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Preface

The third WIT (Wave-Inversion-Technology) report gives a compilation of the 1999
WIT activities. The global WIT consortium with one group in Campinas (Brazil),
one in Berlin, one in Hamburg and two in Karlsruhe continued to function effectively
with slightly more sponsors and researchers than in the previous two years. The WIT
research in Karlsruhe in 1999 was reinforced by three visiting professors (Dr. B. Sibiriakov (Novosibirsk), Dr. B. Gelchinsky (Tel Aviv) and Dr. E. A. Robinson (New York)).
Also Dr. N. Bleistein (Colorado) was a visiting professor in Campinas.
As an attractive WIT contribution in addition to this third report, I like to mention
the book “The Common Reflection Surface Stack Method”, which appeared at the
publishing house Der Andere Verlag. It is essentially a reproduction of the Ph.D.
thesis of Dr. Thilo Müller, who received the Van Weelden Award at the 1999 EAGE
Helsinki Meeting for his work.
The WIT consortium also organized on February 14-16, 1999 the EAGE/SEG
sponsored ”Karlsruhe Workshop on Macro-Model-Independent Reflection Imaging”
for which now a Special Proceedings Issue with 11 contributions has appeared in the
Journal of Applied Geophysics.
Finally, the WIT consortium member Dr. S. A. Shapiro organized the EAGE/SEG
sponsored workshop “Seismic Signatures of Fluid Transport” from February 27-29,
2000 at Berlin.

Peter Hubral

Karlsruhe,

February 29, 2000
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Imaging
Tygel et al. propose a new asymptotic inverse to the forward Kirchhoff-Helmholtz
integral. Analogous to the forward integral, the new inverse consists of a summation
along the reflection traveltime surface of the reflector. A simple numerical example
shows how this can be used for migration.
Tygel et al. show that the methods of true-amplitude PreSDM and MZO can be used
to perform an AVO/AVA analysis. By means of a simple but illustrative example, they
discuss the advantages and disadvantages of both methods.
Cruz et al. present a sensibility analysis of the functional that simulates the observed
data with respect to the searched-for wavefront parameters. The most important result
is the very high sensibility of the multifocusing traveltime on relation to B0 and KNIP .
The KN parameter presents a strong ambiguity and is poorly determined during the
optimization procedure.
Majer et al. present an inversion method which make use of data-derivated kinematic
wavefield attributes to determine a 2 D macro-velocity model. This attributes are provided by the CRS Stack method. By means of geometrical optics primary reflection
events of a zero-offset section with the associated wavefield attributes determine reflection points of interfaces in the subsurface. The interfaces are constructed layer
by layer with interpolating spline functions. First appliacations of the algorithm are
shown for two synthetic examples.

Rock Physics and Waves in Random Media
Shapiro proposes an extension of the SBRS approach to estimation of permeability
tensors to the case of 3-D heterogeneous structures. The approach is based on a geometrical optic approximation for triggering fronts and provides a possibility at least
semi qualitatively characterize hydraulically heterogeneous media using microseismic
data.
1
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Müller and Shapiro extended the O'Doherty-Anstey approach for primary arrivals
to the case of statistically isotropic randomly heterogeneous media. They are able to
predict the seismic pulse evolution in typical realizations of seismograms in the range
of week wavefield fluctuations. This makes possible a Green's function construction
taking into account effects of isotropic random heterogeneity.
Saenger and Shapiro propose to model the effective velocities of fractured media
using the rotated staggered finite difference grid. In contrast to the standard staggered
grid the rotated one does not have instability problems by modeling wave-difraction
effects in media with fractures. Thus, such a numerical modeling can be considered as
an efficient and well controlled computer experiment. Therefore, it is a promising tool
for a study of elastic properties of dry rock skeletons. In this paper the importance of
the critical porosity concept is demonstrated for the case of intersecting fractures.

Modeling
Portugal et al. describe of 3-D wave propagation in a 2-D medium (2.5-D situation) by
means of a simple 2.5-D wave equation. A comparison to alternative approximations
in homogeneous and vertical-gradient media shows that the accuracy of a previously
suggested approximate 2.5-D wave equation (Liner's equation) depends on how well
the rms velocity can be approximated by a constant velocity.
Schleicher et al. introduce the Kirchhoff-Helmholtz modeling integral to general
anisotropic elastic media, using the natural extension of the Kirchhoff approximation
of the scattered wavefield and its normal derivative for that media. After its asymptotic
evaluation, the anisotropic Kirchhoff-Helmholtz integral reduces to the zero-order ray
theory approximation of the reflected response from the interface.
Schleicher et al. generalize the decomposition formula for the geometrical-spreading
factor to anisotropic media in terms of second-order mixed derivatives of the traveltime
as well as group and phase angles at the reflection point.
Coman and Gajewski present a hybrid method for computing multi-arrival traveltimes
in 3-D weakly smoothed media. The method is based on the computation of firstarrival traveltimes with a finite-difference eikonal solver and the computation of later
arrivals with the wavefront construction method (WFCM). The detection and bounding
of regions where later arrivals occur is done automatically. The hybrid method is faster
than WFCM.
Menyoli and Gajewski used the first order perturbation principle to simultaneously
compute P- and S-wave traveltimes in a 2D model. It is demonstrated on a constant
gradient velocity model with a parabolic lens at the centre. This perturbation method
is useful for a simultaneous kinematic Kirchhoff migration of converted waves with
slightly different macro models.

3

Vanelle et al. introduce a new representation of the ray propagator valid in an arbitrary 3-D coordinate system. Its relation to the Bortfeld and Cerveny formulations is
explained. Applications like traveltime interpolation and the computation of geometrical spreading demonstrate the versatility of the method.
Bergmann and Gajewski present their first results on developing a finite-difference
(FD) formulation for the simulation of non-linear elastic waves. The results show
that conventional FD approaches applied for linear problems may not extended to the
non-linear case. For this reason, the authors show a new algorithm and make related
important aspects in terms of physics and computation evident.
By combining fast marching level set methods with full wave form modeling Karrenbach takes advantage of numerical properties of both methods. He is able to reduce
the computational expense associated with full wave form finite difference methods by
decomposing the computational domain dynamically into subdomains. The size and
shape of these subdomains is derived from the shape of the wave front given by an
asymptotic Eikonal solution.
Kaselow et al. model changes in p-wave and s-wave velocity in reservoir rocks that are
due to changes in porosity and fluid content. They present a technique that computes
the seismic wave response from a reservoir, whose shape and constitution changes over
time, allowing to conduct feasibility studies in realistic reservoirs in order to optimally
control production.
The paper by Karrenbach describes the importance of full wave form modeling techniques in time-lapse studies, where preliminary time-lapse tests are computed numerically in an elastic 3D SEG/EAGE salt model. Recent activities of the SEG 3D modeling committee show that, while 3D full wave forms studies are indeed much desired,
their computational expense has been prohibitively high up to now. However, new advances in numerical algorithms and cheap high-performance hardware computer hardware might allow realistic studies in the near future on a routine basis.
To reduce the computational burden in 3D full wave form modeling Pohl et al. suggest the use of optimal gridding procedures for certain characteristic seismic reservoir
geometries. The grid is adapted to the major layering features of the reservoir and
uses a spectral method to compute derivatives and produces accurate and artifact-free
numerical solutions. A 2D modeling example attempts to grid a salt dome structure
optimally, such that some of the major grid contours follow the overburden layers as
well as the salt dome interfaces.

Other Topics
Birgin et al. introduce a new optimization algorithm to directly extract the Common
Reflecting Surface (CRS) parameters out of coherency analyses applied to multicover-

4

age data. Numerical results obtained in sunthetic examples confirm the good perfoemance of the method, both in accuracy and computational effort.
Ettrich et al. present simple relations to compute the best fitting ellipsoid for an arbitrary anisotropic medium. The fit can be applied globally or locally, e.g., in a cone
of interest for vertically propagating waves. This model can serve as a background
medium to compute wave field properties in arbitrary anisotropic media using perturbation techniques. It provides improved results when compared with the best fitting
isotropic background medium particularly if strong P-wave anisotropy is present (e.g.,
shales).
The report of Leite and da Rocha deals with the application of Kalman's method to
the deconvolution of the source wavelet as a time varying pulse that serves to model the
inelasticity of the medium. The wave propagation is given by the Goupillaud solution.
We demonstrate the necessity for applying a low-pass equalization to compensate for
the amplification of the high frequency content of the data when submitted to deconvolution.
The report by Mauch compares various coherency measures analytically as well as
by numerical examples. A common notation allows easy comparison of different coherency definitions. Synthetic as well as real data examples are used to contrast the
performance of different coherency criteria.

5
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An asymptotic inverse to the Kirchhoff-Helmholtz
integral

M. Tygel, J. Schleicher, L. T. Santos, and P. Hubral1
keywords: Kirchhoff Modeling, Kirchhoff Migration, Kirchhoff Inversion

ABSTRACT
The Kirchhoff-Helmholtz integral is a widely used tool for modeling the reflected response from an acoustic or elastic interface due to a given incident field. This integral
is based on the idea that the reflection wavefield at the receiver is a superposition of the
wave fields produced by point diffractors distributed at the reflecting interface. These
diffractors are the so called Huygens secondary sources that are excited by the incident field. For a dense distribution of source-receiver pairs on a fixed measurement
surface, the Kirchhoff-Helmholtz modeling integral provides, for a given interface,
the corresponding reflection response as an amplitude distribution along a traveltime
surface. The proposed asymptotic inverse Kirchhoff-Helmholtz integral consists of
an integral along this reflection traveltime surface. For a point on the reflector, it
sums the reflected-wave contributions attached to the respective reflection-traveltime
surface associated with the related source-receiver pair. The new inverse integral reconstructs the Huygens sources along the reflector, thus providing their positions and
amplitudes. In this way, a kinematic (positioning) and dynamic (amplitude) inversion
becomes possible by means of an integral operation, which is most naturally related
to its counterpart Kirchhoff-Helmholtz integral.

INTRODUCTION
The wavefield originating from a point source and primarily reflected from a smooth
reflector overlain by a smooth inhomogeneous acoustic medium can be described by
the Kirchhoff integral in the so-called single-scattering, high-frequency approximation
(see, e.g.Frazer and Sen (1985)). The resulting Kirchhoff-Helmholtz integral describes
then the reflected elementary waves as a superposition of Huygens secondary point
sources distributed along the reflector.
The Kirchhoff-Helmholtz integral is largely used to accurately model primary re1
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flections in smoth layered models bounded by smooth interfaces (reflectors). A natural
question that arises is whether a transformation exists that performs the opposite task of
the Kirchhoff-Helmholtz integral. In other words, this inverse would have to kinematically and dynamically reconstruct the reflector. This would have to involve a weighted
superposition of the observed elementary wave along the reflection traveltime surface
of the searched-for reflector. To kinematically and dynamically reconstruct the reflector means to asymptotically recover the reflector location together with the plane-wave
reflection coefficient in each point of the reflector. In the seismic literature, this is commonly called the true amplitude at all reflector points.
The depth migration method traditionally accepted as an inverse to the KirchhoffHelmholtz integral is Kirchhoff depth migration (Schneider, 1978). This migration is
realized upon summing up contributions of the reflection data along auxiliary diffraction surfaces constructed on an a priori given reference model.
We see that the Kirchhoff-Helmholtz integral, a summation operator along a given
reflector, lacks a structurely similar (asymptotic) inverse operation. This should have
the form of a summation operation along the reflection traveltime corresponding the
reflector, assuming, of course, the same configuration of source-receiver pairs. This is
being set up in this paper by exploring the dual properties between the given reflector
and its corresponding traveltime surface.
THE INVERSE KIRCHHOFF-HELMHOLTZ INTEGRAL
To set up an analogous integral to the forward Kirchhoff-Helmholtz integral (Frazer
and Sen, 1985; Tygel et al., 1994) that achieves its inverse task, namely to reconstruct
the singular function of the reflector  from its image at ;, our strategy will be to
substitute in the Kirchhff-Helmholtz (KH) integral all points and surfaces by their
respective duals (Tygel et al., 1999). This is geometrically described with the help of
Figure 1.
The new KH inverse will consist of an integration along the reflection-traveltime
surface ;, as opposed to its KH forward counterpart that involves an integration along
the reflector . In analogy with the preceding construction, we consider the output
of the integration at a certain, fixed coordinate x = ~xR , which determines a point
MR = M (~xR) on . By means of a reflection ray, it also determines a dual point
NR = N(~xR) = N;(~R) on ;. Here, the value of the parameter ~R is given by
~R = ~S (~xR). The isochron of NR will be tangent to  at MR = M; (~R).
For each point N; on ;, the new integrand should contribute to the output result
I (~xR; z) at a single point MI , namely the intersection between the isochron of N; ,
z = (x; N;), and the vertical line at ~xR. In symbols, MI = (~xR; (~xR; N;)).

Z

Z

The point MI will fall on , i.e., it will coincide with MR , when N; coincides with

9
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Figure 1: The inverse Kirchhoff-Helmholtz integral understood geometrically. For
each point N; on ;, the integration contributes to the reflector depth image computed
for ~xR at the corresponding point MI = (~xR ; (~xR; N; )). For details see text.

Z
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NR, the dual point of MR. At MR, the isochron z = Z (x; NR) is tangent to . Due to

our assumptions of a smooth reflector and uniqueness of dual points, we have again the
situation of an isolated stationary point at MR , which means that the main contribution
of the new integral will be observed at MR . As before, the reflector  (dashed line
in Figure 1) is a priori unknown. It will become known only by a repeated execution
of the above process for all x in E . In this way, we have geometrically constructed a
kinematic transformation of the reflection-traveltime function ; into the reflector .
In the same way as the amplitude of the function to be integrated in the forward
Kirchhoff-Helmholtz integral is that of the singular function I  (x; z ) of the reflector,
multiplied with an appropriate weight function, it is most natural to set the amplitude
of the integrand in the inverse integral to be that of the singular function K; (~; t) of
the reflection-traveltime surface ;, multiplied with a corresponding, yet unspecified
weight function. Analogously to the weight function K (~; M ) in the forward KH
integral, the new weight function, I (x; N; ), will be included into the inverse integral
in order to assure that also this inverse transformation can be performed in a dynamically correct way, i.e., to correctly reconstruct the varying reflection coefficient along
the reflector . Similarly to the forward KH integral, the correct pulse shape will be
ensured by the use of a derivative of the involved  -pulse in the direction normal to ;.

W

W

Translating the above arguments into mathematical terms and in full correspondence to the forward KH integral, we can now set up the proposed inverse KH integral
as
Z
1
d; I (x; N;) (N;) @(z (x; N;)) :
I (x; z) =
(1)

W

; 4

A

;Z

In this formula, @ denotes, correspondingly to the normal derivative @ in the forward
KH integral, the partial derivative in the direction of the normal ~ to the traveltime
surface ; at the generic point N; = (~; ;(~)) that describes the integral. The point
N;, by means of the configuration parameter ~, automatically determines the sourcereceiver pair (S; G), where S = S (~) and G = G(~). As previously, let us denote
by MR the (unique) specular reflection point on the reflector pertaining to the sourcereceiver pair (S; G) defined by ~. From a stationary-phase analysis, it follows that the
weight function can be selected as
3
2 (M )
~
I
LS (MI )LG (MI ) :
WI (x; N;) = hB ( ; MI )cosv 2(M(IM) cos
)

I

Z

Z

(2)

Here, MI is the point (x; z = (x; N; )), where the isochron z = (x; N; ) of N; cuts
the vertical line at MR (see Figure 1). Also, v (MI ) is the medium velocity at MI and
S (MI ) and G (MI ) are the point-source geometrical-spreading factors along the ray
segments SMI and MI G, respectively. Moreover, (MI ) represents the angle the normal to ; at N; makes with the vertical t-axis), and (MI ) denotes the incidence angle
that the incoming ray SMI makes with the isochron normal at MI (see Figure 1). Finally, hB (~; MI ) is the modulus of the Beylkin determinant (Beylkin, 1985; Bleistein,

L

L
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2
~; MI ) 3
r
T
(

6
7
hB (~; MI ) = 64 @ rT (~; MI ) 75 ;
@ rT (~; MI )
where r = (@x ; @x ; @z ) is the spatial gradient operator.
1987),

1

(3)

2

1

2

As shown by Tygel et al. (1999) the forward and inverse KH integrals can be
asymptotically evaluated by the time-domain version of the standard stationary-phase
method, as described, e.g., in Bleistein (1984). The KH forward integral can be approximated, for time values t ;(~) as


K (~; t)  K;(~; t) = A(N;) (t ; ;(~)) ;

(4)

namely, the true-amplitude singular function of the traveltime surface ;.
Correspondingly, the new KH inverse integral 1 can be asymptotically approximated for spatial values z (x) as



I (x; z)  I (x; z) = R(M) (z ; (x)) ;
i.e., the true-amplitude singular function of the reflector .

(5)

This means that integral 1 is the (asymptotic) inverse to the forward KH integral. In
other words, the forward and inverse KH integrals form an asymptotic transform pair
between the depth-domain true-amplitude singular function I (x; z ) of the reflector
 and its corresponding time-domain true-amplitude singular function K; (~; t) of the
traveltime surface ;.
A SIMPLE NUMERICAL EXAMPLE
To verify the validity of the inverse Kirchhoff-Helmholtz integral 1, we have designed
the following simple numerical experiment. A seismic common-offset experiment
with a half-offset of h =500 m was simulated above the earth model depicted in Figure 2. It consists of two homogeneous acoustic layers with constant velocities of 4 km/s
and 4.5 km/s, respectively, separated by a smooth interface in the form of a dome structure. The terminology “common-offset experiment” means that all source-receiver
pairs involved are separated by the same fixed offset of 2h = 1000 m. More specifically, the location of each source and each receiver can be expressed as xS =  h
and xG =  + h, where parameter  is the midpoint coordinate, i.e.,  = (xS + xG )=2.

;

Figure 3a shows the common-offset data as modeled by the forward KH integral.
For an easier analysis, we have convolved the results with a Ricker wavelet of unit
peak amplitude and a duration of 64 ms. Also indicated in Figure 3a is the reflection
traveltime curve as the locus of the peak amplitudes of the time-symmetric Ricker

12
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Figure 2: Model for the numerical example.

wavelet used in the numerical modeling. Along this identified traveltime curve, we
now perform the new inverse Kirchhoff-Helmholtz integral 1. The result is shown
in Figure 3b. The inversion results show that the obtained wavelets align perfectly
along the reflector that is indicated by a continuous line. This confirms that integral 1
performs the inversion task in a kinematically correct way (i.e., it correctly positions
the reflector in depth).
To check on the dynamics, we determine the obtained peak amplitudes and compare them to the correct reflection coefficient (see Figure 4a). We observe an almost
perfect coincidence between the inverted amplitudes (green line) and the theoretical
curve (black line) within the center region of the dome structure. On both flanks, a
slightly larger error can be observed. This is due to the reduced illumination of this
part of the reflector, caused by the employed measurement configuration. For comparison, also included are the amplitudes as recovered from conventional true-amplitude
Kirchhoff migration (blue line). In Figure 4b, this observation is quantified by the
relative error of the observed amplitudes. In the central region, the error of Kirchhoff
inversion does not exceed half a percent. In the less well-illuminated parts of the reflector, we still have errors less than four percent, an also good amplitude recovery
and still better than that of Kirchhoff migration. Note the smaller boundary zone of
Kirchhoff inversion with respect to Kirchhoff migration. This indicates that Kirchhoff
inversion will achieve a better horizontal resolution. These results (and other numerical experiments not shown in this paper) confirm our claim that integral 1 constitutes
indeed an asymptotic inverse to the well-known forward Kirchhoff-Helmholtz integral.

CONCLUSIONS
We have presented an analogous (asymptotic) inverse to the well-known forward KirchhoffHelmholtz (KH) integral. Just as the forward KH integral can be conceived as a superposition of the elementary responses of all Huygens secondary sources along the
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Figure 3: (a) Synthetic data as modeled by the forward Kirchhoff-Helmholtz integral.
(b) Inverted data as obtained by the inverse Kirchhoff-Helmholtz integral.
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reflector, we can conceive its inverse as a superposition of “elementary reflection images” along the reflection-traveltime surface. The elementary Huygens sources along
the reflector are then recovered in position and strength.
For a given distribution of source-receiver pairs (the measurement configuration)
that provides the “illumination” of the reflector, we have introduced the concepts of
the true-amplitude singular functions of the reflector and its corresponding reflectiontraveltime surface. These are nothing else than  -functions localized on the two surfaces multiplied by specular reflection coefficients (at the reflector) and zero-order ray
responses (at the reflection-traveltime surface). The new KH transform pair provides
an (asymptotic) link between the true-amplitude singular functions of the reflector and
its reflection-traveltime surface. The new inverse KH integral was constructed using
the fundamental dual properties that relate primary-reflection surfaces of the timedomain data space and their corresponding depth-domain reflectors in model space.
By a simple numerical example, we have confirmed that the new inverse KirchhoffHelmholtz integral indeed recovers the reflection coefficients along the reflecting interface as claimed theoretically.
The new inverse integral also fills a gap which originates from the observation that
the conventional Kirchhoff migration integral (Schneider, 1978), well known in the
seismic literature and frequently used to solve the inverse problem, is not an inverse
but the adjoint operation to the forward KH integral (Tarantola, 1984). In fact, the
structurely correct inverse to Kirchhoff migration has also been recently provided under the name of the Kirchhoff demigration integral (Hubral et al., 1996; Tygel et al.,
1996).
The proposed inverse KH integral enables the design of a new seismic migration
technique that would deserve the name Kirchhoff migration much more than what
is up to now associated with this name. Note, however, that conventional Kirchhoff
migration has done an excellent job in practice. Whether the new inverse KirchhoffHelmholtz integral can be employed with comparable success in practical seismic inverse problems remains a topic of future research.
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Kirchhoff imaging as a tool for AVO/AVA analysis
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ABSTRACT
The methods of true-amplitude PreSDM and MZO can be used to perform an AVO/AVA
analysis. By means of a simple but illustrative example, we discuss the advantages and
disadvantages of both methods. For the sake of comparison, we have also considered
the routinely applied method of deriving AVO information directly from CMP gathers.
For a good velocity model, AVO/AVA using both, PreSDM and MZO, yield quite accurate results of comparable quality, even in the presence of caustics or diffractions.
Apart from problems with aliasing, the cheaper MZO seems to provide as valuable
AVO information as PreSDM.

INTRODUCTION
Kirchhoff-type weighted stacking methods are used in an ever more sophisticated way
with the aim of aggregating amplitude information into imaged seismic sections. This
is, for instance, the case of true-amplitude Pre-Stack Depth Migration (PreSDM),
in which amplitudes of migrated primary reflections essentially represent a measure
of offset-dependent reflection coefficients (Bleistein, 1987; Schleicher et al., 1993;
Gray, 1997). Application of true-amplitude PreSDM to several individual commonoffset sections give rise to an ensemble of migrated sections directly amenable to an
Amplitude-Variations-with-Offset (AVO) analysis (Beydoun et al., 1993).
A more recent time-domain example for Kirchhoff stacking is provided by trueamplitude Migration to Zero Offset (MZO) (Tygel et al., 1998). With this imaging
process, common-offset sections are transformed into corresponding simulated zerooffset sections, for which primary reflections have the same geometrical spreading as
those that would be measured if an actual zero-offset experiment were performed. At
the same time, offset-dependent reflection coefficients are preserved. As zero-offset
geometrical-spreading factors can be well estimated from Normal-MoveOut (NMO)
velocities, application of true-amplitude MZO to an ensemble of input common-offset
input sections, provides an alternative way of estimating offset-dependent reflection
1
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coefficients. In this way, true-amplitude MZO sections are also directly amenable to
an AVO analysis.
Processing an input section with a second true-amplitude PreSDM or MZO using slightly different weights, leads to the additional determination of the corresponding reflection angles. This means that AVO results can be turned into more informative Amplitude-Variations-with-Angle (AVA) data (Bleistein, 1987; Tygel et al., 1993;
Bleistein et al., 1999).
In account of the said, we have at our disposal three different methods of doing
AVO, these being conventional AVO in the CMP gather, AVO after migration in the
migrated image gather, or AVO after MZO in the MZO image gather. This leads to the
obvious questions of which are the advantages and disadvantages of one or the other.
Disconsidering the possibility of tracing rays in the given macrovelocity model and
deriving reflection angles from these, we still have the two possibilities of doing AVA
after MZO or after migration. Which one is more suited in different practial situations?
As an initial guess, one would assume the following. Kirchhoff-type stacking
methods, such as true-amplitude PreSDM and MZO, have the advantage of not requiring an identification of reflections prior to their imaging. On the other hand, they
depend on an a priori given macro-velocity model, from which the stacking lines and
weight functions are constructed. Thus, time-domain methods such as MZO should be
less sensitive than depth-domain methods to errors in the given velocity model. However, diffractions and caustics are typical problems in time-domain data that should be
better removed by a successful PreSDM.
In this paper, we discuss, by means of a simple but illustrative example, the methods of true-amplitude PreSDM and MZO to perform an AVO/AVA analysis on specific
points of a target reflector. For the sake of comparison, we have also considered the
routinely applied method of deriving AVO information directly from CMP gathers.

EARTH MODEL
Referring to Figure 1, we consider the seismic response of a single, target reflector
overlain by a homogeneous acoustic medium of unit density and a velocity of 3.5 km/s.
The medium below the reflector is also acoustic and homogeneous with unit density
and a velocity of 4.5 km/s, except for a small reservoir zone inside the dome structure,
where the velocity assumes the constant value of 2.0 km/s. The seismic line is a dip line
and all point sources are reproducible. The multicoverage data that are acquired in this
way can, on account of the 2-D model and the 3-D source and receiver characteristics,
be modeled and imaged by what is commonly called 2.5-D methods.
This particular form of the reflector was chosen to study the results of an AVO/AVA
analysis at four characteristic points for seismic imaging while leaving all other pos-
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Figure 1: Earth model for the synthetic examples. The AVO and AVA analysis was carried out at the four reflection points R1 to R4 that are shown here with their respective
normal rays.
sible complications out of consideration. Point R1 lies within a caustic zone due to a
strongly curved left flank of the dome. Point R2 is located above the reservoir, slightly
dislocated from its top. Point R3 is positioned close to a fault where diffractions originate, and point R4 is a reference point in an uperturbed area on a flat reflector. In spite
of its apparent simplicity the present model contains, in its fundamental form, some
of the main structural difficulties faced by all migration and imaging methods when
amplitudes are of prime interest.
The multicoverage reflections from the target reflector were computed by a 2.5-D
Kirchhoff-Helmholtz forward modeling algorithm and are organized as an ensemble
of common-offset sections for the offsets 2h = 400 m to 2h = 2400 m in steps of
2h = 100 m. White noise was added with a signal-to-noise ratio of three with
respect to the mean amplitude in the section for 2h = 200 m. The phenomenon of a
caustic to the left of the dome, as well as the phenomenon of diffractions occurring
close to the fault are present in all common-offset sections.

FORMULATION OF THE PROBLEM
Given the multicoverage data as described, a velocity model of the overburden of the
target reflector and CMP points X1 to X4 , to obtain the AVO/AVA responses at the
corresponding points R1 to R4 at the target reflector.
Below we present the results of two true-amplitude imaging methods designed to
solve the above problem. At first, we show the AVO results obtained using Kirchhoff
true-amplitude PreSDM and MZO algorithms, respectively. These are directly compared to the ones obtained by the application of conventional AVO directly on the CMP
gather. Thereafter, we show the corresponding AVA results after PreSDM and MZO,
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respectively.

AVO BY TRUE-AMPLITUDE PRESDM AND MZO
We apply a true-amplitude PreSDM algorithm to an ensemble of individual commonoffset sections extracted from the multicoverage data. This leads to the corresponding ensemble of common-offset migrated images. From all migrated common-offset
sections, we have extracted the image gathers that include the reflector points R1 to
R4. As a result of the true-amplitude migration, the amplitudes in the image gathers are free from geometrical-spreading losses, thus being a direct measure of the of
offset-dependent reflection coefficients. In practice, the true-amplitude output would
still suffer from other wave-propagation effects, not removed from the true-amplitude
migration algorithm. These includes, e.g., attenuation along the ray paths and transmission losses accross interfaces. For most AVO purposes, these quantities do not
show significant lateral variation, being taken as fixed scaling factors in each image
gather. As we are here mainly interested in the differences between AVO/AVA after
migration and MZO, we neglect these effects, which would affect migration and MZO
in the same way.
We next apply a true-amplitude MZO algorithm to the same ensemble of individual common-offset sections. This results in a corresponding ensemble of simulated
zero-offset sections. As a result of the application of true-amplitude MZO, simulated
zero-offset primary-reflection amplitudes are given by the original offset-dependent
reflection coefficients divided by the zero-offset geometrical spreading. The latter
can, however, be readily removed using classical formulas based on NMO velocities and zero-offset traveltimes. In the present case of a homogeneous overburden, the
geometrical-spreading factor is the product of the overburden (constant) velocity by
the zero-offset traveltime. As before, we extract of all simulated zero-offset section
the MZO image gather at the selected CMP points X1 to X4 .

AVO ANALYSIS
For an AVO analysis, we pick the amplitudes within the CMP section, the MZO image
gather and the migrated image gather. To be able to compare the results, the CMP and
MZO amplitudes are subjected to the corresponding geometrical-spreading correction,
i.e., multiplication by traveltime and migration velocity. Plotting the resulting amplitude values as a function of the offset 2h for which they were obtained, results in a
standard AVO analysis. This is shown in Figure 2 for the four reflector points R1 to
R4.
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Figure 2: Comparison of amplitudes of CMP (asterisks), MZO (circles), and migration
(crosses) with the exact reflection coefficient (solid line) as a function of offset 2h.

TRANSFORMING AVO INTO AVA
As explained above, reflection coefficients, as a function of offset, can be directly estimated by one application of true-amplitude PreSDM (or MZO). It can be shown, however, that, in addition to the reflection coefficient, the corresponding reflection angle
can be also estimated. All that is needed for that purpose is an additional application
of the same PreSDM (or MZO) algorithm using slightly different weight functions. By
relating the two PreSDM (or MZO) stacking results to each other, one can determine
the reflection angle and, thus, one can transform AVO into AVA (Bleistein et al., 1999).

AVA ANALYSIS
We apply the above mentioned technique to the previous PreSDM and MZO AVO
image gathers. The results are the corresponding PreSDM and MZO AVA panels of
Figure 3, into which we have superimposed the exact angle-dependent reflection co-
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Figure 3: Comparison of amplitudes of MZO (circles) and migration (crosses) as a
function of the determined reflection angle with the exact angle-dependent reflection
coefficient (solid line).

efficient function directly computed from the model. Apparently we obtain a good
match if we use the exact migration velocity.

DISCUSSION OF RESULTS
Starting with the simplest situation of point R4 on the flat and undisturbed part of the
target reflector, we observe from the AVO graphs of Figure 2 an excellent agreement
between the directly obtained CMP amplitudes with the ones resulting from the application of true-amplitude PreSDM and MZO amplitudes. All values closely match
the correct reflection coefficient. The same is true in the AVA graph of Figure 3 corresponding to PreSDM and MZO data. This indicates that, not only amplitudes, but
also angles are extracted very accurately in this simple situation. We may conclude
that in such a situation, conventional AVO within the CMP gather is quite sufficient to
determine the AVO trend.
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Interestingly enough, things do not worsen too much at point R3 , located near
the fault. The diffraction events do not seem to disturb the application of the trueamplitude PreSDM and MZO algorithms, good results being obtained both in the AVO
or AVA domains. Also the direct AVO method directly applied on the CMP gather gave
rise of comparable resuts. In the caustic region at point R1 , the CMP-AVO gets a little
worse than the corresponding results from true-amplitude PreSDM and MZO, but still
recovers the AVO trend quite well, although the triplication of events in the bow-tie
structure of the caustic is not completely resolved.
Finally, at point R2 located almost on top of the reservoir low-velocity zone, we see
the most dramatic difference between CMP-AVO and that of true-amplitude PreSDM
or MZO. Whereas the latter two remain close to the theoretical curve for about ten
offsets, the CMP amplitudes remain so for the first five offsets only, thus making an
AVO analysis much more difficult. The deviation of all amplitudes from the theoretical
curve at larger offsets is due to the larger Fresnel zone, which includes part of the target
reflector away from the top of reservoir. The effective velocity below the reflector for
these offsets is some weighted mean of the velocities within and outside the reservoir
zone.
We observe that in the present model, the velocity contrast along the reflector remains constant, with the exception of the top of reservoir. In a practical situation,
with the contrast varying along the target reflector, CMP-AVO should be expected to
yield accordingly worse results. This is because of the reflection-point smear, namely
different reflection points for different offsets.

VELOCITY DEPENDENCE
To study the quality of AVO and AVA analysis in dependence on the migration velocity, we have repeated the above experiment with a 10% too low migration velocity,
3.15 km/s.
Figure 4 shows the corresponding AVO panels. The match between the amplitudes
of CMP, MZO as well as migration and the theoretical reflection coefficient remains
quite well. As before, at the reservoir reflection point R2, the results are worst. Again,
migration yields better amplitudes than MZO or CMP. At the other three reflection
points, the results of all three methods match the theoretical curve comparably well.
The amplitude does not seem to be greatly affected by the incorrect migration velocity.
Finally, looking at the AVA graphs in Figure 5, we observe a shift to greater angles.
This is a reasonable effect since geometrically, a shallower reflector involves greater
reflection angles than a deeper-down one. We conclude that the angle is the quantity
most sensible to velocity inaccuracies. However, as one would surely process in practice only flat image gathers, velocity inaccuracies are not expected to be greater than
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Figure 4: Comparison of amplitudes of CMP (asterisks), MZO (circles), and migration
(crosses) with the exact reflection coefficient (solid line) as a function of offset 2h for
migration velocity 3.15 km/s.

ten percent, such that an AVA analysis remains possible. Comparing the AVO and AVA
results of MZO to those of migration, we observe that they present more or less the
same stability with respect to migration velociy. Only at supercritical angles, where
AVO failed in all of our examples, MZO amplitudes were more strongly affected by
the inaccurate velocity than migration amplitudes.
CONCLUSIONS
Having ignored the generally very complex overburden of a target reflector in the real
Earth, we have on a simple, but very illustrative example, discussed the application
of true-amplitude PreSDM and MZO as tools for AVO/AVA analysis. For a relatively
accurate reflector overburden velocity model, true-amplitude PreSDM and MZO have
presented good results even in the vicinity of caustics and diffractions. It should be
mentioned that MZO appeared more sensible to aliasing than PreSDM. For a larger
trace distance, results of PreSDM were not much different, as oppose to the ones of
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Figure 5: Comparison of amplitudes of MZO (circles) and migration (crosses) as a
function of the determined reflection angle with the exact angle-dependent reflection
coefficient (solid line) for migration velocity 3.15 km/s.

MZO that suffered strongly from aliasing.
Contrary to intuition, both methods have shown to work equally well in the presence of caustics and diffractions and were equally sensitive to a incorrect velocity
model. Mostly affected by the latter were the reflection angle as determined by the use
of a double application of the PreSDM (or MZO) algorithms.
In conclusion, the choice between true-amplitude PreSDM or MZO as the tool to
an AVO/AVA analysis should be based on the following observations. Because of the
smaller operator size, MZO is a faster method. In our simple analytic examples, MZO
was about a factor two faster than PreSDM. On the other hand, without an amplitudepreserving anti-alias filter, MZO will certainly run into problems when applied to field
data with insufficient trace spacing. Complexities in the wave field such as diffractions
and/or caustics do not seem to severely affect any of the methods.
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ABSTRACT
The zero-offset (ZO) seismic section can be simulated by properly stacking a set of
multi-offset seismic data, using conventional procedures like the well know CommonMidpoint (CMP/DMO) method. In the recent past years, a new stack technique for
simulating a ZO section was proposed, the so-called Multifocusing (MF) Stack. This
technique can be used for arbitrary configuration and number of source and geophone pairs.The multifocusing traveltime approximation of the stack formula depends
on three wavefront parameters: (1) the radius of curvature of the NIP wave, RNIP ;
(2) the radius of curvature of the normal wave, RN ; and (3) the emergence angle of the
reflection normal ray, o. These three wavefront parameters are obtained as solution of
an inverse problem, in sense that they provide the best fitting of the stack surface on the
observed multicoverage seismic reflection data. In this paper we present a sensibility
analysis of the traveltime function, by analysing the first derivative of the multifocusing traveltime with respect to the searched-for wavefront parameters. This result is
important to indicate the resolution power of the optimization procedure based on the
multifocusing formulas.

INTRODUCTION
In Hubral (1983) the zero-offset geometrical spreading factor is described with help
of two ficitious wave, the so-called Normal-Incidence-Point Wave (NIP) wave and the
Normal Wave (N) wave. In recent works of Tygel et al. (1997) and Gelchinsky et al.
(1997), we have seen that the same ficitious waves, NIP and N waves, can be also
used to describe new paraxial traveltime approximations, that are useful for simulating
zero-offset seismic sections. In this new approximations the traveltime in the paraxial
vicinity of a central ray is described by certain number of parameters related with the
central ray. If the central ray is the normal ray, and we assume a bi-dimensional wavefield propagation, they are three parameters: (1) The radius of curvature RNIP ; (2)
1
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the radius of curvature RN ; and (3) the emergence angle o . The near surface velocity
vo is considered a priori known in the vicinity of the emergence point of the normal
reflection ray. It is important to observe that there are several possibilities to express
such traveltime approximation. To be known we have two second-order approximations, namely parabolic and hyperbolic given by Ursin (1982) and Tygel et al. (1997),
and a double-square-root, also called multifocusing (MF) traveltime approximation,
given by Gelchinsky et al. (1997). By using a hyperbolic approximation, Mueller et
al. (1998) applied the so-called Common-Reflection-Surface (CRS) Stack method to
synthetic seismic data, in a noise enviroment, by considering a heterogeneous layered
medium. As result it was shown that this new technique is able to simulate zero-offset
sections and as by-product gives the three wavefront parameters, which are useful for
developing macrovelocity inversion procedures as found in Cruz and Martins (1998).
More recently Landa et al. (1999) and Mueller (1999) have shown results of the MF
and CRS stack methods,respectively, applied to real data. As part of the inverse problem, we describe the behavior of the MF stack surface, by analysing the first derivative
of the MF traveltime approximation with respect to each one of the searched-for parameters, and also using the semblance function as coherence measure.

MULTIFOCUSING TRAVELTIME
In the Workshop on Macrovelocity Independent Imaging Methods taked place in Karlsruhe, Germany, 1999, three families of new seismic stack methods were presented:
(1) POLYSTACK; (2) Multifocusing (MF) stack; and (3) Common Reflection Surface
(CRS) stack. All of them does not use explicit information about the velocity model,
and have as main subject to simulate zero-offset sections.
In this section we present the MF traveltime formula that was first given by
Gelchinsky et al. (1997), and rewritten by Tygel et al. (1997) as

 = o + S + G
where

and

(1)

2v
3
u


2
u
r
sin

x
S = vS 64t1 + 2 r o xS + r S ; 175 ;
o
S
S
2v
3
u


2
u
S = rvG 64t1 + 2 sinr o xG + rxG ; 175 ;
o

G

G

(2)

(3)

in which rS and rG are wavefront radii of curvature at the source and receiver, respectively. The source and receiver separations to the central point are xS = xm h xo

; ;
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and xG

= xm + h ; xo. The corresponding wavefront curvatures are given by

KS = KN 1;; KNIP ;
where

KG = KN 1++ KNIP ;

KN = R1

KNIP = R 1 ;
NIP

N

(4)

= x h; x
m
o

and

(5)

In the equation (1) o is the zero-offset reflection traveltime. xo is the horizontal coordinate of the emergence point of the reflection normal ray, xm and h are the midpoint
coordinate and half-offset corresponding to a source-geophone pair. In this formula
is the focus parameter defined by Gelchinsky et al. (1997). For a specified point
Po (xo; o ) in the time section with the respective three wavefront parameters KNIP ,
KN and o we calculate the paraxial traveltimes, that define the surface trajectory used
to stack the seismic data, Figure (1).
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Figure 1: The traveltime curves for several half-offsets calculated by ray tracing and
using the dome structure in the depth model. The corresponding MFS stack surface is
lying on the ray theoretical traveltime curves.
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INVERSE PROBLEM

The seismic imaging is successfully treated as an inverse problem, where the available
data are the observations of the scattered wavefield and some incomplete information
about the wavespeeds in the earth interior. The scattered wavefield, i.e. the reflector response, is considered to be governed by some system of wave equations, and
the subject of the inverse problem is to determine the material parameters and their
discontinuity surfaces.
In this paper we deal with other class of inverse problem, where the main goal
is to simulate zero-offset sections by properly stacking of multichannel seismic data
into an arbitrary configuration. To achieve the optimal stacking trajectory, a coherence
measure is applied to the input data. The inverse problem is then put as finding the
best stacking trajectory in sense of maximizing the chosen coherence criterium, the
so-called coherence inverse problem.
The stacking trajectory corresponds to a surface built by a time function in the
midpoint and half-offset domain. The time function corresponds to the multufocusing
traveltime presented in the early section of this paper, and the coherence criterium is
the semblance measure given by Neidell and Taner (1971),

Pk+(N=2) fPM f g2
S = j=Pkk;+((N=N=2)2) iP=1M i;j(2i) ;
M
f
j =k;(N=2)

i=1 i;j (i)

(6)

where M is the number of channels, (N + 1) is the number of data sample into the
time gate, fi;j (i) is the seismic signal amplitude indexed by the channel order number,
(i = 1; :::; M ), and the stacking trajectory, (j (i) = k (N=2); :::; k + (N=2). k is the
index of the amplitude in the center of the time gate.

;

The semblance function S means the ratio of signal energy to total energy, with
values between 0
S 1. The sample amplitude fi;j(i) is singled out from the
multichannel data through the stack surface defined by the multifocusing traveltime
approximation.





The coherence inverse problem is then formulated as determining the optimal vector of parameters p = [KNIP KN o ]T , subjected to maximize the objective function
(6) calculated from the stacking trajectory (1), by considering a fixed point Po (xo; o ).
It is of considerable interest to know how the MF traveltime is sensitive to variations in the searched-for parameter vector space. In the inverse theory this is what we
call the sensibility analysis, what is the subject of the next section.
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SENSIBILITY ANALYSIS
The most important step toward obtaining a simulated zero-offset section by the multifocusing traveltime approximation is the optimization procedure to find the trio
(KNIP ; KN ; o). In general it is necessary to expend very much computational effort
and time to find out which combination of parameters is the best one. It is a basic question for any optimization procedure, how sensitive is the functional that simulated the
observed data to variations in the searched-for parameters. This question is answered
here after analysis of the first derivative of the referred paraxial traveltime function (1)
with respect to each one of the wavefront parameters. The three derivatives are given
as follows (APPENDIX A)

@ = @ S + @ G
@KN
@KN @KN
@ = @ S + @ G
@KNIP
@KNIP @KNIP
@ = @ S + @ G
@ o
@ o
@ o

(7)
(8)
(9)

These derivatives, equations (7), (8), and (9), are shown in the Figure 2 for halfoffsets 0 < h < 1:2 Km in midpoint domain. We remind that in this analysis we
consider a fixed point Po (xo ; o ) in the zero-offset seismic section, as shown in the
Figure (1).
In the Figure (2) we have the multifocusing traveltime derivative is very high sensitive to variations of the parameters o and KNIP , while it presents a less sensitive
to changes in the KN parameter into the vicinity of the fixed central point at xo = 1.
A direct consequence is that the pair ( o ; KNIP ) can be accurate determined from the
data, while the parameter KN is only poorly estimated. Another important point of
view is that the sensibility for o increases when the offset decreases, while the KNIP
parameter has an opposite behavior. From this point o f view we can say that the search
procedure for emergence angle should be made weighting the near-offset data, and for
NIP curvature it should weight the far-offset data.
Another view of this sensibility analysis can be found through the Figure 3a,b,c.In
the Figure (3), the MFS stack surface is calculated by formula (1), using the true
parameters KNIP , KN and o , with constant velocity (Figure 1), and represented by the
black surface. The other two stack surfaces are calculated using values of wavefront
parameters, that correspond to plus and minus fifty percent of the exact values. In
the upper part (Figure 3a) we have stack surfaces for values of o , in the middle part
(Figure 3b) for K NIP and in the bottom (Figure 3c) for K N .
The semblance function analysis was obtained by using the set of synthetic seis-
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Figure 2: First derivatives of the MFS traveltime: a) With respect to o ; b) with respect
to KNIP ; and c) with respect to KN . h = 0:0 Km (solid line), h = 0:4 Km (dashed
line), h = 0:8 Km (dash-dotted line) and h = 1:2 Km (dotted line).

mic data generated by the software SEIS88, with an added noise corresponding to
ten percent of the maximum amplitude in the data. In this experiment we have used
101 common-shots, beeing each shot separated by 25 m, 48 geophones separated by
25 m, and sample interval of 2 ms. The source pulse is a Gabor wavelet of 50 Hz
dominant frequency. An example of this set of data can be seen in the Figure 4 by a
commom-offset section.
In that Figures we have seen the same sensibility behavior as found early by the
traveltime derivative, once again we have the KN parameter is the worst determined.
These conclusions are confirmed when we observe the semblance function behavior
for each one of wavefront parameter intervals. The pair ( o ; KNIP ) is very good determined, while KN is less accurate.
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CONCLUSIONS
By using derivatives of the multifocusing traveltime stack formula, we present a sensibilty analysis of the functional that simulates the observed data with respect to the
searched-for wavefront parameters. The most important results are the very high sensibility of the multifocusing traveltime on relation to o and KNIP . This is an indicator that both can be very well determined by the inverse problem solution. In the
other side we have seen the KN parameter presents a strong ambiguity and is poorly
determined during the optimization procedure. The non sharpness of the semblance
function (Figure 3f) suggests the need to use some constraint to better determining the
KN parameter.
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APPENDIX A
For understanding the mathematical relations obtained by the multifocusing traveltime
derivatives with respect to the parameters KNIP , KN and o, we describe each one of
them as follows:
@ = T + T
(A-1)
@KN 1 2

T1 =

 ;1
; (1 ; ) C +
(1 ; )
(1 ; )
C
(
C
3) +
1
2 1
2v (KN ; KNIP )
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C
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2 2
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The Ci parameters found in the expressions of the derivatives are given by:

r
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Figure 3: On the left we have the behavior of the MFS stack surface when the wavefront parameter deviates from the exact value (black surface): a) Emergence angle o ;
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Inversion by means of kinematic wavefield attributes
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ABSTRACT
We present an inversion method to determine a 2D macro-velocity model by layer
stripping. The procedure requires identified primary reflection events in a simulated
zero-offset section and kinematic attributes of hypothetical wavefronts. These wavefield attributes are associated with the primary reflection events and can be obtained
from the common-reflection-surface stack.

