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Preface

2006 has been a very eventful and successful year for WIT with a total of 12 sponsors! Welcome to two
new sponsors: Anadarko and Shell. Our researchers were again able to show our partners some interesting
research results. The future of the entire consortium was in danger due to the fact, that as of yet, no
successor has been found for Peter Hubral. Although he already retired and has his mind set towards the
hidden roots of human discovery and creativity he has been acting as coordinator for WIT throughout the
year. Thanks to Dirk Gajewski’s courageous decision to take over the coordination starting in 2007 we are
now able to continue WIT and we hope that our sponsors will keep supporting us.

The University of Hamburg successfully defended itself against the offer from the University of Vi-
enna, Austria, to appoint Dirk Gajewski to the chair “Physics of the Earth”. The University of Hamburg
has established a new chair “Applied Seismics” for Dirk who has been promoted to full professor in the
spring of 2006. Moreover, a new staff research position was established for Claudia Vanelle and the whole
infrastructure of Dirk’s team will be overhauled including some additional financial support.

In November 2006, Martin Tygel celebrated his 60th birthday in conjunction with a remarkable col-
loquium. Scientists from all over the world came together in Campinas, Brazil for interesting scientific
presentations, discussions, and a spectacular festive event.

The work within the WIT consortium has once again been recognized by the scientific community:
during their annual meeting in Vienna 2006, the European Association of Geoscientists and Engineers
presented the Nigel Anstey Award to Eric Duveneck. . .

“. . . in recognition of the importance and originality of his work in the tomographic de-
termination of high-resolution seismic velocity models, using kinematic wavefield attributes
extracted from pre-stack data. His approach has led to significant improvements in the effi-
ciency and accuracy of three-dimensional migration and inversion.”

Duveneck completed his Ph.D. thesis on this topic in 2004 during his time in the Karlsruhe WIT group and
is now with Shell in Rijswijk.

We also congratulate our young WIT-researchers (Ph.D. and M.Sc. students alike) who have success-
fully completed their studies in 2006. We are happy that almost all of them have found immediate employ-
ment with oil companies or contractors.

A note of thanks goes to our associated research group in Belém, Brazil, who has again contributed to
the annual report.

We bid farewell from the consortium to Serge Shapiro’s group, who is now pursuing other interests.
Thank you for the contributions and the excellent cooperation during the last ten years.

We will continue to make waves!

Jürgen Mann
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Summary: WIT report 2006

IMAGING

von Steht presents a poststack imaging sequence based on the CRS method for common offset adapted to
handle vertical seismic profiling (VSP) walkaway data. A vivid synthetic example is used to visualize the
quality of the image after depth migration. Furthermore the CRS-based wavefield separation for multicom-
ponent data is applied for this specific geometry.

Garabito et al tested the performance of VFSA and SA optimization algorithms in Marmousi dataset
by using the CRS stacking method. They observed that SA is more robust than VFSA algorithm. The
results of the one-step CRS stack present a better resolution (good continuity of reflector horizons) in com-
parison with the results of the three-steps CRS stacking strategy.

Garabito et al derived a particular traveltime formula for paraxial rays in the vicinity of a central ray
associated to a diffraction point in depth. This formula presents a good fitting with respect to the reflected
events. They propose this formula as an alternative to simulate Common-Offset (CO) sections. Finally,
propose a new strategy to estimate the five parameters in the Finite-Offset (FO) CRS stacking method. For
the first third steps use the SimulatedAnnealing(SA) global optimization method. For the fourth step
recommend to use the Quasi−Newton(QN) local optimization algorithm.

Meier et al. give a short comparison between two tomographic inversion schemes, namely prestack
stereotomography and NIP-wave tomography. The results are compared for a simple synthetic dataset
and for a real marine dataset from the Eastern Mediterranean. The differences are discussed with respect
to the different inversion approaches.

Kienast presents a real data example for CRS stack based limited-aperture migration in time and depth
domain. Kinematic as well as dynamic aspects are considered for time and depth migration, and compared
to conventional results.

Klüver presents a new technique for the determination of migration velocity models. The method aims
at kinematically fitting common image gathers and common reflection point gathers associated with se-
lected picks in a poststack zero offset section.

Iversen and Tygel present a 3D time-to-depth conversion method that is based on tracing image rays
into depth using a given time-migration velocity field. The method can be used both as a mapping scheme
(which converts selected events in the time-migrated section into depth) or as an imaging scheme (which
converts a time-migrated section into its corresponding full depth migrated section). Although all presented
formulas are fully 3D, the method is illustrated in its simpler 2D case.

Ursin and Tygel introduce natural amplitudes for the one-way normal and NIP waves, which provide
a useful decomposition of the amplitude of the zero-offset ray. A possible application of the decomposition
to a new true-amplitude migration scheme is also described.

Schleicher et al. derive a new image wave equation for remigration in elliptically anisotropic media

9
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by reparameterization of the kinematic expressions. A simple numerical example confirms that this image
wave equation, which is a kind of medium-dependent one-way wave equation, can be used to improve
well-ties, thus providing an estimate of the vertical velocity.

Anikiev et al. apply a modified diffraction stack method to the problem of source localization. They
investigate the localization with known and unknown velocity models.

Vanelle and Gajewski explain how their traveltime-based strategy for true-amplitude migration can be
extended to include anisotropy. The new method provides a true-amplitude migrated image without requir-
ing dynamic ray tracing (DRT), which is cumbersome in the presence of anisotropy. A simple example
demonstrates that in addition to the depth image, the reconstruction of the reflection amplitudes for aniso-
tropic multi-component data leads to the correct result.

Melo Silva et al. transfer the concepts of true-amplitude one-way wave equations to Gazdag’s phase-shift
migration. By analytically solving the true-amplitude one-way wave equations in vertically inhomogeneous
media, they show that a true-amplitude phase-shift migration consists of the same phase correction as in
standard phase-shift migration, plus an amplitude correction that can be applied at each depth level. Sim-
ple numerical examples demostrate the improvement of the amplitudes in vertically inhomogeneous media.

Schleicher et al. compare the effects of different imaging conditions for common-shot wave equation
migration on the migration artifacts and on the migration amplitudes. The conclude that the most robust
imaging condition is one that divides the convolved up- and downgoing wavefields after inverse Fourier
transform.

Amazonas et al. show how complex Padé approximations can be used to derive two complex wide-angle
pre-stack depth migration algorithms: finite differences (FD) and Fourier finite differences (FFD). These
migration methods can handle evanescent waves and have improved impulse responses. The treatment of
evanescent waves with the complex Padé approximation stabilizes the FFD algorithm and is more efficient
computationally than Biondi’s unconditionally stable FFD algorithm.

Yoon et al. applied CRS stack method to seismic reflection data from the North German basin which
were recently released by the industry. The land data sets acquired in the early 80ies were reprocessed with
the focus on the deeper structures within the basin. The images provide new insight for the sedimentary
cover of the basin and for the deeper parts of the crust. The results display an almost flat Moho discontinu-
ity even in the area of the Glückstadt Graben where a lower crustal high density body was discovered. The
interpretation is in good agreement with recent results from gravity modeling in this area.

ROCK PHYSICS AND WAVES IN RANDOM MEDIA

Grosfeld and Santos review some of the most used attributes for AVO analysis and introduce a new one
based on the reflection impedance function.

OTHER TOPICS

Barbosa et al. extend stereotomography to general anisotropic media and present an implementation for
elliptical and anelliptical anisotropy, Numerical examples demonstrate the validity of the present approach
for qP events and mild anisotropy, pointing towards the importance of transmission events from multiple-
offset VSP experiments for the success of the approach.
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2D CO CRS IMAGING FOR MULTICOMPONENT DATA
RECORDED BY THE VSP GEOMETRY

M. von Steht

email: Markus.vonSteht@gpi.uni-karlsruhe.de
keywords: CRS stack, VSP, common offset, kinematic wavefield attributes, multicomponent

ABSTRACT

In this paper a new sophisticated design for a processing sequence to analyze walkaway prestack
data recorded with the vertical seismic profile (VSP) acquisition geometry will be introduced. The
approach is based on the concepts of the common-reflection-surface (CRS) stack theory, in particular
on the extension to common-offset (CO) imaging firstly introduced by Zhang et al. (2001). CRS-stack-
based imaging bears the significant advantages of an increased signal-to-noise ratio, a high degree of
automation throughout the processing and convenient quality control by the user.
This method results in high-quality stacked sections in which the output traces follow a certain mutual
relationship being further explained in the course of this paper. The processing by means of CRS
technology also yields traveltime parameters related to so-called kinematic wavefield attributes. These
CRS attributes can serve as an input to imaging steps beyond stacking as, e.g., building of velocity
models and time/depth migration. Recent efforts by Boelsen (2005) with the aim of extracting PP- and
PS-conversions immanent in multicomponent data using CRS attributes have been very promising.
By using the latter approach a coupling of a reflection event’s kinematic traveltime response and the
polarization of a geophone’s components is achieved. My presentation attempts to cover all of the
above-mentioned issues by an equal amount but has to be seen as stripped by many details for the
limited extent of this report.

INTRODUCTION

The common-reflection-surface (CRS) stack was firstly presented in real-data application by Müller (1998)
and represents the concept of a purely data-driven imaging method. The intention behind this type of
design is to demand as little user-interaction as possible once the imaging process is started in order to
speed-up processing time and to reduce man-made errors. This accounts for the independence of a user-
supplied macrovelocity model as one fundamental aspect of the underlying theory.
The development of the CRS method also aims at the enhancement of the rather simple and straightfor-
ward conventional NMO/DMO stack by including additional properties of the underground as they can be
described by, e. g., paraxial ray theory.

Common-offset (CO) stacking can be thought of to be the generalization of ZO stacking and it is
performed analogously. A CO stacking operator approximates the actual reflection events in the vicinity of
a given event in a CO gather corresponding to a measurement configuration with a fixed offset, i. e., a fixed
distance between the sources and receivers.
This distance can either be horizontal, vertical or a combination of both as in the presented case for a
VSP geometry. One might—prematurely as will be shown—object that a bilinear relation of two different
coordinate axes should never be called an “offset” but just let us assume for now that I have justified that
claim already.

One motivation to perform stacking towards a common offset is to look into regions of the subsurface
poorly illuminated by normal rays. There are many situations when only seismic data at rather high source-



14 Annual WIT report 2006

receiver offsets will contain substantial reflection response of the underground, e. g., in case of sub-salt
imaging.
Another potential of tending towards a simulated two-way experiment is the opportunity to investigate
converted waves in the case that multicomponent data was acquired. Separating PP- from PS events not
only doubles the amount of information accumulated but also provides access to a whole range of additional
parameters.
This kind of separation is not possible with ZO-based imaging methods as they assume a central ray to be
a normal ray, loosing the opportunity to be converted at all, naturally.

To combine the opportunities which CO imaging creates with the methodology of the CRS stack—
representing stability, high resolution, and adaptability—was a progressive step to also describe acquisition
geometries like OBS, OBC or VSP. I have to point out that the presented extension is yet restricted to be
applicable in 2D only.

∆

R R’

central ray

paraxial ray

borehole

G’

G

βG
zG

∆xS

S’

Sβ

S

Figure 1: Visually interpretable variables of traveltime formula (2) in the context of paraxial ray theory.
The acquisition geometry has been restricted for reasons of clarity only. (Image courtesy of Boelsen (2005))

CRS OPERATOR FOR VSP

The theoretical foundations for my investigations of VSP-related imaging by the CRS method are mainly
derived from the ideas introduced by Zhang et al. (2001). By their effort, the so-called common-offset CRS
stack was established as an alternative to the traditional zero-offset imaging tools for surface seismics. The
term common-offset (CO) stack resembles a reorientation of the target domain for the stacking operation
from monostatic to bistatic.

If I apply this statement to theory, namely to the paraxial ray theory, I also have to mention that the
central rays which are generally approximated will no longer remain normal rays. The associated virtual
source and receiver positions S and G from which the paraxial traveltimes immanent to the prestack data
are calculated do not coincide any more.

The paraxial CO CRS traveltime operator for arbitrary topography in 2D which is the most general
form possible was firstly derived in Boelsen (2005). I repeat it here not only for the sake of completeness:

τ2(∆xS ,∆zS ,∆xG,∆zG) =(
τ0 +

sinβS

vS
∆xS −

cos βS

vS
∆zS +

sinβG

vG
∆xG −

cos βG

vG
∆zG

)2

− 2 τ0 B−1 (∆xS −∆zS tanβS) (∆xG −∆zG tanβG)

+ τ0 AB−1 (∆xS −∆zS tanβS)2

+ τ0 DB−1 (∆xG −∆zG tanβG)2

(1)
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z

0x

(a) Common offset-alike relation used for the presented
method. It’s raypaths almost evenly cover a given inter-
face.

z

0x

(b) The zero offset-alike relation covers a very limited
vicinity of a point on an interface — but under different
angles of incidence.

Figure 2: Possible relationships of sources and receivers.

The parameters AB−1, DB−1, and B−1 are composed by elements of the surface-to-surface propagator
matrix (see, e.g., Červený, 2001). ∆xS/G and ∆zS/G indicate the horizontal and vertical displacements
off the central ray. vS/G are the valid near-surface velocities in the paraxial vicinity of the central ray and
βS/G are the emergence angles at either of its ends.

For explanatory purposes I now will simplify expression (1) to a restricted VSP geometry with a bore-
hole pointing straight into depth. Doing so the line of shots and the line of receivers will be mutually
perpendicular and it is possible to discard two degrees of freedom: ∆zS ≡ 0 and ∆xG ≡ 0:

τ2(∆xS ,∆zG) =(
τ0 +

sinβS

vS
∆xS −

cos βG

vG
∆zG

)2

− 2 τ0 B−1∆xS ∆zG tanβG

+ τ0 AB−1∆xS
2

+ τ0 DB−1 (∆zG tanβG)2

(2)

By applying these restrictions on the general operator it was possible for me to run some preliminary
tests on synthetic data — reducing computational time — for the purpose of conducting a feasibility study.
This study proved to be promising enough (von Steht, 2006) to further pursue the issue of adapting CRS
imaging to the VSP domain. The explanations given in the remaining sections will be assuming this type
restricted geometry for simplicity.

I want to point out that the number of stacking parameters visible in general expression (1) does not
reduce from being five even in case of a restricted or simplified geometry as displayed in Figure 1. This
also means that I can use the general operator to describe very complex acquisition geometries including
deviated boreholes and complex top-surface topography with no further difficulties imposed.

The fast but yet accurate determination of the emergence angles βS/G and the matrix elements AB−1,
DB−1, and B−1, the latter three being related to wavefront curvatures is a five dimensional optimization
problem and the main objective in CRS-stack-based imaging.



16 Annual WIT report 2006

Figure 3: Sketch of necessary steps towards a CRS-stacked set of traces following the ray diagram in
Figure 2(a). The processing sequence runs from top to bottom.

BILINEAR RELATIONSHIP BETWEEN SOURCE AND RECEIVER LOCATIONS

In Figures 2(a) and 2(b) two different types of bilinear relations for central rays can be observed. The rays
illuminate a target reflector in very different ways depending on whether source and receiver positions both
move away from the wellhead as on Figure 2(b) or whether there is an opposing movement as shown on
Figure 2(a). The shape of the chosen reflection interface does not change this behavior too significantly
even if I consider it to be concave or convex. For the investigation of the CO CRS method in case of a
restricted VSP geometry the simulated central rays follow the relation

x0 + i dx + z0 + i dz = hVSP = const (3)

with increments dx and dz having opposite signs and i being the number of rays. The quasi-offset hVSP
can regarded to be the classical finite offset of surface seismics in case the borehole axis is rotated by 90
degrees.

DETERMINATION OF STACKING PARAMETERS AND WORKFLOW

If I begin by neglecting the multicomponent approach I am left with the problem of determining five
stacking parameters which will provide expression (1) or its subset (2) with all the necessary terms for a
proper moveout correction. This task is accomplished by coherence analysis as it is common practice in
data-driven approaches — semblance is used in my implementation as a default.

In detail the analysis is carried out by three linearized parameter searches in order to stabilize and
accelerate the optimization. The workflow displayed in Figure 3 describes the most significant steps and
their relationships. Two subsets containing the prestack data in the common shot and common receiver do-
main, which are not symmetrical for the VSP case, are investigated each for an operator dip and curvature,
respectively.

I want to emphasize that the positions of analyzed gathers in the recorded data and their associated
expansion points related to simulated rays have to be in accordance with expression (3). In this way the
obtained stacking results for CS- and CR-subsets will be kinematically equivalent so that both sets of traces
can be used subsequently for a third parameter search. This part of the workflow solely will determine the
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curvature across the reflection events since its dip is a composite of previously computed properties.
Once the curvature related to B−1 is known all five stacking parameters appearing in traveltime oper-

ator (2) are available. Finally I can stack VSP prestack traces along CRS supergathers resulting in a set of
traces with a superior S/N ratio.

In case of a multicomponent approach I will have apply a CRS wavefield separation right after the first
search-step in the CS domain. The calibration of geophone polarization and the CRS attributes derived
from the stacking parameters is established by choosing either P-wave or S-wave velocities which have to
be physically reasonable for all geophone expansion points.

Including the wavefield separation into the approach not only doubles the computational time since
I have to determine twice as many stacking parameters to handle both wavetypes. It is also necessary
to reorient the polarization direction of the prestack traces throughout the coherence analysis in the CS
gathers on the fly. Only in this way the guided amplification of P-waves on the radial and S-waves on the
transversal component can be achieved in a satisfying manner.

SYNTHETIC DATA EXAMPLE

I now want to introduce a synthetic data example which was provided by PAULSSON GEOPHYSICAL
SERVICES INC. and served as my initial test data to run experiments on with the new approach. Figure 5(a)
shows a 3D plot of the two walkover lines leaving the vertical borehole (depth up to ≈ 0.8 km) straight
in north-south and east-west direction. There are some gaps in the shot-spacing which indicates the close
relationship to an actual real data set which is under my present investigation. The acquisition surface can
be described as almost planar and non-dipping, which is the total opposite to the two reflectors in depths
of approximately 0.5 km and 1.0 km. For the following I want to focus on the walkover line running in
north-south direction with an approximate length of 2.0 km.

The underlying inhomogeneous 3D velocity model for primary waves is depicted in Figure 5(b). Shear-
wave velocities were derived from the latter by the

√
3-relationship as the commonly used default provided

by the modeling tool, i.e.,NORSAR. There is a steep velocity gradient present in the first 300 m, which is
clipped out of the displayed range but causes turning waves.

The depth-velocity curves for P- and S-waves shown in Figure 5(c) were not directly derived from
the velocity model. I used a synthetic checkshot close to the wellhead and picked the first arrivals of the
downgoing P-wave to serve as an input to a 1D inversion algorithm and smoothed down the resulting curve.
The S-waves’ velocities again are related by

√
3 to the ones of P-waves but looking at checkshots carried

out with S-wave sources will result in similar functions for this example.
A glance at Figures 4(a) and 4(b) reveals how VSP common shot sections — after considerable amount

of preprocessing for real data — will typically look like on two components. The displayed gathers were
recorded for a source approximately 500 m north off the wellhead. Downgoing energy will be focused on
the first arrivals of the P-wave either by using deconvolution operators or surgical fk-filtering. In this way
the downgoing S-wave should be eliminated, respectively. The modeled raycodes for upcoming energy on
both interfaces were PP, PS, and SS providing us with six events for the subsequent CRS processing.

Since space is limited for this presentation I cannot go too much into details about the actual application
of the processing flow as it was introduced in the previous section. The CRS stack for the VSP geometry
— like his zero offset “siblings” — provides a multitude of useful by-products and intermediate results,
which can be carefully scrutinized to refine future processing steps. As an example for CRS attributes
for reflected P- and S-waves I included the geophone emergence angles of 50 central rays of the northern
walkaway line. I have to emphasize that βP

G and βS
G as shown in Figures 6(a) and 6(b) are connected to

the ray diagram shown in Figure 2(a). This relationship applies to all further output created by the method
as well. The displayed angles show a very broad range especially for the top reflector and generally are
of high resolution which is a benefit for the role they play during the subsequently carried out wavefield
separation.

The stacking result for the complete walkover line with an approximate fold of 300 traces in the paraxial
vicinity for PP-events can be observed in Figure 7(a). Please note that PS- and SS-events are not discrim-
inated due to wavefield separation techniques but merely because of the reduced range of moveout curves
the traveltime operator can approximate once it is calibrated to a physical velocity vP

G. The reason why
the first reflector is not visible on the central traces is because their expansion points in depth are located
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(a) V-component

(b) H-component

Figure 4: Example common shot
gather taken from the synthetic
data set. Its position is approxi-
mately 500 m off the wellhead to-
wards the north.

(a) View of 3D model

(b) P-wave velocity model
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(c) Velocity-depth functions which were used to calibrate traveltime
operator (2) to polarization of multicomponent geophones.

Figure 5: Description of the model used to generate the syn-
thetic data as displayed in Figures 4(a) and 4(b).
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(a) Emergence angle βP
G (b) Emergence angle βP

G

Figure 6: Example of CRS attributes obtained in the course of the workflow.

(a) VSP synthetic data - Poststack migration - input (b) VSP synthetic data - Poststack migration - output

Figure 7: CRS-stacked traces from northern and southern walkaway-line serving as an input for Kirchhoff
PostSDM following the bilinear relation of Figure 2(a).

beneath that interface.

QUALITY ESTIMATION BY KIRCHHOFF DEPTH-MIGRATION

Since the main output created by the CO CRS processing for VSP is a set of stacked traces in the quasi-
common offset domain any interpreter will have a hard time to visualize the subsurface at this stage. So
I applied a Kirchhoff poststack depth migration to the CRS stacked traces shown in Figure 7(a) with the
velocity model taken from Figure 5(b) to check for the consistency of the approach. A preliminary result
which still requires considerable amount of tapering at the edges (see Figure 7(b)) confirms the accuracy
of the method up to the first interface. The second interface has a different shape and it is migrated too
shallow when being compared to the underlying model.

In order to have more clues to investigate the mismatch of the second interface I applied a Kirchhoff
prestack depth migration with an migration aperture corresponding to all traces which had been used in the
CRS stacking aperture. A magnified section of both migration results is displayed in Figures 8(a) and 8(b)
and lets me draw several conclusions. The postSDM illuminates a much larger segment of both interfaces
in a constantly high resolution even if I consider the avoidable migration artifacts. The preSDM has not
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(a) PostSDM for 50 CRS-
stacked traces

(b) PreSDM for ≈ 2000
traces

(c) Raytracing in 3D model reveals out-of-plane re-
flections.

Figure 8: Comparison between post- and prestack depth migration for VSP in a magnified view. Fig-
ure 8(c) explains the mismatch between both methods but also the displacement of the second interface as
observed in Figure 7(b).

only the same mismatch in depth and shape for the second interface but furthermore is unfocused there.
The benefit of imaging a reflection surface instead of a reflection point which is the dominant feature of
CRS-based methods is very obvious in this example.

The issue of mismatches in depth and shape was resolved by performing several raytracing experiments
in the 3D velocity model in order to backtrack the raypaths of the modeled reflection events. As it is obvious
in Figure 8(c) the assumption that all wave propagation takes place in a 2D plane is certainly not valid for
this model.

AN APPLICATION: CRS-BASED WAVEFIELD SEPARATION

The idea behind the separation of PP- and PS-wavefields in the CRS approach for VSP geometries is
realizable with little effort. As displayed in Figure 9(a) seismic P-waves being created at point S reach an
interface in the subsurface to produce a reflection event. Each reflection event mainly consists of P-wave
energy but some energy will also be converted into S-waves bearing very useful additional information on
the investigated underground. The points of reflection RP and conversion RS generally do not coincide.

Therefore, a two-component geophone placed at G will not only record PP- and PS-events originating
from different directions related to the emergence angles βP

G and βS
G. An observed event will also be dis-

tributed on the vertical (mainly P-waves) and horizontal (usually S-waves) component of G in a thoroughly
superpositioned sense according to its related emergence angle.

The proposed processing scheme includes the determination of the emergence angles βP
G and βS

G for a
virtual geophone placed on the receiver side of a central ray. A calibration to either P- or S-wave velocity-
depth functions has to be performed prior to this analysis in order to assign a true, physical meaning to both
sets of CRS attributes. The attributes shown in Figures 6(a) and 6(b) have been computed in that way.

The rotation of the horizontal and vertical components of prestack data, assuming it to be linked to a
paraxial geophone by such a determined angle yields a P-event on the radial component for a given βP

G.
Providing βS

G will result in an S-event on the transversal component of the prestack data, respectively. Both
situations are depicted in Figures 9(b) and 9(c).

Nevertheless a simple rotation by βP/S
G will only work in the close vicinity of the investigated central

ray, but it will not suffice to rotate the whole prestack data, accordingly.
For a complete reorientation and separation of the PP- and PS-wavefield of the prestack data I utilize the

already introduced angles βP/S
G and additionally the wavefield curvatures KP/S

GCS
(a composite of DB−1 and
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Figure 9: Multicomponent handling

βP/S
G ) also provided by the CRS-stack-based imaging sequence. By these quantities we can approximate

the rotation angles γP/S depending on the distance ∆zG off the central ray geophone in the following form:

sin γP/S (∆zG) =

sign(RP/S
GCS

)
RP/S

GCS
sinβG + ∆zG√

RP/S
GCS

2 + 2 RP/S
GCS

∆zG sinβG + ∆z2
G

(4)

with RP/S
GCS

= 1/KP/S
GCS

. The expression itself is stated in a VSP-adapted way. It can found originally in
Höcht et al. (1999).

The potential of this wavefield separation lies not only in the advantage to provide maximum energy
for subsequent stacking of CS-,CR-, or CRS-gathers but also in the option to generate two whole new
sets of prestack data with separated wavemodes. As a final example I want to show five neighboring
multicomponent common shot gathers (see Figures 10(a) to 10(d)) and how they are transformed by the
CRS-based separation to contain either radial or transversal energy.

SUMMARY AND OUTLOOK

I presented a recent innovation of CRS-stack-based imaging adapted to the specific needs of a VSP ge-
ometry. The method bears the potential of an increased signal-to-noise ratio, data-driven autonomy, but
also quality control by the user. The kinematic wavefield attributes calculated from the CRS stacking pa-
rameters can serve as constraints for tomography-based approaches to perform building of velocity models
but also to limit migration apertures. A comparison between prestack depth migration and postSDM of
the CRS results applied on a synthetic but realistic data example reveals that this method is a potent new
addition to the box of VSP imaging tools. The option to examine and separate PP- and PS-events should
be attractive to a wide audience in research and industry.
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Present and future research focuses on the application of the presented workflow with all its presented
options to real data and on the comparison to standard processing schemes. A limited aperture Kirchhoff
depth migration and CRS-based redatuming are two secondary objectives I want to pursue which will
further contribute to the variety and utility of the method.

ACKNOWLEDGMENTS

This work was kindly supported by the sponsors of the Wave Inversion Technology (WIT) Consortium,
Karlsruhe, Germany. I especially wish to thank Paulsson Geophysical Services Inc. (P/GSI), for providing
the presented synthetic data and for assisting me in many questions on VSP imaging.

(a) V -component. (b) H-component.

(c) R-component. (d) T -component.

Figure 10: Application of the CRS-based wavefield separation on five common shot gathers in the prestack
data.
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ABSTRACT

The Common Reflection Surface Stack (CRS) method simulates zero-offset (ZO) sections by means
of summing the amplitudes of seismic events in the multicoverage data by using a stacking surface.
For 2-D media, this stacking surface depends on three kinematics attributes of two hypothetical waves
at the point of emergency of the normal incidence central ray, namely, the emergency angle of the
normal ray, the radius of curvature of the Normal Incidence Point Wave and the radius of curvature
of the Normal Wave. The optimization problem in the CRS method consists in determining, from
the multicoverage seismic data, the three CRS parameters associated to each sample point of ZO sec-
tion to be simulated. The simultaneous determination of these parameters can be made by means
of multidimensional global search process (or global optimization), using as objective function some
coherence criterion. In this work we present the results of the application of two global optimization
algorithms to search the CRS parameters, e.g. the Simulated Annealing and Very Fast Simulated An-
nealing. Unlike the old strategies that search for the CRS parameters using three or more steps, in this
work the search strategy has only one step, i.e. the three CRS parameters are obtained simultaneously.

INTRODUCTION

Through the seismic stacking methods it can be obtained images of the geological structures in the subsur-
face, by simulation of ZO section from multicoverage seismic data. The Common Midpoint (CMP) stack
is the method commonly used in the oil exploration to simulate ZO seismic sections.
The CRS stacking method (Müller (1998); Jäger et al. (2001); Mann (2001); Garabito et al. (2001a),b) was
presented as a more robust alternative to simulate ZO sections. Like the CMP stack, the CRS method does
not dependent on a macro-velocity model and provides higher quality images in heterogeneous media.

The CRS stacking method consists of summing the amplitudes of the multicoverage seismic data along
the stacking surface. This surface is defined by a hyperbolic paraxial traveltime approximation, that de-
pends on three parameters: the emergence angle of the normal (central) ray (with respect to the normal
to the measurement surface), β0, and the wavefront curvatures of two hypothetical waves, the so-called
Normal-Incidence-Point (NIP) wave (KNIP = 1/RNIP ) and Normal (N) wave (KN = 1/RN ), as de-
fined by Hubral (1983).

The fundamental problem of the 2-D CRS stacking method consists in determining three CRS pa-
rameters from multicoverage seismic data. The parameter triplet is associated to each sample of the ZO
section in time domain. The determination of these parameters (β0,KNIP ,KN ) from pre-stack data can
be accomplished by using optimization processes where the objective function is a coherence measure
(Semblance). Garabito et al. (2001a,b) determined these CRS parameters by applying a combination of
global and local optimization processes in three-steps (3S), by using the Simulated Annealing algorithm
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Figure 1: Top: CRS stack traveltime surface for point P0 in the ZO plane. The blue lines are the modeled
Common-Offset traveltimes for the second reflector. Bottom: Model with two homogeneous layers above
a half-space separated by a curved interface.

(Corana et al., 1987) for the global search and Quasi-Newton algorithm (Gill et al., 1981) for the local
search.

In this work the CRS parameters (β0,KNIP ,KN ) are searched-for by using an one-step (1S) opti-
mization procedure, by which these are determined simultaneously. In order to evaluate the computational
performance of the 1S-CRS stack we compare the results of the SA and VFSA optimization algorithms,
when applied to the Marmousi data set. We also compare the application of 1S-CRS stack to the Marmousi
data, by using the SA algorithm, with respect to the 3S-CRS stack strategy.

