(θρ ) =

D0
,
ρ

and J(θρ ) =

ρ2
1
≡ .
ρ1
rρ

(28)

√
√
where D0 is a constant. Observe that, since α ≥ 2β/ 3, the minimal value for θρ is given by arctan(2/ 3) ≈
49.11o . Therefore, θρ belongs to the interval [50o , 90o ] and φρ belongs to [0o , 40o ].
APPLICATION TO A WELL-LOG DATA

α (km/s)

To test the validity of our approximations, equations (24) and (28), we apply the previous formulas to a real
well-log data depicted in Figure 3. In all experiments, the value for q = 1−2(β/α)2 and θρ = arctan(α/β)
were obtained using the average value k of the ratios β/α for each sample of the well. We find k = 0.458,
and then q = 0.585 and θρ ≈ 65o .
3
2

β (km/s)

1

3
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Figure 3: Well-log data: P-velocity (α), S-velocity (β) and density (ρ).
Figure 4 shows the result of applying equation (21) directly, i.e., if we estimate IRλ directly from RP P .
The relative errors are completely out of an acceptable range. The correlation coefficient between J(θ)
and rλq , plotted on the left of Figure 5 for the whole well, has a maximum near θ = 45o . From the right
side of Figure 5 we may conclude that the approximation of rλ from J(45o ) is quite good. Both curves,
exact and extracted, are almost identical, as we can see from the zoom depicted in the top of Figure 6. To
stress the good performance of the reflection impedance function, we have also plotted in the bottom of
the same figure the corresponding zoom for the results obtained from the refelction and elastic impedance
approximations.
Figure 7 shows the estimatives for IRρ computed directly from RP S , using equation (26). As in the
previous case for RP P the results are unacceptable. In Figure 8 we show the extraction of rρ , using
equation (28), where we again observe that for θ = 65o the correlation coefficient between J(θ) and 1/rρ
attains its maximum. Moreover, the curves of J(65o ) and 1/rρ are also very similar. A zoom is shown in
Figure 9.
We have also developed an experimental relationship between the Poisson ratio σ, which is considered
a good fluid indicator, and some kind of near/far offset relation using J. In Figure 10 we plot the curves of
J(45o )/J(5o ) and rσ = σ1 /σ2 . Observe the good agreement between them along the well (the percentage
error is less than 2% almost everywhere). The correlation coefficient between both curves is 0.92. The
common behavior of both curves can be better observed in the zoom depicted in Figure 11.
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Figure 4: Top: Rλ (dashed line) and RP P (45o )/q (solid line). Bottom: Percentage error.
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Figure 5: Left: Correlation coefficient between J(θ) and rλq . Top right: J(45o ) (solid line) and rλq (dashed
line). Bottom right: Percentage error.

206

Annual WIT report 2005

1

0.9
1.38

1.385

1.39

1.395

1.4

1.405

1.41

1.415

1.42

Depth (Km)

1

0.9
1.38

1.39

1.4
Depth (km)

1.41

1.42

Figure 6: Top: Zoom from the top right picture of Figure 5. Bottom: Comparison between rλq (solid line)
and J(45o ) computed from elastic (dashed line) and reflection (dash-dotted line) impedance approximations.
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Figure 9: Zoom from the top right of Figure 8 J(65o ) (solid line) and 1/ρ (dashed line).
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Figure 10: Top: Comparison between the Poisson ratio (dashed line) and J(45o )/J(5o ) (solid line).
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Figure 11: Zoom from the top of Figure 10: Poisson ratio (dashed line) and J(45o )/J(5o ) (solid line).
CONCLUSIONS
We have presented a brief comparison between weak contrast and impedance type approximations for the
P–P reflection coefficient. Our results indicate that the approximation based on the reflection impedance
function is better than the others, even in the critical region. In addition, we introduced a reflectionimpedance-type approximation for RP S . Unfortunately, the numerical tests have shown that this new
approximation does not work properly.
Based on the impedance-type approximation, we have also propose a procedure to obatin the ratios of
two elastic parameters, density and Lamé’s parameter λ, directly from the reflection coefficients (P–P and
P–S). We have applied our approach to a well-log data, with encouraging results.
The next step is to try to estimate other elastic parameters, such as compressibility, or shear rigidity, to
obtain a complete set of physical parameters.
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ABSTRACT
Inhomogeneous fluid-saturated porous materials are often probed with diffusion waves to estimate
their effective conductivity and diffusivity. Analysis of diffusion wave fields in randomly inhomogeneous poroelastic structures provides new insight how fluctuations of the compressible constituents
affect the effective diffusivity. Based on the method of statistical smoothing an effective wave number
of the coherent diffusion wave field is computed. From this wave number both an effective conductivity and diffusivity are identified. The correspondence between this conductivity and that estimated
from unsteady flow through porous media based on Darcy’s law is elucidated. It is shown that in the
limits of low and high frequencies these effective conductivities are identical.

INTRODUCTION
Probing complex structures with diffusion waves has become a powerful technique in various physical disciplines (Mandelis, 2001). In particular, diffusion waves are used to characterize transport properties of
fluid-saturated porous solids (Rice and Cleary, 1976). If the porous material has a deformable frame, the
transport properties can be affected by the compressibility of the solid as well as fluid phase. This effect
can be analyzed using Biot’s theory of poroelasticity (Biot, 1962). In particular, Biot’s theory predicts the
existence of so-called Biot’s slow wave, which in the low-frequency (i.e., quasi-static) limit is governed by
the diffusion equation (Chandler and Johnson, 1981). The corresponding diffusion coefficient depends on
compressibilities of the fluid and solid phases as well as permeability and fluid viscosity.
Transport properties of porous materials are particularly affected by spatial heterogeneity. The study
of these effects usually employs the concept of random media, and requires an analysis of field equations
with random coefficients. One method that can be applied in this context is method of statistical smoothing
(Karal and Keller, 1964), which has been widely used in the analysis of wave propagation in random media
as well as flow through random rigid porous media (King, 1987; Keller, 2001).
In this letter we will employ the method of statistical smoothing to compute the effective diffusivity
of randomly inhomogeneous porous media. The medium is assumed to be governed by the low-frequency
version of Biot’s equations of poroelasticity where the slow compressional wave is a diffusion wave characterized by the wave number
p
k0 = iω/D0
(1)
with diffusivity D0 (Norris, 1985). Neglecting the interaction with other wave modes, we analyze the
coherent diffusion wave field only. We derive an expression for the effective diffusion wave number from
which we extract the effective transport properties.
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STATISTICAL SMOOTHING IN POROELASTIC MEDIA

In random poroelastic media all parameters are represented by random fields of the form X = X̄ +
X̃ = X̄(1 + εX ) , where X̄ is a constant background value and X̃(r) is the fluctuating part. Parameter
εX = X̃/X̄ denotes the relative fluctuations and has zero mean (hεX i = 0), autocorrelation function
2
BXX (δr) = hεX ( r + δr)εX ( r)i, and variance ε2X = BXX (0) = σXX
. The starting point of our analysis is the poroelastic Dyson integral equation for the mean Green’s function of Biot’s equations (Müller
and Gurevich, 2005) in the random porous medium. By neglecting all contributions from the fast compressional and shear waves, we can write Dyson’s equation for the matrix containing the mean Green’s tensors
Ḡ in the form
Z Z
Ḡ = G0 +
G0 QḠ ,
(2)
where G0 denotes the matrix of Green’s function for the homogeneous background (Müller and Gurevich,
2005)
 C2

C
κ0
exp(ik0 R) − H
2
H
G0 =
∂i ∂j
,
(3)
C
4πiω
R
−1
H
where R denotes the distance from source to observation point and ∂i denotes partial spatial derivative. Q
is the matrix of the kernel-of-mass operators

Z
Z 
Q = L̃G0 L̃ + L̃G0 L̃G0 L̃ + ... ,
(4)
where L̃ denotes the matrix of the perturbing operators


∂i H̃∂j
∂i C̃∂j
L̃ =
∂i C̃∂j iω p̃δij + ∂i M̃ ∂j

(5)

with the identity tensor δij . The method of statistical smoothing consists now in truncating Q after the
first term. In Eqs. (3) and (5) H is the undrained, low-frequency P -wave modulus given by Gassmann’s
equation H = Pd + α2 M where M is the pore space modulus M = [(α − φ)/Kg + φ/Kf ]−1 and
Pd = Kd + 4/3µ is the P -wave modulus of the drained frame, α = 1 − Kd /Kg is the Biot-Willis coefficient, C = αM . Kg , Kd , and Kf denote the bulk moduli of the solid phase, the drained frame, and the
fluid phase, while µ denotes the porous-material shear modulus. In (3) the conductivity is denoted as κ0
while in (5) p̃ denotes the fluctuating part of the reciprocal conductivity p = 1/κ0 . The diffusivity in (1)
can be expressed through D0 = κ0 N where N = M Pd /H.
Eq. (2) contains a double convolution which in the spatial Fourier domain yields a set of algebraic equations. Retaining only terms of order O(2 ) a simpler equation for the [2, 2] component of Ḡ is obtained:
ḡ = g0 + (8π 3 )2 g0 qḡ ,

(6)

where g0 and and q are the Fourier transforms of the corresponding components of G0 and Q, respectively.
Assuming that the mean Green’s function ḡ is of the same functional form as g0 , but involving an effective
wave number k ∗ , we can solve equation (6) for k ∗ . The truncated kernel-of-mass operator matrix element
q can be evaluated for statistically isotropic random media and yields the following approximation for the
square of the effective wave number
k ∗2 = k02 [1 + ∆s ξ(ω)] ,
where
ξ(ω) = 1 +

k02

Z

(7)

∞

rB(r) exp(ik0 r)dr

(8)

0

and

*
∆s =

α2 M
εα − εKf + εφ
Pd

2 +
+

2
σpp
.
3

(9)
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Figure 1: Normalized difference of real and imaginary part of the effective wave number versus frequency.
The method of statistical smoothing is precise for weak fluctuations only, and therefore, Eq. (7) is applicable if ∆s < 1. The physical interpretation of the effective diffusion wave number is straightforward.
Due to multiple scattering, or in terms of diffusion wave terminology (Mandelis, 2001), due to accumulation and depletion processes at randomly spaced inhomogeneities, an initially homogeneous diffusion
wave with k0 becomes at finite frequencies an inhomogeneous diffusion wave characterized by k ∗ (i.e.,
<{k ∗ } =
6 ={k ∗ }). In the limits of zero and infinite frequency the diffusion wave becomes homogeneous
again with the effective wave numbers k ∗ (ω → 0) = k0 (1 + ∆s ) and k ∗ (ω → ∞) = k0 , respectively. The
frequency dependence of this phenomenon is illustrated in Figure 1.
EFFECTIVE DIFFUSIVITY AND CONDUCTIVITY
Effective wave number (7) can be used to construct approximation of the effective transport properties.
p
Assuming that the effective wave number k ∗ involves an effective diffusivity D∗ such that k ∗ = iω/D∗ ,
we obtain
D∗ = D0 [1 − ∆s ξ(ω)] .
(10)
Figure 2 illustrates the frequency dependence of the effective diffusivity for varying ∆s in a model of
a porous sandstone where the inhomogeneities are statistically characterized by a correlation function of
the form B(r) = exp(−|r|/a) where a is the correlation length [shown is the real part of D∗ as a function
of the dimensionless frequency kR a where kR denotes the real part of k0 ]. As can be seen from Figure
2, the presence of inhomogeneities reduces the effective diffusivity below the background diffusivity. In
the zero frequency limit we have D∗ (ω → 0) = D0 (1 − ∆s ), whereas for infinite high frequency the
background value is obtained, D∗ (ω → ∞) = D0 . The magnitude of the diffusivity dispersion is controlled by ∆s which contains the second order moments of the random fields of α, φ, Kf and p. The
role of cross-correlations is particularly interesting. For example, negative cross-correlation between the
Biot-Willis coefficient and the fluid bulk modulus, i.e. if there is a stiff fluid in the pore-space of a very
compressible porous solid, produces an enhanced diffusivity dispersion.
Analogously
to D∗ , we can construct an effective conductivity κ∗ by assuming that k ∗ is of the form
p
∗
k = iω/κ N , i.e., N is constant. In this case the calculations outlined above can be performed in all
space dimensions and we obtain
"
#
Z
2 
4
σpp
kR
∗
κ = κ0 1 −
1−4
(11)
4 + K 4 Φ(K)dK
m
4kR
∗
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Figure 2: Normalized effective diffusivity versus frequency for a porous sandstone model.
in m-dimensional space (m=1, 2 or 3) where Φ(K) denotes the fluctuation spectrum. This result is displayed in Figure 3. The effective conductivity is bounded by
κH ≤ κ∗ ≤ κA ,

(12)

where κH and κA denote the harmonic and arithmetic averages, respectively. In the low-frequency limit
the lower bound becomes an identity for m = 1 only, whereas at infinitely high frequencies the upper
bound is reached exactly in all space dimensions.
RELATION TO UNSTEADY FLOW IN POROUS MEDIA
For a poroelastic continuum the diffusion wave mode (Biot’s slow wave) in the limit of zero frequency is
equivalent to the quasi-static flow (Chandler and Johnson, 1981). It is therefore interesting to compare our
results with estimates of an effective conductivity in random porous media based on Darcy’s law (Hristopulos and Christakos, 1997; Keller, 2001). Time-dependent, i.e. unsteady, flow analyzed on the basis of
Darcy’s law in conjunction with the time-dependent continuity equation yields a diffusion equation for the
pore pressure of the form S∂t P = ∇ · (κ∇P ), where S is the specific storativity (Dagan, 1982; Indelmann,
1996). In statistically isotropic m-dimensional random media an averaged Darcy law allows to define an effective conductivity. The latter can be explicitly computed for weakly inhomogeneous structures involving
only the spatial correlation of the conductivity fluctuations (Indelmann, 1996):


Z
K2
σ2
κ∗f low = κ0 1 − κκ
Φ(K)dK
.
(13)
2 + K2
m
kR
This effective conductivity is also displayed in Figure 3. Note that the low and high frequency limits as
well as the inflection point of κ∗ and κ∗f low [Eqs. (11) and (13)] are identical. Also, both approaches show
that in the weak fluctuation case the effective conductivity does not depend on the compressibilities of the
porous material and the fluid phase.
CONCLUSIONS
In conclusion, the main result of this letter is the expression for the effective diffusivity (10). It depends not
only on the the second-order statistics of the conductivity but also on that of the poroelastic moduli. Therefore, for accurate estimation of the effective conductivity from diffusion wave characteristics, fluctuations
of the compressibilities of the porous material must be accounted for.
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Figure 3: Normalized effective conductivity versus frequency.
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ABSTRACT
We analyze compressional wave attenuation in fluid-saturated porous material with porous inclusions
having different compressibility and very different spatial scale in comparison with the background.
Such a medium exhibits attenuation due to wave-induced fluid flow across the interface between inclusion and background. We show that overall wave attenuation is governed by the superposition of
two coupled fluid-diffusion processes. Associated with two characteristic spatial scales, we compute
two cross-over frequencies that separate three different frequency regimes. We give a physical explanation for an intermediate range of frequencies, where attenuation scales with ω 1/2 . The potential
application of this model is in estimation of the background permeability as well as inclusion scale
(thickness) by identifying these frequencies from the attenuation measurement.

INTRODUCTION
One of the main intrinsic seismic wave dissipation mechanisms is associated with the wave-induced flow of
the pore fluid. This effect occurs in a heterogeneous porous medium when a passing wave induces a local
pressure gradient on the interface between inclusion and the background. In order to equilibrate pressure,
viscous fluid moves across the interface (Pride and Berryman, 2003; Pride et al., 2004; Brajanovski et al.,
2005).
In all these studies similar general behavior of attenuation versus frequency is observed. In particular,
for high contrast in permeabilities, compressibilities and spatial scales between inclusion and background,
three different frequency regimes can be identified. Dimensionless attenuation (inverse quality factor) is
proportional to the first power of frequency ω at low frequencies, to ω −1/2 at high frequencies, and to ω 1/2
in the intermediate frequency range, see Figure 1. However, the physical description how induced diffusion
fluid motion produces intermediate frequency range, remains unclear.
In this paper we show that the intermediate frequency regime is a general feature of saturated porous
media with two very distinct elastic properties of the inclusion and the background and two very different
characteristic length scales that are 1) scale of the inclusions and 2) distance between them. Based on the
dispersion equation for the effective P-wave modulus for porous fractured rocks (Brajanovski et al., 2005),
we compute two cross-over frequencies that separate three different frequency regimes of attenuation. In
order to give physical explanation for the intermediate ω 1/2 frequency dependency, we show that overall
wave attenuation is governed by two coupled fluid diffusion processes.
ATTENUATION OF P-WAVE IN FRACTURED ROCK
Brajanovski et al (Brajanovski et al., 2005) showed that effective frequency-dependent, fluid-saturated Pwave modulus csat
33 (ω) of porous rock with periodic system of fractures parallel to x1 x2 plane with spatial
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period H is given by
2

1

=

csat
33

1
∆N (Rb − 1)
h
 √ i ,
+
√
Cb
Cb
Lb 1 − ∆N + ∆N iΩ cot M
iΩ
b

(1)

where ∆N is the fracture weakness (Hsu and Schoenberg, 1993; Bakulin et al., 2000) of value between 0
and 1, defined by ∆N = ZN Lb /(1 + ZN Lb ). ZN = limhc →0 (hc /Lc ) is the normal excess compliance
describing fracture contribution in compliance matrix in the linear-slip deformation theory (Schoenberg
and Douma, 1988). Index c denotes fracture parameters while index b denotes parameters of the porous
background. In equation (1) Ω is the normalized frequency given by
Ω=ω

H 2 Mb2
.
4Cb2 Db2

(2)

The background material is specified by fluid-saturated P-wave velocity modulus Cb , diffusivity Db =
κb Mb Lb /ηCb , permeability κb , pore space modulus Mb , dry (drained) P-wave modulus Lb , material parameter Rb = αb M
pb /Cb and Biot-Willis coefficient αb . Viscosity of the fluid is η. The complex P-wave
velocity is Vp3 = csat
33 /ρb , where ρb = ρg (1 − φb ) + ρf φb is mass density of the fluid-saturated back

−1 −1
ground material. The P-wave phase velocity is Vp = Re Vp3
and the attenuation Q−1 is given by

−1
Q−1 = 2Vp Im Vp3
.
Expression (1) is valid for frequencies much smaller than Biot’s characteristic frequency (fluid flow in
the pore channels is Poiseuille flow), and also much smaller than the resonant frequency of the layering
(effective medium approximation is valid). Within these conditions, we can still define low and high frequencies with respect to fluid flow. Low frequencies are those when pressure has enough time to equilibrate
between layers within the wave cycle, while for high frequencies this is not possible.
−1

~ω1/2

−1.5

M
~ω−1/2

Log attenuation (1/Q)

−2

Figure 1: Log-log plot of attenuation versus circular frequency for water saturated
quartz grained sandstone (Kg = 37 GPa,
µg = 44 GPa, ρg = 2.65 g·cm−1 ) of
porosity φ = 0.2 and fracture weakness
∆N in range from 0.05 up to 0.2. Three
different asymptotic parts of the attenuation curves are observed.

−2.5

P

−3

c

−3.5

−4

b

~ω

5%
10%
15%
20%

−4.5

−5
−2

−1

0

1

2

3

4

5

Log frequency (normalised)

ASYMPTOTIC ANALYSIS
In Figure 1, where log(Q−1) is plotted versus log ω, we observe that the normalized frequency for peak
attenuation decreases with increasing fracture weakness ∆N . In the high-frequency limit the attenuation
is proportional to ω −1/2 . In the low-frequency limit attenuation is proportional to ω. From the curve
marked with diamonds, for the case of lower fracture weakness (which intuitively corresponds to "thinner"
fractures), we clearly observe a transitional part proportional to ω 1/2 . Points P and M define cross-over
frequencies separating attenuation behavior. We derive analytical expressions for the cross-over frequencies and investigate their dependence on fracture parameters.
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From the definition of Q−1 and dispersion relation (1) we find asymptotic
solution for imaginary parts
p
of the complex velocity Vp3 normalized by the constant real velocity Cb /ρb . By using the expansion of
cot z for small argument z low-frequency asymptote is
( 

−1 )
√
1
Cb √
TΩCb
1
− 1 + iΩ cot
iΩ
≈
,
(3)
Im sat = Im T
c33
∆N
Mb
3Mb B2
2

−1
where T = L−1
is proportional to ω.
b (Rb − 1) and B = (1/∆N + Mb /Cb − 1). Hence, Q
To find the intermediate asymptote we have to analyze the double limit, first take the approximation for
small fracture weakness and then take the limit as frequency goes to zero. Small ∆N limit is obtained from
equation (1) using

T∆N
1
= Im
≈ Im∆N T (1 + ∆N − ∆N F) = T∆2N ImF ,
(4)
csat
1
−
∆
N + ∆N F
33
√
√
where F = iΩ cot(Cb iΩ/Mb ). We calculate ImF by representing cotangent function of complex
argument in exponential form and then expressing the result in terms of trigonometric and hyperbolic
functions. As Ω → 0, taking only first term in expansion of ImF and then substituting ImF into equation
(4) yields
√
1
T Ω∆2N
Im sat =
.
(5)
c33
2
Im

The latter equation shows that in the double limit of small fracture weakness and low frequency Q−1 is
proportional to ω 1/2 .
The lower cross-over frequency can be computed by looking at intersection of these two asymptotes.
Equating right-hand sides of equations (3) and (5), and substituting B 2 ≈ 1/∆N gives normalized
2
crossover frequency ΩP = (3Mb /2Cb ) for point P . From equation (2) we calculate the corresponding real angular frequency ωP
9Db
ωP = 2 .
(6)
H
The high-frequency asymptote can be obtained in a similar way. Writing the cotangent function in
exponential form and taking limit Ω → ∞ and P → ∞, we get imaginary part of the modulus
Im

1
T
= Im 1
csat
33
∆N − 1 −

i−1
√
2

√

T
≈√
,
Ω
2Ω

(7)

thus, for high frequencies Q−1 is proportional to ω −1/2 .
Equating
√ right-hand sides of equations (7) and (5) gives the upper normalized cross-over frequency
ΩM = 2/∆2N (point M ), which is an approximation for the maximum of attenuation. From equation
(2), the corresponding real angular frequency ωM is
√
ωM = 4 2Db



Cb
Mb H

2

∆−2
N .