INTRODUCTION
Conventional processing methods only use stacking velocities which are derived from
selected common-midpoint (CMP) gathers. However, the stacking velocity does not
provide sufficient information to determine an accurate macro-velocity model. In contrast, we present a method that uses kinematic wavefield attributes to compute a layered model with curved interfaces. The procedure requires identified primary reflection events in the zero-offset (ZO) section and the corresponding wavefield attributes
RNIP ,RN and . These wavefield attributes are related to the locations and curvatures
of interface segments (Hubral, 1983). They are provided by the common-reflectionsurface (CRS) stack (Höcht et al., 1999; Jäger et al., 1999). Actually, this inversion
method uses the same basic concepts to characterize curved interfaces in laterally inhomogeneous media as the CRS stack. A triplet of these wavefield attributes is associated with a point P0 = (x0; t0) located on a primary reflection event. Here, x0
denotes the observation point on the surface and t0 is the zero-offset traveltime. By
means of geometrical optics, point P0 and its wavefield attributes allow to determine
the corresponding reflection point in the depth domain by assuming the overburden to
be known. Therefore, this implies a layer stripping approach.
1
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INVERSION OF THE WAVEFIELD ATTRIBUTES BY GEOMETRICAL
OPTICS
To construct the velocity model, we propagate the hypothetical wavefronts characterized by and the two radii of curvature RNIP and RN from a surface point x0 in the
direction given by the emergence angle . We assume a subsurface model with layers
of constant velocities separated by continuous smooth interfaces. Knowing the velocity v0 of the uppermost layer, we successively calculate interface by interface, i. e. in a
layer-stripping method.
Let us consider a point P = (x0 ; t1) on the first primary reflection event in the ZO
section with its associated attributes , RNIP and RN . To calculate the corresponding
depth point of the first interface we use the propagation law (Hubral and Krey, 1980)
which accounts for the geometrical spreading inside an iso-velocity layer (Figure 1).

RNIP = v0t1 ;
RN = v0t1 + RR :

(1)
(2)

Here, RR denotes the radius of curvature of the reflector at depth point S, which we do
not use for further computation. Point S is given by the attributes and RNIP :

S = (x0 ; RNIP sin 1; RNIP cos 1):

(3)

All depth points corresponding to the first reflection event serve to construct the first
interface by interpolating functions, e. g. cubic splines.

~ NIP ,
The subsequent reflection event in the ZO section and its wavefield attributes R
and ~ allow to determine the second interface. To locate the depth point corresponding to point P2 = (x0; t2) on this event, we downward propagate the hypothetical
~ NIP . The corresponding ZO ray with the emerwavefront with radius of curvature R
gence angle ~ intersects the first interface at point (xi; zi ) (Figure 2). The interpolating
function that describes the first interface enables to compute the angle of incidence i
and the radius of curvature RF of the interface at point (xi ; zi).

R~N

To continue this ray from the intersection point to the searched-for depth point

(x21; z21) of the second interface we require the emergence angle t, given by Snell's
law:
sin i = v0 :
(4)
sin t v1
In addition, we observe that the refracted wavefront focuses at (x21; z21) at the remaining time t2=2 ; d1 =v0 :
RT = v1(t2=2 ; d1=v0)
(5)
Here, RT denotes the radius of wavefront curvature on the refracted side at the intersection point and d1 is the distance between the point (x0 ; 0) and the point of
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Figure 1: Use of the propagation law to determine a depth point S of the first interface
and its radius of curvature RR at S .
intersection(xi; zi ). Since the velocity v1 of the second layer and RT are not yet known
we make use of the refraction law for curved interfaces (Hubral and Krey, 1980):

1 ( v1 cos ; cos );
1 = v0 cos2 i +
i
t
2
RT v1RI cos t RF cos2 t v0

(6)

~NIP d1 denotes the radius of curvature of the incident wavefront at the
where RI = R
point of intersection. These three unknown variables RT , v1, and t are determined by
solving the three equations (4)-(6) (see Appendix A).

;

With the knowledge of these parameters, we can propagate the hypothetical wavefronts in the second layer. For the reflection event P2 = (x0 ; t2), the propagation of
~ NIP through the first layer focuses after the
the wavefront with radius of curvature R
refraction at the searched-for depth point (x21; z21). The propagation of the wavefront
~N yields the curvature of the second interface at depth
with the radius of curvature R
point (x21; z21).
For every point on a reflection event we receive a depth point and a velocity of the
over-lain layer. These velocities are averaged to compute a constant velocity for this
layer.
Using the propagation and the refraction law for the hypothetical wavefronts associated with the successive reflection events allows us to establish the whole macrovelocity model. For this inversion procedure as well as for the construction of the
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Figure 2: Determination of the point (x21; z21) belonging to the second interface.
interface we do not need to consider the values of RN . However,
refine the local curvatures of the interfaces.

RN can be used to

CONSTRUCTION OF THE INTERFACES
In this section, we present an approach to construct the searched-for interface by means
of depth points that belong to the same reflection event. We accentuate that at every
depth point (xkj ; zkj ) first and second derivatives for the interpolating functions are
given by the fact that:




every point (xkj ; zkj ) of the k th -interface is a normal incident point (NIP) and
therefore determines the slope mkj of the interface at (xkj ; zkj ).
the propagation of the hypothetical wavefront with radius RN from x0 on the
surface to depth point (xkj ; zkj ) yields the radius of curvature Rkj of the interface
at (xkj ; zkj ).

To construct an interface we neglect the radii of curvature Rkj but make use of mkj as
the first derivative of the searched-for interpolating function.
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Since the inversion algorithm requires the radius of curvature at any interface point
within the interval, the interpolating function has to be at least of second order. To
account for the continuity of the second derivative between neighboring segments we
actually use third order functions.
Cubic spline interpolation
The goal of cubic spline interpolation is to get an interpolation formula that is smooth
in the first derivative and continuous in the second derivative. Since the first derivatives are given by mkj we only require two neighboring points to determine a spline
segment. The spline segment between (xkj ; zkj ) and (xk(j +1); zk(j +1) ) is given by

z = a0 + a1(x ; xkj ) + a2(x ; xkj )2 + a3(x ; xkj )3 :

The coefficients have to satisfy the linear equation
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SYNTHETIC DATA EXAMPLE
For demonstration purposes, we simulated reflections from the interfaces using the
ray method to obtain the ZO traveltimes for different models. In addition, we calculated the propagation of the hypothetical wavefronts to determine RNIP and RN . The
emergence angle is given by the zero-offset ray at the surface.
Dome model
The first model consists of three layers with constant velocities (Figure 3). The first
reflector is approximately horizontal with small curvatures over-lain by a layer with
velocity v0 = 1:5 km/s. This velocity is used for the inversion algorithm. The second
interface is a curved dome-like reflector over-lain by the layer with velocity v1 =
4:5 km/s.
The interfaces, obtained by the inversion algorithm, approximate very well the
model interfaces. Figures 4 and 5 illustrate the rays computed for the determination of the second interface. The constructed macro velocity model shows only small
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Figure 3: Three layer model with constant velocities.

variation compared to the model (see Figure 5). We obtained an average velocity of
v1 = 4:50 km/s for the second layer, with a standard deviation of  = 0:14 km/s.
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Figure 4: Depth model obtained from the inversion procedure and the original model.
The endpoints of the rays illustrate the computed depth points for the second interface.

Syncline Model
Like for the dome model, we constructed a three layer model with a syncline interface.
The velocities are v0 = 1:5 km/s for the near surface layer and v1 = 3:8 km/s for the
second layer (Figure 6).
The first circular reflector has the constant radius of curvature RF = 23:8 km. The
computations yield an accurate first interface while the endpoints of the rays for the
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Figure 5: Detail of Figure 4.
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Figure 6: Three layer model with constant velocities and constant curvature for the
first interface.
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second interface are slightly scattered around the model interface (see Figures 7 and 8).
This is due to the fluctuations of determined radii of curvatures RF . Such a result
would require smoothing of the computed radii. Using the given constant curvature
for the first interface in formula (A-5), we obtained depth points in good agreement
with the model (see Figures 9 and 10) We calculated for the spline interpolation an
average velocity of v1 = 3:80 km/s for the second layer, with a standard deviation of
 = 0:47 km/s.
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Figure 7: Zero-offset rays to the depth points.
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Figure 9: Zero-offset rays to the depth points. Inversion based on the known constant
curvature of the first interface.
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CONCLUSION
We presented an inversion algorithm to determine a macro-velocity model from zerooffset primary reflection events and associated wavefield attributes. The procedure
uses only RNIP and and interpolating functions of third order to represent the interfaces and to perform the layer stripping. The results of the inversion procedure match
the models very well. Thus, the inversion algorithm itself works perfectly in an analytical point of view. It only lacks sometimes due to numerical problems. As we have
shown in the second example, the formula (A-5) is very sensitive on fluctuations of RF ,
the radii of curvatures of the interfaces. Consequently, one has to smooth the radius
RF along the interface by using other approximating functions, e. g. approximating
cubic splines with free knots for an interval of depth points.
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APPENDIX A
Solving the equations (4)-(6) yields

RT = A2 (t2v0 ; 2d1);
v1 = Av0;
sin t = A sin i :

(A-1)
(A-2)
(A-3)

with the solutions of the fourth order polynom in Z:

A =
+
+
+

;
+

;
+
+

[cos4 iR2F t22v02 + 2 cos3 i RF t22v02RT ; 8 cos3 i RF t2v0RT d1
8 cos3 i RF d21RT + (1 ; cos2 i )R2T t22v02 ; 4(1 ; cos2 i)R2T t2v0d1
4R2T RF (1 ; cos2 i ) cos i t2v0 ; 8R2T RF (1 ; cos2 i ) cos id1
R2T cos2 i t22v02 + 4 cos4 i R2F d21 + 4R2T R2F (1 ; cos2 i )2 + 4R2T cos2 i d21
4 cos4 i R2F t2v0d1 ; 8 cos2 iR2F d1RT (1 ; cos2 i) + 4(1 ; cos2 i)R2T d21
4 cos2 i R2F t2v0RT (1 ; cos2 i) ; 4R2T cos2 it2v0d1]Z4
8R2T R2F (1 ; cos2 i ) ; 4R2T d21 + 8R2T RF cos id1 + 8 cos2 iR2F d1RT
[4R2T t2v0d1 ; R2T t22v02 ; 4 cos2 i R2F t2v0RT ; 4R2T RF cos it2v0]Z2
4R2T R2F :
(A-4)

Equation (A-4) gives four possible solutions, but due to physical constraints they reduce to one single solution:

A = 1=2(RT t22v02 ; 4RT t2v0d1 + 4 cos2 i R2F t2v0 + 4RT RF cos it2v0
+ 8RT R2F ; 8RT R2F cos2 i + 4RT d21 ; 8RT RF cos id1 ; 8 cos2 iR2F d1
; RF ((24R2T t22v02d21 ; 8R2T t32v03d1 ; 32R2T t2v0d31 ; 64R2T d31RF cos i
; 64RT d31 cos2 i R2F + 16R2T d41 + R2T t42v04 ; 48R2T t22v02RF cos id1
; 48RT t22v02 cos2 iR2F d1 + 96R2T t2v0d21RF cos i + 96RT t2v0d21 cos2 i R2F
+ 8RT t32v03 cos2 i R2F + 8R2T t32v03RF cos i)=R2F )1=2)RT =(4R2T R2F
+ cos4 iR2F t22v02 + 4R2T R2F cos4 i + 8 cos3 iRF d21RT ; 4R2T RF cos3 it2v0
; 4 cos4 i R2F t2v0RT ; 4R2T t2v0d1 + 8R2T RF cos3 i d1 + 8 cos4 iR2F d1RT
; 8R2T R2F cos2 i ; 4 cos4 iR2F t2v0d1 ; 8 cos3 iRF t2v0RT d1
+ 2 cos3 i RF t22v02RT ; 8 cos2 iR2F d1RT ; 8R2T RF cos id1 + 4R2T d21
+ 4 cos2 i R2F t2v0RT + 4R2T RF cos it2v0 + R2T t22v02 + 4 cos4 iR2F d21): (A-5)
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An Inversion for Fluid Transport Properties of 3-D
Heterogeneous Rocks Using Induced Microseismicity

S. A. Shapiro1
keywords: permeability, hydraulic diffusivity, diffuse wave, 3-D mapping

ABSTRACT
We propose an approach for 3-D mapping the large-scale permeability tensor of heterogeneous reservoirs and aquifers. This approach uses the seismic emission (microseismicity) induced in rocks by fluid injections (e.g., borehole hydraulic tests). The
approach is based on the hypothesis that the triggering front of the hydraulic-induced
microseismicity propagates like the low-frequency (in respect to the global-flow critical
frequency) second-type compressional Biot wave (corresponding to the process of the
pore-pressure relaxation) in a heterogeneous anisotropic poroelastic fluid-saturated
medium. Assuming that the wavelength of the second-type wave corresponding to the
triggering front is shorter than the typical permeability heterogeneity we derive its differential equation. This equation describes kinematical aspects of the propagation of
the triggering front in a way similar to the eikonal equation for seismic wavefronts. In
the case of isotropic heterogeneous media the inversion for the hydraulic properties of
rocks follows from a direct application of this equation. In the case of an anisotropic
heterogeneous medium only the magnitude of a global effective hydraulic-diffusivity
tensor can be mapped in a 3-D spatial domain.

INTRODUCTION
It is well known that the characterization of fluid-transport properties of rocks is one
of the most important and difficult problems of the reservoir geophysics. Seismic
methods have some fundamental difficulties in estimating such hydraulic properties of
rocks like the fluid mobility or the permeability tensor (see e.g., Shapiro and Mueller,
Geophysics, 1999, p.99-103 for references related to this problem).
Recently an approach was proposed to provide in-situ estimates of the permeability tensor characterizing a reservoir on the large spatial scale (of the order of 103 m).
This approach (we call it SBRC: Seismicity Based Reservoir Characterization) uses a
1
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spatio-temporal analysis of fluid-injection induced microseismicity to reconstruct the
permeability tensor (see Shapiro et al, 1997, 1998, 1999 and 2000). Such a microseismicity can be activated by perturbations of the pore pressure caused by a fluid
injection into rocks (e.g., fluid tests in boreholes). Rather broad experience shows that
even small pore-pressure fluctuations seem to be able to modify the effective normal
stress and/or the friction coefficients in rocks to an extend, which is enough for spontaneous triggering of microearthquakes. Evidently, the triggering of microearthquakes
occur in some locations (which can be just randomly distributed in the medium), where
rocks are in a near-failure equilibrium.
The SBRC approach is based on the hypothesis that the triggering front of the
hydraulic-induced microseismicity propagates like the low-frequency second-type
compressional Biot wave corresponding to the process of the pore-pressure relaxation.
Here, under the low frequency is understood a frequency, which is much lower, than
the critical frequency of the global flow (critical Biot's frequency). This is usually
much larger than 104 Hz in the case of well consolidated rocks.
Untill now the SBRC approach has considered real heterogeneous rocks as an effective homogeneous anisotropic poroelastic fluid-saturated medium. The permeability tensor of this effective medium is the permeability tensor of the heterogeneous rock
volume upscaled to the characteristic size of the seismically-active region.
In this paper the SBRC approach is further generalized to provide in-situ estimates
of the permeability tensor distribution in heterogeneous volumes of rocks.
This paper has the following structure. First, we motivate and generally describe
the idea of the SBRC approach to the 3-D hydraulic diffusivity mapping. Then a differential equation is derived which approximately describes kinematical aspects of the
propagation of the microseismicity triggering front in the case of quasi harmonic pore
pressure perturbation. This approximation is similar to the geometric-optic approach
for seismic wave propagation. The triggering-front propagation is considered in the
intermediate asymptotic frequency range, where the frequency is assumed to be much
smaller than the critical Biot frequency and larger than 2D=a2 , where D is the upper
limit of the hydraulic diffusivity and a is the characteristic size of the medium heterogeneity (in respect to the hydraulic diffusivity). Then we suggest an algorithm of
hydraulic diffusivity mapping in 3D.

THE CONCEPT OF THE 3-D MAPPING OF HYDRAULIC DIFFUSIVITY
In order to demonstrate the idea of the 3-D mapping of hydraulic diffusivity let us
consider an example of the microseismicity cloud collected during the Hot-Dry-Rock
Soultz-sous-Forêts experiment in September 1993 (see Dyer et al., 1994).
Figure 1 shows a view of this cloud. For each event the color shows its occurrence
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time in respect to the start time of the injection. Evidently, the occurrence times contain
much more information than just the large-scale global velocity of the triggering front
propagation in an effective homogeneous anisotropic medium. If we subdivide the
space to a number of 3-D cells we can then define an arrival time of the triggering
front into each of these cells. Under such an arrival time we can understand a minimum
occurrence time in a given cell. One can aslo introduce another formal criterion, e.g,
the arrival time in a given cell is defined by the time moment 98 percent of events in
this cell occur later of which. In this way triggering fronts can be constructed for given
arrival times. Of course, some smoothing is required.

Figure 1: A perspective projection of the 3-D distribution of microseismic events registered during the Soultz-Sous-Forets experiment: Borehole GPK1, September 1-22,
1993. The color corresponds to the event occurrence time. The axes X,Y and Z point
to the East, the North and the earth surface, respectively. The vertical and horizontal
size of the shown spatial domain is 1.5 km roughly
Figures 2 and 3 show such triggering fronts for the arrival times of 50 and 200h.
Such surfaces can be constructed for any arrival time presented in microseismic data.
Thus, the time evolution of the triggering surface, i.e., the triggering front propagation can be characterized. In a heterogeneous porous medium the propagation of the
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triggering front is determined by its heterogeneously distributed velocity. Given the
triggering front positions for different arrival times, the 3-D distribution of the propagation velocity can be reconstructed. In turn, the hydraulic diffusivity is directly
related to this velocity.

Figure 2: The triggering front of microseismicity in Soultz, GPK1, September 1993,
for the arrival time of 50h. The vertical and horizontal scales of the Figure are equivalent. The size of the depth range shown is approximately 2000m
In the following we try to formalize this concept. For this, let us shortly remind the
basic concept of the SBRC, which was applied to interpret microseismicity induced
by borehole-fluid injections. The pore pressure perturbation at the injection point by
a step function (see e.g., Shapiro et al, 2000), which differs from zero till the time
t0 of a particular seismic event. The time evolution of the injection signal after this
time is of no importance for this event. The power spectrum of this signal (see Figure
4) shows that the dominant part of the injection signal energy is concentrated in the
frequency range below 2=t0 (note that the choice of this frequency is of partially
heuristic character; see the related discussions in Shapiro et al, 1997 and 1999). Thus,
the probability, that this event was triggered by signal components from the frequency
range !
2=t0 is high. This probability for the low energetic higher frequency
components is low. However, the propagation velocity of high-frequency components
is higher than those of the low frequency components (see Shapiro et al, 1997). Thus,
to a given time t0 it is probable that events will occur at distances, which are smaller
than the traveldistance of the slow-wave signal with the dominant frequency 2=t0 .
The events are characterized by a significantly lower probability for larger distances.
The spatial surface which separates these two spatial domains we call the triggering
front.



Therefore, the propagation of the triggering front is approximately defined by kine-
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Figure 3: The same as Figure 2, but now for the arrival time of 200h

matic features of a slow-wave front of a particular frequency. For the SBRC approach
the earliest microseismic events are of importance. It is natural to assume, that for their
triggering in a heterogeneous medium a possibly quickest front configuration will be
responsible.
From the other hand, in the low-frequency range the slow wave represents the process of the pore pressure relaxation and, therefore, is a kind of a diffuse wave. The real
and imaginary parts of its wavevector are equal. Thus, it is a very rapidly attenuating
wave. However, recent studies of diffuse waves (these studies were performed for a
particular type of diffuse waves called the diffuse photon-density waves: see Youdh
and Chance, 1995 and Boas et al., 1997 and further references there ) show that they
demonstrate all typical wave phenomena, like scattering, diffraction, refraction, reflection etc..
This argumentation leads to the idea to use a geometrical-optics like description of
triggering fronts as an approximative basis of the looked for inversion procedure.

TRIGGERING FRONTS IN THE CASE OF QUASI-HARMONIC PRESSURE
PERTURBATION
In the following we approximate a real configuration of a fluid injection in rocks by
a point source of pore pressure perturbation in an infinite anisotropic poroelastic saturated medium. We shall assume that the medium is heterogeneous in respect of its
hydraulic properties. Then, at the extremely low frequencies the pore-pressure perturbation p can be approximately described by the following differential equation of
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(1)

where Dij are components of the tensor of the hydraulic diffusivity heterogeneously
distributed in the medium, and t is the time. This equation corresponds to the secondtype Biot wave (the slow P-wave) in the limit of the frequency extremely low in comparison with the global-flow critical frequency (Biot 1962).
In the following we shall consider relaxation of a harmonic component of a pressure perturbation. Let us firstly recall the form of the solution of (1) in the case of a
homogeneous isotropic poroelastic medium. If a harmonic time-harmonic perturbation
p0 exp( i!t) of the pore-pressure perturbation is given on a small spherical surface of
the radius a with the center at the injection point, then the solution is

;

p(r; t) = p0

e;i!t a exp
r

r!
(i ; 1)(r ; a) 2D ;



(2)

where ! is the angular frequency and r is the distance from the injection point to the
point, where solution is looked for. From equation (2) we note that the solution can be
considered as a spherical wave (it is the q
slow compressional wave in the Biot theory)
with the attenuation coefficient equal to !=2D (it is the reciprocal diffusion length)
and the slowness equal to 1= ! 2D (it is the reciprocal velocity of the relaxation).

p
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By analogy with (2) we will look for the solution of (1) in a similar form:

hp
i
p(r ; t) = p0(r)e;i!t exp ! (r) ;

We also will assume that p0 (r ),
r.

(3)

 (r) and Dij (r) are functions slowly changing with

Substituting (3) into (1), accepting ! as a large parameter and keeping only terms
with largest powers of ! (these are terms of the order O(! )) we obtain the following
equation:

;i = Dij @x@  @x@ :
i

j

(4)

Considering again the homogeneous-medium solution (2) we conclude that the
frequency-independent quantity  is related to the frequency-dependent phase travel
time T as follows:

p

 = (i ; 1) !T:

(5)

Substituting this equation in the previous one we obtain:

@ T @ T:
1 = 2!Dij @x
@x
i

j

(6)

In the case of an isotropic poroelastic medium this equation is reduced to the following one:

1 :
jrT j2 = 2!D

(7)

Thus, we have obtained a standard eikonal equation. The right hand part of this
equation is the squared slowness of the slow wave. One can show (Cerveny, 1985)
that equation (7) is equivalent to the Fermat's principle which ensures the minimum
time (stationary time) signal propagation between two ponts of the medium. Due
to equation (5) the minimum travel time corresponds to the minimum attenuation of
the signal. Thus, equation (7) describes the minimum-time maximum-energy front
configuration.
INVERSION FOR THE PERMEABILITY
In the case of an isotropic poroelastic medium equation (7) can be directly used to
reconstruct the 3-D heterogeneous field of the hydraulic diffusivity. In in contrast
to this, in the case of an anisotropic medium it is impossible to reconstruct a 3-D
distribution of the diffusivity tensor. The only possibility is the following. Let us
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assume that the orientation and the principal components proportion is constant in the
medium. Then, the tensor of hydraulic diffusivity can be expressed as

Dij (r) = d(r)ij ;

(8)

where ij is a constant undimensionalized tensor of the same orientation and principalcomponent proportion as the diffusivity tensor, and d is the heterogeneously distributed
magnitude of this tensor. Then, the following equation is helpful for the inversion:

@ T @ T:
1 = 2!dij @x
@x
i

j

(9)

Figure 5 shows an example of the reconstructed hydraulic diffusivity for Soultz1993 data set.

Figure 5: An example of the hydraulic diffusivity reconstruction in 3-D using Soultz1993 data set. The diffusivity is given in the logarithmic scale. It changes between
0.001 and 1.5 m=s2
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CONCLUSIONS
We have developed a technique (SBRC) for reconstructing the permeability distribution in 3-D heterogeneous poroelastic media. For this we use the seismic emission
(microseismicity) induced by a borehole-fluid injection.
Usually, global estimates of permeabilities obtained by SBRC agree well with permeability estimates from independent hydraulic observations. Moreover, the globalestimation version of the SBRC provides the permeability tensor characterizing the
reservoir-scale hydraulic properties of rocks. It can be also used for monitoring the
process of fracturing and for characterizing tectonic fault systems. The processing
of SBRC data for global estimates is based on the fact that the triggering front of
a hydraulic-induced microseismicity has the form of the group-velocity surface of
anisotropic Biot slow waves.
Now we have further generalized the SBRC approach by using a geometrical-optic
approximation for propagation of triggering fronts in heterogeneous media. We think,
that results of such inversion for hydraulic properties of reservoirs can be used at least
semi-quantitatively to characterize reservoirs. They definitely can be helpful as important constrains to reservoir modeling.
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Seismic pulse propagation in 2-D and 3-D random
media
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keywords: Seismic waves, scattering, random media,generalized O'Doherty-Anstey
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ABSTRACT
We consider the time evolution of seismic primary arrivals in single realizations of disordered structures. Using the Rytov approximation, we construct the Green's function
of an initial plane wave propagating in 2-D and 3-D weakly heterogeneous fluids and
solids. Our approach is a 2-D and 3-D extension of the dynamic-equivalent medium
description of wave propagation in 1-D heterogeneous media, known also as generalized O'Doherty-Anstey formalism. The Green's function is constructed by using
averaged logarithmic wavefield attributes and depends on the second order statistics
of the medium heterogeneities. Green's functions constructed in this way, describe
the primary arrivals in single typical realizations of seismograms. Similar to the attenuation coefficient and phase increment of transmissivities in 1-D, the logarithmic
wavefield attributes in 2-D and 3-D also demonstrate the self-averaging, restricted
however mainly to the weak fluctuation range. We show how to derive the statistical
approximations and discuss their limitations. Further we compare the outcome of finite difference experiments with the theoretically predicted wavefield and find a good
agreement: the presented statistical approximations give a smooth version of the primary arrivals. In addition, we formulate the travel-time corrected averaging from first
principles. We discuss the relationship between our approach and approaches based
on the travel-time corrected formalism. Strictly speaking, such approaches are not
able to describe wavefields in typical realisations; the generalized O'Doherty-Anstey
formalism however does it.

INTRODUCTION
In the recent years, the effect of multi-scale heterogeneities in earth-models has been
recognized as a vital aspect of the overall behavior of seismic waves. Very much
effort has been spent in the understanding of wave propagation in layered media.
1
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Especially seismic waves propagating in randomly multi-layered media are subjected
to stratigraphic filtering. The physical reason is the multiple scattering by 1-D inhomogeneities. In random statistically homogeneous media, explicit approximations
for the transmissivities of obliquely incident P- and SV-plane waves have been found
by applying the second-order Rytov approximation to the 1-D multiple scattering
problem in the frequency domain. This description is known as the generalized
O'Doherty-Anstey formalism (Shapiro and Hubral, 1999).
However, the earth, the lithosphere and especially reservoirs may have a very
complex geological structure including multi-scale 3-D heterogeneities. This becomes
evident from geological surveys and horizontal well-log data. In such cases the
concept of 2-D or 3-D random media is a more suitable and more general description.
There are numerous studies that assume the earth as a realization of a random medium
(see Sato and Fehler (1998) for an overview). The random medium consists of a
constant background of a certain medium parameter – the reference medium – and
its corresponding fluctuations, that is a realization of a statistically homogeneous
random process in space. The latter is statistically characterized by a spatial correlation function. Crustal heterogeneities are best explained using an exponential (or
more generally von Karman) correlation function which is rich in short-wavelength
components.
Amplitudes and phases of wavefields fluctuate in random media. Typically, one
can observe a spatial decay of propagating modes that depend on the ratio of wavelength to the characteristic size of heterogeneity. Furthermore, averaged wavefields are
characterized by scattering attenuation and dispersion; both are important parameters
for rock characterization. A suitable description of these wavefield characteristics
enables the construction of Green's functions for heterogeneous media. The latter is
extremely useful in order to apply – in combination with the usual macro-model – any
kind of (true-amplitude) imaging or inversion technique, a fundamental problem in
exploration seismics. For example, taking into account the small-scale heterogeneities
of reflector overburdens improves AVO-analyses; this was clearly demonstrated for
1-D heterogeneities by Widmaier et al. (1996).
Common theories of wave propagation in random media predict average wavefield
attributes for an ensemble of medium realizations. In geophysical practice, there
is always one medium realization available. Therefore only a spatial averaging
instead of ensemble-averaging can be performed. However, what should we do to
describe non-averaged single seismograms? In order to use any averaged theoretical
result for describing typical single seismograms we have to assume self-averaging
of some wavefield attributes. This phenomenon is well studied in 1-D random
media. Especially for transmission problems, logarithmic wavefield attributes
turn out to be such self-averaged quantities (Lifshits et al., 1988, Shapiro and
Hubral, 1999 ). We use this fact in the construction of the transmission response. We
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will show later how the process of self-averaging works in 2-D and 3-D random media.
Due to scattering by the inhomogeneities the wavefield becomes distorted and
can be described as a sum of coherent and incoherent wavefield (at least in the
weak scattering range), where the coherent wavefield may be thought as a result of
constructive interference of scattered waves (see Shapiro and Kneib, 1993). Which
part of the wavefield is actually measured in experiments depends on the size of the
receiver used. In geophysical applications the receivers are small compared with the
wavelength and the size of inhomogeneities, so that the incoherent field will not be
averaged out and the both parts of the wavefield participate in seismograms. That is
for point-like receivers no aperture averaging, which reduces the fluctuations, take
place. Therefore there may occur a discrepancy between the recorded wavefield
and the coherent wavefield (or equivalently meanfield) (Wu, 1982). Formalisms that
take into account these shortcomings and that try to improve the statistical averaging
procedure to adopt it for seismology are based on heuristic assumptions like the
travel-time corrected formalism (see for an overview Sato and Fehler, 1998).
There is, however, a lack of first principles, i.e., wave-equation-based descriptions
of seismic pulse propagation which go beyond the meanfield theory and are valid for
seismograms of single realizations of random media. This is exactly the motivation of
this study. Our consideration is based on two theoretical studies of propagation of a
pressure wavefield in 2-D and 3-D acoustic random media characterized by isotropic
statistically homogeneous velocity fluctuations (see Shapiro and Kneib (1993) and
Shapiro et al. (1996)). Here we present a description of the wavefield in a perturbation
approximation, namely the Rytov approximation, which enables us to predict the
transmitted wavefield around the primary arrivals in a typical single realization of a
seismogram.
In analogy to the generalized O'Doherty-Anstey formalism for the 1-D case
(Shapiro and Hubral, 1999), we call our description of the wavefield a dynamicequivalent medium approach since it is applicable to a broad range of frequencies.
Strictly speaking, our approach for 2-D and 3-D media is however not valid in the
low frequency range, i.e. if the wavelength exeeds by far the characteristic size
of heterogeneity. Thus, our approach is limited to the weak scattering range (the
so-called unsaturated range), where multiple scattering with small scattering angles
dominates. The Rytov approximation used in our approach is a powerful method in
the weak fluctuation theory (Ishimaru,1978).
The paper is organized as follows: First we give a short review of the results alredy
obtained in the Rytov approximation, i.e., we consider a time-harmonic plane wave in
an acoustic random media and derive the approximations for the wavefield attributes.
It will be shown that logarithmic wavefield attributes related to the attenuation and the
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phase velocity are self-averaged quantities. We numerically demonstrate the effect of
self-averaging which enables us to compare our theoretical result with a typical single
realization of a seismogram. Then we construct the Green's function based on these
approximations for an acoustic random medium and discuss its validity range. After
that we extend the approximations for the transmission response to the case of elastic
random media; the construction of the Green's function is analogous. We confirm by
finite difference modeling in 2-D elastic random media the obtained results.

THEORY
Time-harmonic plane waves in random media
It is known that the scattering of seismic waves in media with a large characteristic
size of heterogeneity compared with the wavelength is confined within small angles
around the forward direction. This means the conversion between P and S-waves in
elastic media can be neglected. In other words, we can study scattering processes of
P or S-waves in inhomogeneous media using the acoustic (scalar) wave equation. In
the following, we look for a solution of the stochastic acoustic wave equation, which
reads:

4u(r; t) ; p2(r) @ u@t(r2; t) = 0
2

with u(r; t) as a scalar wave field (in the following simply denoted by
defined the squared slowness as

p2(r) = c12 (1 + 2n(r)) ;
0

(1)

u ).

Here we

(2)

where c0 denotes the propagation velocity in a homogeneous reference medium. The
function n(r) is a realization of a stationary statistically isotropic random field with
zero average ( n(r) = 0); it describes approximately the velocity fluctuations since
for n(r)
1 we have
c(r) c0(1 n(r)) :
(3)

j

j

h

i



;

Starting point for an analysis of acoustic scattering is the Lippmann-Schwinger
equation, which is an integral solution to the scattering problem. Unfortunately, this is
not an analytical closed representation and hence reduces its applications. One way to
get around this problem is the linearization by a smooth perturbation approximation,
often referred to as Rytov approximation (Ishimaru, 1978).
The Rytov method describes the wavefield fluctuations with help of the complex
exponent
=  + i
(4)
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and develops a series solution of this quantity. The real part  represents the fluctuations of the logarithm of the amplitude (log-amplitude fluctuations) and takes into
account the scattering attenuation; the imaginary part  represents phase fluctuations.
We consider a time-harmonic plane wave propagating in a 2-D and 3-D random
medium. To be specific, we assume that the initially plane wave propagates vertically
along the z-axis. We assume further that the wavefield inside the random medium
can be described with help of the Rytov transformation (4) (the time dependence
exp( i!t) is omitted)

;

u(r) = u0(r) exp((r) + i(r)) ;

(5)

where u0 = A0 exp(i0) is the wavefield in the reference medium, A0 is the amplitude
and 0 its unwrapped phase. Fluctuations of amplitude and phase due to the presence
of inhomogeneities are then described by the functions

 = ln uu
0

 = ;i ln uu uu0
:
0

(6)

In the weak fluctuation range the wavefield can be separated into a coherent and
fluctuating (incoherent) part:
u = u + uf ;
(7)

hi

hi

where u denotes the ensemble averaged wavefield (meanfield). A measure of the
wavefield fluctuations is the ratio

" = huufi
This gives

:

h"2i = IIt ; 1 ;
c

(8)

(9)

where

It = hjuj2i
(10)
is the total intensity (which is set to unity), Ic = jhuij2 is the coherent intensity. The
range of weak fluctuation is defined by h"2 i  1; that means the coherent intensity is
of the order of the total intensity.

Due to the fluctuating character of  and , it is expedient to look for their expectation values. If we make use of equations (7) and (8), neglect terms higher than O("2 )
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and average, we obtain from equations (6)

hi = ln huui ; 41 h"2u + "?u2i
0
hi = c ; 0 + 4i h"2u ; "?u2i ;

hi

j j

(11)

where "u = uf = u so that "u = " and "? means the complex conjugated quantity.
Further, the coherent wavefield may be represented as u = Ic exp(ic ); c denotes
the coherent phase.
When we calculate the variance (crossvariance) of these quantities and neglect again
terms of order higher than O("2 ), we find:

hi p

2

= 14 h("u + "?u )2i = ; ln huui + 14 h"2u + "?u2i
0
i
2

= 4 h"2u ; "?u2i :

(12)

Finally, with help of these second order moments we can express equations (11) as
2
hi = ;
;
2
hi = c ; 0 ; 
:

(13)
(14)

Equations (13) and (14) are derived here under the assumption of weak wavefield
fluctuations (a more detailed derivation can be found in the papers cited above, see
their equations (14) and (21)). Note that equations (13) and (14) can be also derived
with the assumption of normally distributed random variables  and . Furthermore,
equation (13) follows directly from a second order Rytov approximation (see Rytov
et al. (1987), equation (IV,2.111)). These relations are valid for both 2-D and 3-D
random media.
In order to obtain a wave field representation of the form (5), we must now look
2 ;  2 and  . This task has been performed by Shapiro and Kneib
for the quantities 
c

(1993) (see their equations (28) and (29)) and by Shapiro et al. (1996b) (see equations
(B12), (A16) and (A17)) for the 2-D case using the approach of Ishimaru (1978) and
by Rytov et al. (1987) for the 3-D case. The results in 2-D media read
2L=k ) !
sin(

 = 2k L 0 d 1 ; 2L=k 2D ()
Z1
2 (2 L=2k ) !
sin
3
2
d
2D ()
 = 4k
2

0
Z 1 2D()
3
c ; 0 = 4k L d p 2
:
2k
 ; 4k2
2

2

Z1

(15)
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For the 3-D case the results are:

2L=k ) !
sin(

2

= 22k2L 0 d  1 ; 2L=k 3D ()
Z1
2 (2 L=2k ) !
sin
2
3
2
d 
 = 4 k
3D ()
2
0
!2
Z1
2
k
+

2
c ; 0 = k L 0 d  ln 2k ;  3D() :
(16)
In these equations 2D (); 3D () denote the fluctuation spectra which are the 2-D

Z1

and 3-D Fourier transforms of media correlation functions, respectively. The terms
in brackets are the so-called spectral filter functions (since they act on the fluctuation
spectra like filters; their behavior for the different wavefield ranges is discussed
in Ishimaru, 1978). L means the travel-distance in the vertical direction and the
background wavenumber is k (k = c!0 , where c0 is the constant background velocity).
This means that the second-order medium statistics (controlled by 2D (); 3D ())
2 ,  2 ). On the other hand the wavefield
are linked with the wavefield statistics (

statistics are related to our wavefield representation via equations (13) and (14).
These expressions can be simplified in the case of exponential and gaussian correlated
fluctuations. An extension of these results to the case of anisotropic random media,
characterized by anisotropic spatial correlation functions, should generally be possible.
The validity range of these approximations are weak wavefield fluctuations and inhomogeneities with spatial sizes of the order or larger than the wavelength (dominance
of the forward scattering). Weak fluctuations mean that the log-amplitude variance is
smaller than 0:5. The restriction of the crossvariance of log-amplitude and phase fluctuations is less stringent (see Ishimaru (1978) for a detailed discussion).
Self-averaging of logarithmic wavefield attributes
Applying the above results to single seismograms is only reasonable if we assume that
logarithmic wavefield attributes undergo a self-averaging process when propagating
through the random medium. A self-averaged quantity tends to its mathematical
expectation value provided that the wave has covered a sufficient large distance
inside the medium. In other words, if we can show that our theory is based upon
self-averaged qunatities, then the theoretical result will describe any typical and
representative single relaization of a seismogram. A sound investigation of the
self-averaging phenomena can be found in Lifshits et al. (1988). For 1-D random
media, it can be shown that the attenuation coefficient as well as the vertical phase
increment of the transmissivity are such self-averaged quantities (Shapiro and Hubral,
1999).
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For 2-D and 3-D media, we do this by showing that the attenuation coefficient =

; L as well as the phase increment ' = L + k in the above discussed approximations
tend to their expectation values for increasing travel distances. In analogy to the 1-D
case, we compute the relative standard deviations of the attenuation coefficient and
phase increment and find the rough estimates

s
1 / 1
q 2L sL
'   / 1 ;
'
0
L
 

where

 = 2k L
2

2

Z1
0

s

(17)
(18)

2 L=k ) !
sin(

d 1 + 2L=k 2D () ;

(19)

for 2-D media (see equation 17-52 in Ishimaru (1978) for the 3-D expression). It is
obvious that for increasing travel-distance, the relative standard deviations decrease
like 1= L and therefore the process of self-averaging takes place. We conclude that
the logarithmic wavefield quantities under consideration are self-averaged quantities
at least in the weak wavefield fluctuation region, where our description is valid.

p

The numerical demonstration of self-averaging is given in the following, where we
use the results of plane wave transmission simulations (the finite difference experiment
is described in detail in section (3.1)):
The phase velocity of a picked phase is given by v = hLti with traveltime t. Comparing
this with equation (6) in Shapiro et al. (1996), we see that fluctuations of the traveltime
are proportional to the fluctuations of the phase increment. Therefore it is possible to
demonstrate the self-averaging of ' by looking at the relative traveltime fluctuations.
So we consider the measured traveltime fluctuations versus the spatial position transverse to the main propagation direction for different travel-distances L. Figure (1)
shows the relative fluctuations of the traveltimes that are measured at 54 geophones
along receiver-lines located at three different depths inside the random medium. We
clearly observe that for increasing travel-distances, the relative traveltimeq
fluctuations
decrease. Computing the relative standard deviations of the traveltimes t2= t for
several travel-distances yields the theoretically obtained 1= L dependency. Analogously, we consider the attenuation coefficient . It is numerically determined by the
logarithmic increment of a Fourier transformed trace (with a constant time window) at
the fundamental frequency of the input wavelet. Again we could observe the diminishing fluctuations for larger travel-distances like in Figure (1).

p

hi
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relative fluctuations of traveltime
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Figure 1: Relative fluctuations of the traveltime recorded at 54 geophones along a
receiver-line for three different depths. For increasing travel-distances the relative fluctuations become smaller.
Green's function for acoustic random media
By analogy with the 1-D situation, for wavefields in single typical realizations of 2-D
and 3-D random media we will accept the following approximation of equation (5):
uapr = u0 ehi+ihi :
(20)
Therefore, in order to construct the Green's function we have to combine the results
for the ensemble-averaged log-amplitude and phase fluctuations obtained in equations
(13) and (14). Finally, by integration over the whole range of frequencies (an inverse
Fourier transform) we obtain the time-dependent transmission response due to the initial plane wave:

Z1
1
G(t; z = L) = 2
d! ehi+ihiei(kL;!t)
;1
Z1
= 21 ;1 d! ei(KL;!t)

(21)
(22)

with the complex wavenumber

K ='+i

:

(23)
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That is what we call the Green's function for random media; it is a real function since
its Fourier transform consists out of an even real part and an odd imaginary part (see
equations (15)-(16)).