THEORETICAL ASPECTS

CRS stack

The CRS stacking surface is represented by a hyperbolic paraxial traveltime approximation given by
(?)Tygel:97)

t2(xm, h) =
(

t0 +
2 sinβ0

v0
(xm − x0)2

)2

+
2 t0 cos2 β0

v0

(
(xm − x0)2KN + h2KNIP

)
. (1)

In equation 1, t0 is the two-way traveltime of the normal ray and v0 is the near-surface velocity associated
with the normal ray. xm = (xS +xG)/2 and h = (xG−xS)/2 are the midpoint and half-offset coordinates
between the source and receiver, respectively. xS and xG are the horizontal coordinates of the source and
receiver pair (S, G), respectively. KN and KNIP are the hypothetical wavefront curvatures, and β0 is the
emergence angle of the normal (central) ray (1).
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Figure 2: Cube of coherence values obtained with equation 1 for the point of the ZO section of the
Marmousi data that corresponds to a conflicting dip situation. The minimum value of coherence is located
in β0 = −3.030, RNIP = 16245m and KN = 0.00054545m−1.

Figure 1 shows the CRS stacking surface (red line) associated to a sampling point P0 correspond-
ing to a central ray that emerges in X0. This surface is defined by equation (1), where the parameters
(β0,KNIP ,KN ) associated to the central ray were obtained by forward modeling. In this Figure, the lines
blue represent the primary reflection traveltimes associated to the second reflector for different offsets be-
tween sources and receivers. Stacking seismic events in every CRS surface and putting the result in the
ZO sampling point, we obtain the ZO section simulated by the CRS method. In practice, these parameters
(β0,KNIP ,KN ) are determined from seismic data by using optimization methods.

Global optimization of the CRS parameters

The main problem to implement the CRS method consists of determining from multicoverage seismic data,
the three parameters (β0,KNIP ,KN ) associated to each sampling point of the ZO section to be simulated.
The simultaneous determination of these parameters can be accomplished through optimization processes
using as objective function some criterion of coherence of the seismic data. In this work we use the Sem-
blance function (Neidell and Taner, 1971) which is normalized output-to-input energy ratio, is given by

S =
1
M

∑
t

(∑M
i=1 fi,t(i)

)2∑
t

∑M
i=1 f2

i,t(i)

, (2)

where fi,t(i) is the amplitude value on the ith trace at two-way traveltime t(i). Here, M is the number of
traces in the CMP gather. Semblance is a coherence measure normalized with values between 0 and 1.

Figure 2 shows the semblance function used in the optimization processes by the CRS method. In this
Figure, we observe a 3-D graphic with coherence values for the parameters (β0, RNIP = 1/KNIP ,KN )
symmetrically distributed along the interval, −0.002m−1 ≤ KN ≤ 0.002m−1. Therefore, the coherence
volume for these intervals is defined as the search-space to optimize the CRS parameters.

The coherence cube of Figure 2 corresponds to the sampling point P0(t0 = 1.27s, x0 = 7375m) of the
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Figure 3: Performance of SA algorithm in minimizing the CRS objective function for three-parameters.

ZO section of the Marmousi dataset that corresponds to a situation with intersection of seismic events with
different angles, so-called conflicting dip situation. The global minimum or smaller value of coherence
is located in β0 = −3.030, RNIP = 1624.5m and KN = 0.00054545m−1. These parameter triplet
defines the CRS stacking surface that best fit the seismic events of the multicoverage seismic data and
correspondents to one of the events with conflicting dip of the ZO section.

NUMERICAL RESULTS

For the optimization tests of the CRS parameters were used the Marmousi synthetic dataset (Bourgeois
et al., 1991).

The obtained results represent several tests accomplished with each one of the studied optimization
algorithms. The horizontal axis represents the number of evaluations and the vertical axis is the value of
the objective function (negative Semblance). These results show the evolution of the algorithms until the
global minimum.

Simulated Annealing (SA) algorithm

In the SA method (Corana et al., 1987), the minimization process begins with an initial value of temperature
T = T0 and, in general, a vector of initial parameters (p = p0) randomly generated. Then, given an initial
point p and the respective value of the objective function f(p), the generation of a test point is accomplished
through the application of a disturbance in each element of p. If the value of f(p

′
) is smaller than f(p),

then the point p is substituted for p′ and the algorithm has a descending displacement. When the value
f(p

′
) of the test point has a value similar or larger than f(p), a criterion of probability decides if these test

point is accepted or not. If it be accepted, then p and f(p) are substituted for p′ and f(p
′
), respectively,

and the algorithm has an ascending displacement.
In this algorithm we used an initial temperature of T0 = 0.1, with a decline factor rT = 0.85 and value

of tolerance of the error ε = 0.001.
Figure 3 displays the performance of the SA algorithm to search the parameters (β0,KNIP ,KN ).

Very Fast Simulated Annealing (VFSA) algorithm

This algorithm follows the same search procedure of the SA algorithm. The VFSA algorithm was proposed
by Ingber (1989) introducing modifications to the pattern algorithm also known as Boltzamann Annealing
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Figure 4: Performance of VFSA algorithm in minimizing the CRS objective function for three-parameters.

(BA) algorithm, with the objective of improving the performance. These modifications refer to the form of
disturbance of the parameters and the sequence of cooling of the temperature.

With this algorithm we use T0 = 1, 5, k = 30 and ci = 0.25 for the three-dimensional search. Figure 4
illustrates the performance of VFSA algorithm.

DISCUSSION OF THE RESULTS

Analyzing the results above, we can observe that the VFSA algorithm is more efficient to find the minimum
value of the objective function for the three parameters, with an average of 350 evaluations of the function.
However, due to the fast decreasing of the temperature this algorithm can be restricted to the local minimum
and in other cases gets to leave the local minimum after a certain number of iterations. This implicates that
VFSA algorithm does not have great effectiveness in determining the global minimum, but it can reach the
global minimum with a great number of tests. The SA algorithm has a slower decreasing of temperature
than VFSA algorithm, and it has an average of 450 evaluations of the objective function to find the global
minimum. Like the VSFA, the SA algorithm also keep restricted to the local minimum in several tests,
reducing effectiveness in estimating the global minimum. But, we can observe that the SA algorithm is
more robust than VFSA because it has a larger number of success in finding the global minimum.

CRS stack

We present simulated ZO sections windows from Marmousi dataset by using an one-step CRS stack, Fig-
ures 5 and 6, with the SA and VFSA, respectively. In general, these results show that SA algorithm is more
robust, because it converges more efficiently for the global minimum, and provide a better definition of the
seismic events in respect to the result obtained by the VFSA optimization algorithm. For some estimates
of CRS parameters the VFSA does not reach the global minimum, even for seismic events with high co-
herence.

Figures 7 and 8 display a comparison between the one-step with SA and three-steps CRS strategies,
applied to the Marmousi dataset. We observe that the result of the one-step show a better resolution with
much better continuity of reflector horizons.
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Figure 5: Closeup of simulated ZO section from Marmousi dataset obtained by using 1S-CRS stack with
the SA algorithm.
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Figure 6: Closeup of simulated ZO section from Marmousi dataset obtained by using 1S-CRS stack with
the VFSA algorithm.
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Figure 7: Closeup of simulated ZO section from Marmousi dataset obtained by using 1S-CRS stack with
SA algorithm.
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Figure 8: Closeup of simulated ZO section from Marmousi dataset obtained by using 3S-CRS stack with
SA and quasi-Newton algorithms.
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CONCLUSIONS

The performance test of the optimization algorithm VFSA and SA show that both keep restricted to the
local minimum in several tests. But for a large number of tests both converges to global minimum. The
VFSA is more effective than SA algorithm, because it reaches the global minimum for a small number of
objective function evaluation. By comparison of simulated ZO sections we observe that SA algorithm is
more robust, because it provides a better definition of the seismic events in respect to the result obtained
by the VFSA optimization algorithm. We observe that the result of the one-step CRS stack show a better
resolution with much better continuity of reflector horizons, in comparison with the results of the three-
steps CRS stack strategy.
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ABSTRACT

Based on a hyperbolic traveltime approximation which depends on three kinematic attributes, the
Common-Reflection-Surface (CRS) stacking method was developed to simulate zero-offset (ZO) sec-
tions. Also, following this new concept of seismic imaging, it was introduced a method to simulate
common-offset (CO) sections from multicoverage data by using a hyperbolic paraxial traveltime ap-
proximation in the vicinity of a reflected central ray with finite-offset (FO). This last traveltime approx-
imation depends on five kinematic attributes. In this work, based on this five-parameters-traveltime
approximation, we obtain a new traveltime approximation for diffraction events, reducing the original
formula to four parameters. We compare both traveltime approximations (reflection and diffraction
events) with true traveltimes for a synthetic model. Based on the traveltime approximation for diffrac-
tions, we also present an algorithm to simulate CO sections from multicoverage data using global and
local optimization methods.

INTRODUCTION

Various macro-velocity model independent methods have been introduced to simulate zero-offset (ZO)
sections from multicoverage dataset. These methods are the Multifocusing (e.g Gelchinsky and Keydar
(1999),Gelchinsky et al. (1999a), Gelchinsky et al. (1999b), Landa et al. (1999)), Polystack (e.g. De Baze-
laire (1988)) and the Common-Reflection-Surface (CRS) (e.g. Müller (1999); Jäger et al. (2001), Garabito
et al. (2001)). The CRS method uses the hyperbolic paraxial traveltime approximation in the vicinity of
a ZO central ray. This formula depends on three parameters that are determined from multicoverage seis-
mic data. The CRS method has provided high-resolution results when compared to conventional stacking
method (NMO/DMO stack). These techniques have been used to stack P-P reflection events in 2-D pre-
stack multicoverage data and to simulate ZO sections. To handle also converted waves in the frame of the
CRS stack, the ZO CRS stack has been generalized to simulate CO sections (Zhang et al., 2001) The FO
CRS stacking operator is constituted by five parameters, which have to be searched-for in a coherence-
based, data-driven way (e.g. Zhang et al. (2001), Bergler et al. (2001c),Zhang et al. (2002)). The FO CRS
stack has demonstrated the applicability not only P-P or S-S reflections, but also to seismic multicoverage
data containing converted reflections, where the emergence angle information provided the FO CRS stack
can be used to reliable separate P-P from P-S reflections. The in-line geometrical spreading factor can, for
instance, be computed from these attributes, which is of help for Amplitude-versus-Offset (AVO) analysis
(Bergler et al., 2001b). The FO CRS stack parameters may be used to determine in a subsequent traveltime
inversion the P-wave velocity and/or S-wave velocity of a layered earth model (Bergler et al., 2001a).
Bergler et al. (2002) demonstrated on a synthetic dataset that the FO CRS stack can be an alternative pre-
stack stacking tool in complex situations such as subsalt imaging. The FO CRS stack is able to produce
interpretable CO sections where ZO simulation methods suffer from bad illumination of target reflectors
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by small-offset reflections.
Chira-Oliva et al. (2003) investigated the sensibility of the FO CRS stacking operator with respect to the
kinematic data-derived attributes. They analyzed the first derivative of this operator with respect to each
one of the searched-for parameters and descried the behavior of the FO CRS stacking surface.
Boelsen and Mann (2004) discussed that the conventional FO CRS stacking operator can handle Ocean-
Bottom-seismic (OBS) acquisition geometries by using a synthetic model. For this model, they compare
the model-and data-derived wavefield attributes and show that the FO CRS stack provides accurate emer-
gence angles and good results for the wavefront curvatures, too. They also present a new approach in order
to process multi-component data and converted waves. This approach is able to distinguish between PP
and PS reflections by combining operator shape and orientation with polarization information and provides
stacked sections and kinematic wavefield attribute sections for both wave types.
Boelsen (2004) presented new hyperbolic traveltime approximations for the FO CRS stack to handle top-
surface topography. He considered two types of topography: rugged and smooth. The formula for a rugged
topography can be used to derive a stacking operator that is in principle to handle a vertical seismic pro-
file (VSP) acquisition geometry as well as reverse VSP and cross-well seismic (e.g. Boelsen and Mann
(2005b),Boelsen and Mann (2005a)). He also proposed an approach to perform redatuming of the FO CRS
stacking section. He show the application of the FO CRS stack and the redatuming algorithm to a synthetic
data set simulated with a smoothly curved measurement surface. The results showed a high-quality FO
CRS stack section and accurately determined emergence angles.
In this work, based on Zhang et al. (2002), we present the particular case of a diffraction point for the FO
CRS stacking operator which depends on four parameters and is called FO Common-Diffraction-Surface
(CDS) stacking operator.
We applied these FO CRS stacking operators for classic configurations: common-shot (CS), common-
receiver (CR), common-midpoint (CMP) and common-offset (CO). Based on these particular formulas,
and considering a diffraction point in depth, we propose a new algorithm to simulate CO sections from
multicoverage data.

THEORETICAL ASPECTS

HYPERBOLIC TRAVELTIME APPROXIMATION ASSOCIATED TO REFLECTED CENTRAL
RAY

Following Bortfeld (1989), Zhang et al. (2001) developed a 2-D hyperbolic traveltime approximation for
paraxial rays in the vicinity of a central ray, considering a finite-offset (FO) between sources and receivers.
Therefore, we consider the situation in which a central ray starts at S, reflects at R on a reflector in subsur-
face, and emerges at the surface in G. The traveltime of paraxial rays that started at S and emerged at G
(Figure 1) are obtained by

t2(∆xm,∆h) =
[
t0 + (

sinβG

vG
+

sinβS

vS
) ∆xm + +(

sinβG

vG
− sinβS

vS
) ∆h

]2
+ t0

[
(4 K1 − 3 K3)

cos2 βG

vG
−K2

cos2 βS

vS

]
∆x2

m

+ t0

[
K3

cos2 βG

vG
−K2

cos2 βG

vS

]
∆h2

+ 2 t0

[
K3

cos2 βG

vG
+ K2

cos2 βS

vS

]
∆xm ∆h

(1)

where t0 is the traveltime along the central ray, βS and βG are the emergence angles of the central ray
in the position of the source S and the receiver G, respectively. The dislocations ∆xm = xm − x0 and
∆h = h − h0 correspond to the midpoint and half-offset, respectively, where x0 = (xG + xS)/2 is the
midpoint and h0 = (xG − xS)/2 is the half-offset of the central ray. The coordinates of the sources and
receivers are denoted by xS and xG. The midpoint xm = (xG + xS)/2 and half-offset h = (xG − xS)/2
are the coordinates of an arbitrary paraxial ray with finite-offset, where the coordinates of the source and
receiver are denoted by xS and xG, respectively. The wave velocity at the source S and receiver G are
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Figure 1: 2-D model of three homogeneous layers separated by curved and smooth interfaces, where
xS and xG are the coordinates of the source and receiver of the central ray (green line), with x0 and h0

denoting the midpoint and half-offset coordinates of this ray. xS and xG denote the coordinates of the
source and receiver of a paraxial ray (red line). xm and h denote the midpoint and half-offset coordinates
of this ray. The angles βS and βG denote the emergence angles of the central ray at the source and receiver
with respect to the normal of the measurement surface.

denoted by vS and vG, respectively. In this work, we consider the near surface velocity vS = vG as con-
stant. The quantities, K1, K2 and K3 are wavefront curvatures associated to the central ray (Figure 2a,b),
computed at the respective emergence points. This expression (1) is called FO CRS stacking operator.

The wavefront curvatures (K1,K2,K3) are associated to a real common-shot (CS) experiment and a
hypothetical common-midpoint (CMP) experiment, respectively. In both experiments, the positions of the
source and receiver coincide with the initial and final positions of the central ray. As shown in Figure 2a,
in the CS experiment a source generates a wave in S that propagates downwards along the central ray,
reflects on the second reflector, and propagates towards the surface, where it is measured at G the emerging
wavefront curvature K1 .The propagation associated with the central ray for different instants of time is
depicted in Figure 2a. Figure 2b illustrates an hypothetical CMP experiment, where the propagation of the
wave associated to the central ray is depicted at different instants of time. In this experiment, the wavefront
starts in S with curvature K2, propagates downwards along the central ray, reflects on the second interface
and emerges at G with curvature K3. Curvature K2 has a negative signal according to the convention of
Hubral and Krey (1980), which states when a wavefront is in front of its tangent plane, with respect to the
direction of propagation.

Considering a given velocity model, curvatures K1, K2 and K3, as well as the angles βS and βG as-
sociated to a central ray, can be calculated by forward modeling, using a ray-tracing program (Cerveny
and Psensik, 1988) and applying the transmission and reflection laws of wavefronts, as shown in Hubral
and Krey (1980). To represent the CRS stacking operators associated to a FO central ray, we consider a
synthetic model (lower part of Figure 3) constituted of three separated by curved and smooth interfaces
with velocities vs = vG = v0 = 1500m/s, and v3 = 3700m/s, respectively. By using the ray-tracing al-
gorithm, the traveltimes of primary reflections for different CO (equation 1) are computed. The blue curves
represent the CO traveltimes of primary reflections associated to the second reflector (Figures 3 and 4). For
a central ray with half-offset h0 = 500m and midpoint x0 = 2500m (red lines, lower part of Figure 3), the
parameters K1, K2 and K3 are calculated by forward modeling. Then, associated to this central ray in the
upper part of Figure 3, the red curves represent the CRS operator obtained by expression (1).

The FO CRS stacking operator defined by formula (1) allows to simulate CO sections from multi-
coverage data. As illustrated in Figure 3, for each sampling point P0(x0, h0, t0) in the FO section to be
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Figure 2: 2-D model of three homogeneous layers separated by curved and smooth interfaces: (a) Propa-
gation of the wavefront of the CS experiment at different instants of time, (b) Propagation of hypothetical
wavefronts of a CMP experiment at different instants of time.
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Figure 3: Lower part (front): 2D media with three homogeneous layers separated by homogeneous smooth
interfaces and a finite-offset central ray, where x0 is the midpoint, h0 is the half-offset. Upper part: CO
traveltime curves (blue color) related to primary reflections of the second interface, having the CRS stack-
ing operator (red color) associated to point P0.
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simulated there exists a stacking surface defined by five parameters. The events contained in this surface
will be summed and the result is assigned to the given point P0.

HYPERBOLIC TRAVELTIME APPROXIMATION ASSOCIATED TO DIFFRACTED
CENTRAL RAY

The hyperbolic traveltime approximation (1) considers a reflected central ray and traveltimes of paraxial
rays in the vicinity of this central ray, which are also considered as being primary reflections. To consider
the central ray as a diffracted ray, a new interpretation in the propagation of the wavefronts associated
to the CS and CMP experiments, previously described, must be done. When a point R in subsurface
(Figures 2a,b) is considered as a diffraction point, the Huygens Principle states that this point becomes a
new source of wavefronts as soon as an incidence of wavefronts had just occurred. Under this assumption,
the interpretation of the wave associated to a real CS experiment is the following: the wave generated by a
point source S (origin of the central ray) propagates downwards and is diffracted at the located point in R.
This diffraction point generates a new wavefront that propagates upwards along its central ray, emerging at
G. In the CMP experiment, the wavefront propagation does not differs from the previous situation, but it
must be considered now that R is a diffraction point. Therefore, the wavefront curvature K1 emerging in
G must have the same curvature of wavefront K3, also emerging in G. Using the condition of diffraction,
K1 = K3 in formula (1), to obtain
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]
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(2)

Now the hyperbolic traveltime approximation (Equation 2) depends only on four parameters: K2, K3, βS

and βG.

By using the formula (2) we construct the stacking surface (Figure 4). Due to the fact that this operator
(2) is associated to a diffracted central ray, then is called common-diffraction-surface (CDS). To distinguish
the last operator from the present one, we shall denote it as FO CDS operator.

SEISMIC CONFIGURATIONS

In this section we present particular cases of formulas (1) and (2) for the following classical seismic con-
figurations.

CMP gather

For this case, the paraxial source S and receiver G are located symmetrically with respect to the corre-
sponding points S and G, on the central ray. Considering that the midpoint is common to the central and
paraxial ray, the CMP condition reads: ∆xm = 0. Substituting this condition into equation (1), to obtain
the CMP configuration traveltime

t2(∆h) =
[
t0 + (

sinβG

vG
− sinβS

vS
) ∆h

]2
+ t0

[
K3

cos2 βG

vG
−K2

cos2 βS

vS

]
∆h2 (3)

Substituting this same condition in the general equation (2) for a diffraction point, we get the same expres-
sion (3).
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Figure 4: Lower part (front): 2D media with three homogeneous layers separated by curved and smooth
interfaces and a FO central ray, where x0 is the midpoint, h0 is the half-offset. Upper part: CO traveltime
curves (blue color) related to primary reflections of the second interface with the CDS operator (green
color), associate to P0.
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Figure 6: CO section which offset is 1 km. The red line corresponds to the traveltimes calculated with
equation (4) and the green line corresponds to the traveltime calculated with equation (5).

Common-Offset (CO) gather

In this configuration, the paraxial source S and receiver G are shifted by the same amount and the same
direction with respect to the corresponding points S and G, on the central ray. The CO condition reads:
∆h = 0 . This means that the sources-receiver pairs of the paraxial and central rays have the same half-
offset.

The substitution of the CO condition into equation (1) gives

t2(∆xm) =
[
t0 + (

sinβG

vG
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]2
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(4)
Substituting in equation (2) the CO condition, it reads:

t2(∆xm) =
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In Figure 6 the offset of the CO section is 1.0 km. The traveltimes calculated by expressions (4) and (5) are
represented by the red and green lines, respectively.

Common-Shot (CS) gather

For this configuration, the paraxial source always coincides with the source of the central ray. The CS
condition reads: ∆xm = ∆h. The substitution of this condition into equation (1)

t2(∆h) =
[
t0 + 2

sinβG

vG
∆h

]2
+ 4 t0

[
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vG

]
∆h2 (6)

Applying the CS condition into equation (2), it reads:

t2(∆h) =
[
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vG
∆h

]2
+ 4 t0

[
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cos2 βG

vG

]
∆h2 (7)
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Figure 7: CS section: The red line corresponds to the traveltime calculated with equation (6) and the green
line corresponds to the traveltime calculated with equation (7).

In Figure 7 it is shown a CS section where the position of the source is 1.75 km. The minimum offset is
0.0m and maximum offset is 2.0 km. The offset of the central ray is 1.0 km. The positions of the source
and receiver of this central ray are 1.75 and 2.75 km, respectively.

Common-receiver (CR) gather

For this gather, the paraxial receiver always coincides with the receiver of the central ray. The CR condition
reads: ∆xm = −∆h. The substitution of this condition into equation (1) gives

t2(∆h) =
[
t0 − 2

sinβS

vS
∆h

]2
+ 4 t0

[
K1

cos2 βG

vG
−K2

cos2 βS
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−K3

cos2 βG
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]
∆h2 . (8)

By considering this condition for a diffracted central ray into equation (2), we obtain

t2(∆h) =
[
t0 − 2 (

sinβS

vS
∆h

]2
− 4 t0

[
K2

cos2 βS

vS

]
∆h2 (9)

In Figure 8 is shown the CR section. The fixed receiver is located at 2.75 km. The first source is located at
0.75 km, and the rest of the sources are located for both sides of the first source. The traveltimes calculated
by expressions (8) e (9) are represented by red and green lines, respectively.

SENSIBILITY ANALYSIS OF THE FO CRS STACKING OPERATOR

To define the priority in the parameters search, is necessary investigate the sensibility of the FO CRS
stacking operator with respect to the kinematic data-derived attributes. By analyzing the first derivative
of the FO CRS traveltimes with respect to each one of the searched-for parameters and perturbing each
parameter, we describe the behavior of the FO CRS stacking surface.
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Figure 8: CR section. The red line corresponds to the traveltimes calculated with equation (8) and green
lines correspond the traveltimes calculated with equation (9).

First derivative analysis of the wavefront attributes

The first derivative of the FO CRS operator with respect to the parameters to let us to analyze the sensibility
of this approximation. The derivatives were done by using the FO CRS and CDS CRS stacking operators
with respect the attributes:βS , βG,K1,K2,K3.
These derivatives, are shown in the Figures 10 and 9. We remind that in this analysis we considered a
fixed point P0. We use different half-offsets, as instance h = 0.0km, h = 0.25km, h = 0.5km, h =
0.75km, h = 1.0km . To difference the curves of these derivatives, we use different colors: blue for
h = 0.0km, magenta for h = 0.25km, cyan for h = 0.5km, green for h = 0.75km and red for h = 1km.

In Figure 10, we observe in the vicinity of the central ray x0, the traveltime derivatives with respect pa-
rameters K2 and K3 are sensitives with respect ∆xm and ∆h, while that the parameter K1 is less sensitive
to the changes of ∆xm and ∆h. In Figure 9 for variations along the coordinates ∆xm and ∆h, shows the
derivatives higher sensitives with respect the parameters βS and βG.
For the central point analyzed the traveltime function is very sensitive to the βS and βG, followed of the
parameters K3 and K2. This is an indicator that the parameters can be very well determined by search
processes (optimization). In the case of the parameters K2 and K3, this operator shows a higher degree of
difficulty to determinate them. For the parameter K1, the FO CRS traveltime showed less sensibility. In
this case, this parameter will be determined with difficulty and minor precision.

CO-CRS STACKING STRATEGY

For the simulation of CO sections with the CO-CRS stacking method, is needed to determine five pa-
rameters βS , βG,K1,K2,K3 or wavefront attributes from multicoverage data. Here, we use the FO CRS
operator associated to a certain sampling point P0 in the CO section to determine from multicoverage data
these parameters.
The crucial part of this procedure is the determination of the stacking operator from seismic data to the
optimization process using as an objective function the coherence (semblance) section. In this work, in-
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Figure 11: Lower part (front): 2D media with three homogeneous layers separated by curved and smooth
interfaces and a FO central ray, where x0 is the midpoint, h0 is the half-offset. Upper part: CO traveltime
curves (blue color) related to primary reflections of the second interface with the CDS operator when
K2 = 0 (green color), associate to P0.

stead of using CMP, CO and CS sections to determine the stacking parameters (Zhang et al., 2001), they
are determined using operators or stacking surfaces defined in the domain (∆xm,∆h), which are defined
by three, four and five parameters. Now, we consider the CO-CRS algorithm proposed below, where the
VeryFastSimulatedAnnealing(VFSA) global optimization algorithm for the initial determination of these
parameters is applied. To refine these parameters, we use the Quasi −Newton(QN ) local optimization
algorithm. This strategy is summarized in Figure 12

First step: Three-dimensional search (βS ,βG,K1)

From multicoverage data, using the V FSA algorithm, three parameters (βS ,βG,K1) are determined by
applying a tri-dimensional search. To obtain and to use the stacking operator defined by three parameters,
it is introduced the condition K2 = 0 (Figure 11) into equation (2). This condition is applied due to the
fact of that CO-CRS stacking operator has not shown sensitivity for an sample interval of variation of this
parameter.

Second step: Uni-dimensional search (K2)

Using the parameters determined in the previous step from multicoverage data, also using the VFSA global
optimization algorithm, the parameter K2 is determined for each sampling point of the CO section. In this
step, we use the stacking operator defined by equation (2).

Third step: Uni-dimensional search (K3)

Using the four parameters determined in the previous step from multicoverage data and using the V FSA
global optimization algorithm, the parameter K3 is determined for each sampling point of the CO section.
In this step, the stacking operator is defined by equation (1).
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Fourth step: Refinement of the five parameters (βS ,βG,K1,K2,K3)

To determine the best values of the five parameters simultaneously (βS ,βG,K1,K2,K3) and consequently,
the best CO-CRS stacking operator, the QN local optimization algorithm is applied. As an initial approx-
imation for the local search in the multicoverage data, the five resulting parameters of the two previous
steps are used. In this step, the objective function (semblance) uses the general formula (1) to obtain the
FO CRS stacking operators in the optimization process. The five parameters derived in this step are used
to simulate the final CO section.

CONCLUSIONS AND PERSPECTIVES

From the traveltime formula of reflected paraxial rays in the vicinity of a central ray with finite-offset, it
was derived a particular traveltime formula for paraxial rays in the vicinity of a central ray associated to a
diffraction point in depth. This new approximation depends on four parameters, thus reducing the original
formula in one parameter. Also the stacking operators (equations 1 and 2) have been compared, where it
was verified that this new formula (equation 2) defines a new operator that can be used to simulate CO
sections by means of the CRS stacking technique. Comparisons of reflections and diffractions traveltimes
have also been made, following the main seismic configurations (CMP, CR, CS and CO), where it was
also verified that the paraxial rays traveltimes associated to a diffracted central ray have a good fitting with
respect to the reflected events. This operator (equation 2) is an alternative to simulate CO sections. In this
work it is shown that the traveltime formulas associated to a diffraction point in depth can also be used
to identify and extract diffractions, where it can be used the CO, CS and CR configurations. Finally, we
propose a new strategy to estimate the five parameters in the FO CRS stacking method. The first third steps
use the SA global optimization method. The fourth step uses the QN local optimization algorithm.
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ABSTRACT

Velocity model determination during seismic data processing is crucial for any kind of depth imaging.
Tomography procedures are often used to determine these models. In this article we compare two
different approaches of grid tomography: prestack stereotomography (PST) and NIP-wave tomogra-
phy (NIPT). Whereas NIPT is based on CRS stack attributes and thus on the underlying hyperbolic
second-order traveltime approximation PST describes traveltimes by local slopes (i.e. linearly) in the
prestack data domain. To analyse the impact of the different traveltime approximations on velocity
model building we have applied both techniques to a synthetic and a real marine dataset. The ob-
tained velocity models reveal that the reconstruction of high velocity contrasts is limited due to the
smooth description of the velocity distribution. The lateral resolution of velocities in PST appears
to be slightly better than in NIPT which might be related to the local approximation of traveltimes.
Other differences are mainly caused by picks in PST which correspond to refracted waves with linear
moveout. They restrain correct velocity estimation since only reflected events should be considered
in the PST model building process, whereas NIPT is not affected since refracted events can not be
matched by a hyperbolic traveltime curve. Careful pre-processing of the data therefore will improve
the PST model building as well as the depth imaging in both cases.

INTRODUCTION

For the transformation of the recorded seismic data to the desired depth section, a correct migration ve-
locity model is always required. Different approaches for velocity model estimation have been proposed
in the past. They can be mainly divided into two groups: migration-based velocity analysis methods and
tomographic methods. Two of these methods belonging to the second group are prestack stereotomography
by Billette and Lambaré (1998) and NIP-wave tomography by Duveneck (2004).
In stereotomography, reflection traveltimes are approximated by local slopes which are directly linked to
the horizontal component of the slowness vector. These slopes, their related traveltimes and spatial po-
sitions at the surface are used for the estimation of a smooth velocity model. They are obtained in the
prestack data domain by automated picking. Since only locally coherent events are considered no assump-
tions on the lateral heterogeneity of the velocity distribution nor the continuity of any interfaces are made.
NIP-wave tomography depends on information resulting from the CRS stack e.g.(Mann, 2002) and is con-
sequently based on the hyperbolic second-order traveltime approximation underlying the CRS stacked
sections. The parameters used for velocity model estimation are the wavefront curvatures and the angle of
emergence picked from the CRS stack attribute sections. Picking of these attributes is facilitated due to
the high signal to noise ratio in the post stack domain. In NIP-wave tomography, the extracted wavefield
parameters do not need to belong to a consistent event, the only demand is that they are reliably estimated.
Both methods are based on a grid tomographic approach, therefore leading to a smooth velocity model.
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Unlike conventional horizon-based schemes no interpretive input is necessary; however, the resolution of
structural boundaries is limited. In this article, we compare both methods to analyse the impact of their
differences in input data determination and traveltime approximation on velocity model building.
In the following section, the theory of both tomographic methods is described briefly and differences are
pointed out. Then, the methods are applied to two datasets: first to a synthetic dataset to demonstrate gen-
eral differences between both schemes and second to a real marine dataset from the Eastern Mediterranean.
In the latter, a large salt body is imaged with an overburden of young sediments. Both algorithms have to
deal with complex geological structures and high velocity contrasts.