(8)

COUPLED DIFFUSION
The attenuation behavior described in previous section can be interpreted as a superposition of two hypothetical diffusion processes (represented by curves b and c in Figure 1). Although, each layer alone does not
produce any attenuation (because the layer is homogeneous), when connected together, attenuation takes
place because the pore pressure gradient across the interface is induced. In order to equilibrate pressure,
fluid flow occurs between layers (background and fracture). This process is described by the diffusion
equation. Symmetry of the system causes no-flow condition in the middle of each layer. Intuitively, we can
say that condition for maximal attenuation is when fluid penetrates layers to the maximal possible depth.
Let us analyze the process in the background. Cross-over frequency ωP , given by equation (6) is
independent of fracture weakness ∆N but depends on the ratio between diffusivity and thickness of the
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background. This is logical because diffusion length δc in fracture at this frequency is several orders of
magnitude bigger than the thickness of fracture, such that it cannot control the frequency dependency of
the relaxation process in the background. In other words, the coupling between diffusion processes in the
background and fracture is weak.
Note that in equation (8) for upper cross-over frequency ωM there is no explicit dependency of the fracture diffusivity. The reason is that in equation (1) fracture properties are lumped into a single parameter that
is fracture weakness. Underlying physical reason is the high contrast in spatial scales and compressibilities, which allows simpler parameterization of fractures via fracture weakness parameter. The cross-over
frequency ωM primarily depends on fracture weakness (thickness). It also depends on Db because the
coupling of the two diffusion processes is strong in this case. Since diffusion length in the background
is smaller than the diffusion length in fracture, the diffusion process in fracture will be dependent on Db
(amount of fluid that can flow across the interface is influenced by Db ). From equations (6) and (8) we
conclude that separation between ωP and ωM becomes stronger for smaller fracture weakness and softer
fracture matrix.
CONCLUSIONS
We think that results represent a general feature of attenuation due to the so-called mesoscopic flow (in
the presence of heterogeneities small compared to the wavelength double-porosity structures. In fact, the
three different frequency regimes identified here can be clearly observed in the attenuation behavior of
double-porosity configurations as shown in (Pride and Berryman, 2003) and (Pride et al., 2004) (see their
Figure 1). Similar intermediate frequency regime is observed in patchy-saturation model (Johnson, 2001)
however, properties do not exhibit big contrast, and thus if the spatial scales of fluid patches are very different the overall effect of small heterogeneities is small.
The results derived from equation (1) are limited by the assumption of periodic distribution of fractures. Sensitivity of our results to the violation of the periodicity assumption was examined numerically
using reflectivity modeling for layered poroelastic media (Lambert et al., 2005). Numerical experiments
for a random distribution of fractures of the same thickness still show good agreement with theoretical
results obtained for periodic fractures in a vicinity of the attenuation peak. However, the regime with Q−1
proportional to ω is no longer present, and the "intermediate" frequency range with Q−1 ∝ ω 1/2 extends
over the low-frequency range. This numerical result for a random distribution of fractures is in agreement
with both theoretical and numerical results for randomly layered porous media with small contrast between
layers (Gurevich and Lopatnikov, 1985; Gelinsky et al., 1998).
Presented results provide a physical basis for estimation of the reservoir permeability as well as the
fracture weakness (thickness) by identifying cross-over frequencies from attenuation measurements. These
parameters may provide additional input for reservoir modeling. The major requirement for such an approach is that measurements must be made in over a relatively broad frequency range (between seismic and
sonic logging frequencies).
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ABSTRACT
Heterogenous Finite-Difference (FD) modeling assumes that the boundary conditions of the elastic
wavefield between material discontinuities are implicitly fulfilled by the distribution of the elastic
parameters on the numerical grid. It is widely applied to weak elastic contrasts between geological
formations inside the earth. In this work we test the accuracy at the free surface of the earth. The
accuracy for modeling Rayleigh waves using the conventional standard staggered-grid (SSG) and
the rotated staggered grid (RSG) is investigated. The accuracy tests reveal that one cannot rely on
conventional numerical dispersion discretization criteria. A significant higher sampling is necessary
to obtain acceptable accuracy. In case of planar free surfaces aligned with the grid, 15 to 30 grid points
per minimum wavelength of the Rayleigh wave are required. The widely used explicit boundary
condition, the so-called image method, produces similar accuracy and requires approximately half
the sampling of the wavefield compared to heterogeneous free surface modelling. For a free surface
not aligned with the grid (surface topography) the error increases significantly and varies with the
dip angle of the interface. For an irregular interface the RSG scheme is more accurate than the SSG
scheme. The RSG scheme, however, requires 60 grid points per minimum wavelength to achieve good
accuracy for all dip angles. The high computation requirements for 3-D simulations on such fine grids
limit the application of heterogenous modeling in the presence of complex surface topography.

INTRODUCTION
Accurate simulation of seismic waves in heterogeneous models containing strong contrast discontinuities
with 3-D topography is an important capability for solving a wide variety of seismic modeling problems
ranging from earthquake site studies to environmental or engineering applications. A popular method for
the computation of synthetic seismograms is to use regular grid Finite-Difference (FD) algorithms. One
main advantage of the FD method is that it can be applied to fairly complex models. Two approaches are
used to fulfill the physical boundary conditions between two media: the homogeneous and heterogeneous
approach.
In the homogeneous approach the equations of motion are combined with explicit traction continuity
conditions at interfaces. This approach is often applied at free surfaces. For instance, a popular, simple
and stable method is the imaging method, where stress fields are imaged as odd functions across a free
surface (Levander, 1988; Graves, 1996; Robertsson, 1996; Robertsson and Holliger, 1997; Gottschämer
and Olsen, 2001; Imhof, 2003). However, numerical difficulties for modeling free surfaces may occur
(Hestholm, 2003; Gottschämer and Olsen, 2001). Other algorithms have been proposed in which the grid
coordinates are rotated parallel to the inclined boundary (Jih et al., 1988) or in which the grid is deformed to
be able to match the boundary conditions at free surfaces with 3-D topography (Fornberg, 1988; Hestholm
and Ruud, 1998; Tessmer and Kosloff, 1994).
In the heterogeneous approach the boundary conditions are assumed to be implicitly fulfilled by the
distribution of elastic parameters on the grid. Boundary conditions across discontinuities are not treated
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explicitly. This approach was introduced e.g. by Boore (1972) and Kelly et al. (1976), and was more
recently mathematically justified by Zahradník and Priolo (1999) and Moczo et al. (2002). The same FD
formulas are used everywhere, also across free surfaces. The material parameters are represented by their
actual local values or by arithmetic or harmonic averages from neighboring grid points. For instance, to
realize a free surface the Lamé parameters above the surface can be set to zero and the density close to zero
(to avoid division by zero) to approximate a vacuum. This procedure is also referred to as the ”vacuum
formalism” (Zahradník et al., 1993). Heterogeneous modeling of free surfaces thus implies the application
of the vacuum formalism. Therefore both terms are used synonymously throughout this paper.
The heterogeneous approach is obviously very attractive because of its simplicity and high flexibility
compared to the other explicit methods mentioned above. Complex shaped strong contrast discontinuities
can be simulated with the same algorithm. All that is required is to change the distribution of the elastic
parameters in the computational region depending on the free surface topography under consideration.
Some examples for the application of the vacuum formalism exist in the literature. Frankel and Leith
(1992) successfully simulated free surface topography with an FD scheme of fourth-order accuracy in space
using a variation of the vacuum formalism. They use a density taper to zero starting at the free surface while
keeping the medium P-velocity unaltered. Unfortunately, their method was not thoroughly bench-marked.
Zahradník and Urban (1984) applied the vacuum formalism to SH-waves at curved free surfaces and found
good agreement with an independent solution. Zahradník et al. (1993) used the vacuum formalism in four
different 2-D P-SV finite difference schemes and investigated their behavior at a planar free surface which
is aligned with the grid. Their numerical results are in qualitative agreement with semi-analytic solutions
even for a method that theoretically does not fulfill the traction condition. Zahradník et al. (1993) used
5 grid points per wavelength for a 4th-order scheme and 10 gridpoints per wavelength for the 2nd-order
algorithms. Unfortunately, they did not analyze the performance for different grid spacings. Ohminato and
Chouet (1997) also apply the vacuum formalism in a 3-D scheme in which the shear stresses are distributed
on the 12 edges of the FD cell so that only shear stresses appear on the free surface and normal stresses
remain embedded within the solid region. Numerical tests indicate that 25 grids per wavelength are required
to obtain sufficient accuracy. Oprs̆al and Zahradník (1999) propose an elastic 2-D FD method for spatially
irregular grids on which the vacuum formalism is applied to implement free surfaces. For a horizontal free
surface they tested the accuracy for grid spacings of 13 and 27 grid points per minimum wavelength. They
discovered sufficent accuracy for the Rayleigh wave. Saenger et al. (2000) suggested the use of a rotated
staggered grid finite difference scheme in which the spatial derivatives are rotated by 45 degrees which leads
to a partly staggered distribution of wavefield and material parameters that is well suited for the vacuum
formalism. The accuracy of this approach has been successfully verified for modeling SH-wave scattering
at a cavity by comparison with an analytical solution (Krüger et al., 2005). Krüger et al. (2005) found
sufficent accuracy for 30 grid points and good accuracy for 300 grid points per minimum wavelength. The
results of the modeling of Rayleigh waves propagating along the 3-D topography of a hill computed with
the RSG agree well with results obtained by Ohminato and Chouet (1997) for the same geological model
(Saenger and Bohlen, 2004). Graves (1996) applied the vacuum formalism on the standard staggered grid
(Virieux, 1986; Levander, 1988) and simulated Rayleigh waves propagating along a horizontal free surface
aligned with the grid. He used 9 grid points per minimum wavelength and found a not very satisfying
agreement with a frequency-wavenumber technique. More recently, Hayashi et al. (2001) concluded that at
least 30 grid points per minimum wavelength are required for modelling Rayleigh waves on free surfaces
with topograhy using the vacuum method on a standard staggered grid. Their accuracy tests are based on
convergence tests.
In this paper we explore the performance of two different viscoelastic velocity-stress 2-D FD algorithms, namely (1) the widely used standard staggered grid (SSG) (Virieux, 1986; Levander, 1988; Robertsson et al., 1994; Graves, 1996; Bohlen, 2002) and (2) the more recently developed rotated staggered grid
(RSG) (Gold et al., 1997; Saenger et al., 2000; Saenger and Bohlen, 2004). A goal of this work is to
establish relations between desired accuracy and computational costs. How finely must the wavefield be
sampled to achieve acceptable results ? Is heterogeneous modeling of free surfaces a reasonable alternative to using explicit boundary conditions ? As a critical test, we perform modeling of Rayleigh waves
propagating along planar free surfaces having different orientations with respect to the grid.
We proceed with a short description of the location of wavefield parameters and material properties on
the standard and rotated staggered grid. The correct averaging of material parameters is described. The
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results of the accuracy tests are presented subsequently.
STANDARD AND ROTATED STAGGERED GRID
Figure 1 shows a comparison of the locations of viscoelastic wavefield parameters and material parameters
on the standard staggered grid (SSG) and the rotated staggered grid (RSG).
On the SSG, different components of one physical parameter are defined at different staggered points.
For example, the two different components of the particle velocity (circles in Figure 1a) are distributed
over two different staggered locations. The different components of the stress tensor (indicated by squares
in Figure 1a) are distributed over two different locations. The shear modulus µ and the S-wave attenuation
parameter τ s Blanch et al. (1995); Bohlen (2002) are required at the locations of shear-stress components.
The density % is required at the locations of particle velocities. These material parameters thus need to
be locally averaged, i.e. calculated from neighboring grid points. The averaging of material parameters is
critical for the accuracy at strong discontinuities (Zahradník et al., 1993; Falk, 1998; Moczo et al., 2002).
To obtain stable results, arithmetic averaging must be used for the density % and attenuation parameter τ s ,
and harmonic averaging is required for the shear modulus (Fellinger et al., 1995; Graves, 1996; Falk, 1998;
Vossen et al., 2002; Moczo et al., 2002):
%x (i + 1/2, j)

=

%y (i, j + 1/2)

=

s
τxy
(i + 1/2, j + 1/2)

=

µxy (i + 1/2, j + 1/2)

=

%(i, j) + %(i + 1, j)
,
2
%(i, j) + %(i, j + 1)
,
2
τ s (i, j) + τ s (i + 1, j) + τ s (i + 1, j + 1) + τ s (i, j + 1)
,
4
4
.
µ−1 (i, j) + µ−1 (i + 1, j) + µ−1 (i + 1, j + 1) + µ−1 (i, j + 1)
(1)

This averaging procedure satisfies the condition of traction continuity across the interface between two
media on standard staggered grids Moczo et al. (2002). Our numerical tests show that arithmetic averaging
of the shear modulus across free surfaces leads to instabilities. Harmonic averaging produces stable simulations. For the SSG the location of the free surface is defined by the plane going through the staggered
position of the particle velocity vy and shear stress σxy (Figure 1a).
In the case of the RSG, all stress tensor components are located at one (full) grid point and all particle
velocities are located at one staggered point (Figure 1b). This partly staggered distribution of wavefield
and material parameters is obtained by the rotation of the derivatives direction (Gold et al., 1997; Saenger
et al., 2000). In the case of the RSG only densities need to be arithmetically averaged (Figure 1b):
%̄(i + 1/2, j + 1/2) =

1
{%(i, j) + %(i + 1, j) + %(i + 1, j + 1) + %(i, j + 1)}
4

(2)

No averaging of the elastic moduli is necessary. This is, among other things, advantageous for the simulation of anisotropic media (Saenger and Bohlen, 2004). Numerical tests show that RSG simulations are
stable near vacuum-solid discontinuities, i.e., free surfaces. For the RSG the location of the free surface is
defined by the plane going through the staggered position of the particle velocities (Figure 1b).
For both schemes we apply second order spatial FD operators (O(2,2)) only. The application of higherorder spatial FD operators is not reasonable due to the discontinuities of the seismic wavefield at the free
surface (Cunha, 1993).
ACCURACY TESTS
Planar free surface aligned with the grid
First we evaluate the performance of both schemes for a planar free surface aligned with the numerical grid.
Seismic waves are excited by a vertical point force that is applied at a single grid node 0.4 m below the free
surface. Receivers are located at the same depth every 1m up to an offset of 60 m. We test the accuracy
of Rayleigh waves in two types of half-spaces: (1) a crystalline hard rock and (2) a sedimentary soft rock.
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a) Standard Staggered Grid (SSG)
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b) Rotated Staggered Grid (RSG)
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Figure 1: Locations of wavefield and material parameters in a 2-D finite-difference cell for the Standard
Staggered Grid (SSG) Virieux (1986); Levander (1988); Robertsson et al. (1994) and the Rotated Staggered
Grid (RSG) Saenger et al. (2000). σij denote stress components, rij are the memory variables, vi are the
particle velocities, fi are the body force components, π is the P-wave modulus, µ is the shear modulus, %
denotes density, and τ s and τ p are the attenuation parameters for P- and S-waves, respectively. µxy , and
s
τxy
, and %x , %y , %̄ denote averaged material properties for shear modulus, attenuation parameter τ s , and
density, respectively (equations 1 and 2).
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The P-velocity, S-velocity, and density of the hard rock half-space are Vp=5.7 km/s, Vs=3.4 km/s, and
%=2200 kg/m3 , respectively. The source signal is a Ricker wavelet with a center frequency of 500 Hz and
a maximum frequency of 1.1 kHz. The P-velocity, S-velocity, and density of the soft sediment are Vp=1.7
km/s, Vs=0.17 km/s, and %=1700 kg/m3 , respectively. This case simulates water saturated sand with a high
Poisson ratio of 0.49. In the soft rock simulations we use a Ricker signal with a center frequency of 50
Hz and a maximum frequency of approximately 90 Hz to simulate a hammer blow on the free surface. In
both models the grid points above the planar free surface are assigned with zero velocities, and low density
(0.00125 kg/m3 ). In case of the SSG S-velocities are set close to zero to avoid division by zero during
harmonic averaging of the shear modulus (equation 1).
The parameters for the spatial and temporal discretization of the two models are listed in Table 1.
As a measure of the spatial discretization of the Rayleigh wave we use the number of grid points per
minimum wavelength λmin /dh where λmin is determined by the lowest Rayleigh wave velocity and the
maximum source frequency λmin = cmin /f√max . The time step interval dt is chosen just below the
stability limit of the SSG scheme dt < dh/( 2cmax ) Virieux (1986); Blanch et al. (1995) where cmax
denotes the maximum P-wave velocity. Although the stability criterion of the RSG scheme is less strict
(dt < dh/cmax ) (Saenger et al., 2000), we use the same time step dt for both algorithms. Due to the high
Vp/Vs ratio of the soft rock, the simulations of the soft rock model require larger run times (Table 1).
The FD modeled waveforms are compared with an analytical solution which uses the Cagniard-De
Hoop technique to calculate the Green’s function for the elastic halfspace with a free surface (Berg et al.,
1994). In order to quantify the relative difference between FD seismograms f (l4t) and the analytical
solution q(l4t) we calculate the L2 norm error:
PN
E=

l

(f (l4t) − q(l4t))2
PN
2
l q(l4t)

,

(3)

where the summation is over the Rayleigh wave event only. A disadvantage of this error measure is that
it is particularly sensitive to time shifts rather than amplitude differences when the waveform is distorted.
For this reason, waveforms are also compared directly.
Figure 2 shows seismograms of the radial and vertical component of particle velocity for the hard and
soft rock case.
Seismograms are recorded at an offset of 60 m corresponding to approximately 40 and 20 times the
dominant wavelength of the Rayleigh wave for the soft and hard rock case, respectively. The RSG and
SSG algorithms produce nearly identical seismograms for both models. There are two reasons for this: (1)
the effective free surface in both schemes is located at the same depth, and (2) parallel to the grid axes the
dispersion error for the same time step dt and grid spacing dh is identical (Saenger et al., 2000). Because of
the similarity, only the SSG solution is shown. Similar performances of different FD techniques at planar
free surfaces aligned with the grid are also reported by Zahradník et al. (1993). For small grid spacing
corresponding to more than 17 grid points per minimum wavelength we observe good agreement between
the analytical solution and the SSG/RSG seismograms for both models. On coarser grids (9 grid points
per minimum wavelength), however, waveforms change significantly with offset. The Rayleigh wave is
delayed and ringing after the main event is observed at greater offsets.
The relative errors of the SSG and RSG seismograms are calculated via equation 3 at different offsets.
The results are shown in Figure 3.
The error E defined in equation 3 is increasing with offset if the model is discretized with 17 grid
points, whereas for 34 grid points the error remains well below 10 %. From this and other numerical
tests we conclude that at least 30 grid points are required to obtain accurate results for Rayleigh waves at
greater offsets, i.e. more than 40 S-wavelengths at the surface. 15 grid points per minimum wavelength are
sufficient for smaller offsets. Fewer grid points are required for the accurate simulation of body waves. This
is also reported by Xu et al. Xu et al. (1999) who also concluded that Rayleigh waves suffer more severely
from numerical dispersion than body waves do. The Rayleigh wave generally exhibits a smaller wavelength
in the vertical direction due to the exponential decay away from the surface. This may require significantly
higher spatial sampling (Mittet, 2002). In our numerical tests we discovered that SSG and RSG simulations
using higher order spatial operators across the free surface are stable but do not produce reasonable results.
This is due to the poor accuracy of higher order operators when applied at discontinuities of the seismic
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Figure 2: Seismograms for a planar free surface aligned with the grid. Offset is 60 m. a) hard rock and
b) soft rock. SSG seismograms are compared with the analytical solution. Numbers denote the number of
grid points per minimum wavelength used in the FD simulations.
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Figure 3: Relative errors (equation 3) as a function of offset for Rayleigh waves along a planar free surface
aligned with the grid. Numbers denote grid points per minimum wavelength used in the simulations. Hard
rocks and soft rocks show similar behaviour.
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λmin /dh

dh(m)

grid size

17
34
64

0.2
0.1
0.05

500x400
1000x800
2000x1600

9
17
34

0.2
0.1
0.05

500x400
1000x800
2000x1600

dt(µs)
hard rock
20
10
5
soft rock
80
40
20

time steps

run time on 8 CPUs (s)

2500
5000
10000

20
160
1146

6250
12500
25000

45
360
2800

Table 1: Discretization and run times for the hard rock and soft rock simulations. λmin = cmin /fmax
denotes the minimum wavelength of the Rayleigh wave, dh is the spatial grid increment, and dt is the time
step interval.
wavefield (Cunha, 1993).
Comparison with explicit boundary conditions
To facilitate a direct comparison of the performance of the heterogeneous and homogeneous approach we
also apply explicit boundary conditions at the free surface. We choose two implementations. The first
one is the classical so-called image method in which σiy (i=x,z) are imaged as odd functions across the
free surface and σyy is explicitly set to zero (Levander, 1988; Robertsson, 1996; Gottschämer and Olsen,
2001). Particle velocity components are set to zero above the free surface (image method 3 discussed by
Robertsson, 1996). The second implementation was more recently proposed by Mittet Mittet (2002). He
suggested a simple ad hoc approach: set σyy and λ to zero on the free surface nodes, and set µ and % to
half the internal value on the free surface nodes. Arithmetic averaging of the shear modulus is performed
inside the earth. Mittet (2002) observed excellent agreement with the same analytical solution we use here.
Both implementations are tested using a 2nd-order SSG scheme (O(2,2)) and a 4th-order SSG scheme
(O(2,4)). Seismograms obtained with the image method for the soft rock case are shown in Figure 4. A
direct comparison with Figure 2b reveals that the overall accuracy of the image method is comparable to the
heterogeneous approach. The image method applied in the O(2,2) SSG scheme simulates a Rayleigh wave
that is slightly too slow (it arrives later – see Figure 4, top), whereas the Rayleigh wave is slightly too fast
when 4th-order operators are used (Figure 4, bottom). 17 and 9 grid points per minimum wavelength for the
2nd-order and 4th-order simulations, respectively, seem to be sufficient for the image method to obtain good
accuracy. The comparison of the performance of the image method (Figure 4, top) and the heterogeneous
approach (Figure 2b) for 2nd-order FD operators leads to the conclusion that the heterogeneous approach
requires roughly half the spatial sampling of the image method. The necessary sampling of the image
method can be further reduced if higher order operators are used. If 4th-order operators are applied only
9 grid points are sufficent to obtain acceptable results. This is close to the rule-of-thumb for the necessary
discretization with an O(2,4) SSG scheme to avoid numerical dispersion of body waves. The application
of higher operators for heterogeneous free surface modelling is not possible.
The boundary condition of Mittet (2002) is less accurate (Figure 5) than the image method. The
Rayleigh wave is significantly delayed even if the Rayleigh wave is discretized with more than 17 grid
points per horizontal wavelength.
Dipping planar free surface
Now we test the accuracy of the heterogeneous approach for modeling Rayleigh wave propagation along
a dipping planar interface. Differences in the simulations of dipping interfaces between the two numerical
schemes are caused by two factors. First of all the two schemes differ in their directional variation of
numerical dispersion Saenger et al. (2000). However, with decreasing grid increments (spatial grid size
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Figure 4: Explicit boundary condition (image method) applied at a planar free surface aligned with the
grid. Offset is 60 m. Soft rock case. SSG scheme with 2nd-order spatial FD operators (O(2,2)) (top) and
4th-order operators (O(2,4)) (bottom) are used. FD seismograms (vertical components) obtained with 9
and 17 grid points per minimum Rayleigh wavelength are compared with the analytical solution.
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Figure 5: Explicit boundary condition proposed by Mittet (2002) applied at a planar free surface aligned
with the grid. Offset is 60 m. Soft rock case. 2nd order (O(2,2)) and 4th order (O(2,4)) spatial FD operators
are used. SSG seismograms with 9 and 17 grid points per minimum Rayleigh wavelengths are compared
with the analytical solution.
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and time step interval) this difference becomes less important. Secondly, differences are caused by the
spatial discretization of the dipping interface which results in artificial steps (staircases) on the numerical
grid. Due to the different spatial distributions of material parameters (Figure 1) and averaging procedures
(equations 1 and 2) this leads to a different location of the effective free surface. We believe that most of
the differences between the SSG and the RSG for dipping interfaces, which are described below, must be
attributed to the different spatial representations of the effective free surfaces.
In the simulations of dipping free surfaces the receiver components are rotated into the directions parallel (radial) and perpendicular (vertical) to the orientation of the interface. Figure 6 shows seismograms
of the vertical component calculated with the SSG and RSG for different dipping angles.
The corresponding errors (equation 3) are shown in Figure 7.
The direct P-wave (not shown) is modeled accurately even on coarser grids. Large errors, however, are
observed for the Rayleigh wave which is shown in Figure 6. As expected, the best results are obtained
when the free surface is aligned with the grid (0◦ and 90◦ ). For dip angles away from 0◦ and 90◦ , the
error increases and does so more rapidly for coarser grid spacings. Near the dip of 45◦ the error decreases.
This is also reported by Vossen et al. (2002) for the SSG in case of a dipping fluid-solid boundary. The
asymmetry of errors around 45◦ is related to different locations of the steps in the numerical interfaces.
If the free surface is not aligned with the grid, the Rayleigh wave is delayed and distorted in the results
of both numerical schemes, but most severely for the SSG. Even for very fine grid spacings there remain
substantial differences between the SSG and the analytical solution. For coarser grid spacings (17 points)
the error is due to significant diffraction in the Rayleigh wave at irregular steps of the free surface. In
the coarse grid RSG simulations edges of the free surface can lead to a ”checker-board” pattern of the
wavefield, i.e. alternating amplitudes between neighboring grid points. On finer grids, the SSG error is
mainly due to the time delay of the Rayleigh wave. Note that the error of the SSG is still above 50 %
around 45◦ dip angle (Figure 7b) even when 68 grids are used. The error of the RSG decreases much more
rapidly with decreasing grid spacing. However, to achieve good accuracy for all dip angles (E<10%) a
very fine sampling of the wavefield, more than approximately 60 grid points per minimum wavelength, is
required.
CONCLUSIONS
In this work we investigated the accuracy of heterogeneous FD modeling of Rayleigh waves along planar
free surfaces having different orientations with respect to the directions of the numerical grid. In the case
of a planar free surface aligned with the grid the SSG and the RSG perform equally well, i.e. seismograms
are almost identical. At least 15 to 30 grid points per minimum wavelength are needed to achieve good
accuracy. This case, however, can be simulated on coarser grids with better accuracy and higher spatial FD
operators using explicit boundary conditions, e.g. the image method.
Because of the simplicity of the heterogeneous approach the greatest application potential was expected
for complex shaped free surfaces. In the case of dipping planar free surfaces, however, accuracy decreases.
The error increases significantly for dipping angles away from 0◦ . Errors are most severe for the SSG: even
when using 68 grid points per minimum wavelength a significant effect of the slope of the free surface is
observed. Good results can be obtained with the RSG for all dipping angles if more than approximately
60 grid points per minimum wavelength are used. The required dense spatial sampling, however, leads
to extremely high computational requirements especially for realistic 3-D scenarios. Variable grid FD
modeling using small grid spacing near free surfaces and coarser grid spacing in the interior of the earth
thus seems to be a necessary implementation to apply heterogeneous free surface modeling for routine
applications. The implementation of explicit boundary conditions for tilted surfaces is another way to
reduce the necessary sampling close to free surfaces.
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Figure 6: FD seismograms (vertical component) at 60 m offset for different dipping angles of the free
surface. 68 (solid), 34 (dashed-dotted), and 17 (dotted) grid points per minimum wavelength were used in
the simulations. (a) RSG scheme and (b) SSG scheme. The analytical solution is shown in the top level
trace of each section.