Green’s function for several traveldistances

amplitude
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Figure 2: Green's function for several travel-distances. The pulses from left to right
denote the transmission response of the exponential random medium (the standard
deviation of the velocity fluctuations is 15%, the correlation length is 40m) due to
a unit-pulse excitation for the travel-distances L = 176, 256, 376, 496, 656, 816,
976 m, respectively. For increasing travel-distances the amplitudes decrease and we
observe a pulse broadening. This is the expected behavior since in (non-absorbing)
heterogeneous media we deal with scattering attenuation. The vertical line nearby each
pulse denotes the traveltime in the corresponding homogeneous (averaged-velocity)
reference medium.
In Figure (2) we depict this Green's function for several travel distances assuming
an 2-D exponentially correlated random medium. We can clearly observe the decrease
of the transmission response for increasing travel-distances. This is only due to
scattering attenuation. We observe also the broadening of the response.
In general, equation (21) can be easily evaluated using a FFT-routine.
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It is now possible to describe seismic pulses as

Z1
u(t; z = L) = 21 ;1 d! U (!)ei(KL;!t) ;

(24)

where U (! ) is the Fourier transform of the input signal. Due to the use of averaged
wavefield attributes  and  (instead of  and ) in equation (20), we give a description of the main part of the transmitted pulse. To be specific, equation (24) describes the wavefield around the primary arrivals. We will confirm this by numerical
simulations. Later arrivals, i.e. coda are not predicted within this approximation.

hi

hi

Green's function in elastic random media
Gold (1997) discussed the generalizations of the Rytov as well as the Bourret approximations to elastic media. He showed by a perturbation approach – analogous to the
derivation of Ishimaru (1978, chapter 17)– that the exponent is exactly the same as
in acoustic random media. Therefore, under the assumption of weak wavefield fluctuations, the propagation of elastic waves shows the same behaviour as acoustic waves.
The Rytov approximation for elastic P and S-waves yields for the complex exponent
in 2-D and 3-D random media the following equation:
2D;3D

P;S

=2

2
2

!Z

0
nv (r0) uu0((rr)) G2D;3D (r ; r0) dr0 ;
0

(25)

where G2D;3D is the acoustic Green's function in 2-D/3-D and , are the P- and
S-wavenumbers, respectively. This is exactlcy equation (17-19) of Ishimaru (1978)
which states the first Rytov approximation for acoustic media and is the starting point
in order to obtain equations (15)-(16).
Gold et al. (1999) applied the Bourret approximation in the Dyson equation in
order to obtain the coherent Green's function in isotropic elastic media. From this
consideration the coherent phase c is obtained and can be used for equation (14).
The results are more complicated, but can be evaluated by numerical integration.
To conclude, the strategy of the previous section can be used to construct the
Green's function of elastic random media. More precisely, the amplitude level
variance as well as the crossvariance of amplitude level and phase fluctuations can be
used without modification. Therefore, the results obtained for acoustic waves can also
be applied with slight modification to elastic media.
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NUMERICAL EXPERIMENTS
FD-modeling in elastic random media
Now let us compare the analytical Green's function with finite difference simulation
results for wave propagation in 2-D elastic (isotropic) random media with gaussian
and exponential correlation functions. We use the so-called rotated-staggered grid
finite difference scheme for the elastodynamic wave equation (Saenger et al., 2000).
In the present examples we simulate a plane wave propagating from the top down
to a certain depth (z-direction) in a single random medium realization. The geometry
as well as the medium parameters are of the order of reservoir scales and reservoir
rocks, respectively.
The background medium is characterized by a P-wave velocity of 3000 m/s, a S-wave
velocity of 1850 m/s and a density of 2.5 g/cm3. We choose the model geometry in
such a way that undesired reflections from the model borders are excluded. For the
modeling we need instead of velocities the stiffness tensor components c11 =  + 2
and c55 =  (and density). For simplicity, only the stiffness tensor component c11
exhibits exponentially correlated fluctuations (the correlation length is 40 m, the
corresponding standard deviation of the P-wave velocity is 15%). We use a body-force
linesource with only a z-component. Note that under these conditions no S-waves
will be generated. The wavelet is the second derivative of a Ricker-wavelet with a
dominant frequency of about 75 Hz (this corresponds to a wavelength of 40 m for the
P-wave). Furthermore, we fulfill the stabilty and dispersion criteria required for the
rotated staggered grid in each point of the random medium.
Future work will be spent on modeling more complex media (fluctuating all Lameparameters and density, using a von Karman correlation function). For the moment, we
think that the main features of the proposed theory are clearly demonstrated with help
of these simple finite difference experiments. Accurate FD-modeling in 3-D elastic
random media is still a fairly hard task in spite of the use of large parallel computer
facilities.

What represents the Greens function in 2-D media?
Each gray 'background' in Figure (3) consists of 54 traces (the z-component of the
wavefield) recorded on a common travel-distance gather at the corresponding depths
16, 96, 176, 256 and 336m. The distances between geophones along the receiver line
is of the order of the correlation length so that statistically correlated measurements are
avoided. From the uppermost to the lowermost seismograms in Figure (3) we clearly
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Figure 3: Comparison of FD-experiment and statistical wavefield description. In the
background of each seismogram are displayed the traces recorded along the receiverline (common travel-distance gather) at the depths 16,96,176,256 and 336m. The
thicker, black curves denote the results of convolution of the corresponding Green's
function with the input-wavelet.

observe that the amplitude as well as traveltime fluctuations of traces – recorded at the
same depths – increase with increasing travel-distances. This is physically reasonable
since for larger travel-distances there are more interactions (scattering events) between
wavefield and heterogeneities resulting in a more complex wavefield and consequently
in more variable waveforms along the transverse distance of the main propagation
direction. Note the increasing codas for larger travel-distances. The thicker black
curve denotes the result of convolving the analytically computed Green's function with
the input-wavelet w(t) in the time domain: uz (t; z ) = G(t; z ) ? w(t). It is obvious that
the theoretically predicted wavefield represents the simulated wavefield in a somehow
averaged form.Thus, our formalism allows to model the evolution of seismic waves in
random media near the first arrivals.
Moreover, the analytical curves give estimates of the primary wavefields for representative, 'typical' single traces. To be specific, typical realizations are defined to
be close to the most probable realization (which in turn is defined by the maximum of
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Figure 4: Histogram for the amplitudes of the primary wavefield measured (at 108 geophones located in
the transverse direction of propagation ) after travelling 336m in the
random medium. The grey bars
denote the probability for measuring certain amplitudes. A suitable probability density function is
the log-normal distribution (black
curve). The black vertical line denotes the amplitude predicted by
our theory. The latter coincides
with the maximum of the probability density function. The dashed
vertical line denotes the amplitude
value obtained by averaging over
all measured amplitudes.
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the probability density function). Figure (5) shows typical single seismograms at the
depths 16, 96, 176, 256, 336m. The black curves denote the theoretically predicted
wavefield for these travel-distances. To demonstrate that the simulated seismograms
are typical ones, we consider the histogram of the amplitudes for all traces recorded at
each travel-distance (see Figure (4) for the travel-distance L = 336m). So, the traces in
Figure (5) are selected in such a way that their amplitudes are the most probable ones.
We observe an excellent agreement between theory and experiment for the primary
arrivals. Thus, using averaged logarithmed wavefield attributes for the construction of
the Green's function, we give a description of the main part of the transmitted signal.

CONCLUSIONS
We consider a time-harmonic plane wave traveling through a random medium which is
assumed to be an appropriate model of reservoirs and large regions of the lithosphere.
These media are characterized by statistically homogeneous velocity fluctuations
as well as by a spatial correlation function. With help of the Rytov approximation
of the logarithmic wavefield we obtain a description of the wavefield which takes
into account multiple forward scattering. Applying the inverse Fourier transform
we get the wavefield due to a delta-pulse excitation. In other words, we obtain the
Green's functions for 2-D and 3-D random media, taking into account the effects
of small-scale heterogeneities. Numerical experiments show that with help of these
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Figure 5: Pulse propagation in an exponential random medium: the present wavefield
description is able to predict the wavefield around the primary arrivals of typical single
realizations of seismograms. The thicker black curves denote the theoretically predicted wavefield (after travelling 16, 96, 176, 256, 336m), whereas the thiner gray
curves denote the corresponding typical seismograms of a finite difference experiment in a exponentially correlated random medium with a = 40m, n = 0:15 and
c0 = 3000m/s. The dominant frequency of the input wavelet is 75Hz, so that ka 2.



Green's functions, it is possible to predict a smooth version of primary arrivals of the
transmitted wavefield from single realizations of seismograms. The results can be
useful for modeling, imaging as well as for inverse problems.

REFERENCES
Gold, N., 1997, Theoretical and numerical description of the propagation of elastic
waves in random media: Ph.D. thesis, University of Karlsruhe.
Ishimaru, A., 1978, Wave propagation and scattering in random media: Academic
Press Inc.

78

Lifshits, J. M., Gredeskul, S. A., and Pastur, L. A., 1988, Introduction to the theory of
disordered systems: John Wiley & Sons.
Rytov, S. M., Kravtsov, Y. A., and Tatarskii, V. J., 1987, Principles of statistical radiophysics: Springer, New York.
Saenger, E. H., Gold, N., and Shapiro, S. A., 2000, Modeling the propagation of elastic
waves using a modified finite-difference grid: Wave Motion, 31, 77–92.
Sato, H., and Fehler, M., 1998, Wave propagation and scattering in the heterogenous
earth: AIP-press.
Shapiro, S. A., and Hubral, P., 1999, Elastic waves in random media: Springer.
Shapiro, S. A., and Kneib, G., 1993, Seismic attenuation by scattering: theory and
numerical results: Geophys. J. Int., 114, 373–391.
Shapiro, S. A., Schwarz, R., and Gold, N., 1996, The effect of random isotropic inhomogeneities on the phase velocity of seismic waves: Geophys. J. Int., 127, 783–794.
Widmaier, M., Shapiro, S. A., and Hubral, P., 1996, Avo correction for a thinly layered
reflector overburden: Geophysics, 61, 520–528.
Wu, R. S., 1982, Mean field attenuation and amplitude attenuation due to wave scattering: Wave Motion, 4, 305–326.

Wave Inversion Technology, Report No. 3, pages 79-92

Calculation of effective velocities in cracked media
using the rotated staggered finite-difference grid
Erik H. Saenger and Serge A. Shapiro1
keywords: modeling, fractured media, rotated staggered grid

ABSTRACT
The modeling of elastic waves in fractured media with an explicit finite difference
(FD) scheme causes instability problems on a staggered grid because the medium
possesses high contrast discontinuities (strong heterogeneities). For the present study
we apply the rotated staggered grid. Using this modified grid it is possible to simulate
the propagation of elastic waves in a 2D or 3D medium containing cracks, pores or
free surfaces without hard-coded boundary conditions. Therefore it allows an efficient
and precise numerical study of effective velocities in fractured structures. We model
the propagation of plane waves through a set of different randomly cracked media. In
these numerical experiments we vary the wavelength of the plane waves, the porosity
and the crack density. The synthetic results are compared with several theories that
predict the effective P- and S-wave velocities in fractured materials. On the one hand
for randomly distributed rectilinear non-intersecting thin dry cracks the numerical
simulations of velocities of P-, SV- and SH-waves are in excellent agreement with the
results of a modified (or differential) self-consistent theory. On the other hand for
randomly distributed rectilinear intersecting thin dry cracks a classical differential
theory, including a so called critical porosity, is the best way to describe the effective
velocities.

INTRODUCTION
The problem of effective elastic properties of fractured solids is of considerable interest for geophysics, for material science, and for solid mechanics. Particularly, it is
important for constitutive modeling of brittle micro cracking materials. For obvious
reasons of practicality, the problem of three-dimensional medium permeated by circular or elliptical planar cracks has received more attention in literature. In this paper we
consider the problem of a fractured medium in two dimensions. This may seem to be a
significant oversimplification. However, we think that with this work some broad generalizations can be elucidated that will help solving problems with more complicated
1
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geometries.
Finite difference (FD) methods discretize the wave equation on a grid. They replace
spatial derivatives by FD operators using neighboring points. The wave field is also
discretized in time, and the wave field for the next time step is calculated in general by
using a Taylor expansion. The main idea using a staggered grid is to calculate spatial
derivatives halfway between two grid points to improve numerical accuracy. Hence,
some modeling parameters are required to be defined on inter grid locations. Thus
they have to be averaged or the grid values shifted halfway between two grid points
have to be used. This yields for standard staggered grid schemes inaccurate results
or instability problems. This is especially the case when the propagation of waves in
media with strong fluctuations (e.g. cracks) of the elastic parameters is simulated, although the von Neumann stability (see e.g. Crase (1990)) is fulfilled. In the present
numerical study, however, we apply the rotated staggered grid Saenger et al. (1999,
2000) for modeling of elastic wave propagation in arbitrary heterogeneous media. The
rotated staggered grid is briefly discussed in the section ”Finite-difference modeling
of fractured media”.
In this paper we present a numerical study of effective velocities of two types of fractured media. We model the propagation of a plane wave through a well defined fractured region. The numerical setup is described in section ”Experimental Setup”. We
use randomly distributed rectilinear dry thin cracks in both media. For the first type
of media we examine only non-intersecting cracks. The numerical results for P-, SVand SH-waves (see section “Non-Intersecting Cracks”) are compared comprehensively
with several theories Kachanov (1992); Davis and Knopoff (1995) that predict the effective velocities for such case. In the second type of fractured media we cancel the
restriction of non-intersecting cracks. For this case the theories for non-intersecting
cracks become out of their range of validity. However, a theory of Mukerji et al. (1995)
, including a so called critical porosity, is in excellent agreement with our numerical
results shown in section “Intersecting Cracks”.

FINITE-DIFFERENCE MODELING OF FRACTURED MEDIA

The propagation of elastic waves is described by the elastodynamic wave equation
(e.g. Aki and Richards (1980)):

(r)ui(r) = (cijkl(r)uk;l(r));j + f (r):

(1)

For modeling elastic waves with finite-differences, it is necessary to discretize the
stiffness tensor cijkl , the density  and the wave field ui on a grid.
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The standard staggered grid
A standard way of discretization of standard staggered grids (e.g. Kneib and Kerner
(1993)) is shown in Figure 1a. The main reason for using this method is to improve
numerical accuracy with respect to centered FD grids. Figure 1a shows the elementary
cell, replacing, for example, the density at the left and the lower side by the density of
the center and replacing the shear modulus at the lower left corner by the shear modulus at the center.
There is only one density location and one location for the Lamé parameter  in an
elementary cell. The calculation of the stress component xz has to be done by multiplying the values of strain and stiffness defined at different positions. The same difficulties arises for the calculation of the acceleration, since the density has changed its
location completely. When the wave field hits the inhomogeneities with high density
contrasts (e.g. cracks), stability problems can also occur. Here we obtain an unstable
modeling of a wave field diffraction on a crack Saenger et al. (2000). Note, that such
stability problems exist although the von Neumann stability criterion is fulfilled.
The rotated staggered grid
All these difficulties described above can be avoided by choosing another configuration
of the grid. Placing all components of the stiffness tensor at the same position within
the elementary grid cell (e.g. the center), the positions of the modeling parameters
are found directly as shown in Figure 1b. The directions of spatial derivatives have
~ and ~z.
changed from x and z to x
The grid in Figure 1b satisfies all conditions with respect to the operations that are
necessary to perform a time step. The parameters that have to be multiplied are defined
at the same location and derivatives are defined between the parameters that have to
be differentiated. Since the density is not located at the same position as the stiffness
tensor elements, a density averaging (using the four surrounding cells) has also to
be done for this grid. In the case of homogeneous cells or a linear behavior of the
density between the stiffness locations, the density coincides with the exact density
after averaging. The new distribution of elastic parameters is also advantageous for
anisotropic modeling.
Stability and dispersion
Since FD modeling approximates derivatives by numerical operators and uses Taylor
polynomials to perform the time update, inaccuracies occur, especially for coarse grids.
One can separate these numerical errors into amplitude and phase errors. For a plane
wave propagating through an infinite, isotropic and homogeneous medium, the amplitude must be conserved, and the velocity of propagation is not frequency-dependent. In
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Figure 1: Elementary cells of different staggered grids. Locations where strains, displacement and elastic parameters are defined. (a) Locations on a standard staggered
grid (e.g. Kneib and Kerner (1993)) if no averaging of medium parameters is performed. (b) Elementary cell of the rotated staggered grid. Spatial derivatives are performed along the x~- and z~-axes. The wave equation and the elements of the stiffness
tensor are the same as in (a).

FD modeling, it is possible that the amplitude increases exponentially with every time
step. In this case, the modeling scheme is said to be unstable. Frequency-dependent
velocity errors, also called numerical dispersion, cannot be excluded completely but
can be estimated and, therefore, reduced to a known and acceptable degree. Note, that
the von Neumann stability criterion is not in connection with the stability problems for
high contrast inclusions. For the rotated grid the stability criterion for the 3D case and
for the 2D case are the same. We obtain:

n
tvp  1=(X
jck j):
h
k=1

(2)

In this equation ck denotes the difference coefficients (e.g. Central Limit coefficients
Karrenbach (1995), vp the compressional wave velocity, t the time increment, and
h the grid spacing. This result yields the von Neumann stability criterion for the
rotated grid for all wave numbers in the case of homogeneous media and for 2nd order
operator in time.
The dispersion error for the rotated staggered grid are similar to those of the conventional staggered grid. For a more detailed description of the rotated staggered grid
refer to Saenger et al. (1999, 2000).
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EXPERIMENTAL SETUP
As described above, the rotated staggered FD scheme is a powerful tool for testing
theories about fractured media. There exist many theories that predict the effective
elastic moduli of multiply fractured media as a function of crack density (e.g Davis
and Knopoff (1995); Kachanov (1992)) or porosity (e.g. Mukerji et al. (1995); Norris
(1985); Zimmermann (1991); Berryman (1992)). The elastic moduli and the velocities in a medium are related with well known formulas Aki and Richards (1980). In
order to test such theories we create some elastic models with a region with a well
known crack density (Eq. 3) or porosity. The cracked region was filled for this reason
at random with randomly oriented cracks. In Figure 2 (left hand side) we can see a
typical model with non-intersecting cracks. This model contains 1000 1910 grid
points with an interval of 0.0001m. In the homogeneous region we set vp = 5100 ms ,
vs = 2944 ms and g = 2:7 cmg 3 . Table 1 is the summary of relevant parameters of all
the models we use for our experiments. For the dry cracks we set vp = 0 ms , vs = 0 ms
and g = 0:0000001 cmg 3 which shall approximate vacuum Saenger et al. (1999, 2000).
Therefore each additional crack increase the porosity.
It is very important to note that we perform our modeling experiments with periodic
boundary conditions in the horizontal direction. For this reason our elastic models are
generated also with this periodicity. Hence, it is possible that a single crack start at the
right side of the model and ends at its left side.
To obtain the effective velocities in the different models we apply a body force line
source at the top of the model. The plane wave in this way generated propagates
through the fractured medium. With two lines of geophones at the top and at the bottom (see Figure 2) it is possible to measure the time-delay of the plane wave caused
by the inhomogeneous region. With the time-delay one can calculate the effective velocity. Additionally, the attenuation of the plane wave can be fixed.
The direction of the body force and the source wavelet (source time function) can
vary. Owing to this we can generate two types of shear (SH- and SV-) waves and one
compressional (P-) wave. The source wavelet in our experiments is always the first
derivative of a Gaussian with different dominant frequencies and with a time increment of t = 5 10;9 s. In Table 2 one can find details of the wavelets.
A very similar and successful experimental setup to test effective parameters in acoustic media can be found in Shapiro and Kneib (1993).





NON-INTERSECTING CRACKS
In this section we consider randomly distributed rectilinear non-intersecting thin dry
cracks in 2D-media. We found papers Kachanov (1992) and Davis and Knopoff (1995)
as good start to study such a case. Both papers discuss three different theories for 2Dmedia that predict an effective velocity for fractured models. Namely, they are the
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No.

crack
density



1
2
3
4
5
6
7
8
9
10x
11x
12x
13x
14x
15x
16x

0.199994
0.200013
0.200035
0.024706
0.050219
0.100226
0.200357
0.200355
0.199987
0.050064
0.100054
0.200367
0.300409
0.400803
0.601186
0.800734

length
aspect
of cracks
ratio
[0.0001m] of cracks
7
0.14
14
0.077
28
0.04
56
0.021
56
0.021
56
0.021
56
0.021
56
0.021
112
0.011
56
0.021
56
0.021
56
0.021
56
0.021
56
0.021
56
0.021
56
0.021

number
of cracks
15280
3881
996
31
63
126
252
252
126
63
126
252
378
504
756
1007

porosity 
crack
of the
region
crack region [grid points]
0.1407
1000*1000
0.0708
1000*1000
0.0358
1000*1000
0.0022
1000*1000
0.0046
1000*1000
0.0091
1000*1000
0.0181
1000*1000
0.0181
500*2000
0.0091
1000*1000
0.0045
1000*1000
0.0091
1000*1000
0.0181
1000*1000
0.0270
1000*1000
0.0360
1000*1000
0.0539
1000*1000
0.0720
1000*1000

Table 1: This table contains information of the different crack models of the numerical
study. The models with an x attached to its number have intersection of cracks.

No.

ffund
(Hz)

1 2200000
2 800000
3 400000
4 120000
5
50000
6
22000

P- wavelength
(fund.)
[0.0001 m]
23
64
128
425
1020
2318

S- wavelength
(fund.)
[0.0001 m ]
13
37
74
245
588
1338

Table 2: Information of the different wavelets of the numerical study.
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Snapshot

Fractured Model
0
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0.04

0.08
0.12
depth (m)

0.08
0.12
depth (m)

0.16

0.16
0

0.04
width (m)

0.08

0

0.04
width (m)

0.08

Figure 2: The left side shows a typical fractured model (No. 7) used for the numerical
experiments. We introduce a cracked region in a homogeneous material. At the top
we place a small strip of vacuum. This is advantageous for applying a body force line
source with the rotated staggered grid. The right side is a snapshot of a plane wave
propagating through the cracked region.

“theory for non-interacting cracks”, the “self-consistent theory” and the “modified (or
differential) self-consistent theory”. Our goal is to compare the numerical results of
the present study with the predicted effective velocities of the three theories.
In order to give an overview we summarize here the ideas and results for the three
theories for one type of shear wave (SH- wave; vibration direction perpendicular to
the 2D-model). For the definition of the crack density parameter we use (as Kachanov
(1992)):
n
X
 = A1 lk2
(3)
k=1

(rectilinear cracks of length 2lk , A is the representative area).
The formula for the theory for non-interacting cracks is derived for the case of a dilute
crack density. The energy per unit crack length, needed to insert a single antiplane
crack, is added n times to the energy of the unfractured medium. With this assumption
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we can calculate the effective shear modulus <  > Davis and Knopoff (1995):

<  >= 0 1 + 1 =2 ;

(4)

where 0 is the shear modulus of the unfractured medium and  is the crack density
(Eq. 3).
In the simplest form of self-consistent calculations to determine the properties at higher
orders, it is argued that an individual crack is introduced into an already cracked
medium and hence should be subjected to the stress field in the flawed system and
not to that in the unflawed system Budiansky and O'Connell (1976); O'Connell and
Budiansky (1974, 1976). This yields the following prediction:

<  >= 0 (1 ;   =2):

(5)

Two other papers argue that the change in energy should be calculated sequentially.
This argument leads to the shear modulus as the solution to a simple differential equation Bruner (1976); Henyey and Pomphrey (1982), which is:

<  >= 0 e;=2:

(6)

This is called the modified (or differential) self-consistent theory.
Note, that in first order all three theories predict the same effective modulus.

Numerical results
In this section we discuss the numerical results on effective wave velocities. They are
depicted with dots in Figure 3. For comparison, the predictions of the three theories
described above are shown in the same Figure with lines.
We show the normalized effective velocities for three types of waves. The relative
decrease of the effective velocity for one given crack density is in the following succession: For SH-waves we obtain the smallest decrease followed by SV-waves. For
P-waves it is largest. For each wave type we perform four numerical FD-calculations
with different crack densities to obtain the effective velocity. For these measurements we only use the models No. 4,5,6,7 (see Tab. 1) and the wavelet No. 5 (see
Tab. 2). Hence it follows the ratio of crack length to the dominant wavelength (Eq. 7):
p = 0:095 for S-waves, and p = 0:055 for P-waves.
In Figure 3 the three dashed lines are due to the prediction by the theory for noninteracting cracks Kachanov (1992); Davis and Knopoff (1995). The three dasheddotted lines are the prediction by the self-consistent theory Kachanov (1992); Davis
and Knopoff (1995) and the three solid lines are to the prediction by the modified (or
differential) self-consistent theory Kachanov (1992); Davis and Knopoff (1995). The
top curves (red) are the results of a shear wave with vibration direction perpendicular
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to the 2D-model (SH-waves). The other shear wave results (horizontal vibration direction, SV-waves) are in the middle (green). The bottom curves (blue) are the results for
compressional (P-) waves.
If we follow the argumentation of Douma (1988), the aspect ratio of the cracks we
used in our numerical experiments do not significantly influence the results of the
three discussed theories. A final result is that our numerical simulations of P-, SV- and
SH-wave velocities are in an excellent agreement with the predictions of the modified
(or differential) self-consistent theory.
Now we want to examine the influence of the ratio of crack length to the dominant
1
top:

0.95

SH- waves

middle: SV− waves
bottom: P- waves

0.9
Veff / V

0.85
0.8
0.75
non − interacting cracks

0.7
0.65

mod. (diff ) self − cons.
self - consistent
numerical results

0.6

0.05

0.1
0.15
Crack density ρ

0.2

0.25

Figure 3: Normalized effective velocity versus crack density. The details are in section
”Numerical results”.
wavelength in our numerical experiments. The ratio is given by the parameter p:

p = 2l
dom

(7)

(rectilinear cracks of length 2l, dominant wavelength dom ). We restrict ourself to study
only the influence with one single crack density ( = 0:2) and for shear waves with
vibration direction perpendicular to the 2D-model.
There are two possibilities to vary the parameter p. The first possibility is to vary
dom by using all wavelets in Table 2 and do not change the length of the cracks using
models No. 7 and 8 (Table 1). It is important to note that the three theories mentioned
above are only valid for wavelengths much larger than the crack length Peacock and
Hudson (1990). With results shown in Figure 4 (dots joined with (blue) dashed line)
we demonstrate that this is no restriction for our numerical calculations.
For the second curve in Figure 4 (dots joined with (red) dashed-dotted line) we always
use wavelet No. 5 and vary the length of the cracks using models No. 1,2,3,7,8,9 (see
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Table 2). Note, that with decreasing length of cracks the porosity is increasing. Therefore, the decrease of the effective velocity for small values of p in this curve can be
explained by the increasing influence of the porosity of the used models.
The main result of both curves in Figure 4 is that our calculated effective velocities
(dots in Figure 4) always match the prediction by the modified self consistent theory ((black) solid horizontal line) better than the prediction by the theory for noninteracting cracks ((black) dashed horizontal line) for all values of p. Thus, the values
of p used for the numerical experiments depicted in Figure 3 are reasonable.
0.88
0.87
non− interacting cracks
mod. (diff ) self − cons.

Veff / V

0.86
0.85
0.84
0.83

λ( fund) = const.
2l = const.
numerical results

0.82
0.81
0.01

0.05

0.1
parameter

0.5
p

Figure 4: Normalized effective velocity versus p =
 = 0:2. The details are in section ”Numerical results”.

1

2l = dom, for crack density

INTERSECTING CRACKS
This section is about randomly distributed rectilinear intersecting thin dry cracks in
2D-media. The theories described in section “Non-Intersecting cracks” are not applicable in this case, because they are derived in particular for non-intersecting cracks.
Therefore we have to use another theory for the comparison between prediction of
the effective velocity and our numerical results. The differential effective medium
(DEM) Norris (1985); Zimmermann (1991) formulations, including a critical porosity
are appropriate in this case and can be found in Mukerji et al. (1995). This modified
DEM model incorporating percolation behavior is always consistent with the HashinShrikman bounds Hashin and Shtrikman (1963). Note, for this theory the effective
velocities are predicted in dependence of porosity  and not of crack density .
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The first step to use this theory is to determine the critical porosity. At this percolation
porosity, the material is a loose packing of grains barely touching each other. With our
models this value is easy to detect visually. For a porosity of c = 0:13 we found one
horizontal circular way where the elastic parameters are set to the vacuum values.
The second step is to calculate the effective elastic parameters at the critical porosity.
The moduli at the percolation point are equal to the Reuss (harmonic) average of the
constituent moduli Mukerji et al. (1995). In our case we obtain:

2
= 0 Pa
c =  lim
!0 Pa 1=1 + 1=2

(8)

2
Kc = K lim
= 0 Pa:
!0 Pa 1=K1 + 1=K2

(9)

2

and

2

The third step is to calculate the effective bulk and shear moduli K (y ) and (y ). We
have to solve the following two coupled differential equations Berryman (1992):

d [K (y)] = [K ; K (y)]P (y)
(1 ; y) dy
(10)
2
d [(y)] = [ ; (y)]Q(y)
(1 ; y) dy
(11)
2
with initial conditions K (0) = K1 and (0) = 1 . For needle-like inclusions P (y )
and Q(y ) are Berryman (1980):
1  + K (y ) + (y )
2
P (y) = 3K
;
(12)
1
2 + 3 2 + (y )
!
K2 + 34 2
1
4

(
y
)
2
[

(
y
)
+
(
y
)]
Q(y) = 5  + (y) +  + (y) + K + 1  + (y)
(13)
2
2
2
3 2
with:

(y) = (y3)K[3(yK) (+y)7+(y()y)] :

(14)

The main idea to involve the critical porosity in this equations is to set Mukerji et al.
(1995): K2 = Kc and 2 = c . With this definition, y denotes the concentration of
the critical phase in the material and now the total porosity is  = yc . The effective
velocities predicted by this theory are plotted in Figure 5.
Numerical results II
Our numerical results for intersecting cracks for shear waves with vibration direction
perpendicular to the 2D-model (SH- waves) can be seen in Figure 5. For the calculations marked with dots we use always wavelet No. 5 (see Table 2). The models
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No. 10x,11x,12x,13x,14x,15x,16x for experiments are in Table 1. In fact, our numerical results and the differential effective medium formulations, including a critical
porosity, are in a very good agreement.
Note, that the theory described above is a 3D theory. With our 2D modeling results we
can only test some special cases of this theory. For SH-waves one can say that our 2D
crack model have needle-like inclusions.

1

Veff / V

0.8

0.6

0.4

0.2

0.02

0.04

0.06
0.08
porosity φ

0.1

0.12

Figure 5: Normalized effective shear (SH-waves) velocity for intersecting cracks versus porosity. Dots: Numerical results, Solid Line: Theoretical prediction. The details
are in section “Numerical results II”.

CONCLUSIONS

Since FD modeling discretize the medium and the wave field on a grid and not by finite
volumes (like, e.g., Finite Element schemes), it requires very few assumptions. If the
discretization is done correctly, FD modeling is very fast and accurate. In contrast to
a standard staggered grid high-contrast inclusions do not cause instability difficulties
for our rotated staggered grid. We demonstrated with our numerical calculations in
this paper that our modification of the grid can model fractured media very well. For
both cases, intersecting and non-intersecting cracks, the differential methods are very
successful to predict effective velocities in fractured media.

91

ACKNOWLEDGMENTS
We wish to thank the Wave Inversion Technology (WIT) Consortium-project for their
financial support. We also thank Dr. Martin Karrenbach for providing us with his
parallel FD program.

REFERENCES
Aki, K., and Richards, P. G., 1980, Quantitative seismology, theory and methods: W.H.
Freeman and Comp., San Fransisco.
Berryman, J. G., 1980, Long-wavelength propagation in composite elastic media i.
spherical inclusions and ii. ellipsoidal inclusions: J. Acoust. Soc. Amer., 68, 1809–
1831.
Berryman, J. G., 1992, Single-scattering approximations for coefficients in biot's equations of poroelasticity: J. Acoust. Soc. Amer., 91, 551–571.
Bruner, W. M., 1976, Comment on ”seismic velocities in dry and saturated cracked
solids” by r. j. o'connell and b. budiansky: J. Geophys. Res., 81, 2573–2576.
Budiansky, B., and O'Connell, R. J., 1976, Elastic moduli of a cracked solid: Int. J.
Solids Struct., 12, 81–97.
Crase, E., 1990, High-order (space and time) finite-difference modeling of the elastic wave equation: , 60th Annual Internat. Mtg., Soc. Expl. Geophys., Expanded
Abstracts, 987–991.
Davis, P. M., and Knopoff, L., 1995, The elastic modulus of media containing strongly
interacting antiplane cracks: J. Geophys. Res., 100, 18.253–18.258.
Douma, J., 1988, The effect of the aspect ratio on crack-induced anisotrophy: Geophysical Prospecting, 36, 614–632.
Hashin, Z., and Shtrikman, S., 1963, A variational approach to the elastic behavior of
multiphase materials: J. Mech. Phys. Solids, 11, 127–140.
Henyey, F. S., and Pomphrey, N., 1982, Self-consistent elastic moduli of a cracked
solid: J. Geophys. Res., 9, 903–906.
Kachanov, M., 1992, The elastic modulus of media containing strongly interacting
antiplane cracks: Appl. Mech. Rev., 45(8), 304–335.
Karrenbach, M., 1995, Elastic tensor wavefields: Ph.D. thesis, Stanford University.

92

Kneib, G., and Kerner, C., 1993, Accurate and efficient seismic modelling in random
media: Geophysics, 58, 576–588.
Mukerji, T., Berryman, J., Mavko, G., and Berge, P., 1995, Differential effective
medium modeling of rock elastic moduli with critical porosity constraints: Geophysical Research Letters, 22(5), 555–558.
Norris, A. N., 1985, A differential scheme for the effective moduli of composites:
Mech. of Mater., 4, 1–16.
O'Connell, R. J., and Budiansky, B., 1974, Seismic velocities in dry and saturated
cracked solids: J. Geophys. Res., 79, 5412–5426.
O'Connell, R. J., and Budiansky, B., 1976, Reply: J. Geophys. Res., 81, 2577–2578.
Peacock, S., and Hudson, J. A., 1990, Seismic properties of rocks with distributions of
small cracks: Geophys. J. Int., 102, 471–484.
Saenger, E. H., Gold, N., and Shapiro, S. A., 1999, Modeling of elastic waves in
fractured media using the rotated staggered finite difference grid: , 69th Annual
Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts, STHRY 6.
Saenger, E. H., Gold, N., and Shapiro, S. A., 2000, Modeling the propagation of elastic
waves using a modified finite-difference grid: Wave Motion, 31(1), 77–92.
Shapiro, S. A., and Kneib, G., 1993, Seismic attenuation by scattering: theory and
numerical results: Geophys. J. Int., 193(14), 373–391.
Zimmermann, R. W., 1991, Compressibility of sandstones: Elsevier Science, Amsterdam.

93

Modeling

94

Wave Inversion Technology, Report No. 3, pages 95-104

Analysis of an acoustic wave equation for cylinder
symmetric media (2.5D)

R.S. Portugal, L.T. Santos, and J. Schleicher1
keywords: 2.5-D Wave Equation, Cylinder Symmetric, Asymptotic Analysis, Finite
Difference

ABSTRACT
The description of 3-D wave propagation in a 2-D medium (2.5-D situation) by means
of a simple 2.5-D wave equation enables finite-difference (FD) reference solutions in
3-D with the cost of 2-D modeling. A comparison to alternative approximations in
homogeneous and vertical-gradient media shows that the accuracy of a previously
suggested approximate 2.5-D wave equation (Liner's equation) depends on how well
the rms velocity can be approximated by a constant velocity. Kinematically, Liner's
equation works very well up to very high velocity gradients. For an increasing velocity, amplitudes obtained by Liner's equation systematically underestimate true 3-D
amplitudes, and for a decreasing velocity, they overestimate the true amplitudes. In
conclusion, Liner's equation is a worthwhile alternative to other existing 2.5-D modeling schemes.

INTRODUCTION
In this work, we study three-dimensional (3-D) acoustic wave propagation in a vertical
plane representing a medium the properties of which do not depend on the orthogonal
direction to the plane.
This problem arises from the need to describe seismic data from the standard acquisition geometry: the two-dimensional (2-D) seismic line. Any modeling or inversion
method based on such data must rely on some hypothesis permitting this geometric restriction. The simplest one is to consider the seismic wave propagation to occur only in
the vertical plane containing the seismic line. This hypothesis implies the assumption
that the medium parameters do not change in the orthogonal direction to the plane. In
practice, of course, this means that the medium variations in the out-of-plane direction
1
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are so small that the resulting effects may be neglected. Such a medium is, in effect, a
2-D medium or, from the 3-D point of view, this medium has cylindrical symmetry.
The main goal of this paper is to study the wave propagation in this vertical plane
which contains the seismic line and to compare three different approaches to describe
this wave propagation.
Due to the high cost of 3-D modeling, there is a major interest in making use of
the medium symmetry and applying a 2-D modeling scheme to describe the situation.
However, as is well-known (Bleistein, 1986), modeling by the 2-D wave equation is
not sufficient to describe the true 3-D wave propagation, although the traveltimes of
the waves propagating within the plane of consideration can be modeled correctly. The
reason is that the geometrical spreading of a seismic wave generated by a point source
is a 3-D quantity that cannot be modeled by the 2-D wave equation. Therefore, as
the medium and the kinematics of the problem are 2-D but the dynamics are 3-D, the
problem is generally referred to as 2.5-D (Bleistein, 1986).
Because of the problems described above, 3-D modeling seems unavoidable for
the correct description of 2.5-D wave propagation. However, several approaches exist
in the literature to overcome these difficulties. On the one hand, 3-D methods can be
adapted to the 2.5-D problem, i.e., they can be sped up making use of the medium
symmetry analytically. Examples are ray theory and Kirchhoff modeling as described
by Bleistein (1986). On the other hand, 2-D methods can be corrected for the wrong
amplitude treatment of 3-D waves, as, e.g., the amplitude correction of the 2-D finitedifference (FD) solution also suggested by Bleistein (1986).
There is another 2-D concept which tries to overcome the difficulty of the 2.5-D
problem. It is the concept of a partial differential equation called the 2.5-dimensional
wave equation. Such an equation would correctly model the in-plane wave propagation, taking advantage of the kinematic part of 2-D propagation (which is correct) but
treating the amplitudes as required in 3-D. From this ambivalence (2-D traveltimes and
3-D amplitudes) results the attribute 2.5-D.
One can precisely define the 2.5-D wave equation as a partial differential equation
with the following properties:




The 2.5-D wave equation is in fact 2-D, i.e., it depends on two spatial (x; z ) and
one temporal (t) coordinates;
The equation has to simulate 3-D in-plane waves, i.e., waves propagating exclusively within the plane vertically below the receivers, but with a 3-D amplitude
behavior.

In short, we may say
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“A 2.5-D wave equation simulates 3-D wave propagation with the cost
of 2-D modeling.”
A 2.5-dimensional wave equation has the following conceptual advantage over the
above other methods: It is not necessary to consider elementary events separately.
Reflected waves, refracted waves, diffractions, multiples, among other events are all
considered automatically in the 2.5-D simulation. The contrary is true in all other 2.5D methods mentioned above, where one must define which events are to be modeled.
Note that the 2.5-D wave equation describes wave propagation correctly in the 2.5D situation only. This equation is not correct in any plane in space but only within the
symmetry plane.
To take advantage of the symmetry of the 2.5-D problem, Liner (1991) devised an
approximate 2.5-D wave equation suitable to the finite-difference (FD) method. For the
derivation of his equation, Liner (1991) relies on two basic assumptions. He assumes
the medium to be homogeneous in the close vicinity of the source and he assumes the
source pulse to be short. Furthermore, he conjectures that the validity of the obtained
equation can be extrapolated to the region farther from the source, where the medium
is no longer homogeneous.
Williamson and Pratt (1995) show that Liner's equation is mathematically not correct. In this paper, we study its numerical validity, i.e., whether its modeling results,
although incorrect, remain a good approximation for the 3-D waves in a 2-D medium.
In other words, it is our aim to verify whether 2.5-D modeling by Liner's equation
is still a worthwhile alternative to other 2.5-D methods. A similar investigation was
carried out by Bording and Liner (1993). Here, we extend their results to media with
a constant velocity gradient.
METHODOLOGY
The Green's function, G 2:5 (x; z; t), is the in-plane solution of the 3-D wave equation
for a source term in form of a delta pulse. Due to the nature of the problem,

G2:5(x; z; t) = G3(x; y = 0; z; t);

(1)

where G3 (x; y; z; t) is the Green's function of the 3-D wave equation. Unfortunately,
there exists no 2-D differential equation with a source term in form of a delta pulse
with G2:5(x; z; t) as its solution, i.e., G2:5 (x; z; t) is not the Green's function to any
possible 2.5-D wave equation.
Liner's approach to find an approximate 2.5-D wave equation (Liner, 1991) was
simple and straightforward. He searched for a differential operator which, applied to
the 3-D in-plane Green's function for a homogeneous medium, G 2:5 (x; z; t), yields

98

zero. In other words, he sought the 2-D differential operator that propagates the wavefield described by G2:5(x; z; t) within a 2-D medium correctly accounting for the 3-D
amplitude effects in the region away from the sources. He avoided the difficulties with
the source term by starting the propagation at a small time t1 > 0 with the homogeneous 3-D Green's function defining the initial conditions at this time t 1.
Liner expected the searched-for 2.5-D wave equation to be somehow related to the
2-D wave equation. According to this idea, he simply applied the 2-D wave equation
to G2:5 (x; z; t) and moved the resulting terms on the right-hand side back to the left of
the equation. Under the additional assumptions that the pulse to be propagated has a
short duration and that the medium velocity is constant near the source, he arrived at

1 
1 @ + 1  ; @ ; @  G (x; z; t) = 0;
@
+
xx
zz 2:5
c2 tt t t t2
where c = c(x; z ).

(2)

For further analysis of Liner's equation (2), we follow Stockwell (1995) to study
its approximate behavior using the ray-theory ansatz

G2:5(x; z; t) = AL(x; z) exp[ iw(t ;  (x; z)) ]:
(3)
Here,  (x; z ) is the traveltime from the source, in the center (0; 0) of the initial wavefield at t1, to point (x; z ). Also, AL (x; z ) is the wavefield amplitude at that point.
Inserting ansatz (3) into equation (2) yields Liner's eikonal equation

kr k2 ; c12 = 0

(4)

L
2 rAL  r + AL  + A
c2 = 0:

(5)

and Liner's transport equation

In fact the former is simply the 2-D eikonal equation, proving the traveltimes determined by Liner's equation to be correct. However, equation (5) is different from the
correct 2.5-D transport equation,

2 rA2:5  r + A2:5  + A2:5 = 0;
which can be obtained from the 3-D transport equation by carrying out the
derivatives involved. Moreover,  is given by
Z
2
0

 =

0

integrated along the Fermat ray. Note that
measured along the ray.

c d ;

(6)

y(7)

 can be interpreted as an rms velocity
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The difference between equations (5) and (6) leads to the following relation between the corresponding amplitudes

A2:5 =

q

AL;

(8)

where = c20 = (Stockwell, 1995). This equation shows how to correct Liner's
amplitude to obtain the true 2.5-D amplitude. For a homogeneous medium, = 1,
showing Liner's amplitude to be correct in the zero-order ray-theoretical approximation. For an inhomogeneous medium, Liner's amplitude A L is seen to be a good approximation to the true amplitude A2:5 as long as the integral expression (7) is well
approximated by
Z
Z
2
0
 = c d
c20 d 0 = c20 :
(9)
0



0

Constant velocity gradient
To further study the amplitude error of Liner's equation, we consider the case of a
constant velocity gradient in depth, i.e.,

c = c(z) = c0 + a z;

(10)

with c0 and a constants. In this situation, an analytic formula for the amplitude correction factor can be obtained, namely

#
)1=2
( "
(1
+
cos

)
c
1
= c0 p ln c + c p1 ; p2 c2 cos  ; p1 ; p2 c2 ;
0
0

(11)

where p = sin =c0 is the ray parameter and  is the departure angle of the ray.
In the following section, the error of Liner's amplitude predicted by this formula is
compared to numerical results.