THEORY

Stereotomography

Prestack stereotomography was proposed, developed and applied by Billette and Lambaré (1998). It be-
longs to the family of slope tomographic methods and is based on the concept of locally coherent events.
These are seismic events which have to be tracked only over a limited number of traces around a central
trace. In stereotomography the attributes of these events are used for the estimation of a smooth velocity
macro-model.

Seismic events are characterised by the position of their central trace, i.e its associated source and receiver
position (S, R), by their central two-way traveltime TSR and by their local slopes, i.e. the tangents on the
traveltime curves around a central trace in a common-shot and a common-receiver-gather (pR, pS). Since
only locally coherent events are considered each set of parameters (S, R, pS , pR, TSR) provides informa-
tion on the velocity model independently of all other events. Consequently, no assumptions on interfaces
nor on the velocity distribution are necessary.
As in all slope tomographic methods, in addition to traveltime information the slopes constrain the velocity
model as they are directly linked to the horizontal component of the slowness vector. Each event corre-
sponds to a pair of ray segments from a reflection/diffraction point X in the subsurface velocity model to
either the source or the receiver. Each ray segment is completely defined by its starting and ending point,
its angle of emergence or incidence (θS , θR) and the associated one-way traveltime (TS , TR), to the source
and receiver respectively. In the case of a correct velocity model both segments will satisfy the following
boundary conditions:

• they must join each other at the reflection/diffraction point in depth

• they must explain the positions, slopes and two-way traveltimes of the events at the surface

If the velocity model is incorrect, these conditions cannot be satisfied by both ray segments simultaneously.
This means that at least one of the boundary conditions has to be ’relaxed’ (become variable). This prin-
ciple is used by stereotomography: the difference between the parameters describing the relaxed boundary
condition and the ideal situation (i.e. a pair of ray segments in the correct model) is used to constrain the
velocity model. Based on this, an inverse problem in which the model space is described by the velocity
field and a group of ray segment pairs is constructed.

In practice, the boundary condition at the surface is relaxed and a cost function containing the misfits
in source and receiver positions, associated slopes and traveltimes is evaluated. The data measured at the
surface are fitted in a least square sense to data modelled by ray-tracing in a smooth velocity model de-
scribed by cardinal cubic B-splines. Thus, the model space in stereotomography is composed of a discrete
description of the velocity field denoted as B-spline coefficients vij , a group of reflecting/diffracting points,
two angles of emergence and two one-way traveltimes. These parameters are updated by a joint inversion
until they explain each data point (S, R, pS , pR, TSR)n within prescribed error margins. For inversion a
conjugate gradient method called LSQR (Paige and Saunders, 1982) is used.

NIP-wave tomography

NIP-wave tomography uses the concept of ’having a NIP-wavefront shrinked back to its hypothetical
source’ (Hubral and Krey, 1980) which is related to the principle of depth focussing analysis in the de-
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termination of migration velocities (MacKay and Abma, 1992).
The NIP-wave is a hypothetical wave which starts at the Normal Incidence Point (NIP) of a reflector in
depth and arrives with a certain angle at the corresponding Zero Offset point at the surface. The NIP is as-
sociated with the Common Reflection Point (CRP) for the same Zero offset position. Thus the NIP-waves
are linked to a certain point in the subsurface for a given velocity model. All NIP-waves focus at zero time
if the velocity model is consistent with the data.
The CRS stack is a multiparameter stacking method based on a hyperbolic second-order traveltime approx-
imation. The input data for NIP-wave tomography are obtained from the CRS stack and the accompanying
attribute sections. These attributes are also referred to as CRS parameters. They are used to estimate the
smooth velocity distribution.
Since the NIP-wave tomography inversion scheme is based on a second-order approximation of the travel-
times the algorithm is limited to regions with moderate lateral velocity variations. However, the advantage
of estimating all parameters in the CRS stacked sections with a high signal to noise ratio significantly sim-
plifies the picking of the attributes. Therefore, NIP-wave tomography is applicable to data with low signal
to noise ratio.

The inversion problem for the 2D case can be formulated in the following way: the emerging NIP-
wavefront can be characterised by four parameters, the traveltime of the normal ray τ = t0/2, the corre-
sponding coordinate at the surface x, the horizontal slowness component p and the second spatial derivative
of the traveltime MNIP . Thus an emerging NIP-wave can be characterised by the data point (τ,MNIP , p, x).
The true subsurface locations (X, Z) and the local dips α, defining the normal ray direction are initially un-
known. They are determined during the inversion process along with the smooth velocity distribution which
is described by two dimensional B-splines. The subsurface model description is given by (X, Z, α, vij),
where vij denotes the B-spline coefficients. The velocity distribution is determined in the following way:
Dynamic ray tracing is performed starting at the CRPs in depth. By minimising in a least square sense
the misfit between the modelled data and the data points extracted from the CRS stack at the surface, the
algorithm is able to find the velocity model that fits the data best. The inversion problem is solved by a
conjugate gradient scheme (LSQR) (Paige and Saunders, 1982).

Differences

There are two major differences between prestack stereotomography and NIP-wave tomography. First,
the input data for the tomographic inversions are determined in two different data domains. In prestack
stereotomography information is obtained in the prestack data domain by an automated picking procedure
based on local slant stack panels. In contrast, in NIP-wave tomography the input data is picked in the
poststack data domain using the results of the CRS stack. Here events are more easily identified due to the
high signal to noise ratio.
The second major difference is the representation of the traveltimes. In NIP-wave tomography, the entire
traveltime curve is approximated, hence it is a global approach. Seismic events are assumed to have a
hyperbolic shape, otherwise they can not be picked nor inverted correctly. This reduces the applicability
of the method for complex lateral inhomogeneous media. In prestack stereotomography traveltimes are
described by local slopes of locally coherent events, thus only a part of the traveltime curve described by
its tangent (local approach).
Both differences are directly related to the formulation of the tomographic problem. In prestack stereoto-
mography local slopes, their corresponding twoway-traveltime and spatial positions are used as input. In
NIP-wave tomography the zero-offset traveltime, the spatial position, the horizontal slowness component
and the second-order spatial derivatives of the traveltime are used.
In both methods, the input data are fitted in a least square sense to modelled data calculated by dynamic
ray-tracing using an conjugate gradient inversion scheme and a smooth velocity model is obtained.
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Figure 1: The velocity model used for the modelling of the synthetic dataset.

DATA EXAMPLES

Synthetic data example

In this part we compare the inversion results of both methods under controlled conditions using a synthetic
dataset. The underlying model in Fig. 2 consists of one curved and one inclined interface and the velocities
vary from 1500 m/s to 3000 m/s. Seismograms were modelled by a ray tracing method and a zerophase
wavelet was used. In total the dataset consists of 700 CMP locations with a spacing of 20 m. The maximum
offset is 2000 m. Gaussian noise was added to the seismograms, a signal to noise ratio of 2 was used.

Stereotomography results For the estimation of input data for the stereotomographic scheme an auto-
matic picking tool based on local slant stack panels (Billette et al., 2003) was used scanning all shot- and
receiver-gathers for locally coherent events. Semblance was estimated every 20 m, i.e. at every shot and
receiver position. 10 traces with a spread of 200 m were used for local slant stack calculation. A subse-
quent quality control as described in Billette et al. (2003) was applied to the picks, where only events with
a semblance greater than 0.65 were accepted as input for the tomographic inversion.

Prior to the inversion an initial velocity model was created on a B-spline grid with a node spacing of
1 km laterally and 0.5 km vertically. A starting velocity-depth function of V (z) = 1500 m/s + 0.5 s−1× z
was assumed. The error margins for each data point were set to 1 m for the positions, 4 ms for the trav-
eltime and 0.01 ms/m for the slopes, as commonly used. Based on this input and the selected picks the
inversion procedure was started. It consisted of 10 inversion steps, a subsequent elimination of outliers in
normalised square misfits as proposed by Lambaré et al. (2004a) and 15 additional inversion steps. The
best velocity model was obtained after 9 iterations following the outlier removal, where the cost function
reaches the prescribed minimum.

The final model and the corresponding migrated image are shown in Fig. 2. The positions of the inter-
faces were recovered. The analysis of the common image gathers not shown here, also reveals that the
gathers are well flattened. The velocity model was estimated correctly by stereotomography.

NIP-wave tomography results For NIP-wave tomography the necessary input information was created
by means of the CRS stack. To facilitate the subsequent picking in the CRS attribute sections event consis-
tent parameter smoothing (Hertweck et al., 2005) was applied. An automated picking algorithm extracted
the input data. During this step events are mainly identified by semblance criteria so that their selection
depends on a given semblance threshold. Based on the obtained coherency section of the CRS Stack a
minimal semblance of 0.2 proved to be suitable. For the purpose of outlier elimination a quality control



50 Annual WIT report 2006

sequence using stacking velocity criteria was applied.

For the NIP-tomographic inversion the same initial velocity model and distribution of B-spline nodes as
in stereotomography was used. Assuming that all input parameters were determined with the same error,
all parameters were weighted equally during the inversion process. After 10 iterations the inversion was
stopped since no further significant decrease of the cost function was observed.

The resulting velocity model and its corresponding migrated image are shown in Fig. 2. As in stereoto-
mography the positions of the interfaces were recovered very well. The examination of the common image
gathers not shown here proves a good estimation of the velocity distribution since all gathers are flattened.

Comparison Both tomographic approaches estimate a correct migration velocity model. In both cases
the positions of the interfaces are completely recovered and all common image gathers show flat events.
Nevertheless, the smooth description of the velocity distribution leads to velocity smearing, but both models
provide good migration results. In the constraint areas, i.e. the areas where picks (interfaces) are present no
major differences can be noted. However, the velocity model found by stereotomography recovers better
the dipping character of the second interface in this comparison, but if the node spacing is reduced the same
results can be obtained by NIP-wave tomography.
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(a) Stereotomography result.
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(b) Corresponding migrated section.
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(c) Nip tomography result.
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(d) Corresponding migrated section.

Figure 2: Results of stereotomography and NIP-wave tomography from the synthetic dataset. On the left,
the obtained velocity model is displayed with the true model boundaries in black. The right figure shows
the corresponding migrated section with the true model boundaries in red.
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Real data example

In this section we will demonstrate the application of the two inversion methods to a real marine data
example from the Eastern Mediterranean. The acquisition was performed on a straight line with a shot and
and receiver spacing of 25 m with maximal offsets of 7325 m. An extract of the dataset of 1000 CMPs was
processed.

Geologic setting The data example from the central Levantine Basin/eastern Mediterranean covers the
so called Messinian Evaporites (ME), the Pliocene-Quaternary overburden and the upper pre-Messinian
succession. The ME precipitated during the Messinian Salinity Crisis when the interaction of plate tec-
tonics and and eustatic sea level fall led to the closure of the gateway between the Mediterranean and the
Atlantic (Hsü et al., 1980). Recent publications showed a complex seismic stratigraphy of the evaporites in
the Levantine Basin (Netzeband et al., 2006b; Bertoni and Cartwright, 2006). The deformation pattern of
the intra-evaporitic sequences include folds and thrust faulting, which gives evidence for extensive salt tec-
tonics and shortening, respectively, during the depositional phase. Both the identified evaporitic facies of
the individual intra-evaporitic sequences and the driving forces for the syn-depositional shortening remain
unclear.

Velocity model calculation and depth-migration in salt bearing basins is a challenging task for several
reasons. The vertical velocity contrast between the ME and the overburden is bigger than 2 km/s, since
interval-velocities of 4.3 − 4.4 km/s have been calculated for the evaporites and 1.7 − 2.1 km/s for the
overburden, respectively (Netzeband et al., 2006a). If the ME are folded, strong lateral velocity contrasts
occur at their top. Small thickness undulations of the ME cause apparent reflection undulations beneath
(velocity pull-ups/-downs), which may be spuriously interpreted as folds or faults. The intra-evaporitic
reflections reveal much weaker amplitudes than the top or base of the ME. In the following, the upper
boundary between the ME and the overburden at a depth of about 2200 m will be called the M-reflection
and the lower one at a depth of about 3500 m the N-reflection.

Stereotomography results As in the synthetic case an automated picking procedure in the prestack data
domain was used for input data determination. However, in the real data case some additional preprocess-
ing was necessary. It consisted mainly of an inner and outer mute and a t2-gain control in order to focus
the picking on the relevant part of the traces. After preprocessing, semblance was estimated every 20 m
using 8 traces for local slant stack calculation. Due to strong differences in the energy of events for earlier
and later times the data were split in two parts. The upper part contains picks describing the overburden.
During a subsequent quality control events with a semblance greater than 0.6 were accepted. In the lower
part an additional gain control was applied and the semblance threshold was decreased to 0.2.

To complete the input data for the stereotomographic inversion, an initial velocity model was created on a
coarse B-spline grid of 500 m× 500 m where a preliminary velocity gradient of V (z) = 1550 m/s + 0.45 s−1×
z was assumed. Artificial picks describing the water column were added to better constrain the model in
this region. Based on these assumptions the inversion was started. First, 15 inversions were performed fol-
lowed by an elimination of outliers in normalised square misfits. For this purpose the error margins were
introduced as 5 m for positions, 4 ms for traveltimes and 0.01 ms/m for the slopes as mentioned above. To
resume, another 35 inversions were performed and first results were used for an advanced quality control
procedure (Lambaré et al., 2004b). Finally, in order to increase the vertical resolution of the model we
refined the node spacing to 125 m vertically and after 11 further iterations velocity model estimation was
stopped since no further significant decrease of the cost-function could be observed.

The resulting stereotomographic model is displayed in Fig. 3. The velocity distribution is shown together
with dip bars. These bars are characterised by the spatial distribution of the picked reflection/diffraction
points as well as by a local dip. The velocity distribution is clearly linked to the structures picked in the
model. At about 1700 m depth a smooth increase in velocity indicates the seafloor and in the subsequent
part the velocity rises to 2500 m/s corresponding to the overburden of young sediments. At a depth of
approximately 2200 m a strong velocity gradient dominates the model. This gradient matches the top of



52 Annual WIT report 2006

1000

1500

2000

2500

3000

3500

4000

z 
[m

]
114 115 116 117 118 119 120 121 122 123 124 125 126

x [km]

1500

2000

2500

3000

3500

4000

4500

ve
lo

ci
ty

 [m
/s

]

Figure 3: The result of stereotomography in the real data case. The velocity model is displayed together
with dip bars for each pick. The vertical exaggeration of the section is 1:4.

salt reflection. A further increase of up to 3700 m/s follows and in some parts of the salt layer maximum
velocity values of 4000 m/s are observed.
The top of the high-velocity zone seems to be displaced downwards at about x ≈ 121.5 km. As the dis-
tribution of dip bars demonstrates this is a zone of low pick coverage which corresponds to a fault system.
The density of dip bars decreases with depth and the velocity model is not very well constrained in this
region. For the section between 114 km and 115 km the same situation occurs.
The image as well as selected Common Image Gathers (CIGs) resulting from prestack depth migration
are displayed in Fig. 4 and Fig. 5 respectively. The migration results were obtained by a Kirchhoff type
algorithm.

Fig. 4 shows a clear image with distinct reflections. The upper sequence of sediments is clearly imaged
and the M-reflection is well-defined. The salt layer itself is about 1.4 km thick and the intra-evaporitic
sequences can be traced easily since they are continuous over the section, also in the region of the fault
structure at about x ≈ 121.5 km. Beneath this fault the N-reflection is interrupted and downbended and
continues on a deeper level on the right side of the section. In addition, as indicated in the velocity model
a second fault system is visible at the left boundary of the section. However, both faults are not imaged
reliably due to the lack of picks in these regions during velocity model estimation.
The selected CIGs presented in Fig. 5 are equally spaced over the section and a maximum offset of 3 km is
shown. The good quality of the image in the upper part is represented by flat gathers throughout the whole
section. However, at a depth of about 2000 m negative residual moveout begins to dominate the CIGs.
Here, the strong increase in velocity related to the sediment-salt transition could not be described in terms
of a smooth velocity model. A further series of events with positive residual moveout can be observed at a
depth of approximately 2500 m followed by events which are flattened quite well. The events related to the
N-reflection show a slightly positive moveout again. In addition, several linear events in all CIGs appear to
interfere with the reflections at large offsets of about 2500 m. These events correspond to refracted waves
in the dataset which were not sufficiently suppressed during preprocessing.
Refracted waves can cause problems in stereotomography. The linear moveout of these arrivals leads to
high semblance values in the local slant stack and may result in picks. These picks limit correct velocity
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Figure 4: The prestack depth migrated image based on the stereotomographic velocity model (data prop-
erty of TGS-NOPEC). The vertical exaggeration of the section is 1:4.

model building as shown by the residual moveout in the CIGs. In spite of the clearly-imaged section the
velocity model still needs to be improved and can only be considered as a preliminary result. For successful
velocity model estimation, events related to refracted waves have to be removed before stereotomographic
inversion.

NIP-wave tomography results To process the real data example with NIP-wave tomography a CRS
stack was performed in order to determine the required attributes. Afterwards, event consistent parameter
smoothing (Hertweck et al., 2005) was applied to obtain ’smoothed’ CRS attribute sections where the input
data for the inversion were picked. We used an automated picking algorithm to extract the input data. This
automated picking tool identifies events in the CRS attribute sections by the semblance criteria. Depending
on a pre-defined threshold only the most reliable events are picked. After picking, a quality control was
applied to the picked data to remove outliers and unreliable picks (e.g. picks within a fault system). This
quality control was based on stacking velocities computed from the picked CRS attributes and mostly fol-
lowed the practical aspects discussed in Duveneck (2004).

With the extracted and edited picks NIP-wave tomography was performed. An initial B-spline model
had to be defined to start the inversion. For the first test we performed the inversion on a grid, and rede-
fined 500 m × 500 m vertical spacing to 100 m afterwards to achieve a better vertical resolution of the
complex salt body. In addition to the input data from the CRS stack, further constraints were introduced to
the inversion process. We fixed the top of the velocity model to water velocity and the bottom of the model
to an expected velocity of about 3800 m/s. To further stabilise the inversion, we also defined an initial
velocity gradient of 0.45 s−1 for the starting model. All input parameters τ,MNIP , p and x were weighted
equally in the process, meaning we assume that all parameters were determined with the same error.

The result obtained from NIP-wave tomography after ten iterations is visualised in Fig. 6. We clearly
see the seafloor at about 1700 m depth. The velocity increases to 3700 m/s at a depth of 2200 m. This
corresponds to the M-reflection. Then velocity increases further up to a maximum velocity of 4500 m/s at
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Figure 5: Selected Common Image gathers resulting from prestack depth migration based on the stereoto-
mographic velocity model (data property of TGS-NOPEC).

a depth of 2600 m. Further in depth, but above the N-reflection the velocity decreases again to the fixed
value of 3800 m/s at the bottom of the model.
As in stereotomography the high velocity layer is displaced downwards at approximately x ≈ 121.5 km.
This corresponds to a fault system visible in the CRS stack results. At this position almost no reflections
are present and the parameter estimation is not reliable. This argument also holds for the region at position
114 km to 115 km at a depth of about 3500 m. Here it was not possible to determine reliable parameters
for the inversion process as well. Due to this a slightly lower velocity of about 3500 m/s is observed in this
region which is related to lower values given in the initial velocity model.
The prestack depth migration result is displayed in Fig. 7 as well as selected common image gathers in
Fig. 8. The migration results were obtained by a Kirchhoff type algorithm as in the previous section.
In Fig. 7 the image is well focused. As already discussed above we see about 0.5 km of sediments on top
of the M-reflection. The same thickness and the same sequences of the salt body are found, but beneath the
fault structure at x ≈ 121.5 km the intra-evaporitic reflections terminate angular against each other. The
N-reflection is interrupted and upbended, but continues on the same depth level. In the area of the fault
systems, the image lacks of quality as well because the correct migration velocity could not be determined
due to poor illumination.
The latter problem is also visible in the CIGs in Fig. 8, where a maximum offset of 3 km is displayed. The
gathers located in the fault structures reveal that only the sediment reflections are flattened, but most of the
salt reflections have a slight residual moveout. All other CIGs show flattened events for the sediments and
the N-reflection. Only some of the intra-evaporitic reflections have a residual moveout. This is probably
caused by the input data, because the intra-evaporitic events have lower semblance values then the other
events. Therefore, these events are less reliably determined compared to the ones with high semblance
values.
We also notice in the CIGs that at large offsets of about 2500 m several events with negative moveout
appear, which correspond to refracted arrivals. However, in NIP-wave tomography these events are not
considered for velocity estimation since they can not be matched by a hyperbolic traveltime curve.
NIP-wave tomography produces a satisfactory result in terms of flat image gathers in this geologically
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Figure 6: The result of NIP-wave tomography in the real data case. The velocity model is displayed
together with the input picks. The vertical exaggeration of the section is 1:4.

complex region. Almost all CIGs were flattened and the migration result shows a good quality.

Comparison As the real data example demonstrates both tomographic approaches provide a velocity
model leading to a clear image in depth. However, despite of the high quality of the imaged sections,
major differences occur in the underlying velocity distributions. Whereas the velocity model obtained by
NIP-wave tomography leads to a smaller residual move out in the CIGs the stereotomographic velocity
distribution results in an image where reflections have a better lateral continuity in regions of low pick
coverage. These differences and aspects of application are discussed in the following section.

For prestack stereotomography, discrimination of picks is challenging and important, especially in the
presence of refracted waves or noise. Refracted waves lead to high semblance values in the local slant
stack panels, since they display a linear moveout. Careful preprocessing and quality control of picks is
crucial for the reliable estimation of velocities. In NIP-wave tomography, picking is simplified due to the
high signal to noise ratio in the CRS stacked sections. Since only events with high semblance values are
selected the inversion process is very stable. NIP-wave tomography is less sensitive to refracted arrivals and
requires less preprocessing. However, refracted waves should be removed from the data in any case since
they spoil the migrated image. The model obtained by stereotomography has a better lateral resolution
since the velocity distribution clearly follows the structure of the M-reflection. In contrast, in NIP-wave
tomography smoothing effects are present in areas of strong lateral velocity variation. This is linked to the
underlying global approximation of traveltimes. In regions where no information is available the velocity
distribution appears to reflect given initial values, whereas in stereotomography no such effect can be ob-
served. In both cases, high velocity contrasts like the M-reflection can be hardly handled by either of the
tomographic approaches due to the related smooth velocity model description (see e.g. Fig. 5 and Fig. 8,
the associated events in the CIGs are not flattened).
Results obtained by prestack depth migration demonstrate that both velocity models provide similar struc-
tures in the imaged sections, Fig. 4 and Fig. 7 respectively. However, the CIGs show that the velocity
distribution resulting from NIP-wave tomography seems to better flatten the events in the section. The
model obtained by stereotomography still produces some residual moveout. As mentioned above, the
presence of noise in form of refracted waves limits a correct velocity model estimation.
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Figure 7: The prestack depth migrated image based on the velocity model obtained by NIP-wave tomog-
raphy (data property of TGS-NOPEC). The vertical exaggeration of the section is 1:4.

CONCLUSIONS

We applied prestack stereotomography and NIP-wave tomography to a synthetic and a real marine dataset
in order to compare velocity model estimation by different tomographic approaches in the presence of
strong velocity contrasts and lateral variations.
In the case of synthetic data both inversion schemes produced good results. In the constrained areas of the
model, the obtained velocity distributions as well as the corresponding migrated sections show hardly any
difference. However, due to the smooth description of the model velocity smearing is observed.
In contrast, the real data example reveals other results. NIP-wave tomography provides a good velocity
model in terms of flat events in the common image gathers, whereas in stereotomography some residual
moveout is observed. The differences in the obtained velocity models are mainly due to the input data
determination. For prestack stereotomography, determination of reliable input parameters in the prestack
data domain is challenging in the presence of noise or refracted waves. Differences can also be observed
regarding the lateral resolution of the velocity distributions. The model obtained by stereotomography
seems to follow better the structure of the M-reflection due to the underlying local approximation of trav-
eltimes. Furthermore, in both approaches the characterisation of high velocity contrasts, as due to a salt
body, is problematic in terms of the smooth model description of both grid tomographic schemes. Finally,
in regions of low pick coverage, velocity estimation is not reliable and differs in both methods as well. The
corresponding areas in the migrated image could lead to different geologic interpretations.
To draw final conclusions, this study will be continued. Unwanted events have to be removed from the
prestack data to refine velocity model estimation by stereotomography and the impact of the given initial
velocity distribution on both inversion schemes will also be tested.
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Figure 8: Selected Common Image gathers resulting from prestack depth migration based on the velocity
model obtained by NIP-wave tomography (data property of TGS-NOPEC).
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ABSTRACT

CRS-based limited-aperture Kirchhoff migration has successfully been adopted in the time as well as
the depth domain. Here, both approaches have been applied to a complex real data set to analyse the
stability of the methods. In both cases, the migrated image could be improved in areas with stable and
reliable attributes. However, the overall image suffers from strong fluctuations in the attributes due to
the low S/N ratio of the input data. With respect to the dynamic aspects of migration, the time domain
approach yields superior results as it is less sensitive to errors in the migration velocity model. Both
methods significantly reduce the computational time.

INTRODUCTION

The stacking parameters of the Common-Reflection-Surface (CRS) stack, the so-called kinematic wavefield
attributes, provide important information that have a wide range of applications, here utilised for limited-
aperture migration. The aim of the migration with minimum aperture is to reduce migration artefacts
and to provide an improved input for subsequent amplitude-versus-offset (AVO) analysis. Jäger (2005)
presented the limited-aperture migration in depth domain for the pre- and poststack case. Spinner and
Mann (2006) presented the CRS-based limited-aperture in time migration where the sensitivity to model
errors is reduced and the operator is smooth and analytic. As the aperture size strongly influences the
quality of the migration images and amplitudes, the aim in limited-aperture depth as well as time migration
was to restrict the migration aperture size to the size of the projected Fresnel zone.

In this paper, I present the fist application of the time migration with minimum aperture to real data.
The kinematic as well as dynamic aspects are considered in the time and the depth domain, and compared
to conventional results.

TIME MIGRATION

To gain the kinematic wavefield attributes the highly automated CRS stack method was applied to the real
data set. The resulting stacked section is displayed in Figure 1.

The necessary information to determine the velocity model for time migration can be extracted from
the coherence, stack, and attribute sections. At 2870 data points with high coherence, attributes were
automatically picked and utilised for the construction of the time migration velocity model. Reliable picks
could only be determined from CMP nos. 1 to 1225. Beyond this location the velocity model was constantly
extrapolated in lateral direction. For a detailed description of time migration velocity model building I refer
to Spinner and Mann (2006).

With the attribute-based time migration velocity model, true-amplitude Kirchhoff poststack time mi-
gration was performed twice: on the one hand in a conventional way with a user-defined aperture, on the
other hand with the limited aperture given by the projected Fresnel zone.



60 Annual WIT report 2006

0.5

1.0

1.5

2.0

2.5

Ti
m

e 
[s

]

200 400 600 800 1000 1200 1400 1600 1800
CMP

Figure 1: Initial CRS stack section.
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Figure 2: Smoothed time migration velocity model determined from the CRS wavefield attributes
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The poststack time migration was processed using the CRS stack section shown in Figure 1 and the
determined velocity model (Figure 2). The migration target zone consists of a grid with 25 m spatial and
4 ms temporal intervals. The high temporal resolution was chosen to allow a clear separation of closely
adjacent reflection events. For the data at hand, the conventional user-given aperture had to be chosen such
that the steeply dipping reflector elements located between CMP nos. 500 and 750 and between 1000 and
1100 could be properly imaged. For both approaches a taper was considered in order to suppress artifacts
due to border effects.

For all locations where a stationary point has been detected, Figure 3a) shows the projected Fresnel
zone. As expected, its size increases with increasing traveltime and increasing curvature of the reflection
events. I observe conspicuously large projected Fresnel zones at various locations. To analyse this effect, I
consider the Fresnel zone and the CRS attributes in the unmigrated domain (not displayed). According to
the relation between the Fresnel zone size and the CRS attributes, this indicates (fragments of) diffraction
events with RN ≈ RNIP. As at such locations there are no evident anomalies in the NIP wave radius
which might indicate failures of the search algorithm, this interpretation appears consistent. For these data,
conflicting dip handling has not been applied due to the poor signal-to-noise ratio. As a consequence, only
one event can be characterised at each ZO location, namely the event associated with the highest coherence.
As the steep flanks of (weak) diffraction events interfere with neighbouring reflection events, they often
appear as fragments, only. Nevertheless, the local attributes clearly reveal their nature.

In Figure 3b) the horizontal distance between operator apex and stationary point is depicted. It is
clearly visible that for flat events the distance tends to zero while on steep events the values of the distance
between operator apex and stationary point reach up to 800 m. This demonstrates why a large conventional
user-defined aperture is required to capture such events.

Figure 4b) depicts the result of the limited-aperture migration, only performed at locations where sta-
tionary points have been detected. Figure 4a) shows that stationary points have been found on all strong
events. To obtain a fully covered image without gaps, the user-defined aperture was utilised at all other
locations. This result is shown in Figure 5b). For comparison, Figure 5a) displays the result of the conven-
tional poststack time migration.

In the upper part of the two migrated images only minor differences can be seen, even for the events
with significant dip. The good performance of the conventional approach in this area can be explained as
follows: for the events with small dips, a comparatively small user-given aperture can be used without loss
of events. The steeper events show a slightly concave structure that leads to a slight decrease in the Fresnel
zone size. Therefore, the projected Fresnel zone is still well covered by the user-given aperture although it
is displaced with respect to the operator apex.

A closer investigation of the target reflection events reveals different effects in the limited-aperture
migration result: on the one hand, an improved continuity of the target reflection events, for instance at the
target reflection event between CMP nos. 200 to 400 at 2.15 s, but on the other hand unphysical fluctuations
due to unreasonably strong variations of the attributes occurring around CMP no. 900 at 2.3 s. The imaging
problem at this area is also complicated by conflicting dip situations which have, as already mentioned, not
been considered for these data. The fluctuations occurring due to varying attributes are usually prevented
by a previous event-consistent smoothing of the attributes. However, due to the poor signal-to-noise ratio
and low coherence of the data set a reliable smoothing was not possible in this case.

The advantages of limited-aperture time migration in comparison to conventional time migration can
be separated into kinematic and dynamic improvements. The kinematic effects are not very distinctive and
can be seen in several areas in the migrated image. However, the limited-aperture time migration shows its
main advantages with respect to dynamic aspects, as will be shown later on in the context of prestack time
migration. As a further advantage, the decreased computing time is resumed in the summary.