Annual WIT report 2005

233

(a)

RSG, vertical component
#68
#34
#17

500

Error (%)

400
300
200
100
0
0

20

(b)

40
60
Dip (degrees)

80

SSG, vertical component
#68
#34
#17

500

Error (%)

400
300
200
100
0
0

20

40
60
Dip (degrees)

80

Figure 7: Error of seismograms shown in Figure 6. (a) RSG scheme and (b) SSG scheme. Errors of
simulations with 68, 34, and 17 grid points per minimum wavelength are compared.

234

Annual WIT report 2005
REFERENCES

Berg, P., If, F., Nielsen, P., and Skovgaard, O. (1994). Analytical reference solutions, pages 421–427.
Pergamon Press.
Blanch, J., Robertsson, J., and Symes, W. (1995). Modeling of a constant Q: Methodology and algorithm
for an efficient and optimally inexpensive viscoelastic technique. Geophysics, 60(1):176–184.
Bohlen, T. (2002). Parallel 3-D viscoelastic finite-difference seismic modelling. Comput. and Geosci.,
28(8):887–899.
Boore, D. (1972). Finite-difference methods for seismic wave propagation in heterogeneous materials. In
Bolt, B., editor, Methods of computational physics, volume 2. Academic Press, New York.
Cunha, C. A. (1993). Elastic modeling in discontinuous media. Geophysics, 59(12):1840–1851.
Falk, J. (1998). Efficient Seismic Modeling of Small-Scale Inhomogeneities by the Finite-Difference
Method. PhD thesis, University of Hamburg.
Fellinger, P., Marklein, R., K.J., L., and Klaholz, S. (1995). Numerical modeling of elastic wave propagation and scattering with efit - elastodynamic finite integration technique. Wave Motion, 21:47–66.
Fornberg, B. (1988). The pseudospectral method: Accurate representation of interfaces in elastic wave
calculations. Geophysics, 53:625 – 637.
Frankel, A. and Leith, W. (1992). Evaluation of topographic effects on p- and s-waves of explosions at the
northern novaya zemiya test site using 3-D numerical simulations. Geophys. Res. Lett., 19:1887–1890.
Gold, N., Shapiro, S. A., and Burr, E. (1997). Modelling of high contrasts in elastic media using a modified finite difference scheme. In 68th Ann. Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts,
volume 97, page ST 14.6.
Gottschämer, E. and Olsen, K. (2001). Accuracy of the explicit planar free-surface boundary condition
implemented in a fourth-order staggered-grid velocity-stress finite-difference scheme. Bull., Seis Soc.
Am., 91(3):617–623.
Graves, R. (1996). Simulating seismic wave propagation in 3D elastic media using staggered-grid finite
differences. Bull., Seis Soc. Am., 86(4):1091–1106.
Hayashi, K., Burns, D. R., and Toksöz, M. N. (2001). Discontinuous-grid finite-difference seismic modeling including surface topography. Bull., Seis Soc. Am., 91(6):1750–1764.
Hestholm, S. O. (2003). Elastic wave modeling with free surfaces: stability of long simulations. Geophysics, 68(1):314–321.
Hestholm, S. O. and Ruud, B. O. (1998). 3-D finite-difference elastic wave modeling including surface
topography. Geophysics, 63:613–622.
Imhof, M. G. (2003). Calaculating the seismic effect of 3-D underground structures and topography with
the finite-difference method. In 74th Ann. Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts,
pages 1939–1942. Soc. Expl. Geophys.
Jih, R., K. L. McLaughlin, K., and d. Z. A (1988). Free-boundary conditions of arbitrary polygonal topography in a two-dimensional explicit elastic finite-difference scheme. Geophysics, 53:1045 – 1055.
Kelly, K., Ward, R., Treitel, S., and Alford, R. (1976). Synthetic seismograms: A finite-difference approach. Geophysics, 41(1):2–27.
Krüger, O. S., Saenger, E. H., and Shapiro, S. (2005). Scattering and diffraction by a single crack: an
accuracy analysis of the rotated staggered grid. Geophysical J. Internat., 162:25–31.

Annual WIT report 2005

235

Levander, A. (1988). Fourth-order finite-difference P-SV seismograms. Geophysics, 53(11):1425–1436.
Mittet, R. (2002). Free-surface boundary conditions for elastic staggered-grid modeling schemes. Geophysics, 67(5):1616–1623.
Moczo, P., Kristek, J., Vavrycuk, V., Archuleta, R., and Halada, L. (2002). Heterogeneous staggered-grid
finite-difference modeling of seismic motion with volume harmonic and arithmetic averaging of elastic
moduli and densities. Bull., Seis Soc. Am., 92(8):3042–3066.
Ohminato, T. and Chouet, B. (1997). A free-surface boundary condition for including 3d topography in the
finite-difference method. Bull., Seis Soc. Am., 87(2):494–515.
Oprs̆al, I. and Zahradník, J. (1999). Elastic finite-difference method for irregular grids. Geophysics,
64:240–250.
Robertsson, J., Blanch, J., and Symes, W. (1994). Viscoelastic finite-difference modeling. Geophysics,
59(9):1444–1456.
Robertsson, J. and Holliger, K. (1997). Modeling of seismic wave propagation near the earth’s surface.
Phys. Earth Plan. Int., 104:193–211.
Robertsson, J. O. A. (1996). A numerical free-surface condition for elastic/viscoelastic finite-difference
modeling in the presence of topography. Geophysics, 61:1921–1934.
Saenger, E. and Bohlen, T. (2004). Finite-difference modeling of viscoelastic and anisotropic wave propagation using the rotated staggered grid. Geophysics, 69(2):583–591.
Saenger, E., Gold, N., and Shapiro, S. (2000). Modeling the propagation of elastic waves using a modified
finite-difference grid. Wave Motion, 31(1):77–92.
Tessmer, E. and Kosloff, D. (1994). 3-d elastic modeling with surface topography by a chebyshev spectral
method. Geophysics, 59:464–473.
Virieux, J. (1986). P-SV wave propagation in heterogeneous media: velocity-stress finite-difference
method. Geophysics, 51(4):889–901.
Vossen, R., Robertsson, J., and Chapmann, C. (2002). Finite-difference modeling of wave propagation in
a fluid-solid configuration. Geophysics, 67(2):618–624.
Xu, H., Day, S. M., and Minster, J.-B. (1999). Two-dimensional linear and nonlinear wave propagation in
a half-space. Bull., Seis Soc. Am., 89(4):903–917.
Zahradník, J., Moczo, P., and Hron, F. (1993). Testing four elastic finite difference schemes for behaviour
at discontinuities. Bull., Seis Soc. Am., 83:107–129.
Zahradník, J. and Priolo, E. (1999). Heterogeneous formulations of elastodynamic equations and finitedifference schemes. Geophysical J. Internat., 120:663–676.
Zahradník, J. and Urban, L. (1984). Effect of a simple mountain range on underground seismic motion.
Geophys. J. R. astr. Soc., 79:167–183.

236

2.5D ELASTIC FINITE-DIFFERENCE MODELING
F.S. Neto, J. Costa, and A. Novais
email: jesse@ufpa.br
keywords: elastic, finite-difference, modeling, anisotropy

ABSTRACT
Finite difference modeling of elastic wavefields in 2.5D is described in the velocity-stress formulation
for anisotropic media. The 2.5D modeling computes the 3D elastic wavefield in a medium which is
translation invariant in one coordinate direction. The approach is appealing due reduced storage and
computing time when compared to full 3D finite difference elastic modeling. The scheme handles inhomogeneities in mass density and elastic moduli, includes free-surface and perfect matched layers as
absorbing boundaries. High order finite difference operator allows the use of a coarse mesh, reducing
the storage even more without producing numerical dispersion and numerical anisotropy. Numerical
experiments show the accuracy of the scheme, its computational efficiency and the importance of 2.5D
modeling in complex elastic media.

INTRODUCTION
The 3D elastic modeling of seismic wavefields is very expensive and requires extensive computational
resources, even for a modest-sized model. If the modeling of 3D wave propagation is carried out in media
with only 2D variations in the material properties, the seismic line being positioned within the symmetry
plane, this is generally referred to as the 2.5D situation. This situation is very interesting to numerical
experiments as the medium symmetry can be used to reduce the complexity of the numerical task.
The modeling of seismic wave propagation in the 2.5D situation is helpful to approximately simulate
seismic surveys along dip and strike directions in situations were full 3D modeling is unaffordable and
where only 2D information about the medium is available. Some of these applications are conventional
2D seismic surveys, i.e., where the sources and receivers follow a single seismic line (Liner, 1991), and
seismic borehole tomography (Williamson and Pratt, 1995).
Based on a Fourier transform of the acoustic wave equation in the out-of-plane direction, Song and
Williamson (1995) presented an approach by repeated 2D finite-difference modeling in the frequency domain to find the exact solution of the 3D wave equation in the 2.5D situation for acoustic media with
constant density, and applied their results to tomographic problems. They proved the quality of their results by a comparison to modeling with the Born approximation. Cao and Greenhalgh (1998) determined
the stability and absorbing boundary conditions for this 2.5D FD approach, again for constant density, and
compared the implementations in the time and frequency domains. In these papers, the inverse Fourier
transform is carried out by a sum up to the Nyquist wavenumber. Recently, Novais and Santos (2005)
revisited this approach for acoustic constant-density media and obtained stability conditions and sampling
limits in the time domain as a function of the maximum wavenumber. Costa et al. (2005) extended these
results to variable density, i.e., to any arbitrary acoustic media.
In this work, we transfer the time domain version of Novais and Santos (2005) to inhomogeneous elastic and anisotropic media with arbitrary symmetry class. The sources and receivers are not constrained to
be within the same vertical plane. The velocity-stress formulation allows the computation of the complete
elastic wavefield. In the general case, a complex valued system of equations needs to be solved. If sources
and receivers are in the same vertical plane, the medium and the source distributions have mirror symmetry
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across the vertical plane. Then, it is possible, with a change of variables, to reduce the system of equations
to be solved to a real valued one. We present the stability conditions for the corresponding higher-order
finite-difference schemes and derive the perfect matched layer (PML) absorbing boundary conditions. We
validate the 2.5D algorithm against 3D finite-difference modeling. The 2.5D FD modeling can be implemented efficiently on parallel platforms. The formulation belongs to the class of embarrassingly parallel
problems and the computation time reduces proportional to the number of processes.
METHOD
We solve the elastic field equations (Mittet, 2002; Minkoffy, 2002)
ρ(x)

∂vi (x, t)
∂t

A
∂Mij
(x, t)
∂σij (x, t)
+ fi (x, t) +
,
∂xj
∂xj

=

∂σij (x, t)
∂t

= Cijkl (x)

S
(x, t)
∂vk (x, t) ∂Mij
+
,
∂xl
∂t

(1)
(2)

where ρ is the medium density, and vi and fi are the components of the vectorial velocity field and volume
density force distribution, respectively. Moreover, Cijkl denotes the components of the medium stiffness
S
A
tensor, and σij those of the stress tensor. Finally, Mij
and and Mij
are the components of the symmetric and
anti-symmetric parts of the moment density tensor. These parts represent source distributions of volumeS
A
injection or double-couple type (Mij
) and of dipole type (Mij
).
In 2.5D modeling, one assumes the medium to be translation invariant along a coordinate direction,
generally represented by x2 . In this case it is convenient to represent the elastic field and the sources
distribution in the Fourier domain as
Z ∞
vi (x, t) =
vi (X, k2 , t) exp (ik2 x2 ) dx2 ,
(3)
−∞

and

Z

∞

σij (x, t) =

σij (X, k2 , t) exp (ik2 x2 ) dx2 ,

(4)

−∞

where k2 is the wavenumber associated with x2 and X ≡ (x1 , x3 ). Also, vi (X, k2 , t) and σij (X, k2 , t)
are the complex valued components of the respective fields in the k2 wavenumber domain. Similarly,
the source distributions can also be represented in the Fourier domain. Avoiding the introduction of new
notational symbols, we denote from now on vi ≡ vi (X, k2 , t), σij ≡ σij (X, k2 , t), fi ≡ fi (X, k2 , t),
A
A
S
S
Mij
≡ Mij
(X, k2 , t), and Mij
≡ Mij
(X, k2 , t). The Fourier components of the elastic field and their
source distribution obey, in an arbitrary anisotropic elastic medium, the complex valued system of equations
ρ(X)

∂vi
∂t

∂σij
∂t

=

A
∂σiJ
∂MiJ
A
+ i k2 σi2 + fi +
+ i k2 Mi2
,
∂XJ
∂XJ

= CijkL (X)

S
∂Mij
∂vk
+ i k2 Cijk2 (X)vk +
,
∂XL
∂t

(5)

(6)

where uppercase subscripts assume values 1 and 3 only. The summation convention also holds for these
indices. This system of equations can be discretized in X and time and solved by finite differences.
We have implemented this algorithm for isotropic media. In this case, the stress field equations reduce
to


∂σ11
∂v1
∂v3
∂v1
S
= λ
+ ik2 v2 +
+ 2µ
+ M11
,
∂t
∂x1
∂x3
∂x1


∂σ22
∂v1
∂v3
S
= λ
+ ik2 v2 +
+ 2µik2 v2 + M22
,
∂t
∂x1
∂x3


∂σ33
∂v1
∂v3
∂v3
S
= λ
+ ik2 v2 +
+ 2µ
+ M33
,
∂t
∂x1
∂x3
∂x3
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∂σ23
∂t
∂σ13
∂t
∂σ12
∂t




∂v2
S
= µ
+ ik2 v3 + M23
,
∂x3


∂v1
∂v3
S
= µ
+
+ M13
,
∂x3
∂x1


∂v2
S
= µ
+ ik2 v1 + M12
,
∂x1

(7)

where λ = λ(X) and µ = µ(X) are the Lamé parameters.
These equations are solved by finite differences in a staggered grid (Levander, 1988) for each value of
k2 . We use a second-order approximation for the time derivatives and high-order approximations for the
space derivatives. After solving the system above by finite differences, the elastic field components at the
receivers position, xR , are computed as



Z +∞ 
vi
vi
R
R
R
(x , t) =
(xR
1 , k2 , x3 , t) exp(ik2 x2 )dk2 .
σij
σij
−∞
For volume injections sources, volume density forces, and dipole density moment tensors polarized in
the x1 -x3 -plane, this system of equations can be reduced to a real valued system. This reduction is not
possible for general anisotropic media and arbitrarily polarized source distributions, as presented above.
As a consequence of the symmetry of the medium and the sources around the plane x2 = 0, the field
components v2 , σ12 and σ23 are odd functions of x2 , and their Fourier transform are purely imaginary. All
the other field components are even functions of x2 and have real Fourier transforms.
Defining the real quantities,
u2 (x1 , k2 , x3 ) ≡ iv2 (x1 , k2 , x3 ),
τ12 (x1 , k2 , x3 ) ≡ iσ12 (x1 , k2 , x3 ),
τ23 (x1 , k2 , x3 ) ≡ iσ23 (x1 , k2 , x3 ),
the final equations for 2.5D elastic modeling, in this particular case, are


1 ∂σ11
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,
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The velocity field components v1 and v3 , for receivers located in the plane x2 = 0, reduce to
Z +∞
R
R
R
vI (x1 , 0, x3 , t) =
vI (xR
1 , k2 , x3 , t)dk2 .
−∞

(8)

(9)
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The extension of this simplification to anisotropic media where the plane x2 = 0 is a plane of mirror
symmetry is straightforward. In our implementation, the free-surface boundary condition is used at the top
surface (Mittet, 2002) and PML absorbing boundaries (Chew and Liu, 1996) are imposed at the bottom and
lateral boundaries. The PML equations are presented in the Appendix. The stability condition for the 3D
finite difference scheme (Costa et al., 2005) is
s
2 ∆x
∆t ≤
,
(10)
(2)
3d cP
0

where ∆t is the time step, ∆x is the grid space, and cP is the P-wave velocity. Moreover,
(2)

d0 =

N
+1
X

dj ,

j=−N +1

where dj are the coefficients of the finite-difference operator for first derivatives, with N equal to the order
of the finite difference approximation. If we require the 2.5D scheme to obey equation (9) (Novais and
Santos, 2005), we can determine the maximum value for the wavenumber as (Silva Neto, 2004)
q
(2)
2d0
.
(11)
k2max ≤
∆x
The wavenumber sampling is ∆k2 = 2π/ min(N1 , N3 ), where N1 and N3 are the numbers of grid points
in the x1 and x3 directions. When using FD schemes of order higher than 12, the spatial sampling to avoid
numerical dispersion must satisfy
1 CS min
∆x ≤
,
3 fmax
where CS min is the minimum S-wave velocity and fmax is the upper limit of the wavelet’s frequency band.
NUMERICAL EXPERIMENTS
The complex and real valued equation systems (7) and (8) for 2.5D elastic modeling were implemented on
a serial platform and on a PC cluster. The parallel implementation is very efficient. Each of the equation
systems (7) and (8) is solved for each wavenumber in a different process. There is no communication
between processes until the FD has finished. As a consequence, the computation time for parallel implementation is the computation time of the serial implementation divided by the number of processes. In all
the numerical experiments, we have modeled point sources using a Gaussian distribution around the source
point

 



−kx − xs k2
1
fi
f0 (t) ei
exp
=
,
Mij
M0 (t) dij (2πh2 )3/2
2h2
where f0 (t) is the pulse, ei is the unit polarization vector for the volume-force density, M0 (t) is the pulse
and dij depends on the source type. For explosive sources, dij = δij , and for double couple sources, dij =
ni νj + nj νi , where the unit vector ni is normal to the fault plane and the unit vector νi is perpendicular to
ni (Aki and Richards, 1980; Minkoffy, 2002).
Homogeneous halfspace
We have computed the elastic wavefield in a homogeneous halfspace with a free surface as originating from
a volume injection point source. The model has density 2000 kg/m3 , P-wave velocity 2500 m/s and S-wave
velocity 1200 m/s. The source is 10 m below the surface and the wavelet is a Ricker with 10 Hz of peak
frequency. Figures 1 and 2 compare the results of 2.5D and 2D elastic modeling after 0.5 s of propagation.
These figures show the differences in relative amplitudes and wave shape among events. Figure 3 shows
the snapshot of the velocity field after 0.6 s computed using the 2.5D algorithm. We observe the good
performance of the PML absorbing boundary conditions.
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Figure 1: Vertical component of velocity wavefield after 0.5 s of propagation in a homogeneous halfspace with a free
surface, computed by 2.5D elastic FD modeling. The Rayleigh wave (R), P wave, S wave and the S* wave are labeled.

Figure 2: Vertical component of the velocity wavefield after 0.5 s of propagation computed using 2D elastic modeling.
Observe the differences in the pulse width and shape and the relative amplitudes among the events as compared with
the 2.5D result.

Figure 3: Vertical component of velocity wavefield after 0.6 s of propagation in a homogeneous halfspace with a free
surface, computed by 2.5D elastic modeling. The PML absorbing boundary condition performs well attenuating the P
wave at the bottom.
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Figure 4: Density, P-wave, and S-wave velocity at a section of the SEG/EAEGE salt model.

SEG/EAGE salt model
We compare the results of 2D and 2.5D elastic finite difference modeling for the section of the SEG/EAGE
model in Figure 4. The density and shear velocity were estimated using the prescription of House et al.
(2000). Full 3D elastic modeling of a seismic survey in this model is still a challenge for today’s computer
hardware. The section we use for 2.5D modeling is sampled in a regular mesh of 10 m spacing with 365 by
1001 nodes. We simulate 1.5 seconds of propagation for an explosive source at 10 m depth, 300 receivers
are located symmetrically around the source spaced by 20 m with 150 m minimum offset. The source
pulse is a Blackman-Harris wavelet with peak frequency of 10 Hz. PML boundaries on the lateral and at
the bottom have 21 grid nodes. Figure 5 presents the results of 2D and 2.5D modeling. The anomalous
amplitudes, frequency content and phase of the 2D modeling are evident. In this case some events show
a larger mismatch than others indicating the shortcomings of 2D modeling in complex inhomogeneous
models.