NUMERICAL ANALYSIS
In this section, we numerically compare three methods that describe the wave propagation in the 2.5-D situation. The first one is the ray theory solution, the second one
is the FD solution of a 2-D wave equation with an appropriate amplitude correction
(Bleistein, 1986), and the third one is the FD solution of Liner's equation (2). Of several synthetic examples presented by Portugal (1998), here we discuss in detail the
results obtained for a model with a horizontal planar reflector at depth of 400 m below
an acoustic medium with a constant vertical velocity gradient of 1 km/s per kilometer
of depth.
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We simulated a common-shot experiment with 26 receivers at every 25 m, the first
one being located at zero offset and the last one at an offset of 625 m. The source pulse
was a Ricker wavelet with a dominant frequency of about 28 Hz. Figure 1 shows the
pulse of the primary reflected event in the seismic trace recorded by a geophone at an
−6
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Figure 1: Reflected wave seismic trace recorded at 300 m offset. Modeling by ray
theory (continuous line), 2-D FD with amplitude correction (dashed line) and Liner's
equation (dotted line)
offset of 300 m from the source, as modeled by ray theory, 2-D FD with amplitude
correction, and FD solution of Liner's equation.
The numerical analysis was divided into two parts, considering separately the modeling of traveltimes and amplitudes. In all cases, the traveltime analysis showed satisfactory coincidence between all three methods. All errors remained below 0.5%. This
result is in accordance with the expectation based on the theoretical observation that
both eikonal equations, namely Liner's eikonal equation and the true 2.5-D eikonal
equation, are the same.
The dynamic comparison was restricted to amplitude peaks letting aside possible
differences between the modeled pulse forms. As can be observed from Figure 1,
Liner's equation produces some minor distortion in the wave form as compared to
both other methods, due to the violation of the short-pulse assumption.
Concerning peak amplitudes, Liner's equation yields good results in numerical
experiments for relatively simple models, in particular for constant velocity. These
results, although obtained for small models, can be without doubt extended to more
realistic situations since the theoretical analysis shows that for this case Liner's amplitudes are correct in the sense of zero-order ray approximation.
For our constant-gradient model, where the assumption of Liner (1991) are no
longer satisfied, greater errors can be expected. This can be seen in Figure 1, which
shows very good coincidence between the amplitudes of ray theory and amplitude
corrected 2-D FD, but a slight deviation of those from Liner's equation. This is in
accordance with the theoretical result given by equation (11).
A more detailed analysis of peak amplitudes as a function of offset is depicted in
Figure 2. Figure 2a shows the peak amplitudes themselves and Figure 2b shows the
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Figure 2: (a) Peak amplitudes recorded at offset geophones. Modeling by ray theory
(continuous line), 2-D FD with amplitude correction (dashed line) and Liner's equation (dotted line). (b) relative error between: 2-D FD with amplitude correction and
ray theory (continuous line), Liner's equation and 2-D FD with amplitude correction
(dashed line) and Liner's equation and ray theory (dotted line).

corresponding relative errors between each pair of methods. From Figure 2a it can
be observed that the amplitudes increase with offset. The amplitudes obtained from
Liner's equation are systematically greater than the amplitudes obtained by the other
two methods. We also note that ray theory and 2-D FD with amplitude correction
amplitudes are in much better coincidence than Liner's amplitude with any of them.
This fact can be better observed in Figure 2b. The relative error between Liner's
amplitudes and those of the others two methods remains within the 10–15% range.
The relative error between ray theory and 2-D FD with amplitude correction is much
smaller, never exceeding 5%.
To extrapolate these results to other constant-gradient models, we have employed
the analytic expression for = A2:5=AL given in equation (11).
Figure 3 shows the prediction of the relative error of the modeling of a direct or
a reflected vertical wave in a medium with a constant vertical velocity gradient, as
determined using formula (11), i.e., (
1)= . We see that the errors for a negative
and positive velocity gradient are on opposite sides of the axis. This seems to suggest
that the error of a reflected wave should have canceling contribution from the upgoing
and downgoing ray. This is, however, not true. In fact, the error of the wave reflected
at a certain depth z and recorded at z = 0 is identical to the error of the direct wave
observed at depth z (Portugal, 1998).

;

Relative error (%)
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Figure 3: Theoretical prediction of the relative error of Liner's amplitude for a vertical
wave in a medium with a constant vertical velocity gradient. The same error graphs
apply to the direct wave recorded at depth z and the wave reflected at depth z and
recorded at z = 0. Continuous line: gradient of 0:5 s;1 ; dashed line: gradient of
0:5 s;1; dotted line: gradient of 1 s;1 ; dash-dotted line: gradient of 2 s;1 .

;

The result of an error of about 14% as obtained by our synthetic example (see Figure 2) for a reflector at a depth of 400 m in a medium with a vertical velocity gradient
of 1 s;1 falls exactly on the corresponding dotted line. We see that the theoretical
prediction of the error is quite exact. This confirms that is a good measure for the
actual amplitude errors of Liner's equation. ¿From Figure 3, we observe that Liner's
amplitudes get fairly wrong for strong velocity gradients and greater depths.
As a final remark, note that in all experiments we have carried out in this connection, the difference between ray theory and Liner's equation was greater than the
one between the latter equation and the amplitude-corrected 2-D wave equation. This
might be due to the fact the both equations are solved with an identical FD scheme,
thus giving rise to the same types of numerical errors.

CONCLUSION
In conclusion, Liner's equation is a worthwhile alternative for the modeling of 3-D
wave propagation in 2.5-D situations with weak velocity variations. Although slightly
erroneous in the resulting amplitudes, it remains a good approximation for models not
too complex. Its amplitudes are an order of magnitude better approximations to the
true 2.5-D amplitudes than those of the 2-D wave equation obtained with the same
computational cost. If a good approximation for the ray parameter  can be obtained,
the amplitudes of Liner's equation can be further corrected, without the need for an
additional pulse-form correction as is necessary for the amplitude correction of the 2D wave equation. However, for a not so small velocity gradient and greater depth, the
amplitudes modeled by Liner's equation are not reliable. Future research is suggested
on possible improvements of Liner's equation for inhomogeneous media.
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The Kirchhoff-Helmholtz integral for anisotropic
elastic media
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ABSTRACT
The Kirchhoff-Helmholtz integral is a powerful tool to model the scattered wavefield
from a smooth interface in acoustic or isotropic elastic media due to a given incident
wavefield and observation points sufficiently far away from the interface. This integral
makes use of the Kirchhoff approximation of the unknown scattered wavefield and its
normal derivative at the interface in terms of the corresponding quantities that refer to
the known incident field. An atractive property of the Kirchhoff-Helmholtz integral is
that its asymptotic evaluation recovers the zero-order ray theory approximation of the
reflected wavefield at all observation points where that theory is valid. Here, we extend the Kirchhoff-Helmholtz modeling integral to general anisotropic elastic media.
It uses the natural extension of the Kirchhoff approximation of the scattered wavefield and its normal derivative for that media. The anisotropic Kirchhoff-Helmholtz
integral also asymptotically provides the zero-order ray theory approximation of the
reflected response from the interface. In connection with the asymptotic evaluation of
the Kirchhoff-Helmholtz integral, we also derive an extension to anisotropic media of
a useful decomposition formula of the geometrical spreading of a primary reflection
ray.

INTRODUCTION
The field scattered from a smooth interface can be represented by an integral over
the interface. Both the field and its normal derivative at the interface appear in the
integrand. Fundamental representations for acoustic, isotropic elastic, and anisotropic
elastic cases can be found in the literature (see, e.g., Aki and Richards, 1980; Bleistein,
1984). These representations can be recast as modeling formulas by exploiting the
Kirchhoff approximation. This approximation expresses the (unknown) scattered field
and its normal derivative in terms of corresponding (known) quantities of the incident
field. For example, see Bleistein (1984) for the acoustic case and Frazer and Sen (1985)
1
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for the isotropic elastic case. The resulting modeling integral is called the KirchhoffHelmholtz integral. A fundamental feature of this integral is that the appication of the
stationary-phase method yields zero-order ray theory.
In this paper, we derive the extension of the Kirchhoff-Helmholtz integral to
anisotropic elastic media. The Kirchhoff approximation for this case follows along the
same lines as the earlier derivations. For this case, the application of the stationaryphase method to compare to ray theory is not nearly as straightforward as in the previous cases. This is largely a consequence of the fact that the group and phase velocity
vectors generally separate in anisotropic media.
The stationary-phase formula requires the evaluation of the determinant of the
matrix of second derivatives of the traveltime function. The challenge here is to
express this determinant in terms of geometrical spreading factors that characterize the ray-theoretic solution. This leads to a decomposition of the geometricspreading of a primary-reflection ray as a product of three factors: one is the pointsource geometrical-spreading factor of the incidence ray; another is the point-source
geometrical-spreading factor of the reflected ray; the last is the so-called Fresnel
geometrical-spreading factor that accounts for the influence of the interface to the overall spreading. Such a decomposition already exists for the acoustic and the isotropic
elastic cases (Hubral et al., 1992; Tygel et al., 1994; Cervený, 1995). Here it is extended to anisotropic elastic media. The result confirms that the Kirchhoff-Helmholtz
integral has zero-order ray theory as its leading order approximation.
We first derive the anisotropic Kirchhoff-Helmholtz integral from basic principles.
We then compute its asymptotic evaluation using the stationary-phase method and state
the geometrical-spreading decomposition formula.

THE KIRCHHOFF-HELMHOLTZ INTEGRAL
In the frequency domain, wave propagation in an inhomogeneous anisotropic elastic
solid, in the absence of sources, is governed by the elastic Helmholtz equation (Aki
and Richards, 1980)
!2ui (cijkluk;l);j = 0 ;
(1)

;

;

where ui = ui (x; ! ) is the i-th component of the displacement vector u(x),  = (x)
is the density and cijkl = cijkl (x) are the elastic parameters of the medium at the point
x = (x1; x2; x3). Also, ! is the temporal frequency. The elastic parameters satisfy
the symmetry relations cijkl = cjikl = cijlk = cklij . In equation (1) the notation \; j ”
stands for @=@xj . Also, a repeated index implies summation with respect to this index.
The Green's function, g in (x; ! ; xs ), satisfies the equation

; !2gin ; (cijkl gkn;l );j = in(x ; xs ) :

(2)
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It also satisfies the reciprocity relation (Aki and Richards, 1980, equation (2.39))

gij (x; !; xs ) = gji (xs; !; x) :

(3)

We shall use the geometric ray approximation (GRA) to obtain the approximate
Green's function. Using the results in Cervený (1995), we have for a specific ray
connecting a source point xs to a scattering point x, the GRA Green's function

a(x; xs) ei!T (x;xs) h (xs ) ;
(4)
[(x)vs(x)(xs)v(xs )]1=2 j
where h(xs ) and hs (x) are the unit polarization vectors, (xs ) and (x) are the densities and v (xs ) and v s (x) the phase velocities in the ray direction at the source xs and
at the point x, respectively. Moreover, T (x; xs ) is the traveltime along the ray from x
gij (x; !; xs) = hsi(x)

to xs and

a(x; xs) =

e;i  sgn(!) (x;x )
4j det Q2(x; xs )j1=2
s

2

(5)

is a complex amplitude function taking into account possible caustics and phase-shift
at the source. In this expression, det Q2 (x; xs ) 1=2 denotes the relative geometric
spreading factor and (x; xs ) is the KMAH index for the ray that connects the source
xs to the point x.
We remark that our notation for the phase velocities v s(x) and v (xs ) require some
explanation. These are both velocities along the specific ray that connects xs to x. Due

j

j

to anisotropy, these velocities depend on the ray direction, as well as position. When
we check reciprocity and interchange x and xs , we must also shift the superscript s. In
an implicit way, this reflects the fact that these velocities are indepent of the direction
of traversal of the ray. Our notation for the polarization vectors hsi (x) and hi (xs )
follows the same pattern. As a consequence, the reciprocity relation (3) also holds for
the GRA Green's function (4).
We shall approximate the spatial derivatives by their leading-order terms in powers
of ! , namely

gij;k (x; !; xs)  i! T;k (x; xs ) gij (x; !; xs)
= i! psk gij (x; !; xs)

(6)

where psk = psk (x) = T;k (x; xs ) is the k th component of the slowness vector ps (x) at
the point x (for the ray from the source).
We shall consider an incident wavefield, uinc
i (x; ! ), that is being reflected from a
surface  and recorded at the point xr , as shown in Figure 1. The reflected wavefield at
r
xr , urefl
i (x ; ! ), can be expressed as a surface integral involving the displacement field
refl
ui (x; !) and its partial derivatives urefl
k;l (x; ! ) at the surface  by using a representation theorem that is given in Aki and Richards (1980), equation (2.41). In the absence
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of body forces, and with a Green's function that satisfies the reciprocity relation (3),
this representation is

r
urefl
m (x ; ! ) =

Z

gmi (xr ; !; x) cijkl(x) urefl
k;l (x; ! )


r
refl
; gmk;l(x ; !; x) cijkl(x) ui (x; !) nj d :

(7)

To transform the above representation integral into a modeling formula, we need to
refl
replace the unknown wavefields urefl
i (x; ! ) and ui;j (x; ! ) by suitable known approximations of those wavefields. We assume that the incident wavefield, at each point of
the interface , is given in the GRA form
inc
inc
inc
uinc
(8)
i (x; ! ) = hi (x) A (x) exp[i! T (x)] ;
inc
inc
Here, hinc
i (x), A (x) and T (x) are the polarization vector, the amplitude and the
traveltime, respectively, of a specific wave mode selection of the incidence field. Of
course, the complete GRA description of that wavefield requires the consideration of
all relevant wave modes for the modeling problem under consideration. All those
wave modes have the same form of equation (8). By the linearity of the integral representation, the total response is obtained by simple superposition. It suffices, thus, to
consider just one incident wave mode of the form (8).
Generalizing Bleistein's (1984) formulas for acoustic media and those of Frazer
and Sen (1985) for the elastic media, we propose to replace urefl
i (x; ! ) in the
anisotropic Kirchhoff approximation by
spec
inc inc
inc
urefl
(9)
i (x; ! ) hi (x) R(x; p ) A (x) exp[i! T (x)] ;



Here, hspec
i (x) is the polarization vector corresponding to a specular reflected wave
of proper mode at the point x on , due to the incident wave and R(x; pinc ) is the
plane-wave reflection coefficient (normalized with respect to displacement amplitude)
for our choice of incoming and outgoing type of wave. All other factors are as defined
in connection with equation (4). As above, we considered just one wave mode of the
reflected field and rely on linearity to allow us to construct the total reflected field as a
simple sum.
Note that a corresponding approximation has been mentioned by de Hoop and
Bleistein (1997). In this paper, we complete the details of their observation and demonstrate that it yields the leading-order anisotropic ray solution for the reflected wave
after the application of the stationary-phase method.
The anisotropic Kirchhoff approximation of the spatial derivatives of the reflected
wavefield at point x will also follow the pattern of their acoustic and isotropic elastic
counterparts. Namely, we set
spec
refl
urefl
k;l (x; ! )  i! pl (x) uk (x; ! )
spec
inc inc
inc
= i! pspec
l (x) hk (x) R(x; p ) A (x) exp[i! T (x)] ;

(10)
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where pspec (x) is the slowness vector of the specular reflected wave, that is, it is related
to ps by Snell's law for plane waves incident on planar reflectors.
To construct the Kirchhoff-Helmholtz modeling formula based on the representation integral (7), we shall need the GRA Green's function g mi (xr ; !; x) from the point
x to the receiver at xr for another specified wave (also given by a specified ray code).
We shall also need the partial derivatives gmk;j (xr ; !; x) of that GRA Green's function.
The expressions of these two functions can be readily derived upon an obvious choice
of arguments in equations (4) and (6), respectively. A possible wave-mode conversion
at x is taken care of by selecting the proper reflection coefficient in equation (9). With
the Kirchhoff approximation as represented by equations (9) and 10), equation (7) can
be approximated by

r
uKH
m (x ; ! )

Z

r
= i! [(xhr )mv((xxr))]1=2 [(cxijkl) v(rx()xn)]j1=2
 

spec
r (x) hr (x) hspec (x)
 hri (x) pspec
(
x
)
h
(
x
)
;
p
i
l
k
l
k
r
inc
 ei![T (x ;x)+T (x)] a(xr ; x) Ainc(x) R(x; pinc) d

(11)

This is the Kirchhoff-Helmholtz integral that models the reflected wavefield from
an interface in an inhomogeneous anisotropic elastic media due to an arbitrary incident
wavefield.
The above-obtained Kirchhoff-Helmholtz integral is of particular interest when the
incident wavefield is chosen to be the GRA Green's function of equation (4). In that
case, that modeling integral becomes a useful approximation of the reflected response
of the interface due to a point-source excitation, namely an approximation of the reflected Green's function from that interface. The explicit expression of the KirchhoffHelmholtz integral in this important situation is readily found to be

Z
hm (xr )
cijkl(x) nj
KH (xr ; ! ) = i!
gmn
(12)
r
r
1
=
2
r (x) v s (x)]1=2

(
x
)
[
v
 [(x ) v (x )]


spec
spec
spec
r
r
r
 hi (x) pl (x) hk (x) ; pl (x) hk (x) hi (x)
s
 ei! T (xr ;x;xs) a(xr ; x; xs) R(x; ps) [(xhs )nv(x(x)s )]1=2 d ;

where we have used the simplifying notation

T (xr ; x; xs ) = T (xr ; x)+ T (x; xs ) and a(xr ; x; xs) = a(xr ; x) a(x; xs) :

(13)

In the next section, the stationary-phase analysis of this integral shows that the highfrequency asymptotic evaluation yields the GRA expression of the reflected field from
 due to point source at xs and observed at xr .
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THE STATIONARY-PHASE APPROXIMATION
We want to compute the stationary values of the surface scattering integral of the type

Z
I = i! b(x) ei!T (x) d ;

(14)



to leading order in the high-frequency ! .

~ satisfy
The stationary points x

@T = @T @xk = rT  t = 0 ; i; j; = 1; 2 :
j
@j @xk @j

(15)

where tj , j = 1; 2 are the surface tangents. This condition is equivalent to Snell's law.
~ . Furthermore, we
For simplicity, we assume that there is only one stationary point x
assume that the stationary point is regular, so that det H = 0, where the matrix H has
elements
2T
2T
@xn @xk ; i; j = 1; 2 ;
= @x@ @x
Hij = @@ @
(16)
i j
n k @i @j
~ . Then the stationary value of the integral is (Bleistein, 1984, , equation
evaluated at x
(2.8.23))

6

!
2

I~ = i! j!j jdet H j;1=2 ei  sgn(!) Sgn(H ) b(~x) ei!T (x~ ) ;
4

(17)

~ = x(~) is the stationary point and Sgn(H ) is the signature of the matrix H ,
where x
that is, the difference between the number of its positive eigenvalues and the number
of its negative eigenvalues.
~ is a point of specular reflection, so that hspec(~x) = hr (~x)
The stationary point x
spec
r
and p (~
x) = p (~x). This gives rise to the following expression for the integral (12)
after stationary-phase evaluation

KH (xr ; !; xs ) ' 2 jdet H j;1=2 ei  sgn(!) [Sgn(H )+2]
gmn
r
(~x) hri (~x) hrk (~x) prl nj
 [(xhr )mv((xxr))]1=2 2cijkl
(18)
(~x)[vs(~x) vr (~x)]1=2
s
 R(x; xs) a(xr ; x~ ; xs) ei! T (xr ;x~ ;xs) [(xhs)nv(x(x)s)]1=2 :
4

j

j

Let us now introduce the group velocities V s;r = V s;r (~
x) that pertain to the ray
segments connecting the source xs and the receiver xr , respectively, to the reflection
~ . We recall that the group velocity is a vector in the ray direction. We denote
point x
by s;r and s;r , respectively, the angles that the group and phase velocities V s;r and
vs;r make with the normal n of the reflector at x~ . In anisotropic media, the ray and
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6

slowness directions differ in general, that is, s;r = s;r . Moreover, the three vectors
V s;r , v s;r and n do not, in general, lie in the same plane (see Figure 2).
Introducing the angle s;r between the phase and group velocities V s;r (~
x) and
vs;r (~x), we can express the relationship between these quantities as (see de Hoop and
Bleistein, 1997)

vs;r (~x) = V s;r (~x) cos s;r :

(19)

Moreover, we also have that (see., e.g., Cervený, 1995)

cijkl (~x) hr (~x) hr (~x) pr n = V r (~x) n = V r (~x) cos
j
n
l j
j
(~x) i

r

;

(20)

j j

where V r = V r is the group velocity of the ray from the reflection point to the
receiver. The geometry of the reflection point is shown in Figure 1.
When expressions (19) and (20) are used in the stationary result (19) of the
Kirchhoff-Helmholtz integral, this reduces to

gKH (xr; !; xs ) ' gR(xr ; !; xs ) ;
where

gR(xr ; !; xs)

(21)


r)
;i  sgn(!) (x ;x~ ;x )
h
(
x
e
En
s
= [(xr ) v(xr )]1=2 R (~x; x ) 4j det Q (xr ; x~ ; xs)j1=2
2

T
s
 ei!T (xr ;x~ ;xs) [(xhs ) v((xxs))]1=2
r

2

is the GRA Green's function for the reflected wave from
energy-normalized reflection coefficient

R

En

(~x; xs) = R(~x; xs)

"

V r (~x) cos
V s(~x) cos

x s to xr .

r #1=2
s

s

(22)

It includes the

;

(23)

relative geometrical spreading factor

cos  cos 
j det Q2(xr ; x~ ; xs )j1=2 = det H det Q2(~x; xr ) det Q2(~x; xs) cos
r cos s
r

s 1=2

;

(24)

KMAH index,

(xr ; x~ ; xs ) = (~x; xr ) + (~x; xs ) + [1 ; Sgn(H )=2] ;

(25)

and reflection traveltime

T (xr ; x~ ; xs) = T (~x; xr ) + T (~x; xs) :

(26)

112
Note that for each preassigned wave mode that arrive at xr , there is a construction of
the form (22). The total wavefield at xr is, f course, the sum of all of the relevant wave
modes that make up the reflected response.
In acoustic and elastic isotropic media, the phase and group velocities coincide,
implying that s;r = s;r and s;r = 0. As a consequence, the expression (24) for the
relative geometrical spreading reduces to

j det Q2

(xr ; x~ ; xs )j1=2 =

det H det Q2(~x; xr ) det Q2(~x; xs) 1=2 :
cos r cos s

(27)

This simplified expression was proposed by Ursin and Tygel (1997). It has to be corrected for its more general counterpart (24). Note that one can derive a general formula
for the decomposition of the matrix Q2 (x; xs ) from ray-theoretical considerations.
This result proves that equation (24) agrees with the reflected wavefield as derived by
ray theory.

CONCLUSIONS
In this paper, we have extended the Kirchhoff-Helmholtz integral that is well-known
for acoustic and elastic isotropic media, to generally anisotropic media. As was done
in the cases of acoustic and isotropic elastic media, the upgoing, scattered field at the
interface was replaced by the specularly reflected field, as approximated by the GRA.
Within the validity of the GRA, the new integral formula can be used to compute
multiply reflected and converted waves in anisotropic media. This also includes a possible wave-mode conversion at the interface. The present approach provides a “singleevent” approximation that enables us to determine one specifically chosen reflection
without having to calculate all other events that might be considered noise in the actual
problem. This is, of course, no restriction, since the complete wavefield at the receiver
is just the superposition of all possible events that can be calculated independently (but
simultaneously, if so desired) by the corresponding Kirchhoff-Helmholtz integrals.
We have also extended the decomposition formula for the relative geometrical
spreading factor from acoustic and elastic isotropic to anisotropic media. This generalization has been done independently, based only on ray-theoretical arguments.
The resulting decomposition formula provides the means to calculate the geometrical
spreading of a primary reflected ray in terms of the spreading factors of the incident
and reflected ray segments and a third factor that accounts for the influence of the
interface.
The generalized geometrical-spreading decomposition was crucial to show that the
stationary-phase analysis of the new integral results in the GRA Green's function of
the reflected wavefield. This comparison confirms that the generalized Kirchhoff ap-

113

proximation for the reflected field and its normal derivative at the reflector is correct in
generally anisotropic elastic media.
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Geometrical-spreading decomposition in anisotropic
media
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ABSTRACT
The decomposition formula for the geometrical-spreading factor is generalized to
anisotropic media. This involves not only the familiar ray-centered and local Cartesian coordinate system but also new coordinates oriented with respect to the group
velocity. The general decomposition formula involves the two spreading factors of the
two individual segments from the source to the reflector point and from there to the
receiver, the Fresnel matrix, as well as the group velocity reflection angles and phase
angles of the ray segments.

INTRODUCTION
In this paper, we derive the a geometrical spreading decomposition formula for
anisotropic elastic media in terms of second-order mixed derivatives of the traveltime. This formula is crucial to the verification that the asymptotic evaluation of the
Kirchhoff-Helmholtz integral provides the zero-order ray-theoretical response.
For didactical reasons, we divide the proof into two independent claims, the first
being a general version of the decomposition formula for arbitrary local Cartesian
coordinate systems having origins at the source and receiver locations, respectively.
The second is the specification of the previous formula to ray-centered coordinates,
thus producing the desired decomposition result for the relative geometrical spreading.
Referring to Figure 1, we consider a point source with global Cartesian coordinates
s
x located on some arbitrary measurement surface, and a corresponding receiver at
xr on the same or another measurement surface. We also consider a fixed primary
~ on the reflector
reflection ray that connects the source point xs to the reflection point x
 and that reflects back to the receiver xr , in accordance to Snell's law.

^ with its origin at x~ . It is
We define a local 3-D Cartesian coordinate system 
oriented such that its third axis, 3 , is along the reflector's normal. The first two axes,
1
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Figure 1: Global and local coordinates

1; 2, then define a natural 2-D Cartesian coordinate system on the tangent plane to
~ . We distinguish between the 3-D vector ^ = (1; 2; 3) and the 2-D
the reflector at x
~
vector  = (1 ; 2). We finally assume that points on the reflector in the vicinity of x

are parameterized by their 2-D projection vectors  on the tangent plane.
^ s and ^ r with origins at xs and
We introduce analogous 3-D Cartesian systems 
xr , respectively. For each of these, the third component points along the normal to
each measurement surface at xs and xr , respectively. As above, the measurement
surfaces are described locally as functions of the first two components, s and  r ,
respectively.

We need to consider the traveltime from points on the source surface near xs to
~ to points on the receiver surface near xr . These travelpoints on the reflector near x
times can be totally described as functions of the 2-D coordinate vectors, s ;  ;  r .
That is,
TD (s; r ; ) = T s(s; ) + T r (r ; ) :
(1)
This function is commonly referred to as the diffraction traveltime from the source to
the reflector to the receiver. For each source-receiver pair, Fermat's principle tells us
that the diffraction traveltime is stationary at the reflection point. That is,

@TD(s ; r ; )
=0
@i
=~

i; j = 1; 2 :

(2)

This determines the reflection point coordinates  as a function of s and  r . We call
~ : ~ = ~ (s; r ). In addition, this defines the reflection traveltime
this function 

TR(s; r ) = TD(s ; r ; ~ (s ; r ))

(3)
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~ to  r . Due to the particular choice of the (3-D) coordinate
of the ray from  s to 
^ s , ^ r , and ^ , the reflection traveltime along the ray from xs to x~ to xr is
systems 
then given by

TR(s = 0; r = 0) = TD(s = 0; r = 0;  = 0) :

(4)

The mixed-derivatives of second-order of traveltimes play an important role in our
analysis. More specifically, we are interested in matrices B related to these mixed
derivatives by
2 ( s ;  r )
R
; i; j = 1; 2 ;
Bij;1(xr ; xs) = ; @ T@
s r
i @j
 s= r =0
2
r
Bij;1(xr ; x~ ) = ; @ T@R(@; r )
; i; j = 1; 2 ;
i j
= r =0
2
s
;
i; j = 1; 2 :
Bij;1(~x; xs) = ; @ T@R(s@; )
i j  s= =0

(5)
(6)
(7)

We are now ready to state the two independent claims that will provide the following
decomposition formula for the geometrical spreading

j det Q2

(xr ; x~ ; xs )j1=2 =

det H det Q2

(~x; xr ) det Q

r cos s 1=2
cos

s
x; x ) cos r cos s
2 (~

:
(8)

Claim one
The first claim is that, for a reflection ray from a source at xs to a receiver at xr , being
~ , the matrix B (xr ; xs) can be decomposed into
reflected at x

B(xr ; xs) = B(xr ; x~ )H (~x)B(~x; xs) ;

(9)

The matrix H (~
x) is defined in the present notation as
2 ( s ;  r ; )
Hij (~x) = @ TD@
;
i@j
s=r ==0

i; j = 1; 2 :

(10)

The B -matrix decomposition (9) has been demonstrated by Hubral et al. (1992b)
based on paraxial-ray arguments. Here, we prove the same result independently using
the simple rules of explicit differentiation. Although Hubral et al. were discussing
isotropic media, both proofs are equally valid for anisotropic media.
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Claim two
The second claim to be proven addresses the relationship between the 2
B (xr ; xs) and Q2(xr ; xs). This has the form

 2 matrices

B(xr ; xs) = G;1(xr )Q2(xr ; xs )G;T (xs) :

(11)



Here, G is the 2 2 transformation matrix from ray-centered to local Cartesian coordinates. In acoustic and isotropic media, Hubral et al. (1992a) ) and Cervený (1995)
have provided expressions for G. Their results will now be extended to the anisotropic
case.
Once the two claims (9) and (11) are proven, they will provide the decomposition
formula for Q2 (xr ; xs ), the determinant of which is equation (8).
Proof of claim one
To prove the first claim, we start by using the chain rule to compute the second-order
traveltime derivative required in equation (5). We have

!
@ 2TR(s; r ) = @ @TD + @TD @ ~k
@is@jr
@is @jr ~ @k ~ @jr
@ 2TD + @ ~l @ 2TD + @ 2TD @ ~k
= @
s r
@is @l@jr ~ @is@k ~ @jr
i @j ~
2
@

~
@

~
@T
@
~k
l @ 2TD
k
D
+ @s @ @ @r + @ @s@
r
k ~
i l k ~
j
i j

(12)

The last term on the right-hand side vanishes because of equation (2). Also, the first
term vanishes because neither T s nor T r in equation (1) depends on both  s and  r .
We now observe that

@ 2TD = @ 2(T s + T r) = @ 2T s = ;B ;1(~x; xs) ;
ik
@is@k
@is@k
@is@k

(13)

and

@ 2TD = @ 2(T s + T r ) = @ 2T r = ;B ;1(xr ; x~ ) ;
(14)
ik
@l@jr
@l@jr
@l@jr
because T r = T r ( r ;  ) does not depend on is and T s = T s ( s ;  ) does not depend
on jr . Taking the above derivatives at s =  r =  = 0, we can thus write equation
(12) in matrix notation as

B;1(xr ; xs) = B;1 (~x; xs )X r + (X s)T B ;1(xr ; x~ ) ; (X s)T H (~x)X r

(15)
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where the matrices X s and X r are defined by

@ ~i
;
Xijs;r (xr ; x~ ) = @
s;r
j  s;r = =0

i; j = 1; 2 :

(16)

Expressions for these matrices can be obtained by differentiating equation (2) with
respect to is and ir , respectively. This yields

!
@ ~l = 0 ;
@ @TD = @ 2TD + @ 2TD
s;r
s;r
@i @k ~
@i @k ~ @l@k =~ @is;r
which, evaluated at s =  r =  = 0, translates in matrix notation to
B;1(~x; xs) = (X s)T H (~x)

(17)

(18)

and

B ;1(xr ; x~ ) = H (~x)X r :
(19)
s
r
Solving equations (18) and (19) for X and X and substituting the results in equation
(15), we arrive at

B;1(xr ; xs) = B ;1(~x; xs )H ;1(~x)B;1(xr ; x~ )
+B ;1(~x; xs )H ;1(~x)B;1(xr ; x~ )
;B;1 (~x; xs )H ;1(~x)H (~x)H ;1(~x)B ;1(xr ; x~ )
= B ;1(~x; xs )H ;1(~x)B;1(xr ; x~ ) :

(20)

Taking inverses of both sides of this equation reproduces the first claim (9).
Proof of claim two
To prove the second claim (11), we need to consider two additional auxiliary coordinate systems. These are the familiar ray-centered coordinates and a new set of coordinates that we will call the “group-velocity centered coordinates” (see Figure 2).

^ , consistent with Cervený's (1995)
We denote the 3-D ray-centered coordinates by q
notation. We recall that the vector q of the first two components of q^ lies in the tangent
plane to the wavefront, that is, the third axis, q3, points along the slowness vector of
the ray.
The group-velocity centered coordinate system, denoted by g^ , has the third axis,
g3, pointing along the group velocity, that is, in the direction of the ray.
As above, we define corresponding coordinate systems with superscripts s and r at

the source and receiver positions xs and xr , respectively. Note that there are two raycentered and two group-velocity centered coordinate systems at the stationary point,
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Figure 2: Local Cartesian, ray centered, and group-velocity centered coordinates

one of which pertains to the source ray and the other to the receiver ray, respectively.
There is, however, only one local  -system at this point, because this system is not
oriented with respect to any ray but to the reflecting interface.
Using these coordinates systems, we recall that (Cervený, 1995)

Q;1(xr ; xs) = ;
2

!
@ 2TR
@qis@qjr q=0 ;

i; j = 1; 2 :

(21)

We will also need the corresponding traveltime mixed-derivative matrix in the groupvelocity centered coordinates, viz.,

Y ;1(xr ; xs ) = ;

!
@ 2TR
@gis@gjr q=0 ;

i; j = 1; 2 :

(22)

By the chain rule of partial derivatives, the above second derivative matrices are
related by

@ 2TR = @gks @ 2TR @glr ;
@qis@qjr @qis @gks @glr @qjr

i; j = 1; 2; k; l = 1; 2; 3 :

In the same way, the second-order derivatives defining the matrix
relate to those defining Y as

@ 2TR = @gks @ 2TR @glr ;
@is@jr @is @gks @glr @jr

(23)

B in equation (5)

i; j = 1; 2; k; l = 1; 2; 3 :

(24)
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In equations (23) and (24), we have introduced the coordinate transformations
(@qis;r=@gjs;r ) and (@is;r=@gjs;r ) with i = 1; 2 and j = 1; 2; 3 from ~qs;r and ~s;r, respectively, to g^ s;r .
Introducing the slowness vector components in the group-velocity centered coordinate systems at the source and receiver,

Pks;r = @T
@gs;r ;

(25)

@ 2TR = @ 2T s = @Pks = 0
@gks @g3r @gks @g3r @g3r

(26)

@ 2TR = @ 2T r = @Plr = 0 :
@g3s@glr @g3s@glr @g3s

(27)

s;r

k

we note that

and

These derivatives vanish, because the slowness vector components Pks at the source xs
are independent of a perturbation of the receiver xr along g3r , that is, along the direction
of the reflected ray. Correspondingly, the Pkr at xr are independent of a perturbation of
xs along g3s . Therefore, the above relationships (23) and (24) remain valid with k and l
only assuming the values 1 and 2. See section A.5 for a discussion of this crucial fact.
We may, thus, recast equations (23) and (24) into matrix form as

Q;2 1 = ;T (xs )Y ;1;(xr )

(28)

and

B ;1 = T (xs)Y ;1(xr ) ;
(29)
respectively. Here, ; and  are the upper left 2  2 submatrices of the full 3  3
transformation matrices (@gis;r =@qjs;r ) and (@gis;r =@js;r ), respectively. All of these are

general 3-D rotation matrices that can be decomposed into three elementary rotations,
being one around the 3-axis, a second one around the resulting 2-axis, and a third one
around the new 3-axis. Therefore, their upper left 2 2 submatrices can be decomposed
into three elementary matrices, being two rotation matrices and a projection matrix,
namely



0
cos q sin
B
;=@
; sin q cos

and

0
cos  sin
B
=@
; sin  cos

q
q



10
cos
CA B@
0

10
1
cos q sin q
CA B@
CA
1
; sin q cos q
0

10
10
1
cos

0
cos

 sin 
C
CA B@
CA :
A B@
; sin  cos 
0 1

(30)

(31)
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Here, q; and q; denote the in-plane rotation angles around the old and new 3-axes,
respectively. Also, denotes the angle between the group velocity and the interface
normal, and  denotes the angle between the group and phase velocities. Both formulas (30) and (31) hold, correspondingly, at the ray's initial and end points, that is, at
source and receiver.
Eliminating the auxiliary matrix Y from equations (28) and (29), we obtain the
relationship
B(xr ; xs) = ;;1 (xr )(xr )Q2(xr ; xs)T (xs);;T (xs ) :
(32)
Setting

G = ;1;

(33)

and substituting it into equation (32) establishes the second claim (11).
Corresponding relationships to formula (32) hold for the matrices B (~
x; xs) and
B (xr ; x~ ) of the ray segments from the source to the reflection point and from there to
the receiver. These are
B (~x; xs ) = ;;s 1(~x)s(~x)Q2(~x; xs)T (xs);;T (xs )
(34)
and

B(xr ; x~ ) = ;;1(xr )(xr )Q2(xr; x~ )Tr (~x);;r T (~x) ;
(35)
where ;s;r and s;r are the corresponding transformation matrices for the source and
~ . They are given by equivalent
receiver rays, respectively, at the reflection point x
equations to (30) and (31) for the matrices ; and .
Substitution of equations (32) to (35) into the decomposition formula (9) leads to
Q2(xr ; xs ) = Q2(xr ; x~ )Tr (~x);;r T (~x)H (~x);;s 1(~x)s(~x)Q2(~x; xs) : (36)

We now take determinants of both sides of this equation. From the expressions for ;s;r
and s;r that correspond to equations (30) and (31), respectively, we recognize that
det ;s;r = cos s;r and det s;r = cos s;r :
(37)
Here s;r are the angles between the group velocity of the source and receiver rays and
~ and s;r are the angles between the group and phase velocities
the surface normal at x
of these rays at the same point. In this way, we finally obtain the desired formula (8).
Why the group-velocity centered coordinates?
Intuitively, one might be tempted to connect the second-derivative matrices defining
B and Q2 by a direct transformation from ray-centered to local Cartesian coordinates.
This would read, parallel to equations (23) and (24),
@ 2TR = @qks @ 2TR @qlr ;
i; j = 1; 2; k; l = 1; 2; 3 :
(38)
@is@jr @is @qks @qlr @jr
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However, the second derivatives of the traveltime with respect to the 3-axes of the raycentered coordinate systems do not vanish since these derivatives involve perturbations
of the ray's end points in directions other than along the ray, that is,

@ 2TR 6= 0
@qks@q3r

(39)

and

@ 2TR 6= 0 :
(40)
@q3s@qlr
Therefore, equation (38) does not reduce to a 2  2 matrix relationship as is the case for
^.
equations (23) and (24). This reduction only occurs in isotropic media where q^ = g
This explains why the transformation from ray-centered to local Cartesian coordinates
can be done in one step in isotropic media, but has to be done in two steps in anisotropic
media, involving the group-velocity centered coordinate system as an intermediate
step.

CONCLUSIONS
In this paper, we have shown how the decomposition formula for the geometricalspreading factor (Tygel et al., 1994; Ursin and Tygel, 1997) generalizes to anisotropic
media. The decomposition can, of course, be cascaded in the same way as shown
in isotropic media by Hubral et al. (1995). The anisotropic decomposition formula
has also been used to show that the Kirchhoff approximation (Bleistein, 1984) can be
extended to anisotropic media as intuitively expected (Schleicher et al., 1999).
However, this is a result not only crucial for forward modeling purposes but it
will also allow to set up the correct anisotropic counterparts to the weights for trueamplitude Kirchhoff migration (Schleicher et al., 1993).
The research of this paper has been supported in part by the Research Foundation of the State of Sao Paulo (FAPESP-Brazil), the National Council for Technology
and Scientific Development (CNPq-Brazil), the Ministry of Science and Technology
(PRONEX-Brazil), and the sponsors of the WIT consortium.
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3-D traveltime computation using a hybrid method

R. Coman and D. Gajewski1
keywords: traveltime, wavefront construction, FD eikonal

ABSTRACT
A hybrid method for computing multi-arrival traveltimes in 3-D weakly smoothed media is presented. The method is based on the computation of first-arrival traveltimes
with a finite-difference eikonal solver (FDES) and the computation of later arrivals
with the wavefront construction method (WFCM) . The detection and bounding of regions where later arrivals occur is done automatically. WFCM is only used in complex models. If no triplications are present, only FDES is used. The complexity of the
model is automatically investigated, without user intervention. The applicability of the
method to a model with a triplication is demonstrated. The hybrid method is a better
alternative to WFCM, since it is faster and has a comparable accuracy.

INTRODUCTION
Three-dimensional (3-D) traveltime computation is commonly done with finitedifference eikonal solvers (FDESs) or with ray-tracing methods (e.g., Vidale, 1990;
Cervený, 1985). Only ray-tracing methods permit computation of multi-valued arrivals which occur in complex models, but for a prestack Kirchhoff migration this
computation is very time consuming. Thus, a faster computation of 3-D multi-valued
traveltimes is required.
FDESs provide a fast and robust method of first-arrival traveltime computations
(Vidale, 1990; van Trier and Symes, 1991; Sethian and Popovici, 1999). However,
in complex velocity structures, first arrivals do not necessarily correspond to the most
energetic wave, and other arrivals can also be important for accurate modeling and
imaging (Geoltrain and Brac, 1993; Ettrich and Gajewski, 1996).
Multiple arrivals are traditionally computed with ray-tracing methods. The most
suitable implementation of ray tracing for computing a large number of two-point
problems is the wavefront construction method (WFCM) (Vinje et al., 1993; Ettrich
1
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and Gajewski, 1996; Vinje et al., 1996; Lambaré et al., 1996). Unfortunately, the
computational efficiency of WFCM is low (Leidenfrost et al., 1999).
Our aim is a more efficient computation of multi-valued 3-D traveltimes in weakly
smoothed media. We combine FDES and WFCM to a hybrid method, taking advantages of the computational speed of FDES and using the ability of WFCM to compute
multi-valued traveltimes. This idea was also used by Ettrich and Gajewski (1997) by
presenting a related 2-D hybrid method. The corresponding 3-D hybrid method is not
only an extension from 2-D, because many problems ( e.g., the searching and bounding
for regions where later transmitted arrivals occur) require new algorithms in 3-D.
The method that we present consists of four steps:
1. Computing of first-arrival traveltimes with a FDES,
2. Searching for triplications,
3. Bounding the regions where later arrivals occur,
4. Computing of later arrivals with WFCM.
After the computation of first-arrival traveltimes, the hybrid method will automatically realize if and where later arrivals occur. If no triplication is detected, computation
with a fast FDES is sufficient. The implementation of the first and the last step is simple; the problems in developing a hybrid method are: the identification of zones where
triplications occur, and the setting of initial conditions for WFCM.
We developed a new algorithm for the automatic detection and bounding of regions
where later arrivals occur, and adapt a 3-D FDES (Vidale, 1990) and a 3-D WFCM (
based on the implementation by Ettrich and Gajewski,1996) to the needs of the hybrid
method.

THE FDES-WFCM HYBRID METHOD
We describe the four steps of the method by means of an example. The 3-D velocity
model used in the example is a cube with a spherical inclusion in the middle (Figure
1). The 10 10 10 km model used has a background velocity of 3:0 km=s. In
the middle of the model is a spherical inclusion with a diameter of 3:5 km, where the
velocity smoothly decreases to 1:5 km=s in the center of the inclusion. The source is
located at coordinates x = 5 km, y = 5 km, z = 0:5 km. We choose this velocity
distribution because it leads to a triplicated wavefront. The computed multi-valued
wavefronts at three different traveltime steps are shown in Figure 2 . The bottom
wavefront displays a triplication.
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Figure 1: 2-D vertical slice through the middle of the 3-D velocity model. The 3-D
velocity model used in the example is a cube with a spherical inclusion in the middle.
The background velocity of 3:0 km=s smoothly decreases to 1:5 km=s in the middle
of the inclusion.
The attributes of a triplication are important for understanding how the hybrid
method works, so we define next two elements of a triplicated wavefront (see also
Figure 3): (1) The wavefront crossing point is the point where two different wavefronts cross. The first-arrival wavefront shows in this point a discontinuity. (2) The
reverse branch is the slowest branch of the triplication and it is formed by rays which
already passed the caustic. This branch often carries the highest amount of energy.
The reverse branch is the third arrival in a triplicated wavefront.
With help of the given definitions we explain the four steps of the hybrid method:
Step 1: Computing of first-arrival traveltimes with FDES
First-arrival traveltimes are computed with Vidale's FDES (Vidale, 1990), but
we can also use other FDESs (van Trier and Symes, 1991; Sethian and Popovici,
1999). The first-arrival wavefronts, displayed in Figure 4, shows a region (at
x = 5 km and z > 6 km) where the traveltime is not smooth. Discontinuous
change of the wavefront curvature indicates wavefront crossing points, which
we detect in the next step.
Step 2: Searching for triplications
For this step we use the first-arrival traveltimes computed in the step before. The
searching for triplications in 3-D is more complicated than in 2-D, because the
triplications can have complicated shape. Our algorithm is based on the fact that
the traveltimes which belong to the same wavefront are smooth. We smooth the
first-arrival traveltimes and substract them from the original first-arrival traveltimes. The only differences will be near the wavefront crossing points (Figure
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Figure 2: Wavefronts computed with WFCM for the model described above. The
wavefronts are displayed at three different times (top 1 s, middle 2 s, bottom 3 s). The
bottom wavefront shows a triplication.
direction of propagation
reverse branch

3.
wavefront crossing

2.

1.

Figure 3: A triplicated wavefront. The reverse branch ( bold; 3) of the triplication is
the slowest branch. The first and second arrivals belong to the same physical branch.
They are separated by the wavefront crossing point.