The prestack migration is applied just in the same way as poststack migration, with the differences that
for prestack migration the whole prestack data set serves as input and that the migration operator is also
calculated for finite offset. To perform it in a limited-aperture manner, an additional extrapolation of the
stationary point along the approximate CRP trajectory is required.

In Figure 6 several common-image gathers are displayed, extracted at a regular CMP interval from the
full conventional prestack migration result. The maximum offset in the data is 3 km. An offset-dependent
moveout can be clearly observed for the right hand part of the model where, due to the lack of reliable
picks, a constant extrapolation has been used. Of course, no kinematic consistency can be expected under
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Figure 3: Size of the projected first ZO Fresnel zone estimated from the CRS attributes. Only locations
with identified stationary points have been considered a). Horizontal distance between operator apex and
stationary point estimated from the CRS attributes b).
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Figure 4: Locations in the migration target zone for which a stationary point has been found (black) a).
Only for these locations the limited-aperture poststack migration is performed b).
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Figure 5: Result of the Kirchhoff poststack time migration with a) conventional user-defined aperture
and b) with minimum aperture. The minimum-aperture migration was performed at all locations where a
stationary point has been found. At all other locations the user-given aperture is used.



Annual WIT report 2006 65

0.5

1.0

1.5

2.0

Ti
m

e 
[s

]

200 400 600 800 1000 1200 1400 1600
CMP

Figure 6: Several common-image gathers extracted from the conventional time migration prestack data.
The maximum offset is 3 km. Many events are horizontal while others show a moveout. Thus, the velocity
model used for time migration can still be improved.

such conditions where the model is not directly constrained by the picked data.

Figure 7a) shows the conventional migration result after muting and stacking over all offsets, whereas
in Figure 7b) the corresponding result of the prestack migration with minimum aperture is depicted. As in
the poststack case, the user-defined aperture was used at all locations where no stationary point was found.
The differences between the two prestack results are comparable to those of the poststack results. Again,
the continuity of the target reflection events has improved in certain areas like on the second target reflector
around CMP no. 370. However, also unphysically varying attributes have been detected in areas, e. g.,
around 2.3 s and CMP no. 1600.

The difficulty of limited-aperture migration is to find an appropriate coherence threshold which con-
trols the search for the attributes and stationary points. In an ideal but unrealistic case only reliable and
stable attributes are detected while at the same time stationary points are detected on every reflection event.
In this data set, the poor signal-to-noise ratio and low coherence demands a trade-off between coverage
with stationary points and their reliability. In order to get the best limited-aperture migration result under
consideration of the above described facts, I calculated several prestack results with different coherence
thresholds. The impact upon the migrated images is displayed in Figure 8. As expected, more stationary
points are detected when the coherency threshold value is smaller. The examples show that coherency
thresholds below 0.1 produce truncated reflection events at CMP nos. 1450 to 1550 at 1.7 to 1.85 s, as-
sociated to unreliable attributes. The fluctuations due to strongly varying attributes increases also with
coherency thresholds of 0.05 and 0.02. Using a value above 0.1 leads to the loss of stationary points refer-
ring to obvious reflection events. The migration result depicted in Figure 8e), processed with a coherency
threshold of 0.1 gave the best measure between coverage and reliability.

After the discussion of the kinematic effects in limited-aperture time migration, now the dynamic as-
pects are examined. The effect on the amplitudes was analysed by extracting AVO curves, allowing a
further characterisation of the target reflectors. Therefore, amplitudes were extracted from a strong reflec-
tor in the common-image gather at CMP 560 in both, conventional and limited-aperture prestack migration
results. The resulting AVO curves are depicted in Figure 9. The fluctuations of the amplitudes in the AVO
curves are due to noise in the input data. A reduction of the fluctuations can be observed in the limited-
aperture AVO plot, as just the relevant part of the data was summed up in this approach. Hence, AVO
analysis benefits from migration with limited aperture.
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Figure 7: Result of the Kirchhoff prestack time migration with a) conventional user-defined aperture and
b) with minimum aperture. The minimum-aperture migration was performed at all locations where a
stationary point has been found. At all other locations the user-given aperture is used.
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(a) Detail of the limited-aperture time migration result
with a coherence threshold of 0.02.
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(b) Detail of the limited-aperture time migration mask
with a coherence threshold of 0.02. The black points
indicate the locations in the migration target zone for
which a stationary point has been found.
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(c) Same detail, but processed with a coherency
threshold of 0.05.
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(d) Points in the migration target zone, processed with
a coherency threshold of 0.05, for which a stationary
point has been found.
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(e) Detail of figure 7b) with a coherence threshold of
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Figure 8: Comparison of the limited-aperture results with different coherence thresholds.
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Figure 9: AVO of a strong reflector event at 1.8 s extracted in the common-image gather for CMP no.
560 after true-amplitude prestack time migration with minimum aperture (dashed line) and conventional
aperture (solid line). Due to noise in the input data set the amplitudes fluctuate. With minimum aperture
the fluctuations are smaller.

DEPTH MIGRATION

The required smooth macro-velocity model for depth migration was determined from the coherence, stack,
and attribute sections.

The automatically picked attributes, described for time migration velocity building, were also utilised
for the construction of depth migration velocity model. The velocity model, parameterised by two dimen-
sional B-Spline functions, consists of 450 knots, with 45 knots in x-direction with an interval of 500 m
and in z-direction 10 knots with an interval of 300 m. The determined velocity model after 9 iterations is
shown in Figure 10. A detailed description of depth migration velocity building can be found in Duveneck
(2004).

Again the results of the prestack and poststack depth migration with either conventional migration or
limited-aperture migration will be shown.

The true-amplitude Kirchhoff poststack depth migration was performed using the CRS stack section
shown in Figure 1 and the determined velocity model (Figure 10). The migration target zone was defined by
a grid with 25 m lateral and 4 m depth intervals. Again, the minimum aperture was given by the Fresnel zone
while the aperture for conventional migration was user-defined and chosen such that all steeply dipping
reflector elements could be properly imaged. For both approaches a taper was applied to suppress artefacts
caused by border effects.

Figure 11a) shows all points in the migration target zone for which a stationary point was found. The
image resulting after limited-aperture migration is displayed in Figure 11b). Again, to obtain a fully cov-
ered migration image, the user-given aperture was applied at all other locations where no stationary point
was found. The complete poststack depth migrated result is depicted in Figure 12b). For comparison the
result of the conventional poststack depth migration is displayed in Figure 12a).

The distinct differences between the two poststack depth migration results can be seen on the target
reflectors. The continuity of the reflection events at areas like in between CMP nos. 200 to 400 at 4.4 km
have improved in the migration image calculated with minimum aperture. At the location around CMP no.
900 at all three target reflectors a conflicting dip situation is observed. As discussed in time migration only
the event associated with the highest coherency is displayed in such cases. Comparing the upper part of the
migration images, the conventional result is very similar to the limited-aperture result. Again, this can be
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Figure 10: Smoothed depth migration macro-velocity model determined from the CRS-attribute-based
tomographic inversion.

explained by the fact that the Fresnel zone is well covered by the user-given aperture in this area.
In order to evaluate the kinematic consistence of the determined velocity model with the data, some

common-image gathers were extracted at a regular CMP interval from the conventional prestack migration
result. Figure 13 shows the common-image gathers with a maximum offset of 3 km. As described before,
the lack of reliable picks, especially at CMP nos. 850 to 1800, explains the offset-dependent moveout.

The conventional Kirchhoff prestack depth migration result shown in Figure 14a) was generated after
muting and stacking the migrated prestack data in offset direction. For comparison, Figure 14b) depicts the
(fully covered) prestack depth migrated result for minimum aperture.

In general, prestack depth migration shows an increased sensitivity to errors in the migration velocity
model. This also holds for the minimum-aperture approach which explains the less distinctive improve-
ments in the prestack migration result.

Testing the impact of minimum aperture in depth migration upon the amplitudes, AVO curves were
extracted along the same strong reflector as in the time migration. The fluctuations in the resulting AVO
curves of Figure 15 are due to the noise in the input data. The effect from the incorrect depth migration
velocity model on the amplitudes obscures the effect of the different apertures considered for migration.
Therefore, no clear differences can be seen between the two AVO curves.

COMPUTING TIME

In general, the computation time for time migration is reduced compared to depth migration, as the migra-
tion operator is analytic. Both cases additionally benefit from limiting the aperture.

• Time migration:

– Prestack time migration: the limited-aperture prestack time migration result was obtained in
half of the computation time of the prestack migration with conventional aperture. For a sound
comparison of the run times all limited-aperture migrations were produced as full covered
images without gaps, using the user-defined aperture at all locations where no stationary point
was found. This significant decrease in the computation time has its reason in the smaller
aperture, reducing the number of required summations.

– Poststack time migration: in the poststack case the limited-aperture migration is faster, too.
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Figure 11: Locations in the migration target zone for which a stationary point has been found (black) a).
Only for these locations the limited-aperture depth migration is performed b).
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Figure 12: Result of the Kirchhoff poststack depth migration with a) conventional user-defined aperture
and b) with minimum aperture. The minimum-aperture migration was performed at all locations where a
stationary point has been found. At all other locations the user-given aperture is used.
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Figure 13: Several common-image gathers extracted from the conventional depth migration prestack data.
The maximum offset is 3 km. Many events are horizontal while others show a moveout. Thus, the velocity
model used for depth migration can still be improved.

However, due to the fact that poststack migration is by far faster than prestack migration, the
run time difference between limited-aperture and conventional migration is of little practical
relevance, at least in the 2D case considered here.

• Depth migration:

– Prestack depth migration: the migration with minimum aperture was four times faster than the
conventional migration. This can be explained by the reduction of the number of required sum-
mations and, more important, because the search for the stationary points could be omitted as
they were already calculated in the previous limited-aperture poststack depth migration. The
same principle, i. e., the application of the poststack search in the prestack limited-aperture mi-
gration, could be applied to the time migration approach. However, as poststack time migration
is of minor practical use, one can not assume that a poststack migration is performed prior to
the prestack application in any case.

– Poststack depth migration: the computation time was similar for both approaches. Obviously,
the effect of the smaller apertures was just compensated by the computational overhead required
for the search for the stationary points.

CONCLUSION

The differences between time and depth, post- and prestack migration are resumed in the following list:

• Kinematic aspects:

– The comparison of the pre- and poststack migration results showed that the poststack migration
could benefit from the higher signal-to-noise ratio of the simulated ZO-section.

– Time migration: differences in the image of the limited-aperture and the conventional result
were detected on the target reflector events. The limited-aperture results showed on the one
hand a few areas with strong variations of the attributes causing fluctuations in the imaging
result, but an the other hand clear improvements of the continuity of the target reflector events.
However, for data sets with a higher signal-to-noise ratio the fluctuations of the attributes could
be suppressed by an previous event-consistent smoothing. Generally, in areas where the at-
tributes are stable the limited-aperture approach performed very well, whereas in the remaining
parts no improvements could be achieved due to the unreliable attributes.
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Figure 14: Result of the Kirchhoff prestack depth migration with a) conventional user-defined aperture
and b) with minimum aperture. The minimum-aperture migration was performed at all locations where a
stationary point has been found. At all other locations the user-given aperture is used.
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Figure 15: AVO of the strong reflector at 3.8 km extracted in the common-image gather for CMP no. 560
after true-amplitude prestack migration with minimum aperture (dashed line) and conventional aperture
(solid line). Due to noise in the input data set the amplitudes fluctuate.

– Depth migration: the effects seen in the time migration images can also be observed in the
depth migration results. The increased sensitivity to errors in the depth migration velocity
model explains the less distinctive improvements in the prestack migration result.

• Dynamic aspects:

– Time migration: applications of the amplitudes like AVO analysis benefit from the reduced
noise level in the limited-aperture migration result.

– Depth migration: the effect of the incorrect depth migration model on the amplitudes obscured
the effect of the different apertures considered for migration. Therefore, there is no obvious
improvement in the AVO plot.

The main advantages of the limited-aperture migration can be seen in time migration, where the impact
of the quality of the velocity model upon the migration result is minor. Especially in areas where AVO
analyses are carried out, limited-aperture migration is a strong alternative to conventional migration. In
addition, the shorter computational time is an advantage of the limited-aperture migration.
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ABSTRACT

In this paper, a new inversion scheme for the determination of migration depth velocity models is
presented. The method explicitly enforces the kinematic equivalence between common image gathers
and common reflection point gathers. The use of diffraction traveltime operators as moveout functions
allows to extract differences in time dip with respect to the illumination angle along the CRP trajec-
tory. The minimization of these time dip residuals in combination with traveltime residuals leads to a
consistent geological dip for all offsets or scattering angles which might not be obtained by flattening
either common image gathers or common reflection point gathers only. The inversion scheme will be
presented in detail and the results of a first application to a synthetic data example will be shown.

INTRODUCTION

A common way to determine a suitable velocity model for depth migration is based on the analysis of
the flatness of common image gathers (CIG). This is done either for selected analysis locations or horizon
based in a layer stripping fashion. Knowing the geological dip, the picked depth residuals may be converted
to traveltime misfits which may be used for a tomographic update of the velocity model (see, e. g., Stork,
1992). The basic assumption behind this approach is that a CIG contains all information stemming from
the same depth point. However, this only holds when the true velocity model is known. Generally, a
CIG deviates kinematically from a common reflection point (CRP) gather, which contains all information
stemming from a selected depth point in a specified velocity model. The CRP gather may be obtained by
selecting all traces from the prestack data with source and receiver locations determined by ray tracing in
the current depth model, consisting of the velocity itself, the depth position of interest, and the geological
dip at that position. Thus, the CRP gather is model dependent. If the depth model is consistent with the
prestack data for that position, the CRP gather and the CIG must be kinematically identical. This condition
ensures that all traces in the CRP gather are traces containing a stationary point, i. e. a point of tangency
between the diffraction traveltime operator and the actual diffraction/reflection event in the prestack data.
The kinematic equivalence between CRP gather and CIG not only implies a flat CIG but also the same
geological dip in all depth migrated common offset or common scattering angle sections. Only then an
accurate focusing of the migrated energy can be obtained.

In this paper, I present a method to enforce the kinematic equivalence between CRP gather and CIG in
a tomographic inversion scheme for the 2D case. The method uses sparse analysis locations selected in the
zero offset (ZO) poststack time domain. Each pick location is assumed to be on an unconverted primary
event. These pick locations, described by their trace location, the two-way ZO traveltime and the ZO time
dip are transformed into depth positions by normal ray depth migration in an initial velocity model. In this
way, an initial estimate of the geological dip at these depth points is obtained. Then traveltime residuals
and dip difference between diffraction traveltime operator and the event in the prestack data are extracted
using the diffraction traveltime operator as a moveout function. This procedure is described in detail later
on. The time and time dip residuals are used for a tomographic update of the depth model.
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Figure 1: Relationship between time and depth domain for the ZO case. See main text for details.

DIFFRACTION TRAVELTIMES AS MOVEOUT FUNCTION

The core of the presented method is the use of diffraction traveltime operators as moveout functions. The
diffraction traveltime operator for a specific depth point is used in Kirchhoff depth migration as surface
along which all energy is summed up to be assigned to the corresponding depth position. If there exists a
point of tangency between the diffraction traveltime operator and an event in the prestack data, this summa-
tion is constructive. The point of tangency is called stationary point. Any selected, at least locally coherent
event in the ZO poststack time domain describes an estimate of the ZO stationary point, characterized by
the ZO two-way traveltime, the trace position, and the time dip in the ZO section. The corresponding depth
position and geological dip may be found by normal ray depth map migration. Performing ray tracing in
the opposite direction the ZO stationary point is forward-modeled again. Note that this holds in principal
for any velocity model. This means that for ZO the kinematic equivalence between CRP gather and CIG
may be assured any time. In Figure 1 the relationship between time and depth domain is depicted for the
ZO case. The locally coherent event N in the time domain (solid line in the upper half-space) is described
by its lateral position ξ0, the ZO two-way time t0 = 2 T0 and the time dip 2 pξ0 , where pξ0 denotes the
horizontal component of the slowness vector and T0 is the ZO one-way traveltime. Associated with event
N is point M located on a reflector in the depth domain where the ZO ray (indicated by the dashed line
connecting ξ0 and M) hits the reflector normally. The dashed half-circle in the depth domain indicates the
ZO isochron, i. e. the line of equal two-way traveltime t0 which is tangent to the reflector at point M. The
counterpart to the isochron is the ZO diffraction traveltime curve depicted as dashed curved line in the time
domain. The diffraction traveltime curve is tangent to the locally coherent event at the stationary point N.
The local geological dip at point M is given by Θ0. It is measured from the normal ray to the vertical with
the vertical pointing upwards and, thus, against the depth axis. This definition is used in this paper for all
rays starting at point M. The angle between an arbitrary ray and the vertical will be denoted by γ. Angles
are defined to be positive if they are measured counterclockwise and vice versa. This definition ensures
that the sign of the initial horizontal slowness component of a ray starting at point M equals the sign of the
angle between the ray and the vertical, i. e. px(M) = sin(γ)/v(M), where v(M) is the wave propagation
velocity at point M.

Once the depth position corresponding to a selected pick in the ZO section has been found the diffraction
traveltime operator for that position can be forward-modeled using ray tracing. Alternatively, it may be
extracted from a Greens function table (GFT) for Kirchhoff migration. The diffraction traveltime function
τM for point M is given by traveltimes along all ray pairs connecting a source S with a receiver G, both
at the surface, through point M. This means that the diffraction traveltimes are a function of source and
receiver coordinates, i. e. τM = τM (xS , xG). These, in turn, are functions of the corresponding take-off
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Figure 2: Definition of illumination and scattering angle. See main text for details.

angles γS and γG. Defining the scattering angle Φ and the illumination angle Θ to be

Φ = (γS − γG)/2 , Θ = (γS + γG)/2 , (1)

the diffraction traveltime operator becomes a function of these angles: τM = τM (Θ,Φ). For a graphical
explanation of Θ and Φ see Figure 2. Note the analogy between the angle domain and the commonly
used midpoint-offset domain: shot and receiver coordinates at the surface correspond to take-off angles in
depth, the midpoint coordinate ξ = (xS + xG)/2 corresponds to illumination angle Θ, and the half-offset
h = (xS − xG)/2 corresponds to scattering angle Φ. This, in general, non-linear relation is described in
detail below.

For using τM as moveout function the diffraction traveltime operator is defined as surface of travel-
time zero. In that way, every trace within the migration aperture is associated with a different delay time
and traveltime is measured with respect to the diffraction traveltime. This means that directly traveltime
residuals are measured. This transformation is unique for a selected depth position and velocity model. It
changes for different depth positions and different velocity models.

As an example, I demonstrate this transformation using a simple model: point M is located at x = 0 m
and z = 3500 m on a reflector with a dip of 15◦ and a homogeneous overburden with a wave propagation
velocity of 2000 m/s. Traveltime as a function of midpoint and offset of the corresponding reflection event
in the prestack data is shown in Figure 3(a). In Figure 3(b) the same traveltimes are shown as a function
of scattering and illumination angle. Whereas the traveltimes correspond to specular reflections occurring
anywhere on the reflector the angles correspond to mostly non-specular rays which all start at point M.
These are the angles of the ray pairs building the diffraction traveltime operator of point M which is shown
in Figure 3(c) in the midpoint-offset domain and in Figure 3(d) in the angle domain. Figure 3(e) and 3(f)
show the difference between reflection and diffraction traveltimes in the midpoint-offset and angle domain,
respectively. In all Figures, the CRP trajectory is highlighted as dashed-dotted line. The CRP trajectory
is given as that line along which the traveltime difference vanishes. Generally, it is a curved line in the
midpoint-offset domain. In the angle domain it simplifies to a straight line because the illumination angle
must equal the geological dip. This can clearly be seen in Figure 3(f). Figure 4 shows time dips, i.e. the first
partial derivative of traveltime with respect to midpoint and illumination angle, respectively. Sub-figures
are ordered the same way as in Figure 3. As the CRP trajectory is built of specular reflections, not only the
traveltime difference but also the time dip difference vanishes along it as can be seen in Figure 4(e) and
Figure 4(f). Vanishing time and time dip difference between reflection and diffraction traveltime surface
along the CRP trajectory is a necessary condition for correct subsurface imaging. This simply states that
the CRP trajectory has to be a trajectory of stationary points. Note that the difference between time dip
with respect to offset and scattering angle vanishes as soon as there is no difference between reflection and
diffraction traveltimes.

Figures 5 and 6 show the same quantities for a wrong depth model. The velocity has been changed to
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Figure 3: Correct velocity model: traveltime distribution [s] along the reflection event (a) in the midpoint-
offset domain and (b) in the angle domain. Traveltime distribution along the diffraction traveltime operator
(c) in the midpoint-offset domain and (d) in the angle domain. Traveltime difference between reflection
event and diffraction traveltime operator (e) in the midpoint-offset domain and (f) in the angle domain.
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Figure 4: Correct velocity model: time dip distribution along the reflection event (a) in the midpoint-offset
domain [s/km] and (b) in the angle domain [s/◦]. Time dip distribution along the diffraction traveltime
operator (c) in the midpoint-offset domain and (d) in the angle domain. Time dip difference between
reflection event and diffraction traveltime operator (e) in the midpoint-offset domain and (f) in the angle
domain.
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2300 m/s. Point M has been chosen such that the ZO stationary point remains unchanged. Therefore, the
CIG and CRP gather are kinematically equivalent for ZO. However, this no longer holds for finite offsets
and finite scattering angles. In a wrong depth model the time and time dip difference no longer vanishes
along the CRP trajectory. This is depicted in Figures 5(e) and 5(f) for the time difference and in Figures 6(e)
and 6(f) for the time dip difference. The reflection traveltimes are fixed as they depend on the true velocity
model. Diffraction traveltimes, angles, and the CRP trajectory are model dependent quantities. Thus, they
have changed in the wrong model. This leads to the deviation of the CRP trajectory from a trajectory of
stationary points.

THE IMAGING CONDITION

If point M corresponding to a ZO stationary point is positioned on a reflector the specular ray pairs are
constrained to Θ = Θ0, the traveltimes t along these ray pairs are given by the subset t = τM (Θ = Θ0,Φ)
of the diffraction traveltime function. Source and receiver positions together with these traveltimes build
up the CRP trajectory along which the energy stemming from point M can be found in the prestack data.
However, for migrating this energy to point M it is not sufficient to find a velocity model, depth position
and geological dip which explains the CRP trajectory only. It is also necessary that on each point on the
CRP trajectory the diffraction traveltime function and the event in the prestack data have the same time dip
with respect to the midpoint or illumination angle, respectively. Only then a constructive summation can be
performed and all stationary points are aligned along the CRP trajectory. The goal of the inversion scheme
presented below is to make the CRP trajectory and the CIG corresponding to each picked ZO stationary
point kinematically equivalent.

THE INVERSION SCHEME

The determination of a subsurface velocity model states a nonlinear inverse problem. Here, I will use time
and time dip residuals in an iterative tomographic inversion scheme for the determination of such a velocity
model. The scheme tries to minimize a cost-function which is formulated in the least-squares sense.

Data and model components

The inversion starts with the selection of a number of picks in a ZO section which can be obtained by any
stacking procedure. For each pick all quantities describing the ZO stationary point have to be determined.
Corresponding initial estimates of the depth position and geological dip are determined in the initial ve-
locity model using normal ray tracing. For the implementation I have chosen the same two dimensional
B-spline representation (de Boor, 1978) of the velocity model as described in Duveneck (2002). This,
together with a similar description of the ZO picks, makes the method presented in Duveneck (2002) and
Duveneck (2004) ideal for the determination of an initial velocity model for the method presented here.
The complete model description consists of all depth positions, geological dips and the B-spline coeffi-
cients representing the velocity distribution. All model components are summarized in the model vector
m:

m = (xi, zi,Θ0i , vjk)T , i = 1, . . . , ndata , j = 1, . . . , nx , k = 1, . . . , nz , (2)

where ndata is the number of picks in the ZO section. The number of B-spline nodes in horizontal and
vertical direction is given by nx and nz , respectively.

For each depth point the diffraction traveltime operator is computed using ray tracing in the current
velocity model. All traces within a user-given aperture are time shifted as described above. In this way, a
small time-shifted prestack data cube in the angle domain is created for each pick. Inside these cubes time
and time dip residuals for all scattering angles are extracted along the model based CRP trajectory. The
necessary picking strategy is described below. Generally, this leads to a different number of picks in each
cube which are summarized in a data misfit vector:

∆dCubei =
(

∆tl,

[
∆

∂t

∂Θ

]
l

)T

i

, i = 1, . . . , ndata , l = 1, . . . , npick , (3)



Annual WIT report 2006 81

 2.39

 2.56

 2.73

 2.89

 3.06  3.22  3.39

 3.56

 3.72

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

midpoint [km]

of
fs

et
 [k

m
]

(a)

 2.45

 2.76

 3.08

 3.39

 3.71
 4.03

 4.03

 4.34

 4.66

−25 −20 −15 −10 −5 0 5 10 15 20 25
0

5

10

15

20

25

30

35

40

illumination angle [degree]

sc
at

te
rin

g 
an

gl
e 

[d
eg

re
e]

(b)

 2.97

 3.07

 3.16

 3.26

 3.35

 3.45

 3.45

 3.54

 3.54

 3.64

 3.64

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

midpoint [km]

of
fs

et
 [k

m
]

(c)

 2.98

 3.2

 3.42

 3.64
 3.86 3.86  4.08 4.08

 4.3 4.3
 4.52

−25 −20 −15 −10 −5 0 5 10 15 20 25
0

5

10

15

20

25

30

35

40

illumination angle [degree]

sc
at

te
rin

g 
an

gl
e 

[d
eg

re
e]

(d)

 0.1

 0.05

 0

 0

 −0.1

 −0.1 −0.2 −0.4 −0.6

 −0.8

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

midpoint [km]

of
fs

et
 [k

m
]

(e)

 −0.8

 −0.7

 −0.6 −0.5 −0.4 −0.3  −0.2  −0.1

 0

 0.1

 0.2

 0.3

−25 −20 −15 −10 −5 0 5 10 15 20 25
0

5

10

15

20

25

30

35

40

illumination angle [degree]

sc
at

te
rin

g 
an

gl
e 

[d
eg

re
e]

(f)

Figure 5: Wrong velocity model: traveltime distribution [s] along the reflection event (a) in the midpoint-
offset domain and (b) in the angle domain. Traveltime distribution along the diffraction traveltime operator
(c) in the midpoint-offset domain and (d) in the angle domain. Traveltime difference between reflection
event and diffraction traveltime operator (e) in the midpoint-offset domain and (f) in the angle domain.
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Figure 6: Wrong velocity model: time dip distribution along the reflection event (a) in the midpoint-offset
domain [s/km] and (b) in the angle domain [s/◦]. Time dip distribution along the diffraction traveltime
operator (c) in the midpoint-offset domain and (d) in the angle domain. Time dip difference between
reflection event and diffraction traveltime operator (e) in the midpoint-offset domain and (f) in the angle
domain.
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where npick denotes the number of picks in the i-th cube. These data misfits are used to update the depth
model. This update is performed iteratively because of the nonlinearity of the corresponding inverse prob-
lem. Once a new model has been found the ZO picks may be used to obtain new estimates of the depth
positions and geological dips by normal ray tracing. Alternatively, the estimates obtained by the inversion
can be used. This means to allow errors in the ZO data components. Therefore, the ZO data misfit

∆dZOi
= (∆T0,∆pξ0 ,∆ξ0)T

i , i = 1, . . . , ndata , (4)

is part of the complete data misfit vector given by

∆d = (∆dZOi ,∆dCubei)
T
i , i = 1, . . . , ndata . (5)

Note that only the ZO data itself are known. All finite offset quantities are picked directly as data misfits.
The true finite-offset data do not need to be known for the formulation of the inverse problem. The ZO data
misfits are easily obtained by forward modeling using normal ray tracing.

The inverse problem and its solution

With the model and data misfit vectors defined above, the inverse problem may be formulated as follows:
Given a total number of ndata picks of stationary points in a ZO section, find a model described by model

vector (2) in which the misfit between the picked ZO data components and the forward modeled ones as
well as the picked time and time dip residuals in all time-shifted prestack data cubes is minimized. This
problem is formulated as a least-squares problem (Menke, 1984; Tarantola, 1987). The optimum model is
found by minimizing the cost-function

S(m) =
1
2
‖∆d(m)‖2 =

1
2
∆dT (m)C−1

D ∆d(m) , (6)

where CD denotes a symmetric, positive definite matrix weighting the different data components in the
computation of S.

The data misfit vector ∆d may be expressed as the difference between the true data vector d and the
forward modeled data vector:

∆d = d− f(m) (7)

where f(m) denotes the model dependent forward modeling operator. This operator is nonlinear due to
the nonlinear dependence of ray tracing results on model parameters. For the iterative minimization of cost
function S, it is assumed that the forward modeling operator may be linearized in the vicinity of the current
model vector mn of the n-th iteration:

f(mn + ∆m) = f(mn) + F∆m . (8)

Matrix F contains the first partial derivatives of the data components with respect to the model components,
also known as Fréchet derivatives.

A necessary condition for a minimum of S is

∇S = 0 . (9)

For a derivation of the resulting system of equations the reader is referred toDuveneck (2004). The solution
of that system implies the computation of a matrix inverse. In order to compute this inverse in a stable way,
the problem has to be regularized. This is done minimizing the second spatial derivatives of the velocity
model in the same way as described in Duveneck (2004). In each iteration a model update vector ∆m is
computed. The updated model for the next iteration is given by

mn+1 = mn + λ∆m , (10)

where the factor λ controls the length of the applied model update vector. The matrix to be inverted is
sparse as each pick in the ZO section is independent of all others. To account for this sparseness the model
update vector is computed using the LSQR algorithm (Paige and Saunders, 1982a,b).
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Figure 7: Time shifted (a) CRP gather and (b) common scattering angle gather in a wrong model. Zero
dip in (b) coincides with the estimate of the geological dip.

Computation of Fréchet derivatives

The computation of the first partial derivatives of the traveltime along a ray, the horizontal slowness at
the surface, as well as the emergence location of that ray with respect to that ray’s initial position and
take-off direction as well as with respect to the B-spline coefficients is described for the ZO case in detail
in Duveneck (2004). All corresponding derivatives for the finite-offset case are obtained by adding the
ones for source and receiver rays. However, instead of horizontal slowness misfits at the surface, time dip
residuals ∆ ∂t/∂Θ are used here. There exists a close relationship between both which makes it possible
to use the Fréchet derivatives for horizontal slowness found in Duveneck (2002) and Duveneck (2004).