Salt dome model
We also compare 2.5D and 3D elastic FD modeling in a simple salt dome model presented in Figure 6. The
section we use is sampled in a regular mesh of 10 m spacing with 250 by 501 nodes. We have simulated
1.3 s of propagation for a explosive source at 10 m depth, 120 receivers are located symmetrically around
the source, spaced by 20 m with 150 m minimum offset. For the 3D elastic simulation, 151 sections were
replicated along the transversal direction and the line along source and receivers were positioned in the
middle of the model. PML layers are applied on the bottom and on the lateral boundaries, each with a
width of 21 grid points. Figure 7 contains the results of 2.5D and 3D elastic modeling. The two results
present a very good agreement.
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Figure 5: Vertical component of the velocity field after finite difference modeling using the section of SEG/EAGE
salt model in Figure 4; (a) using a 2D FD, and (b) using the 2.5D FD. The 2D results present anomalous amplitudes
and frequency content.

CONCLUSIONS
Full 3D elastic FD modeling is challenging even for today’s PC clusters. We presented the formulation of
2.5D numerical modeling in arbitrary elastic media. Our approach to 2.5D modeling computes the complete elastic wavefield and handles arbitrary anisotropy. Stability conditions and PML absorbing boundary
conditions for the FD algorithm were derived. The algorithm was successfully validated in complex inhomogeneous models against a full 3D elastic FD modeling. We believe this algorithm for 2.5D modeling
is an accurate, low storage, alternative for seismic modeling whenever translation invariance along a strike
direction can be assumed from geology. In such cases the 2.5D approach can compute the 3D wavefield
for models specified in dense grids in a single PC. The 2.5D elastic modeling is very efficient in parallel
platforms as compared to domain decomposition approaches to 3D FD elastic modeling.
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Figure 6: Density, P-wave, and S-wave velocity for a simple salt model.
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APPENDIX A
PERFECT MATCHED LAYERS (PML)

We use PML layers around the lateral and bottom boundaries of the model to reduce edge effects. Following
Chew and Liu (1996), we assume that each velocity wavefield at the PML layers decomposed as
vi

= vi1 + vi2 + vi3 ,

and accordingly the stress field
σij

1
2
3
= σij
+ σij
+ σij
,

where the superscripts indicate a coordinate direction. Using the complex stretch method of Chew and Liu
(1996), we derive the following equations for the field components in a general anisotropic medium:


1 ∂σ11
∂v11
1
+ γ1 (x1 )v1 =
,
∂t
ρ ∂x1
1
∂v12
=
ik2 σ12 ,
∂t
ρ


∂v13
1 ∂σ13
3
+ γ3 (x3 )v1 =
,
∂t
ρ ∂x3


1 ∂σ12
∂v21
+ γ1 (x1 )u12 =
,
∂t
ρ ∂x1
1
∂v22
=
ik2 σ22 ,
∂t
ρ


∂v23
1 ∂σ23
3
+ γ3 (x3 )v2 =
,
∂t
ρ ∂x3


∂v31
1 ∂σ13
,
+ γ1 (x1 )v31 =
∂t
ρ ∂x1
∂v32
1
=
ik2 σ23 ,
∂t
ρ


∂v33
1 ∂σ33
3
+ γ3 (x3 )v3 =
,
∂t
ρ ∂x3
1
∂σ11
∂v1
∂v2
∂v3
1
+ γ1 (x1 )σ11
= C11
+ C16
+ C15
,
∂t
∂x1
∂x1
∂x1
2
∂σ11
= ik2 (C16 v1 + C12 v2 + C14 v3 ) ,
∂t
3
∂σ11
∂v1
∂v2
∂v3
3
+ γ3 (x3 )σ11
= C15
+ C14
+ C13
,
∂t
∂x3
∂x3
∂x3
1
∂σ22
∂v1
∂v2
∂v3
1
+ γ1 (x1 )σ22
= C12
+ C16
+ C25
,
∂t
∂x1
∂x1
∂x1
2
∂σ22
= ik2 (C26 v1 + C22 v2 + C24 v3 )
∂t
3
∂σ22
∂v1
∂v2
∂v3
3
+ γ3 (x3 )σ22
= C25
+ C24
+ C23
,
∂t
∂x3
∂x3
∂x3
1
∂σ33
∂v1
∂v2
∂v3
1
+ γ1 (x1 )σ33
= C13
+ C36
+ C35
,
∂t
∂x1
∂x1
∂x1
2
∂σ33
= ik2 (C36 v1 + C23 v2 + C34 v3 ) ,
∂t
3
∂σ33
∂v1
∂v2
∂v3
+ γ3 (x3 ) = C35
+ C34
+ C33
,
∂t
∂x3
∂x3
∂x3
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1
∂σ23
1
+ γ1 (x1 )σ33
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∂σ23
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∂τ23
3
+ γ3 (x3 )τ23
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∂σ13
1
+ γ1 (x1 )σ13
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∂σ13
3
+ γ3 (x3 )σ13
∂t
2
∂σ13
∂t
1
∂σ12
1
+ γ1 (x1 )σ12
∂t
2
∂τ12
∂t
3
∂σ12
3
+ γ3 (x3 )σ12
∂t

= C14

∂v1
∂v2
∂v3
+ C45
+ C45
,
∂x1
∂x1
∂x1

= ik2 (C46 v1 + C24 v2 + C44 v3 ) ,
∂v1
∂v2
∂v3
+ C44
+ C34
,
∂x3
∂x3
∂x3
∂v1
∂v2
∂v3
= C15
+ C56
+ C55
,
∂x1
∂x1
∂x1
∂v1
∂v2
∂v3
= C55
+ C45
+ C35
,
∂x3
∂x3
∂x3

= C45

= ik2 (C56 v1 + C25 v2 + C45 v3 ) ,
= C16

∂v1
∂v2
∂v3
+ C66
+ C56
,
∂x1
∂x1
∂x1

= ik2 (C66 v1 + C26 v2 + C46 v3 ) ,
= C56

∂v1
∂v2
∂v3
,
+ C46
+ C36
∂x3
∂x3
∂x3

where we are using the reduced notation for the stiffness tensor. The field attenuation at the absorbing
boundaries are controlled by γ1 and γ3 . For example, at the bottom γ1 is zero and
(
(x3 −x03 )2
, if x3 > x03
L2
γ3 (x3 ) =
0,
otherwise.
Here, x03 is the coordinate where the PML begins and L is its width. Likewise, for the lateral boundaries
only γ1 is not zero.
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ABSTRACT
The Zero-Offset (ZO) Common-Reflection-Surface (CRS) stack is a macro-model independent seismic reflection imaging method that simulates a ZO volume or section from multi-coverage reflection
pre-stack data. This method has been established as an improvement and alternative of the conventional Normal-Moveout/Dip-Moveout (NMO/DMO) processing. Over the past years it has been
successfully applied both to 2-D and 3-D synthetic and real seismic data. It provides important wavefield attributes or parameters for several applications, e.g. migration, inversion and interpretation. It
uses as operator a second-order hyperbolic traveltime approximation in the vicinity of a central ray.
In 3-D, for a normal or ZO central ray, this operator depends on eight parameters that are determined
by means of coherence analyzes procedures. In this work, we examine the 3-D ZO CRS operator for
reflection and diffraction events with its respective true traveltimes. The results of these comparisons
demonstrate that the 3-D ZO CRS operator has a good fit with the true traveltime surface.

INTRODUCTION
In the last years a lot of macro-model independent imaging methods have appeared. The CRS Stack technique is in this group. The section or volume simulated by the CRS presents better signal-to-noise ratio
and resolution then conventional methods, e.g NMO/DMO. The conventional methods are based on suppositions of 1-D velocity model and it use traveltime approximations only applicable on CMP (commonmidpoint) data. The only one parameter that this conventional approximation, called NMO velocity stack,
have a limited use in others attributes extraction of the seismic media or for depth velocity model inversion.The CRS method uses all multi-coverage seismic data and provides, additionally, important parameters
from these data. It can be performed without any macro velocity model estimation, It is only necessary the
velocity close to surface.
The CRS method have been demonstrate be more efficient then conventional methods when applied on synthetic and real data sets (e.g. Cristini et al. (2001); Bergler et al. (2002)). The ZO-CRS operator is based
on a second order traveltime hyperbolic approximation in the vicinity of a normal central ray that depends
on eight parameters in 3-D case. This stack parameters, obtained to make a CRS volume, describe the normal ray direction and wavefront curvatures of the normal (N) and normal incident point (NIP) wavefronts
Hubral (1983). This parameters, that are also called wavefront attributes, have important applications, e.g.
migration, inversion and interpretation. It can be determined by automatic search process with coherence
analysis of the pre-stack seismic data. The first results of the 3-D CRS stack applied in synthetic data were
presented by Cristini et al. (2001). In real data sets, the first results were presented by e.g. Cristini et al.
(2002); and Bergler et al. (2002).
The CRS method is also efficient when applied on strong lateral velocity variations media data, structural
complexity, low signal/noise ratio and poor data coverage. For a 3-D data set with very reduced azimuth,
the number of parameters reduce to four Chira (2003), six to marine case Cardone et al. (2003).
In Chira-Oliva et al. (2003) we find the formalism and application examples of the 3-D ZO-CRS stack
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operator for reflection events, and the operator for diffraction events, that depends on five parameters.
In this work we present the first numeric results about 3-D ZO-CRS traveltime surfaces associated with a
reflected and diffracted central ray. This approximated 3-D ZO-CRS surfaces are compared with respective true traveltimes, calculated by ray tracing. This results are important for development of strategies to
provide the eight 3-D CRS parameters and the consequent implementation of 3-D CRS stack to make ZO
sections or volumes simulations.
THEORETICAL ASPECTS
Wavefront curvatures
In this work we used a 3-D model constituted by isovelocities layers separated for curved interfaces (Figure
1). The wavefront curvatures in any point of the same can be expressed analytically in term of the seismic
parameters along the ray that connects the observation point with the origin of the ray (Hubral and Krey,
1980). Three laws requested for the calculation of the curvatures of the wave fronts along an arbitrary ray
are presented. These curvature laws can be used to supply approximated direct solutions for the behavior
of the amplitude of the body and head waves by ray method (Cerveny and Ravindra, 1971). The wavefront
in any point of the same can be approximate for a surface in movement represented by
z=

−1
X Â XT ,
2

where


X = (x, y) ,

Â =

a11
a12

(1)

a12
,
a22

(2)

being Â the curvature matrix of the wavefront that is symmetric. Particularly, ÂI , ÂT and ÂR , refer
to the curvature matrix of reflected, refracted and incidents in a interface point wavefronts related to the
system in movement in this point. Previously the (xF , xF , zF ) system is defined as an auxiliary system
in all refraction and reflection points in the interface. Each interface can be approximate in a point of
intersection of the ray in relation to the auxiliary system for the following second-order polynomial:
zF =

−1
XF B̂ XTF ,
2

where


XF = (xF , yF ) ,

B̂ =

b11
b12

(3)

b12
,
b22

(4)

B̂ is the interface curvature matrix and it is also symmetrical. The inverse matrix R̂A = Â−1 are the
curvature radii matrix.
Curvature propagation law
To calculate the curvature in P1 we should meet the curvature matrix X0 in P0 and the distance of P0 to
P1 . The distance is given by v ∆t, where v is the velocity and ∆t the time that the wavefront travels from
P0 to P1 . I is the 2 × 2 unitary matrix. Therefore,
R̂P1 = R̂P0 + v ∆t I,

(5)

the matrix R̂P1 (i = 0, 1) denotes the radii matrix in the point Pi and it is given by the inverse of Âi matrix.
Refraction law
In a reflection point in an interface, the ÂI , ÂR and B̂ matrices are defined in relation to the coordinate
systems (xI , yI , zI ), (xR , yR , zR ) e (xF , yF , zF ). These three curvature matrices are related by:


0
vR 0
−1
−1
−1
S ÂI S + ρ SR ÂI SR
IR D,
(6)
ÂR = D IR
vI
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where





0
−1 0
− cos εI / cos εR 0
,S =
,
0 −1
0
1


0
vR
− cos εR 0
SR =
,ρ =
cos εI + cos εR .
0
1
vI

IR =

(7)

3-D TRAVELTIME HYPERBOLIC APPROXIMATIONS
Reflection events
The ZO 3-D CRS operator is given by

2

2
2 t0  T
2
tref = t0 + wz · m +
m · T N̂ T m + hT · T M̂ T h ,
v0
v0

(8)

where

wz =

cos ϕ0 sin ϕ1
sin ϕ0 cos ϕ1




, M̂ =

m00
m01

m01
m11




, N̂ =

n00
n01

n01
n11


,

(9)

and the 2-D transformation matrix, T, is given by (Jäger, 1999)
T = Dzy = Dz (ϕ0 ) Dy (ϕ1 )


cos ϕ0 − sin ϕ0
cos ϕ1
=
sin ϕ0
cos ϕ0
0

0
1


(10)

or it can also be expressed by Höcht (2002)
T = Dzyz = Dz (ϕ0 ) Dy (ϕ1 ) Dz (ϕF )



cos ϕ0 − sin ϕ0
cos ϕ1 0
cos ϕF
=
sin ϕ0
cos ϕ0
0
1
sin ϕF

− sin ϕF
cos ϕF


(11)

where


cos ϕF
sin ϕF



DTy (ϕ1 ) DTz (ϕ0 ) sF
,
= p
1 − (wz · sF )2


sF =

cos βF
sin βF


, (−φ < βF < φ)

(12)

being t the traveltime along the stack surface in the 5-D data volume supplied by the same time, the two
vector components mid-point m and the two vector components half-offset h. v0 is the velocity in the
vicinity of the normal ray emergency point in the surface. Wz is a two components vector that defines the
normal ray direction in the measurement surface. ϕ0 and ϕ1 indicate the azimuth and the polar angle of the
normal ray direction. The 2x2 symmetrical matrices, M and N, are the NIP(figure 1)and normal matrices
of the wavefront curvatures in the surface. T is the transformation matrix that depends on Wz components.
Sf is the unitary vector of a reference plan on the plane measurement surface. βF is the azimuth of the
unitary vector Sf . Höcht (2002) defines the reference plan as a plan formed by a reference unitary vector
Sf and the direction vector of the normal reflection ray. The T superscription indicates transpose matrix.
Chira-Oliva et al. (2003) present the operator (7) in a simpler way, considering A = TN̂T and B = TM̂T
, for the appropriate search of the eight parameters.
Diffraction events
In this seismic events, we considered M̂ = N̂ Chira-Oliva et al. (2003),
2


2
2 t0  T
2
tdif = t0 + wz · m +
m · T M̂ T m + hT · T M̂ T h ,
v0
v0

(13)

where the 3-D Common Diffraction Surface operator (CDS) depends on five parameters: two elements of
the wz vector and three elements of the M̂ matrix.
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Figure 1: Subsurface NIP wave propagation. The wavefronts of this wave are presented by blue surfaces
in different times. The normal (central) ray is in green.

NUMERIC RESULTS
The synthetic model used for the numeric tests in this work is shown in the figure 2. It is a simple 3-D
acoustic model composed by two layers on a semi-space. Each layer is separate for curved and continuous
surfaces. The wave propagation velocities are constant for each layer. The velocities from the top to the
base are 1.7 km/s, 2.3 km/s and 3.6 km/s for the half-space.
Using the SW3D CRT software (Complete Ray Tracing) a seismic experiment was accomplished, where
the receivers were dispersed in a regular mesh and with a located source in the mesh center. The lines in
blue in the figure 2 are the rays of the primary reflections associated to the second interface. In figures 3
and 4 the blue surfaces are the traveltimes of the primary reflections corresponding to the second reflector.
The eight parameters 3-D ZO-CRS were calculated with a ray tracing program (Höcht, 2002) for the 3-D
model considered (figure 2). Later, using the approximations (7) and (10) we calculate, respectively, the
paraxial ray traveltimes associated to a reflected and diffracted central ray. In the figure 3 the red color
surface was calculated with (7), known as 3-D ZO-CRS operator for being associated to a reflected central
ray. In a similar way, in the figure 4, the green color surface was calculated with (10). Due the fact of these
traveltimes be associated with a diffracted central ray, this surface can be called of common diffraction
surface or 3-D ZO-CDS. The comparison of these approximate surfaces formed by paraxial traveltimes
with the surface of the true times of primary reflections, it reveals that the 3-D ZO-CRS operator associate
to a reflected central ray has better adjustment if compared with the 3-D ZO-CDS operator, associate to a
diffracted central ray.
CONCLUSIONS
In this work a theoretical revision was presented on the wavefront curvatures propagation laws in three
dimensions. With a 3-D ray tracing program the eight NIP and N wavefront attributes were calculated. We
Also made a revision of the 3-D traveltime hyperbolic approximations , with the objective of calculating
the paraxial ray traveltimes to a central ray with Zero Offset.
As preliminaries numeric results in the current model 3-D two surfaces were presented, formed by paraxial ray traveltimes, an associated to a reflected central ray (3-D ZO-CRS), and the other associated to a
diffracted central ray (3-D ZO-CDS).
The comparison of the surfaces or 3-D ZO-CRS and 3-D ZO-CDS operators with the surface of the exact
traveltimes reveal that the operator 3-D ZO-CRS has better adjustment with the exact times, compared with
the 3-D ZO-CDS operator. However, the 3-D ZO-CRS operator can also be used for the 3-D seismic stack.
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Figure 2: 3-D synthetic model representation. This model is formed by two layers on a semi-space. See
the geometry acquisition in the measurement surface. The rays are in blue.

Figure 3: True (blue color) and approximated (red color) traveltime surfaces of primary reflections associated with the second reflector. The red surface was obtained considering a reflected central ray.
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Figure 4: True (blue color) and approximated (green color) traveltime surfaces of primary reflections
associated with the second reflector. The green surface was obtained considering a diffracted central ray.
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ABSTRACT
When smoothing a function with high-frequency noise by means of optimal cubic splines, it is often not clear how to choose the number of nodes. The more nodes are used, the closer the smoothed
function will follow the noisy one. In this work, we demonstrate that more nodes mean a better approximation of Fourier coefficients for higher frequencies. Thus, the number of nodes can be determined
by specifying a frequency up to which all Fourier coefficients must be preserved. A comparison
of the corresponding smoothing results with those obtained by filtering using a moving average of
corresponding length and a lowpass with corresponding high-cut frequency show that optimal cubic
splines yield better results as they preserve not only the desired low-frequency band but also important
high-frequency characteristics.

INTRODUCTION
The smoothing of functions that contain high-frequency noise is a task that is frequent to seismic applications. One of the most obvious examples is the seismic trace that contains incoherent noise which can be
reduced by some kind of filtering. Other examples are velocity fields as obtained from some processing or
imaging technique applied to the seismic data, or any other parameters that are the result of seismic data
processing or inversion.
Recently, a new technique of spline approximation has been proposed (Biloti, 2002; Biloti et al., 2002,
2003). This technique differs from standard spline interpolation in the fact that the node positions are
chosen optimally in a least-squares sense. In this way, the so-called optimal cubic splines approximation
will always find that particular smooth function with the smallest deviation from the original function,
given a fixed number of nodes.
This difference between conventional and optimal cubic splines implies a difference in the choice of
the number of nodes. When working with conventional splines, the interval of interest is often divided into
a fixed number of equal subintervals using regularly spaced nodes. The size of such a subinterval can be
determined by some frequency criterion such as a Nyquist condition for the frequencies to be preserved
after smoothing.
For optimal cubic splines, however, it is not entirely clear how to choose an equivalent criterion. If the
same number of nodes as for a conventional spline interpolation is chosen, the smoothed function might
actually be oversampled because of the optimality of the solution. The quality of the approximation is not
a simple function of the number of nodes. Sometimes the approximation can be improved dramatically by
adding a single node, while in other cases, even the addition of several nodes cannot improve the quality of
the approximation.
In this work, we investigate how the number of nodes in optimal cubic splines acts on the reconstruction
of the Fourier coefficients of the original function. We show that more nodes lead to the reconstruction of
Fourier coefficients up to higher frequencies. Thus, the number of nodes can be determined by specifying
a frequency up to which all Fourier coefficients must be preserved. We discuss the results of optimal
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Figure 1: A noisy function together with three different smoothed versions as obtained by optimal cubic
splines with 5, 15, and 25 nodes.
cubic-splines smoothing using the so-determined number of nodes and compare them with those obtained
by filtering using a moving average of corresponding length and a lowpass with corresponding high-cut
frequency.
OPTIMAL SPLINES
The method to determine the approximation of a given function by optimal cubic splines detects the best
positions of the given number of nodes. The penalty function is the deviation of the smoothed function
from the original function to be approximated. The optimization solver employed is the Broyden-FletcherGoldfarb-Shanno (BFGS) conjugate-gradient algorithm (Ueberhuber, 1997; Dennis and Schnabel, 1996).
It is a quasi-Newton method which builds up an approximation to the second derivatives of the objective
function using the difference between successive gradient vectors. By combining the first and second
derivatives, the algorithm is able to take Newton-type steps towards the function minimum, assuming
quadratic behavior in that region.
NUMBER OF NODES
The number of nodes is a crucial parameter for any spline interpolation or approximation. The actual
degree of smoothing or preservation of details of the original function depends largely on the number of
nodes. Thus, it has to be chosen in accordance with the actual needs.
As an example, consider the noisy function of Figure 1. Also shown are three smoothed versions of
that function, obtained by optimal cubic splines with 5, 15 or 25 nodes, respectively. We see the different
degree of detail preserved by the different approximations. Executing the smoothing by optimal cubic
splines using more nodes results in a better fit of the smoothed to the unsmoothed function.
However, none of the three choices might be adequate. Even if we decide we need the detail preserved
by 25 nodes, it might well be possible that less nodes can provide the very same amount of detail.
A quantitative measure of this better fit can be obtained in the frequency domain. Figure 2 depicts the
total deviation, i.e., the square root of the sum over the squared deviations, between the Fourier coefficients
of the original and smoothed functions, as a function of the number of nodes. We see that although the
general tendency is a decay with increasing number of nodes, there are node numbers where the decay
is particularly strong and there are node numbers where little or nothing is gained from adding one more
node.
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Figure 2: Total deviation between the Fourier coefficients of the original and smoothed functions, as a
function of the number of nodes.