5). At the end of this step we will have at the discretized subsurface model four
points for each triplication. The rays which connect the source point with these
four points bound the region for the computation of later-arrival traveltimes with
WFCM.
Step 3: Bounding the regions where later arrivals occur
Here, we find the rays which connect the source point with the four points fixed
in the step before. So, we have to solve four two-point ray-tracing problems.
The difficulty is that between each two points there are three different rays (see
Figure 6). To solve this problem we developed a two-point ray-tracing method
that works well in the vicinity of caustics and is robust, fast and accurate. Details
about this method will be given in the next report. At the end of this step we will
have the take-off angle for WFCM.
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Figure 4: First-arrival traveltimes computed with Vidales's method. Regions at x =
5 km and z > 6 km displays wavefront crossing points. Note that this is a 2-D vertical
slice of the 3-D traveltime grid.
original traveltime

traveltime
difference

smoothed traveltime

Figure 5: Searching for triplications. There are differencies between original firstarrival traveltimes and the smoothed ones around the wavefront crossing points.

Step 4: Computing of later arrivals with WFCM
WFCM is performed only in the region delimitate by the four rays. Wavefronts built by rays which passed the caustic point are shown in Figure ??. 3-D
WFCM is a relatively new approach to compute multi-valued traveltimes (Vinje
et al., 1996). Based on the implementation of WFCM in 2-D media (Ettrich and
Gajewski, 1996), we developed a 3-D WFCM and adapted it to the requirement
of the hybrid method (the region is bounded by four rays and the interpolation
to the traveltime grid is done up to the first caustic point). We also tested new
algorithms for the interpolation from wavefronts to the 3-D traveltime grid and
the interpolation of kinematic and dynamic ray-tracing parameters for a new ray.
Also, several integration routines to perform ray tracing in the most efficient way
were tested. Preliminarily results show the Runge-Kutta method to be effective
and accurate. Details about WFCM will be given in a following report.
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source
rays

wavefront
Figure 6: There are three rays between the source point and a point near the wavefront
crossing point. We search only for the “first-arrival” ray (the bold one).

COMPUTATIONAL SPEED AND ACCURACY
Leidenfrost (1999) showed that for a 2-D model the computational speed with Vidale's
FDES (Vidale, 1990) is higher than the one obtained with the WFCM method. Our
tests show the same conclusion for a 3-D model. For the hybrid method we use this
result and compute the first arrival with FDES, and only for the region where triplications occur, we compute later arrivals with WFCM. That leads to a faster code than
with WFCM alone.
We compared the CPU-time between WFCM alone and the hybrid method for the
3-D velocity model (with 101 101 101 gridpoints) described above. For a single
shot, the computation with WFCM alone needs 75.1 s, while with the hybrid method
only 38.41 s (Step 1. 17.45 s; Step 2. 1.02 s; Step 3. 0.9 s; Step 4. 19.04 s).





The computational speed of the hybrid method depends on:
1. The complexity of the model and the position of the source,
2. The accuracy of bounding the triplications,
3. The computational speed of each of the four steps discussed above.
The first point defines if the wavefront is single-valued or multi-valued. For a singlevalued wavefront we compute the traveltime only with FDES; for a multi-valued wavefront we additionaly use the WFCM. The second point is important for models with
triplications. If we bound each triplication accurate, we use WFCM for smaller regions, leading to a faster computation. The importance of the last point is obvious.
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Figure 7: Wavefronts built by rays which passed the caustic. The later-arrival traveltimes are computed with WFCM.

The accuracy of traveltimes computed by the hybrid method is given by the accuracy of the applied FDES and by the ray-tracing parameters used in WFCM. Vidale
(1990) analyzed his 3-D FDES and found a good accuracy. We found also a good
accuracy for 3-D WFCM. This accuracy depends on: (1) the ray-tracing parameter,
(2) the interpolation of ray-tracing parameter for a new ray, and (3) the traveltime interpolation from wavefronts to the 3-D traveltime grid of the discretized subsurface
model.

CONCLUSIONS
The aim of this work was to develop a method for a more efficient computation of
multi-valued 3-D traveltimes in weakly smoothed media. We propose a hybrid method
that compute the first-arival traveltimes with a fast FDES and use WFCM only in the
region where later-arrivals occur.
The characteristics of our hybrid method are: (1) the computational efficiency is
higher than for WFCM alone. We showed that for a single shot of the 3-D model we
needed 75.1 s to compute the traveltimes with WFCM and only 38.41 s to compute
them with the hybrid method; (2) the accuracy of traveltimes computed by the hybrid
method is given by the accuracy of the applied FD eikonal solver and by the ray tracing
parameters used in WFCM; (3) the decision if WFCM is needed is done automatically,
i.e., no user intervention is necessary to decide the complexity of the model. Initial
parameters for WFCM are also automatically determined.
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Simultaneous computation of P- and S-wave traveltimes
for pre-stack migration of P-S converted waves

E. Menyoli and D. Gajewski1
keywords: first-order perturbation, finite difference, converted waves, migration

ABSTRACT
In doing converted wave migration we need to compute traveltimes for both Pand S-wave branches. In order to compute these traveltimes given a set of macro velocity models we use the perturbation technique to simultaneously compute P- and
S- traveltimes in one run taking into consideration that the vp=vs -ratio deviates only
slightly from an initial constant average value. To accomplish our goals, we use the
raypath of P-wave to compute traveltimes for the S-wave. We can generate a reference
S-wave velocity model by scaling the well-determined P-wave velocity with the average vp =vs -ratio of the whole model. P-wave traveltimes are computed using Vidale
FD-method. S-wave traveltimes in the reference model will then be given by rescaling
of the P-wave traveltimes with the average vp=vs -ratio. Traveltimes of the perturbed
S-velocity models are then computed using a first-order perturbation technique under
the assumption that absolute changes in the perturbed models are within the range of
the validity of perturbation principles.
For this paper we incorporate the method in a fast and robust finite difference
(FD) traveltime computational tool. The technique is evaluated by computing Straveltimes of a 10% perturbed constant gradient model and the results are compared
with the directly computated traveltimes.

INTRODUCTION
The key element of the pre-stack Kirchhoff depth migration is the calculation
of traveltime tables, used to parameterize the asymptotic Green's functions at grid
points. In order to migrate converted waves one needs to compute traveltimes for the
P-and S-wave field to any subsurface point of the discretized model. In the past years
much research work have been done on fast computational methods for traveltimes
either by using ray tracing implemented as wavefront construction (WFC) (Vinje et
al., 1993; Ettrich and Gajewski, 1996a) or finite difference (Vidale, 1988; Podvin
1
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and Lecomte, 1992; Qin et al., 1992; Van Trier and Symes, 1991). The traveltimes
computed with these methods are very accurate if the macro-velocity model used is
exactly correct. This requirement is hardly met in practical applications. Thus, it is
sometimes recommended to compute traveltimes for various models. (Ettrich and
Gajewski, 1998) developed a finite difference method based on Vidale's FD-eikonal
solver to compute traveltimes by first-order perturbation but their method was only for
single component wave fields (i.e., P-P, S-S). They called this FD-perturbation method.
In this paper, we extend their method to simultaneously compute traveltimes
for both P- and S- waves needed for mode converted reflection migration. The
simultaneous computation is efficiently realized by computing traveltimes only for a
P-wave model and calculating the traveltimes for some perturbed S-wave models by
perturbation thereby using the raypaths of the P-waves. We scale the P-wave model
with an initial constant vp /vs -value of the whole model to obtain a reference S-wave
model (assuming that the P/S-wave velocity ratio deviates only slightly from the initial
average value). This initial reference model determines the raypaths of the S-wave
which is the same as in the P-wave model (see below). The other S-wave models
are then considered as perturbed models. The Vidale finite-difference method is used
to compute P-wave traveltimes. S-wave traveltimes in the reference model are then
obtained by multiplying the P-wave reference traveltimes by the average vp /vs -ratio.
If the velocity ratio remains truely constant throughout the whole model then P- and
S-rays propagate exactly along the same path. In this case, the first-order perturbation
method is exact for infinitely large velocity differences. However, in practice we are
often confronted with velocity ratios which vary along the ray path. For example, in
the shallow unconsolidated subsurface, the vp/vs -values are relatively high due in part
to extensive microcracks which will lead to low S-velocity (Thurber and Atre, 1993).
We apply our technique using an isotropic medium and show that it is valid if the
velocity ratios vary up to about 10% of its original value.
Taking into account the range of applicability of any first-order perturbation
method, the usuall assumptions made when applying FD-methods for solving the
eikonal equation are made. The main advantage of using these perturbation principles
lies in the computational speed as compared to a case where the migration is done
using P- and S-wave velocity model separately. The method is applicable to all
converted reflection modes (P-S, S-P). Direct application to non-converted modes has
been implemented into the WFC method (Ettrich and Gajewski, 1996a). Incorporation
of this technique to WFC method is much easier since raypaths are computed
intrinsically with ray tracing.
In this paper we are not going to give any details on how to implement the
perturbation technique into the FD-eikonal solver algorithm since these are given
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in Ettrich and Gajewski (1998). For highest efficiency and with further respect to
3-D, they implemented the pertubation integrals along rays into the eikonal solver
developed by Vidale (1988). They also compared the computing times for 10 slightly
deviating 2-D isotropic models and concluded that the computational speed of the
FD-perturbation method with respect to the original Vidale method was about 43%
faster.
In the next section we will show that for a constant vp /vs-value the transmission angles for P- and S-waves are equal. Next we show the basic perturbation method
which will be followed by numerical tests.

RAYPATH FOR A CONSTANT P/S-VELOCITY RATIO
Here we show that if vp/vs -ratio is constant then P-and S-waves propagate along
the same raypaths. For this we use the kinematic ray tracing (KRT) equations. If the
raypaths are the same then it should be possible to derive KRT-equations for S-waves
from those of P-waves and snell's law. The KRT-equations for P-wave are given as
(Aki and Richards, 1980):

d~x = v2~p; d~p = ; 1 rv ;
p
d
d
vp p
where p~ = slowness vector, vp = P-wave velocity,
vector of the ray. Let us write

vp =
vs
From equation (2), we see that vp
obtain for the first part:

const.

= vs.

(1)

 = traveltime and ~x = position

= :

(2)

Now inserting this into equation (1) we

d~x = v2~p 2;
s
d

(3)

which then gives, apart of the constant, the first part of the KRT-equation for Swaves. For the second part, we have

rvp = rvs;
This implies

d~p = ; 1 rv :
s
d
vs

(4)
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d~p = ; 1 rv = ; 1 rv ;
d
vp p
vs s

(5)

which is another form of snell's law.
Thus, from the above derivations we see that when the P/S-velocity ratio
is constant the transmission angles for P-wave and S-wave are equal. On the other
hand if is a function of ~x, then equation (4) will be different since we will then have

d~p = ; 1 r( v ) = ;( 1 r + 1 rv ):
s
d
vs
vs s

(6)

Now we expand the first term on the right hand side of equation (6) and show that
this will give second-order terms which can be neglected. To first-order the perturbed
velocity ratio is written as

=

o+

;

(7)

such that

j j  o ;
whereby o is the constant unperturbed ratio and  is the P/S-wave velocity ratio
difference. Inserting equation (7) into equation (6) and retaining only the first term of
the right hand side,

; +1  (r( o +  )) = ; +1  (r
|{z}o + r
{z )} ):
| (
o
o
=0
second;order term

(8)

Not that the symbol  indicates difference and should not be confused with the
Laplace operator. Similar insertion of equation (7) into equation (3) will result also in
second-order terms.
THE PERTURBATION METHOD
Following first-order perturbation, the traveltime differences between a reference
medium and a slightly deviating perturbed medium are given by integration of the
slowness differences.
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t =

Z

( v 1 ; v 1 )dl;
ray pert
ref

(9)

whereby

vpert = perturbed velocity model and vref = reference velocity model.
The line integral is performed along the raypath computed in the reference S-wave
model (Note that this is the scaled P-wave model). How these raypaths are computed
in the case of FD-perturbation method is given in Ettrich and Gajewski (1998). For
this paper vref is given as:

vref = vp 1 ;
o

(10)

while vpert are the perturbed S-wave velocity models.
The FD-perturbation method is then used to compute S-wave traveltime differences from equation (9). The perturbed S-wave traveltimes are then given as

tpert = tref + t:

(11)

S-wave traveltimes in the reference model are obtained by multiplying P-wave
traveltimes by o , i.e., tsref = o tp. From equation (9), we see that the traveltime difference is given by summation along the common P- and S-wave raypath determined
in the reference model. Differences in P- and S-wave raypath due to vp/vs changes are
not considered. As in tomographic inversion (Thurber and Atre, 1993), we have shown
that these raypath differences would have only a second-order effect on traveltime difference and velocity perturbation estimation (see equation (8)). The Fermat's principle
is invoked to justify the use of the P-wave path to compute S-wave traveltimes, so that
the variation of the perturbed S-wave path from the initial (P-wave) path (which is zero
for truely constant vp/vs ) is negligible small. Indeed, if spatial variations of vp /vs are
modest in the range of applicability of first-order perturbation then one would expect
that the curved raypath would be one that makes traveltimes an extremal with respect
to path perturbation (Raypath stationarity due to Fermat's principle). Ben-Menahem
and Singh (1981) (see pp. 738 - 739) also showed that perturbation in raypaths induced
by velocity heterogeneities will give rise to second-order effects in the corresponding
perturbation in the traveltime. To first-order these effects can well be neglected.
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NUMERICAL TESTS
The figures below show some numerical tests of the method. A constant gradient
2-D P-wave velocity model with a parabolic lens is multiplied by an average vs /vp-ratio
of p13 to give a reference S-model. The velocity in the lens has a negative gradient.
We perturb the S-wave velocity in the parabolic lens by 10% of its original value.
The S-velocities around the lens are kept unchanged. With this we have a vertical
and lateral change of vp/vs -ratio in the model. The model dimension is 0.6 km x
0.6 km and consists of 301 x 301 samples arranged in a rectangular grid with 2 m
grid spacing. The source is located at 0.3 km on the surface of the model. In the
unperturbed lens vp = 1.0 km/s and vs = 0.58 km/s, while in the perturbed lens vs = 0.52
km/s and the surrounding S-velocities are unchanged such that vs0= 1.15 km/s. We use
the FD-perturbation method to compute S-traveltimes in the perturbed model. We also
computed directly S-traveltimes in the perturbed model using the Vidale's method and
compared the relative errors. Figure 2 shows the absolute value of the errors in [%].
Overlayed on the error plot are directly computed traveltime isochrons (white lines)
and isochrons computed by perturbation (dashed lines). We see that the relative error
is less than 1%.
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Figure 1: A 2-D constant gradient S-wave velocity model with a parabolic lens at the
center (used as reference model). Overlayed are traveltime isochrons directly computed using 2-D-Vidale FD-algorithm.
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Figure 2: Absolute values of the relative error [ % ] of directly computed traveltimes
using the FD-method and the FD-perturbation method for a perturbed S-wave velocity
model. Overlayed are the directly computed traveltime isochrons (white lines) and the
isochrons computed by perturbation (dashed lines).
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SUMMARY
The following give the various steps done.
First we compute traveltimes for P-waves using FD-eikonal solver,
then compute initial traveltimes for S-waves by scaling those of P-wave,
compute S-wave traveltime differences using equation (9),
and finally we compute perturbed S-wave traveltimes using equation (11).






LIMITATIONS
The limitations given by Ettrich and Gajewski (1998) are also valid here. The
effect of considering a linear relation i.e., first-order for the velocity ratio variation
rather than the more accurate nonlinear form will generally result in a slight decrease
of accuracy. Furthermore, if the velocity ratio variation is substantial then raypaths
will deviate and the perturbation principle will break down.

CONCLUSION
We have demonstrated how to use initial raypaths for S-waves computed from a Pwave reference model to simultaneously compute S- and P-wave traveltimes, thereby
assuming an initial constant vp /vp-ratio. The accuracy of the method is dependent
on the initial P- and S-models, respectively, since the computed traveltime difference
is subjected to the assumption of similar path geometries for the P- and S-waves in
the initial model. We showed in the examples that if the velocity ratio deviates only
slightly (10%) from the initial value, the first-order perturbation technique can be used
to correctly compute P- and S-wave traveltimes simultaneously. The relative errors are
less than 1%. We also showed that for a truely constant velocity ratio, the raypath of
the P- and S-waves will coincide. Thus, FD-perturbation method can advantageously
be applied to do at least correct kinematical pre-stack Kirchhoff migration as well as
pre-stack velocity estimation (for both P- and S-wave models) and estimation of vp/vs
variations. It can also be applied in tomography. For migration purposes the reflection traveltimes are computed by combining information from source and geophone
traveltime tables. After the calculation of the source (P-wave) and receiver (S-wave)
traveltime tables, reflection times are determined by the summation of P- and S-wave
times at locations along interfaces, followed by the application of Fermat's principle,
which involves finding the interface locations where the traveltime is stationary.
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ABSTRACT
Information about dynamic wavefield properties can be expressed in terms of the ray
propagator which depends on second order derivatives of traveltimes. Research concerning this topic has already been carried out by various groups. It was, however,
restricted to surfaces either defined by reflectors or the ray centered coordinate system. In this paper we present a technique that uses the three-dimensional cartesian
grid defined by traveltime data tables. It is particularly suited for pre-stack migration
applications since there the data is available in this format. A fully 3-D 6 6 ray propagator matrix is introduced. It contains all information needed to compute the required
properties and can be determined from traveltimes only. Its relation to the commonly
used 4 4 ray propagator matrices is given. Applications shown to demonstrate the
versatility of the new method are traveltime interpolations and the computation of geometrical spreading.





INTRODUCTION
The foundation for a 3-D pre-stack migration of the Kirchhoff type is a summation
stack along diffraction surfaces. To accomplish this accurately and efficiently is still a
challenge. Proper migration weights have to be applied to achieve high accuracy. To
keep the computational costs within reasonable limits it is important to optimize the
migration aperture which depends on information about the Fresnel zones. To reach
both objectives requires knowledge about dynamic wavefield properties. Although a
number of extremely efficient tools for traveltime computation have been developed
in recent years (e.g., Ettrich and Gajewski (1996), Leidenfrost (1998)), fast algorithms
like FD techniques yield only kinematic but no dynamic informations. Publications
by Bortfeld (1989) and Hubral et al. (1992) make use of the relationship between the
curvature of a wavefront and the ray propagator matrix to determine dynamic wavefield
properties. Their approach is, however, confined to the reference surfaces they work
1
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on, e.g., the wavefront or reflector surfaces, whereas seismic traveltime data is most
likely to be sampled or computed on rectangular grids that do not coincide with these
surfaces. Therefore, the application of their algorithms is rather inconvenient. In the
following we will show how a newly introduced 6 6 ray propagator matrix can be
applied to circumvent the restriction to surfaces and thus make it possible to work
directly on the (cartesian) traveltime grids.



METHOD
Traveltime Expansions
We begin with the assumption of a smooth traveltime field. In real life this is justified
by the Earth's low pass filter behaviour. From the computational point of view it means
that velocity variations must not take place on a smaller scale than the signal's wavelength. This condition corresponds to the applicability of the ray method. With this

x,y

Figure 1: Nomenclature used: we
denote the deviation in source position by ~^s = ~^s 0 ~^s0 and in geophone position by ~^g = ~^g 0 ~^g0 . The
hat on top of a vector distinguishes
between a two-dimensional vector
~v and a three-dimensional vector ~v^.
The same notation is applied to matrices.
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requirement fulfilled, we can approximate the traveltime difference  (~^s 0 ; ~^g 0 ) between
a point ~^s 0 and a point ~g^ 0, see Figure 1, by a Taylor expansion. For small ~^s and ~^g we
get the following expression for  (~^s 0 ; ~^g 0):

 (~^s 0; ~g^ 0) = 0 ; ^~p ~^s + ^~q ~g^ ; 21 ~^s T S^ ~^s + 12 ~^g T G^ ~^g ; ~^s T N^ ~^g + O(3):

(1)

The first order derivatives ^~p and ^~q are the slowness vectors at source and receiver and
0 is the traveltime difference between two points ~^s0 and ~g^0. The coefficient matrices
^, ^ and ^ are

;

SG

N

 ; G^ = @  ; N^ = ; @ 
S^ij = ; @s@ @s
ij
ij
@g @g
@s @g
2

i

2

j

i

2

j

i

j

(2)

The signs in (1) take into account that  (~^s 0 ; ~g^ 0 ) is the traveltime difference between
the two points. We make a further approximation: as seismic traveltimes are better
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approximated by hyperbolae than by parabolae (e.g., Ursin (1982)) we mold (1) into a
hyperbolic form as shown by Schleicher et al. (1993). We square (1) and neglect terms
of higher order than two, resulting in

 2(~^s 0; ~g^ 0) = (0 ; ^~p ~^s + ^~q ~g^)2 + 0(;~^s T S^ ~^s + ~^g T G^ ~^g ; 2 ~^s T N^ ~^g) + O(3):

(3)

The ability to approximate traveltimes by (1) or (3) can be inverted: it also means
that if traveltime information is available for various source and receiver combinations
as, e.g., from multi-coverage experiments, then equations (1) and (3) can be used for
determining the coefficients by solving for them. This was initially suggested by Bortfeld (1989) and first explained by Gajewski (1998). It not only offers the possibility to
compute traveltimes for intermediate source and receiver positions but can also lead to
an immense saving in memory: the valid vicinity of the approximations is not neccessarily restricted to adjoining gridpoints of a discretized subsurface model. Therefore
we can revert to storing only a fraction of the traveltime information on a coarse grid
and reconstruct the remaining data by interpolation using (1) or (3). The degree of
redundancy in the initial traveltime information depends on the model under consideration. To give an example: if we use only every tenth gridpoint in three dimensions
we need a factor 103 less in storage capacity! Please note also that the method is not
restricted to cubical grids.
Geometrical Spreading
We will now compare equation (1) to the paraxial traveltime equation by Cervený
(1987):

^ S ~^sr + 1 ~^gr T M
^ G ~g^r ; ~sr T Q;2 1 ~gr :
 (~^sr 0; ~g^r 0) = 0 ; ^~pr ~^sr + ^~qr ~^gr ; 21 ~^sr T M
2

(4)

The index r denotes ray centered coordinates. Note that there are no third components
in the last term. The transformation between the ray centered and the cartesian system
is a rotation employing two angles # and '. The matrices ^ and 2 used by Cervený
and the transformation between ray centered and cartesian system are explained in the
appendix. Cervený (1987) shows that the modulus of the relative geometrical spreading depends only on the determinant of 2 . With vs being the velocity at the source
it reads
q
= v1
(5)
2:
s
In the appendix we show that there are only four independant components to matrix
^ and how ^ relates to ;2 1. From that we can compute 2 by the determinant of
any 2 2 submatrix of ^ and the appropriate angles, e.g., for the upper left submatrix
of ^ we find
v
u
u
1
#s cos #g :
= v t N cos
(6)
s
xxNyy Nxy Nyx
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Hubral et al. (1992) do a similar expansion as (1) into an anterior and a posterior
surface using ~s, ~g instead of ~^s, ~^g . If their surfaces equal the z -plane we use, their
result corresponds to equation (6). In this case the # are the incidence respectively
emergence angles.

APPLICATIONS
Hyperbolic vs. Parabolic Expansion
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Figure 2: Comparison of parabolic (left) and hyperbolic (right) expansion for a constant velocity model. For both traveltimes (top) and geometrical spreading (bottom)
the hyperbolic variant is far superior.
Knowing that diffraction traveltimes can be approximated by hyperbolae rather
than by parabolae we expected better results for the hyperbolic variant. This was
confirmed by two-dimensional examples in traveltime interpolation and computation
of geometrical spreading. We used a constant velocity model with 100m gridspacing
to compute the coefficients of (1) and (3). For the traveltime interpolation onto the
fine grid with 10m spacing (1) respectively (3) were applied. For the computation of
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geometrical spreading (6) was used on the coarse grid. Bilinear interpolation was then
carried out for the intermediate points on the fine grid. The resulting errors are shown
in Figure 2. For the traveltimes the hyperbolic variant has an average error within
machine precision. i.e., 10;5 % (maximum 0.01%) whereas the parabolic variant's
average error is 0.01% (3.1% max.). Note that a bilinear traveltime interpolation would
yield 0.6% (>8% max.). For the geometrical spreading we get an average error of
0.03% (2.3% max.) for the hyperbolic and 1.0% (34.3% max.) for the parabolic
variant. Due to these results we will not use the parabolic approximation any further.

Traveltime Interpolation
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Figure 3: Relative traveltime errors and isochrones for the Marmousi model. Some
errors occur in the vicinity of edges in the wavefront, see the area indicated with a .
The reason is that a Taylor expansion is not valid there because the traveltimes are
not smooth. It is, however, possible to locate these regions and perform a single-sided
extrapolation. This was done for the triplication starting at b for all later times.
We give two more examples for traveltime interpolation. The first is a two dimensional version of the Marmousi model described by Versteeg and Grau (1991)
with 125m (coarse) grid spacing in either direction. As traveltimes were computed by
wave front construction the model was 100 fold smoothed. Interpolation onto a 12.5m
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Figure 4: Relative traveltime errors for a constant velocity gradient model. The area
on top of the cube has indeed as low an error as the white colour indicates.

spaced fine grid yields a median error of only 0.02%. A second example is a three dimensional constant velocity gradient model with 100m coarse grid spacing and a 10m
fine grid. Here we find the median error to be 0.002%.

Geometrical Spreading

We show results for the same two models as in the traveltime section. Bilinear interpolation was applied for the computation onto the fine grid. For the Marmousi model
we used a 62.5m coarse and a 12.5m fine grid. The median error is 1.8%. The dominating errors occur in the vicinity of edges in the wavefront (Figure 5) where different
phases get mixed if we use first arrivals only. Employing later arrivals and separately
interpolating for both branches of the traveltime curve would reduce the error in these
regions. The second example is again a three-dimensional constant velocity gradient
model. The same grid spacings as for the traveltimes are used. Figure 6 finds the
median error to be smaller than 0.3%. Generally the error increases for higher offsets and for too small coarse grid spacing as the moveout gets smaller and traveltime
inaccuracies have a higher impact.
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Figure 5: Relative errors in geometrical spreading and isochrones for the Marmousi
model. Again, as for the traveltimes, the interpolation fails in regions where triplications occur. Due to the bilinear interpolation the effect has a stronger impact here.

CONCLUSIONS AND DISCUSSION
A new technique for the determination of a three-dimensional ray propagator matrix

T^ was presented. The theory links this matrix to the established propagator matrices
 (Cervený's formulation) and T (by Bortfeld and Hubral). Two applications were
shown to be very effective and accurate. Hyperbolic interpolation of traveltimes leads
to immense savings in storage at no significant loss in accuracy. Geometrical spreading
can be computed from traveltimes only. These results make further applications look
highly promising. There is only a small step to be taken from geometrical spreading
to the computation of migration weights. The determination of Fresnel zones is also
possible with the ray propagator. Thus we have the means to provide an efficient
algorithm for true amplitude migration with no significant additional effort since the
required traveltime tables are needed for Kirchhoff-type pre-stack migration. This
algorithm will be memory efficient since every computation can be carried out with
coarse grid traveltime data only and time efficient as we can optimize the migration
aperture by knowledge about the Fresnel zones.
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Figure 6: Relative errors in geometrical spreading for a constant velocity gradient
model. Only near the source we have higher errors, see a . The reason is that the
radius of the wavefront curvature is small compared to the coarse grid spacing: bilinear
interpolation does not fit well. This is not problematic since we are not interested in
the source region.
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APPENDIX A
We introduce a matrix T^ for describing the propagation of a ray in a three dimensional medium in cartesian coordinates. A similar propagator matrix T was introduced
by Bortfeld (1989) for projections of the slownesses and coordinates onto reference
surfaces. Our propagator matrix however is not restricted to surfaces but uses third
components as well. We use Hamiltons equation (Bortfeld (1989))

d = ^~q 0d~^g ; ^~p 0d~^s

(A-1)
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and assume a linear relationship between the source and receiver variables as Hubral
et al. (1992) do, but for three dimensions:

~g^ = A^ ~^s + B^ ^~p 0 ; ^~p
^~q 0 ; ^~q = C^~^s + D^ p^~ 0 ; ^~p
or rewritten as

(A-2)

^s !
^ B^ !
A
~
^
^
^~q 0 ; ^~q = T ^p~ 0 ; ^~p ; with T = C^ D^ :
We solve (A-2) for ^~q 0 and ^p~ 0 and insert the result into (A-1), yielding
d = (^~q + D^ B^;1~^g ; D^ B^;1A^ ~^s + C^ ~^s) d~^g + (;^~p ; B^;1~^g + B^;1A^ ~^s) d~^s:

~g^

!

(A-3)

(A-4)

This expression can only be integrated if d is a total differential. This condition leads
to the following relationships, cf. Hubral et al. (1992):

A^T D^ ; C^T B^ = ^1

D^ T B^ = B^T D^

A^T C^ = C^T A^;

(A-5)

where ^1 is the identity matrix. The resulting traveltime difference is

 (~^s 0; ~^g 0) = 0 ; ^p~ ~^s + ^~q ~^g ; 21 ~^s T D^ B^;1 ~^s + 21 ~^g T B^;1A^ ~g^ ; ~^s T B^;1 ~^g

(A-6)

where 0 is the traveltime from ~^s0 to ~^g 0. If we compare equations (1) and (A-6) and
use (A-5) we find that

S^ = S^T = ;B^;1A^

G^ = G^T = D^ B^;1

N^ = B^;1 6= N^ T

and this results in the ingredients of T^ :

0
T^ = @

(A-7)

1

;N^ ;1S^
;N^ T ; G^ N^ ;1 S^

N^ ;1 A :
G^ N^ ;1

(A-8)

APPENDIX B
Cervený (1987) introduces the ray propagator matrix  with the components
1 Q2
= Q
P1 P2

where the

!

(B-1)

Qi, Pi are 22 matrices. Equation (4) contains them in the following form:
0
; v1s @s@vrsx 1
;
1
;Q2 Q1
; v1s @s@vrsy CCA
M^ s = BB@
(B-2)
@v
@v
1
1
s
s
@v
1
s
; vs @srx ; vs @sry ; vs @srz
2

2

2

2

2
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0
B
M^ g = BB@

1 @vg 1
;
vg @grx C
P2Q;2 1
; v1g @g@vrgy CCA :
(B-3)
@v
@v
g
g
@v
1
1
g
1
; vg @grx ; vg @gry ; vg @grz
The remaining matrix P1 is connected with P2; Q1 ; Q2 by symplecticity relations

and

2
2

2

2

2

similar to (A-5), cf. Cervený (1987). Important properties like geometrical spreading
can be computed from the ray propagator in ray centered coordinates. We will now
show that with a transformation from ray centered to our cartesian coordinates we can
derive similar relationships for our cartesian propagator. The difference between (4)
and (1) lies in the coordinate systems. Both use two cartesian systems centered in
~^s0 = ~^sr0 (~g^0 = ~g^r0 ). The transformation between them is given by a rotation matrix
^ s ( ^ g ) such that
~^s = ^ s~^sr (~^g = ^ g~^gr ):
(B-4)

R R

R

R

Our choice of ^ s ( ^ g ) is that the ray centered system is first rotated by an angle #s
(#g ) until the 3-components coincide. Then a second rotation around x3 by angle 's
('g ) adjusts the remaining 1- and 2-components. The matrix ^ s looks as follows:

R R

R

0
1
cos #s cos 's sin 's ; sin #s cos 's
R^ s = B@ ; cos #s sin 's cos 's sin #s cos 's CA :
sin #s
0
cos #s

(B-5)

The angles can be easily obtained from the cartesian slowness vector

^~p = (px; py ; pz ) = ^~pr R^ TS
and ^p~r = (0; 0; 1=vs2 ). The matrices S^ (G^) transform
M^ s = R^ Ts S^R^ s (M^ g = R^ Tg G^R^ g ):
For the mixed derivative matrix
ponents as, e.g.,

Nzx

(B-6)

(B-7)

N^ we find that there are only four independant com-

s
!
@p
@
1
1
@p
@p
x
y
z
= @x = @x v2 ; p2x ; p2y = ; p px @x + py @x
g
g
z
g
g
s
= tan #s(Nxx cos 's ; Nyx sin 's ):

(B-8)

Expressions for the other components can be found in a similar way. If we assume a
1
matrix ^ to be a three-dimensional expansion of ;
2 with

Q

0
;1
Q^ = B@ Q2
0 0

Q

1
0
0 C
A
0

(B-9)
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the transformation

Q^ = R^ Ts N^ R^ g
^ if we use (B-8) etc., thus
yields indeed disappearing 3-components of Q
~^s T N^ ~g^ = ~^sr T Q^ ~^gr = ~sr T Q;2 1~gr :
1
^
This result means that Q;
2 can be expressed by any 22 submatrix of N
corresponding rotation angles.

(B-10)

(B-11)
and the
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Numerical Modeling of Non–Linear Elastic Wave
Phenomena
T. Bergmann and D. Gajewski1
keywords: non–linear elastic theory, modeling, finite differences, shock waves

ABSTRACT
Non–linear elastic wave response in geological materials is a classical result, but due
to its enormous complexity in theory and experiments, its linear elastic approximation
has been mostly assumed and applied in geophysical sciences. However, realistic studies in terms of processing, migration, modeling, and inversion require a full solution
of a general non–linear elastic wave theory. We present the first results of the development of a finite–difference (FD) approach that allows to account for non–linear elastic
wave effects. This algorithm is based on a new velocity–displacement gradient formulation of the non–linear elastic plane wave equation, since common approaches such
as the well–known velocity–stress method that are used for linear elastic wave problems do not work correctly here. We also make attendent problems evident such as
numerical non–linear instability and handling related shock wave fronts, and present
probable solutions.

INTRODUCTION
The description of linear seismic wave propagation within the earth has been successfully applied to seismology and exploration geophysics during the last decades. Assuming linear response, recorded spectra from seismic waves are used to estimate the
magnitude, characterize high frequency roll–off and model source parameters. Based
on the related principle of superposition, most of the seismic processing techniques
(such as stacking) and interpretation algorithms (i.e. modeling, inversion, migration)
could been developed. A necessary condition for this description is the assumption
of infinitesimal deformations and a linear stress–strain relation of the geological materials. However, non–linear elastic behavior of rocks have been widely observed in
laboratory measurements. Such behavior in strongly influenced by the presence of
mechanical defects contained in rock, such as cracks, microfractures, grain joints and
prestress (e.g., Bourbié et al., 1987). The non–linear generation of elastic waves in
1
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rock have been generated by Johnson and Shankland (1989), Meegan et al. (1993),
and Johnson and Rasolofosaon (1996). The importance of the source influence on the
non–linear effects in seismic waves is given in Johnson and McCall (1994) and Meegan et al. (1993). Recently, new theoretical models that describe the elastic behavior
of hysteretic non–linear geological media are developed by Guyer et al. (1995) and
Guyer and Johnson (1999). Furthermore, the influence of finite displacement amplitudes on the effect on non–linear elastic wave propagation has been demonstrated by
Meegan et al. (1993) and Johnson and McCall (1994).
The development of numerical methods that considers the wavefield in heterogeneous non–linear elastic media are very useful for comparisons with the laboratory
measurements mentioned above and seismic field experiments, the exploration of a
transition domain of linear/non–linear effects, the influence of static pre–stress, caused
by gravimetric and/or tectonic forces, large permanent deformations at the source region, caused by earthquakes and nuclear explosions, and technical applications such
as extension of source signal bandwidths. For these reasons, a thorough theoretical
research is requested to describe the complete solution of non–linear wave propagation in arbitrarily complex geological materials. However, since for non–linear wave
propagation the principle of superposition breaks down, analytical methods are not
available in closed forms, not even for the most simple cases (McCall, 1994). In this
paper, first results on numerical study and properties of a finite–difference (FD) algorithm that simulates non–linear elastic wave propagation are presented. We point out
the analytical and numerical problems when extrapolating FD approaches from the
linear to the non–linear wave equation and demonstrate possibilities how to overcome
those.

BASICS OF NON–LINEAR ELASTICITY
Elastic theory and wave propagation is based on the analysis of stress and strain. Very
generally, this analysis is concerned with the positions of each particle of a continous
medium in the current state and the positions in the original state. The original, i.e. initial undeformed geometry is described by Langrangian coordinates as the independent
variables. They refer to a coordinate system fixed in the solid/fluid and undergoing
all the motion and distortion of the solid/fluid. In contrast, the current, i.e. deformed
geometry is described by Eulerian coordinates as the independent variables, which refer to a coordinate system fixed in space and through which the solid/fluid is thought
of as a moving. Both Lagrangian and Eulerian form of the equations are equivalent.
However, the Lagrangian form is usually preferred in theory, since the original relative positions influence the internal forces throughout the body at later times, and in
numerics, since this form is more accurate and stable than the Eulerian form (e.g.,
Bland, 1969; Ames, 1977). In the approximation of linear elasticity both forms are
interchangeable, which is not valid for the general non–linear case.
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In Lagrangian formulation, the Green finite strain/deformation tensor is given by
(e.g., Landau and Lifshitz, 1959):

"
#
@u
1
i @uj @uk @uk
"ij = 2 @x + @x + @x @x ;
j
i
i j

(1)

where u is the displacement. Conventional summation notation on repeated indices is
used. In the case of infinitesimal displacements and/or displacement gradients the third
term on the right side of equation (1) can be neglected leaving the classical linear relation between the strain and the displacement (Hooke's law). However, when dealing
with finite deformations, relation (1) is non–linear. This type of non–linearity is called
geometrical or kinematic and is related to the difference between the Lagrangian and
Eulerian coordinate description.
The general equation of motion (Newton's second law) in Lagrangian formulation
is given by (Landau and Lifshitz, 1959; Bland, 1969):
2
ij
%0 @@tu2i = @
@xj ;

(2)

where %0 denotes the density of the undeformed solid/fluid.
The stress tensor is defined by (Polyakova, 1964; Kulikovskii and Sveshnikova,
1995):

ij = @@uE i 
@ @xj

E

(3)

with as internal energy density of a homogeneous elastic solid describing adiabatic
deformations.

E

The relation between and "ij may be described in the following way. We employ
the three invariants of the strain tensor (e.g., Bland, 1969):

I1 = "ii  O(");
I2 = 12 ("ii"jj ; "ij "ji)  O("2);
I3 = det ("ij )  O("3);

(4)

so that I1, I2, and I3 denote the trace, sum of the principal minors, and the determinant
of the strain tensor, respectively. Now we may expand = (I1 ; I2; I3) as a power
series to third order, which yields for isotropic media (Murnaghan, 1951):

E

E

E =  +2 2 I12 ; 2I2 + l +32m I13 ; 2mI2I2 + nI3;

(5)

where  and  are the well–known Lamé parameters (second order elastic constants)
and l, m, n are the so–called Murnaghan coefficients (third order elastic constants).
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Those latter coefficients describe physical non–linearity (cubic anharmonicity), not
related to geometrical/kinematic non–linearity mentioned above, and account for the
fact that stress is no longer a linear function of strain even for moderate to small strain
levels, i.e. even if equation (1) becomes linear. This is the case in materials exhibiting
strong non–linearity such as rock (Johnson and Shankland, 1989; Meegan et al., 1993;
Johnson and Rasolofosaon, 1996; Guyer and Johnson, 1999). The existence of both
geometrical and physical non–linearity makes Hooke's law also non–linear and its
non–linearities are determined, generally speaking, by the geometrical and physical
non–linearities simultaneously.

WAVE EQUATION AND ITS PROPERTIES
Combining equations (1)–(5) yields for the plane wave propagation in a homogeneous
medium (x direction) (Gol'dberg, 1960; Polyakova, 1964; McCall, 1994):
2
2
@ @ux
%0 @@tu2x = ( + 2) @@xu2x + 12 [3( + 2) + 2(l + 2m)] @x
@x
2
!2
!2 3
@
@u
@u
1
+ 2 ( + 2 + m) @x 4 @xy + @xz 5 ;

!
2u
2u
@
@
@u
@
y
x @uy
y
%0 @t2 =  @x2 + ( + 2 + m) @x @x @x ;
!
2u
2u
@
@
@
@u
z
z
x @uz
%0 @t2 =  @x2 + ( + 2 + m) @x @x @x :

!2

(6)

(7)

(8)

These equations describe a system having linear and nonlinear elasticity. The respective first terms on the right side of equations (6)–(8) describe the linear part, whereas
the remaining terms describe the non–linear part. Those quadratic terms depend on all
components of ui , respectively, leading to interaction between longitudinal (ux) and
transversal waves (uy , uz ), even in this 1–D homogeneous case. This is in contrast
to linear elastic wave theory. The quadratic corrections can be seen as driving forces
acting differently for the longitudinal and transverse waves. Furthermore, it is obvious
that propagation of purely non–linear longitudinal waves is possible, whereas propagation of non–linear transverse waves is only possible at presence of a longitudinal
component.
If we only consider pure longitudinal wave propagation, this yields:

!
@ 2ux ; 1 @ 2ux = ; @ @ux 2 ;
@x2 c2 @t2
@x @x

(9)
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where c =

q +2

%0 is the compressional wave velocity and:

= 23 + l++22m

(10)

is the non–linear coefficient describing the strength of cubic anharmonicity. The first
term on the right side of equation (10) denotes the geometrical non–linearity, caused
by finite deformations, whereas the second term denotes the physical non–linearity.
The non–linear term of the wave equation describes the interaction of the displacement/wave with itself, causing a creation of sum and difference frequencies,
which leads to a breakdown of the superposition principle. For this reason, the propagation of non–linear waves is dominated by anharmonic effects not allowing any
periodic/harmonic solutions of the wave field (Landau and Lifshitz, 1959; Gol'dberg,
1960). Due to these serious problems, even for the most simple case, a monofrequent
wave, the solution of equation (9) has no closed form but is to be solved semianalytically by an iterative Green's function technique (McCall, 1994). For a realistic
multifrequent wavelet the solution becomes much more complex since all source frequencies interact with all other source frequencies.
An outstanding feature of finite–amplitude non–linear elastic wave behavior is that
the wave velocities depend on the strain level. As a consequence, an initially sinusoidal
waveform will not maintain its shape during its propagation, because the wave crests
overtake the wave troughs due to the interaction processes. This yields a transfer of energy in the Fourier space from long to short wavelenghts, i.e. low to high frequencies,
resulting in a wave profile steepening and finally producing a sawtooth shock wave
(Gol'dberg, 1960; Zarembo and Krasil'nikov, 1971; Kulikovskii and Sveshnikova,
1995).