Picking of time and time dip residuals

Most standard applications parameterize residual moveout by an analytic function, e. g. a parabola, which
can then be determined by coherence analysis. However, if the residual moveout deviates from an analytic
shape wrong results are obtained. Such a deviation is common in complex models and we observe it in
Figure 7(a) which shows a CRP gather taken from the data example presented below. For that reason,
I propose a different picking strategy: each trace in the CRP gather is cross-correlated with a part of
the ZO trace centered around the picked stationary point. It is assumed that the ZO trace provides a
suitable estimate of the wavelet. Picking the maximum in the cross-correlation panel directly gives the
time residuals for all scattering angles. This cross-correlation is facilitated by the fact that the CRP gather
shows no pulse stretch with increasing scattering angle as it would be observed in a conventional CIG. This
is due to the fact that in the time shifting the original sampling of the prestack data is preserved.

Once the traveltime residuals have been determined for all scattering angles the corresponding time dip
residuals may be measured by semblance analysis (Neidell and Taner, 1971) along straight lines centered
around the a priori geological dip and the picked traveltime misfit in a common-scattering-angle gather
(Figure 7(b)).

RELATIONSHIP BETWEEN TIME DIP RESIDUALS IN THE ANGLE DOMAIN AND IN THE
MIDPOINT-OFFSET DOMAIN

The diffraction traveltime function τ(Θ,Φ) can be decomposed into source and receiver parts:

τ(Θ,Φ) = τS(Θ,Φ) + τG(Θ,Φ) . (11)
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Using the definition (1) the first partial derivative of τ with respect to the illumination angle Θ reads

∂τ

∂Θ
=

∂τS

∂Θ
+

∂τG

∂Θ
=

∂τS

∂γS

∂γS

∂Θ
+

∂τG

∂γG

∂γG

∂Θ
=

∂τS

∂γS
+

∂τG

∂γG
. (12)

The emergence locations xS and xG of shot and receiver ray are functions of the corresponding take-off
angle. Therefore, equation (12) may be rewritten in a form relating time dip with respect to illumination
angle Θ and horizontal slowness components at source and receiver locations:

∂τ

∂Θ
=

∂τS

∂xS

∂xS

∂γS
+

∂τG

∂xG

∂xG

∂γG
= πS

∂xS

∂γS
+ πG

∂xG

∂γG
, (13)

where πS and πG denote the horizontal slowness of source and receiver ray building the diffraction travel-
time operator. The same derivation can be performed for ∂τ/∂Φ yielding

∂τ

∂Φ
=

∂τS

∂xS

∂xS

∂γS
− ∂τG

∂xG

∂xG

∂γG
= πS

∂xS

∂γS
− πG

∂xG

∂γG
. (14)

Analogous derivatives may be computed for reflection traveltimes. However, these derivatives are taken
with respect to non-specular angles as already stated above. Using the horizontal slowness components pS

and pG the derivatives of reflection traveltime t with respect to illumination angle Θ and scattering angle
Φ read

∂t

∂Θ
= pS

∂xS

∂γS
+ pG

∂xG

∂γG
and

∂t

∂Φ
= pS

∂xS

∂γS
− pG

∂xG

∂γG
. (15)

Note the same analogy between angle and midpoint-offset domain already seen in the definition of illu-
mination and scattering angle: the time dip with respect to the illumination angle is the sum of shot and
receiver slowness each scaled by a model dependent transformation factor. This is similar to the time dip
with respect to the midpoint coordinate which is simply given as sum of shot and receiver slowness. The
same analogy is found between time dip with respect to scattering angle and offset. The model dependent
factor is the transformation between surface coordinates and ray coordinates defined at the origin of the ray
in depth. They are easily computed using dynamic ray-tracing (Červený, 2001).

The difference in time dip with respect to illumination angle Θ between reflection event and diffraction
traveltime operator may be written as

∂

∂Θ
∆t(Θ,Φ) =

∂

∂Θ
t(Θ,Φ)− ∂

∂Θ
τ(Θ,Φ) =

(pS − πS)
∂xS

∂γS
+ (pG − πG)

∂xG

∂γG
= ∆pS

∂xS

∂γS
+ ∆pG

∂xG

∂γG
. (16)

A similar expression is derived in the same way for the time dip difference with respect to scattering angle
Φ:

∂

∂Φ
∆t(Θ,Φ) =

∂

∂Φ
t(Θ,Φ)− ∂

∂Φ
τ(Θ,Φ) =

(pS − πS)
∂xS

∂γS
− (pG − πG)

∂xG

∂γG
= ∆pS

∂xS

∂γS
−∆pG

∂xG

∂γG
. (17)

To obtain these time dip differences along the CRP trajectory, all derivatives in equation (16) and equa-
tion (17) have to be taken at the geological dip Θ = Θ0.

DATA EXAMPLE

The first data example is as sparse as possible. It makes use of only one pick in a ZO section. I will not
show the inverted velocity model because it can not be assumed that a reasonable model is obtained under
such circumstances. However, this example clearly demonstrates the meaning of fitting a CIG and a CRP
gather kinematically.

Starting from the same initial model, three different inversions have been performed, each with two
iterations. For the first one I used only ZO data and traveltime residuals picked in a CIG. For the second
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Figure 8: Inversion results using traveltime residuals picked in a CIG, no dip residuals included in the
inversion: (a) flat CIG, (b) depth migrated reflector segment for offset 0 m, (c) CRP gather, (d) depth
migrated reflector segment for offset 3800 m

one I used only ZO data and traveltime residuals picked in a CRP gather. No time dip residuals have been
used in these inversions. In the third one the inversion scheme presented above has been applied. The
inversion results are summarized in Figures 8, 9, and 10, respectively. Each figure shows the CRP gather
and the CIG associated with the ZO pick. The CIG has been obtained applying the necessary half time
derivative to the time shifted prestack data cube and summing over the illumination angle. Additionally,
depth migrated common offset sections are shown. They are centered around the depth position obtained
in the corresponding inversion. Note that this position is different in all three inversion results.

After the first inversion the CIG is flat. However, the CRP gather is non-flat. Thus, CIG and CRP gather
are not kinematically equivalent. This results in different dips of the reflector segment associated with the
ZO pick in common offset depth migrated sections.

After the second inversion the CRP gather is flat whereas the CIG shows significant residual moveout.
This results not only in different dips for different offsets of the reflector segment associated with the ZO
pick, but also the depth location after migration differs from offset to offset.

Applying the inversion scheme as presented in this paper a result is obtained where the CIG and the
CRP gather are kinematically equivalent, both are flat. This is due to the use of time dip residuals in
the inversion. Minimization of the time dip residuals leads to a consistent geological dip of the reflector
segment. Although the obtained velocity model, depth position, and geological dip are not the true values,
a model has been obtained which is kinematically consistent with the prestack data. This, of course, holds
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Figure 9: Inversion results using traveltime residuals picked in a CRP gather, no dip residuals included in
the inversion: (a) CIG, (b) depth migrated reflector segment for offset 0 m, (c) flat CRP gather, (d) depth
migrated reflector segment for offset 3800 m

only for the selected ZO location.
The second data example uses a complete synthetic prestack data set with offsets up to 4000 m. For

this data a ZO section has been obtained by application of the common-reflection-surface (CRS) stack
technique (see, e. g., Jäger, 1999). In this section, 412 pick locations have been selected automatically
using the technique presented in Klüver and Mann (2005). The CRS stacked section together with the pick
locations is shown in Figure 11. For each pick location the quantities characterizing the ZO stationary
point have been extracted and calculated from the CRS attribute sections. The velocity model has been
described by 29 nodes in horizontal direction with a spacing of 400 m and 18 nodes in vertical direction
with a spacing of 200 m. The velocity at the surface has been set to the true value of 2000 m/s and a constant
vertical gradient of 0.67 s−1 has been applied initially. All pick locations have been mapped to depth by
normal ray tracing to obtain the corresponding initial estimates of depth position and geological dip. Then,
six iterations of the presented inversion scheme have been performed. In all iterations the depth locations
and geological dips obtained in the previous iteration have been used; no recalculation of these quantities
by normal ray tracing has been applied. Figure 12 shows the obtained depth positions on top of the true,
blocky velocity model used for modeling the prestack data. The obtained depth positions fit the reflector
structure quite well. The same holds for the prestack depth migration result. It has been overlaid on the true
velocity model in Figure 14. Figure 13 shows the smooth velocity model obtained by the inversion. On top,
the prestack migration result is displayed again. The smooth velocity distribution fits the reflector structure
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Figure 10: (a) flat CIG, (b) depth migrated reflector segment for offset 0 m, (c) flat CRP gather, (d) depth
migrated reflector segment for offset 3800 m

quite well. Generally, a large degree of similarity can be observed comparing the true velocity model and
the inversion result. Figure 15 shows selected CIGs obtained by conventional Kirchhoff prestack depth
migration. They are all reasonably flat. All these results demonstrate the success of the presented method.

CONCLUSIONS

In this paper, I have presented a new inversion scheme which provides smooth depth velocity models
leading to accurate migration results. The method uses isolated picks identified in a poststack ZO section.
Each pick represents an estimate of a ZO stationary point. Using the associated diffraction traveltime
operators as moveout function, time and time dip residuals are determined. These residuals represent
quantities defined in the post-migrated domain. However, the presented technique allows to extract them
without performing a complete prestack depth migration. Time and time dip residuals are picked in a
non-parametric way. Therefore, the method has no intrinsic limitation regarding the complexity of residual
moveout. Equations have been derived which relate the time dip difference with respect to the illumination
angle between the forward-modeled diffraction traveltime operator and the reflection event in the prestack
data to slowness misfits at the source and receiver locations. A first test on a synthetic data example clearly
demonstrates the potential of the presented method.



Annual WIT report 2006 89

Figure 11: ZO section with 412 selected pick locations.
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Figure 12: Inverted depth locations plotted into the true, blocky velocity model.

Figure 13: Inverted smooth velocity model overlaid with prestack depth migration result.

Figure 14: Prestack depth migrated section using inverted velocity model on top of the true, blocky velocity
model.
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ABSTRACT

For cases where time migration yields well-focused images, we introduce a procedure for mapping
and imaging, respectively, selected events and complete time-migrated data to the depth domain. A
basic assumption is the existence of an appropriate field of time-migration velocities. We utilize the
image-ray concept, invented by Hubral in 1977, for the transformation of events or seismograms from
the time-migrated domain to the depth domain. The calculation of image rays relies on the knowledge
of ray velocities while the available input velocities in this context are given in the form of a time-
migration velocity field. The required ray velocities are obtained from the given migration velocity
field by means of the classical Dix algorithm and elements of the ray propagator matrix, i.e., paraxial
ray-tracing matrices corresponding to a plane wavefront and a point source in the starting point of
the image ray. The numerical integration is formulated as an independent process for each image
ray and makes use of ordinary differential equations for the position/slowness vectors (kinematic
ray-tracing equations) and the ray propagator matrix expressed in ray-centered coordinates (dynamic
ray-tracing equations). Integration of the ray differential equations provides a field of image-ray points
and corresponding ray velocities belonging to the depth domain. For each available image ray, one
can image an entire seismic trace or map a number of selected events from the time-migrated domain
to the depth domain. A final step of the proposed time-to-depth conversion procedure is to perform
regularization of the estimated ray-velocity field, mapped seismic events, and imaged seismic data
with respect to the depth-domain coordinates.

INTRODUCTION

Time migration is a well-established and routinely applied procedure to obtain time-domain images from
seismic reflection data. The main advantages of the time-migration procedure is that it is fast, inexpensive
and, except for strong lateral velocity variations, very robust with respect to inaccuracies of the time-
domain velocity model. This is to be compared with the much more involved depth migration, especially
prestack, which requires, besides a well designed depth-domain velocity model, also significantly more
computational effort.

As compared to common-midpoint (CMP) stacking, which essentially produces sections of seismic data
corresponding to a simulated zero offset (ZO) acquisition, the time migration process generates sections
with features that are more easily identified with structures in the depth domain. In particular, triplications
typical for unmigrated images of synclinal structures naturally unfold to synclinals after time migration.

For any time-domain imaging procedure, the image of a reflector is called a "reflecting horizon". For the
same reflector in the depth domain, the overall characteristics, kinematic and dynamic, of its corresponding
reflecting horizon will be strongly dependent on the acquisition configuration and imaging procedure that
is employed.
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In accordance to the ray-theoretical methods that will be used throughout, we envisage the reflector
as a continuum of independent point scatterers (or point diffractors), which, due to seismic illumination,
are excited and emit energy towards the surface. Under this formulation, the image of a reflector can be
understood as the ensemble of the individual (time-domain) images of the point scatterers that constitute
the (depth-domain) reflector.

The basic goal of time migration is to focus the seismic energy into interpretable images in the time
domain of the seismic data. In this respect, time migration has a very useful property, as opposed to depth
migration, in that a well-focused image can often be obtained even for a very simple velocity model. More-
over, this focusing property of the time-migration process is quite robust with respect to perturbations of
the time-migration velocity model. However, since time migration is commonly based on a hyperbolic
traveltime approximation, its applicability is limited to velocity models with slow lateral variations (Yil-
maz, 2000). Historically speaking, "ideal" or "complete" time migration has been considered as a process
positioning the reflecting horizons "vertically above" their corresponding depth-domain reflectors. More
specifically, the horizontal coordinates of each point scatterer on a reflector would then coincide with the
horizontal coordinates (trace location) of its associated time-migrated image. For this idealized process,
it is assumed that the connection between each point scatterer at the reflector and its trace location at the
surface can be realized by a vertical ray. As a consequence, the transformation of the traveltime coordinate
of a point on a time-migrated reflecting horizon and the depth coordinate of its associated point scatterer
at the reflector (the so-called time-to-depth conversion) would be achieved by a simple scaling operation,
namely, the multiplication of half the traveltime by an appropriate (average) medium velocity along the
vertical ray.

The above concept of a complete time migration, although useful as a theoretical framework, is not
possible to be realized. As explained in Hubral (1977) , the closest feasible alternative is to have a trans-
formation that uses image rays (and not vertical rays) to connect the point scatterers at the reflector to their
corresponding trace locations at the surface. For an arbitrary point scatterer on the depth-domain reflector,
the image ray can be defined as a ray connecting the scatterer to the measurement surface in such a way that
the slowness vector is normal to that surface. This definition allows the medium below the measurement
surface to be either isotropic or anisotropic. Likewise, the normal ray can be defined as a ray connecting
the point scatterer to the measurement surface in such a way that the slowness vector is normal to the
depth-domain reflector (Iversen, 2006). As also described in Hubral (1977), assuming an isotropic velocity
model, the following analogy exists between normal rays and image rays that connect the surface measure-
ment to a given reflector scatterer: the former is normal to the reflector, whereas the latter is normal to the
measurement surface.

Kirchhoff depth migration: A good understanding on how time migration can be actually realized can
be gained by examining its relationship to Kirchhoff depth migration, as applied to a single stacked section.
Such a procedure is referred to as 2D Kirchhoff poststack depth migration. For a given depth-domain
macro-velocity model and also a given point in the depth domain, M , to be imaged, the Kirchhoff depth
migration operation basically consists of a weighted sum of data samples along the diffraction time surface
associated to M , the result of that sum being assigned at M . Under the assumption that a stacked section
well approximates (or simulates) a ZO section, the diffraction time surface associated to the fixed point
M is given by the two-way times along the rays that connect M to the varying coincident (ZO) source-
receiver points at the measurement surface. According to the theory of Kirchhoff migration (see, e.g.,
Tygel et al., 1996), for a sufficiently accurate macro-velocity model, the summing operation along the
diffraction time surface that is associated to a point at a reflector will be (approximately) tangent to its
corresponding reflecting horizon in the stacked section. As a consequence, the Kirchhoff summation will
provide significant values at the image points, M , which lie at (or are very close to) a reflector. For image
points, M , away from the reflectors, the corresponding summation values will find negligible values. The
migrated depth-domain section is obtained by applying the above described Kirchhoff summation to a
previously defined dense grid of image points, M .

The above considerations show that the Kirchhoff process realizes, for any individual depth reflector,
a correspondence (or mapping) between each point scatterer on the reflector and the tangency point where
the diffraction traveltime surface associated with the point scatterer meets the reflecting horizon in the
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stacked section. Hubral (1977) refers to these tangency points as “scattering centers for seismic waves".
The Kirchhoff migration associates, thus, each scatterer on the reflector to its corresponding scattering
center at the reflecting horizon. We finally observe that any point scatterer on the reflector is connected to
the projection on the measurement surface of its corresponding scattering center by the normal ray.

For an isotropic depth velocity model with no lateral variations and horizontal interfaces, it is clear that,
for each point scatterer on a reflector, the normal and image rays coincide, being both vertical. In this case,
the stacked section also coincides with the time-migrated section, and that also represents a “complete"
time migration, which corresponds to vertical image rays. Apart from this extremely simple situation, we
have that stacking and time migration are bound to yield very different images of the same depth model.

Kirchhoff time migration: Time migration can be realized by a simple modification to the above de-
scribed Kirchhoff poststack depth migration. After stacking along the diffraction traveltime surface of a
given depth point, M , all we need to do is to assign the stacking result (the migration output) at the apex
of the diffraction traveltime source, instead of assigning it to the original depth point M , as would be done
in the Kirchhoff depth migration counterpart. The reasoning for the above approach is simple: the apex of
the diffraction traveltime surface from a point scatterer M represents the least traveltime from that point to
the measurement surface. As a consequence, the image ray from M is the one that realizes that minimum
traveltime.

An underlying assumption of the procedure is that the diffraction traveltime surface is sufficiently well
behaved, so that a clear apex exists. In the absence of abrupt lateral velocity variations, each diffraction
traveltime surface can be well approximated by a hyperboloid in the vicinity of its apex. Based on the
above considerations, it is now possible to formulate a time migration procedure that is based on time-
domain computations only, so that the dependency on a depth-domain macro-velocity can be avoided. As
well known in the literature (see, e.g., Hubral and Krey, 1980), one way to do it is to apply on the stacked
seismic data a so-called migration velocity analysis and stacking procedure. Consider for simplicity a
single (say, post stack), time-migrated section where the in-line coordinate is the scalar xM and the two-
way time is denoted as tM . For each given point (xM , tM ) in the time-migrated section to be constructed,
we consider the hyperbolic traveltime

t2 = (tM )2 +
4

(VM )2
(x− xM )2 (1)

defined for each trial migration velocity, VM , and along which samples, (x, t), in the given post stack (ZO)
section are stacked. If the point (xM , tM ) actually belongs to a time-migrated reflecting horizon, a migra-
tion velocity, VM would exist such that the time t(x) in equation (1) would well approximate a diffraction
traveltime function for a certain point scatterer on a depth reflector. As such, the traveltime function t(x)
in equation (1) would be tangent to the reflecting horizon in the stacked section that relates to that depth-
domain reflector. Based on the above considerations, coherence analysis may be applied to determine the
migration velocity VM associated to a point (xM , tM ) in the time-migrated section. Note that the described
migration-velocity analysis is much related to its counterpart common-midpoint (CMP) velocity analysis
designed to obtain the normal-moveout (NMO) velocity field and its corresponding stacked (ZO) section.

As a result of migration-velocity analysis and stacking applied to the unmigrated section, one obtains,
besides a time-migrated section, also a migration velocity field. An in-depth description of the various
methods to perform Kirchhoff time migration and migration-velocity analysis is away from the scope of
the present paper. For that, the reader is referred to, e.g., Yilmaz (2000) and the references therein. Here
we only briefly indicate how the migration velocity can be obtained: one option frequently used in the
past was to use the stacking (NMO) velocity that has previously been determined for obtaining the CMP-
stacked stacked section and eventually apply an ad hoc scaling factor to it. For dipping structures, an
approach often considered as more adequate is to use as migration velocity an NMO velocity that has
been properly corrected for dip-moveout (DMO), see Hale (1984). Finally, as an example of a modern,
automated, migration-velocity estimation approach, we refer the reader to Fomel (2003).

Time-do-depth conversion: The final aim of (kinematic) seismic imaging is to position reflectors cor-
rectly in the depth domain. In this way, time-domain images such as CMP-stacked or time-migrated
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sections represent intermediate, although very useful, results. A subsequent operation that transforms a
time-domain seismic data set into its corresponding depth-domain data set is referred to as time-to-depth
migration or time-to-depth conversion. The terminology time-to-depth mapping is also employed when
only selected time-domain horizons are migrated into the depth domain.

Assume, for simplicity, that the measurement surface is a horizontal plane, located at zero depth. More-
over, let the unmigrated data set be described by the coordinates (xU

1 , xU
2 , tU ), where the first two coordi-

nates, xU
1 and xU

2 , specify the location of the CMP on the measurement surface and the third coordinate, tU ,
is time. The superscript U signifies that the coordinates belong to the "unmigrated time domain". Time-to-
depth conversion of an unmigrated data set requires that normal rays can be traced from the measurement
surface. This is possible if information from the the time-domain data set, as well as adequate structural
assumptions for the subsurface, allows one to derive a suitable depth-domain velocity model and, in ad-
dition, the initial directions of the normal rays. In this situation, time-to-depth conversion means to move
the event located at the point (xU

1 , xU
2 , tU ) along a normal ray that starts at the CMP and proceeds to its

endpoint, determined by the criterion that half of the given time, tU/2, is consumed.
Under the assumption of a 3D iso-velocity layered model with smoothly curved interfaces, Hubral

and Krey (1980) proposed a recursive algorithm to recover the layer velocities, as well as the positions and
curvatures of the interfaces, from the knowledge of the traveltime function and the first two derivatives with
respect to the coincident source-receiver horizontal location of each reflecting horizon in the unmigrated
data set. Geometrically, the first derivative of traveltime is related to the angle of incidence of the normal
ray. The second derivative is related to the radius of curvature of the so-called NIP wave at the emergence
point of the normal ray.

In an analogous manner to the previous considerations, time-to-depth conversion of time-migrated seis-
mic data will be possible if the information in the time-domain data allows one to trace image rays in
the depth domain. An advantage of such a process, as compared to the previous case involving the un-
migrated data set, is that image rays have a known initial condition, namely, that the initial slowness
vector is perpendicular to the measurement surface. For each point (xM

1 , xM
2 , tM ) in the time-migrated

domain, the time-to-depth conversion moves the event at this point along the image ray that starts at
(x1 = xM

1 , x2 = xM
2 , x3 = 0) on the measurement surface and proceeds into the depth domain until

half of the given time, T = tM/2, is consumed. For a 3D iso-velocity layered macro-velocity model in
the depth domain, Hubral and Krey (1980) described an algorithm to transform along image rays the lo-
cations, dips, and curvatures for horizon points in the time-migrated domain to corresponding locations,
dips, and curvatures for horizon points in the depth domain. A generalization of this algorithm to include
heterogeneous layers was described by Iversen et al. (1987) and Iversen et al. (1988).

In this paper we present a method to convert a given time-migrated section, for which the time-migration
velocity is known, into its corresponding depth section. The procedure uses image rays that are traced into
depth using solely the time-migration velocities. Our approach has much in common with the very recent
works of Filpo and Portugal (2006) and Cameron et al. ( 2006), however with significant differences. The
presented approach can better accommodate lateral velocity variations than in Filpo and Portugal (2006)
and also uses a full 3D formulation, as opposed to the 2D approach presented in Cameron et al. (2006).

NOMENCLATURE

In order to facilitate following the mathematical derivations and also the appreciation of the obtained re-
sults, we list below the notation that is used throughout. Lower and upper case letters, i and I , used as
subscripts may have the values i = 1, 2, 3, and I = 1, 2, respectively. For three-component vectors we
use standard notation, e.g., a, while for two-component vectors a bar is written above the symbol, e.g., ā.
Vectors are equivalently considered as column matrices. To distinguish between matrices of size 3× 3 and
2× 2, we use the notations Â and A, respectively. The notation AT is used for the transpose of the matrix
A, while A−T is a shorthand notation for A−1T . In cases where ambiguity may arise, a superscript in the
form (q) on vectors/matrices serves as a label for the coordinate system under consideration. The 3 × 3
matrix containing the second-order partial derivatives of a scalar field V is written in the form

∂2V

∂x2
=
(

∂2V

∂xi∂xj

)
. (2)



96 Annual WIT report 2006

Symbol Meaning
x = (x1, x2, x3 = z) Point in depth-domain Cartesian coordinates

γM = (xM
1 , xM

2 , xM
3 = tM ) Point in time-migration domain Cartesian coordinates

γ = (γM
1 = xM

1 , γM
2 = xM

2 , T = tM/2) Ray coordinates to specify a point along the image ray
V (x) Depth-domain velocity field

VM (γM ) Time-migration velocity field
VM

dix(γ) Time-migration interval velocity field
V(γ) Ray velocity along the image ray
F (γ) Migration velocity spreading factor

x(γ),p(γ) Position and slowness vectors along the image ray
Q̂(x)(γ) First paraxial 3× 3 matrix, in depth-domain Cartesian coordinates
Q̂(q)(γ) Ray-centered first paraxial 3× 3 matrix along the image ray

Q
(q)
I (γ),P

(q)
I (γ) Ray-centered first and second paraxial 2× 2 matrices along the image ray

Q1 The "11" element of matrix Q
(q)
1

P1 The "11" element of matrix P
(q)
1

Q2 The "11" element of matrix Q
(q)
2

P2 The "11" element of matrix P
(q)
2

THEORY

To describe the time-to-depth conversion algorithm that is proposed here, we start by specifying the input
data that is needed to initialize the process.

Input data: As input to the combined velocity estimation and time-to-depth-conversion procedure, we
assume the knowledge of a migration-velocity function for one particular seismic profile direction, VM =
VM (xM

1 , xM
2 , tM ), where (xM

1 , xM
2 ) are horizontal coordinates within the datum plane, i.e., coordinates

specifying a trace in the time-migrated data set, and tM denotes the (two-way) migration time. Val-
ues of the migration-velocity function shall be available on a regular grid in the time-migration domain
coordinates xM

1 , xM
2 , and tM . In the following, we also introduce the ray-domain coordinate vector,

γ = (xM
1 , xM

2 , T = tM/2)T , with the understanding that the time-migrated domain is a natural ray do-
main for image rays. Each image ray, x = x(γ), is specified by setting the first two ray parameters, xM

1 and
xM

2 , constant and having T as a variable along the ray. The velocity along the image ray will be denoted
as V = V(γ) and referred to as the ray velocity.

Ray velocities as a function of ray-domain coordinates: Our first task in the time-to-depth conversion
method that is presented here is to find the relationship between the given time-migration velocities and
the velocities that will be assigned to the image rays as they are traced into depth. In other words, we need
to convert the given time-migration velocity field to a corresponding image-ray velocity field in depth. At
first, the image-ray velocity field will be given in the image-ray coordinates, V(γ). As a next stage, that
velocity field will be transformed into a velocity field in depth-domain Cartesian coordinates, V (x), in a
natural way.

To accomplish this task, we follow Cameron et al. (2006) and recognize that the required relationship
for a 2D procedure is based on the time-migration equation 1. For the 3D procedure described in this paper,
equation 1 is still relevant, given that the distance, x− xM , and the migration velocity, V M , correspond to
an arbitrary horizontal unit direction vector,

ū = (cos θ, sin θ)T , (3)

specified by a profile angle, θ. Using the concepts and results of ray propagator matrices as provided in
Hubral et al. (1992) and Iversen (2006), we show in Appendix A that

V(γ) = VM
dix(γ)F (γ), (4)

where VM
dix is the Dix velocity (time-migration interval velocity)

VM
dix(γ) =

{
d

dTM
[TM (VM )2]

}1/2

=
{

d

dT
[T (VM )2]

}1/2

, (5)
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and F is the factor

F (γ) =
ūT I∗Q(q)

1

T
Q(q)

2

−T
I∗ū{

ūT I∗Q(q)
2

−1
Q(q)

2

−T
I∗ū
}1/2

. (6)

In the above formula, Q(q)
1 and Q(q)

2 are the plane-wave and point-source first paraxial ray-tracing 2 × 2
matrices in the downward direction along the image ray, ū is the unitary profile direction vector given in
equation 3, and I∗ is the matrix

I∗ =
(
−1 0

0 1

)
. (7)

In the 2D situation, the factor F reduces to the simple formula

F (γ) = Q1, (8)

which is the one given in Cameron et al. (2006).

Relationships between ray- and depth-domain velocity fields: It is our aim to convert the ray-domain
velocity field, V(γ), into a corresponding depth-domain velocity field, V (x), in which the image rays will
be traced. The relationship between the ray- and depth-domain velocity fields is defined by

V (x) = V (x(γ)) = V(γ). (9)

Here, x = x(γ) denotes the depth-domain trajectory of the image ray specified by the ray coordinates γ.
For our purposes of tracing the image rays that will accomplish the proposed time-to-depth conversion

procedure, we shall need, besides the relationship 9 between the ray- and depth-domain velocity fields, also
the corresponding relationships between the first and second derivatives of these two velocity fields. The
required relationships can be obtained by applying the chain rule of advanced calculus to equation 9 twice.
The first application gives, in matrix form

∂V

∂x
= (Q̂(x))−T ∂V

∂γ
, (10)

under the assumption that inverse matrix (Q̂(x))−1 = (∂γi/∂xj) exists. We introduced the first paraxial
ray-tracing matrix Q̂(x) = (∂xi/∂γj) in depth-domain Cartesian coordinates and also the notations

∂V
∂γ

= (
∂V
∂γ1

,
∂V
∂γ2

,
∂V
∂γ3

)T and
∂V

∂x
= (

∂V

∂x1
,

∂V

∂x2
,

∂V

∂x3
)T . (11)

The existence of the inverse matrix (Q̂(x))−1 for all considered values of the ray coordinate vector γ
ensures a one-to-one correspondence between ray- and depth-domain coordinates, x = x(γ) and γ =
γ(x). This means, in particular, that each point in the depth domain can be connected to the measurement
surface by at most one image ray only. This also means that the image-ray field cannot contain caustic
points. As a final observation, the relationship between ray- and depth-domain velocity fields

V(γ) = V(γ(x)) = V (x), (12)

which is the inverse to the one given by equation 9, is also valid.
The 3x3 matrix Q̂(x) is one of two paraxial ray-tracing matrices with elements constituting the depen-

dent variables of the dynamic ray-tracing system in Cartesian coordinates. The other one is the matrix P̂(x)

with elements P
(x)
ij = ∂pi/∂γj , but this matrix is, however, not needed specifically in the following. To

obtain the relationship between the second derivatives of the ray- and depth-domain velocities, we apply
once more the chain rule, this time to equation 10. We get, also in matrix form

∂2V

∂x2
= (Q̂(x))−T ∂2V

∂γ2
(Q̂(x))−1 . (13)

Equations 9, 10 and 13 provide the link between the (unknown) depth-domain velocity field and its first and
second derivatives to their (known) corresponding ray velocity counterparts, by means of the (unknown)
first paraxial ray-tracing matrix Q̂(x). As seen in the next section, this link will be crucial for the image-ray
tracing and time-to-depth conversion algorithm that is proposed here.
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Ray-tracing procedure: We suppose that a three-component (ray) coordinate vector, γ, parameterizes
the position and slowness vectors along the ray, x = x(γ) and p = p(γ). The ray is described by setting
fixed the two first ray coordinates (γ1, γ2) and having the third ray coordinate, γ3, as the running variable.
In our case, the fixed coordinates, γ1 = xM

1 and γ2 = xM
2 specify a trace location in the time-migrated

section. The variable coordinate, γ3 = T represents one-way migration time of the image ray that departs
from that specified trace location.