To investigate the quality of detail preserved by a certain number of nodes, let us take a look at the
Fourier coefficients of the original time series as well as its smoothed versions. These are depicted in
Figure 3. We see that the approximation with 5 nodes just preserves the zero-frequency coefficient (not
inside the choice of axes in Figure 3) and the first coefficient to each side. All other coefficients are
approximately zero. With 15 nodes, we have already 6 fitting coefficients to each side of frequency zero.
Finally, with 25 nodes, all coefficients depicted in Figure 3, i.e., 11 to each side, have been reasonably well
preserved.
The above observations lead to the idea of how to actually choose the number of nodes. Since the
frequency up to which the Fourier coefficients match the original ones increases with an increasing number
of nodes, one can just specify a frequency up to which such a match is required. From this condition, the
necessary number of nodes can be determined.
In Figure 4, two smoothing results are compared that were obtained by the application of this criterion.
The smoothed function obtained with 8 nodes (dashed curve in Figure 4) is the first to preserve all Fourier
coefficients up to 3.1 Hz (corresponding to a period of 2000 ms), while the one with 22 nodes (dasheddotted curve in Figure 4) is the first to preserve all frequencies up to 7.9 Hz (800 ms). Here, we considered
a Fourier coefficient as matched, i.e., the corresponding frequency as preserved, when its error was below
10%.
The corresponding Fourier coefficients are depicted in Figure 5. We see that the approximation with 8
nodes preserves 4 Fourier coefficients to each side. Due to the size of the original time series, the frequency
increment is ∆ω = 1.04 Hz. Therefore frequencies up to 4.16 Hz are actually preserved by this smoothed
function, more than the requirement of 3.1 Hz. The reason is that the smoothed function with 7 nodes does
only preserve 2 Fourier coefficients to each side, i.e., frequencies up to 2.08 Hz, which is less than required
by the frequency criterion. By adding one more node, the preserved frequency actually doubled.
Correspondingly, the smoothed function with 22 nodes preserves 10 Fourier coefficients. Therefore, it
actually preserves frequencies up to 9.36 Hz, more than actually required by the criterion. With 21 nodes
(not depicted), only 6 coefficients are preserved with an error smaller than 10%, i.e., frequencies up to
6.24 Hz. Again, adding one more node adds the required precision to more than one Fourier coefficient.
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Figure 3: Fourier coefficients of the noisy function of Figure 1 and its three different smoothed versions
as obtained by optimal cubic splines with 5, 15, and 25 nodes.
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Figure 4: Smoothed functions for preservation of characteristic periods down to 2000 ms (dashed) and
800 ms (dash-dotted curve).
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Figure 5: Fourier coefficients of noisy function and three different smoothed versions as obtained by
optimal cubic splines with 8 and 22 nodes.
COMPARISON TO MOVING AVERAGE AND LOWPASS
The above procedure of determining the adequate number of nodes for optimal cubic splines leads to
some natural questions. Since the criterion is just frequency preservation up to a given limit frequency,
the first question is: Could a simple lowpass up to that frequency achieve the same degree of smoothing?
Moreover, since this frequency corresponds to some minimum period that one would like to preserve, a
second question is: Could a moving average with this length lead to a comparable smoothing result?
In this section, we address these questions by comparing the smoothed functions obtained with optimal
cubic splines, moving average, and lowpass filtering.
Example 1
As the first example, we use the function that has already been utilized in the previous section. In Figure 6,
we see the smoothed curve with 8 nodes of Figure 4, which preserves frequencies up to 3.1 Hz, i.e., periods
down to 2000 ms, together with the smoothed functions resulting from a lowpass with the corresponding
cutoff frequency of 3.1 Hz and from a moving average with the corresponding length of 2000 ms. The
moving average was applied three times.
We see from Figure 6 that the lowpass has severe problems at the boundaries. The moving average is
almost identical to the solution of the optimal cubic splines. The only significant difference between the
two curves can be observed at the left side of the figure, where the moving average result clearly lies below
the original function while optimal cubic splines seem to do a better job in staying within the range of
values of the original function.
A corresponding comparison up to higher frequencies (7.9 Hz or 800 ms) is shown in Figure 7. As
in Figure 6, also in this example involving higher frequencies, the lowpass presents severe problems at
the boundaries. The most significant difference between the results of moving average and optimal cubic splines, however, has changed. Now, the latter solution preserves the valley at about 2000 ms much
better than the former and, in fact, even better than the lowpass result. This observation indicates that optimal cubic splines will preserve characteristic features of the original function even if they involve higher
frequencies than the chosen limit frequency. The moving average tends to smooth out such parts almost
completely.
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Figure 6: Comparison of results of optimal cubic-splines (dashed) for frequencies up to 3.1 Hz with
corresponding moving average (dotted) and lowpass (dash-dotted line) results.
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Figure 7: Comparison of results of optimal cubic splines (dashed) for frequencies up to 7.9 Hz with
corresponding moving average (dotted) and lowpass (dash-dotted line) results.
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Figure 8: Comparison of results of optimal cubic splines (dashed) for frequencies up to 1.05 Hz (period
6 s) with corresponding moving average (dotted) and lowpass (dash-dotted line) results.
Example 2
The above observation can be confirmed in our second example. The original function is a simple sine with
a frequency of 1 Hz (period of 2π s), to which a dipping linear function, a step function, and random noise
have been added. Figure 8 compares the results of smoothing by optimal cubic splines, moving average,
and lowpass. The limit period was chosen as 6 s, i.e., the limit frequency was 1.05 Hz. This requires 13
nodes for the optimal cubic splines. Again, all methods have been applied using the same length scales and
frequencies. As we can see, the optimal cubic-splines approximation does a fantastic job in preserving the
step while nicely smoothing out the noise. On the other hand, the lowpass and the moving average cannot
preserve the step. Moreover, as before we note the problems of the lowpass at the ends of the approximation
interval.
Even if the limit frequency is chosen too small to include the frequency of the underlying original sine
function, optimal cubic-splines approximation does a much better job of preserving the main characteristics
of the function than lowpass or moving average filtering (see Figure 9). Here, the filter length was chosen
as 10 s, which corresponds to a frequency of 0.63 Hz. Therefore, the number of necessary nodes reduces
to 7. For this filter length, the moving average completely destroys the properties of the function.
Example 3
The third example confirms the conclusions drawn from the previous ones. As we can see in Figure 10,
the optimal cubic-splines approximation (here taken down to a period of 200 ms, i.e., up to a frequency
of 31.4 Hz) can preserve a reasonable amount of detail from the original function while simultaneously
smoothing out the noise, although the ideal number of nodes needed was just 7. In this case, we even
note a more drastic failure of the lowpass filtering, which seems to even oscillate contrarily to the original
function. The moving average, on the other hand, again smoothes out almost any detail, preserving not
much more than the basic background trend. As before, close to the boundaries, the moving average result
does not lie with the range of function values.
If we go to higher frequencies or lower periods (62.8 Hz or 100 ms, see Figure 11), the number of nodes
necessary to fulfill the frequency criterion increases to 11. We see that the optimal cubic-splines solution
behaves basically the same as the lowpass one, except for the better approximation close to the ends of the
interval.
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Figure 9: Comparison of results of optimal cubic splines (dashed) for frequencies up to 0.63 Hz (period
10 s) with corresponding moving average (dotted) and lowpass (dash-dotted line) results.
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Figure 10: Comparison of results of optimal cubic splines (dashed) for frequencies up to 31.4 Hz (period
200 ms) with corresponding moving average (dotted) and lowpass (dash-dotted line) results.
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Figure 11: Comparison of results of optimal cubic splines (dashed) for frequencies up to 62.8 Hz (period
100 ms) with corresponding moving average (dotted) and lowpass (dash-dotted line) results.
Example 4
The fourth example is a synthetic seismic trace with a Ricker wavelet with a duration of 128 ms, i.e., a
peak frequency of 49.1 Hz. The result of smoothing using these values as the parameter for the algorithms
is depicted in Figure 12. The optimal cubic splines need 30 nodes to preserve this limit frequency. While
the optimal cubic splines almost completely preserve the original wavelet, this can be said of neither of the
moving average nor the lowpass filter.
Even when using a lower frequency, optimal cubic-splines smoothing preserves more of the information
of the wavelet that the other two methods. Figure 13 shows the corresponding result for a limit frequency
of 15.6 Hz (period of 400 ms), which is the peak frequency of the original noisy trace. For this limit
frequency, we need only 17 nodes in the optimal cubic splines. We see that in this case, the moving
average and lowpass smoothing just zero out the event, while optimal cubic-splines smoothing preserves
the wavelet, although destroying its amplitude.
To have lowpass filtering yield a better result, we increased the frequency parameter to 78.5 Hz (period
of 80 ms, see Figure 14). In this case, the optimal cubic splines need 36 nodes. However, a comparison to
the optimal cubic-splines approximation with 30 nodes of Figure 12 reveals that almost nothing has been
gained from the additional 6 nodes. Still, even for this filter length, the bandpass destroys much of the
signal and the moving average almost completely eliminates the wavelet from the trace.
CONCLUSIONS
When smoothing a function with high-frequency noise by means of optimal cubic splines, it is often not
clear how to choose the number of nodes. The more nodes are used, the more detail of the original function
will be preserved by the smoothed function. However, the increase in quality is strongly nonlinear with
the number of nodes. In this work, we have demonstrated that more nodes mean a better approximation of
Fourier coefficients for higher frequencies. Thus, the number of nodes can be determined by specifying a
frequency up to which all Fourier coefficients must be preserved.
To illustrate our findings, the corresponding smoothing results have been compared numerically to those
obtained by filtering using a moving average of corresponding length and a lowpass with corresponding
high-cut frequency. Our numerical examples show that there are cases where one or the other of the reference methods can achieve comparable quality to optimal cubic-splines smoothing. However, evaluating the
results of the whole set of examples, we conclude that optimal cubic splines always yield a very good re-
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Figure 12: Comparison of results of optimal cubic splines (dashed) for frequencies up to 49.1 Hz (period
128 ms) with corresponding moving average (dotted) and lowpass (dash-dotted line) results.
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Figure 13: Comparison of results of optimal cubic splines (dashed) for frequencies up to 15.6 Hz (period
400 ms) with corresponding moving average (dotted) and lowpass (dash-dotted line) results.
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Figure 14: Comparison of results of optimal cubic splines (dashed) for frequencies up to 78.5 Hz (period
80 ms) with corresponding moving average (dotted) and lowpass (dash-dotted line) results.
sults while both moving average and lowpass filtering fail occasionally. The reason is optimal cubic splines
preserve not only the desired low-frequency band but also important high-frequency characteristics.
We stress that smoothing is a method to reduce high-frequency noise. Neither of the methods compared
in this work, be it optimal cubic splines, moving average, or lowpass filtering, can be used to eliminate
low-frequency noise.
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ABSTRACT
In the classical literature, seismic reflection traveltimes layers were considered for elastic isotropic
layers. For long-offset, multi-component data and converted waves, the effects of anisotropy cannot be
neglected. As a consequence, the consideration of transversely isotropic layered media with a vertical
axis of symmetry, has become a topic of high interest. For both isotropic and anisotropic layers,
the traveltime and offset for a multiply transmitted and reflected wave are expressed as parametric
functions of horizontal slowness, which are analytic within some disc centered at the origin.
An explicit, closed-form expression for traveltime against offset is impossible, but one can determine
a representation of it as a power series. We show that for SH and qP waves, such a power series always
exists for small offsets. For qSV propagation in one or more layers, the power series does not exist
when the NMO-velocity squared is zero. For a qSV reflection in a single layer this corresponds to
an incipient triplication. For reflections in VTI media, no bounds for the radius of convergence has
been established. We review and comment the fact that, for isotropic layered media, lower and upper
bounds for the radius of convergence have been obtained. The power series for traveltime squared is
always convergent within the radius of covergence for traveltime. No improved bound for the radius
of convergence for traveltime squared seems to exist.
When there is a triplication in traveltime for a qP-qSV or qSV wave, the power series for traveltime
is, at the most, valid up to the point where the traveltime starts to backtrack. This is illustrated in a
numerical example for an on-axis triplication for reflected qSV waves. Close to incipient triplication,
the offset range of validity of common traveltime approximations is very limited.

INTRODUCTION
To a large extent, routine seismic processing is based on traveltime expressions that are computed for a
stack of homogeneous plane layers. The standard common-midpoint (CMP) method uses the so-called
normal moveout for P-waves in isotropic horizontally stratified media Dix (1955). The normal moveout is
nothing else than the second-order Taylor expansion of traveltime squared in such media.
Many studies of the P-wave isotropic power series of traveltime (or traveltime squared) against offset are reported in the literature Slotnick (1959); Taner and Koehler (1969a); Brown (1969); Al-Chalabi
(1973); Ursin (1977); Hubral and Krey (1980); Castle (1994). All these investigations tacitly assume the
existence of some least radius of convergence. In other words, for sufficiently small offsets, the power
series converges and represents the traveltime. Papers that explicitly address the problem of existence and
also some estimation of the radius of convergence are much more seldom. Goldin (1986) shows that the
power series for traveltime is always convergent for “sufficiently smallt’t’ offsets. However, it cannot have
radius of convergence larger that the sum of total distance traversed along the ray path. Specific classes of
velocity distributions in which the radius of convergence meets that sharp upper bound are also described.
Tygel (1994) considers arbitrary velocity distributions and provides a (non-sharp), model-dependent lower
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bound for the radius of convergence. Both authors restrict their investigations to traveltime. Sharper results
for traveltime squared, as conjectured, have not been obtained sofar.
More recent investigations have shown that in many situations better processing results can be obtained
by considerating anisotropy within the layers. The most popular case is that of transversely isotropy with
vertical symmetry axis, simply referred to as VTI media Thomsen (1986). Traveltimes within VTI horizontally layered media, although certainly more complex, exhibit many similarities with their corresponding
isotropic counterparts (see Thomsen, 1986; , Tsvankin and Thomsen, 1994; , Stovas and Ursin, 2003; ,
Ursin and Stovas, 2005; and other references therein).
The possible triplications of a qSV group velocity function represents a new complication Thomsen and
Dellinger (2003). Dellinger (1991) has shown that triplication cannot occur for qP- and SH-waves. It can
occur for qSV-waves propagating at three different angles with respect to the axis of symmetry: parallel to
the symmetry axis, perpendicular to the symmetry axis, or off-axis, at an angle in between. For a reflected
wave only the on-axis and off-axis triplications can occur. Conditions on the elastic constants, under which
triplications can occur, are given by Thomsen and Dellinger (2003). We shall consider geometric traveltimes only, and not consider the complex wave for offsets associated with triplications at finite frequency
Burridge (1967).
Traveltime and offset for a multiply transmitted and reflected ray within a layered VTI media are given
by analogous expressions as the ones for isotropic media, with the fundamental exception that group quantities (velocity and angle) replace their corresponding phase counterparts. After transformation to phase
velocity and angle, the VTI traveltime and offset become more complicated (although still analogous to
isotropic) parametric expressions of horizontal slowness or ray parameter. Explicit elimination of the ray
parameter is again not possible, so that one must resort to a power-series expansion to represent traveltime
as a function of offset.
In Appendix A it is proven that such a power series exists when the squared NMO-velocity is different
from zero. The NMO-velocity squared can only be zero for a qSV-wave or converted qP-qSV waves. For
a reflected qSV-wave in a homogeneous layer, this corresponds to an incipient triplication, when the ray
angle pauses in its forward motion but does not backtrack as slowness increases. The proof only shows the
existence of a power series, but no estimate of its radius of convergence is given.
In Appendix B, we review and comment the convergence results that exist for the isotropic case. In the
case of a homogeneous single layer, the normal moveout exactly represents, for all offsets, the traveltime
squared of a non-converted reflection of the planar bottom interface. This means that, in this simple situation, the traveltime squared, as a function of offset, is given by a power-series of infinite radius. This
favorable result does not hold if we consider traveltime instead of traveltime squared. In that case, the
traveltime, as the square-root of the normal moveout, is represented by a power series that is convergent
for offsets less than twice the reflector depth only. The much better convergence of traveltime squared than
traveltime as a function of offset in the case of a single layer, lead geophysicists to conjecture that the same
behavior should also hold for multiply reflected and transmitted waves within a stack of layers.
For two-terms power series, traveltime is approximated by a parabolic function, and traveltime squared
is approximated by a hyperbolic function. Ursin (1977) has shown that, for a stack of isotropic layers, the
standard hyperbolic approximation has less error. For higher-order approximations, no proof exists, but
numerical evidence indicates that traveltime squared gives a better approximation, also for VTI layers.
In the same way as in the isotropic case, the VTI power series traveltime as a function of offset (truncated in its first two or three terms) is used for a variety of seismic processing purposes, including, e.g.,
velocity analysis Alkhalifah (1997a) and geometric-spreading correction Ursin and Hokstad (2003). In
particular, first power-series coefficients are important to design alternative traveltime functions of offset.
This is the case of non-hyperbolic traveltimes, shown to better approximate reflection events, especially for
large offsets (see Alkalifah, 1997b and Ursin and Stovas, 2005 ).
The accuracy of the traveltime approximations obtained with the truncated Taylor series is investigated
for qSV reflected waves in a few models near the incipient triplication point. The traveltime approximations
have a very small useful offset range in this case, confirming the results of Ursin and Stovas (2005), all
traveltime approximations break down at an off-axis triplication of a qSV-wave.
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TRAVELTIME AND OFFSET FUNCTIONS OF SLOWNESS

We consider wave propagation in a stack of horizontal homogeneous VTI layers. For a multiple transmitted
and reflected SH-wave or multiple transmitted, reflected and converted qP-qSV-wave, the traveltime, t, and
offset, x, are governed by the expressions Ursin and Stovas (2005),
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The index k represents a summation along the ray, and the quantities in the sums are computed for the
proper wave mode; qP-, qSV- or SH-wave. In the above equations, for each layer k, ∆zk represents
the thickness, Vk and vk the group and phase velocities and αk and θk are the group and phase angles,
respectively. Moreover, vk0 denotes the p-derivative of vk . Finally, we have used the invariance (Snell’s
law) of horizontal slowness or ray parameter
p = sin θk /vk ,

(3)

for all layers k, which is valid for a horizontally stratified medium.
The above expressions of traveltime and offset can be recast into a more convenient form by introducing
the vertical slowness
q
qk = 1/vk2 − p2 = cos θk /vk .
(4)
Substituting into equations (1) and (2) yields
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It is seen that the vertical slowness functions qk (p) determines the behavior of t(p) and x(p).
Expanding qk (p) in Taylor series and interchanging the order of summation gives Ursin and Stovas
(2005)
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are the vertical traveltime and NMO-velocity, repectively. In the above equations, v0,k is the vertical
velocity in layer k. Omitting the index k, that velocity is given by
p
p
α0 = C33 /ρ or β0 = C44 /ρ,
(10)
for a qP-wave or qSV/SH-wave, respectively. We shall use the Thomsen parameters
δ=

(c13 + c44 )2 − (c33 − c44 )2
,
2c33 (c33 − c44 )

=

c11 − c33
,
2c33

and γ =

c66 − c44
.
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(11)
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It is also convenient to introduce the parameter σ defined by
σ = (α0 /β0 )2 ( − δ).

(12)

Ommitting the index k, the coefficient, a0 , defining the NMO-velocity squared in equation (9) is given by

(qP − wave),
 1 + 2δ,
1 + 2σ,
(qSV − wave),
a0 =
(13)

1 + 2γ,
(SH − wave).
Finally, the coefficient, µ4 , is defined in Ursin and Stovas (2005),
µ4 =
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where, also ommitting the index k, the coefficient a1 reads
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(SH − wave).

TRAVELTIME AS A FUNCTION OF OFFSET
Equations (5) express traveltime and offset as parametric functions of slowness. Elimination of that parameter will provide traveltime as a function of offset. That function will be denoted by T (x). As a direct
elimination of p is not possible, the common practice is to express T (x) as a Taylor series around zero
offset. In Appendix A it is shown that traveltime, t(p), and offset, x(p), are analytic functions of horizontal
slowness within a disc |p| < pm . Furthermore, when
2
x0 (0) = t(0)vN
M O 6= 0,

(16)

the function x(p) admits an analytic inverse, p(x), defined within a sufficiently small disc, |x| < rc ,
centered at the origin of the complex x-plane. This we can substitute into the traveltime function, t(p), to
obtain the composite function T (x) = t(p(x)). Due to the analyticity of both t(p) and p(x), as well as to
the fact that p(x) maps the disc |x| < rc into the domain of analyticity, |p| < pm of t(p), it follows that
T (x) is a well defined, analytic function within |x| < rc . As a consequence, T (x) can then be represented
by a convergent power series around the origin for offsets |x| < rc , as desired. Because of reciprocity, that
series, if it exists, has only even powers of x. From equations (7) and (8) it can be shown that
T (x) = T (0) +

x2
µ4 x4
+ ··· .
−
2
2
4
2T (0)vN M O
8T (0)3 (vN
MO)

(17)

Note that T (0) = t(0) is the zero-offset traveltime. Higher-order terms can be found in Brown (1969) or
2
Ursin and Stovas (2005). We see that if vN
M O = 0, so that that condition (16) is violated, the power series
T (x) does not exist.
2
2
For a reflection from a single layer with no mode conversions, equation (9) gives vN
M O = v0 a0 . This
is possibly zero or negative for a qSV-wave only Dellinger (1991). Then
2
2
vN
M O = β0 (1 + 2σ),

(18)

which is zero for σ = −0.5. This is the condition for incipient on-axis triplication. Then the power series
does not exist. For σ < −0.5 there is an on-axis triplication. In this situation the power series exists,
but the range of convergence must be less than the offsets where the group velocity and traveltime start to
backtrack.
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For a stack of layers, the squared NMO-velocity can be zero or negative only if the wave has passed
through one or more layers as a qSV-wave. The radius of convergence must be limited by the offset where
traveltime starts to backtrack, either in an on-axis or an off-axis triplication. In both cases, this occurs when
X
∆zk qk00 = 0,
(19)
x0 (p) = −
k

where equation (5) has been used.
2
The coefficients in the power series for T (x) in equation (17) become large when vN
M O is small
(positive or negative), and we expect that the radius of convergence will be small.
TRAVELTIME SQUARED
The power series for traveltime squared can also be obtained from equations (7) and (8) Taner and Koehler
(1969b); Hubral and Krey (1980); Ursin and Stovas (2005). In order to obtain the first terms, it is easier to
square equation (17) which gives


x2
µ4
x4
2
2
T (x) = T (0) + 2
−
−
1
+ ··· .
(20)
2
2
2
vN M O
(vN M O )2
4T (0)2 (vN
MO)
As discussed earlier, the convergence of the power series for traveltime carries over to the corresponding power series for traveltime squared. This means that, at each offset, x, for which T (x) has a convergent
power series, the same happens with the power series representation of T 2 (x), so that that the convergence
of the power series for T 2 (x) is at least equal to the one for T (x), but it can be larger. A striking example of the fact that traveltime squared may have better convergence properties (that is a larger radius
of convergence) as compared to traveltime, is provided by the reflection from a single layer, as discussed
in Appendix B. Then the radius of convergence for T (x) is twice the layer thickness, while the series for
T 2 (x) gives the exact expression with two terms. The terms for x4 and higher are all zero. Numerical
evidence suggests that taking the square root of the truncated series T (x)2 gives more accurate traveltime
approximation than the series T (x) truncated to the same order in x2 .
NUMERICAL RESULTS
The behavior and accuracy of the truncated Taylor series for traveltime and the square root of traveltime
squared were studied for simple two-layer models consisting of medium I with negative squared NMOvelocity and medium II with positive squared NMO-velocity for reflected qSV waves. The elastic parameters of the two media, as given in Table 1, are identical except for the slightly different values of .
Parameters
Medium I
Medium II

α0 [km/s]
2.0
2.0

β0 [km/s]
1.0
1.0

γ [km/s]
− 0.1
− 0.05

δ
0.05
0.05

σ
− 0.6
− 0.4

Table 1: Parameters of the medium I and II used in the modeling.
Five different models, all with total thickness equal to 1000 m, are described in Table 2. Model A is
2
medium I with vN
M O = −0.2, model B is 750 m medium over 250 m medium II, model C is 250 m
2
medium I over 750 m medium II and model D is medium II. Finally, there is a model with vN
M O = 0,
consisting of 500 m medium I over 500 m medium II.
Model
I
Medium II
2 2
2
vN
M O [km /s ]
2 2
2
µ4 [km /s ]

A
100%
0
− 0.2
5.48

B
75%
25%
− 0.1
5.03

C
25%
75%
0.1
4.12

D
0
100%
0.2
3.67

Table 2: Model composition and traveltime parameters.
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Figure 1: Traveltime as function of offset.
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Figure 3: Errors of traveltime as function of slowness for second-order (solid line) and fourth-order
(dashed line) approximations. The labels A-D refer to the models A-D in the text.
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Figure 4: Errors of traveltime as function of offset for second-order (solid line) and fourth-order (dashed
line) approximations. The labels A-D refer to the models A-D in the text.
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Figure 1 shows traveltime computed as function of offset for the five models.
Figure 2 shows the derivative dx/dp for the same models. Triplication and backtracking occurs when
dx/dp < 0. This happens for models A and B, with the former has the largest triplication domain. In
2
the middle curve is shown the model with vN
M O = 0. This results in a kink in the traveltime curve. For
models C and D, dx/dp > 0 and there is no triplication.
Figure 3 shows the traveltime series for the Taylor series t(p) in equation (7) with two and three terms.
For the two models with triplication, the error is of the same sign, while for the two models with positive
2
vN
M O , the error changes sign. In all cases, three terms give a more accurate approximation than two terms.
Figure 4 shows the errors of traveltime approximation T (x) in equation (17) truncated after two and
three terms. As expected, these approximations are only valid for offsets less than where the traveltime
curve starts to backtrack (at dx/dp = 0). The approximations obtained by taking the square root of the
truncated series for T (x)2 in equation (20) are extremely similar, and the plots look almost identical to the
ones in Figure 4. It is seen that the range of validity of the approximations for T (x) for a qSV-reflection
2
is very limited when |vN
M O | is small. For a reflector at 1000 m depth, the error becomes larger than 4 ms
for offsets larger than 20 - 100 m, depending on the model.
CONCLUSIONS
For a multiply transmitted and reflected wave in VTI media, traveltime and offset are expressed as parametric functions of horizontal slowness. Elimination of this parameter to provide traveltime (or traveltime
squared) as a function of offset is in general not possible. We have shown that traveltime can be represented as a convergent power series around the origin for sufficiently small offsets, except in the case of a
vanishing NMO-velocity. The NMO-velocity can only be zero for qSV propagation in some layer. When
the squared NMO-velocity becomes negative there is an on-axis triplication in the traveltime, and the range
of validity for the power series for traveltime is limited to the first branch of the traveltime function.
In the case of isotropic layered media the power series always exists, moreover, lower and upper bounds
for the radius convergence were given. For both VTI and isotropic layers, the region of convergence of the
power series expansion of traveltime squared always contains the corresponding convergence region of
traveltime.
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APPENDIX A
ANALYTICITY OF FUNCTIONS
To show the analyticity of traveltime, t(p), and offset, x(p), as functions of horizontal slowness, p, it
suffices to restrict the analysis to their single-layer contributions, ∆t(p) and ∆x(p) given by
∆t(p) = (q − pq 0 )∆z

and ∆x(p) = −q 0 ∆z,

(1)

in which, for convenience, we dropped the layer index, k. The vertical slowness squared is, for SH-waves,
q 2 = 1/β02 − (1 + 2γ)p2 .