NUMERICAL MODELING
Numerical forward algorithms, such as FD approaches, describe approximately the
complete solution of wave propagation problems, i.e. the respective partial differential
equations in arbitrarily complex geological materials. In fact, FD methods are very
popular and have been widely applied for linear seismic problems in the past (e.g.,
Alford et al., 1974; Kelly et al., 1976; Virieux, 1986). However, we found that extrapolating linear FD methods to non–linear problems is neither trivial nor straightforward,
but leads to arising problems. Those problems are: (i) non–symmetric wave propagation, (ii) non–linear instability, and (iii) the way of handling shock wave fronts. We
will explain these issues more explicitly.
A consistent FD approach of our 1–D non–linear wave propagation problem can
be realized by a direct approximation of the second order partial differential equation
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(9) by explicit difference operators of second order in both time and space:
uni+1 2uni + uni;1 1 uni +1 2uni + uni ;1 =

;
;
2
(4x
c
(4t)2
n ; un
n
n
n !
u
i
+1
i
;
1 ui+1 ; 2ui + ui;1
(11)
;2 24x
;
(4x)2
where 4t is the time step, 4x the spatial discretisation, and indices n and i denote time
and space coordinates, respectively [uni = u(n4t; i4x) with n; i = 0; 1; 2; : : :]. This
;

)2

approximation has been widely applied to its analogous linear problem (e.g., Alford et
al., 1974; Kelly et al., 1976). A more advisable and efficient, in terms of numerical and
computational properties, method for the linear wave equation lies within the velocity–
stress approach (e.g., Virieux, 1986), which is for the non–linear case:

@v = 1 @
@t
% @x
@ = ( + 2) @v + ( + 2)
@t
@x

!
@v 2 ;
@x

(12)

where v denotes the velocity (@u=@t). Approximating this system of partial differential equations by staggered–grid FD operators of second order in both time and
space [cf. Virieux (1986)], this yields:
n
n
vin+1=2 ;vin;1=2
1 i+1=2 ;i;1=2
=
4t "
%
4x
 vn+1=2 ;vn+1=2 2#
n
+1
n
+1=2
n
+1=2
n
i+1=2 ;i+1=2
vi+1 ;vi
= ( + 2)
+ i+1 4x i
:
4t
4x

(13)

For the linear case, these two approaches are the most common ones in geophysics
for modeling wave propagation in heterogeneous media.
Although the above presented FD schemes are consistent and work in the linear
case ( = 0), they are not applicable to non–linear problems since the quadratic non–
linear terms lead to unsymmetrical wave propagation results, which is not valid. We
also applied several other FD operators to approximate the non–linear wave equation
(9) and/or its velocity–stress formulation (12), such as compact, leap–frog, Adams–
Bashforth, Euler–Backward, Crank–Nicholson, and Lax–Wendroff (e.g., Richtmyer
and Morton, 1967; Ames, 1977), on staggered and non–staggered grids. In fact, all
those approaches led to unsymmetrical wave propagation, so conventional methods
applicable for the linear wave problems do not work succesfully for respective non–
linear situations.
We present a new formulation that leads to symmetrical wave propagation. This
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approach is to be called velocity–displacement gradient method. We introduce:

v = @u
@t ;

@u ;
g = @x

(14)

where g denotes the displacement gradient. Now by substituting into equation (9), this
yields:

@v = c2 @g + 2 c2 g @g
@t
@x
@x
@g = @v :
@t
@x

(15)

Applying a staggered leap–frog FD scheme of second order in both time and space
leads to:

2
3
n+1=2
n+1=2
n+1=2
n+1=2
vin+1+1=2 ; vin+1=2
g
;
g
g
+
g
i+1 5
41 + 2 i
= c2 i+1 4x i
4t
2
gin+1=2 ; gin;1=2 = vin+1=2 ; vin;1=2 :
4t
4x

(16)

This FD method leads to symmetric non–linear wave propagation.
FD approximations should be constrained by certain numerical stability criteria so
that discrepancies between the exact and numerical solutions remain bounded. For
example, when applying the linear version of the wave equation [ = 0 in equation
(9)], the para- meter c t= x must be limited (Richtmyer and Morton, 1967; Alford
et al., 1974; Kelly et al., 1976; Virieux, 1986). However, with non–linear equations
the situation is totally different and one reaches the limits of what can be stated for
very general classes of FD approaches. Thus, except in special cases, very little has
yet been proved till now about difference schemes for approximating the discontinuous solutions that frequently arise for such equations (e.g., Richtmyer and Morton,
1967; Ames, 1977; Thomas 1999). For non–linear hyperbolic, i.e. wave propagation
problems, respective FD equations mostly have solutions which explode, even if the
stability condition for the linearised equation is satisfied. Stability depends not only
on the form of the FD system but also upon the solution being obtained; and for a
given solution, the system may be stable for some values of t and not for others. This
may be explained as follows: as mentioned before, even an initially smooth wavelet
does not keep its smooth shape, but starts to build a steep wave front with increasing time due to energy transfer to high frequencies (Figure 1a). At a certain time,
the analytical/physical solution is multivalued, and a shock wave front appears. Now
the numerical solution misrepresents this discontinuity as a steep gradient bounded by

4 4
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a series of large–amplitude short–wavelength perturbations. These perturbations are
amplifying rapidly and the numerical energy is growing without bound (Figure 1b).
This exponential growing is a numerical instability, since the norm of the wave energy
of the analytical solution does not increase with time in that way (Richtmyer and Morton, 1967). For this reason, a conservative FD approximation has to be found to avoid
such numerical non–linear instabilities. However, since each non–linear problem and
its solutions are different, no general methods do exist for studying stability. It should
be noted that non–linear instabilities are not restricted to non–linear physical problems
that include shock formations, since such instabilities may also occur in numerical
simulations of very smooth, but non–linear flow (Thomas, 1999).

Figure 1: Schematic illustration of the numerically calculated development of a shock
wave front for an initially smooth sinusoid function. (a) steepening of the wavelet after a certain time, shock front has not appeared yet; (b) at a later time: shock front is
present now, leading to growing short–wavelength perturbation and numerical instability.
There might exist one or several FD approximations for our system (15). Those
can eventually be realised by setting different weighting averages of the respective
FD operators or by applying different FD techniques themselves that tend to be more
conservative, such as Lax–Wendroff (e.g., Richtmyer and Morton, 1967). For the
related problem presented here the derivation of such a stable/conservative FD scheme
is, however, still an open question. Nevertheless, there are many numerical methods
that have been developed for fluid dynamic processes for solving non–linear problems.
Such methods might be extended to non–linear elastic wave problems.
The third aforementioned difference in FD modeling of non–linear in contrast to
linear wave propagation problems is related to the physical appearence of shock wave
fronts. Even when applying a conservative FD method, short–wavelength oscillations
appear when approximating a shock front, though those do not continue to amplify
(Figure 2). Those oscillations are non–physical and are not present in the correct an-
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alytical solution of the shock formation (e.g., Kulikovskii and Sveshnikova, 1995).
This means that special numerical techniques must be used to control the development
of those numerical over– and undershoots in the vicinity of a shock. One possible
and useful solution to this problem might lie within the adding of artificial viscosity
(e.g., Richtmyer and Morton, 1967; Ames, 1977; Thomas 1999). The application of
viscosity to our otherwise non–viscous problem and scheme is in order to damp energy of the short–wavelength events. A modified version of our velocity–displacement
gradient method [equation (15)] that includes viscosity is:

@ v
@t g

!

=

0 c2 + 2 c2g
1
0

!

@ v
@x g

!

!
2
@
v
+ @x2 g ;

(17)

where is the viscosity coefficient that determines the strength of the smoothness. In
fact, including viscosity in non–linear seismic wave propagation phenomena is a viable
option, since attenuation of the wavefield is an omnipresent fact in earth materials.

Figure 2: Schematic illustration
of a numerically calculated shock
wave front for an initially smooth
sinus- oid function. Thin solid line:
Conventional FD approach calculation that leads to numerical instabilities. Dash–dotted line: Conservative FD approach calculation leading to a numerically stable result.

It is still not clear in which way equation (17) has to be approximated by FD operators, and in literature there is no agreement about implementing numerically artificial
viscosity in non–viscous schemes to smooth short–wavelength perturbations. For example, Ames (1977) suggested the combination of a high–order difference scheme that
is accurate for smooth processes and therefore is to be applied on the dynamic parts of
the wavefield [i.e. the first terms on the left and right side of equation (17)], whereas
a low–order operator should be applied on the viscosity term [i.e. the second term on
the right side of equation (17)] to limit the scale selectivity that has to be smoothed in
the vicinity of shock fronts. In contrast, Richtmyer and Morton (1967) and Thomas
(1999) favored an FD operator of higher order for the viscosity term to damp short
wavelengths most rapidly, whereas long waves shall stay relatively unaffected. Therefore, a thorough analysis of these analytical and numerical phenomena is required.

164

CONCLUSIONS
We have presented the first results of the development of a finite–difference technique for modeling non–linear elastic wave propagation in earth materials. The finite–
difference solution is based on a new velocity–displacement gradient formulation of
the problem, since conventional approaches used for the respective linear wave equation do not account for the non–linear case and would lead to non–symmetrical wave
propagation. Non–linear instability is an additional and serious phenomenon caused
by the physical non–linear effect. We described this phenomenon and suggested possible solutions, i.e. the derivation of a conservative difference formulation to keep the
numerical solutions bounded. Shock wave generations as a result of non–linear wave
propagation in time and space cause steep waveform profiles analytically and yield
short–wavelength oscillations numerically. We suggest to smooth such perturbations
by adding of artifical viscosity. After developing a complete non–linear waveform difference algorithm, future work lies within the extension to heterogeneous and 2–D and
3–D media as well as the inclusion of realistic attenuation effects.
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Combining Fast Marching Level Set Methods with Full
Wave Form Modeling

Martin Karrenbach1
keywords: seismic modeling 3D finite-difference eikonal

ABSTRACT
Full wave form modeling techniques in 3D complex heterogeneous elastic media are
computationally expensive. In contrast asymptotic techniques only compute a small
subset of the wave field, but can be very fast. Using asymptotic methods in combination
with full wave form techniques can speed up the overall computation. I use a particular
asymptotic method to compute dynamically the currently active computational domain
for a full wave form finite difference technique. This leads to an overall decreased
computational runtime.

INTRODUCTION
Traditional full wave form seismic simulation techniques are well established such as
pseudospectral and high-order finite difference methods and other that can be found
in recent SEG abstracts. Although improvements are continuously ongoing, the major
limitation so far has been the huge expense associated with realistic 3D prestack computation for complex heterogeneous subsurface models. Full wave form techniques
aim at producing exact seismic wave form solutions in complex 3D subsurface models for a prescribed recording period. One of the biggest challenges in 3D full wave
form modeling is to make the computational effort more economical. Some attempts
promise to be successful, such as fixed-geometry based domain decomposition and the
use of unstructured grids.
The method of active domain decomposition which I am presenting here, can be
used in conjunction with traditional Finite Difference techniques as well as with the
previously mentioned novel approaches. Active domain decomposition techniques as
well as hybrid simulation techniques can be implemented using various asymptotic
methods. However, one critical issue is efficiency and speed. If the asymptotic method
1
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is slower than computing the full wave form solution, then the asymptotic methods is
not practical, unless certain wave field subsets need to be computed only.
Fast marching level set methods are particularly suitable for the approach presented
here, because they can be efficiently implemented to solve 3D problems. Given an
equilateral computational grid with n grid points along each axis, full wave form finitedifference solutions show an operational count of the order O(n3 ) per time step while
fast marching methods, which track the wave front only, have a substantially reduced
operational count O(logn3 ) for the entire problem.
Several years ago seismic modeling initiatives Aminzadeh et al. (1996); House et
al. (1996) were pursued by SEG, EAGE, Industry and National Laboratories to numerically calculate acoustic 3D seismic data. The 3D models were chosen to represent
realistic geologic settings. However, due to computer memory limitations and time
constraints the seismic data were modeled purely acoustically, and thus lack certain
real-world effects. Nevertheless, even up to now, repeating the same simulation for an
elastic subsurface model, has been hampered by the availability of computers that can
provide enough memory and compute power.

FINITE DIFFERENCE TECHNIQUES
For computing the full wave form solution, I am using high-order optimized finite
difference operators to approximate partial derivatives in space and time as described
in more detail in Karrenbach (1995); Virieux (1986); Karrenbach (1998). I am solving
basic anisotropic wave equations of the form
2
a(x) r b(x) rt u(x; t) ; @ 2 u(x; t) = f (x0; t) ;

@t

(1)

which can be easily extended to visco-elastic and more complicated cases and where u
is an arbitrary wave field (scalar or vector) and f is the force applied at source locations
x0. t is a general gradient operator and the associated divergence operator applied
to the wave field components in three dimensions. a and b are medium property fields
such as density, velocity or stiffnesses.

r

r

I solve equation 1 numerically as set of first order coupled equations. This allows to freely impose boundary and initial conditions and to extract all desired wave
field quantities, such as pressure, particle displacement, acceleration, stress, strain and
force. Such a flexible simulation method, easily produces wave fields for acoustic,
elastic, anisotropic and viscous media, with and without free surface effects and allows large degree of freedom for variable recording geometry and observable. The
computational complexity increases to the third power with increasing computational
3D volume.
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FAST MARCHING METHODS
Fast marching level set methods Sethian (1996) are relatively recent contributions to
numerically solving eikonal equations of the form

!
!
!
1
@t 2 + @t 2 + @t 2 =
2
@x
@y
@z
v (x; y; z) ;

(2)

where x; y; z are Cartesian coordinates and t(x; y; z ) is the travel time field at each
point is space. In the early 1990s methods were developed and became popular that
solved the eikonal equation by using finite-difference approximations and produced
travel time maps for fixed source seismic experiments. These traveltime maps were
usually used successfully in the context of seismic imaging Vidale (1990); van Trier
and Symes (1991). Fast marching methods aim at producing viscosity solutions by using upwind finite-difference schemes. Thus, they compute the continuous first arrivals
of the travel time field. By choosing particular finite-difference stencils the method
can be made numerically extremely stable. Using a particularly structured algorithm,
the method can be made extremely fast. The numerical complexity is orders of magnitudes simpler than for a full wave form finite-difference computation in the same
volume.
In this paper I am using a fast marching algorithm to compute the currently active computational domain for the full wave form finite-difference method. The fast
marching algorithm tracks very efficiently the limiting wave fronts and thus decomposes the computational domain dynamically into subdomains. Within these smaller
subdomains the full wave form solutions can be computed faster while maintaining
identical accuracy.

APPLICATION TO THE SEG/EAGE SALT MODEL
In the following I apply the active domain decomposition by a fast marching method
to the computational grid of a high-order finite difference technique.
In the 3D model, Fig. 1, I employed a surface recording geometry. The model
consists of a smooth background velocity, with a shallow soft sea floor, that exhibits
gentle slopes. There are several interfaces and faults that present some structural complexity. A anomalous geopressure zone is incorporated in the model. Details can be
found in O'Brien and Gray (1996) and in workshops Versteeg and Grau (1990) held
during the SEG. Previously I generated Karrenbach (1998) an elastic model out of the
original purely acoustic subsurface model and compared synthetic seismic data in form
of snapshots and seismograms for these two scenarios. In this paper I improve on the
computational efficiency.
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Figure 1 shows the original 3D subsurface model The dynamic domain decomposition was computed by a fast marching method and Figure 2 shows the outlines of
individual subdomains. The dark contour lines represent the boundaries of the subdomains at given instances in time. The shaded colors within those subdomains illustrate
the progression of the active domain over time. The domain boundaries are heavily
influenced by the 3D subsurface p-wave velocity model. The salt body in particular
dramatically increases the computational domain. Figure 3 shows a snapshot of the Z
component of the elastic wave field in this model. An explosive source was used at
the surface and we see the complicated wave field generated in the layers on the top of
the salt and less energetic penetration through the salt. P-wave to S-wave conversions
play a major role in this energy partitioning. The full wave form solution computed using the fixed entire 3D volume is identical to the solution computed with the dynamic
domain decomposition, except for numerical round-off errors.

Figure 1: The compressional wave velocity model of the SEG/EAGE salt model.
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Figure 2: In the SEG/EAGE salt model Fast Marching Level Set Methods can efficiently estimate the active computational domains dynamically. The determination of
the active areas in the 3D model can be followed by computing full wave form solutions only in subdomains of reduced size.
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Figure 3: Snapshot of the elastic full wave form solution computed through the
SEG/EAGE salt model using the a Fast Marching Level Set Method to bound the active
computational domain for each time step. The result is identical to the one computed
on the full 3D grid.
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CONCLUSIONS
3D elastic (or visco elastic, anisotropic) simulation of full wave fields is useful for
survey design, processing and interpretation. However, there are still challenges, that
need to be overcome to make them practical. I show here the combination of two
computational techniques, that allows to change dynamically the active grid size of
the 3D computational grid and thus reduces the overall runtime. The dynamic decomposition is extremely model, source and receiver geometry dependent. This method
can be used together with other hybridization techniques to simulate within a reasonable amount of time realistic sized 3D surveys and to produce 3D full wave fields in
complex heterogeneous reservoirs.

REFERENCES
Aminzadeh, F., Burkhard, N., Long, J., Kunz, T., and Duclos, P., 1996, Three dimensional SEG/EAEG models — an update: The Leading Edge, 15, no. 2, 131–134.
House, L., Fehler, M., Bahren, J., Aminzadeh, F., and Larsen, S., 1996, A national
laboratory-industry collaboration to use SEG/EAEG model data sets: The Leading
Edge, 15, no. 2, 135–136.
Karrenbach, M., 1995, Elastic tensor wave fields: Ph.D. Thesis Stanford University.
Karrenbach, M., 1998, Full wave form modeling in complex media: 68th Annual
Internat. Mtg., Soc. Expl. Geophys., Expanded Abstracts.
O'Brien, M. L., and Gray, S., 1996, Can we image beneath salt ?: The Leading Edge,
15, no. 1, 17–22.
Sethian, J. A., 1996, Level set methods: evolving interfaces in geometry, fluid mechanics, computer vision and material sciences: Cambridge University Press.
van Trier, J., and Symes, W. W., 1991, Upwind finite-difference calculation of traveltimes: Geophysics, 56, no. 6, 812–821.
Versteeg, R., and Grau, G., 1990, Practical aspects of seismic data inversion, the Marmousi experience: 52nd EAEG Meeting, Eur. Assoc. Expl. Geophys., Proceedings
of 1990 EAEG Workshop, 1–194.
Vidale, J. E., 1990, Finite-difference calculations of traveltimes in three dimensions:
Geophysics, 55, no. 5, 521–526.
Virieux, J., 1986, P-SV wave propagation in heterogeneous media - velocity-stress
finite -difference method: Geophysics, 51, no. 4, 889–901.

174

Wave Inversion Technology, Report No. 3, pages 175-182

Seismic Modeling In Reservoir Rocks
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ABSTRACT
Fluid flow in reservoir rocks can be traced by repeating seismic experiments over a
certain time period. We model the change in characteristic seismic quantities, such as
p-wave and s-wave velocities, in dependence of porosity and fluid content. Observing
the influence of fluid flow properties on seismic wave propagation enables us to estimate the feasibility of seismically imaging fluid related quantities in reservoir rocks.

INTRODUCTION

Wave propagation in fluid saturated porous media can be described as being governed
by Biot's equations of poroelasticity (Biot, 1956a+b). This theory explains the existence of a slow compressional wave in addition to the usual P– and S–Waves. The
mode of this slow wave is a function of frequency. Below a critical frequency the
wave is described using a diffusion term and above this frequency the wave moves like
an elastic wave. Gassmann's (1951) equation is an exact formula for the poroelastic
parameters in the low frequency domain if the solid matrix consists of only one type of
constituents. This assumption is hardly satisfied in real geological settings and one is
usually forced to use extensions of Gassmann's formula such as introduced by Brown
and Korringa (1975). There extension describes conglomerates of two porous phases
or how to build an averaged solid phase. For this study we used Hashin-Shtrikmann
effective isotropic medium approach to construct such an averaged mineral phase. The
aim is to evaluate how P– and S–wave velocity and V P =VS ratio change for varying
porosity.
1
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COMPUTING THE EFFECTIVE MEDIUM
When a porous rock is loaded under an increment of compression, such as from a
passing seismic wave, an incremental change in pore pressure is induced, which resists
the compression and stiffens the rock. The increase in effective bulk modulus Ksat of
a saturated porous medium is described by Gassmann's equation (Mavko et.al, 1998):

and

Kfl
Ksat = Kdry +
K0 ; Ksat K0 ; Kdry (K0 ; Kfly )

(1)

sat = dry :

(2)

K0 is the bulk modulus of the frame building mineral, Kdry is the effective bulk
modulus of dry rock, e.g. the rock matrix, Kfl is the bulk modulus of the pore fluid, 
is the porosity, dry is the effective shear modulus of the dry rock and sat the effective
shear modulus of the fluid saturated rock.
Murphy, Schwartz and Hornby (1991) formulated the velocity form of Gassmann's
relation:
4
2 = Kp + Kdry + 3 
VPsat
(3)
sat



and

2 = 
VSsat


(4)

sat

with

 2
1 ; KKdry
Kp =  1; Kdry :
Kfl + K ; K
0

0

(5)

2
0

which allows a direct computation of quantities required for our modeling software.
VPsat and VSsat are the P–wave velocity and S–wave velocity in a saturated rock respectively and  = sat = dry .
The dry moduli refer to elastic moduli, measured in drained experiments with a
constant pore pressure or an experiment with an air filled sample (Mavko et.al, 1998).
The Gassmann equation is often used to predict seismic velocities of saturated
rocks from dry rock velocities and vice versa; or for rocks that are saturated with one
fluid from rock velocities saturated with another fluid. The equation is valid for low
frequencies such that the fluid has enough time to flow and equilibrate the seismic
wave induced pore pressure gradients.
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A REALISTIC EXAMPLE
The Alba Field in the Central North Sea serves as typical reservoir setting (MacLeod
et.al., 1999) in which we carry out feasibility studies. The Alba Field consists of
Eocene-age, high-porosity, unconsolidated turbudite channel sands sealed by lowpermeability shales. From the given density for oil-saturated and water-saturated Alba
reservoir sand, a mean porosity of 30% and an assumed water density of 1 cmg 3 the
matrix mineral density and oil density under reservoir conditions are computed to be
2:53 cmg 3 and 0:77 cmg 3 respectively. The shear wave velocity VSoil inside the reservoir
above the oil water contact is given as approximately 1:341 km
s . This produces a saturated shear modulus for the Alba sand of 3:6 GPa. With a given VP for oil-saturated
and water-saturated reservoir sands, we are able to calculate the saturated bulk modulus. For oil-saturated sand it is 9:60 GPa, for water-saturated sand 13:17 GPa. The bulk
modulus of water under reservoir conditions has to be assumed to 3:0 GPa, because
we have no information about temperature, fluid pressure and salinity.
A sytematic parameter variation was carried out using Gassmann equation with
porosity n as the independent variable. Figure 1 shows the result for water saturated
and Figure 2 for oil saturated Alba sand.
The p-wave velocity VP in oil-saturated is more sensitiv to porosity variation than
in water-saturated sand. The most remarkable difference between the two pore fluids
is the behaviour of VP =VS . While it is decreasing with increasing porosity for oil
as pore fluid, it increases with increasing porosity, if water is filling the pore space.
Such considerations ultimately allow to distinguish between different fluid types. Such
investigation can also be used to determine the feasibility and effectiveness of fluid
flow monitoring efforts. An example of simulating fluid flow is shown in figure 3. It
shows the saturation destribution for an initially unsaturated porous medium filling up
over time by a central well.
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Figure 1: The dependence of P–wave velocity, S–wave velocity and VP =VS – ratio for
water saturated Alba sand from porosity is shown. With increasing porosity VP =VS –
ratio is increasing.
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Figure 2: The dependence of P–wave velocity, S–wave velocity and VP =VS – ratio for
oil saturated Alba sand from porosity is shown. With increasing porosity VP =VS – ratio
is decreasing.
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Figure 3: Time history of fluid saturation caused by a central injection well.
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CONCLUSION
While our ability to perform fluid substitution for practical reservoir scenarios works
well with the estabilished theory, we aim at testing more sophisticated substitution
schemes, leading up to include ansiotropy and viscous damping. We can carry out full
wave form seismic simulations of typical data acquisition scenarios by using Finite
Difference Modeling techniques in 2D and 3D. In the future we plan to model wave
propagation with 3D-finite difference scheme based on Biot's theory of wave propagation in fluid saturated porous media. For a realistic model we plan to model 3D fluid
flow behavior and pore pressure distribution with a fluid flow simulator. The combination of theory and numerical techniques allows us to perform sophisticated studies in
the near future.
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Full Wave Form Modeling In Time-Lapse Studies
M. Karrenbach1
keywords: seismic modeling feasibility fluid time-lapse

ABSTRACT
In reservoir rocks physical quantities, such as p-wave and s-wave velocities, depend on
porosity and fluid content. Observing the influence of fluid flow properties on seismic
wave propagation enables us to estimate the feasibility of seismic imaging of fluid
related quantities in reservoir rocks. Often only full wave form modeling can capture
the essence of the reservoir response. Preliminary time-lapse tests in an elastic 3D
SEG/EAEG salt model are computed numerically.

INTRODUCTION
A major aim of applying full wave form modeling techniques for time-lapse studies
is to produce realistic feasibility studies, which are either generic in a typical average
setting or are specific cases based on a very particular reservoir situation. Asymptotic
modeling, although fast, cannot in many cases capture the essence of the total reservoir
response. Full wave form modeling can help in cost effectively design acquisition and
monitoring programs for specific targets and can help decide which type of recording
geometry, surface, OBC, VSP, cross-well, vertical cable, multi-component recordings
are most likely to produce unique quantitative images of the reservoir change. From
fluid flow simulations reservoir changes over time can be obtained. In a companion
paper Kaselow et al. (1999) describe a methodology that can be used in order to
compute variable fluid content and type in a typical reservoir.
In order to use full wave form modeling as a tool, it needs to allow quick computation of the initial 3D seismic wave field. In a companion paper in this report
(Karrenbach, 1999) a combination of Eikonal solution and high-order finite difference
method produces a hybrid scheme, that depending on the model geometry and properties can compute the response more quickly than standard FD techniques. In another
companion paper (Pohl, 1999) we show another way to reduce the computational cost
by using a variable grid. This method has another advantage of reducing numerical artifacts since grid lines are chosen such that they follow major model boundaries (such
1
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as salt body).
To use full wave form modeling for time-lapse studies residual modeling techniques need to be used in order to compute quickly the effect of changing the target
properties of the model. The effort can be greatly reduced by precomputing Green's
functions up to an area surrounding the target zone (this can be done in the initial modeling run). The residual modeling of a single time lapse response can then be produced
by using a full wave form modeling technique in the target region and recording seismic response where the previous Green's functions were recorded. Upward continuing
the solution to the surface concludes the residual modeling step. For further time-lapse
responses additional full wave form computation is limited to the target region only,
thus the computational effort is greatly reduced.
Using full wave form modeling described above allows the realistic testing and
calibration of processing and imaging algorithms, such as the following:






Multiple Attenuation, Subsalt and Multi-component Imaging
AVO/AVAZ Analysis and Fracture Detection
Near Surface and Topography Influences
Seismic Tracking of Target Property Changes
A NEW SEG/EAEG 3D MODELING EFFORT ?

Currently SEG is contemplating to renew its modeling activities. A workshop has been
held at the SEG meeting 1999 to poll the interest among academia, industry and national laboratories. So far the computational burden for a realistic 3D elastic model
seems overwhelming. However, a next SEG 3D modeling could be extremely useful
if carried out acoustic, elastic, as well as viscous and anisotropic. To maximize usefulness for a variety of purposes a future model should accommodate exploration as
well as production problems. Since the effort of constructing such a comprehensive 3D
model is considerable, it should be made sure that it is possible to easily extend it in the
future. In contrast to previous SEG/EAEG modeling activities, a future model should
be designed cooperatively with Petroleum Engineers. To create a model as realistic as
possible, it needs to incorporate the temporal change in the subsurface parameters due
to subsurface fluid flow. Not one single 3D prestack data set should be generated, but
a variety of related (smaller) 3D prestack data sets, such as with and without free surface multiples, target replacements, overburden replacements, with acoustic, elastic,
viscous and anisotropic material should be produced. It would allow to objectively test
and calibrate elastic seismic processing and imaging methods. In order to carry out 3D
elastic numerical modeling, high performance computing in form of MPP, VPP, clusters need likely to be used on the hardware side as well as optimized and hybrid Finite
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Figure 1: Seismic responses due to changes in the 3D reservoir.

Difference type methods on the software side (Karrenbach, 1999). Elastic modeling
is memory and compute bound on most present day hardware, however, massively
parallel and cluster computer hardware is becoming rapidly economical. Seismic data
storage, access and distribution is a practical issue and will determine how effectively
data will be used. The use of compression technology is likely to be necessary.

PRELIMINARY TESTS IN THE SEG/EAEG SALT MODEL
In the previous years I have used this 3D model extensively. Being familiar with this
model allows the construction of a useful generic extensible 3D model with various
features of a production within a exploration model. I include small-scale property
variations in target zones or overburden. The direct embedding of fluid properties in
the 3D model allows to carry out fluid flow simulations concurrently and to couple it
with the seismic response. Seismic data was generated for such a smallish production
model in various incarnations: acoustic, elastic, viscous, transverse isotropic, with and
without certain multiples. Figure 1 shows the 2D surface recording in a 3D model
that changes its subsurface properties target-oriented over time. We can observe slight
changes in the target region of the seismic recording, clearly demonstrating a charac-
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teristic change in subsurface properties. The numerical data acquisition can be very
flexible, be it pressure or multi-component, OBC, VSP, VC, Cross-well acquistion geometries. Figures 2 show the ocean bottom topography in the model, a time slice in
a surface shot recording, and the comparison of an acoustically versus an elastically
computed 3D snapshot. Figures 3 demonstrate the capability of recording arbitrary 3D
VSPs. Figure 3 a) shows recording in a vertical well in the center of the model, b)
and c) show deviated well recordings where the lower part of the well extends in the
direction towards the target in the center of the model.
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(d)

Figure 2: Acoustic / Elastic snapshot comparison for the SEG/EAEG 3D Salt
Model.Figure a) show the ocean bottom topography, b) shows a time slice of shot
recording, c) shows a acoustic snapshot and d) an elastic snapshot of a single 3D surface shot.
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Figure 3: 3D VSP recording in the SEG/EAEG salt model. Figure a) shows vertical
well in the center of the model , b) and c) show deviated well recordings where the
lower part of the well follows the direction towards the target in the center of the
model.

CONCLUSION
Several numerical techniques can be combined that allow to perform full wave form
modeling fast for initial as well as repeat modeling runs. Initial tests have been carried out in the 3D SEG/EAEG salt model and some typical seismic data have been
calculated and recorded in several geometries. Full wave form modeling, although numerically intensive, is sometimes the only way to capture a realistic reservoir reservoir
response and to evaluate a 4D feasibility study confidently.
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A Chebyshev method on 2D generalized coordinates

M. Pohl, F. Wenzel and M. Karrenbach1
keywords: pseudospectral, transfinite interpolation, generalized coordinates

ABSTRACT
We present a method which allows to generate 2D numerical grids in generalized
coordinates from any number of predefined grid lines and solve the wave equation
in these coordinates by a Chebyshev pseudospectral method. The grid generation
algorithm is based on a transfinite interpolation and defines the mapping function
by means of spline interpolations. The stability of the method depends only on the
minimum grid spacing.

INTRODUCTION
The numerical modelling of curved interfaces on rectangular grids imposes conditions
for the grid spacing to suppress undesired diffraction effects. Due to stability reasons
the time stepping directly relates to the grid spacing. A grid refinement thus leads
to both a larger data volume and a larger number of time steps. Especially for pseudospectral methods, which require a lower number of grid points per wave length than
standard FD methods a correct representation of curved boundaries is of great value.
A major problem in using generalized coordinates is to initialise the grid. Our intention
is to introduce arbitrarily shaped layer boundaries in two dimensions without changing
the grid boundaries. Grid size and number of grid points remain. In order to define
the mapping functions the generalized coordinates must be known. The grid generation requires two steps: (1) computation of the generalized coordinates considering the
specified layer boundaries and (2) definition of the mapping functions. The first can
be done by means of transfinite interpolations (Hoschek and Lasser, 1992). The layer
boundaries divide the model space into several patches. Transfinite interpolations interpolate the boundary curves of each patch using appropriate blending functions but
leave the boundary curves unchanged. In the second step we calculate the node dependent shift values and define the mapping functions using spline functions.
1
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CHEBYSHEV METHOD
We use a Chebyshev collocation method to solve the wave equation on the generalized grid. The solution of the wave equation is expanded in terms of Chebyshev
polynomials (Gottlieb et al., 1984). In the computational domain the grid is defined
by the Gauss–Lobatto collocation points (Carcione and Wang, 1993). Since this grid
becomes very fine near the grid boundaries, a one–dimensional stretching function is
applied for each coordinate in order to allow increased time steps for the integration
(Kosloff and Tal-Ezer, 1993). For the forward integration in time we use a fourth order
Runge–Kutta scheme. Absorbing boundary conditions are imposed by a characteristic
treatment (Thompsen, 1990).
GRID GENERATION





ui = M2 (1 ; hu (i))
vj = N2 (1 ; hv (j ))

i = 0; ::; nx

The model space of the size M N is discretized by nx nz grid points. The coordinates of the unmapped grid are given by the stretched Chebyshev coordinates ui and
vj
(1)

j = 0; ::; nz

where i and j are the Gauss–Lobatto points defined by the extreme values of the
Chebyshev polynomials of order nx and nz . hu and hv are one–dimensional stretching
functions in order to overcome the superfine grid spacing near the boundaries. For
details see (Carcione and Wang, 1993; Kosloff and Tal-Ezer, 1993). We introduce the
mapping by defining r and s arbitrarily shaped boundary functions (e.g. layer boundaries) in each dimension and divide the model space into r +1 s +1 patches (figure 1).
Each patch is represented by the coordinates at the four intersection points Pi and the
boundary functions (e.g. spline functions) fr ; fr+1 ; gs and gs+1 (figure 2). By means
of a transfinite interpolation (Hoschek and Lasser, 1992) each patch is discretized by
ms nr nodes and the generalized coordinates x and z are then given by





x(k; l) = 0(ik )gs(z(k1; l)) + 1(ik )gs+1 (z(k2; l)) !


; 0(ik ); 1(ik ) xx((kk11;; ll12)) xx((kk22;; ll12))
z(k; l) = 0(jl)fr (x(k; l1)) + 1(jl )fr+1(x(k; l2)) !


; 0(ik ); 1(ik ) zz((kk1;; ll1)) zz((kk2;; ll1))
1 2

2 2

where

x(k; li) = (1 ; ik ) x(k1; li) + ik x(k2; li); li 2 [l1; l2]

0(kl)
1(kl)
0(kl)
1(kl)

!
!

(2)
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Figure 1: Example of the decomposition of the model space into nine patches. The
bold lines mark the boundary functions. The generalized coordinates of the patches 1
and 2 are displayed.

z(ki ; l) = (1 ; jl ) z(ki; l1) + jl z(ki; l2); ki 2 [k1; k2]
k2 = k1 + ms; l2 = l2 + nr ; ik ; jl 2 [0; 1]; k = k1; ::; k2; l = l1; ::; l2
0 and 1 are blending functions which interpolate the boundary curves. Since the
patches have to be continuous at the boundaries, we use Hermite polynomials
0(i) = 1 ; 3i2 + 2i3; 1(i) = 3i2 ; 2i3 i 2 [0; 1]

(3)

which fulfill the condition 0i (k ) = 0 (i; k = 0; 1).

COORDINATE TRANSFORMATION
The node dependent shift values u and v of the coordinates u and v can be accomplished analytically by cubic spline interpolants gx and gz in x- and z –direction
respectively. Thus, the mapping is represented by

x(i; j ) = ui + u(i; j ) = ui + gx (ui; vj )
z(i; j ) = vj + v(i; j ) = vj + gz (ui; vj )
Calculation of the spatial derivatives of a function

f

(4)

defined on the generalized

192

P1
x

z

fr (x)

l1

P4

gs (z)

gs+1(z)

k1
k2
P2

l2

fr+1(x)
P3

Figure 2: Patch defined by the the points P1 , P2 , P3 and P4 and the four boundary
functions fr ; fr+1 ; gs and gs+1 . In the discretized grid the boundary functions represent
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grid, requires spatial derivatives of the mapping functions
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cx, cz , dx and dz are products of the spatial derivatives of the mapping functions. Again,
the spatial derivatives of gx and gz are derived analytically by means of cubic spline
interpolations. The Jacobian of the transformation is

J =

x
1 + @g
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!

!
@g
z
x @gz
1 + @v ; @g
@v @v :

(6)
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It is a quantitative measure of the change of the grid cell size:

dudv = Jdxdz.

Velocity Stress Formulation on the transformed grid
In order to calculate the spatial derivatives of the velocity stress formulation of the
elastic equations on the transformed grid, new terms have to be added to the existing
equations (Fornberg, 1988)

v_ x =
v_ z =
_ xx =
_ zz =
_ xz =

!
1 @xx + @xx c + 1
dx @ u
@v x! dz
1 @xz + @xz c + 1
dx" @ u
@v x ! dz
1
x
 d1 @@vux + @v
c
x +
@v ! dz
" x
1
x
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" x
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dx
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!
@ vx + @vx c
@ u @v x!
@vz c + @ vz
@u z @ v

Effectively only two additional derivatives (underlined) have to be calculated. In contrast to the spatial derivatives the multiplicative factors cx , cz , dx and dz (see eq. (5))
have to be calculated only once. If the grid is not transformed cx = cz becomes zero,
dx = dz becomes one and the right hand side reduces to the partial derivatives in bold
face (u = x and v = z ).

DISCUSSION
Computationally the costs for introducing 2D mapping into the Chebyshev code are
low. Only two additional spatial derivatives are required. Since all spatial derivatives
in this method are calculated analytically by either the Chebyshev method or spline
interpolation no numerical dispersion error occurs. The use of generalized coordinates, however, is limited by the minimum grid spacing which is directly related to the
time discretisation by the time marching scheme. The explicit Runge–Kutta scheme
encounters the condition t = (N ;1 ). It is clear that strong lateral and vertical
variations in the grid lead to a significant grid refinement, which make the technique
nearly impractical. A solution to this problem is to approximate complex geometries
(e.g. salt domes) not by a single curve, but to use several curves which are composed
to match the geometry.

O
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EXAMPLE
In order to demonstrate the feasibility of this approach we composed a salt dome model
and mapped it onto the grid (figure 3). It is not practical to represent the salt dome by a
single boundary, since at its base the grid spacing would be very small. The bold lines
mark the spline curves which are used to approximate the outline of the salt body.
The Jacobian of the mapping ranges between 0.5 and 2.1 (figure 4). This corresponds qualitatively to the changes in grid spacing. The grid spacing is enlarged
where the J > 1 and reduced where J < 1. The relative changes in the minimum and
maximum grid spacing are -0.4 and 0.55.
A snapshot of the vertical component of a simulation run through this model is
displayed in figure 5. The velocity within the salt is higher than in the overburden.
The wave fronts are not altered by the mapped grid. One might expect diffraction
effects at the upper left and right edges of the dome, where the approximating curves
intersect, since the outline of the dome is not continuous there. Obviously this is here
not the case. This phenomenon is not yet understood and has to be studied in more
detail.
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Figure 3: Salt dome model composed of nine patches. The bold lines mark the boundaries of the patches. Every fourth grid line is displayed.
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Figure 4: Jacobian of the salt dome model. The white line outlines the salt dome.
Contour lines range from 0.5 to 2.1. The grid spacing is enlarged where J > 1 and
reduced where J < 1.

Figure 5: Snapshot through salt model. The white line outlines the salt body. Note that
the wave propagation is not disturbed by the curved grid.
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CONCLUSION
We developed a method to initialise grids from arbitrarily shaped boundary curves and
solve the wave equation on these grids by a pseudospectral method. First simulation
runs demonstrate, that it is possible to approximate complex geometries by several
curves. Further investigations will comprise a qualitative and quantitative analysis of
the factors limiting the grid mapping, a testing of the robustness of the method and a
comparison with other methods, e.g. Finite Differences.
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Restricted optimization: a clue to a fast and accurate
implementation of the Common Reflection Surface
Stack method
E. G. Birgin, R. Biloti, M. Tygel, and L. T. Santos1
keywords: Multi-coverage data, Common Reflection Surface method, hyperbolic
traveltime, coherency function, optimization, Spectral Projected Gradient method

ABSTRACT
For a central ray in an isotropic elastic or acoustic media, traveltime moveouts of
rays in its vicinity can be described in terms of a certain number of parameters that
refer to the central ray only. In 2-D propagation, the traveltime expressions depend
on three parameters directly related to the geometry of the unknown model in the
vicinity of the central ray. We present a new method to extract these parameters out of
coherency analysis applied directly to the data. It uses (a) fast one-parameter searches
on different sections extracted from the data to derive initial values of the parameters,
and (b) the application of a Spectral Projected Gradient optimization algorithm for
the final parameter estimation. The results obtained so far indicate that the algorithm
may be a feasible option to solve the corresponding, harder, full three-dimensional
problem, in which eight parameters, instead of three, are required.

INTRODUCTION
Traveltimes of rays in the paraxial vicinity of a fixed central ray can be described
by a certain number of parameters that refer to the central ray only. They are valid
independently of any seismic configuration.
Assuming the central ray to be the primary zero-offset ray, the number of parameters are three and eight, for two- and three-dimensional propagation, respectively. For
2-D propagation, the parameters are the emergence angle of the normal ray and the
wavefront curvatures of the normal and normal-incident-point eigenwaves, as introduced in Hubral (1983). All parameters are defined at the point of emergence of the
central ray, called the central point. This point coincides with a common midpoint
(CMP), where the simulated zero-offset trace is to be constructed.
1
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The use of multi-parametric traveltime approximations for imaging purposes is a
well-investigated subject. Main contributions are Multifocusing (see, e.g., Gelchinsky
et al., 1997, for a recent description), PolyStackTM (see, e.g., de Bazelaire et al., 1994)
and the very recent Common Reflection Surface (CRS) method (see, e.g., Hubral et al.,
1998). These methods vary in general on two aspects, namely, the multi-parametric
traveltime moveout formula that is used, as well as in the strategy to extract the traveltime parameters from coherency analysis applied on the multi-coverage data.
The basic lines of the CRS approach are the choice of the hyperbolic traveltime
function (see Tygel et al., 1997), and the strategy of breaking the original threeparameter estimation problem into simpler ones involving one or two unknowns. As
shown in Müller (1999), quick estimations for the three parameters are obtained by
simple one-parameter searches performed on CMP and CMP-stacked sections of the
data.
To improve the accuracy of the estimations, as needed, e.g., for the construction of
velocity models, a natural idea is to use the previously obtained parameter estimations
as initial values for an optimization scheme directly applied to the multi-coverage data
problem. Following this philosophy, Müller (1999) obtained significantly better results
on synthetic data examples, however, at a high computational cost.
In this work, we present a new optimization strategy so as to achieve more accurate
results than the ones derived by purely one-parameter searches, while maintaining
the computational effort at a reasonable level. This becomes a crucial matter when
real-data applications are envisaged. The method is illustrated by its application on a
synthetic example, where the various aspects of the algorithm can be better understood.
HYPERBOLIC TRAVELTIME EXPANSION
As shown in Figure 1, let us assume a fixed target reflector  in depth, as well as a
fixed central point X0 on the seismic line, considered to be the location of a coincident
source- and -receiver pair S0 = G0 = X0 . The corresponding zero-offset reflection
ray, X0 NIP X0 , will be called from now on the central ray. It hits the reflector at
the normal-incident-point (NIP). For a source-receiver pair (S; G) in the vicinity of
the central point, we consider the primary reflected ray SRG relative to the same
reflector . We use the horizontal coordinates x0, xS and xG to specify the location
of the central point X0 , the source S and the receiver G, respectively. We find it
convenient to introduce the midpoint and half-offset coordinates xm = (xG +xS )=2 x0
and h = (xG xS )=2. We consider the hyperbolic traveltime expression as in Tygel et
al. (1997)

;

;

T 2(xm; h; 0; KN ; KNIP ) = t0 + 2xmvsin
0

0

!2

+ 2t0 cos
v
0

2

0

(KN x2m + KNIP h2) ;
(1)
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where t0 is the zero-offset traveltime and 0 is the angle of emergence at the zero-offset
ray with respect to the surface normal at the central point. The quantities KN and KNIP
are the wavefront curvatures of the normal N-wave and the NIP-wave, respectively,
measured at the central point (Hubral, 1983).
N-wavefront

S

X0

NIP-wavefront

G

0

Figure 1: Physical interpretation of
the hyperbolic traveltime formula
parameters: Emergence angle, 0,
normal-wave curvature, KN , and
normal-incident-point-wave curvature, KNIP .

NIP
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For particular source-receiver gathers, the hyperbolic traveltime formula (1) can be
simplified. The most used configurations are:
The common-midpoint configuration: Setting the fixed midpoint to coincide
with the central point, the CMP-traveltime expression can be readily obtained from
the hyperbolic traveltime (1) by simply placing xm = 0 in that formula. We find the
1-D expression
2
TCMP
(h; q) = t20 + 2t0vh q ;
0
2
on the combined parameter q = cos 0 KNIP .
2

(2)

The zero-offset configuration: The zero-offset traveltime expression is readily
obtained setting h = 0 in the hyperbolic traveltime (1). We find the 2-D expression

TZO (xm; 0; KN ) = t0 + 2xmvsin
0
on the original parameters 0 and KN .

0

2

!2

+ 2t0 cos
v

2

0

0

KN x2m ;

(3)

The common-shot configuration: Placing the common source to coincide with
the central point, the common-shot traveltime expression is derived by setting xm = h
in the hyperbolic traveltime (1). As a result, the traveltime expression becomes the
2-D formula

TCS (h; 0; ) = t0 + 2h sin
v0
2

0

!2

2
2
t
0 cos
+ v
0

0

 h2 ;

(4)
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depending on the original and combined parameters
respectively.

0 and

 = KN + KNIP ,

The common-offset configuration: The expression of the common-offset traveltime coincides with the general hyperbolic traveltime (1) upon the consideration of
h = constant.
FORMULATION OF THE PROBLEM AND ITS SOLUTION
The multi-coverage data consists of a multitude of seismic traces U (xm ; h; t) corresponding to source-receiver pairs located on a given seismic line by coordinate
pairs (xm ; h), and recording time 0 < t < T . Our problem is the following:
Consider a dense grid of points (x0; t0), where x0 locates a central
point X0 on the seismic line and t0 is the zero-offset traveltime. For each
central point X0 , let the medium velocity v0 = v (x0) be known. From the
given multi-coverage data, determine the corresponding parameters 0 ,
KN and KNIP , for any given point (x0; t0) and velocity v0.
One approach to solve this problem could be the application of a multi-parameter
coherency analysis to the data, using the traveltime formula (1) to a number of selected
traces around X0 and for a suitable time window around t0. The desired values of the
parameters are expected to be close to the ones for which the maximum coherence is
achieved.