Kinematic ray tracing: A basis for kinematic ray tracing in 3D isotropic elastic media can be formulated
by the ordinary differential equations (see, e.g., Červený, 2001)

dx
dT

= V 2(x)p,

dp
dT

= − V −1(x)
∂V

∂x
.

(14)

Evaluation of the above kinematic ray-tracing equations require the knowledge of the velocity and its first
derivatives at points in the depth domain, which we do not immediately have. This information is needed,
however, only at the depth-domain points along the image ray that is being traced. More specifically, the
velocity and its first derivatives are required only at the points x = x(γ), for varying γ. In view of the
relationships 9 and 10, the kinematic ray-tracing equations can be recast in the form

dx
dT

= V2(γ)p,

dp
dT

= − V−1(γ)(Q̂(x))−T ∂V
∂γ

.

(15)

In its new form, the ray-tracing system still cannot be solved because of the introduction of the unknown
paraxial ray-tracing matrix Q̂(x). The computation of that matrix can, however, be performed by dynamic
ray tracing.

Dynamic ray tracing: We consider a fixed image ray (called the central ray) in a 3D isotropic medium,
as well as a family of image rays in its close vicinity (called paraxial rays). To parameterize the family of
paraxial rays, we shall use the ray-centered coordinate system, determined by the central ray. As described,
e.g., in Červený (2001), this consists of moving a Cartesian (qI , q3) coordinate system along the central
ray. The time coordinate, q3 = T , specifies the origin, O, on the central ray, of the attached Cartesian
system, for which the q3-axis points in the direction parallel to the slowness vector of the central ray at O.
The remaining coordinate axes specify a 2D Cartesian system on the plane normal to the slowness vector
of the central ray at O. The two first ray-centered coordinates, qI , determine a paraxial point, P , on that
normal plane.

For each coordinate, qi, of the ray-centered coordinate system, we associate a corresponding unit basis
vector, ei. These unit vectors constitute the columns of an orthonormal transformation matrix,

Ĥ =
(

e1 e2 e3

)
. (16)

The matrix Ĥ can be computed in any point along the ray if we include within the system of ray differential
equations the following equation,

de1

dT
= −V 2(e1 ·

dp
dT

)p , (17)

where dp/dT is given by the second relation in equation 15. Knowing the vector e3 = p/‖p‖ and in
addition the vector e1 resulting from numerical integration including equation 17, the vector e2 is easily
obtained by the cross product

e2 = e3 × e1 . (18)
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In the following, we use the standard formulation of complete dynamic ray tracing in terms of 4 × 4
matrices in ray-centered coordinates,

dΠ
dT

= SΠ . (19)

Here, Π is the ray propagator matrix with sub-matrices of size 2× 2,

Π =

(
Q(q)

1 Q(q)
2

P(q)
1 P(q)

2

)
, (20)

and matrix S has the definition

S =
(

0 V 2I
−V −1V(q) 0

)
, where V

(q)
IJ =

∂V

∂qI∂qJ
. (21)

By defining a 3× 2 sub-matrix of Ĥ,
H̄ =

(
e1 e2

)
, (22)

we relate the 2× 2 matrix V(q) in equation 21 to the 3× 3 matrix ∂2V /∂x2 in equation 13 by

V(q) = H̄T ∂2V

∂x2
H̄ . (23)

We can now form the sought first paraxial ray tracing matrix Q̂(x) in depth-domain Cartesian coordi-
nates by the transformation

Q̂(x) = ĤQ̂(q) , where Q̂(q) =

 Q(q)
1

0
0

0 0 V

 . (24)

Furthermore, combination of equations 13 and 24 leads to a useful relation for transformation of second
derivatives of velocity,

V(q) = (Q(q)
1 )−T ∂2V

∂γ̄2
(Q(q)

1 )−1 . (25)

where γ̄ = (γ1, γ2)T . Collecting results, the final set of ordinary differential equations to be integrated
along the image ray is specified by equations 15, 17, and 19. An important part of the procedure is on-
the-fly transformation of function values, first derivatives, and second derivatives belonging to the time-
migration interval velocity field, VM

dix(γ), to corresponding quantities in the ray-velocity field along the
image ray, V(γ). For details concerning such transformations, see Appendix B.

Initial conditions for tracing of the image ray: In order solve the kinematic and dynamic ray-tracing
systems, initial conditions have to be provided. These consist of initial values, x0, p0, e1

0, and Π0, given
for the initial ray coordinate vector γ0 = (γ0

1 , γ0
2 , γ0

3). Assuming, for simplicity, a planar horizontal datum
surface, x3 = 0, for the time-migrated data, we set γ0

1 = xM0
1 , γ0

1 = xM0
2 as the horizontal coordinates

of the starting point of the image ray. The given pair (xM0
1 , xM0

2 ), also specifies the trace location in the
time-migrated data set that corresponds to the image ray to be constructed. The initial traveltime of the
image ray is γ0

3 = T 0 = 0.
Since the initial slowness vector of an image ray, p0, is always perpendicular to the measurement

surface, the two horizontal slowness vector components will both be zero, i.e., p0
1 = p0

2 = 0. The ver-
tical slowness vector component is given by the inverse ray velocity, p0

3 = 1/V0, at the trace location
(xM0

1 , xM0
2 ) and zero migration time, tM0 = 2T 0 = 0. Furthermore, one can show (Appendix B) that the

factor F in equation 6 has the limit one when the migration time approaches zero; hence, equation 4 yields
the initial ray velocity as

V0 = VM
dix(γ0) . (26)
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Given the above specifications, the kinematic initial conditions for the image ray read

x0 = (xM0
1 , xM0

2 , 0)T and p0 = (0, 0,
1
V0

)T . (27)

The initial unit vector e1
0 of the ray-centered coordinate system can be chosen quite freely within the

horizontal plane. We shall choose it to be aligned with the profile direction, in other words, e1
0 =

(cos θ, sin θ, 0)T . Finally, the initial ray propagator matrix, Π0, is the 4× 4 identity matrix

Π0 =
(

I 0
0 I

)
. (28)

IMPLEMENTATION

A prototype version of the ray-tracing procedure has been implemented in NORSAR’s ray-tracing mod-
elling software system (http://www.norsar.com). In the current version of the code, we are able to construct
image rays directly from the time-migration interval velocity field, VM

dix. Moreover, horizons belonging
to the time-migrated domain may be mapped to the depth domain either by the image-ray method or by
stretching along vertical lines. Regularization of the depth-domain velocity field and time-to-depth migra-
tion of the full seismic (section/volume) data set based on the image rays have not yet been implemented.
An essential part of the implementation is to ensure that the first paraxial ray-tracing matrix Q̂(x) stays
non-singular along the image ray. We do this by monitoring the determinant detQ̂(x) as the ray is inte-
grated. If the determinant drops below some predefined limit, currently set to 5% of the initial value, the
tracing of the ray is terminated.

EXAMPLES

The theory described above pertains to a three-dimensional subsurface. In this section, we consider, as
a first illustration of the method, 2D examples based on a synthetic seismic data set. Since we did not
have access to the exact depth-domain macro-velocity model used for generation of the synthetic data,
the experiments were, in practice, carried out as blind tests. As a further simplification, we have set the
migration velocity spreading factor, F , equal to one. In other words, we have considered that the velocity
along the image ray equals the time-migration interval velocity. It is one of our aims in the near future to
evaluate the impact of approximate and correct velocity spreading in the obtained images, in 2D and 3D.
For our numerical test, we considered the time-migrated section and time-migration velocity field shown in
Figure 1. The latter velocity field was converted to a time-migration interval velocity field using equation 5.
As we see, this time-migration interval velocity field has drastic variations in the lower central part. The
resulting image rays are shown in Figure 2 (top left). Strong focusing occurs in parts of the ray field, which
lead to termination of image rays in accordance with the the criterion imposed on the determinant of the
matrix Q̂(x).

In the time-migrated section (Figure 1), three key horizons were picked manually and thereafter mapped
to the depth domain using the image rays. Figure 2 (bottom left) shows the resulting depth-domain points
(blue). In addition, we performed the time-to-depth mapping along vertical lines. For the upper horizon,
the output points (red) from the vertical scaling process are almost identical to the output points from the
image-ray mapping. There are, however, significant differences for the dipping parts of the middle and
lower horizons.

The variations of the time-migration interval velocity field in Figure 1 were interpreted by the authors
as potentially unrealistic. To investigate this further, we did a second experiment based on a modified time-
migration interval velocity field (Figure 2, right) for which the drastic variations within the lower central
part were replaced by a constant velocity (3.3 km/s). As a result, image rays could be generated without the
presence of caustics (Figure 3, top left), which, in turn, made the estimated depth-domain reflectors appear
without missing data points (Figure 3, bottom left). As with the more complicated time-migration velocity
model, the results of image-ray mapping and vertical scaling are almost identical for the upper reflector,
but there are noticeable differences for the flanks of the two lowermost reflectors.
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Figure 1: Left: A section in the time-migrated domain. Right: Velocity field VM used for migration.

Figure 2: Top left: Image rays (black) and image-ray wavefronts (blue) obtained by applying the ray-
tracing procedure to the time-migration interval velocity field in Figure 1. The increment between plotted
wavefronts is 0.1s. Bottom left: Depth-domain horizons resulting from time-to-depth mapping along image
rays (blue) and vertical lines (red). Right: Time-migration interval velocity field VM

dix, obtained from the
migration velocity field in Figure 1 by use of Dix’s formula.

DISCUSSION AND CONCLUSIONS

In this paper, we have presented an efficient method to convert selected events or a full time-migrated
seismic data set from the time domain to the depth domain. Besides the time-migrated data, all that is
needed to initialize the method is the existence of a given migration velocity field, which is transformed
into a corresponding field of interval velocities using Dix’s algorithm. The resulting time-migration interval
velocities are then used to trace image rays in the depth domain and, at the same time, to obtain a depth-
domain velocity field along the image rays.

The ray-tracing procedure makes use of ordinary differential equations for position/slowness vectors
(kinematic ray-tracing equations) and for the ray propagator matrix expressed in ray-centered coordinates
(dynamic ray-tracing equations). The system of differential equations is formulated in such a way that
transformations of velocities and their first- and second-order derivatives between coordinate systems for
the time-migrated domain and the depth domain are performed on the fly. Thus, as output we get a field
of image-ray points and corresponding ray velocities belonging to the depth domain. For each available
image ray, one can image an entire seismic trace or map a number of selected events from the time-migrated
domain to the depth domain. A final required step is to perform regularization of the estimated ray-velocity
field, mapped seismic events, and imaged seismic data with respect to the depth-domain coordinates. The
new ray-tracing procedure has been demonstrated for a 2D synthetic data set. The first results indicate
the good potential of the method for more complex situations and field data in 2D and 3D. The present
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Figure 3: Top left: Image rays (black) and image-ray wavefronts (blue) obtained by the ray-tracing pro-
cedure to the edited time-migration interval velocity field in Figure 2. The increment between plotted
wavefronts is 0.1s. Bottom left: Depth-domain horizons resulting from time-to-depth mapping along im-
age rays (blue) and along vertical lines (red). Right: An edited version of the time-migration interval
velocity field in Figure 2, where velocities in the lower central part have been replaced by a constant value,
VM

dix = 3.3 km/s.

method is bound to yield best results whenever time migration provides sufficient focusing and also when
appropriate time-migration velocities are known. As main advantages, it provides a direct estimation of the
depth-domain velocity, with a minimum of user interaction/intervention. The method is very efficient, as
compared, for example, to full prestack depth migration and associated estimation of depth-domain velocity
parameters. The constraints or limitations of the proposed procedure are the ones basically inherited by
the use of the ray method and also Dix’s type velocity inversions. For example, for adequate ray-tracing
implementation, the time-migration velocity field needs to be "sufficiently smooth" and, moreover, the
resolution in the estimation of ray velocity is expected to be poor for deep and/or thin "layers". As an
additional condition for effective implementation, care should be taken such that the image-ray field has
no triplications and caustics. The 3D approach described in this paper is related, although with some
fundamental methodological and implementation differences, to corresponding 2D approaches recently
reported by E. Filpo and R. S. Portugal, as well as by M. Cameron, S. Fomel and J. Sethian, which also
include applications to field data. In particular, one can observe striking differences between 2D and 3D
formulations in the involved complexity of the migration velocity spreading factor and in the closely related
dynamic ray tracing procedure. For the 2D situation, it is sufficient to perform dynamic ray tracing only
for the plane-wave initial condition, while a proper solution to the 3D problem requires integration also for
a point-source solution, which means that the complete ray propagator matrix needs to be computed along
the image ray.
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APPENDIX A

APPENDIX A: VELOCITY SPREADING FACTOR FOR THE IMAGE RAY

In this appendix, we derive equation 6 for the velocity spreading factor, F . Since all matrices considered
here belong to ray-centered coordinates, we have skipped the superscript (q) for clarity. Our starting point
is an equation relating the (azimuth-dependent) migration velocity, VM , to the 2×2 matrix, M↑

2, of second
derivatives of one-way, upward, traveltime

T (VM )2 =
1

ūT M↑
2ū

. (A-1)

In the above equation, T , is the one-way, downward, migrated time and ū is the direction vector along the
profile used to obtain the migration velocity, VM . Substituting equation A-1 into the Dix velocity equation
5, we obtain the important relation

(VM
dix)2 = − 1

(ūT M↑
2ū)2

[
ūT dM↑

2

dT
ū

]
. (A-2)

It is our aim to express the matrices M↑
2 and dM↑

2/dT in terms of downgoing matrices that can be obtained
in the image-ray tracing that we have in mind. Following standard theory of paraxial ray-tracing matrices
(see, e.g., Červený, 2001), the matrix M↑

2 can be expressed in terms of the paraxial ray-tracing matrices
Q↑

2 and P↑
2 of size 2× 2,

M↑
2 = P↑

2Q
↑
2

−1
. (A-3)
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Furthermore, following Iversen (2006), the upward propagation matrices, Q↑
2 and P↑

2, can be expressed in
term of downward propagation counterparts as

Q↑
2 = I∗Q↓

2

T
I∗ and P↑

2 = I∗Q↓
1

T
I∗ , (A-4)

where I∗ is the matrix previously given by equation 7. Substituting into equation A-3 and applying the
derivative with respect to T yields

M↑
2 = I∗Q↓

1

T
Q↓

2

−T
I∗ and

dM↑
2

dT
= I∗

d

dT
[Q↓

1

T
Q↓

2

−T
]I∗ . (A-5)

We also observe that, for an isotropic medium, the differential equation for paraxial ray-tracing matrix Q↓
I ,

for I = 1, 2, is
dQ↓

I

dT
= V 2P↓

I and also
dQ↓

I

−1

dT
= − V 2Q↓

I

−1
P↓

IQ
↓
I

−1
. (A-6)

The rightmost equation was obtained under the application of the generic formula

dA−1

dT
= − A−1 dA

dT
A−1 , (A-7)

which results from differentiating both sides of the identity A−1A = I, followed by the application of the
leftmost equation A-6. Using the chain rule and also taking into account equations A-6, we get

d

dT
[Q↓

1

T
Q↓

2

−T
] = V2

{[
P↓

1

T
−Q↓

1

−T
Q↓

2

−T
P↓

2

T
]
Q↓

2

−T
}

, (A-8)

where we observed that, along the image ray, V (x) = V(γ). Taking into account the identities

Q↓
2

−T
P↓

2

T
= P↓

2Q
↓
2

−1
and Q↓

1

T
P↓

2 −P↓
1

T
Q↓

2 = I , (A-9)

which are properties of the ray propagator matrix (Červený, 2001), we find that

d

dT
[Q↓

1

T
Q↓

2

−T
] = V2

{[
P↓

1

T
Q↓

2 −Q↓
1

−T
P↓

2

T
]
Q↓

2

−1
Q↓

2

−T
}

= − V2Q↓
2

−1
Q↓

2

−T
. (A-10)

Substitution into equation A-5 and further into the Dix velocity formula A-2 yields

(VM
dix)2 = − 1

(ūT M↑
2ū)2

[
ūT dM↑

2

dT
ū

]
= V2

{
ūT I∗Q↓

2

−1
Q↓

2

−T
I∗ū

(ūT I∗Q↓
1

T
Q↓

2

−T
I∗ū)2

}
. (A-11)

We conclude that

F 2 =
V2

(VM
dix)2

=
(ūT I∗Q↓

1

T
Q↓

2

−T
I∗ū)2

ūT I∗Q↓
2

−1
Q↓

2

−T
I∗ū

, (A-12)

which is equivalent to equation 6 given in the main text.

APPENDIX B: COMPUTATION OF VELOCITY DERIVATIVES

In this appendix, we describe an approach for computation of the first and second derivatives, dV/dγ and
d2V/dγ2 at each ray coordinate, γ, that are required for our image-ray tracing scheme. Observe that we
write here the paraxial ray-tracing matrices without the superscript (q). Twice differentiation of equation 4
yields

∂V
∂γi

=
∂VM

dix

∂γi
F + VM

dix

∂F

∂γi
(B-1)

and
∂2V

∂γi∂γj
=

∂2VM
dix

∂γi∂γj
F +

[
∂VM

dix

∂γi

∂F

∂γj
+

∂VM
dix

∂γj

∂F

∂γi

]
+ VM

dix

∂2F

∂γi∂γj
. (B-2)
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Since VM
dix and its derivatives are known, our problem reduces to find the derivatives of the factor F , which

has the form
F =

A

B1/2
, (B-3)

where
A = ūT I∗QT

1 Q−T
2 I∗ū , B = ūT I∗Q−1

2 Q−T
2 I∗ū . (B-4)

Using equation B-3, we find the following relations between first- and second-order derivatives of the
factors F , A, and B,

∂F

∂γi
=

1
2B3/2

(2B
∂A

∂γi
−A

∂B

∂γi
) , (B-5)

∂2F

∂γi∂γj
=

1
2B5/2

[
(A

∂B

∂γi
−B

∂A

∂γi
)
∂B

∂γj
+ B(2B

∂2A

∂γi∂γj
−A

∂2B

∂γi∂γj
)
]

. (B-6)

Here, the derivatives of A and B can be obtained by straightforward differentiation of equation B-4. Note,
however, that since the factors A, B, and thus also F , depend on all three ray coordinates γ1, γ2, and γ3,
an exact solution for the factor F cannot, in general, be obtained by numerical integration along a single
ray subjected to the standard second-order traveltime approximation.

Based on the above, we propose three alternative approximations for the factor F and its derivatives
which all can be incorporated in a time-to-depth conversion strategy where computations along one ray are
independent of those along neighboring rays. The first, simplest, alternative is to assume that the factor
F is one along the whole image ray. As a second alternative, we assume that the factor F is only locally
constant, which means that all partial derivatives of F will be ignored in the computations. Finally, as the
the third approximation, we assume that F is a function of the traveltime, γ3 = T , only. In this case, only
the derivatives of F with respect to T in equations B-5-B-6 survive, and equations B-1-B-2 can therefore
be restated as

∂V
∂γI

=
∂VM

dix

∂γI
F ,

∂V
∂T

=
∂VM

dix

∂T
F + VM

dix

∂F

∂T
, (B-7)

∂2V
∂γI∂γJ

=
∂2VM

dix

∂γI∂γJ
F ,

∂2V
∂T 2

=
∂2VM

dix

∂T 2
F + 2

∂VM
dix

∂T

∂F

∂T
+ VM

dix

∂2F

∂T 2
. (B-8)

One can show, however, that our integration procedure does not rely on the second derivatives ∂2V/∂T 2,
which means that calculation of the second derivative ∂2F/∂T 2, as specified by equation B-6, is not
required. Considering equation B-5, the first derivative of F with respect to time is

∂F

∂T
=

1
2B3/2

(2B
∂A

∂T
−A

∂B

∂T
) . (B-9)

Differentiation of the two relations in equation B-4 yields

∂A

∂T
= ūT I∗

(
∂QT

1

∂T
Q−T

2 + QT
1

∂Q−T
2

∂T

)
I∗ū ,

∂B

∂T
= 2ūT I∗

(
∂Q−1

2

∂T
Q−T

2

)
I∗ū , (B-10)

where the derivative of the inverse matrix is given by

∂Q−1
2

∂T
= −Q−1

2

∂Q2

∂T
Q−1

2 . (B-11)

For calculation of derivatives of matrices QI with respect to traveltime, see equation 19.
It must be noted that the above formulas for factor F and its derivatives cannot be used for zero migra-

tion time, for which B = 0. We find, however, that a second-order approximation for the factor F in the
vicinity of T = 0 is given by

F = 1− 1
2
VT 2ūT I∗

∂2V
∂γ̄2

I∗ū , (B-12)

which yields, at T = 0,

F = 1 ,
∂F

∂T
= 0 . (B-13)
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In the 2D situation, we have

F = Q1 ,
∂F

∂T
=

∂Q1

∂T
= V2P1 , (B-14)

which is reduced to equation B-13 in the limit of zero time (Q1 = 1; P1 = 0).
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ABSTRACT

Recent studies on the propagation matrices of the one-way normal and normal-incidence-point (NIP)
waves in arbitrary anisotropic media have been shown to provide attractive decomposition expressions
for (two-way) zero-offset PP and SS reflections. In particular, the geometrical spreading, KMAH in-
dex and transmission and reflection coefficients of the zero-offset ray could be simply expressed in
terms of products or sums of the corresponding quantities of the one-way normal and NIP waves.
The ray-theoretic Green’s function for the reflected wave is equal to twice the product of the Green’s
function of the NIP wave and the normal wave. True-amplitude post-stack depth migration is done
by reverse-propagating wavefield in a half-velocity model with double density and elastic parame-
ters divided by two. An estimate of the normal-incidence reflection coefficient is obtained from the
reverse-propagated wavefield at time equal zero, followed by an additional geometrical spreading
correction.

INTRODUCTION

A stacked seismic section is considered as an approximation of a zero-offset seismic section. Each trace is
the result of a seismic experiment where the source and receiver are located at the same surface point. This
corresponds to a normal incidence ray which has been reflected at the normal incidence point (NIP) and
then is returning to the source/receiver point at the same path. In anisotropic media this can occur when the
slowness vector is parallel to the surface normal at the NIP interface. For a multiple transmitted, reflected
and converted wave this requires that the ray code up is the ray code down in reverse order. This includes
the PP and SS primary reflections, but not the PS converted wave reflection.

A stacked section is obtained by summing the traces in a common-midpoint gather after they have been
corrected for normal moveout (NMO). This requires the knowledge of the NMO or stacking velocity which
for 3-D data is given by a 2× 2 symmetric matrix (Ursin, 1982). Krey (1976) and Chernyak and Gritsenko
(1979) showed that this NMO velocity matrix can be computed from the curvature of a fictitious one-way
wave that starts as a point source at the NIP reflection point. Such wave was called the NIP wave by Hubral
(1983).

For the purpose of migration of stacked data, Loewenthal et al. (1976) introduced the exploding reflector
model for zero-offset primary reflections. This is another fictitious experiment in a fictitious medium with
half the velocity of the true medium. The sources are placed along the reflector, and all sources are activated
at the same time set equal to zero. An equivalent description of the exploding reflector model is that, in the
vicinity of each point of the reflector, a wave front with the same shape as the reflector starts its way up and
is recorded at the surface. Such one-way waves have been called normal waves by Hubral (1983).

Iversen (2006) gave a complete review of normal incidence reflections with many new results. While
Hubral (1983) considered wavefront curvature in an isotropic medium, Iversen (2006) considered Green’s
functions in anisotropic elastic media for PP and SS primary reflections expressed by asymptotic ray theory.
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In particular, he obtained results for the relative geometrical spreading and the KMAH index for the normal-
incidence reflected wave, the NIP wave and the normal wave. These results are valid for any normal-
incidence reflected wave such that the ray code up is equal to the ray code down in reverse order. That is,
the wave type in a layer for the wave up is the same as for the wave down. We simplify Iversen’s results
by using flux-normalized reflection and transmission coefficients instead of amplitude-normalized ones.
Then the product of the reflection and transmission coefficients for the down-going wave is equal to the
corresponding product for the up-going wave (Chapman, 1994). For each wave, we define a geometric
ray approximation by a complex amplitude in the frequency domain by traveltime, KMAH index, relative
geometrical spreading and a product of reflection and transmission coefficients. Then we show that the
Green’s function of the normal-incident reflected wave is equal to two times the product of the Green’s
functions of the NIP wave and the normal wave. For completeness, Appendix A contains a discussion on
the a different geometrical spreading decomposition (Tygel et al., 1994; Schleicher et al., 2001).

Map migration (Kleyn, 1977) is the transformation of a two-way normal-incidence traveltime map
into a reflecting interface at depth, given the smooth parameters of the elastic medium. Gjoystdal and
Ursin (1981) extended this to also estimating the medium parameters, given non-zero offset traveltimes
or stacking velocities. Gjoystdal et al. (1984) proposed to use the normal wave to downward continue the
curvature of the zero-offset reflection to obtain the curvature of the interface. We may also estimate the true
amplitude of the zero-offset reflection. By dynamic ray tracing along normal-incidence rays, we compute
amplitude corrections which can be used to estimate the normal-incidence reflection coefficient at the depth
interface.

Post-stack depth migration is normally done by downward continuing the recorded data in a model with
half the medium velocity (Loewenthal, 1976; Gazdag snd Sguazzero, 1984). An estimate of the reflectivity
is then obtained from the reverse-propagated wavefield at time equal zero. In Appendix B it is shown how to
extend this scheme to anisotropic media by using elastic parameters divided by two and density multiplied
by two. This will half the phase and group velocities of the medium. The traveltime is doubled, so that
time equal zero in the new medium corresponds to half the traveltime in the data, exactly at the reflection
point. This downward continuation corresponds to downward continuation of the normal wave, except for
the doubling of the traveltime. Therefore there is an uncompensated part of the geometrical spreading,
which remains in the amplitude of the migrated image. In order to estimate this residual geometrical
spreading correction, we propose to do a second zero-offset Kirchhoff migration (Hubral et al., 1991)
without geometrical spreading correction.

DECOMPOSITION OF NORMAL-INCIDENCE REFLECTIONS

We consider an anisotropic elastic medium with a multiple transmitted, reflected and converted wave which
is reflected back at a point y at an interface with the slowness or phase velocity parallel to the interface
normal, and such that the ray code for the upgoing wave is the wavecode for the downgoing wave in reverse
order. Then the upgoing wave comes back to the source point x which is a zero-offset point, see Figure 1.

The geometric ray approximation for the reflected ray is, in the frequency domain, proportional to the
scalar response function

UR =
e−i π

2 χR sgnω eiωTR

LR
tU rN tD, (1)

where TR is the two-way traveltime, χR is the KMAH index, and tD and tU are the product of the trans-
mission and reflection coefficients for the wave going up and down, respectively. All the reflection and
transmission coefficients are normalized with respect to the energy flux normal to each interface, and then
the coefficients are reciprocal Chapman (1994), so that

tD = ΠtDk = ΠtUk = tU . (2)

The normal-incidence reflection coefficient at the last interface is rN .
The relative geometrical spreading is

LR = |detQ2(x,y,x)|1/2
, (3)
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Figure 1: The ray path of a multiple transmitted, reflected and converted NIP path.

Figure 2: The reflected wave from a point source with areal receivers.

where the 2×2 matrix Q2(x,y,x) is part of the two-way 4×4 ray propagator matrix Π(x,y,x). In terms
of the one-way upward ray propagator matrix Červený (2001), Chapman (2004)

Π(x,y) =
(
Q1 Q2

P1 P2

)
, (4)

this can be expressed by (Iversen, 2006)

Π(x,y,x) =
(

2Q2(P1 + c−1P2 D)T + I 2Q2(Q1 + c−1Q2 D)T

2P2(P1 + c−1P2 D)T 2P2(Q1 + c−1Q2D)T − I

)(
I∗ O
O I∗

)
, (5)

where I is the identity matrix, I∗ = diag(1,−1) and D is the curvature matrix of the normal-incidence
reflector, all of these being 2×2 matrices. The reflected wave is schematically shown in Figure 2. The NIP
wave is a hypothetical wave that starts as a point source of unit amplitude at the normal-incidence point and
propagates within the original medium towards the given zero-offset surface location where it is recorded,
see Figure 3 (left). The response function is (see equation (1))

UNIP =
e−i π

2 χNIP sgnω eiωTR/2

LNIP
tU , (6)
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Figure 3: Left: The NIP wave starting at the normal incidence reflection point. Right: The normal wave
starting at the interface.

where the relative geometrical spreading factor, LNIP = |detQNIP |1/2 (see equation (3)), is computed
from (

QNIP

PNIP

)
=
(
Q1 Q2

P1 P2

)(
O
I

)
=
(
Q2

P2

)
, (7)

and χNIP is the KMAH index for the NIP wave.
A second hypothetical wave is the normal wave, which which originates at the reflecting surface with a

wavefront curvature of the interface at that point, see Figure 3 (right).
We shall let the normal wave start with amplitude rN , the normal-incidence reflection coefficient, so

that the response function is

UN =
e−i π

2 χN sgnω eiωTR/2

LN
tU rN . (8)

The geometrical spreading, LN = |detQN |1/2 is computed from (see equation (7))(
QN

PN

)
=
(
Q1 Q2

P1 P2

)(
I

v−1D

)
=
(
Q1 + v−1Q2D
P1 + v−1P2D

)
, (9)

where v is the phase velocity at the normal-incidence point, and χNIP is the KMAH index for the NIP
wave. Combining equations (5), (7) and (9), gives (Iversen, 2006)

Π(x,y,x) =
(

2QNIP QN + I 2QNIP PN

2PNIP PN 2PNIP QN − I

)(
I∗ O
O I∗

)
. (10)

From this, it follows that
Q2 = 2QNIP PNI∗, (11)

so that
LR = 2LNIPLN . (12)

Furthermore, Iversen (2006) has shown that

χR = χNIP + χN . (13)

Combining equations (1), (6) and (13) with the two equations above and the reciprocity relation for the
upward and downward transmission coefficients (2), gives the decomposition formula

UR = UNIP UN/2. (14)

The factor 2 can be avoided by letting the NIP-wave have strength 2, but this has consequences for other
relations.
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TRUE AMPLITUDE DEPTH MIGRATION

We consider the depth migration of PP or SS primary reflections under the assumption of a smooth back-
ground model. Moreover, we also assume that multiples have been adequately attenuated or removed by
pre-processing. Based on the above decomposition formula, we can devise the following two schemes for
true-amplitude zero-offset migration. The first scheme consists of a map migration of selected reflectors
(see, e.g., Kleyn, 1977, Gjoystdal and Ursin, 1981 and Gjoystdal et al., 1984) in which true amplitudes
(i.e., amplitudes corrected for geometrical spreading) are attached. The second method is a full, true-
amplitude poststack depth migration that consists of a cascaded application of downward continuation
(see, e.g., Loewenthal, 1976) followed by and amplitude correction factor that is obtained by means of
an unweighted Kirchhoff depth migration (see, e.g. Hubral et al., 1991 and Ursin, 2004). Following the
lines of Schleicher et al. (2001), these procedures can be seen to be valid for anisotropic media. A quick
algorithmic description of the two schemes is given below.