(2)

For qP- and qSV-waves, the corresponding vertical slowness function gets more complicated, being given
by (see, e.g., Ursin and Stovas, 2005 , their equation (B-1))




1
1 1
1 p
1 1
2
2
1 + bp2 + cp4 ,
(3)
+ 2 − p (1 + σ + δ) ∓
− 2
q =
2 α02
β0
2 β02
α0
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with the ∓ sign meaning that q is associated with the qP- or qSV-velocity, respectively, and


4α02 β02
4α04 β04
2(α02 − β02 )
2
b=− 2
(σ − δ) and c = 2
σ + (σ + δ) .
α0 − β02
(α0 − β02 )2
α02

(4)

Analyticity of traveltime and offset
From basic results of the theory of complex variables, we see that the function q = q(p)ppossesses only
branch-point singularities located at the zeros of the inner square root function g(p) = 1 + bp2 + cp4
and the zeros of the function q(p) itself. Moreover, since g(0) and q(0) are (real) non-zero numbers (in
fact, g(0) = 1 and q(0) = 1/α0 or q(0) = 1/β0 , depending on the sign choice ∓, respectively) we find
that q(p) is a well defined and analytic function within the disc |p| < pr , where pr is the smallest of the
distances of its singularities with respect to the origin p = 0. Setting pm to be the least of all single-layer
(k)
radii pr = pr , we find that t(p) and x(p) are analytic at least within the disc |p| < pm .
Analytic inverse of offset
We next investigate the existence of an analytic inverse of x(p), defined within a sufficiently small disc
centered at the origin of the complex x-plane. From the theory of complex variables (see, e.g., Churchill,
1960 ), the existence of such inverse function is guaranteed whenever x(p) has a non-vanishing derivative
at p = 0.
From equation (8) it is seen directly that
2
x0 (0) = t(0)vN
MO .

(5)

Thus, the analytic inverse of x(p), in a small disc centered at the origin, exists whenever
is always the case for SH- and qP-waves.
For a single layer, the power series exists when

 α0 ∆z(1 + 2δ) (qP − wave),
d(∆x)
β0 ∆z(1 + 2σ) (qVS − wave),
= v0 ∆z a0 =

dp
α0 ∆z(1 + 2γ) (SH − wave).

2
vN
MO

6= 0. This

(6)

is different from zero. The expression becomes zero for a qSV-wave when σ = −0.5. This is the condition
for “incipient triplication”, as discussed in Dellinger (1991) and Thomsen and Dellinger (2003). For σ >
−0.5 there is no triplication of the qSV-wave, and for σ < −0.5 it exists.
APPENDIX B
LAYERED ISOTROPIC MEDIUM
When the layers are isotropic, the previous derivations simplify considerably Goldin (1986); Tygel (1994).
In that case the slowness function is again defined by
q
(1)
qk = 1/vk2 − p2 ,
but now the velocity vk is constant. Then qk0 = −p/qk and
X ∆zk
X ∆zk
t(p) =
and x(p) = p
.
2
vk qk
qk
k

(2)

k

The function qk (p) is analytic when |p| < 1/vk , so that t(p) and x(p) are analytic in the disc
|p| < 1/vmax ,

(3)

where vmax is the maximum velocity encountered along the ray. As before, x(p) has an analytic inverse in
the vicinity of the origin, x(0) = 0, when
X
2
t(0)vN
vk ∆zk 6= 0,
(4)
MO =
k
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which is trivially the case. This concludes the proof of existence of a power series, T (x), with a certain
radius of convergence, rc , around x = 0. Goldin (1986) has obtained an upper bound, and Tygel (1994)
has obtained a lower bound for this radius. Their results can be combined in the form
X
k

X
∆zk
p
≤ rc ≤
∆zk .
1 + (vmax /vk )2
k

(5)

For a reflected ray from a single interface,
2∆z
T (x) =
v

r
1+

 x 2
,
2∆z

(6)

where v and ∆z are the velocity and thickness of the single layer. The square root can be expanded in a
convergent power series when |x| < 2∆z, which corresponds exactly to the upper bound in equation (5).
The expression for T (x)2 is exact in this case.
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APPLICATION OF SNELL’S LAW IN WEAKLY ANISOTROPIC
MEDIA
C. Vanelle and D. Gajewski
email: vanelle@dkrz.de
keywords: Weak anisotropy, Slowness vector, Snell’s law

ABSTRACT
Computations in anisotropic media are usually cumbersome. One particular problem occurs when two
components of the slowness vector are known, yet the full slowness vector is required, e.g., to evaluate
Snell’s law at an interface between two anisotropic media. In this paper we suggest to combine results
from the perturbation method and expressions for sectorially best-fitting isotropic background media
in an iterative approach to find the third slowness component. We demonstrate the technique with
an example for a medium with triclinic symmetry. The results are in good accordance with the exact
solutions.

INTRODUCTION
In modelling and inversion of seismic reflection data the slowness vector
p=

n
1
=
(sin θ cos φ , sin θ sin φ , cos θ)
V
V

,

(1)

plays an important role. In (1) θ and φ are the inclination and azimuth angle, respectively, n is the phase
normal, and V is the phase velocity of a compressional or shear wave. We sometimes encounter situations
where only two of the slowness components are known, and the third component, e.g., p3 is searched for.
In an isotropic medium, this problem can be easily solved with the eikonal equation,
pi pi = V −2

.

(2)

In anisotropic media, however, (2) can not generally be solved for p3 since the phase velocity V depends
on the direction of the phase normal n that also determines the slowness vector. Therefore we need the
phase direction to compute the velocity, but we cannot obtain the direction from only two components of
the slowness.
One important example for such a situation is the reflection/transmission problem. Here we know the
phase direction and velocity of a wave incident on an interface. Snell’s law requires that the horizontal
slowness, i.e. p1 and p2 is preserved. This means that, if the phase velocity of the reflected or transmitted
wave is not equal to that of the incident wave, the direction of the phase normal will change accordingly. In
the isotropic case we know the phase velocities on both sides of the interface and can thus compute θ and
p3 for the reflected/transmitted wave. If the medium under consideration is, however, anisotropic, we cannot do this, because V = V (n), and n is unknown for the reflected or transmitted wave. Other examples
where we know only two components of the slowness vector occur for the second-order interpolation of
traveltimes (Vanelle and Gajewski, 2002), or the determination of geometrical spreading from traveltimes
(Vanelle and Gajewski, 2003a). These works are also the basis for the traveltime-based implementation of
true-amplitude migration in anisotropic media introduced in Vanelle and Gajewski (2005). In these cases,
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the horizontal slowness components can be directly obtained from coarsely-gridded traveltime tables, but
not the third, vertical component. In isotropic media, we can again evaluate the eikonal equation (2) to
solve for p3 , but this does not yield a solution when anisotropy has to be taken into account.
In this paper, we suggest an iterative approach to determine the missing third slowness component
based on the first-order perturbation method for anisotropic media (Jech and Pšenčík, 1989). We suggest
to apply the perturbation method in combination with the expressions for sectorially best-fitting isotropic
background media given in Vanelle and Gajewski (2003b). We will briefly review the basic equations
of the perturbation method and weak anisotropy approximation underlying our technique, including an
alternative formulation for the weak anisotropy matrix (Pšenčík, 1998). This is followed by the description
of our procedure, and the updating of the velocity model. We will then illustrate the technique for qP- and
qS-waves on a triclinic medium, and, finally, conclude our results.
METHOD
First-order perturbation method
In the first-order perturbation method the density-normalised elastic parameters of the anisotropic medium,
(0)
aijkl , are represented by the sum of the elastic parameters of a suitable background medium, aijkl , and
small perturbations ∆aijkl :
(0)

aijkl = aijkl + ∆aijkl

.

(3)

Because the perturbations are assumed to be small the first-order perturbation method yields an approximation for weak anisotropy. In this work, we will consider only isotropic background media with the elastic
tensor
(0)
aijkl = (α2 − 2 β 2 ) δij δkl + β 2 (δik δjl + δil δjk ) ,
(4)
where α and β are the isotropic velocities of compressional and shear waves, respectively.
Our aim is the computation of the slowness vector in an anisotropic medium. In terms of the first-order
perturbation method, the slowness vector p is also represented by the sum of the slowness vector in the
isotropic background, p(0) , and its perturbation ∆p. Snell’s law stating that the horizontal slowness is
preserved requires that the perturbation appears only in the vertical component. Note that we use the term
vertical in this work in the sense of vertical with respect to a reference surface described by its unit normal
vector z. Examples of such reference surfaces are the tangent planes of reflectors or the registration surface.
In the latter case the vector z coincides with the depth direction. In conclusion, we can write the anisotropic
slowness vector in the perturbed medium, p, as
p = p(0) + ∆p = p(0) + ∆p z

,

(5)

where the scalar quantity ∆p is the perturbation of the vertical slowness.
We will apply a result by Jech and Pšenčík (1989) to relate the perturbation of the slowness to the
perturbation of the medium parameters. This relation also uses the polarisation vectors g(0m) in the unperturbed medium. The index m denotes the wavetype, where m = 3 is a P-wave and m = 1, 2 are S-waves.
The polarisation of a P-wave in an isotropic medium equals the phase normal n. The S-wave polarisation
vectors are not unique since their only condition is that they are orthogonal to each other and lie in the
plane perpendicular to n. However, the degeneration of the S-wave polarisation can be removed with another result from the first-order perturbation method (Jech and Pšenčík, 1989). Consider the two vectors
e(1) and e(2) ,




cos θ cos φ
− sin φ
e(1) =  cos θ sin φ 
and
e(2) =  cos φ  ,
− sin φ
0
that form an orthonormal base with e(3) = g(03) = n. Then the polarisation vectors of the S-waves in the
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unperturbed medium are given by (Jech and Pšenčík, 1989)
g(01) =

e(1) cos χ + e(2) sin χ

g(02) = − e(1) sin χ + e(2) cos χ

.

(6)

The angle χ is determined from the weak anisotropy matrix (Pšenčík, 1998)
(M ) (N )
ek

BM N = ∆aijkl ei

nj nl

,

(7)

by
2 B12
.
(8)
B11 − B22
Jech and Pšenčík (1989) have shown that the first-order perturbation of the anisotropic eikonal equation,
tan 2χ =

G = 1 = aijkl pi pl gj gk
leads to

(0)

(0)

(0)

(0)

(0)

,

(0)

(9)
(0)

(0)

∆aijkl pi pl gj gk + 2 aijkl ∆pi pl gj gk = 0 .

(10)

Using Equation (5) to express ∆pi , and solving for the perturbation of the vertical slowness results in (Jech
and Pšenčík, 1989)
(0) (0) (0) (0)
∆aijkl pi pl gj gk
.
(11)
∆p = −
(0)
(0) (0) (0)
2 aijkl zi pl gj gk
Jech and Pšenčík (1989) indicated that Equation (11) can be used iteratively to increase the accuracy of
the slowness vector but they do not pursue this any further in that work. However, as we have shown in
Appendix A, iterative application of Equation (11) does not converge against the real anisotropic slowness
vector, but against its weakly anisotropic approximation. Therefore, repeated application of Equation (11)
will only increase the accuracy within the weak anisotropy limit. Also, the manner in which the background
model should be updated during the iteration is not discussed by Jech and Pšenčík (1989). In addition to
introducing a suitable method for the updating of the background velocities we will demonstrate further
below that the iteration can be limited to very few steps, if the initial background velocities are chosen well.
Separation of qP- and qS-waves
As we have already pointed out in the introduction, Equation (11) has the advantage to give us the slowness for a specific wavetype, qP or qS. To apply (11) to either qP- or qS-waves, however, requires both
background velocities, α and β. In this section we introduce a new formulation of (11) that contains only
α for the application to qP-waves, and only β for the qS-waves. Our formulation also includes an alternative expression for the weak anisotropy matrix B different from (7) to make the expression for shear wave
polarisation independent of α.
Substituting ∆aijkl in the numerator of (11) we get
(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

(0)

= aijkl pi pl gj gk − aijkl pi pl gj gk

∆aijkl pi pl gj gk

= aijkl pi pl gj gk − 1 ,

(12)

where the eikonal equation (9) was applied for the isotropic background medium. For the denominator we
use the isotropic elasticity tensor (4) and obtain
(0)

(0)

(0)

(0)

(0)

(0)

(0)

2 aijkl zi pl gj gk = 2 (α2 − β 2 ) zi gi pl gl

(0)

+ β 2 zi p i

.

(13)

In isotropic media, the polarisation vector is g(03) = n. Furthermore, p(0) = n/α, and (13) reduces to
(0)

(0)

(0)

(0)

(0)

2 aijkl zi pl gj gk = 2 α2 zi pi

(14)
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for P-waves. For the S-waves it is sufficient to know that the polarisation vectors g(01) and g(02) are
perpendicular to n and we obtain
(0)

(0)

(0)

(0)

(0)

2 aijkl zi pl gj gk = 2 β 2 zi pi

.

(15)

In summary, Equation (11) becomes
(0)

∆p =

(0)

(0)

(0)

1 − aijkl pi pl gj gk

,

(0)

2 V02 zi pi

(16)

where V0 is the isotropic background velocity of the wavetype under consideration, i.e. V0 = α for qPwaves, and V0 = β for qS-waves.
As g(03) = n for P-waves, Equation (16) requires no further knowledge of β in that case. To make
(16) independent of α for the application to qS-waves, we need to rewrite the weak anisotropy matrix B
in a fashion that does not contain α any more. This can be achieved by substituting the perturbation of the
elastic tensor in (7). With the isotropic elasticity tensor (4), we find that
(0)

(M ) (N )
ek

aijkl ei

nj nl

=

(M )

(α2 − 2 β 2 ) ei
2

= β δM N

(N )

ni ek

(M ) (N )
ei

nk + β 2 (ei

.

(M )

nk nk + ei

(N )

ni ek

nk )
(17)

Now BM N can be expressed by
(M ) (N )
ek

BM N = aijkl ei

nj nl − β 2 δ M N

,

(18)

which is independent of α. With Equations (16) and (18) we therefore have a new formulation of (11) that
requires only the isotropic background velocity of the desired wavetype.
As we have already indicated, the choice of the initial isotropic velocities influences the number of
iteration steps of Equation (16) required to obtain the desired accuracy of the slowness vector (within the
limitations of the weak anisotropy approximation, see Appendix A). We have found that the expressions
for sectorially best-fitting isotropic background velocities derived in Vanelle and Gajewski (2003b) are particularly suited for this application.
We will illustrate our method with an example in the next section where we apply Equation (16) to
determine the vertical slowness of qP- and qS-waves in a medium with triclinic symmetry. The example
demonstrates that the combination of Equation (16) with the sectorially best-fitting background velocities
leads to good results.
EXAMPLE
We have chosen an anisotropic sandstone with triclinic symmetry to demonstrate our method. The densitynormalised elastic parameters (in km2 /s2 ) were taken from a paper by Mensch and Rasolofosaon (1997):


4.95 0.43 0.62 0.67
0.52
0.38

5.09 1.00 0.09 −0.09 −0.28 



6.77 0.00 −0.24 −0.48 
 .
(19)
A=

2.45
0.00
0.09 



2.88
0.00 
2.35
We have considered the azimuth angle φ = 0 in this example. We have determined the exact phase velocities and slowness vectors for the qP-, qS1 - and qS2 -waves from the eigenvalue problem of the Christoffel
matrix. These were used as reference. For comparison we have also computed the globally best-fitting
isotropic velocities and the velocities in the weak anisotropy approximation introduced by Fedorov (1968).
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Finally, we have applied results from Vanelle and Gajewski (2003b) to obtain the sectorially best-fitting
velocities for sectors of 30◦ width in inclination.
To investigate the performance of Equation (16) we have considered the case that the unit normal to
the reference surface, z coincides with the vertical direction (depth), i.e. z = (0, 0, 1). This means that
we know the horizontal slowness components p1 and p2 and wish to determine the vertical slowness p3
with Equation (16). The vertical slowness in the isotropic background can be computed from the isotropic
eikonal equation by
s
1
(0)
p3 = ±
− p21 − p22 ,
(20)
V02
where the sign of p3 is chosen according to whether we consider an incident or emerging wave, or a
reflected or transmitted wave. After the first iteration step, the background velocity for the next step is
updated using
1
= p21 + p22 + p23 ,
(21)
V02
and Equation (16) is applied again.
We have carried out the first two iteration steps for qP- and qS-waves with two sets of initial background
velocities. As we have shown in the previous paragraph, the sectorially best-fitting isotropic velocities provide a good fit to the real slowness surface, and we would expect that only few iteration steps are required.
This expectation is confirmed, as Figures 1a and 2a prove for the qP- and qS-waves, respectively. Closer
inspection shows that at larger inclination angles the vertical slowness is not well-behaved. The reason is
(0)
that the denominator in Equation (16) vanishes for p3 = 0. We can observe that already small values
(0)
(0)
of p3 can lead to large correction terms ∆p and make the algorithm unstable. Too small values of p3
can also occur for larger horizontal slownesses when the background velocity is higher than the anisotropic
(0)
phase velocity. It is even possible that p3 becomes imaginary if the inverse of the background velocity is
smaller than the horizontal slowness. For these phase directions, the initial velocity must be chosen smaller.
We have, therefore, repeated our experiment with initial background velocities that are just below the
minimum phase velocities in the anisotropic medium. These values could be determined in our example
because we have computed the exact slowness vectors, and thus the phase velocities, as reference (see also
Vanelle and Gajewski (2003b)). The background phase velocity chosen for the qP-wave was 2.15 km/s,
and that for the qS-waves was 1.35 km/s. The results from the first two iteration steps are displayed in
Figures 1b and 2b for the qP- and qS-waves, respectively.
Our first observation in Figures 1 and 2 is that the vertical slowness after the first step is much worse
for these minimum velocities. Although the second iteration improves the result, it is still less good than
the first iteration using the sectorially best-fitting velocities. Particularly for the faster qS1 -wave the second
iteration does not yield a satisfactory result. Taking into account that after the first iteration the problem
(0)
with small or imaginary values of p3 occurs also when the initial background velocities were smaller than
the anisotropic phase velocities, we strongly recommend the sectorially best-fitting background velocities
for the initial step. This commendation is supported by the fact that high inclination angles correspond to
post-critical reflections or very large incidence/emergence angles at seismic sources or receivers. These
situations are not of high interest within reflection seismics. For the remaining lower incidence angles our
method provides good results.
Finally, we can observe that there are regions in which the accuracy of the method is lower. This is,
for example, the case for p1 ≈ −0.3km/s for the qP-wave and p1 ≈ −0.4km/s for the qS-waves, where we
find that the weak anisotropy approximation shows larger deviations from the exact results. Our method
converges against the weakly anisotropic slowness vector and this leads to errors in these regions. This is
further illustrated by Figure 3, where we have plotted the results from the second iteration using sectorially
best-fitting background velocities together with the weak anisotropy slowness surfaces.
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Medium with triclinic symmetry:
qP-wave slowness surfaces
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(a) Slowness surfaces of qP-waves with sectorially best-fitting isotropic velocity as initial background model.

Medium with triclinic symmetry:
qP-wave slowness surfaces
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(b) Slowness surfaces of qP-waves with minimum velocity as initial background model.

Figure 1: Slowness surface plots of the exact slowness for qP-waves and values obtained after the first
and second iteration from the vertical component. In (a) the sectorially best-fitting isotropic P-wave was
chosen as initial background velocity. The approximation is very close to the exact value after the second
iteration. In (b) the minimal velocity was chosen as initial background velocity and the result after the
second iteration step is less close than for (a), especially at px = −0.35 s/km. The effects towards lower
vertical slowness values are discussed in the text.
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Medium with triclinic symmetry:
qS-wave slowness surfaces
0.8

exact
1. iteration
2. iteration

Pz [s/km]

0.6

0.4

0.2

0
-0.8

Vo=<V>

-0.6

-0.4

-0.2

0
Px [s/km]

0.2

0.4

0.6

0.8

(a) Slowness surfaces of qS-waves with sectorially best-fitting isotropic velocity as initial background model.