(

Given the seismic traces U (xm ; h; t), and the vector of parameters
0; KN ; KNIP ), the coherency measure called semblance is given by

P =

P[P U (x ; h; T (x ; h; P ))]2
S = M P P[U (mx ; h; T (mx ; h; P ))]2 ;
(5)
m
m
where T (xm; h; P ) = T (xm ; h; 0; KN ; KNIP ) is the traveltime expression (1) and
M is the total number of selected traces. The inner summation is performed over all
selected traces, and the outer one is performed over a given time window around t0 . For
each given pair (x0; t0), the objective is to find the global maximum of the semblance
function (5) with respect to the parameters 0 , KN and KNIP . These parameters are
restricted to the ranges ;=2 < 0 < =2 and ;1 < KN ; KNIP < 1.
To compute the global maximum of the semblance function, we propose the strategy described by the flow chart in Figure 2. In the first part we obtain initial values of
the parameters. In the second part, an optimization process employs these parameters
as initial values to produce the final estimations. Following the same lines as Müller
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Figure 2: Flow-chart description of the parameter-estimation strategy. First part: Computation of initial estimations by one-parameter searches. Second part: Optimization
method applied to common-shot sections for final parameter estimation.
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(1999), the first part consists of two steps, namely, (a) a one-parameter search of the
combined parameter q , performed on the CMP sections with the help of the traveltime
expression (2), and (b) two one-parameter searches for 0 and KN , performed on the
CMP-stacked section realized using the previous q -parameter. The CMP-stacked section is considered as an approximate zero-offset section, so the traveltime expression
(3) is used.
The optimization process of the second part 0 and  = KN + KNIP . For this purpose, we use the Spectral Projected Gradient (SPG) method (see Birgin et al. (1999))
applied to common-source sections. We use the traveltime expression (4) to obtain the
original parameter 0 and the combined parameter . Finally, using the relationships
KNIP = q= cos2 0 and KN =  KNIP all the desired parameters can be determined.

;

A SYNTHETIC EXAMPLE
Referring to Figure 3, we consider the synthetic 2-D model of three smoothly curved
reflectors separating different homogeneous acoustic media. Assuming unit density,
the constant velocities are: c1 = 1400m/s above the first reflector, c2 = 2000m/s
between the first and the second reflector, c3 = 3400m/s between the second and the
third reflector, and, finally, c4 = 5500m/s below the deepest reflector. The input data
0

c1 = 1400 m/s
1000

c2 = 2000 m/s

Depth (m)

2000

3000

c3 = 3400 m/s
4000

c4 = 5500 m/s

5000

4000

6000

8000

10000

12000

Distance (m)

Figure 3: Synthetic two-dimensional model of four homogeneous acoustic layers separated by smooth curved interfaces. Unit density is assumed in all media.
for our experiment are 334 CMP seismic sections, centered at coordinates x0 varying
from 3010m to 13000m. Each CMP gather has 84 traces with half-offsets varying from
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0m to 2490m. All traces are sampled within the range of 0s t 6s, at a sample rate
of 4ms. Noise was added to the data with a ratio signal:noise of 7:1.

Initial estimation – the combined parameter q : We start with the estimation of the
combined parameter q , performed as a one-parameter search on the CMP gathers. The
situation is similar to a conventional NMO-velocity analysis. For each fixed midpoint
x0, we determine, for each time sample t0, the value of q that yields the best semblance
in the CMP gather. For this computation, we use the CMP-traveltime formula (2) that
depends on the q -parameter only. This leads to the construction of two auxiliary CMPrelated sections, namely, the q -section, which consists of assigning to each (x0; t0 ) its
corresponding q -parameter, and the semblance section in which the semblances are
assigned. An extensive use of these auxiliary sections is described in Gelchinsky et al.
(1997).
The q -search may be refined for greater accuracy. We consider the estimated q parameters for which the current semblance values exceed a threshold that is interactively selected by the user. This provides an ensemble of q -values concentrated on
a smaller range (in our case three orders of magnitude less than the original range
search). It allows us to perform a new search, restricted to this smaller range divided
into a much finer grid. Figure 4 shows the semblance section obtained after the refinement. The employed threshold semblance values were 0.13 and 0.15 for the time
intervals 0s < t0 < 2:5s and 2:5s < t0 < 6s, respectively. The very clear semblance
section of Figure 4 can be looked upon as a simulated zero-offset section. The theoretical and estimated values of the combined parameter q along the reflectors are shown
in Figure 5. The accurate results confirm the expectations of employing an exhaustive
search to solve a 1-D problem. The obtained values of the q -parameter will be retained
during the whole process.

Initial estimation – the parameters 0, KN and KNIP : Using the just estimated
q-values in the CMP-traveltime formula (2), we construct (like in conventional NMOstacking) the corresponding CMP-stacked section. This will now be used as an approximation of a zero-offset section. To extract the emergence angles 0 and the N-wave
curvatures KN , we proceed as follows: (a) Using the zero-offset traveltime expression
(3), we first set KN = 0 and perform, for each pair (x0 ; t0), a one-parameter search for
0 between =2 and =2; (b) Setting the obtained value of the 0 parameter in the
same zero-offset traveltime expression (3), we perform a further one-parameter search,
this time for the parameter KN . Use of the above results, together with the relationship KNIP = q= cos2 0, completes the initial estimations of the parameters 0, KN
and KNIP .

;

Zero offset traveltime (s)
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Figure 4: Semblance section obtained as a result of the one-parameter search of the
combined parameter q . Note the excellent resolution of the section.

Optimization procedure – Final estimations: The second part of our method consists of the application of an optimization algorithm to common-shot sections. We
use the common-shot traveltime formula (4), depending on the two parameters 0 and
 = KN + KNIP . From the previous initial estimation of the parameters, we apply the
SPG optimization method (see Birgin et al., 1999) to achieve the final estimations.
Figures 6, 7 and 8 show the comparison between the theoretical and optimized parameters. We can recognize that the method provides generally accurate estimations in
most of the section. We note, however, that the method also yields inaccurate results
at various points within the range [6000m,8000m]. These points are characterized by
small coherence measures and, for that matter, have not been displayed in Figures 6, 7
and 8. The reasons for those small coherence values may be (a) lack of illumination:
use of end-on, common-shot gathers may not be the most adequate choice of illumination for the whole section. (b) Caustics: the same region contains a caustic due to the
second reflector.
A possible improvement of the results could be obtained upon the combined use
of traces that belong to different gathers (e.g, split-spread common-shot and commonoffset gathers). The use of additional gathers may be recommended to overcome these
difficulties. These aspects are under investigation.
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Figure 5: Combined parameter q : Theoretical curve (solid line) and estimated values
(small x) obtained after the one-parameter search on the CMP sections.
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Figure 6: Emergence angle 0: Theoretical curve (solid line) and estimated values
(small x) obtained after the two-parameter optimization on the common-shot sections.
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Figure 7: N-wave curvature KN : Theoretical curve (solid line) and estimated values
(small x) obtained after the two-parameter optimization on the common-shot sections.
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Figure 8: NIP-wave curvature KNIP : Theoretical curve (solid line) and estimated
values (small x) obtained after the two-parameter optimization on the common-shot
sections.
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CONCLUSIONS
We have proposed a new algorithm to determine the traveltime parameters out of coherency analysis applied to 2-D multi-coverage seismic data. Following the general
philosophy of the CRS approach, we used the hyperbolic traveltime moveout together
with a sequential application of one-parameter searches, followed by a two-parameter
optimization scheme. The restriction of the two-parameter optimization to commonshot sections leads to a fast and generally accurate estimation of all three parameters.
We applied the algorithm to a three-reflector synthetic example. Although this is
a simple model, it presents already some of the basic complications of more realistic
situations. The obtained results were very encouraging, confirming our expectations
concerning accuracy improvements at reasonable computational costs. Next steps will
be to test the new algorithm on more complex models and to real data sets.
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Hubral, P., Höcht, G., and Jäger, R., 1998, An introduction to the common reflection surface stack: EAGE 60th meeting and technical exhibition, EAGE, Extended
Abstracts, 1–19.
Hubral, P., 1983, Computing true amplitude reflections in a laterally inhomogeneous
earth: Geophysics, 48, 1051–1062.

210

Müller, T., 1999, The common reflection surface stack method – seismic imaging without explicit knowledge of the velocity model: Master's thesis, Geophysical Institute,
Karlsruhe University, Germany.
Tygel, M., Müller, T., Hubral, P., and Schleicher, J., 1997, Eigenwave based multiparameter traveltime expansions: Eigenwave based multiparameter traveltime expansions:, Ann. Internat. Mtg., Soc. Expl. Geoph.

PUBLICATIONS
Detailed results are in Birgin et al. (1999b).

Wave Inversion Technology, Report No. 3, pages 211-223

Reference ellipsoids for anisotropic media
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ABSTRACT
Perturbation techniques are common tools to describe wave propagation in weakly
anisotropic media. The anisotropic medium is replaced by an average isotropic
medium were wave propagation can be treated analytically and the correction for
the effect of anisotropy is computed by perturbation techniques. This works well for
anisotropies of up to 10%. Some materials (e.g., shales), however, can exhibit a much
stronger anisotropy. In this case a background medium is required which still can
be treated analytically but allows to consider a stronger P-wave anisotropy. In this
paper we present a technique to compute a best fitting ellipsoidal medium to an arbitrary anisotropic medium. Elliptical media can still be treated analytically but allow
to consider strong P-wave anisotropy. Corrections from the ellipsoidal medium to the
anisotropic medium are again obtained by the perturbation approach. The averaging
of the arbitrary anisotropic medium can be carried out globally (i.e., for the whole
sphere) or sectorially (e.g., for seismic waves propagating prominently in the vertical
direction). We derive linear relations for the coefficients of the ellipsoidal medium
which depend on the elastic coefficients of the anisotropic medium. Numerical examples for different rocks demonstrate the improved approximation of the anisotropic
model using the ellipsoidal medium compared to the average isotropic medium.

INTRODUCTION
One approach to deal with the complexity of anisotropic wave propagation is to
use perturbation techniques which are based on the approximation of an anisotropic
medium by a simpler, analytically treatable, reference medium. Differences between
both media are taken into account by adding corrections to the results obtained for the
reference medium. These corrections can be of arbitrary order, theoretically. However,
for practical applications mostly a first-order correction is used (see, e.g., Cervený,
1982). To minimize errors which are inherent in the low-order perturbation approach,
one should choose the reference medium as close as possible to the true medium –
1
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with respect to the physical properties to be investigated.
The assumption of weak anisotropy in real subsurface structures is often valid and
justifies an approximation by isotropic reference media. Formulas for the best fitting isotropic reference velocity were derived by Fedorov (1968) by minimizing the
norm of differences between elastic coefficients of the anisotropic and the isotropic
reference model and by Sayers (1994) by expanding slowness surfaces into spherical harmonics. However, media with ellipsoidal shape of the slowness surface and,
therefore, of the group velocity surface, are appropriate for analytical calculations too
and can be chosen closer to the true medium if a stronger velocity differences for the
slow and fast direction are present. Lecomte (1993) computes traveltimes in two dimensions (2D) by approximating arbitrary symmetry of anisotropy by ellipsoids (i.e.
ellipses in 2D). Traveltimes computed for this elliptical reference medium are accepted
as traveltimes for the original medium. For this approach all quantities needed for fast
finite-difference (FD) traveltime computation are analytically available. However, to
achieve higher accuracy in case of strong anisotropy Lecomte rather uses orthorhombic reference media, therefore, involving (expensive) numerical calculations. Ettrich
(1998) presents a 3D traveltime tool utilizing (analytically treatable) ellipsoidal media
but compensating for stronger anisotropy by integrating a perturbation scheme into the
finite-difference algorithm.
Recently, Mensch & Farra (1999) presented a scheme for ray tracing in orthorhombic media perturbing from ellipsoidal anisotropy. Their reference medium is an ellipsoid with main axes being parallel to the main axes of orthorhombic symmetry where
velocities along these directions are chosen identical in both media.
To optimize the applications mentioned above we here address the problem of
finding parameters of a best fitting ellipsoidal reference medium for an arbitrary
anisotropic medium. The fit is performed in the sense that the propagation of P-waves
is best approximated. Since in arbitrary anisotropic media group velocity is an extremely complicated function of the coefficients of elasticity this aim is synonymous
with approximating the phase velocity best. The ellipsoidal model used by Mensch
& Farra (1999) is a quite obvious one and turns out to be a reasonable choice. We
will call it the “obvious ellipsoid” below. We will, however, demonstrate that more
rigorously derived formulas lead to a superior approximation.
Our solution to derive a best-fitting ellipsoidal medium for a general anisotropic
medium and its accuracy is described in the next sections. Alternatives to the approach chosen could be based on relations between elastic coefficients that make an
orthorhombic medium ellipsoidal. However, utilizing these relations previously published by Burridge et al. (1993) either lead to non-linear relations in elastic coefficients
or to intersecting slowness surfaces (i.e., the same wave type could be attributed to different ellipsoids for different directions).
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Notation

 Wherever it is more convenient we use the Voigt-notation CIJ (capital indices


running from 1 to 6) for the density normalized tensor of elasticity rather than
the four-indices tensor cijkl (non capital indices running from 1 to 3) with the
usual correspondence: 11-1, 22-2, 33-3, 23-4, 13-5, 12-6.
Averaging a function f is denoted by < f >. For f depending on angle
of azimuth  and angle of inclination  (measured with respect to the ver2R RM
f (; ) sin dd with
tical) the averaging is defined by < f >= A1
0 0
2 M
A = R R sin dd and M the maximum inclination.
0 0

 Normal vectors are defined by: (n1; n2; n3) = (sin  cos ; sin  sin ; cos ) .
 Summation over repeated indices is applied.
 kl is the Kronecker-delta.
BEST-FITTING ELLIPSOIDAL REFERENCE MEDIUM

Following ray theory one finds for the phase velocity v of rays propagating in general
anisotropic media (Cervený, 1972):

v2 = cjklm nk nlgj gm

with

cjklm
nj
gj

density normalized tensor of elast. coef.
phase normal vector
polarization vector

v

g

(1)

This equation is not appropriate for analytical calculations since 2 and j are eigenvalue and eigenvector, respectively, of an eigenvalue problem. However, for weak
anisotropy the phase velocity of the P-wave is well approximated by v~ if the polarization vector is substituted by phase normal nj in equation (1):

v2  v~2 = cjklmnj nk nlnm :

(2)

Even if we consider strong anisotropy we will use equation (2) to define the anisotropic
medium. It has be shown previously (Psen ík and Gajewski, 1998), that this assumption
is justified for a broad class of anisotropic models.
For ellipsoidal media the eikonal equation describing the P-wave slowness surface
factorizes into an equation of the form

vb2 = Rjk nj nk ; j; k = 1; 2; 3:
(3)
The square of phase velocities vb is a simple polynomial of second-order in normal
vector components.
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The problem under consideration is to minimize the difference

I =< (vb2 ; v~2)2 >=< v~4 > + < vb4 > ;2 < vb2v~2 >
(4)
between v~2 of the general anisotropic medium and vb2 of the ellipsoidal medium with
respect to the unknown parameters R11; R22; R33 ; R12; R13; R23 :
@ < vb4 >= 2 @ < vb2v~2 > :
(5)
@Rjk
@Rjk
Here, brackets denote averaging over the entire sphere of angles  and , i.e. maximum
inclination M =  . We obtain:
< vb4 >= Rjk Rlm < nj nk nlnm >
(6)
and

< vb2v~2 >= Rij cklmn < ninj nk nlnmnn > :

(7)

We are using Fedorov's (1968) technique to average the components of the normal
vector (the derivation is not presented here, some details are found in Ettrich et al.
(1999)). Equations for < vb4 > and for < vb2v~2 > are used for the minimization and
after inserting into equation (5) we obtain for the coefficients Rij of the best-fitting
ellipsoid:

R11 =

1
35

R22 =

1
35

R33 =

1
35

(27C11 + 8C12 + 8C13 + 16C66 + 16C55
;4C44 ; 3C33 ; 2C23 ; 3C22)
(27C22 + 8C12 + 8C23 + 16C66 + 16C44
;4C55 ; 3C11 ; 2C13 ; 3C33)
(27C33 + 8C13 + 8C23 + 16C55 + 16C44
;4C66 ; 3C22 ; 2C12 ; 3C11)
(3C16 + 3C26 + C36 + 2C45)
(3C15 + 3C35 + C25 + 2C46)
(3C42 + 3C43 + C14 + 2C56)

(8)

R12 = 27
R13 = 27
R23 = 27
Diagonal elements Rii of the matrix of the best-fitting ellipsoid are influenced by those
coefficients of the anisotropic medium which define an orthorhombic medium while
out-off diagonal elements account for the deviation from orthorhombic symmetry.
Please note that the obvious ellipsoid of Mensch & Farra (1999) has the coefficients
R11 = C11, R22 = C22, R33 = C33 and R12 = R13 = R23 = 0.
Specifying the CIJ for isotropic media with

0  + 2 

BB   + 2 
BB 
1
  + 2
iso
CIJ =  B
BB 0
0
0
B@ 0
0
0
0
0
0

0
0
0

0
0

0
0
0
0

0

01
0C
C
CC
0C
0C
C
A
0C
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formula (8) gives the expected result:

R11 = R22 = R33 = 1 ( + 2):

For transversely isotropic (TI) media defined by

0  + 2 
;l
0
0
BB   + 2
0
BB  ; l  ; l  +2; l; p 00
1
0
CIJTI =  B
BB 0
0
0
;m 0
B@ 0
0
0
0 ;m
0
0
0
0
0

one can get

01
0C
C
CC
0C
0C
CC
0A




6
12
3
1
R11 = R22 =   + 2 ; 35 l ; 35 m + 35 p


1
6
12
24
R33 =   + 2 ; 35 l ; 35 m ; 35 p :

Perturbation p describes the difference between horizontal and vertical phase velocity
of the TI medium and it is, therefore, the main parameter which affects this difference
in the approximate formulas too. However, even if we have a TI medium with l =
m = 0 and p = 0 we obtain an ellipsoid with horizontal and vertical phase velocity
being not equal the original values, i.e., C11 and C33 . The best-fitting ellipsoid derived
here does not equal an ellipsoidal input model. Reason is that we used a different
ansatz than the one used by Burridge et al. (1993). In their approach the ellipsoidal
approximation of parameters of an orthorhombic medium is explicitly considered.

6

ACCURACY OF GLOBAL APPROXIMATION
We consider media of two different symmetries to illustrate the accuracy of approximation (8). Firstly, we discuss transversely isotropic (TI) media, a shale and a mudshale, both selected from the table in Thomsen (1986). Secondly, we discuss a triclinic
sandstone. Coefficients of elasticity are:

0 15 96
BB
BB
BB
B@
:

TI shale
 = 0:2,  =

;0:075

6:99
15:96

6:06

0:00

0:00

6:06

0:00

0:00

11:40

0:00

0:00

2:22

0:00
2:22

1
0 00 C
CC
0 00 C
C
0 00 C
C
0 00 A

0:00
:

:
:
:

4:48
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TI mudshale
 = 0:034,  = 0:211

0 15 87 ;1 91
BB
15 87
BB
BB
B@
:

:

15:67

0:00

0:00

:

15:67

0:00

0:00

14:86

0:00

0:00

8:12

0:00
8:12

1
0 00 C
CC
0 00 C
C
0 00 C
C
0 00 A
0:00
:
:
:
:

8:87

0 4 95
BB
BB
BB
B@
:

triclinic sandstone
0:43

0:62

0:67

0:52

5:09

1:00

0:09

6:77

0:00

;0 09
;0 24

2:45

0:00

:
:

2:88

1
;0 28 C
C
;0 48 C
CC
0 09 C
C
0 00 A
0:38
:

(Numbers in (km=s)2 .)

:

:
:

2:35

In terms of Thomsen parameters both TI media are quite different, exhibiting
strong P-wave anisotropy and a large positive anellipticity (  ) for the shale while
horizontal and vertical velocity are similar for the mudshale but anellipticity is large
and negative. For the triclinic sandstone velocity surfaces are more irregular (see figures below) than could be guessed here from the relatively small non-orthorhombic
coefficients.

;

Coefficients for the best-fitting ellipsoids using equation (8) for all examples are
listed below:

0
B@ 15 42
:

shale
0:00
15:42

mudshale
1 0
1 0 sandstone 1
0 00
0 00
0 27
C B@ 18 71 180 00
C B@ 5 10 ;05 05
C
0 00 A
71
0 00 A
08 0 27 A
:
:

9:95

:

:

:

:

:

22:47

:

:

:

:
:

6:88

Non-diagonal elements accounting for deviation from orthorhombic symmetry occur only for the approximation of triclinic sandstone. Diagonal elements are quite
close to C11 , C22, and C33, respectively, of the original models for the TI shale and
the triclinic sandstone whereas we observe large differences for the TI mudshale. Reason is the strong negative anellipticity which has the effect that velocities are highest
around the diagonal directions. To approximate these velocities well the ellipsoid has
to be blown up resulting in a severe misfit for vertical and horizontal propagation (see
also Figure 1). Figure 1 displays different phase velocities for the shale (left-hand side)
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and the mudshale (right-hand side) while Figure 2 is the corresponding figure for the
sandstone for azimuth 0 deg. (left-hand side) and azimuth 60 deg. (right-hand side).
Black solid lines display phase velocities of the best fitting ellipsoid while the
slightly differing dotted curves show phase velocities of the exact, approximate,
average isotropic and obvious models. Please, note the proximity of the exact and
approximate phase velocities, which justifies the ansatz to fit the ellipsoidal model to
the approximate model instead of the exact model even in case of strong anisotropy
(see also the remark after Eq. 2). It is obvious from the figures, that the ellipsoidal
approximation gives a much better approximation to the exact model than the best
isotropic approximation usually applied in perturbation techniques.
Without any
TI Shale

TI Mudshale

4.1

4.9

Phase Velocity [km/s]

3.9

Phase Velocity [km/s]

exact
approx.
best iso.
obvious
best elli.

3.7

3.5

exact
approx.
best iso.
obvious
best elli.

4.8

4.7

4.6

3.3

3.1

4.5
0

20

40

60

80

0

20

40

Inclination [deg]

60

80

Inclination [deg]

Figure 1: Plot of phase velocities for TI-Shale (left) and Mudshale (right). Exact phase
velocity (exact), approximate (approx.) phase velocity, best isotropic approximation
(best iso), best ellipsoidal approximation (best elli.), obvious ellipsoid (obvious).
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Figure 2: Phase velocities for triclinic sandstone along a 0 (left) and 60 deg. profile
(right). For further explanations see Fig. 1.
mathematics the parameters for an ”obvious” ellipsoidal medium are obtained by just
setting R11 = C11, R22 = C22, and R33 = C33. For TI media such a choice leads to
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exact velocities for the horizontal and vertical direction. However, Figures 1 and 2
and the following table show that in average the derived formulas give best results.
shale
average rel.
err. of
phase velocity

ref. medium

best fitting ellipsoid
”obvious” ellipsoid
isotropic

1:4%
2:8%
5:7%

mudshale

sandstone

average rel.
err. of
phase velocity

average rel.
err. of
phase velocity

5:3%
12:4%
6:1%

2:1%
2:5%
4:7%

In particular for the mudshale the “obvious” ellipsoid is not a good choice where
even the best-fitting isotropic medium (abbreviated as “best iso.”) gives better results.
The formulas for the best-fitting ellipsoid seem to give an especially good approximation for the TI shale with strong positive anellipticity while for the triclinic medium the
better accuracy is less clear from Figure 2 but proven from the previous table. Note,
that differences are stronger weighted the closer they are to horizontal direction of
propagation. However, this property, inherent in the averaging formula owing to factor
sin , explains the disadvantage of Eq. (8). While exhibiting an overall best fit it is
near-vertical directions where the largest errors occur and where it is worse compared
to the ”obvious” ellipsoid. If we restrict the averaging to a sector or cone around the
vertical direction, this disadvantage can be overcome.
MODIFICATION OF THE METHOD
Motivated by the results of the previous section we now modify the algorithm to allow
to select the angular section of interest where the fit should be best, e.g., within a cone
or sector around the vertical axis. We, therefore, carry out the averaging in the form
< vb4 >=< Rjk R nj nk n n > and < vb2v~2 >=< R cjklm n n nj nk nl nm > rather
than to extract coefficients of elasticity from the averaging as done in equations (6)
and (7). We can change the order of first differentiating with respect to Rij and then
integrating over the angular section for the averaging. The minimization (see equation
5) becomes:

*

+ *
+
@R
@R
kl nk nl
klnk nl
R n n @R
= c kln n nk nl @R
:
(9)
ij
ij
With the definition Bij := (@Rklnk nl )=@Rij equation (9) reads for each of the six
combinations i = (1; 2; 3); j = (1; 2; 3):
Z2 ZM
Z2 ZM
R
n n Bij sin dd = c kl
n n nk nlBij sin dd: (10)
0 0

0 0
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M is the maximum angle of inclination, i.e. the opening angle of the conical section
within the anisotropic medium should be approximated by the ellipsoid. It is not too
cumbersome to carry out all the integrations by hand. With the recursive definition
2
S1 = 1 ; cos M ; S3 = 23 S1 ; sin M3cos M
4
6
S5 = 45 S3 ; sin M5cos M ; S7 = 67 S5 ; sin M7cos M

(11)

we finally obtain equations for determining the Rij for the sector or cone of interest:

0
B@

S
S

3
4 5
1
4 5
3
5

S ;S

S
S

1
4 5
3
4 5
3
5

S ;S

10
1 0 1
R
S3 ; S5
11
CA B@ R22 CA = B@ bb12 CA
S3 ; S5
2S1 ; 4S3 + 2S5
R33
b3

R12 = (4C45 + 2C36)(S5 ;SS5 7) + (C16 + C26)S7
(C46 + 12 C25 + 23 C15)(S5 ; S7) + 2C35(S3 ; 2S5 + S7)
R13 =
S3 ; S5
3
1
(C56 + 2 C14 + 2 C24)(S5 ; S7) + 2C34(S3 ; 2S5 + S7)
R23 =
S3 ; S5

(12)

with

b1 = 58 C11S7 + 81 C22S7 + C33(S3 ; 2S5 + S7)+
1 (2C12 + 4C66)S7 + 3 (2C13 + 4C55)(S5 ; S7)
8
4
1 (2C23 + 4C44)(S5 ; S7)
4
b2 = 18 C11S7 + 85 C22S7 + C33(S3 ; 2S5 + S7)+
1 (2C12 + 4C66)S7 + 1 (2C13 + 4C55)(S5 ; S7)+
8
4
3 (2C23 + 4C44)(S5 ; S7)
4
b3 = 34 C11(S5 ; S7) + 34 C22(S5 ; S7) + 2C33 (S1 ; 3S3 + 3S5 ; S7)+
1 (2C12 + 4C66)(S5 ; S7) + (2C13 + 4C55)(S3 ; 2S5 + S7)+
4
(2C23 + 4C44)(S3 ; 2S5 + S7)

(13)

Note that the coefficients of the best-fitting ellipsoid defined by equations (11), (12),
and (13) depend on the same elastic coefficients of the anisotropic medium as in equation (8). Now, the weights become M -dependent. For M =  we obtain the same
solution as with Eqs. (8).
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ACCURACY OF SECTORIAL APPROXIMATION
We now apply equations (11)-(13). Compared to Figures 1 and 2, Figures 3 and 4, respectively, clearly demonstrate the improvement within a cone of 30 or 45 deg. around
the vertical when restricting the averaging to the corresponding interval of angles.
For applications where a 30 deg. cone of propagation is sufficient even the strongly
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Figure 3: Phase velocities for TI-Shale (left) and Mudshale (right) optimized for a 30
deg. cone (elli. 30) and a 45 deg. cone (elli. 45). For further explanations see Fig. 1.
non-orthorhombic triclinic sandstone is well approximated (Figure 4). However, it
is important that in case of an angular restriction no propagation outside the limited
range of directions should be included in possible applications because the approximation degrades here. Again, it is even more obvious for the sectorial approximation
that the ellipsoidal model is a much better approximation to the exact medium than the
average isotropic model. Thus, perturbation techniques using the ellipsoidal approximation as a background medium will perform superior to the isotropic background
medium, particularly if a strong P-wave anisotropy is present.

CONCLUSIONS
Coefficients for the approximation of an arbitrary anisotropic medium by an ellipsoidal
medium were derived. Numerical examples have demonstrated the better accuracy of
the ellipsoidal model when compared with the average isotropic model. The approximation is particularly superior if the averaging is carried out in the sector of interest
(i.e., for seismic wave propagating prominently in the vertical direction). The ellipsoidal approximation allows the use of perturbation techniques even in situations of
strong P-wave anisotropy (e.g., for shales). Using the ellipsoidal approximation as a
background medium allows the application of the perturbation approach to a wider
class of anisotropic models without nearly the same computational efficiency.
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explanations see Fig. 1.

ACKNOWLEDGEMENTS
This research has been partially funded by the EC under project number JOF3-CT970029 and was supported by the sponsors of the WIT-Consortium. We thank Den norske
stats oljeselskap a.s for permission to publish this paper.

REFERENCES
Burridge, R., Chadwick, P., and Norris, A., 1993, Fundamental elastodynamic solutions for anistropic media with ellipsoidal slowness surfaces: Proc. R. Soc. Lond.
A, 440, 655–681.
Ettrich, N., Kashtan, B., and Gajewski, D., 1999, Reference ellipsoids for anisotropic
media: EAGE Expanded Abstracts, P072.
Ettrich, N., 1998, FD eikonal solver for 3-D anisotropic media: SEG Expanded Abstracts, pages 1957–1960.
Fedorov, F. I., 1968, Theory of elastic waves in crystals: Plenum Press, New York.
Lecomte, I., 1922, Finite-difference calculation of first traveltimes in anisotropic media: Geophys. J. Int., 113, 318–342.
Mensch, T., and Farra, V., 1999, Computation of qP-wave rays, traveltimes and slowness vectors in orthorhombic media: Geophys. J. Int., 138, 244–256.
Psen ík, I., and Gajewski, D., 1998, Polarization, phase velocity and nmo velocity of
qp-waves in arbitrary weakly anisotropic media: Geophysics, 63, 1754–1766.

222

Sayers, C. M., 1994, P-wave propagation in weakly anisotropic media: Geophys. J.
Int., 116, 799–805.
Thomsen, L., 1986, Weak elastic anisotropy: Geophysics, 51, 1954–1966.
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Deconvolution of non stationary seismic process with
inelastic models
Lourenildo W. B. Leite and Marcus P. C. da Rocha1
keywords: deconvolution, stochastic process, nonstationary

ABSTRACT
This work deals with pulse compression to estimate the SRF, a non-white series, for
inelastic propagation using the Kalman filter, which means deconvolution of nonstationary stochastic processes, generated by time-variant pulse. We organized a
structure for treating the information simulated by the convolutional model with additive geological and local noises. We elaborated experiments to recover the SRF for
several situations, and selected examples to show how to satisfy the requirements of
the model. Specifically, we demonstrate here the necessity for applying an equalization low-pass filter to compensate for the amplification under deconvolution of the high
frequency content.

INTRODUCTION
Detailed representations of seismic responses require a relatively complicated model,
and the treatment and processing may use of a group of techniques based on stochastic
properties of the information. Non stationary stochastic processes are the basic characteristics of geophysical data necessary for application of the Kalman method. To
name a few, basic references of seismic applications are, (Bayless and Brigham, 1990;
Crump, 1974; Mendel, 1983, 1990; Robinson, 1999).
Kalman's method is a treatment parallel to the Wiener-Hopf method, and its formalism highlights the time variant convolution integral. The solution is by the representation of a system of state variables, to transform the Wiener-Kolmogorov integral
equation to linear and non-linear differential equations convenient to numerical calculations . The problem is divided in two parts; the first one consists of the generation
of the signal, and the second on its evaluation, (Mendel et al., 1979). The deconvolution exercised here is classified as a statistical, and it is based on the properties of the
recorded signal and of its model representation. The signal model does not decompose
the wavelet and noise into specific components, (Connely et al., 1987).
1
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The forward model used for the application is historically presented by (Goupillaud, 1961) and described,for instance, by (Silvia and Robinson, 1979; Berryman and
Green, 1980; Burridge et al., 1988) based on the propagation of vertical plane waves in
a medium formed by horizontal, perfectly elastic, homogeneous, and isotropic layers.
We define as simple reflectivity function (SRF) the series of distribution of reflection
coefficients, and as the complete reflectivity function (CRF) the Goupillaud impulse
response.
There are two formalisms to study the propagation of an attenuating pulse. The first
admits a viscoelastic medium (Ricker, 1977), and the second admits a medium with
the quality factor Q constant, or almost constant (Futterman, 1962). We introduced
inelasticity by superposing a time variant pulse to the CRF, and the effect is described
by pulse stretching, pulse dispersion, and pulse attenuation. Aki and Richard (1980)
discusses the formulation of these effects. We start from these basic features associated
to the propagation, which result in a continuous change in the form of the transient, in
order to organize the deconvolution process.
The deconvolution operators amplify the spectrum in a differential manner. A difficulty that is always present is how to describe the noise component present in the data,
and one of the most consistent simplifications is the concept of white series, (Berkhout,
1979; Saggaf and Toksoz, 1999).
FORWARD MODEL
The geological ambient is lumped into layers, and the counterpart is the geometry of
a sedimentary basin consisting of a pack of N plane, horizontal, isotropic, and homogeneous layers, limited by two homogeneous half-spaces. The layers are numbered
from top to bottom (from 1 to N ), 0 being the upper half-space, and N + 1 the lower
half-space. The thickness of each layer is represented by ei, the speed of wave propagation (compressional or transversal) by vi, and the density by i . The two-way transit
time in each layer is made unitary, t = ei =vi = 1. To simulate a model of variable speeds and thickness, layers are inserted with coefficients of reflection= 0 and
of transmission= 1. The source is mathematically admitted as located immediately
above the interface 0. The interfaces are present through their reflection coefficients,
cj , considered as real values, and the problem is now transformed to a physics of interfaces.
The solution of the wave equation is given in terms of the Laplace Z-transform
(LZT), which is a discrete representation. The formulation is a matricial recursive system (Robinson and Treitel, 1980; Shapiro and Hubral, 1998), and the transfer function
for the reflection field, Rn (z ), is given by the ratio of 2 polynomials
n
n (z ) X j
Rn(z) = B
=
(1)
An(z) j=1 "j z ; (n = 0; N ):
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Bn (z) and An(z) are polynomials given by the following expressions:
Bn (z) = c0Pn (z) ; Qn(z) ; and An(z) = Pn (z) ; c0Qn(z):

(2)

The characteristic polynomials Pn (z ) and Qn (z ) are calculated in a recursive form
by:

Pn (z) = Pn;1 (z) ; cnznQn;1 (z;1) ; and Qn (z) = Qn;1(z) ; cnzn Pn;1 (z;1) :

(3)

The initial values are P0 (z ) = 1, Q0 (z ) =
the polynomials An (z ) and Bn (z ) by:

0 and A0(z) = 1. Recursive forms give

An(z) = An;1(z) ; zcnc;n;1 1 [An;1(z) ; An;2(z)] + zcn cn;1An;2 (z) ;
Bn (z) = Bn;1(z) ; zcnc;n;1 1 [Bn;1(z) ; Bn;2 (z)] + zcncn;1 Bn;2 (z) :

(4)
(5)

The initial values are: A0 = 1, A1 = 1 + c0 c1z , B0 = c0 , and B1 = c0 + c1z . The
inverse LZT of Rn (z ) gives the temporal series, "j , which is the theoretical estimate
of the SRF. An alternative formula to calculate the CRF for n layers, as given by

Rn(z) = c0 +

n z j cj (1 ; c2)(1 ; c2) : : : (1 ; c2 )
X
0
1
j ;1 :
A
(
z
)
A
(
z
)
j
j ;1
j =1

(6)

This means that the layer n + 1 is the lower half space (n = N ). Figure 1.a shows
the non-white SRF for a constructed geophysical model of only N = 33 layers. Figure
1.b shows the unilateral part of the autocorrelation of this SRF. Figure 1.c shows the
CRF response, where we observe the accumulating multiples effect towards the right
side end. These characteristics are treated by Kalman's method, as we look for deconvolution of the source pulse, or, in other cases, of multiples, (Walden and Hosken,
1985).
TIME VARIANT PULSE
Constant Q: non-dispersive model

;

The D'Alembert solution to an impulse plane wave is of the general form  (t x=c)
, where c is the propagation speed, x is the distance axis, and the medium is homogeneous, isotropic and perfectly elastic. In an absorbing medium, the wave suffers
attenuation and, consequently, pulse spreading in a non-causal sense. The amplitude
attenuation effect with distance, A = A(x), is expressed by

#
;
!x
A(x) = A0 exp 2cQ :
"

(7)
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Figure 1: (a) SRF, (b) Autocorrelation of the SRF, (c) CRF.

Q is the specific quality factor, A0 is the reference amplitude, and ! is the circular
frequency. The Fourier transform of the propagating impulse is given by

Z1
;1

(t ; x=c)e;i!t dt = exp

Attenuation is also expressed with the factor

exp[; (!)x].

 i!x 
c :
(!) = !=2cQ,

(8)

in the form

From the above considerations, the attenuating pulse is given by

Z1 " ;j!jx #   x 
1
p1(x; t) = 2 exp 2cQ exp i! c ; t d!
;1

(9)

Experiments to measure attenuation in solids show that the specific attenuation
factor Q can be considered constant for a frequency band of seismic interest. Q is
considered constant in the present study, and under this specific condition, the solution
of the above integral is

3
2
x
p1(x; t) = 1 64  x 2 2cQ x 2 75 :
2cQ + c ; t

(10)
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Figure 2: p1 (x; t) for different values of x, and Q = 60. The maximum value is at
t = x=c, and it is even, non-causal, and shows streching with constant c = c(!).

6

!

!1

!1

The properties of p1 (x; t) are: (a) x
0, as p1(x; t)
; (b) x
, as
p1(x; t) 0 . p1(x; t) is plotted in Figure 2 for fixed values of x, and t varying. The
propagating pulse maximizes at x=c = t, and this illustrates the deviation from the
causality principle.

!

Constant Q: dispersive model
A plane wave, (x; t), propagating in the x direction, with (0; t)
described by its Fourier component, (x; ! ) for x > 0, as

= 0 for t < 0, is

(x; !) = (0; !)eik(!)x

(11)

The complex wave number, k = k (! ), is defined in terms of the phase speed, c(! ),
and by the attenuation factor, (! ), in the form

k(!) = !=c(!) + i (!) :

(12)

With H [:] as the Hilbert transform, it is shown that:

! = ! + H [ (!)] ;
c(!) c1

and

! + H [ (!)] = 2Q (!) :
c1

(13)
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Figure 3: p2 (x; t) for different values of x, and Q = 60. p2 (x; t) = 0 for t < x=c1 .
The maximum value is at t = x=c1 . The pulse is dispersive, c = c(! ), and causal.
For a linear superposition

Z1
1
(x; t) = 2 (0; !)ei[k(!)x;!t] d! :
;1

(14)

This is equivalent to the convolution of with

Z1
1
p2 (x; t) = 2 ei[k(!)x;!t] d! :
;1

(15)

p2(x; t) is the attenuating function in Figure 3, for fixed values of x and t varying.
Effect on the time variant pulse
The medium is represented by a random function, defined as the CRF, r(t). The convolution of r(t) with the time variant source-pulse, w(x; t), generates the transient
response, s(t), being added a random noise, v (t), (Clarke, 1968). The equations that
models the seismic trace are:

s(t) = r(t)  w(x; t) ;

and

z(t) = r(t)  w(x; t) + v1(t) :

(16)
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The time source is represented by the Berlage function.

f (t) = Au(t)tne; t cos(2f0t + 0) :
(17)
Values for the parameters are as: A = 1, n = 1, f0 = 32:5 Hz, 0 = 30 rd, and u(t)
is the unit-step function, (Aldridge, 1990). The time-variant source-pulse results from
the time convolution of one of the p(x; t) with f (t), according to

w(x; t) =

Z1
;1

f (t)p(x; t ;  ) d :

(18)
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Figure 4: Time-distance effect of intrinsic atenuation on the Berlage pulse, showing
stretching for the model c = c(! ), non dispersive and non causal.

6

Figure 4 illustrates the result of this convolution, which we describe as pulse
stretching without dispersion. Figure 5 illustrates the effect of intrinsic attenuation
with dispersion. These figures are for different x positions and temporary variations.
The effect of the transfer function of the seismograph is not taken into consideration,
and it can be considered as a deterministic deconvolution. The corrections of the effect
of the free surface on displacement, and of wave front divergence are not either taken
into analysis. Rocha and Leite (1999) described the non-stationary deconvolution used
here.
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KALMAN - WIENER
The integral equation
The general properties of the problem, with respect to non-stacionarity and to data
window, do not satisfy the Wiener-Hopf solution. Standard deconvolution algorithms
result in phase errors because the seismic traces do not need requirements upon which
deconvolution algorithms depend. For this reason, the problem is rewritten in the form
of moving operator according to the Wiener-Kolmogorov theory. The integral has the
time-variant operator , and the generalization is provided in matricial form to include
the multichannel case, and it is given by

ZT

x^(t) = h(t;  )z( ) d ; (T    t0) ; [x(t)  r(t)] :

(19)

t0

It satisfies the integral equation

ZT

xz (t; ) = h(t;  )zz (t; ) d ; (t0    T ):

(20)

t0

This equation is difficult to solve for h(t;  ), and it carries inherent difficulties of
integral equations of the first kind. Kalman and Bucy (1961) converted the above
integral equation to linear and non-linear ordinary differential equations adaptive to
solutions by numerical techniques.

Summary of the discrete recursive equations
The application of Kalman's method to a seismic trace, z (t), consists in a sequence of
point-to-point operations, (Rocha, 1998). This sequence is described below in 6 steps.
(1) Initial values:
P (0) = P0 ; x^(0) = x0 :
(21)
(2) Compute matrix P + (k ) defined as:

P +(k) = (k; k ; 1)P ; (k ; 1)T (k; k ; 1) + Q(k ; 1) :
where (k; k

(22)

; 1) is the state transition matrix. (3) Compute the gain matrix K (k) :
n
o;1
K (k) = P + (k)H T (k) H (k)P +(k)H T (k) + R(k) :

(23)
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Figure 5: Time-distance effect of intrinsic atenuation on the Berlage pulse, showing
streching for the model c = c(! ), dispersive and causal.

(4) Compute the state vector:

x^; (k) = x^+ (k) + K (k)[z; (k) ; z+ (k)] ;
x^+(k) = (k; k ; 1)^x; (k ; 1) ;

and

(24)

z+ (k) = H (k)x+ (k) :

(25)

(5) Compute matrix P ; (k ) :

P ; (k) = P +(k) ; K (k)H (k)P +(k) :

(26)

(6) Return to step 2 to compute the next sample k + 1 .
Structure of the deconvolution process
A flow diagram is defined from the above equations, and we start identifying the variables with the non-stationary model. This is also performed in 6 steps described below.

; ;

(1) Matrix representation of the seismic pulse: Hji (k ) = pj (k; k i 1) . The
source signiture can be estimated from the data gates by autocorrelation and Hilbert
transform techniques.
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(2) Definition of the state vector as the SRF:

x(k) = [r(k) r(k ; 1)  r(k ; L + 1)] :
The initial value of x can be defined as a null vector.

(27)

(3) Complete the dynamic equations of the system to establish the recursive process
of generation of the state vector. From Crump (1974) proposal:
L
X
r(k) = bi(k 1)r(k 1) + v2(k 1) :
(28)
i=1
v2(k 1) is theoretically considered as a white stochastic process. This equation
projects the reflection coefficients forward through a weighed sum of L previous coefficients. It is still necessary to define the coefficients bi(k ) by a chosen formalism and
experimentation. We can write the model of state variables as,
x(k) = (k; k 1)x(k 1) + gT v (k 1) :
(29)

;

;

;

;

;

;

2

;

The recursive matrix is constructed with the structure:
3 2
32
2
b1 (k;1) b2 (k;1)  bL;1 bL (k;1)
r(k;1)
r(k)
7
6
66 r(k;1) 77 66 1
7
6
0
 0
0
77 66
77 66 r(k;2)
66
0
1

0
0
r
(
k
;
2)
77 = 66
77 66 r(k;3)
66
.
.
.
.
.
75 64 ...
64 .. 75 64 ..
..
..
 ..
r(k;L+1)
0
0
 1
0
r(k;L)

3 2 3
77 66 10 77
77 66 77
77 + 66 0 77 v2(k ; 1)
75 64 ... 75
0

(4) The covariance matrix P (k ) is defined as an identity to start the algorithm.