True-amplitude map migration: Estimate the two-way zero offset traveltime, Tk(x0, y0), and the
corresponding amplitudes, Ak(x0, y0, t0), for a selected number of horizons. For each horizon es-
timate the first derivatives and, possibly, second derivatives of traveltime. these are used to down-
ward continue the normal wave to half the traveltime, Tk/2. This gives the reflecting interface at
z = φk(x, y). Compute the KMAH index, χR = χN + χNIP , and, if necessary, apply a phase
correction to the data and improve the amplitude estimate. An estimate of the reflection coefficient,
rN (x, y) is obtained by multiplying the reflection amplitude by the geometrical spreading in equation
12.

Wave-equation continuation: The recorded zero-offset seismic data, uR(x0, t), x0 = (z0, y0, z0),
in which the recording surface needs not be planar, are reverse-propagated downward in a half-
velocity model. In anisotropic media this is obtained by multiplying the density by two and dividing
the elastic parameters by two (see Appendix B). This corresponds to reverse-propagating the normal
wave, so that this part of the geometrical spreading for the reflected wave is compensated. The image
at depth is taken for time equal zero. This is approximately

IR =
rN

2LNIP
. (15)

In order to estimate and correct for the geometrical-spreading factor, LNIP , perform a Kirchhoff
depth migration with unit weight on the original zero-offset data. Following Hubral et al. (1991), the
resulting amplitude at depth is given by

IK =
rN

L2
NIP

. (16)

Combining the last equations gives the correction factor

C = 2LNIP = 4
IR

IK
. (17)

This must be smoothed before being applied to the data. The final result of the depth migration is an
estimate of the normal-incidence reflection coefficient

rN (x) = uR(x, 0)C(x) , (18)

where u(x, 0), x = (x, y, z), is the reverse-propagated wavefield in the half-velocity model taken at
time equal zero.

CONCLUSIONS

We have shown that the ray theoretical Green’s function for the reflected wave is equal to twice the product
of the Green’s functions of the NIP wave and the normal wave. Using the normal wave resulted in a scheme
for true-amplitude map migration. True-amplitude post-stack depth migration can be done by reverse-
propagating the recorded wavefield in a model with half the elastic constants and double the density. This
results in a half-velocity model in anisotropic media. The image is formed by taking the reverse-propagated
wavefield at time equal zero followed by an additional geometrical spreading correction.
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APPENDIX A

CONNECTION WITH AN ALTERNATIVE GEOMETRICAL SPREADING DECOMPOSITION

In this appendix we relate the geometrical spreading decomposition provided by equation 12 with a decom-
position provided in Schleicher et al. (2001), which is valid for an arbitrary finite-offset, primary-reflection
ray in anisotropic media. For zero offset and in our notation, that decomposition reads (compare with
equation (B.19) of Schleicher et al., 2001)

LR(x,y,x) = L(x,y)L(y,x)LH(y), (A-1)

where L(x,y,x) is the point-source relative geometrical spreadings of the (two-way) zero-offset ray and
L(x,y) and L(y,x) are the point-source relative geometrical spreading of the (one-way) down and up-
going rays that connect the source-receiver location, x to the reflection point, y. Moreover, LH(y) is the
factor that accounts for the contribution of the shape of the reflector to the overall geometrical spreading.
For more details, the reader is referred to Schleicher et al. (2001). We also note that LH is the reciprocal
of the Fresnel relative geometrical spreading introduced in Tygel et al. (1994).

Taking into account the reciprocity of the relative geometrical spreading in equation A-1 and using
equation 14 gives

LR = L2
NIPLH = 2LNIPLN , (A-2)

which yields

LH =
2LN

LNIP
. (A-3)

Similarly we have for the KMAH index

χR = χNIP + χN = 2χNIP + χH (A-4)

where the KMAH index, χH , is related to the phase change at the reflector. It follows that

χH = χN − χNIP . (A-5)

CONSTRUCTION OF A HALF-VELOCITY MODEL

In this appendix, we explain how to modify the parameters of a given anisotropic medium so that the
velocities in the new medium equal the corresponding ones of the original medium, multiplied by a user
user selected constant. In particular, we use this strategy to construct the “half-velocity model” needed for
the post-stack migration scheme used in the main text.

We adopt the notation and basics of anisotropic wave propagation from Chapman (2004). We consider
a given anisotropic medium specified by the density-normalized matrices

aij = cij/ρ , (B-1)

where (cij)kl = cijkl is the elastic-parameter tensor and ρ is the density function. For a given slowness
direction vector, p̂, the associated Christoffel matrix, Γ, is defined by

Γ = pipjajk , (B-2)

for which the associated eigen-equation is (
v2I− Γ

)
ĝ = 0 . (B-3)

The three eigenvalues, v, (namely, v = vI , with I = 1, 2, 3), are the phase velocities of three different
wave modes, which determine the corresponding permitted slowness vectors p = p̂/v. The corresponding
(unit) eigenvectors, ĝ′ = ĝ, are the polarization vectors.

We consider the equations of motion and constitutive relations of wave propagation in an anisotropic
medium, as given in Chapman (2004), equations (4.5.35) and (4.5.36)),

∂u
∂t

=
1
ρ

∂tj

∂xj
+

1
ρ

f and
∂tj

∂t
= cjk

∂u
∂xk

. (B-4)
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In the above equations, u, denotes the particle velocity vector and tj is the j-th component (column) of the
stress tensor. If we divide equations B-4 by a scalar, K 6= 0, and then change variables

t → t′ = Kt, ρ → ρ′ = Kρ and cij → c′ij = cij/K , (B-5)

we see that the new equations are of the same form as the old ones. Moreover, the modified Christoffel
equation becomes (

(v′)2I− Γ′
)
g′ = 0 , (B-6)

or (
(K v′)2I− Γ

)
g′ = 0 , (B-7)

which has the solutions
v′ = v/K , (B-8)

and the same polarization vectors, g′I = gI . From the above equations, we have that the new density-
reduced elastic tensor, a′ijkl, and the new slowness vector, p′ satisfy

a′ijkl =
c′ijkl

ρ′
=

(cijkl)/K)
Kρ

=
1

K2
aijkl (B-9)

and
p′ =

1
v′

p̂ =
1

(v/K)
p̂ = Kp . (B-10)

In view of the above, the new group velocity, V′ = dx/dt, is given by

V ′
i = a′ijkl p′k ĝj ĝl =

aijkl

K2
(Kpk) ĝj ĝl = Vi/K. (B-11)

Equations B-8 and B-11 tell us that the phase and group velocity are both scaled by 1/K in the new
medium. This is what we expected since the equations of motion and constitutive relations B-4 remained
unchanged for the new elastic parameter tensor and new density, together with the fact that the new time
has been multiplied by K (see equation B-5). From this we see that, to obtain a half-velocity model, one
has to divide the elastic parameter tensor by two and multiply the density by two.
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ABSTRACT

By reparameterization of the kinematic expressions for remigration in elliptically anisotropic media
using a new ellipticity parameter, we derive a new image wave equation in elliptically anisotropic
media describing the position of the reflector as a function of the medium ellipticity. This image wave
equation, which is a kind of medium-dependent one-way wave equation, can be used for automatically
stretching a time-migrated image in depth until wells are tied or other given geologic criteria are met.
In this way, it is possible to find an estimate of the vertical velocity, which cannot be detected from
time processing only. A simple numerical example confirms the validity of the theory.

INTRODUCTION

Seismic migration aims at correctly positioning images of seismic reflectors in time or depth sections.
For this purpose, a macrovelocity model is needed that is kinematically equivalent to the true velocity
distribution in the earth. If the migration velocity model is incorrect, so will be the positioning of the
reflector images.

When one of the parameters used for the migration process, generally the velocity model, is altered,
the construction of an updated image becomes necessary. This can be achieved either by a new migration
of the original data or by a process called “remigration” applied to the previously constructed image. For
small changes in the velocity model, remigration has become known as “residual migration” (Rocca and
Salvador, 1982; Rothman et al., 1985) or “cascaded migration” (Larner and Beasley, 1987). A continuous
change in migration velocity has been termed “velocity continuation” (Fomel, 1994).

In a set of migrated sections obtained using only slightly different velocity model parameters, the re-
flector images are dislocated only slightly from one to the next. Thus, looking at such a set in fast sequence
creates the impression of looking at snapshots of a propagating wavefront. Under the assumption of a
constant migration velocity, this “propagation” of reflector images can be described by partial differential
equations (Fomel, 1994) that have been termed “image-wave equations” by Hubral et al. (1996).

Since the pioneering work of Fomel (1994), many different image-wave equations for different situa-
tions have been proposed and their applications have been studied Jaya (1997); Jaya et al. (1999); Fomel
(2003b,a). Although their theory is strictly valid only in homogeneous media, image-wave remigration has
been successfully applied in inhomogeneous media (Schleicher et al., 2004; Novais et al., 2005). Recently,
Schleicher and Aleixo (2007) have extended the theory of image-wave remigration to in media with el-
liptical anisotropy, which can be described analytically with one single additional medium parameter (see
also Aleixo and Schleicher, 2004; Schleicher and Aleixo, 2005). They chose the parameter describing
the medium ellipticity to be the ratio between the squares of the vertical and horizontal velocities. Us-
ing this parametrization, they showed that time remigration with image waves in elliptically anisotropic
media is achieved with the isotropic image wave equation, where the migration velocity is substituted by
the horizontal velocity. In other words, the position of a time-migrated reflector image in an elliptically
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inhomogeneous medium is independent of the vertical velocity and depends only on the variation of the
horizontal velocity. This observation is in agreement with the findings of Alkhalifah and Tsvankin (1995).

Based on this observation, it is more reasonable to assume that from time processing, a good estimate of
the horizontal velocity is known, rather than of the vertical velocity. Therefore, in this paper, we reparam-
eterize the equations for elliptical anisotropy. Using a new ellipticity parameter, being the ratio between
vertical and horizontal velocity, we derive a new image wave equation in elliptically anisotropic media.
This image wave equation, which is much simpler than the previous one, can be used for depth stretching
a time-migrated image until given geologic criteria are met.

Of course, elliptic anisotropy is a rather simplistic approximation to the real world. Nonetheless, it can
be considered an ideal link from isotropy to anisotropy. Compared to isotropy, it presents an additional
degree of freedom that should be sufficient in many cases to improve well-ties by simple ellipticity propa-
gation of the migrated image, On the other hand, compared to more realistic types of anisotropy, it has the
advantage that only one additional parameter needs to be determined from the data.

VERTICAL IMAGE WAVES

Seismic remigration tries to establish a relationship between two media of wave propagation in such a
way that identical seismic surveys on their respective surfaces would yield the same seismic data. One of
these media is the wrong velocity model used for the original migration. The other medium represents the
updated model within which a new image of the subsurface needs to be constructed.

Therefore, the kinematic relationship between these two media is established by equaling the travel-
times of a seismic wave in both of them.

In the parametrization of Schleicher and Aleixo (2005, 2007), the traveltime of a zero-offset event with
source and receiver at point (ξ, η, 0) on the surface and reflection point at (x, y, z) in depth in an elliptically
anisotropic medium is given by

T (ξ, η;x, y, z) =
2
v

√
ϕ [(x− ξ)2 + (y − η)2] + z2, (1)

where the parameter describing the medium ellipticity is

ϕ =
v2

u2
. (2)

Here, u and v are the horizontal and vertical velocities, respectively.
Actually, this parametrization would be useful if the vertical velocity v was known and the horizontal

velocity u was unknown. However, time processing in elliptically inhomogeneous media depends only
on the horizontal and not on the vertical velocity (Alkhalifah and Tsvankin, 1995). Therefore, a better
parametrization, reflecting this fact, uses the new ellipticity parameter γ, defined as

γ =
u

v
. (3)

Using this new parametrization, the traveltime (equation 1) can be rewritten as

T (ξ, η;x, y, z) =
2
u

√
(x− ξ)2 + (y − η)2 + γ2z2. (4)

The desired kinematic relationship between two media with different ellipticity γ can now be expressed
by equaling the above traveltime (equation 4) to the corresponding one for a reflection point (x0, y0, z0) in
a medium with identical horizontal velocity u but different ellipticity γ0,

T (ξ, η;x0, y0, z0) =
2
u

√
(x0 − ξ)2 + (y0 − η)2 + γ2

0z2
0 . (5)

The identity of the two traveltimes (equations 4 and 5) yields the expression

F = (x0 − ξ)2 + (y0 − η)2 + γ2
0z2

0 −
[
(x− ξ)2 + (y − η)2 + γ2z2

]
= 0. (6)
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This expression describes, for each pair (ξ, η), the set of points (x, y, z) that have the same traveltime at
the source-receiver position (ξ, η, 0) in a medium with ellipticity γ as the point (x0, y0, z0) in the medium
with ellipticity γ0.

Since this identity must be fulfilled independently of the source coordinates, the derivatives of F with
respect to ξ and η must be zero, too. From these conditions, we immediately obtain

∂F

∂ξ
= 2(ξ − x0)− 2(ξ − x) = 0 (7)

and
∂F

∂η
= 2(η − y0)− 2(η − y) = 0. (8)

The last two equations can be interpreted as envelope conditions, describing the envelope of the family of
curves (equation 6) when varying ξ and η, respectively. These envelopes describe the positions of the so-
called Huygens image waves, because their role for image-wave propagation is the same as that of Huygens
waves for physical wave propagation. Generally these kind of equations will result in stationary values for
ξ and η. Here, they simply provide

x = x0 (9)
y = y0. (10)

From the above equations, we recognize that the Huygens image waves for this type of image-wave
propagations are degenerated to single points moving along the vertical direction. Note that for physical
wave propagation in a homogeneous medium, Huygens waves are spheres around the initial point. For
isotropic velocity continuation to higher and lower velocities, the Huygens image waves are the lower parts
of rotational ellipsoids and hyperboloids, respectively, centered at the surface position (x0, y0, 0) above the
reflection point (x0, y0, z0).

The actual expression for the Huygens image wave is obtained from substitution of these last two
identities back into the expression for F , resulting in

γ2
0z2

0 = γ2z2. (11)

Thus, we can establish the simple relationship between the coordinates of the reflection points in the media
with ellipticities γ0 and γ as

z =
γ0

γ
z0. (12)

Note that the depth stretching relationship (equation 12) is itself an interesting result. It states how
the depth of a reflector changes when the medium ellipticity is changed from γ0 to γ. Thus, we could
reposition the migrated reflector image by picking its depth, calculation the new depth according to the
stretch (equation 12) and replace it accordingly. However, for a whole reflector image, this would be a
tedious task.

Image-wave equation

For the purpose of deriving an image-wave equation that describes the propagation of the reflector image
from one depth to the other for the whole section at once, it is more useful to recast equation 12 into the
form

γ = γ0
z0

z
. (13)

In this form, we can interpret this equation as an expression of the type

γ = Γ(x, y, z), (14)

with Γ(x, y, z) given by
Γ(x, y, z) = γ0

z0

z
. (15)
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The function Γ(x, y, z) corresponds to an eikonal associated with the image-wave propagation. By taking
its derivatives with respect to the coordinates, here due to the simplicity of the eikonal (expression 15) only
with respect to z, we can eliminate the initial conditions z0 and γ0 from equation 13 to obtain

∂Γ
∂z

= −γ0
z0

z2
= −Γ

z
. (16)

Since Γ is the eikonal of the image-wave propagation, this last identity can be understood as the corre-
sponding eikonal equation.

Note that in deriving the eikonal equation (expression 16) from the eikonal (expression 15), we are
inverting the standard flux of derivation. The reason is we want to describe the propagation of the reflector
image by a partial differential equation that is valid for any arbitrary initial conditions, while our above
considerations were carried out for a single reflection point.

In the same spirit of inverted derivation, we conclude now that any partial differential equation of the
type

pz =
γ

z
pγ + F(x, y, z, p) (17)

leads, upon the substitution of a high-frequency (ray-type) ansatz p = p0f [γ − Γ(x, y, z)], in first-order
approximation to exactly the above eikonal equation. Thus, all partial differential equations of this type,
particularly the one with F = 0, correctly describe the kinematics of the image-wave propagation. Since
we are, at this time, not interested in attaching a physical meaning to the amplitudes of image-wave prop-
agation, we can thus choose the simplest of these equations. Therefore, the image-wave equation for
propagation in the ellipticity parameter γ is

pz =
γ

z
pγ . (18)

As shown in the Appendix, this equation remains valid for depth continuation of a migrated image
obtained from offset data.

It is important to observe that the derived image-wave equation does not depend on the lateral coor-
dinates of the reflection point, nor on the actual values of the horizontal and vertical velocities. For this
reason, this equation is very promising even for inhomogeneous media.

FD IMPLEMENTATION

The image-wave equation for propagation of a seismic reflector image in γ (equation 18) is a partial differ-
ential equation of a very simple type. In fact, it is a kind of advection equation or one-dimensional one-way
wave equation with variable propagation velocity c = z/γ. The numerical solution of the advection equa-
tion is probably the best-studied problem in the numerical analysis of partial differential equations. A
second-order finite-difference solution is obtained from approximating the γ derivative with a difference
centered at an intermediate grid point j + 1/2, i.e.,

∂p

∂γ

∣∣∣∣j+1/2

k

≈ p(zk, γj+1)− p(zk, γj)
γj+1 − γj

=
pj+1

k − pj
k

∆γ
, (19)

and the z derivative at the same intermediate point as the mean value between the two centered derivatives
at j and j + 1, i.e.,

∂p

∂z

∣∣∣∣j+1/2

k

≈ 1
2

(
p(zk+1, γj)− p(zk−1, γj)

zk+1 − zk−1
+

p(zk+1, γj+1)− p(zk−1, γj+1)
zk+1 − zk−1

)
(20)

≈ 1
4

(
pj

k+1 − pj
k−1

∆z
+

pj+1
k+1 − pj+1

k−1

∆z

)
. (21)

For consistency, the propagation velocity c = z/γ also needs to be evaluated at the point (k, j + 1/2).
Therefore, we approximate the intermediate value of γ also by its mean, i.e.,

c
j+1/2
k =

z

γ

∣∣∣∣j+1/2

k

≈ zk

(γj + γj+1)/2
=

2zk

γj + γj+1
. (22)
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The resulting FD scheme is known to be stable (Strikwerda, 1989; Thomas, 1995). It is the simple tridiag-
onal implicit scheme given by

A ~pj+1 = B ~pj , (23)

where

A =



1 α1 0 . . . 0
−α2 1 α2 0 . . . 0

0 −α3 1 α3 0 . . . 0
...

. . . . . . . . . . . .
...

0 . . . 0 −αK−2 1 αK−2 0
0 . . . 0 −αK−1 1 αK−1

0 . . . 0 −αK 1


(24)

and

B =



1 −α1 0 . . . 0
α2 1 −α2 0 . . . 0
0 α3 1 −α3 0 . . . 0
...

. . . . . . . . . . . .
...

0 . . . 0 αK−2 1 −αK−2 0
0 . . . 0 αK−1 1 −αK−1

0 . . . 0 αK 1


, (25)

with
αk = −1

2
zk

γj + γj+1

∆γ

∆z
(k = 1, . . . ,K). (26)

This is a scheme that fulfills the requirement of being faster solvable than repeated migrations, since there
are very fast methods for the inversion of tridiagonal matrices.

NUMERICAL EXAMPLE

We have implemented the above FD scheme and tested it for a simple synthetic data example in a homo-
geneous, elliptically anisotropic medium. The horizontal and vertical velocities are u = 4500 m/s and
v = 3000 m/s, respectively. The model is depicted in Figure 1.

The synthetic data (see Figure 2) were generated by acoustic FD modeling where the medium ellipticity
is simulated by an anisotropic density. For image-wave remigration, these synthetic data are the initial
condition as a time-section can be understood as a time-migration with a migration velocity of u = 0.0 m/s.

As a first step, the synthetic data where propagated into the time-migrated domain under variation
of the migration velocity using the FD image-wave remigration code of Novais et al. (2005). From the
theory of Schleicher and Aleixo (2005, 2007), we know that the migration velocity for this propagation
corresponds to the horizontal velocity of our elliptically anisotropic medium. This theory is confirmed
from the resulting sequence of time-migrated images, some of which are depicted in Figures 3 to 8. At the
migration velocities of u = 3000 m/s (Figure 3), u = 3500 m/s (Figure 4), and u = 4000 m/s (Figure 5),
the bow-tie structure has not been fully resolved.

The image corresponding to a velocity value of u = 4400 m/s (Figure 6) is the first where the bow-
tie structure is finally resolved. However, the same is true for velocities u = 4500 m/s (Figure 7) and
u = 4600 m/s (Figure 8). Thus, from the images in Figures 6 to 8 alone, it is impossible to distinguish
which of the corresponding velocity values is the correct one. Still, even from using only zero-offset data,
we can estimate a velocity interval (here 4400 /ms to 4600 m/s) within which the correct migration velocity
must lie. How diffractions can be used to improve this velocity estimate has been shown by Novais et al.
(2005).

Of course, since our data are synthetic, we know the true velocity and the correct position of the time-
migrated image. Figure 9 shows that actually, for the true horizontal velocity, the image is correctly posi-
tioned in time.

From this sequence of time-migrated images, we can draw the following conclusions:

• At the true vertical velocity, the image is out of focus.
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Figure 1: Model for the synthetic data experiment: Acoustic, elliptically anisotropic model, with horizon-
tal and vertical velocities u = 4500 m/s and v = 3000 m/s, respectively.

• Both synclines and anticlines focus at the true horizontal velocity.

• Outside an interval around the true horizontal velocity, synclines or anticlines produce unresolved
bow-tie structures.

• Therefore, a rough velocity estimate within an uncertainty interval is possible from zero-offset data
using the imaging properties of curved reflectors.

• Using the horizontal velocity only, the time-migrated image is correctly positioned.

• Vertical velocities cannot be estimated from time processing of zero-offset data alone.

The last of the above observations remains true even if nonzero-offset data are used for the velocity
analysis (Alkhalifah and Tsvankin, 1995). Therefore, the final time-migrated image of Figure 9 is the
best we can hope for if our velocity analysis has worked perfect. For that reason, if our next step is a
depth conversion using the time-migration velocity, we will end up with the wrong depth image depicted
in Figure 10. Since the true vertical velocity is v = 3000 m/s, the depth of the reflectors is overestimated.
Note that this does not just cause simple vertical shift of the reflector images. The dip of the upper reflector
is represented wrongly, and so are the curvatures of the syncline and anticline structures. In accordance
with the predicted depth stretch (equation 12), the overestimation of the reflector depth is the stronger the
deeper the reflector is.

The isotropic depth-migrated image of Figure 10 has then been used as an initial condition for the
image-wave propagation described by the vertical image-wave equation (equation 18). As for the propa-
gation in horizontal velocity, the FD solution of this image-wave equation allows for the generation of a
very dense sequence of migrated images corresponding to slightly varying values of γ. In this way, the
originally isotropic depth-migrated image is becoming more and more anisotropic.

A subset of the so-obtained anisotropic images is depicted in Figures 11 to 15. We note that the image
at γ = 0.665, which corresponds to a vertical velocity of v = 3000 m/s, images both reflectors at their true
depth (see Figure 14). The distortion of reflector dips and curvatures is correctly removed. In Figure 15,
which corresponds to γ = 0.58 or v = 2610 m/s, the depth stretch has already been overcorrected and the
reflector images are too shallow.

From the sequence of images in Figures 11 to 15, we immediately recognize that a determination of
the ellipticity or vertical velocity of the model from this kind of remigration only is impossible. Without
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Figure 2: FD zero-offset data (correspond to a time migration with migration velocity u = 0.0 m/s):
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Figure 3: Image propagation to u = 3000.0 m/s.
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Figure 4: Image propagation to u = 3500.0 m/s.
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Figure 5: Image propagation to u = 4000.0 m/s.

the knowledge of the true reflector depth, there is no way of knowing which of these images is closest to
the true geologic setting. However, with additional knowledge of the reflector depth at a single point, for
instance at a well bore, a reasonable value of γ that ties the reflector to the well could be detected, thus
resolving the positioning ambiguity.

SUMMARY & CONCLUSIONS

As observed by Fomel (1994) and Hubral et al. (1996), migrated reflector images for different migration
velocities seem to “propagate” when the parameters of the migration velocity model are changed continu-
ously. This effect can be described by partial differential equations, so-called “image wave equations.” In
homogeneous media, image-wave equations have been derived for various problems, describing the image
propagation as a function of migration velocity and ellipticity. Extensions to inhomogeneous isotropic and
anisotropic media have been attempted by Adler (2002) and Iversen (2002).

In this paper, we have derived the image-wave equation for depth remigration as a function of the
unknown medium ellipticity, supposing that the horizontal velocity is known from time processing. In this
situation, the dislocation of the reflector image is purely vertical.

The image-wave equation describing the problem of depth stretch due to the medium ellipticity is a
simple one-dimensional one-way wave equation or advection equation with variable propagation velocity.
As such, it is easy to find a stable FD implementation that simulates the image-wave propagation. The fact
that this image-wave equation does not depend on the horizontal coordinates nor on the actual values of
the horizontal and vertical velocities points towards its high potential of being useful in inhomogeneous
media. Moreover, the equation remains the same for nonzero-offset data and can therefore even applied to
the depth stretching of prestack migrated images.

A simple synthetic data example in a homogeneous, elliptically anisotropic model demonstrates that the
present image-wave equation correctly positions reflector images in depth when the true medium ellipticity
is reached. This can provide an easy means of well-tie improvement with simultaneous repositioning of
the whole reflector image, together with providing an estimate of the medium ellipticity.

Of course, elliptic anisotropy is a rather simplistic approximation to the real world. Nonetheless, it can
be considered an ideal link from isotropy to anisotropy. Compared to isotropy, it presents an additional
degree of freedom that should be sufficient in many cases to improve well-ties by simple ellipticity prop-
agation of the migrated image, On the other hand, compared to more realistic types of anisotropy, it has
the advantage that only one additional parameter needs to be determined from the data. Thus, elliptical
anisotropy should be thought of as a lowest-order approximation to more realistic situations.
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Figure 6: Image propagation to u = 4400.0 m/s.
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Figure 7: Image propagation to u = 4500.0 m/s.
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Figure 8: Image propagation to u = 4600.0 m/s.
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Figure 9: Image propagation to u = 4500.0 m/s. Also shown as white lines are the correct positions of the
reflector images in a time-migrated section.
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Figure 10: Depth conversion of the final time migrated image of Figure 7 using the best possible time-
migration velocity v = 4500.0 m/s. Also shown as white lines are the true positions of the reflectors.
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Figure 11: Image propagation to γ = 0.92, i.e., v = 4140.0 m/s
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Figure 12: Image propagation to γ = 0.835, i.e., v = 3760.0 m/s
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Figure 13: Image propagation to γ = 0.75, i.e., v = 3380.0 m/s
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Figure 14: Image propagation to γ = 0.665, i.e., v = 3000.0 m/s
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Figure 15: Image propagation to γ = 0.58, i.e., v = 2610.0 m/s
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APPENDIX A

DERIVATION FOR OFFSET DATA

For a source-receiver pair displaced along the x axis with half-offset h from one another, the reflection
traveltime (equation 4) reads

T (ξ, η;x, y, z) =
1
u

(S + R), (27)

where

S =
√

[x− (ξ − h)]2 + (y − η)2 + γ2z2, (28)

R =
√

[x− (ξ + h)]2 + (y − η)2 + γ2z2. (29)

As before, this traveltime must not vary when changing γ to γ0, i.e., T (ξ, η;x, y, z) must be equal to

T (ξ, η;x0, y0, z0) =
1
u

(S0 + R0), (30)

where

S0 =
√

[x0 − (ξ − h)]2 + (y0 − η)2 + γ2
0z2

0 , (31)

R0 =
√

[x0 − (ξ + h)]2 + (y0 − η)2 + γ2
0z2

0 . (32)

Thus, the offset version of equation 6 reads

F = S + R− S0 −R0 = 0. (33)

The condition that the derivatives of F with respect to ξ and η must be zero yields

ξ − h− x

S
+

ξ + h− x

R
=

ξ − h− x0

S0
+

ξ + h− x0

R0
(34)

η − y

S
+

η − y

R
=

η − y0

S0
+

η − y0

R0
. (35)

It is clear that the last three equations are simultaneously fulfilled by the relationships between the coor-
dinates given in equations 9, 10, and 12. Consequently, the remaining considerations remain the same as
discussed in the zero-offset case.
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Alternative derivation

Another way of expressing the independence of the traveltime (equation 27) of γ is by requiring γ to depend
in such a way on the coordinates (x, y, z) of the reflection point that a change in these coordinates does
not imply a change in traveltime. In other words, after substituting the image-wave eikonal γ = Γ(x, y, z)
in the reflection traveltime (equation 27), we must require that the total derivative of T (ξ, η;x, y, z) with
respect to the coordinates be zero, i.e.,

dT

dx
= 0 =

∂T

∂x
+

∂T

∂γ

∂Γ
∂x

, (36)

dT

dy
= 0 =

∂T

∂y
+

∂T

∂γ

∂Γ
∂y

, (37)

dT

dz
= 0 =

∂T

∂z
+

∂T

∂γ

∂Γ
∂z

. (38)

From these identities, we immediately obtain the following expressions for the derivatives of the image-
wave eikonal Γ(x, y, z)

∂Γ
∂x

= − ∂T

∂x

/
∂T

∂γ
, (39)

∂Γ
∂y

= − ∂T

∂y

/
∂T

∂γ
, (40)

∂Γ
∂z

= − ∂T

∂z

/
∂T

∂γ
. (41)

The partial derivatives of T (ξ, η;x, y, z) with respect to γ and the coordinates x, y, and z are easily
calculated as

∂T

∂γ
=

1
u S

Γz2 +
1

u R
Γz2 =

1
u

Γz2

(
1
S

+
1
R

)
, (42)

∂T

∂x
=

x− ξ + h

u S
+

x− ξ − h

u R
, (43)

∂T

∂y
=

1
u S

(y − η) +
1

u R
(y − η) =

y − η

u

(
1
S

+
1
R

)
, (44)

∂T

∂z
=

1
u S

Γ2z +
1

u R
Γ2z =

1
u

Γ2z

(
1
S

+
1
R

)
. (45)

We now need to use these equations to eliminate ξ and η from equations 39 to 41. Though equations
42 to 45 are high-order equations in ξ and η that are hard to solve, this elimination can easily be achieved
by substitution of equations 42 and 45 in expression 41. This yields

∂Γ
∂z

= −Γ
z

, (46)

which is identical to the zero-offset image-wave eikonal equation (equation 16). Therefore, the image-wave
equation for the nonzero-offset case is again given by

pz =
γ

z
pγ . (47)
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ABSTRACT

The localization of seismic events is not only of great importance in seismology but also in exploration
seismics for hydro frac and reservoir monitoring. We introduce a new localization technique which
does not require any picking of events in the individual seismograms of the recording network. The
localization is performed by a modified diffraction stack of autocorrelated seismograms to obtain the
source location. Numerical results for 2-D homogeneous media indicate, that the method provides
very good results if the velocity model is correct. For this case we show that the maximum amplitude
of the stacking process occurs at the exact location of the source. Numerical examples reveal that
satisfactory results are obtained with the stacking procedure even if the velocity model is not precisely
known.