Medium with triclinic symmetry:
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(b) Slowness surfaces of qS-waves with minimum velocity as initial background model.

Figure 2: Slowness surface plots of the exact slowness for qS-waves and values obtained after the first
and second iteration from the vertical component. In (a) the sectorially best-fitting isotropic S-wave was
chosen as initial background velocity. The approximation is very close to the exact value after the second
iteration. In (b) the minimal velocity was chosen as initial background velocity and the result after the
second iteration step is less close than for (a), especially for the fast wave. The effects towards lower
vertical slowness values and the misfit around px = −0.5 s/km are discussed in the text.
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Medium with triclinic symmetry:
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(a) Slowness surfaces of qP-waves: convergence against the weak anisotropy approximation.
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(b) Slowness surfaces of qS-waves: convergence against the weak anisotropy approximation.

Figure 3: Convergence of the iteration against the weakly anisotropic slowness vector for qP-waves (a),
and qS-waves (b). The results of the second iteration with the best-fitting isotropic velocities as initial background model are displayed together with the exact results and the weakly anisotropic slowness surfaces.
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CONCLUSIONS

We have applied a combination of the first-order perturbation method and expressions for sectorially bestfitting isotropic background media in an iterative approach to determine the vertical component of the
slowness vector in arbitrarily anisotropic media. Numerical examples on a medium with triclinic symmetry
show that good accuracy is already achieved after the first or second iteration. The method is also applicable
to shear waves, however, the accuracy is lower in the vicinity of shear wave singularities. The main
applications for the method are the reflection-transmission problem between two anisotropic media, and the
traveltime-based determination of geometrical spreading and true-amplitude migration weight functions for
anisotropic media.
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APPENDIX A – CONVERGENCE AGAINST THE WEAK ANISOTROPY APPROXIMATION
Let us assume that the iterative application of Equation (11) leads to the anisotropic slowness vector p.
This would mean that, after convergence has been achieved, we would expect ∆p to become zero in further
iteration steps, as p and p(0) become equal. Substituting the anisotropic eikonal equation (9) into (11) we
find that
(0) (0)
(0) (0)
aijkl pi pl (gj gk − gj gk )
∆p =
.
(22)
(0)
(0) (0) (0)
2 aijkl zi pl gj gk
(0)

Since generally in an anisotropic medium gj 6= gj , ∆p will not vanish, meaning that the iteration procedure does not converge against the anisotropic slowness vector. For a weakly anisotropic medium, however,
the polarisation vectors coincide with those in the isotropic background introduced above, and ∆p becomes
zero. Therefore, the iterative use of (11) converges against the slowness vector in the weak anisotropy approximation.
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THE STRUCTURAL EVOLUTION OF THE MESSINIAN
EVAPORITES IN THE LEVANTINE BASIN
G.L. Netzeband, C.P. Hübscher, and D. Gajewski
email: netzeband@dkrz.de
keywords: salt tectonics, Messinian evaporites, Levantine Basin, reflection seismics

ABSTRACT
The Levantine Basin in the South-eastern Mediterranean Sea is a world class site for studying the
initial stages of salt tectonics, because the Messinian evaporites are comparatively young, occur in
a basin with a well-defined geometry, and are not tectonically overprinted. About 2 km of halite,
gypsum and anhydrite were deposited in the basin during the Messinian Salinity Crisis, 5.3 - 5.9 Ma.
We have mapped the evaporite thickness and the overlying sediment layer based on multi-channel
seismic data. The evaporite body is not uniform, but characterized by 5 transparent layers sequenced
by four internal reflections. This leads to the conclusion that there have been five cycles of evaporite
deposition, each with a succession of upper and lower evaporites. All of these internal reflections are
differently folded and distorted, proving that the deformation was syn-depositional. Thrust angles up
to 14 degrees are observed. Backstripping of the Plio-Quaternary reveals that the direction of salt
movement is SSW-NNE.

INTRODUCTION
The Levantine Basin lies in the south-eastern Mediterranean Sea and is considered to be a relic of the
Mesozoic Neo-Tethys Ocean (Robertson and Dixon 1984, Garfunkel 2004)(Fig. 1). It opened during
several rifting stages in the Triassic (Garfunkel 1998, Robertson 1998). Whether the crust underneath the
basin is of oceanic origin or stretched continental crust has been a matter of debate for many decades (e.g.
Woodside 1977, Makris et al. 1983, Dercourt et al. 1986, Hirsch et al. 1995, Ben-Avraham et al. 2002),
but recent studies indicate that the crust in the Levantine Basin is of continental origin (Vidal et al. 2000a,
Gardosh and Druckman 2006, Netzeband et al. submitted). The sediment fill of the Levantine Basin reaches
a thickness of up to 14 km (Ben-Avraham 2002 et al., Netzeband et al. submitted). It is composed of a
carbonate layer of possibly Cretaceous to Jurassic age with a thickness of 1 - 3 km, followed by a several
km of Paleogene-Neogene pelagic sediments, a layer of Messinian evaporites of up to 2 km thickness, and a
Plio-Quaternary cover, which mainly consists of Nile sediments (Druckman 1995, Vidal et al. 2000b, BenAvraham et al. 2002, Ben-Gai et al. 2005). The Messinian evaporites were deposited during the Messinian
Salinity Crisis, when the evolving Mediterranean Sea lost its connection to the Atlantic, mainly because of
the collision of the African and Eurasian plates (Hsü et al, 1973, 1978). The blocked water exchange and the
high evaporation rate caused a drop in sea level, an increase in salt concentration and finally precipitation
of evaporites. Druckman et al. (1995) estimate the fall of the sea level to approx. 660 - 820 m, Ben-Gai et
al. (2005) find evidence for a sea level fall of 800 - 1300 m. As a consequence the Mediterranean Sea was
a succession of more or less separate basins with different rates of sedimentation and different depositional
environments (Montadert et al. 1978). According to Hsü et al. (1973) the reflooding has been a very rapid
event, lasting only 1000 - 2000 years. Rouchy and Saint Martin (1992) estimate that about 25 cycles of refill
and subsequent drawdown or a semi-permanent inflow of fresh water or a combination of both are required
to deposit the amount of evaporites found in the basins in the Mediterranean Sea. Whereas Hsü et al. (1978)
only acknowledge one single transparent evaporite layer, Rouchy and Saint Martin (1992) assess from
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Figure 1: Simplified tectonic map of the Eastern Mediterranean Sea. Arrows indicate the sense of plate
motion, half arrows indicate transform/strike-slip faults. Black lines mark profiles HH04-06 and HH04-08,
and the Eratosthenes Seamount is indicated by the grey circle.

borehole analysis in the Western Mediterranean Sea that basinal evaporites generally consist of 2 successive
units, one consisting of massive chloride salt and the other of calcium sulphate - marlstone interbedded with
rare chloride salts. Polonia et al. (2002) observe even 4 subunits of Messinian evaporites in the Herodotus
Abyssal Plain southwest of Cyprus. Gradmann et al. (2005) also find prominent internal reflections within
the evaporite layer in the Levantine Basin. Garfunkel and Almagor (1984) and Garfunkel (1984) offer
an interpretation of such internal reflections as embeddings of overpressurized clastic sediments between
evaporites. The deposition of the Plio-Quaternary sediments above the Messinian evaporites is determined
by the sediment supply of the Nile River (e.g. Mart and Ben-Gai 1982). The thickness of the sediment cover
and sedimentation rate decrease accordingly to the north, a sedimentation rate of 111 m/my in borehole
Delta-1 (near HH04-06) in about 120 m water depth) and 162 m/my in Echo-1 (further south < 50 m water
depth) are given for the Pleistocene by Tibor et al. (1992). According to Tibor and Ben-Avraham (2005)
the Levantine Basin becomes shallower, because sedimentation exceeds subsidence. After anomalously
high subsidence rates in the Pliocene (123 m/my in Echo-1) as a flexural response to the rapid deposition
of Messinian evaporites the subsidence has significantly reduced (7 m/my in Holocene in Echo-1) (Tibor et
al. 1992, Ben-Gai et al. 2005). The entire subsidence of the top of the Messinian amounts to 500 m in the
basin (Tibor et al. 1992). During the Messinian Salinity Crisis, 5.9 - 5.3 Ma ago, thick evaporite layers were
deposited in the main basins of the entire Mediterranean Sea (Hsü et al. 1973). The Messinian evaporites
were the target of two DSDP legs (Hsü et al. 1973, 1978) and a number of other studies (e.g. Cohen 1993,
Clauzon et al. 1996, Gradmann et al. 2005). The evaporite facies are differentiated in basinal and marginal
evaporites (Garfunkel and Almagor 1984, Cohen 1993, Gradmann et al. 2005). The marginal evaporites
mainly consisting of gypsum, anhydrite, carbonates, and intercalated shales are known from offshore and
onshore drillings in Messinian and Pre-Messinian drainage channels (Gvirtzman and Buchbinder 1978,
Garfunkel et al. 1989, Druckmann et al. 1995). The basinal evaporites presumably consist mainly of
halite (e.g. Cohen 1993). Drilling of these basinal facies did not reach the halite layer, but only an upper
evaporitic layer with several tens of meters of carbonates and gypsum interspersed with Nile sediments.
The reflection marking the bottom of the Messinian evaporites has been termed N-reflection, that marking
the bottom of the Plio-Quaternary overburden has been termed M-reflection (Ryan et al. 1970). The Mreflection constitutes an erosional unconformity in the entire Mediterranean Sea (Hsü et al. 1973, Almagor
1984). Salt tectonics as described by e.g. Letouzy et al. (1995) and Waltham (1997) can be studied in
the initial stages, because of the comparatively young age of the evaporites and because of little tectonic
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overprint. Gradmann et al. (2005) have investigated Post-Messinian deformation in the basin in E - W
direction, but did not consider deformation in N - S direction. Processes in N-S direction are of special
interest, because the sediment transport is controlled by the sediment load of the Nile river and therefore
predominantly S - N. Also, the effect of the Eratosthenes Seamount and the Nile Scarp as a potential
backstop has not been studied yet.
DATA
The data of this study were collected during the cruise PE228 with the Dutch research vessel RV PELAGIA.
12 reflection lines were recorded. All were recorded with a streamer of 600 m active length, 24 channels
with a group distance of 25 m, and a maximum offset of 700 m, respectively. The sampling rate was 1 ms.
The source consisted of 2 G-Guns with 6 l each. The shot spacing was 25 m (10 s). The recordings were
CMP-sorted with a CMP spacing of 12.5 m, then stacked and bandpass filtered with passing frequencies
between 10 and 150 Hz. Further processing consisted of:
• a stacking velocity analysis on every 100th CMP in supergathers of 5 - 9 CMPs. The deeper the
analysed horizon, the more CMPs in the supergather.
• smoothing or the resulting velocity field
• time-migration and stacking
• interval velocity analysis
• model based pre-stack depth migration
Interval velocities of Post-Messinian sediments and evaporite layers were 2.0 ± 0.2 km/s and 4.2 ± 0.3
km/s. With a maximum offset of 800 m and the base of the evaporites at ∼ 4 km, the interval velocity of
the evaporite layer was difficult to determine, and it was impossible to find any reliable interval velocity
from below. We carried out an Airy-backstripping of the Plio-Quaternary sediments after Allen and Allen
(1990). We simply removed the sediment load, not taking into account any effect of compaction of either
evaporites or Pre-Messinian sediments.
RESULTS
Top (M) and base (N) of the evaporite layer are clearly visible on all seismic lines (Figs. 2, 3). Line
drawings of depth migrated lines HH04-06 and HH04-08 are shown in Figs. 4 and 5. The sediment
thickness is noticeably influenced by the sediment contribution of the Nile River. Near the Nile Delta the
sediment thickness reaches almost 3 km, while in the center of the basin the thickness of the sedimentary
cover is less than 500 m. The sedimentary cover is also reduced around the Eratosthenes Seamount (Fig.
3). The thickness of the Messinian evaporites, in contrast, increases towards the center of the basin to over
2 km (Fig. 2 and 3). The top of the evaporites, M, declines towards the pinchout on HH04-08 (Fig. 5).
In E-W direction, on line HH04-08, M is basically horizontal after backstripping of the Plio-Quaternary
sediment layer, except for some small-scale undulations (Fig. 6). On line HH04-06, which is N-S-oriented,
M is clearly planer after the backstripping, but the depth still varies between 1.8 and 2.4 km (Fig. 8).
Near the pinchout of the evaporite layer, the depth of M is about 2.1 km, going north we see forebulging
with M rising for approx. 80 km to only 1.8 km depth and then declining again towards the center of
the basin to 2.4 km. The removed Plio-Quaternary sediment layer is of more or less constant thickness
along the Israeli margin, with about 500 m in the basin and 1.1 km at the shelf (Fig. 6). In the south of
line HH04-06, however, nearly 3 km of sediments overlie the evaporites due to the proximity to the Nile
Fan. The calculated subsidence in the basin amounts to 200 m, which is in accordance to the results of
Tibor and Ben-Avraham (2005). Up to 4 internal reflections (E1 - E4) are observed within the evaporite
layer with varying reflection and deformation patterns (Fig. 5). These mostly well pronounced reflections
alternate with transparent layers. The depth interval between N, E1 - E4, and M is more or less constant
with 0.2 - 0.4 km in the basin, leading to a total evaporite thickness of approx. 1.6 km. The deformations
of these internal reflections and M and N do not necessarily correspond to each other. Different kinds of
deformation can be observed at the same location in different layers (Fig. 7, cmp 23200, cmp 23600, cmp
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Figure 2: Depth migrated seismic line HH04 -06 (below) and corresponding linedrawing (above). The
seafloor multiple is marked by the dashed line, the grey shaded area indicates the evaporite layer. Internal
reflections within the evaporite layer are observed. The forebulging of the evaporite body is clearly visible.
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Figure 3: Depth migrated seismic line of HH04-08 (below) and linedrawing (above) of line HH04-08,
analogue to Fig. 2.
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Figure 4: Simplified line drawing of line HH04-06. The grey area marks the evaporite body, M and N
correspond to top and bottom of the evaporites, respectively. The solid lines labeled E1 - E4 indicate the
observed internal reflections, the dashed lines indicate interpolation, where the internal reflections are not
clearly visible.

Figure 5: Simplified line drawing of line HH04-08, analogue to Fig. 4

294

Annual WIT report 2005

Figure 6: Airy backstripping of line HH04-08, including the internal salt reflections. The left column, a g represents the backstripping results, as one layer at a time is removed. The right column, h - l, shows a
modification of the backstripping: After removal of the Plio-Quaternary and the uppermost salt layer, the
basin is partially uplifted, basinwards from km 180, until the top of salt is horizontal. Then backstripping
is continued. Note, that the thickness if the internal salt layers is more or less constatnt, aprt from the
uppermost layer. Also note, how in Fig. 6 h-l the top of the internal reflections stays almost horizontal.
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Figure 7: Section of seismic line HH04-06, depth migrated. Top and bottom of evaporite layer are indictaed by M, and N, respectively. E1 - E4 mark the internal evaporite reflections. Note the large angles of
thrust within the internal reflections, particularly in E4. Two angles (the solid angles corresponding to 8o ,
the dashed one to 14o ) are drawn for reference.

24100). A steep thrust in E4 is visible at cmp 23500 on line HH04-06 (Fig. 7), while M and the seafloor
above are not affected and the overburden overlies M concordantly. The maximum thrust angle of the
internal reflections is highest in E4 and decreases with depth. In E4 on line HH04-06 thrust angles of 86o
are observed, up to 14o are reached at the tip of the thrusts (Fig. 8).
Fig. 6a) - g) shows HH04-08 (Fig. 3, 5) after backstripping the layers between the internal reflections.
The top of the evaporite layers is not horizontal after backstripping the overburden, but still dipping westwards. After removal of the lowermost evaporite layer, the basin remains asymmetric. Tilting the basin
at 180 km after backstripping the Plio-Quaternary and the uppermost evaporite layer until the top of the
evaporites is horizontal shows that the deeper evaporite layers become also almost horizontal (Fig. 9 h) l). After backstripping all evaporite layers the basin is approx. symmetric.
INTERPRETATION AND DISCUSSION
Up to 4 internal reflections within the evaporites are observed in the Levantine Basin (Figs. 2, 3, 4, 5,
7). Internal reflections and layering of evaporites have been found before in the Mediterranean Sea (e.g.
Réhault et al. 1984, Garfunkel, 1984, Rouchy and Saint Martin 1992, Polonia et al. 2002, Gradmann et al.
2005, dos Reis et al. 2005). Three explanations have been given for these reflections: a) interbedded shales,
b) layers of different evaporites, and c) several depositional cycles. a) Garfunkel (1984) and Garfunkel and
Almagor (1984) postulate overpressured shales interbedded within the impervious evaporites. However,
the clear seismic signature and the regular intervals between the internal reflections rather suggest cyclic
deposition than constant interbedding. b) Réhault et al. (1984) identify three layers within the evaporite
succession in the Western Mediterranean: upper evaporites (composed of halite, gypsum and marls), salt
(halite), and lower evaporites (possibly of the same composition as the upper evaporites). Dos Reis et
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Figure 8: Airy backstripping of HH04-06. Sketches are split in two parts: the present seafloor, top and
bottom of the evaporites in the upper part, and top and bottom of the evaporite layer after backstripping
of the Plio-Quaternary sediments in the lower part. Note how M, the top of the evaporites, is not flattened
after the backstripping.

al. (2005) also find these three layers in the Gulf of Lions. Polonia et al. (2002) detect two units within
the Messinian in the Eastern Mediterranean Sea. They interpret the upper unit, which is characterised
by folded high-amplitude reflections, as upper evaporites composed of marls and gypsum, and the lower
unit, which is almost transparent and reflection-free, as halite. These observations and interpretations
delineate a single cycle of evaporite deposition. c) Cohen (1993) describes a typical depositional cycle
of Messinian evaporites in the Levantine Basin as marine clay -> gypsum -> halite, although he finds
from well measurements that quite often one of the evaporitic members is missing and cycles become a
couplet of either clay -> gypsum or clay -> halite. Our observation of 4 reflections, 5 including M, with
5 transparent layers in between leads to the assumption of 5 cycles of evaporite deposition. Cohen (1993)
also observes up to 5 cycles of evaporites in boreholes offshore Israel, which confirms our hypothesis.
The different distortion patterns of each reflection indicate that each layer was deformed after or during
its deposition and before deposition of the next layer, i.e. in the Messinian. The perception of five layers
successively deposited and deformed further supports the hypothesis of five depositional cycles of the
Messinian evaporites in the Levantine Basin. The orientation of the internal reflections in N - S direction
differs significantly from their orientation in E - W direction (Figs. 4 and 5). In N - S direction the internal
reflections are mostly horizontal apart from the forebulging and generally parallel to M and N. In E - W
direction, however, the internal reflections are parallel to N, and M is onlapping them. The subsidence
analysis indicates that in E - W direction, in contrast to the N-S direction, the evaporite body has only
undergone subsidence due to sediment load and its shape can be restored by removing this sediment load
(Fig. 6). Therefore the E-W line gives the better picture of the status of the evaporites after the Messinian.
It seems that the first layers of evaporites were deposited parallel to N, while only the last layer has actually
been deposited horizontally. The onlap of M on E1 - E4 (Fig. 5) suggests that these were eroded during the
Messinian. Possibly also the uppermost layer was initially deposited parallel to the slope and later eroded.
This leads to the question whether the sea level drop could have been greater than 1200 m. The depth of the
seafloor after backstripping is 1800 - 1900 m in the basin. The slope-parallel deposition of the evaporites
might also be associated with the internal deformation of the evaporite layers. Because of their own weight
they might have slightly slid down the slope after their deposition. Another possible explanation is that the
basin was tilted during the Messinian, as suggested in Fig. 6 h - l. Under this assumption, the evaporites
would have been deposited more or less horizontally, and their westward dip would be a result of increased
subsidence, maybe of tectonic origin, in the basin.
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CONCLUSIONS

We have investigated the Messinian evaporites in E - W as well as in N - S direction. We have shown that
only little lateral evaporite movement has taken place in the Levantine Basin in the past 5 Ma, mainly in
the SSW-NNE direction. In this initial stage of salt movement, the direction of this movement is controlled
by the sediment load of the Nile River. Five sub-units of evaporite deposition have been found, which have
been deformed syn-depositionally.
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The Wave Inversion Technology (WIT)
Consortium
The Wave Inversion Technology (WIT) Consortium was established in
1997 and is organized by the Geophysical Institute, Karlsruhe University, Germany. It consists of four fully integrated working groups, one
at Karlsruhe University and three at other universities, being the Mathematical Geophysics Group at Campinas University (UNICAMP), Brazil,
the Seismics / Seismology Group at the Free University (FU) in Berlin,
Germany, and the Applied Geophysics Group (AGG) of the Hamburg University, Germany. In 2003, the Geoscience Center at the University of Pará,
Belém, Brazil joined the WIT Consortium as an affiliated working group.
The WIT Consortium offers the following services to its sponsors: a) research as described in the topic “Research aims” below; b) deliverables; c)
technology transfer and training.
RESEARCH AIMS
The ultimate goal of the WIT Consortium is a most accurate and efficient target-oriented seismic modeling, imaging, and inversion using elastic and acustic methods. Traditionally, exploration and reservoir
seismics aims at the delineation of geological structures that constrain and confine reservoirs. It involves
true-amplitude imaging and the extrapolation of the coarse structural features of logs onto space. Today, an understanding is emerging on how sub-wavelength features such as small-scale disorder, porosity,
permeability, fluid saturation, etc. influence elastic wave propagation and how these properties can be recovered in the sense of true-amplitude imaging, inversion, and effective media. The WIT Consortium has
the following main research directions which aim at characterizing structural and stratigraphic subsurface
characteristics and extrapolating fine grained properties of targets:
1. data-driven multicoverage zero-offset and finite-offset simulations
2. macromodel determination
3. seismic image and configuration transformations (data mapping)
4. true-amplitude imaging, migration, and inversion
5. seismic and acoustic methods in porous media
6. passive monitoring of fluid injection
7. fast and accurate seismic forward modeling
8. modeling and imaging in anisotropic media
299

300

Annual WIT report 2005
WIT PUBLIC RELATIONS COMMITTEE
Name
Peter Hubral
Claudia Payne
Jürgen Mann
Alexander Müller
Nicolas Hummel
Markus von Steht

University
Karlsruhe
Karlsruhe
Karlsruhe
Karlsruhe
Karlsruhe
Karlsruhe

Area
WIT headquarters
WIT headquarters
WIT headquarters & WIT report
WIT report & WIT CD-R
WIT report
WIT homepage manager

STEERING COMMITTEES
Internal
Name
Dirk Gajewski
Martin Tygel
Peter Hubral
Jürgen Mann
Claudia Payne
Jörg Schleicher
Sergei Shapiro
Ekkehart Tessmer

University
Hamburg
Campinas
Karlsruhe
Karlsruhe
Karlsruhe
Campinas
Berlin
Hamburg

External
Name
Sponsor
Paolo Marchetti
ENI
Thomas Hertweck
Fugro Robertson
Jurandyr Schmidt
Petrobras
Paul Krajewski
Gaz de France
Leon Hu
Saudi Aramco
Pierre-Alain Delaittre
Total
Henning Trappe
TEEC
Alfonso Gonzalez
WesternGeco

COMPUTING FACILITIES
In Karlsruhe, the research project uses computer facilities that consist of mainly Hewlett-Packard (HP),
Silicon Graphics (SGI), and Linux workstations. These are networked with a local compute server, a SGI
Origin 3200 (6 processors, 4GB shared memory). For large-scale computational tasks, an IBM RS/6000
SP-SMP (256 nodes + 52 nodes) and a Fujitsu VPP 5000 are available on campus. If there is still a request
for more computing power, a Cray T3e (512 nodes), a NEC SX-4/32, and a Hitachi SR8000 (16 nodes) can
be used via ATM networks at the nearby German National Supercomputing Center (HLRS) in Stuttgart.
The Hamburg group has access to a 16 nodes (8 CPUs and 8 GB each) NEC SX-6 supercomputer at the
German Computer Center for Climate Research (Deutsches Klimarechenzentrum, DKRZ) for numerically
intensive calculations. Additional computer facilities consist of several SUN workstations and Linux PCs.
The Geophysical Department of the Free University of Berlin has excellent computer facilities based
on Sun- and DEC-Alpha workstations and Linux PCs. Moreover, there exists access to the parallel supercomputer Cray T3m (256 proc.) of ZIB, Berlin.
The research activities of the Campinas Group are carried out in the Mathematical Geophysics Laboratory. The Lab has many PC Linux workstations and Sun Ultra 60/80 workstations connected by a dedicated
network, suitable for parallel processing. For large-scale applications, the Lab has full access to the National Center for High Performance Computing of São Paulo, that maintains, among other machines, an
IBM RS/6000 9076-308 SP (43 nodes) with 120GB of RAM. Also available are seismic processing software packages from Paradigm and CGG.
The main computing facility at the Geophysics Graduation Program in Belém is the Seismic Processing
Lab (ProSis). The hardware resources include: workstations (RS3600) from IBM and a SUN SparkStation
20, all networked to a local server SUN Enterprise-3500 with 2 processors; several networked LinuxPCs; for large-scale applications, a cluster of PCs with 20 dual-processor nodes. The proprietary software
packages available for seismic applications are ProMAX, Disco-Focus, and Gocad.