(30)

(5) The diagonal matrix R(k ) represents the variance of the noise associated with
the seismic trace.

f

g

(6) The diagonal matrix Q(k ) = E r2 (k ) represents the variance of the random
component associated with the reflection coefficients.
To define some variables, mentioned in the 6 steps above, it is necessary to describe
some characteristics of the model as, for example, the geological and local noises, the
distribution of reflection coefficients, and the source signature. The non-existing a
priori information on these characteristics makes it necessary to use techniques for
estimating them from the seismogram.

f

g

The theoretical variance of the geologic and local noises, E v12(k ) , are estimated
from variances measured in the seismogram with noise.
EXAMPLES
Figure 6 shows the physical evolution of the time-variant pulse along the CRF. Figure
7 shows the synthetic seismogram. Under the placed conditions and properties, we
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consider having a synthetic model with the characteristics of real data.
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Figure 6: CRF and seismogram with time-variant pulse. Related to Figures 1 and 3.
For the following examples we selected different signal/noise ratios, (S=N ), in
order to show the performance of the method. The ratio S=N is measured by the
expression:
, X
P
P
X
2
S=N = 1=P (si s) 1=P (v1i v1)2 :
(31)
i=1
i=1

;

;

Figures 8 and 9 are examples of deconvolution on the complete traces with a timevariant pulse, and with different S=R ratios. We observed compression of the source
pulse, and also that the deconvolution performs as a selective filter, with amplification
of the high frequencies. Starting with this conclusion, we applied equalization windows, the selected low-pass Ormsby (LPO), previous to the deconvolution processing,
in order to compensate for the amplification of high frequencies. As a result, we improved the resolution on the filter output, as shown in these figures. Figures 10 and
11 repeat the experiment for a balanced trace obtained with a dynamic gain control
(DGC) function.
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Figure 7: Seismogram with multiples and dispersive time-variant pulse.
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Figure 8: (a) Sinthetic seismogram, S=N = 80:94, (b) Deconvolution without LPO
equalizer, (c) Deconvolution with LPO equalizer.
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Figure 9: (a) Seismogram, S=N = 36:51, (b) Deconvolution without LPO equalizer,
(c) Deconvolution with LPO equalizer.
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= 36:51, (b) Balanced trace by DGC, (c) CRF.
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Figure 11: (a) Balanced trace,
Deconvolution with LPO.
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S=N = 36:51 (b) Deconvolution without LPO, (c)
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CONCLUSIONS
The Kalman method, and all its diverse possibilities still, looks as a complicated technique to be used in a routine basis, or even as an option in the processing layout. The
Kalman operation performs as inteded on synthetic data, allowing the increase of resolution. In all experiments we observe that the source-pulse compression is achieved,
but for this it is necessary a low-pass equalizer for resolution. Multiples are not discernable under the filtering by the pulse and by the deconvolution operator.
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Coherency Analysis of Seismic Data

Robert Mauch1
keywords: coherence measure properties, CRS method, eigenstructure measures

ABSTRACT
In general, coherency analysis aims to gain the information about a signal which is
recorded on several channels. The kinematical part of the signal is assumed to be
defined by a set of parameters which parameterize a theoretical traveltime model. Using a coherence measure one can decide if a parameter combination corresponds to
a genuine signal or not, by analyzing the dynamical distribution along a traveltime
trajectory for coherency.
The properties of the coherence measures are crucial for the result of any coherency
analysis. These properties are summarized and explained with standard coherence
measures. An application of a coherency analysis is shown with a real example of the
common-reflection-surface (CRS) method. Some eigenstructure coherence measures
which are results from recent investigations in the field of high-resolution coherence
measures are also mentioned.

INTRODUCTION
Coherency analyses are influenced by many factors and have always to be regarded
as combination of four integral parts: First, it is mainly the quality of the input data
affecting the result of a coherency analysis. Second, the moveout model. It describes
the kinematics of a signal. Third, the coherence measure. The theory of coherence
measures implies some assumptions about the composition of signal and noise of the
input data and assumes ideal alignment of traces through the moveout model. Forth,
the computing capabilities. The implementation of coherency analysis in a computing
environment constitutes an important practical and financial aspect.
Previous Developments
Just after multiple ground coverage methods had gained acceptance within the
petroleum industry multichannel coherence techniques have been employed routinely.
1
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239

240

One of the first methods which has become standard was reported by Schneider
and Backus (1968) and was presented at the 36th Annual International SEG Meeting in Houston, 1966. Their coherence measure is based on the correlation of traces
and constitutes a realization of the familiar stochastic concepts of correlation analysis
(e.g. Montgomery and Runger (1994)) and random processes (e.g. Bendat and Piersol
(1986)) for multichannel seismic data.
The most commonly used coherence measure, even today, is the semblance criterion which was firstly reported by Taner and Koehler (1967). The criterion was later
published by Taner and Koehler (1969) and Neidell and Taner (1971). The measure is
also based on trace correlations but is extended by an energy-normalization scheme.
At about the same time the stacking result of traces was firstly used as coherence
measure. Garotta and Michon (1967) defined the mean of the amplitudes along a
traveltime trajectory as coherence measure.
The intensified use of statistical criteria to improve the resolution of a coherency
analysis has led to some modifications of already existing measures or to independent
developments (e.g. Gelchinsky et al. (1985); Katz (1991); Sacchi (1998)). Morozov
and Smithson (1996) summarized some analysis methods and developed a hybrid measure combining a phase correlation measure with a statistical hypotheses filter. Fuller
and Kirlin (1992) introduced weighting schemes to improve the resolution of conventional measures.
Recent developments are based on the separation of the eigenstructure of the data
covariance matrix into signal and noise subspaces (Biondi and Kostov, 1989; Key and
Smithson, 1990; Kirlin, 1992). The method exhibits superior resolving power in comparison to conventional stack-based measures. Marfurt et al. (1999) used both, the
conventional semblance and crosscorrelation measures as well as eigenstructure measures to generate seismic coherency cubes for structural interpretation.

COMPARISON OF COHERENCE MEASURES
The decision which coherence measure one should use to analyze the data is supported
by some criteria with wich the performance of coherence measures can be assessed
by. Along with this criteria the decision depends on the knowledge about quality and
signal and noise characteristics of the data, the type of information to be extracted,
the assumptions (or validation of the assumptions) the moveout model is based on, the
way the information is to be extracted (visual or numerical) and on the time, i.e., the
costs, the computation may take.
Besides all these considerations, the coherence measures must proof their applicability in practice, i.e., to a large degree it is still an empirical decision as to which
measure to use.
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Coherence Measure Properties
In any application, coherency analysis is used to extract some information from the
given data. Therefore, the main property of any coherence measure is its resolution
capability determining the accuracy the desired information can be resolved. Resolution is a general attribute for coherence measures and is further influenced by a set of
special properties as listed below.
Properties of coherence measures:

 Resolving power
 Discrimination threshold
 Separation of events with equal zero-offset time
 Sensitivity to amplitude changes versus offset
 Sensitivity to sign/phase changes versus offset
 Noise level dependency (statistical significance)
 Enhancement of weak signals
 Dynamic range of display
 Stability
 Computational effort
Some of these attributes are interrelated. The discrimination threshold, for example,
can be a visual attribute and depends then on the dynamic range of values a coherence
measure needs for display; however, the visual discrimination threshold may differ
from thresholds numerical search algorithms need to discriminate events.
The separation of events with equal zero-offset time is a challenging task for coherence measures. Theoretical, separation of events is better the wider the spatial range is
chosen. In practice, however, a wider spatial range often collides with the small spread
approximation of theoretical models. One method to improve this compromise is to
introduce offset dependent weighting factors.
The sensitivity of a coherence measure to amplitude, sign or phase changes versus
offset depends on the theoretical properties of each measure.
The noise level dependency rather is based on the practical properties of a coherence measure. For example, the normalized crosscorrelation measure is a statistical
estimate of the normalized crosscorrelation function. The estimate is defined only for
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a limited time range while the crosscorrelation function is defined for infinite records.
The variance of the estimate varies with the length of the time gate, the bandwidth
of signal and noise and with the signal-to-noise ratio (see Bendat and Piersol (1986)).
It is evident that the statistical significance of the estimate shrinks with shorter time
gates. In coherency analysis the operation windows are commonly short, thus the statistical significance is low. That is, coherence measures must proof their applicability
in practice (see in addition Schneider and Backus, 1968).
The enhancement of weak reflections is affected by the properties of the coherence measure and is normally supported by the normalization of measures. Stacked
amplitude, for example, yields its highest sum for the reflection with the highest amplitudes, no destructive summation provided. Semblance, however, theoretically yields
the same result for any scaled version of a signal. It may only yield lower values for
weaker signals because of the reduced statistical significance, i.e., the lower S/N ratio
for weaker reflections.
Normalization reduces the dynamic range for display while with unnormalized
measures the dynamic range is mainly occupied by the largest coherence value obtained for the reflection with the strongest amplitutes.
To extract weak reflections by visual means it may be desirable to reduce the distance between the coherence values for different events. However, for numerical algorithms which search for local maxima it may be easier to find these maxima if the
separation between the values is as great as possible.
The possible resolution of coherence measures is limited by the discrete parameter
space. If the discretization of the space is too coarse in combination with the resolving
power of a measure an aliasing problem will occur (see Claerbout (1992)). That is, it
is possible that a measure would yield a local maximum for a parameter value that lies
right between two values from the discrete range of values.
The computational effort of a coherence measure becomes a crucial point when
moveout models with three or even more parameter dependencies are used. Any additional parameter increases the computation time with a factor equal to the number
of its elements. Therefore, effective measures are needed. Also, one can reduce the
computation time if only selected parameter combinations which yield local maxima
are calculated. This requires numerical search algorithms which must be optimized to
be effective. Although it is generally profitable to interpret the structure of the whole
parameter space, visual examinations are less practicable the more parameters are involved. With modern technologies, however, such as virtual reality cubes, it is possible
to visual investigate three or four-dimensional parameter sets in a reasonable effective
way. In any case, since sophisticated moveout models becomes rather more complex
and recent coherence measures also, the employment of massive parallel computer
systems with highly efficient parallel computer algorithms is a requirement to manage
forthcoming tasks.
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REAL DATA EXAMPLE
Common-Reflection-Surface (CRS) Method
The common-reflection-surface (CRS) stacking method is applied to utilize as much
traces as possible from a pre-stack data-set (Tygel et al., 1997; Höcht, 1998). For 2D seismic, the stacking result is a well illuminated simulated zero-offset section. The
method may also be implemented for 3-D. A traveltime model used within this method
is based on the paraxial ray theory (Bortfeld, 1989; Cerveny, 1987). In the 2-D case,
the moveout function with respect to half-offset (h) and midpoint coordinate (x m ) for
inhomogeneous earth models with arbitrary smooth interfaces can be approximated by
a hyperbolic second order Taylor expansion (Schleicher et al., 1993):



2 2 t0 cos2
2
sin
2
t (xm; h) = t0 + v (xm ; x0) + v
0
0

"

(xm ; x0)2 + h2
RN
RNIP

#

(1)

This moveout model is parameterized by the radius of curvature of the normal wave
(RN ), the radius of curvature of the normal-incidence-point wave (RNIP ) and the
emergence angle of both waves ( ). This description implies the approximation of the
two emerging wavefronts by circles in the vicinity of surface location x0 (see Hubral
(1983)). Since only the near-surface velocity v0 need to be known, expression (1)
constitutes a macro-velocity model independent formulation of the traveltime.
With model (1) the coherency analysis of a pre-stack data-set (t; xm; h) from a 2-D
survey is in principle performed in the same way as described in the previous chapters.
The only differences to the analysis of a CMP gather with the velocity-parameterized
CMP hyperbola are that we now have three parameters (instead of one) and two spatial
dependencies (instead of one) in the model. Furthermore, if a parameter combination
is fixed, not only for each zero-offset time but for each point in the zero-offset time –
midpoint space (t0 ; x0) one coherence value is computed.
I want to show a result of a coherency analysis with 31 real CMP gathers which
are from a marine data-set from Mobil Corp. Figure 1 shows one CMP gather of this
record.
Coherency analysis has been performed with moveout model (1) and the semblance
coherence measure at a specified point (t0; x0) of the zero-offset section. The near
surface velocity was set to v0 = 1:48 km/s. The midpoint is x0 = 7:556 km and the
zero-offset time is t0 = 3:62 s. The ranges for the parameters have been chosen as
follows: emergence angle reached from -15 to +15 with 0.5 increment and the
radius of the NIP-wave (RNIP ) reached from 2.0 to 6.0 km with 0.05 km increment.
Since the radius of the N-wave (RN ) may approach values of plus or minus infinity,
a special range and increment was specified for this parameter: the range of values,
1:25  +1:25, of the function RN = f () with f () = tan( =2)

;

 

;

;
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Figure 1: Real CMP gather of a marine data-set.

3
(a) Real CMP gather (wiggle format)

;

was divided into 500 equal parts, i.e.,  reached from 1:25 to +1:25 with a linear
increment of 0.005. Thus, the corresponding values of RN reached from 0:33 : : :
= + : : : + 0:33 km. The function f () has at  = 0 an infinite jump discontinuity.
For each parameter combination a coherence value was calculated.

1 1

;

;

Figure 2 shows the resulting coherence values with colors in the [ ; (RN ); RNIP ]
space. An absolute maximum of Sc = 0:40 was obtained at = 0 ,  = 0:05 (RN =
20:0 km) and RNIP = 4:15 km. For this values the slices through the coherency
cube are shown. We can examine that the maximum (indicated by red color) is rather
well resolved. The corresponding wavefield attributes may subsequently be used for
stacking or inversion.

EIGENSTRUCTURE COHERENCE MEASURES
Besides correlation or stack-based coherence measures, eigenstructure measures have
reached a considerable use. They are based on the analysis of the eigenstructure of
the data covariance matrix (Biondi and Kostov, 1989; Key and Smithson, 1990; Kirlin,
1992).
In principle, the covariance matrix of the data enclosed by a time gate about the
moveout trajectory of interest is assumed to be an estimator for the model of a covariance matrix which has a particular eigenstructure. The eigenstructure of the model is
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decomposable into signal and noise subspaces. The signal wavefronts of an observed
wavefield are associated to eigenvectors of the signal subspace and the additive noise
components of the wavefield are associated to eigenvectors of the noise subspace. The
discrimination of the two subspaces is possible since the largest eigenvalues of the covariance matrix belong to the signal eigenvectors. Hence, coherence measures based
on the eigenstructure method include eigenvalues or eigenvectors in their formulations.
Eigenstructure measures are also known as high-resolution wavefront measures.
Due to the separation of the noise subspace they are able to account for the noise
associated with nearby and interfering events which, in contrast, reduces the resolution
of stack-based measures (Key and Smithson, 1990).

Signal Space Semblance
Kirlin (1992) used the concept of signal and noise subspace to enhance the established
semblance measure. The new signal space semblance coefficient exhibits a better
resolution than the conventional semblance measure.
In order to express the semblance of the signal subspace, I first give a definition
of the sample covariance matrix and the model covariance matrix which separates the
eigenstructure into signal and noise subspaces. The data within a time gate, N + 1
time samples long, is assigned to vectors uj , k N=2 j k + N=2, such that each
vector contains the data along trajectory tj (xi ), i = 1; : : : ; M . The sample covariance
matrix then reads
kX
+ N2
1
uj u0j
Ck = N + 1
(2)
N
j =k; 2

;
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where u0j is the conjugate transposed of uj .
The semblance criterion can be written as

0

Ck 1
Sc = M1Tr[
C]

(3)

k

where Tr[Ck ] denotes the trace of the covariance matrix and 1 is a M element vector
with ones. This is just an additional formulation of the conventional semblance measure. To define an eigenstructure measure, we must make some assumptions about the
composition of the eigenstructure of the covariance matrix.



In general, the eigenstructure of a (M M ) matrix is described by eigenvectors
vi, i = 1; : : : ; M and eigenvalues i , i = 1; : : : ; M :

Rk =

M
X
i=1

ivivi0

If we assume that the sample data of one analysis window contain one transient signal
wavefront, Ck should have one large eigenvalue 1 and the corresponding eigenvector
v1 would constitute the basis of the signal subspace. There would be M 1 eigenvalues left which would all be equal to the noise power 2 (Kirlin, 1992). Under these
assumptions we can define the model of the data covariance matrix as

;

Rk = (1 ; 2)v1v10 + 2I



(4)

where I is the (M M ) identity matrix. We expect Ck to be an estimator of Rk ,
i.e., E Ck = Rk . With this definition we can describe the conventional semblance
measure with a further expression:

f g

0
0
2 PM 10v v0 1

1 1 v1v1 1 + 
i i
i=2
Sc =
P
M
M i=1 i

(5)

Kirlin (1992) suggested a modification of Equation (5) to enhance the semblance
measure. He excluded the noise-space energy from expression (5) to achieve a better resolution and introduced a scaling factor. After that, his signal space semblance
criterion takes a very simple form:

Sc = j1Mv1j; ;1 1
K

0

2

0  Sc  1
K

(6)

Thus, for each data sample, we have to compute the eigenvector v1 which is associated
with the largest eigenvalue of the sample covariance matrix.
Kirlin (1992) compared the conventional semblance criterion with measure ScK
with a synthetic example. The enhanced version exhibited a better resolving power
than the conventional one.
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Covariance Measure
The covariance measure proposed by Key and Smithson (1990) constitutes a signalto-noise estimate based on the simultaneous estimation of the noise and signal energy
within a data window. The ability of the continuous adaption of the noise and signal
estimates improves the event detection and resolving power of the measure and makes
the measure less sensitive to residual statics and deviations from the chosen moveout
model.
Separating the signal and noise subspace of the covariance matrix as in Equation
(4), the eigenvalue of the signal wavefront can be expressed by

1 = [M=(N + 1)]Es + 2
where Es is the energy of the signal in one channel. Since all minor eigenvalues
are estimates of the noise power 2, we get an better estimate of the noise power by
averaging the minor eigenvalues:

M 
X
 =  = M ;i 1
i=2
2

Subtracting  from 1 leaves an estimate of the signal energy. Hence, the covariance
measure from Key and Smithson,

Cc = 1 ;  ;


(7)

constitutes a weighted signal-to-noise ratio estimate. Note that only 1 needs to be
determined since  = Tr[Ck ] 1 . Key and Smithson proposed a log-generalized
likelihood ratio for the equality of the eigenvalues as weighting function:

;

2 PM 1 M 3
i 7
= (N + 1) lnM 64 iQ=1MM
 5
i=1 i

Its value reaches zero if no signal is present and infinity if a noise-free signal is present.
Tests of the covariance method show significant improvements in time and parameter resolution relative to the semblance criterion (Key and Smithson, 1990). The
computation costs of Cc can be reduced by a partial stacking of the traces of a data
window before calculating the covariance matrix.
With additional effort, high-resolution coherence measures can be further improved with statistical procedures assessing the accuracy of statistical estimates. For
instance, Sacchi (1998) combined the covariance measure (Equation 7) with a bootstrap procedure to achieve additional attenuation of spurious events which results in a
further improvement of high-resolution spectra.
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CONCLUSION
Coherency analysis of seismic data is a common processing step. One important feature of this transformation, the coherence measure, has been investigated.
Since the beginnings of multichannel coherency analysis, the concepts of correlation and trace stacking have built two classes of standard coherence measures. Different aspects of judging a coherence measure have been mentioned. The rating depends
on the area of application. As a rule, best visual interpretable results are obtained by
normalized coherence measures since the dynamic range is critical for display.
However, coherence measures employed in numerical search algorithms should
rather be judged by their ability to determine a local maximum where a signal is
present. The conditions of noise and signal variations have to be considered first,
since they are most critical for the performance of coherence measures.
The resolving power is an important criterion of coherence measures. Some newer
developments of coherence measures aim to improve this aspect. Eigenstructure methods are based on the simultaneous analysis of the signal and noise subspaces of the
data covariance matrix. They achieve better resolutions, but are more costly to compute. Further methods to improve the resolution are based on the combination of conventional coherence measures with weighting schemes, statistical filters or advanced
statistical decision criteria. The problem of the additional computational effort can be
managed by an efficient algorithmic and hardware-specific implementation of these
methods.
It has been made clear that the demands on coherency analysis techniques will
grow enormously in the future. The coherence measures have to be rapidly computable, because of the increasing number of parameters and dimensions in sophisticated moveout models, and they must meet the requirements on accuracy and smoothness of optimized search algorithms.
Where the results of coherency analyses have to be visual interpreted, the most
efficient visualization techniques are needed. That includes effective color mapping of
coherence and attribute values and immersive visualization techniques, such as virtual
reality cubes.
However, an increasing number of techniques are implemented which shall reduce
the number of interpretation steps. For this automation, reliable and fast search algorithms and high-resolution coherence measures are nedded.
Both implementations of coherency analysis techniques, visual or automatic, demand the massive use of computational power. Thus, not least the developments in
the hardware industry will influence the direction of coherency analysis applications
in seismic industry.
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The Wave Inversion
Technology
Consortium
The Wave Inversion Technology Consortium
The Wave Inversion Technology Consortium (WIT) was established in 1997
and is organized by the Geophysical Institute of the Karlsruhe University. It
consists of five working groups, two at Karlsruhe University and three at other
universities, being the Mathematical Geophysics Group at Campinas University
(UNICAMP), Brazil, the Seismics/Seismology Group at the Free University
(FU) Berlin and the Applied Geophysics Group (AGG) of the University of
Hamburg.The WIT Comsortium offers the following services to its sponsors.
Research as described in the topic "Research aims" below
Deliverables.
Technology transfer / training.
Research aims
The ultimate goal of the WIT Consortium is a most accurate and efficient
target-oriented seismic modeling imaging and inversion using elastic and
acoustic methods.
Traditionally, exploration and reservoir seismics aims at the delineation of
geological structures that constrain and confine reservoirs. It involves
true-amplitude imaging and the extrapolation of the coarse structural features of
logs into space. Today an understanding is emerging on how sub-wavelength
features such as small-scale disorder, porosity, permeability, fluid saturation
etc. influence elastic wave propagation and how these properties can be
recovered in the sense of true-amplitude imaging, inversion and effective
media.
The WIT consortium has the following main research directions, which aim at
characterizing structural and stratigraphic subsurface characteristics and
extrapolating fine grained properties of targets:
1.
Macromodel-independent multicoverage zero-offset simulations.
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Macromodel determination.
2.
Seismic image and configuration transformations. (Data mappings)
True-amplitude imaging, migration and inversion.
3.
Seismic and acoustic methods in porous media.
Passive monitoring of fluid injection.
4.
Fast and accurate seismic forward modeling
Modeling and imaging in anisotropic media

Steering committee
Internal steering committee:
Dirk Gajewski
Peter Hubral
Martin Karrenbach
Andreas Kirchner
Claudia Payne
Matthias Riede
Erik Saenger
Jörg Schleicher
Sergei Shapiro
Ekkehart Tessmer
Martin Tygel
Kai-Uwe Vieth
Friedemann Wenzel

External steering committee (company
representatives):
Paolo Marchetti, AGIP
Heinz-Jürgen Brink, BEB
Josef Paffenholz, BHP
Glyn M. Jones, Chevron
Claude Lafond, Elf
Ralf Ferber, Geco Prakla
Andreas Rüger, Landmark
David L. Hinkley, Mobil
Martin Widmaier, PGS Seres
Paul Krajewski, Preussag
Christian Henke, RWE-DEA
Norman Ettrich, Statoil

WIT public relations committee

Peter Hubral
Claudia Payne
Erik Saenger

WIT Report and WIT Meeting Organization
Contact to other WIT groups

Matthias Riede

WIT Report and WIT Meeting Organization
Contact to other WIT groups

Andreas Kirchner

WIT Homepage Manager

Jörg Zaske

WIT Seminar Organizer

Jürgen Mann

WIT Poster Organizer

Kai-Uwe Vieth

WIT Poster Organizer
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Research groups

Research Group Karlsruhe (Hubral)
Macro-Model Independent Reflection Imaging
Group leader:
Peter Hubral
Visting Professors:
E. A. Robinson

Teaching and developping new methods of
deconvolution and inversion for the removal
of multiple reflections and integrating the
results with seismic imaging technology

L.W.B. Leite

Seismic wave propagation in thin layers for
deconvolution and inversion problems

Ph.D.students:
German Garabito Callapino Zero Offset Imaging - responsible for
FOCUS/Disco based processing
German Höcht

Imaging with the 3-D CRS Stack

Jürgen Mann

Implementation of the CRS stack and its
application to real seismic data

Matthias Riede

Modeling by Demigration

Kai-Uwe Vieth

Application and development of imaging and
inversion techniques. Non-destructive
localization of macroscopic cracks in fibrereinforced composite materials

Jörg Zaske

Prediction and attenuation of multiples using
wave-front characteristics of primary
reflections

Yonghai Zhang

3D-True Amplitude Imaging

Master students:
Thomas Hertweck

Modeling by Demigration

Patrick Majer

Macro-model determination
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Research students:
Ingo Koglin

Wave-field attribute determination

Stephen Bergler

Wave-field attribute inversion

Research Group Karlsruhe (Wenzel)
Full Wave Form Modeling and Imaging with Fast Marching
Schemes
Group leaders:
Martin Karrenbach
Friedemann Wenzel
Ph.D.students:
Alexander Görtz

Axel Kaselow

3D velocity model building using GOCAD
and 3D Finite Difference seismic modeling in
complex fault zones
Finite difference modeling of wave
propagation in fluid-saturated porous media
and fluid flow modeling at complex fault
zones.

Melanie Pohl

Modelling of anisotropic features in the
earth’s crust and development of Finite
Difference methods on irregular grids

Robert Essenreiter

Development of multiple identification and
suppression techniques on the basis of neural
networks

Master students:
Robert Mauch

Coherency analysis of seismic data (Skills:
SEPLIB, Fortran90)

Bärbel Traub

3D Asymptotic Raytracing with a Wave
Front Construction Method
(Skills: SEPlib, Moser’s recursive
raytracing)

Research Group Hamburg (Gajewski)
Applied Geophysics Group (AGG)
Group leader:
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Dirk Gajewski

High frequency asymptotics for imaging and
modeling

Research associates:
Tim Bergmann

Effects of nonlinear elastic behaviour on
wave propagation.

Ekkehart Tessmer

Full wave form modeling.

Ph.D. students:
Radu Coman

Hybrid method for travel time computation in
3D complex media

Elive Menyoli

Prestack depth migration of converted waves

Svetlana Soukina

Material parameter determination in
anisotropic media

Claudia Vanelle

Model independent time processing

Master students:
Sebastian Barth

Processing and migration of wide angle
observations

Christian Herold

Processing of long spread reflection seismic
data

Tina Kaschwich

3D Wave front construction

Maximilian Krüger

AVO modeling

Research Group Campinas (Tygel)
Modeling by Demigration, Kirchhoff Migration, Traveltime
Inversion, Configuration Transforms,Kirchhoff Modeling,
AVO/A Analysis, CRS Stack,2.5-D Wave Propagation
Group leaders:
Lúcio Tunes Santos
Jörg Schleicher,
Martin Tygel,
Visting Professors:
Norman Bleistein

Teaching and developing seismic reflector
mapping methods

Ph.D.Students:
Ricardo Biloti

Multiparameter Velocity Analysis
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João Luis Martins

Migration and Demigration in 2.5
Dimensions

Rodrigo Portugal

Configuration Transforms in 2.5D

Carlos Piedrahita

Seismic Ray Tracing in Blocked Media

Matthias Riede

Modeling by Demigration

Maria Amélia Novais
Schleicher

Modeling of Reflections and Diffractions by
a unified Born-Kirchhoff approximation.

Master Sudents:
Sérgio da Silva Araújo

CRS Processing

Valéria Grosfeld
Claudio Guerra

Kirchhoff-type multiple elimination.

Angela Maria Vasquez

True-amplitude MZO

Research Students:
Vanessa Giuriati
Thomas Hertweck
Marina Magalhães
Guliana Nascimento

Research Group Berlin/Karlsruhe (Shapiro)
Permeability, Seismic Inversion,
Random Media Wave Propagation
Group leader:
Sergei A. Shapiro
Research associates:
Stefan Buske

Seismic modeling and inversion, deep seismic
sounding and parallel programming

Ph.D.Students:
Pascal Audigane

3D inversion and modeling of permeability
tensor. Affiliation: CRPG-CNRS, Nancy,
France.

Andreas Kirchner

Efficient forward modeling with Born
Approximation
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Stefan Lüth

Refraction seismic data interpretation,
seismic processing and integration of
geophysical and geodynamic data.

Tobias Müller

Green Functions in statistically isotropic
random media. Poroelasticity.

Robert Patzig

Application of CRS stacking to seismic
profiles from the northern Chilean coast.

Erik Saenger

Simulation of elastic wave propagtion
through heterogeneous and fractured media.
Application of parallel computing devices.

Kai-Uwe Vieth

Application and development of imaging and
inversion techniques. Non-destructive
localization of macroscopic cracks in fibre
reinforced composite materials.

Master students:
Jan Rindschwentner

In-situ estimation of the permeability tensor
using hydraulically induced seismicity

Computer facilities
In Karlsruhe, the research project uses computer facilities that consist of mainly
Hewlett-Packard and Silicon Graphics workstations, and Linux PCs. These are
networked with a local computer server, a multi-processor SGI
PowerChallenge. For large-scale computational tasks a 256-node IBM SP-2 is
available on Campus. Additionally, we have access via ATM networks to the
nearby German National Supercomputer Center with primarily a 512-node Cray
T3e and NEC SX-4.
The Hamburg group has direct access to the German Computer Center for
Climate Research (Deutsches Klimarechenzentrum, DKRZ). A Cray 916 and a
Cray T3D (128 processors) are used for computationally intensive tasks.
The Geophysical Department of the Free University of Berlin (Fachrichtung
Geophysik, Freie Universität Berlin) has excellent computer facilities based on
SUN- and DEC-ALPHA workstations and Linux-PCs. It has access to the
parallel supercomputer CRAY-T3M (256 processors) of ZIB, Berlin.
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List of WIT Sponsors

BEB Erdgas und Erdl GmbH
Postfach 51 03 60
D-30633 Hannover
Contact: Dr. Heinz Jürgen Brink
Tel. 49-511-641-2275
Fax: 49-511-641-1020
email: Heinz-Juergen.Brink@beb.de

BHP Petroleum
1360 Post Oak Blvd.,Ste. 500
Houston, TX 77056-3020
USA
Contact: Dr. Josef Paffenholz
Tel. 1-713-465362
Fax. 1-713-9618400
email: Paffenholz.Josef@bhp.com.au

Chevron Petroleum Technology Co.
6001 Bollinger Canyon Rd
San Ramon, CA 94583
USA
Contact: Dr. Glyn M. Jones
Tel. 1-925 842-6499
Fax: 1-925 842-2076
email: gmjo@chevron.com
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Elf Exploration UK plc
30 Buckingham Gate
London SW1E 6NN
UK
Contact: Mr. Alan Burns
Tel. +44 171 963 5005
Fax. +44 171 963 5061
email: Alan.Burns@elfgrc.co.uk

ENI S.p.A. AGIP Division
Geological and Geophysical Research &
Development Departement
Via Emilia 1
20097 San Donato Milanese MI
Italy
Contact: Mr. Serafino Gemelli
Tel. 39-02-520 63441
Fax: 39-02-520 63741
email: serafino.gemelli@agip.it

Exxon Mobil Corp.
P.O. Box 650232
Dallas, TX 75265-0232
USA
Contact: Mr. David L. Hinkley
Tel: 1-214-951-2839
Fax: 1-214-951-2098
email: dave hinkley@email.mobil.com
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Geco Prakla UK Ltd.
Schlumberger House,
Buckingham Gate
Gatwick Airport
Gatwick, West Sussex RH6 0NZ
UK
Contact: Dr. Ralf Ferber
Tel: 44-1293-556802
Fax: 44-1293-556800
email: ferber@gatwick.geco-prakla.slb.com

Landmark Graphics Corp.
7409 S. Alton Court, Ste.100
Englewood, CO 80112
USA
Contact: Mr. Burke Angstman
Tel: 1-303-7798080
Fax: 1-303-7960807
email: BAngstman@lgc.com

Preussag Energie GmbH
Waldstr. 39
D-49808 Lingen
Contact: Mr. Paul Krajewski
Tel: 49-591-612-381
Fax: 49-591-6127000
email: P.Krajewski@preussagenergie.com
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PGS Seres AS
P.O. Box 354
Strandveien 4
1326 Lysaker
Norway
Contact: Dr. Martin Widmaier
Tel. 47-67514511
Fax: 47-67526640
email: martin.widmaier@oslo.pgs.com

RWE-DEA AG für Mineralöl und Chemie
Postfach 600449
D-22204 Hamburg
Contact: Dr. Christian Henke
Tel: 49-40-6375-2739
Fax: 49-40-6375-3384
email: Christian.Henke@rwedea.de

Statoil F&R, Datakral
Arkitekt Ebbels vei 10
7005 Trondheim
Norway
Contact: Dr. Norman Ettrich
Tel. 47-7358341
Fax: 47-73584325
email: NEt@statoil.com
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Research Personnel
Tim Bergmann received his MSc (1995) in geophysics from
the University of Kiel, Germany, and a PhD (1998) from the
Earth Science Department of the Swiss Federal Institute of
Technology (ETH) in Zuerich, Switzerland. Currently, he is
a research associate at the Institute of Geophysics at the University of Hamburg. His research interests include seismic and
GPR theory, wave propagation, and numerical methods. He is a
member of AGU, EAGE, EEGS-ES, DGG, SIAM, and SEG.

Ricardo Biloti received his B.Sc.(1995) and M.Sc. (1998) in
Applied Mathematics from the State University of Campinas
(UNICAMP), Brazil, where he is a PhD student since 1998. In
his PhD thesis he has been developing a macro-model velocity
independent inversion method. He has worked with CRS (Common Reflection Surface) type methods and developed a technique to estimate some seismic attributes without the knowledge of macro-model velocity. He is also interested in fractals.
He is a member of SIAM and SEG.

Stefan Buske received his diploma in geophysics (1994) from
Frankfurt University. From 1994 until 1998, he worked as research associate at Frankfurt University, and from 1998 until
1999 he was with Ensign Geophysics Ltd. (Depth Imaging Department) in London. Since 1999 he is a university staff member at the Free University of Berlin. His research interests include seismic modeling and inversion, deep seismic sounding
and parallel programming. He is a member of DGG and EAG

Radu Coman received his Diploma (1995) in geophysics from
the University of Bucharest. From 1995 until 1996, he worked
as research assistant at Geoecomar Bucharest and also specialized in geology at the University of Bucharest. After this,
he spent two years at the Westfälische Wilhelms-Universität
Münster. Since 1999 he is a Ph.D. student at the University
of Hamburg. His interests are travel time computation.
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Robert Essenreiter received his M.Sc. in Geophysics from the
University of Karlsruhe, Germany, in August 1996. His master
thesis was on Geophysical Deconvolution and Inversion with
Neural Networks. Currently he is a Ph.D. Student at the Geophysical Institute, University of Karlsruhe, Germany. His research interests include signal processing and artificial intelligence. In his current project he is working on a new approach
for multiple attenuation using neural networks.

Dirk Gajewski received a diploma in geophysics in 1981 from
Clausthal Technical University and a PhD from Karlsruhe University in 1987. Since 1993, he has been associate Professor
(Applied Geophysics) at Hamburg University. After his PhD,
he spent two years at Stanford University and at the Center
for Computational Seismology at the Lawrence Berkeley Lab
in Berkeley, California. From 1990 until 1992, he worked as
an assistant professor at Clausthal Technical University. His research interests include high-frequency assymptotics, seismic
modeling, and processing of seismic data from isotropic and
anisotropic media. Together with Ivan Psencík, he developed
the ANRAY program package. He is a member of AGU, DGG,
EAGE, and SEG, and serves as an Associate Editor for Geophysical Prospecting (section anisotropy).

Alexander Goertz received his diploma in geophysics in 1998
from Karlsruhe University. Since 1998 he is a research associate with Karlsruhe University. His research interests include
4D modeling of geophysical systems with finite differences,
imaging of complex fault zone structures and seismic sounding
of lithospheric heterogeneities.

German Höcht received his diploma in geophysics in 1998
from Karlsruhe University. Since 1998 he has been a research
associate at Karlsruhe University. His interests are macro velocity model independent imaging methods. He is member of
the SEG.
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Peter Hubral received an M.Sc. in 1967 in geophysics from
Clausthal Technical University and a Ph.D. in 1969 from Imperial College, London University. Since 1986, he has been a
full Professor of Applied Geophysics at Karlsruhe University
specialising in Seismic Wave Field Inversion. During 1970-73
he was with Burmah Oil of Australia and from 1974 to 1985
he was with the German Geological Survey in Hannover. He
was a consultant in 1979 with AMOCO Research and, during
1983-1984, a PETROBRAS-sponsored visiting professor in the
PPPG project at the Universidade Federal da Bahia in Brazil.
In 1995-1996 he was an ELF- and IFP sponsored visiting professor at the University of Pau, France. He received EAEG's
Conrad Schlumberger Award in 1978 and SEG's Reginald Fessenden Award in 1979. He received the first Foreign Geophysicist Award of the Brazilian Geophysical Society in 1999. He
is a member of DGG, EAEG and an honorary member of the
SEG. Peter Hubral is involved in most of WIT's activities, in
particular those including research on image resolution, image
refinement, image attributes, multiple suppression, incoherent
noise suppression, true-amplitude imaging, interpretative processing, and image animation.

Martin Karrenbach received his ”Vordiplom” in physics in
1985 from the University of Karlsruhe, West Germany, and his
M.S. in geophysics from the University of Houston in 1988.
He was with SEP from September 1988 through February 1995
when he received his Ph.D. in geophysics from Stanford University. He had summer employment with Siemens, BEB, Cogniseis and most recently with Chevron Oilfield Research Co.
He is currently an Assistant Professor at Karlsruhe University,
Germany. He is a member of the AGU and SEG.

Axel Kaselow received his diploma in Geology focused on Hydrogelogy from the University of Karlsruhe in 1999. Since
April 1999 he is a research associate at Karlsruhe University.
Currently, he focuses on finite difference modeling of wave
propagation in fluid-saturated porous media and fluid flow modeling at complex fault zones. He is a member of AGU.
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L.W.B. Leite Professor of Geophysics at the Graduate Course
in Geophysics, and member of the Department of Geophysics
of the Federal University of Pará (Belem,Brazil). His main emphasis at the present time is seismic wave propagation in thin
layers for deconvolution and inversion problems.

Stefan Lüth received his Diploma in geophysisics from the
Technische Universität Clausthal in August 1996. His thesis
was on numerical and methodical investigations on diving wave
tomography. He is currently working as a Ph.D student at the
Freie Universität Berlin. His research interests include refraction seismic data interpretation, seismic processing and integration of geophysical and geodynamic data.

Joao L. Martins is occupied with the development of fast and
efficient Kirchhoff-type true-amplitude imaging methods for
several different simpler types of media.

Jürgen Mann received his diploma in geophysics in 1998 from
Karlsruhe University. Since 1998 he has been a research associate at Karlsruhe University. His fields of interest are seismic
image wave methods and macro velocity model independent
imaging methods. He is member of the EAGE and the SEG.

Patrick Mayer deals with different inversion methods of the
wave field attributes received from the CRS stack using cubic
splines interpolation for constructing the interfaces of the macro
velocity model. He is a member of the SEG.

Elive M. Menyoli received his diploma in Physics with specialization in Geophysics in 1998 at the University of Goettingen.
From April 1998 until November 1998, he was with the German Geological Survey in Hannover. Since December 1998 he
is a Ph.D. student at the University of Hamburg. His research
interest is in Kirchhoff migration of P-SV converted waves.
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Thilo Müller received his diploma (1996) in geophysics from
Karlsruhe University. Since then he is working as a research scientist on imaging techniques. He is particularly involved in the
development of the Common Reflection Surface (CRS) Stacking Method. This is an imaging process that does not need any
explicit knowledge of the velocity field and uses stacking surfaces that match the reflection response better than the ones of
conventional methods.

Robert Patzig received his diploma in geophysics from Braunschweig. In the dipoma thesis he developed a digital filter for
the detection of the Stoneley-wave (borehole seismics) by combination of a predictionfilter and the envelope of the wave. 1999
he received his Ph.D. for ”Local earthquake tomography in the
region of Antofagasta (Chile)”. His actual research interest is
the application of CRS stacking to seismic profiles from the
northern Chilean coast.

M. Amélia Novais investigates the different aspects of Born
and Kirchhoff forward modeling schemes, in particular with respect to amplitudes. She is also working on a combined scheme
that incorporates the advantages of both methods.

Claudia Payne has been Peter Hubral's secretary for 9 years.
She is in charge of all WIT administrative tasks, including advertising, arranging meetings, etc.

Carlos Piedrahita received a B.Sc. in mathematics from
UNAL of Colombia,and the M.Sc. in mathematics from SUNY
at Buffalo in 1986. Has worked in the laboratory of geophysics
and the material science group of ICP,the research group of
ECOPETROL since 1988. Currently is working toward his Phd
at the State University of Campinas, Brasil. His thesis subject is
ray tracing using continuation procedures trying to extend these
methods to complex structures. His interests are in numerical
methods and continuum mechanics.
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Melanie Pohl is dealing with wave propagation in generally
anisotropic 3D media. She is applying these schemes in lower
crustal structure studies and in reservoir simulations.

Rodrigo Portugal received his B.Sc. (1995) and M.Sc. (1998)
in Applied Mathematics from the State University of Campinas
(UNICAMP), Brazil, where he is a PhD student since 1998. In
his PhD thesis he is currently working on employing wave front
construction based ray tracing in 2.5D migration, demigration,
and other image transformations. His research interests are in
numerical analysis, modeling, and imaging. He is a member of
SEG.

Matthias Riede received his M.Sc. in Geophysics from the
University of Karlsruhe, Germany, in 1997. Currently he is a
Ph.D. Student at the Geophysical Institute, University of Karlsruhe, Germany. His research interests include signal processing, seismic imaging and modeling.

Erik H. Saenger received his diploma in Physics in 1998 from
the University of Karlsruhe in March 1998. Since April 1998
he has been a Ph.D. student at the Geophysical Institute at Karlsruhe University. Currently, he focuses on Finite Difference
modeling of fractured materials. He is member of the SEG and
EAGE.

Lúcio Tunes Santos received his BS (1982) and MS (1985) in
Applied Mathematics from the State University of Campinas
(UNICAMP), Brazil. In 1991 he earned his Ph.D. in Electrical Engineering also from UNICAMP. From 1985 to 1988 he
was employed as a Teaching Assistant at the University of Sao
Paulo (USP). Since 1988 he has been working for UNICAMP,
first as a Teaching Assistant and since 1991 as an Assistant Professor. Between August 1994 and August 1995, he visited Rice
University as a postdoc researcher. His professional interests
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include seismic modeling and imaging as well as nonlinear optimization. He is a member of SIAM and SBMAC (Brazilian
Society of Applied Mathematics). His main areas of research
are seismic modeling and true-amplitude imaging. He's also interested in nonlinear optimization algorithms and fractals. His
present activities include MZO for variable velocity and modeling by demigration. Moreover, he's also working on exact
penalty methods in nonlinear programming.

Jörg Schleicher received his ”Diplom” (MSc equivalent) in
Physics in 1990 and his ”Dr. rer. nat.” (Ph.D. equivalent) in
Geophysics in 1993 from Karlsruhe University, Germany. After employment as a research fellow at the Geophysical Institute
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UNICAMP), Brazil, with a joint grant from the Brazilian National Council for Scientific and Technological Development
(CNPq) and Alexander von Humboldt foundation. Since October 1996, he has been employed as an Associate Professor for
Applied Mathematics at IMECC / UNICAMP. His research interests include almost all forward and inverse seismic methods.
He is a member of SEG, EAGE, DGG, SBGf, and SBMAC. His
main areas of research include true-amplitude imaging and ray
tracing. He's also interested in any kind of seismic modeling
or imaging theories and algorithms. His present activities include research on how to control amplitudes in different kinds
of seismic imaging methods and on how to efficiently perform
the true-amplitude imaging. Moreover, part of his research is
directed towards the extraction of more useful image attributes
from seismic data. In 1998, he received SEG's J. Clarence
Karcher Award.

Sergei Shapiro received his M.Sc. in 1982 from Moscow University and the Ph.D. in 1987 from All Union Research Institute of Geoinformsystem (AURIG) in Moscow, both in Geophysics. During 1982-90 he worked for AURIG as a research
geophysicist. In 1991-1997 he was a senior research scientist
at the Geophysical Institute of Karlsruhe University, Germany.
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The first two years of this time he was an Alexander von Humboldt fellow. From January to August 1997, he was a Heisenberg associate-research professor. Since September 1997 till
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