WIT research personnel
Mikhail Baykulov received his diploma in geophysics in 2004 from Saratov State University, Russia.
He confirmed his diploma in 2005 at the University of Hamburg with a thesis on the "Application of the
CRS stack to reflection data from the crystalline crust of Northern Germany". Since 2005 he has been a
Ph.D. student at the University of Hamburg. His present research interests include CRS imaging, migration
velocity analysis, and depth inversion applied to deep seismic reflection data.
Ricardo Biloti received his BSc (1995), MSc (1998) as well as PhD (2001) in Applied Mathematics from
the State University of Campinas (UNICAMP), Brazil. Since May 2002, he has been working for Federal
University of Paraná (UFPR), Brazil, as an Adjoint Professor at the Department of Mathematics. Nevertheless he is still a collaborator of the Campinas Group. His research areas are multiparametric imaging
methods, like CRS for instance. He has been working on estimating kinematic traveltime attributes and on
inverting them to construct velocity models. He is also interested in Numerical Analysis, Numerical Linear
Algebra, and Fractals. He is a member of SBMAC, SIAM, and SEG.
Stefan Buske received his diploma in geophysics (1994) from Frankfurt University. From 1994 until 1998,
he worked as research associate at Frankfurt University, and from 1998 until 1999 he was with Ensign Geophysics Ltd. (Depth Imaging Department) in London. Since 1999 he is a university staff member at the
Free University of Berlin. His research interests include seismic modeling and inversion, deep seismic
sounding and parallel programming. He is a member of EAGE, SEG, AGU, ASA and DGG.
Klaus Mairan Laurido do Carmo received his BSc (2001) in Mathematics from the Federal University
of Pará (Brazil). Presently, he is finishing his master’s thesis entitled “Global Optimization methods applied in the search of the 2-D CRS stack parameters” at Federal University of Pará. His research interest is
Applied Mathematics.
Daniel Chalbaud received his degree as Geophysical Engineer from Universidad Simon Bolivar (Caracas,
Venezuela) in 2000. He worked in the Seismology Department of the Venezuelan Institute for Seismological Research (FUNVISIS). Also, he worked as Explorer Geophysicist for the Geophysical Data Acquisition
Department of the Venezuelan Oil Company (PDVSA). Currently, he is working as a Ph.D student at Freie
Universitaet Berlin. His research interests focus on seismic data processing, imaging and seismic data acquisition. Member of the SEG and SOVG.
Pedro Chira-Oliva received his MSc in 2000 and PhD in 2003 from Federal University of Pará (Brazil),
both in Geophysics. His research interests are macro-model independent imaging methods, seismic image
wave methods and 3D modeling. He is a member of SBGf and SEG.
Jessé Carvalho Costa received his diploma in Physics in 1983 from the Physics Department, Federal University of Pará (UFPA) and a Doctor degree in Geophysics in 1993 from the Geophysics Department at the
same University. He was a Summer Student at Schlumberger Cambridge Research in 1991 and 1992. He
spent 1994 and 1995 as a post-doc in the Stanford Tomography Project at Stanford University. He held a
faculty position the Physics Department at UFPA from 1989 to 2003. Currently his is Associate Professor
in the Geophysics Department, UFPA. His fields of interest include seismic anisotropy, traveltime tomography and seismic modeling.
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João Carlos Ribeiro Cruz received a BSc (1986) in geology, a MSc (1989), and a PhD (1994) in geophysics from the Federal University of Pará (UFPA), Brazil. From 1991 to 1993 he was with the reflection
seismic research group of the University of Karlsruhe, Germany, while developing his PhD thesis. Since
1996 he has been full professor at the geophysical department of the UFPA. His current research interests
include velocity estimation, seismic imaging, and application of inverse theory to seismic problems. He
is a member of SEG, EAGE, and SBGF. Actually, he is the Director of the National Department of the
Mineral Production of the Pará Province.
Jaime Fernandes Eiras received his diploma in geology in 1975 from the Pará University, Brazil. He
joined Petrobrás in 1976, where he worked as a wellsite geologist until 1983, and as an exploration geologist until 2001. Since March 2002, he has been a visiting professor at the Geophysics Department of the
ParÚniversity. As a basin interpreter, he has studied many of Brazil’s offshore and onshore areas, such as
Atlantic-type, paleozoic, rift, and multicyclic basins. His fields of interest are structural, stratigraphic, and
seismic interpretation, especially seismic stratigraphy. He is a member of the Brazilian Geological Society.
Carlos A.S. Ferreira received a BSc (1996) and a MSc (2000), both in physics, at Federal University of
Pará. From 1997 to 2001, he spent some time studying geology, where he had the opportunity of working
with some geophysical methods, such as vertical electric sounding and well logging, both as a geology
graduate student. Presently, he is working towards his PhD in geophysics at Federal University of Pará,
where the main topic of his thesis is prestack depth migration using Gaussian beams. His main research
interests are quantum description via Ermakov invariants (in physics) and all forward and inverse seismic
imaging techniques. He is member of SEG, SBPC and SBGf.
Dirk Gajewski received a diploma in geophysics in 1981 from Clausthal Technical University and a PhD
from Karlsruhe University in 1987. Since 1993, he has been associate Professor (Applied Geophysics)
at Hamburg University. After his PhD, he spent two years at Stanford University and at the Center for
Computational Seismology at the Lawrence Berkeley Lab in Berkeley, California. From 1990 until 1992,
he worked as an assistant professor at Clausthal Technical University. His research interests include highfrequency assymptotics, seismic modeling, and processing of seismic data from isotropic and anisotropic
media. Together with Ivan Psencîk, he developed the ANRAY program package. He is a member of
AGU, DGG, EAGE, and SEG, and serves as an Associate Editor for Geophysical Prospecting (section
anisotropy).
German Garabito received his BSc (1986) in Geology from University Tomás Frias (UTF), Bolivia, his
MSc in 1997 and PhD in 2001 both in Geophysics from the Federal University of Pará (UFPA), Brazil.
Since 2002 he has been full professor at the geophysical department of UFPA. His research interests are
data-driven seismic imaging methods such as the Common-Refection-Surface (CRS) method and velocity
model inversion. He is a member of SEG, EAGE and SBGF.
Ellen de Nazaré Souza Gomes received her diploma in Mathematics in 1990 from University of Amazônia. She received her Master degree in Applied Mathematics in 1999 from the Mathematics Departament,
Federal University of Pará. In 2003, she received her Doctor degree in Geophysics from Geophysics Department at the same University. Her fields of interest are anisotropy and seismic modeling. She has been
professor at the Federal University of Pará since 1997.
Kolja Gross studied physics at the Freie Universität Berlin and received his diploma in 2004. Since April
2004 he is working as a Ph.D. student on reflection seismic data. His research interests include seismic
modeling, imaging techniques and scattering.
Zeno Heilmann received his diploma in Geophysics from the University of Karlsruhe (TH) in October
2002. Since November 2002 he has been a research associate at the Geophysical Institute, Karlsruhe University. Besides the practical application of the CRS stack based imaging workflow in several research
projects, he works on the development of the CRS stack software, focusing on the influence of rugged
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topography and near surface velocity variations. He is a member of EAGE and SEG.
Peter Hubral received an M.Sc. in 1967 in geophysics from Clausthal Technical University and a Ph.D.
in 1969 from Imperial College, London University. Since 1986, he has been a full Professor of Applied
Geophysics at Karlsruhe University specialising in Seismic Wave Field Inversion. During 1970-73 he was
with Burmah Oil of Australia and from 1974 to 1985 he was with the German Geological Survey in Hannover. He was a consultant in 1979 with AMOCO Research and, during 1983-1984, a Petrobras-sponsored
visiting professor in the PPPG project at the Universidade Federal da Bahia in Brazil. In 1995-1996 he
was an ELF- and IFP-sponsored visiting professor at the University of Pau, France. He received EAEG’s
Conrad Schlumberger Award in 1978, the SEG’s Reginald Fessenden Award in 1979, and the EAGE’s
Erasmus Award in 2003. He is a regular member of DGG and an honorary member of the EAEG/EAGE
and SEG. Peter Hubral is involved in most of WIT’s activities, in particular those including research on
image resolution, image refinement, image attributes, multiple suppression, incoherent noise suppression,
true-amplitude imaging, interpretative processing, and image animation.
Florian Karpfinger is a diploma student. Presently, he is working at the reservoir characterization group
at the Free University Berlin. He is a member of the SEG, DGG, and EAGE.
Tina Kaschwich received her diploma in 2000 in geophysics from Hamburg University. Since 2001 she
has been a Ph.D. student at the University of Hamburg. Her research interests are ray method and migration
in anisotropic media. She is a member of EAGE.
Boris Kashtan obtained his MSc in theoretical physics from Lenigrad State University, USSR, in 1977.
A PhD (1981) and a Habilitation (1989) were granted to Boris by the same University. He is Professor at
St. Petersburg State University, Russia, and since 1996 Boris is head of the Laboratory for the Dynamics of Elastic Media. His research interests are in high frequency methods, seismic modeling, inversion,
anisotropy, and imaging. He regularily visits Germany and spends from weeks to several month at the
University of Hamburg every year.
Mareike Kienast is diploma student at the Geophysical Institute of Karlsruhe. She is currently working
on the application of limited-aperture migration. She is member of EAGE.
Tilman Klüver received his diploma (with distinction) in geophysics from Karlsruhe University in February 2004. Since April 2004, he has been a research associate at Karlsruhe University. His research covers
the application of kinematic wavefield attributes in 2D and 3D inversion schemes as well as their extraction
from seismic datasets. He is a member of the EAGE and the SEG.
Ingo Koglin received his diploma in geophysics in 2002 from Karlsruhe University. Since 2002 he has
been a research associate at Karlsruhe University. His research interests include preparation and application of seismic wavefield attributes obtained by the CRS stack. He uses the attributes for inversion and to
improve imaging. A second field of interest is the improvement of the CRS stack by means of residual
static correction. He is a member of EAGE and SEG.
Oliver Krüger received his diploma in geophysics in 2002 from Freie Universität Berlin and is currently a
PhD student at Freie Universität Berlin. His research interests focus on finite difference modeling, imaging
and property prediction of fractured materials.
L.W.B. Leite is a professor of geophysics at the Graduate Course in Geophysics, and member of the Department of Geophysics of the Federal University of Pará (Belem, Brazil). His main emphasis at the present
time is seismic wave propagation in thin layers for deconvolution and inversion problems.
Rômulo Correa Lima received his diploma in geophysics in 2002 from Geophysical Department of the
Federal University of Pará, Brazil, with a thesis on Seismic Migration. In 2002 and 2003, he was a researcher in the seismic group of that university. Currently he is working on 3D modeling.
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Jürgen Mann received his diploma in geophysics in 1998 from the Faculty of Physics, Karlsruhe University, with a thesis on Seismic Image Waves. In 2002, he received a doctorate in natural sciences (with
distinction), again from the Faculty of Physics in Karlsruhe, with a thesis on the Common-ReflectionSurface Stack method. Since 1998 he has been a research associate at Karlsruhe University, since 2001 he
is assistant to Prof. Peter Hubral. His fields of interest are seismic reflection imaging methods, especially
data-driven approaches based on kinematic wavefield attributes. He is active member of the SEG, member
of the EAGE and its research committee, and member of the editorial board of the Journal of Seismic Exploration.
Nils-Alexander Müller received his diploma in geophysics in December 2003 from Karlsruhe University,
Germany. His thesis dealt with the implementation of the 3D CRS stack. Since 2004 he has been a research associate at the Geophysical Institute in Karlsruhe. His research covers the 3D CRS stack and the
application of the kinematic wavefield attributes in 3D inversion algorithms. Alex is also responsible for
the WIT report. He is a member of EAGE and SEG.
Tobias M. Müller received a diploma in geophysics in 1998 from Karlsruhe University and his PhD
in 2001 from Free University Berlin. Since 2002 he has been a post-doctoral fellow of the Deutsche
Forschungsgemeinschaft at Curtin University of Technology in Perth. His research interests include seismic waves in random media and rock physics. He is a member of DGG, EAGE, and SEG.
M. Amélia Novais received her M.Sc. in Mathematics from the Brazilian Institute of Pure and Applied
Mathematics (IMPA) in 1993 and her PhD in Applied Mathematics from State University of Campinas
(Unicamp) in 1998. Since 1996, she has been a professor for Mathematics at the Federal University of Sao
Carlos (UFSCar), Brasil. She has joined Unicamp in April 2002. Her research interests focus on partial
differential equations and include seismic forward imaging. In particular, she works with finite differences
to obtain the solution of the acoustic and elastic wave equation, as well as with the Born and Kirchhoff approximations. Presently, she also studies image-wave equations. She is a member of SEG, EAGE, SBGf,
SBMAC, and SBM.
Claudia Payne has been Peter Hubral’s secretary since 1990. She is in charge of all WIT administrative
tasks, including advertising, arranging meetings, etc. Email: Claudia.Payne@gpi.uka.de; phone: +49-721608-4443, fax: +49-721-71173
Rodrigo Portugal received his B.Sc. (1995), M.Sc. (1998), and PhD (2002) in Applied Mathematics from
the State University of Campinas (UNICAMP), Brasil. In his thesis he studied wavefront construction
in the 2.5D situation and its application to the four Kirchhoff operations, namely: modeling, migration,
demigration and demodeling. Currently he is an associate researcher of the Department of Geology and
Natural Resources (DGRN) at UNICAMP. His research interests include wavefront propagation, numerical
analysis, seismic imaging and inversion.
Lasse Rabenstein is a diploma student. He is currently working as a teaching assistant for the department
of Geophysics at the FU Berlin. His interests are seismic imaging and wave phenomena in random media.
Susanne Rentsch received her diploma in geophysics from the Free University Berlin in July 2003. Her
diploma thesis was about “Hydraulic characterization of rocks using density of microseismicity”. Since
August 2003 she has been working as a PhD student on location of seismic events using imaging techniques.
Elmar Rothert received his diploma in Geophysics in 1999 from the University of Göttingen. In his
diploma thesis he studied the scattering of teleseismic waves at small-scale heterogeneities in the crust and
lithosphere below the seismic receiver array GRF in Germany. Since January 2000 he is a Ph.D. student of
Prof. Shapiro at the Freie Universität Berlin. Currently, he focuses on the reconstruction of permeability in
heterogeneous, anisotropic, fluid-saturated media from induced microseismicity. He is a member of AGU,
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EAGE, and SEG.
Erik Saenger received his diploma in Physics in March 1998 and his Ph.D. in November 2000 from the
University of Karlsruhe. Since January 2001 he has been a research associate at the Freie Universität
Berlin. Currently, he focuses on Finite Difference modeling of fractured materials at the Geophysical Institute, Free University Berlin. He is member of the DGG, DPG, SEG, and EAGE.
Lúcio Tunes Santos received his B.Sc. (1982) and M.Sc. (1985) in Applied Mathematics from the State
University of Campinas (UNICAMP), Brazil. In 1991 he earned his PhD in Electrical Engineering also
from UNICAMP. From 1985 to 1988 he was employed as a Teaching Assistant at the University of Sao
Paulo (USP). Since 1988 he has been working for UNICAMP, first as an Assistant Professor and after 1999
as an Associate Professor. From 1994 to 1995 he visited Rice University as a postdoc researcher and in
1998, 1999 and 2001 he was a visiting professor at the Geophysical Institute of Karlsruhe University (Germany). His professional interests include seismic modeling and imaging as well as nonlinear optimization
and fractals. He is a member of SBMAC (Brazilian Society of Computaional and Applied Mathematics)
and SEG. His present activities include the development of new approximations for the P-P reflection coefficient, alternative attributes for AVO analysis, and finite-difference methods for the eikonal and transport
equations.
Jörg Schleicher received a BSc (1985) in physics, an MSc (1990) in physics, and a PhD (1993) in geophysics from Karlsruhe University (KU), Germany. From 1990 to 1995, he was employed as a research
fellow at KU’s Geophysical Institute. From September 1995 to September 1996, he was a visiting scientist at the Institute for Mathematics, Statistics, and Scientific Computing of State University of Campinas
(IMECC/UNICAMP) in Brazil with joint grants from the Brazilian Research Council CNPq and Alexander von Humboldt foundation. Since October 1996, he has been employed as an Associate Professor for
Applied Mathematics at IMECC/UNICAMP. In 1998, he received SEG’s J. Clarence Karcher Award. His
research interests include all forward and inverse seismic methods, in particular Kirchhoff modeling and
imaging, amplitude-preserving imaging methods, ray tracing, and model-independent stacking. He is a
member of SEG, EAGE, DGG, SBGf, and SBMAC.
Sergei Shapiro received his M.Sc. in 1982 from Moscow University and the Ph.D. in 1987 from All
Union Research Institute of Geoinformsystem (AURIG) in Moscow, both in Geophysics. During 198290 he worked for AURIG as a research geophysicist. In 1991-1997 he was a senior research scientist at
the Geophysical Institute of Karlsruhe University, Germany. The first two years of this time he was an
Alexander von Humboldt fellow. From January to August 1997, he was a Heisenberg associate-research
professor. Since September 1997 till January 1999, he was a full professor in Applied Geophysics at the
Nancy School of Geology, France, where he was cooperating with GOCAD consortium. Since February
1999 he has been a full professor of Geophysics at the Free University of Berlin, where he leads a research
group in Seismology. His interests include exploration seismology, rock physics, and forward and inverse
scattering problems. He is a member of SEG, EAGE, AGU, and DGG.
Christof Sick is a Ph.D. student and research associate at the Freie Universität Berlin. Presently, he is
working in the random media group and the SFB267. His diploma thesis was about the analysis and modeling of the dynamics of spatio-temporal signals.
Kerstin Sommer received her diploma in 2004 in geophysics from Hamburg University. Her diploma
thesis was about localization of microseismicity at the KTB site considering the effect of anisotropy.
Svetlana Soukina received her diploma in geophysics in 1995 from St. Petersburg State University, Russia.
Until 1999 she had been a research scientist in the Institute of Physics at St. Petersburg State University.
Since 1999 she has been a Ph.D. student at the University of Hamburg. Her research interest is the computation of traveltimes in anisotropic media.
Miriam Spinner received her diploma in geophysics in December 2003 from Karlsruhe University, Ger-
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many. Her thesis dealt with an extension of true-amplitude Kirchhoff migration to handle data acquired
on a measurement surface with topographic variations. Since 2004 she has been a research associate at
the Geophysical Institute in Karlsruhe. Search interests include the CRS technique and limited-aperture
migration in the context of AVO analysis. She is a member of EAGE and SEG.
Ekkehart Tessmer received an MSc in 1983 in geophysics from Hamburg University and a PhD in 1990
from Hamburg University. Since 1990, he has been senior research scientist at the Institute of Geophysics
at Hamburg University. Since 1994, he has a university staff position. His research interests include exploration seismology, seismic and electromagnetic wave propagation simulation, and migration. He is a
member of DGG, EAGE, and SEG.
Martin Tygel received his B.Sc. in physics from Rio de Janeiro State University in 1969, his M.Sc. in
1976 and Ph.D. in 1979 from Stanford University, both in Mathematics. He was a visiting professor at the
Federal University of Bahia (PPPG/UFBa), Brazil, from 1981 to 1983 and at the Geophysical Institute of
Karlsruhe University, Germany, in 1990. In 1984, he joined Campinas State University (UNICAMP) as an
associate professor and since 1992 as a full professor in Applied Mathematics. Professor Tygel has been an
Alexander von Humboldt fellow from 1985 to 1987. In that period, he conducted research at the German
Geological Survey (BGR) in Hannover. From 1995 to 1999, he was the president of the Brazilian Society of
Applied Mathematics (SBMAC). In 2002, he received EAGE’s Conrad Schlumberger Award. Prof. Tygel’s
research interests are in seismic processing, imaging and inversion. Emphasis is aimed on methods and
algorithms that have a sound wave-theoretical basis and also find significant practical application. These
include, for example, the unified approach of seismic reflection imaging (problem-specific combinations
of true-amplitude migration and demigration) and, more recently, data-driven seismic imaging approaches
such as the Common Refection Surface (CRS) method. Prof. Tygel is a member of SEG, EAGE, SBGf,
and SBMAC.
Claudia Vanelle received her diploma in physics in 1997 and her Ph.D. in 2002, both from the University
of Hamburg. Since 1997 she has been a research associate at the University of Hamburg and since 1998
at the Institute of Geophysics in Hamburg. In 2002 the Shell She-Study-Award was bestowed upon her in
appreciation of her Ph.D. thesis. Her scientific interests focus on true-amplitude migration and anisotropy.
She is a member of EAGE and SEG.
Markus von Steht received his diploma in geophysics in Febuary 2005 from the University of Karlsruhe
(TH). The field of study focused on the handling of rugged topography in the CRS stack and its application
to synthetic and real data. His new field of study with the objective of a PhD is the development of a CO
CRS stack to handle VSP and multi-component data. He is a member of the EAGE and SEG.
Mi-Kyung Yoon received her diploma from the Technical University of Berlin. From 2001 to 2005 she
worked in the imaging group of the Free University of Berlin. She finished her PhD thesis in February,
2005. Since April 2005 she is working as a research scientist at the Institute of Geophysics in Hamburg.
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