INTRODUCTION

The problem of earthquake location is one of the most basic problems in seismology. It is stated as fol-
lows (Pujol, 2004): Given a set of arrival times and a velocity model, determine the origin time and the
coordinates of the hypocenter of the event. This definition inherently assumes that the arrivals of an event
are visible on a certain number of stations of the observing array. It also means, that the arrival has to be
identified in the seismogram prior to the actual localization of the event. This not only requires the correct
identification of the onset of the arrivals but also the proper correlation of the event among the different
stations of the network.

Source location methods are categorized into absolute location methods and relative location methods.
For the first type, the determination of the excitation time and hypocenter of a seismic source is tradi-
tionally performed by minimizing the difference between the observed and predicted arrival times of the
seismic event. For recent advances in seismic event location using such approaches see, e.g., Thurber and
Rabinowitz (2000). The second class of methods considers relative location within a cluster of events us-
ing travel time differences between pairs of events or stations, see, e.g., Waldhauser and Ellsworth (2000).
These methods allow improvement of the relative location between seismic sources but are exposed to the
same difficulties mentioned above. For all mentioned techniques, it is assumed that the event is visible on
at least a few stations of the recording array.

Recently, Gajewski and Tessmer (2005) introduced a localization method based on reverse modeling
(back projection with time reversal) which does not require any picking of events. Another advantage of
this method is the focussing of energy in the back projection process which allows to image very weak
events which could not be identified in the individual seismogram of the recording network.

Back projection can also be performed by stacking of amplitudes of seismic traces. We will first intro-
duce the methodology of the stacking approach which is different to stacking seismic reflection data since
the excitation time of the source is not known. Numerical 2-D examples using the correct and erroneous
velocities illustrate the capabilities of the suggested approach.
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METHODOLOGY

In a passive seismic experiment, the seismic network records all seismic events emitted during a certain
time periode. The start of the recording is denoted by t1 and the end of the recording is t2. The excitation
time of the event as well as the location in the subsurface are initially not known. Here,we consider acoustic
emissions with small magnitude, i.e., point source events. The spatial extent of the fault plane for these
events is small compared to the prevailing wavelength of the recorded signal.

For the event location we first discretize the subsurface. The discretization should be small enough
to achieve the required location accuracy which is also limited by the bandwidth of the event under con-
sideration (see, e.g., Gajewski and Tessmer (2005)). The chosen area limits the space where events can
be located. The number of receivers, the receiver spacing and the aperture are given by the acquisition
geometry of the passive seismic experiment. Here we consider 2-D examples and the seismic networks are
linear equally spaced surface arrays. The receiver coordinate is specified by ξ and the aperture is 2L.

Source location

Every point of the discretized subsurface is considered as a potential source position. First we consider
a homogeneous medium and assume that the velocity is known prior to localization. For this case travel-
times τ(ξ;x, z) at the surface location ξ for each subsurface location (x, z) are uniquely defined and are
obtained analytically. The recorded seismograms for the time window from t1 to t2 serve as input data.
The amplitudes of each trace are stacked along the diffraction traveltime curve for the subsurface point
(x, z) under consideration. If the traveltime is between two samples of the seismogram, amplitudes may
be interpolated. Since we do not know the excitation time of the source the stack needs to be performed
for any possible origin time T within the recorded time window leading to (t2 − t1)/∆t stacks for this
particular location. This means, we are shifting the traveltime curve through the recorded time window and
stack for each time step. Finally the amplitudes of the stack are squared and summed for all considered
times. The result comprises the value of the so called image function IM for the position (x, z). This
procedure is repeated for all possible subsurface locations (loops over all possible x and z) which leads to
a section of the image function. The source location is obtained by searching the maximum of the image
function IM(x, z)

If we assume that the amplitudes of the seismic traces are constant (e.g., by normalization in the time
window under consideration) we can formally describe this process and investigate the image function
analytically. The seismic trace with the seismic event is expressed by the high frequency representation,

u(ξ, t) = Af [t− τ0(ξ;x0, z0)],

where A is the constant Amplitude (assumed to be unity in the following) and τ0(ξ;x0, z0) is the travel time
for the event generated by the source at position (x0, z0) and recorded at location (ξ, 0) at the recording
surface. We perform the stack along the diffraction time τ(ξ;x, z) over the whole aperture 2L for a time
t = T +τ(ξ;x, z) where T corresponds to a time within the recording window from t1 to t2. The diffraction
time τ(ξ;x, z) corresponds to the traveltime from location (ξ;x, z) to the receivers at ξ. This process is
formally described by

W (T, x, z;x0, z0) =
∫ L

−L

f [ξ, T + τ(ξ;x, z)− τ0(ξ;x0, z0)]dξ. (1)

According to the description of the previous paragraph, the image function at (x, z) is obtained by squaring
and adding the results of Eq. 1 for each time step over the whole recording window leading to the integral

IM(x, z) =
∫ t2

t1

W 2(T, x, z;x0, z0)dT. (2)

Finally, the source location is determined by searching the maximum of the image function (Eq. 2), i.e.,

max (IM(x, z)) = IM(x0, z0).

In the next section we will investigate the image function in some more detail and we show that for a
correct velocity model the location of the maximum of the image function in fact corresponds to the source
location.
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Properties of the image function

We consider the Fourier transform of a signal f , i.e,

f [ξ, T + τ(ξ;x, z)− τ0(ξ, x0, z0)] =
∫ ∞

−∞
F (ω)eiω(τ(ξ,x,z)−τ0(ξ,x0,z0)+T )dω ,

where F (ω) is the spectrum of the event and ω is frequency. Using this expression the stack integral (Eq.
1) reads:

W (T, x, z;x0, z0) =
∫ L

−L

dξ

∫ ∞

−∞
F (ω)eiω(τ(ξ,x,z)−τ0(ξ,x0,z0)+T )dω (3)

Let us now introduce a function S according to the relation

S(ω, x, z;x0, z0) =
∫ L

−L

eiω[τ(ξ,x,z)−τ0(ξ,x0,z0)]dξ (4)

which allows to rewrite the stack integral (Eq. 3) in the following form:

W (T, x, z;x0, z0) =
∫ ∞

−∞
F (ω)S(ω, x, z;x0, z0)eiωT dω.

The image function is obtained by squaring the stacked result W and integration over the recording time
window. Since we can always add zeroes to the signal (zero padding) we will perform the time integration
without limits, i.e.,

IM(x, z;x0, z0) =
∫ ∞

−∞
W 2(T, x, z;x0, z0)dT =

1
2π

∫ ∞

−∞
|F (ω)|2|S(ω, x, z;x0, z0)|2dω , (5)

where we have applied Parseval’s theorem to obtain the last equality. Obviously, function S has a
maximum when the traveltimes τ(ξ, x, z) and τ0(ξ, x0, z0) coincide. For the correct velocity model this
leads to the condition x = x0 and z = z0 and

max(|S(ω, x, z;x0, z0)|) = |S(ω, x0, z0;x0, z0)| ,

i.e., the maximum of function S is obtained, if the considered subsurface point coincides with the actual
source position at (x0, z0). The same applies to the location of the maximum of the image function IM .
Moreover, the image function at the source location corresponds to the sum of the autocorrelation of each
recorded trace. A similar result is obtained if we apply the reciprocity principle and time reversal as used
in the reverse modeling approach by Gajewski and Tessmer (2005).

The above procedure allows to determine the source position from the data without picking. Due to
the stacking of energy (squared amplitudes) involved in this procedure even small events not visible in a
single seismic trace may be imaged (see Gajewski and Tessmer (2005)). Another important parameter in
the passive seismic method is the excitation time of the event. How this parameter is determined from the
data is described in the next section.

Determination of excitation time

To determine the excitation time of a source which was located at a position (x̂, ẑ) by the technique de-
scribed above (corresponding to the exact source coordinates (x0, z0) for the homogeneous case), we
suggest the following procedure. By evaluating function W 2 (see Eq. 1), i.e., squaring and stacking
the amplitudes of the data along the traveltime curve τ(ξ, x̂, ẑ) for time T , we obtain one data point
W 2(T, x̂, ẑ, x0, z0). Considering all possible times from t1 ≤ t ≤ t2 we obtain a time series of N points
for function W 2(t, x̂, ẑ, x0, z0). The excitation time t0 is given by the maximum of this function, i.e., at
the time where the maximum amplitude of this time series is observed:

max(W 2(T, x̂, ẑ;x0, z0)) = W 2(t0, x̂, ẑ;x0, z0) .

So far we have assumed that the velocity model is known. In the next section we apply techniques based
on path integrals to determine the source location with unknown velocity models.
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Unknown velocity model

The procedure we suggest here is inspired by path integrals (Feynman and Hibs, 1965) which were recently
introduced to seismic migration for imaging without precise velocities (see, e.g., Landa and Moser (2006);
Landa (2005, 2004)). Generally we can stack along any kind of trajectory and determine maximum co-
herency of the results. Here we assume that the stacking trajectories are hyperbolic curves. We allow for
varying shapes (i.e., moveouts) of the stacking operator according to different velocity models and stack
the results, i.e., we perform an additional integration over the velocities. This leads to a stacked version Ŝ
of the above described function S (see Eq. 4) which reads:

Ŝ(ω, x, z;x0, z0) =
∫ v2

v1

∫ L

−L

eiω[τ(ξ;x,z)−τ0(ξ;x0,z0)]dξdv ,

where the traveltimes τ(ξ;x, z) need to be determined for each individual velocity for the velocity v, which
varies from v1 to v2 for homogeneous models. The image function is obtained in the same way as described
in the previous section according to Eq. 4 but using Ŝ instead of S. Again, the source location is found at
the maximum of the image function.

In the next section we present numerical examples for homogeneous models which demonstrate the
potential of the procedures and techniques described in this section.

NUMERICAL EXAMPLES

0 19801200

Receivers

Source
2000

Medium velocity 3000 m/s

Figure 1: Homogeneous model with v = 3000 m/s.

Location with known velocity

In this section the procedure described above is applied to a synthetic data set. The seismograms are
generated by a pseudo spectral Fourier modeling code. The model is homogeneous with a velocity of 3
km/s. The grid spacing is 10 m and we consider a total number of 198 receivers. Model and acquisition
are displayed in Fig. 1. The seismic source is located at x=1200 m and a depth of z=2000 m. The location
of the source is asymmetric with respect to the center of the recording network. A time-shifted Ricker-
wavelet is used in order to simulate a minimum phase wavelet since this best fits real data. The synthetic
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Figure 2: Seismogram with traveltime curves for the exact source location (thick line) and the position
determined by the diffraction stack (thin line) for the signal with 100 Hz prevailing frequency.
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Figure 3: Determined excitation time for a source with 50 Hz prevailing frequency. observed at x=1200
m.
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Figure 4: Determined excitation time for a source with 75 Hz prevailing frequency. observed at x=1200
m.
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Figure 5: Determined excitation time for a source with 100 Hz prevailing frequency. observed at x=1200
m.

0.60 0.65 0.70 0.75
Time [s]

198

Figure 6: Determined excitation time for a source with 125 Hz prevailing frequency. observed at x=1200
m.
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X location error Z location error
Frequency [Hz] Absolute [m] Relative [%] Absolute [m] Relative [%]

25 11.8 1.0 99.4 5.0
50 3.0 0.25 28.2 1.41
75 1.0 0.001 10.0 0.005
100 0.2 0.02 7.0 0.6
125 0.01 0.0001 5.4 0.3

Table 1: Location difference of the maximum of the image function from the exact source location for
varying frequencies of the source signal.

seismograms are processed in the above described way to determine source location and excitation time.
The discretization of the subsurface used for the diffraction stack to determine the image function is 0.2 m.
If the traveltime for the probed subsurface position is between two samples, the amplitude of the sample
closest to the considered traveltime is used. Since this is a synthetic study the results for the determined
source locations are compared with the known values of the modeling

In a first test we investigated the location and timing accuracy with respect to the frequency content of
the signal where the correct velocity model is used. The results of the numerical experiments are summa-
rized in Table 1.where signals with prevailing frequencies from 25 to 125 Hz with a frequency step of 25
Hz are considered. The prevailing wavelength for the 125 Hz signal is 24 m. This is already close to the
limits of the Fourier modeling of the synthetic data which requires a minimum of 2 samples per shortest
wavelength (a 10 m spatial sampling was used for the modelling). We see from Table 1 that the maximum
of the image function is closer to the real source position for higher frequencies than for lower frequencies.
We observe a continuous increase in the difference of the location of the maximum of the image function
from the real source location.

Since the imaging function as described above corresponds to stacking of autocorrelated seismograms,
the phase of the signal is removed and has no influence on the stacked result. However, the location where
the maximum amplitude of the imaging function is observed depends on frequency. Moreover, the location
uncertainty increases with decreasing frequency since the focal area of the image function is wider for
lower frequencies than for higher frequencies. The maximum of the image function is located in this focal
area and represents the most likely location of the source. Images of the focal area are displayed in the
paper by Gajewski and Tessmer (2005).

After the source location is determined we evaluate the excitation time. The combined result of source
location and excitation time determination is displayed in Fig. 2 for a source signal with 100 Hz prevailing
frequency. Since the determined source location does not perfectly coincide with the exact source location
the moveout of the curve representing the traveltime of the determined location (thin line) does not coincide
perfectly with the moveout of the traveltime curve for the exact location. Due to the location error, also the
times do not perfectly coincide. The differences, however, are small. Figs. 3 - 6 display the seismogram
at x=1200, i.e., above the source location, for prevailing frequencies from 50 to 125 Hz. The determined
arrival time is indicated by a vertical line.

So far we have assumed, that the velocity model is known. For a typical reservoir environment this
is no limitation since usually reliable velocity models from 3-D seismics and down hole observations
are available. If the velocity model is not precisely known we can apply the additional integration over
velocities as described above. In the following section we present numerical examples for this case.

Location with unknown velocities

A velocity range from 2.7 km/s to 3.3 km/s is considered, which corresponds to a maximum velocity
variation of ±10%. A signal with 100 Hz prevailing frequency is used and the spatial discretization for the
location procedure with the diffraction stack is again 0.2 m. We first perform the location with the velocities
individually without the integration suggested above, i.e., we perform the diffraction stack separately for
each velocity starting with 2.7 km/s until 3.3 km/s with a velocity increment of 0.1 km/s.

As expected, the results in Table 2 show that the location accuracy considerably decreases with wrong
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X location error Z location error
Velocity [m/s] Absolute [m] Relative [%] Absolute [m] Relative [%]

2700 34.6 2.9 159.4 8.0
2800 21.0 1.8 91.0 4.6
2900 11.2 0.9 39.4 2.0
3000 0.2 0.02 7.0 0.4
3100 0.2 0.02 65.8 3.3
3200 1.6 0.1 129.4 6.5
3300 1.0 0.08 195.2 9.8

Table 2: Location accuracy for the diffraction stack using different velocity models. The correct velocity
is 3000 m/s.

X location error Z location error
Velocity incr. [m/s] Absolute [m] Relative [%] Absolute [m] Relative [%]

25 6.6 0.6 106.6 5.3
50 6.3 0.5 126.8 6.3
100 7.2 0.6 130.0 6.5
300 6.2 0.5 159.2 8.0

Table 3: Location accuracy for the image functions according to Eq. 4 where different velocity increments
where used in the stacks.

velocities. Since we consider homogeneous models and an aperture which is almost symmetrical with
respect to the source location the lateral position errors are much smaller than the depth errors. For the
maximum velocity variation of -10% we observe a depth error of about 8 % and a lateral location error of
about 3%. The increase in error with velocity model difference is non-linear. The lateral location error is
smaller for larger velocities than for smaller velocities.

If we additionally perform an integration over velocities by stacking the image functions determined for
the different velocities, we obtain a new section. If we search for the maximum amplitude in this section
of stacked image functions the location errors as listed in Table 3 are obtained. For a velocity increment of
100 m/s the location accuracy in depth has a relative error of 6.5 % which is better than the values obtained
for the individual stacks for 2.7 km/s (8.0 %) and 3.3 km/s (9.8 %). If the velocity increment is decreased
to 25 m/s we can improve the location accuracy to 5.3 % by the stack of the image functions. Even if only
a rough velocity model is known the summation of all sections determined for the different velocities may
lead to an improved location result if compared to a location obtained for a single but wrong velocity.

CONCLUSIONS

We have suggested a new procedure to determine the location of seismic point source events where no
picking of arrivals is required. The method is based on the determination of an image function which com-
prises a stack of autocorrelated seismograms along diffraction curves. It was shown that for homogeneous
media the maximum of this image function corresponds to the point source location if the velocity model
is known. Numerical examples indicate that the location accuracy depends on the frequency content of the
event. The location accuracy considerably decreases if the velocities are not precisely known. The stack
over image functions obtained for a range of possible velocities may improve the location accuracy if the
exact velocities are not known.

All results may be applied to arbitrary velocity models with vertical and lateral velocity variations. For
this case the determination of diffraction traveltimes may require ray tracing. If the velocity is a space
dependent function, i.e., v = v(x, z), the integration over v has to be performed for different velocity
models.

Surface receiver networks were considered in this study. However, the method is applicable in a similar
fashion to downhole networks or a combination of downhole and surface networks. The combined down-
hole and surface observation considerably improves illumination and should lead to better localization.
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The most important part of the stacking procedure is the determination of the traveltimes from the potential
source location to the surface or downhole receivers. Very efficient tools are available for this purpose for
2-D and 3-D media which are used for Kirchhoff migration of reflection data. Therefore the extension of
the location procedure to 3-D media is straight forward.
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ABSTRACT

True-amplitude Kirchhoff migration is a task of high computational effort. A substantial part of this
effort is spent on the calculation of Greens functions (GFTs), i.e. traveltime tables and amplitude-
preserving weight functions. So far, dynamic ray tracing (DRT) had to be applied to generate the
GFTs. However, DRT is an expensive and complicated task if anisotropy has to be considered. Also,
storing the GFTs leads to large demands in computer storage in addition to the high requirements in
CPU time. In this paper we propose a strategy to compute the weight functions directly from coarsely-
gridded traveltimes. Together with a fast and accurate method for the interpolation of the traveltimes
onto the required fine migration grid, this leads to savings in storage. Since the traveltimes can be
computed with other methods, DRT is no longer required. This traveltime-based approach has already
been successfully applied in isotropic media. A synthetic example now demonstrates the extension of
the method for anisotropic multi-component data.

INTRODUCTION

True-amplitude prestack depth migration can be implemented as a specific form of Kirchhoff migration. In
addition to providing a focused structural image of the subsurface, information on the reflection strength at
the discontinuities in the medium is also available from such an image. This information can be used for
AVO studies, which play a key role in reservoir characterisation.

True-amplitude migration is carried out in terms of a weighted diffraction stack. For each subsurface
point, the seismic traces are stacked along the diffraction time surface for that point. Individual weight
functions are applied during the stack to recover the reflection amplitude. The weights depend on dynamic
wavefield properties which are usually computed by dynamic ray tracing (DRT) together with the diffrac-
tion traveltimes. For a 3D experiment this results in a tremendous amount of auxiliary data which have to
be generated and stored, thus making true-amplitude migration a task of high computational costs.

During recent years, multi-component acquisition has become an emerging technology. Since seismic
anisotropy has a large impact on the behaviour of shear wave propagation, it must be considered during
the processing of such data. For true-amplitude migration of multi-component data in the presence of
anisotropy, the weight function must be chosen accordingly (see, e.g., Druzhinin, 2003). In addition to
the computational costs of DRT in anisotropic media which are much higher than in the isotropic case,
DRT in any type of medium requires continuity of first- and second-order spatial derivatives of the elastic
parameters.

We suggest to circumvent the problems associated with DRT by applying the traveltime-based strat-
egy for true-amplitude migration in anisotropic media described in this paper. Here, the requirements in
computer storage are significantly reduced, as the only auxiliary quantity required are the diffraction travel-
times, sampled on coarse grids. A fast and accurate interpolation is applied to obtain the stacking surfaces
on the fine migration grid. We have originally introduced this strategy for isotropic media (Vanelle et al.,
2006). In this paper, we present the extension to anisotropy. As the new anisotropic weight functions can
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be directly expressed in terms of the interpolation coefficients, this implementation does not require DRT,
if other methods are used for the computation of the diffraction traveltime tables. A suitable method is,
e.g., kinematic ray tracing which requires only continuity of first-order model derivatives and generates
multi-arrival traveltimes also for anisotropic media.

In the next section we will begin with an outline of the method. After a short introduction to true-
amplitude migration, we will describe the traveltime-based strategy in detail, including the traveltime
interpolation and the determination of the weight functions. We will then illustrate the method with a
synthetic multi-component data example, and end the paper with our conclusions.

METHOD

True-amplitude migration in anisotropic media

For simplicity, we will consider a 2.5D symmetry in this paper, where the medium does not vary in the
direction perpendicular to the acquisition line. In terms of anisotropy, this also requires that the in-line di-
rection is a symmetry plane for the wave propagation. The method, however, has an equivalent formulation
for the 3D case with arbitrary anisotropy, where the restriction to symmetry planes is not necessary.

Following the derivation of Schleicher et al. (1993), Martins et al. (1997) have shown that in 2.5D
the true-amplitude migrated output V (M) at the subsurface point M can be obtained from the weighted
diffraction stack described by

V (M) =
1√
2π

∫
A

dξ W (ξ,M) D
−1/2
t U(ξ, t)

∣∣∣∣
t=τD(ξ,M)

. (1)

In Equation (1) the operator D
−1/2
t denotes the Hilbert transform of the time half-derivative of the seismic

data U(ξ, t), where the data are assumed to consist of analytic traces. The integration is carried out over
the aperture A which contains the considered trace positions represented by the so-called configuration pa-
rameter ξ. The stacking curve is the diffraction traveltime t = τD(ξ, M) for the depth point M , calculated
in a previously determined macro-velocity model.

After a transformation to the frequency domain, the integral (1) can be solved in the high frequency
limit by applying the method of stationary phase (Bleistein, 1984). This leads to the weight function

W2.5D(ξ, M) =

√
ρ(G)
ρ(S)

√
vz(G) vz(S)

V (S)
1

G(S, γ)
×

|N (r)
SMΣ + N

(r)
GMΓ|√

|N (r)
SM N

(r)
GM |

√
σSM + σGM e−i π

2 (κSM+κGM ) , (2)

where ρ(S) and ρ(G) are the densities at the source and the receiver, respectively. The phase velocity at
the source is denoted by V (S), and vz(S) and vz(G) are the vertical components of the group velocities
at source and receiver. The measurement configuration (e.g., common shot) is described by the scalars Σ
and Γ, the radiation function of the source with the take-off angle γ is given by G(S, γ), and the κI are
the KMAH-indices of the two ray branches, from the source to the image point, and from the receiver to
the image point. Finally, the σI describe the out-of-plane geometrical spreading (see, e.g., Ettrich et al.,
2002, for anisotropic media), and the N

(r)
I are second-order derivatives of the traveltime with respect to the

source (index SM ) or receiver (index GM ) and the tangent plane of the reflector (indicated by the superscript
(r)).

Note that the N
(r)
I are closely related to the DRT quantities Q describing the in-plane geometrical

spreading. It is also possible to express the weight function (2) in terms of DRT quantities, however, the
above formulation is better-suited for the traveltime-based approach suggested in this paper.

The traveltime-based approach

In this section, we will explain how the weight function (2) can be computed from traveltimes only. We
use the following expression for the traveltime from a source S at the position s to a subsurface point M at
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the position m (Vanelle and Gajewski, 2002):

T 2(s,m) = (TSM − pSM∆s + qSM∆m)2

−2 TSM ∆s ·NSM∆m

−TSM (∆s · SSM∆s−∆m ·GSM∆m) . (3)

Equation (3) is a hyperbolic expansion of the traveltime in source and subsurface point coordinates. The
traveltime TSM is that from the source at s0 to the subsurface point at m0. We will refer to the combinations
of (s0,m0) as the expansion points that are represented by the coarse grid. The slowness vectors pSM and
qSM are the first-order traveltime derivatives at the source and subsurface point, respectively. The three
matrices

SSMij = − ∂2T

∂si ∂sj
, GSMij =

∂2T

∂mi ∂mj
,

NSMij
= − ∂2T

∂si ∂mj
, (4)

are the second-order derivatives of the traveltime. Since the traveltimes are in any event required for the
stacking surface, we assume that these are available and sampled on coarse grids. As described in Vanelle
and Gajewski (2002), the coefficients in Equation (3) can be determined from the traveltime tables, with
the exception of the vertical slowness at the source. This coefficient can be directly obtained following
Červený and Pšenčík (1972) for the 2.5D case, or Vanelle and Gajewski (2004) for the 3D situation with
arbitrary anisotropy. Once the slowness vector is known, we can compute the group velocity and its vertical
component (Červený and Pšenčík, 1972). We apply a corresponding expression for the traveltime from a
receiver G at the position g to a subsurface point M .

The coefficients can then be applied for the interpolation of the traveltimes onto the fine migration grid.
If only first-arrival traveltimes are given, the KMAH indices are zero. If later arrivals are considered, it is
convenient to generate the tables for the individual arrivals with an algorithm that outputs them sorted by
KMAH, e.g., with the wavefront-oriented ray tracing technique by Coman and Gajewski (2005), and its
extension to anisotropic media (Kaschwich and Gajewski, 2003).

Note that the second-order derivative matrices in Eq. (4) are taken in Cartesian coordinates (x, z),
whereas the N

(r)
I are taken in the reflector tangent plane. The N

(r)
I are obtained from the NIij

by

N
(r)
I = NIxx

cos β −NIxz
sinβ , (5)

where
β =

qSMx + qGMx

qSMz
+ qGMz

. (6)

Finally, with

σI =
1

NIyy

(7)

the weight (2) can be computed from the coefficients of Equation (3).
In the following section, we will apply the traveltime interpolation (3) and the weight functions (2) to a

synthetic data set.

EXAMPLE

We have applied the method to the simple anisotropic velocity model displayed in Figure 1. In both layers
we chose ε = δ = 0.1 because this enabled us to compute the analytical reflectivity for comparison with
the migration results. Ray synthetic seismograms were generated for an explosion source. The required
traveltime tables for the qP- and SV-waves were computed analytically. These were the only input data
needed for the computation of the true-amplitude weight functions (2).

The depth-migrated PP section is shown in Figure 2a; the PS section in Figure 2b. Since we have used
the correct elastic parameters for the generation of the traveltimes, the migration result shows the reflector
imaged in the correct location.
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Figure 1: The anisotropic velocity model. Thomsen’s parameters were chosen as ε = δ = 0.1 and γ = 0.1.

Since another aim of the true-amplitude migration is to recover the reflectivity, we have picked the
amplitudes from the image gathers. The results are shown together with the analytic solutions in Figure
3a for the PP result, and in Figure 3b for the PS result. As we can see, both reconstructed AVO curves
coincide with the analytic values. The deviations at higher offsets are caused by the limited extent of the
receiver line. Due to the asymmetry of the ray paths, the offset range is different for the PP and the PS case.

CONCLUSIONS

By applying the traveltime-based strategy for true-amplitude migration in anisotropic media we can obtain a
dynamically correct depth migrated image without the need for dynamic ray tracing. Although the example
shown was simple, we conclude that the method is equally suited for complex situations. This conclusion
is supported by the application of our method to complex isotropic examples (Vanelle et al., 2006), as well
as the accuracy of the determination of geometrical spreading from traveltimes for 3D anisotropic models
(Vanelle and Gajewski, 2003), using the same coefficients as the weight function introduced in this paper.
The extension to three dimensions is straightforward.

ACKNOWLEDGEMENTS

We thank the members of the Applied Geophysics Groups in Hamburg for continuous discussions. This
work was partially supported by the sponsors of the Wave Inversion Technology (WIT) Consortium and
the German Research Foundation (DFG, grants Ga 350/11 and Va 207/2).

REFERENCES

Bleistein, N. (1984). Mathematical methods for wave phenomena. Academic Press.
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Figure 2: (a) The depth-migrated PP section, and (b) the depth-migrated PS section
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Figure 3: AVO for (a) PP reflections and (b) PS reflections: the reconstructed reflectivity (solid red line)
coincides with the analytic solution (blue dashed line).
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ABSTRACT

In homogeneous media, the two-way wave operator can be substituted by the product of two one-
way wave operators each of which generates a one-way wave equation. One of these equations has
a downgoing wave and the other has an upgoing wave as a solution. Those one-way waves have
the same traveltime and amplitudes as the full wave since they satisfy the same eikonal and transport
equation. However, in heterogeneous media, the standard one-way waves satisfy only the same eikonal
equation as the full wave. Thus, in this case, the amplitudes of the migrated section obtained through a
migration method based on the standard wave equations are incorrect. However, the standard one-way
waves can be modified in order to produce the true amplitude one-way waves, which not only have
the same traveltimes but also the same amplitudes as the full wave. They use these true amplitudes
one-way wave equations to preserve the amplitudes in common-shot wave-equation migration. Our
goal is to modify phase-shift migration in such a way that it uses the true amplitude one-way wave
equations instead of the standard ones, in order to realize a true amplitude wave equation migration
for zero-offset data.

INTRODUCTION

Many seismic migration methods, particularly those directly based on the wave equation, take only care
of the kinematic aspects of the imaging problem (i.e., the position and structure of the seismic reflectors),
while incorrectly treating the dynamics (amplitudes, related to the energy carried by the seismic wavefield).
However, as post-migration AVO and AVA studies are becoming more and more important, the correct
treatment of migration amplitudes becomes imperative.

In this work, we study wave-equation migration based on one-way wave equations. We are interested in
such one-way wave equations that correctly describe not only the traveltime but also the amplitude of the
resulting one-way waves. These one-way wave equations are referred to as true-amplitude one-way wave
equations.

In homogeneous media, the product of the two differential operators of the two one-way wave equations,
which are first-order differential equations, yields the differential operator of the full wave equation. The
one-wave wave operators allow to separate the full wavefield into its components traveling in different
directions. Generally, the factorization is used to split the wavefield into its up- and downgoing parts. In
this form, the one-way wave equations are useful in modeling and, principally, in migration.

In a homogeneous medium, traveltimes and amplitudes of the one-way waves, i.e., the solutions of the
so-obtained one-way wave equations, are identical to those of the solution of the full wave equation. How-
ever, in inhomogeneous media, the use of the same one-way wave equation leads to different amplitudes
than those of the solution of the full wave equation.

Recently, Zhang et al. (2003) showed how to modify the differential operators of the one-way wave
equations such that, in zero-order ray approximation, the amplitudes are the same as those governed by the
full wave equation. They have shown how to use the modified one-way wave equations in finite-difference
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true-amplitude common-shot wave-equation migration. Here, we transfer their ideas to poststack (zero-
offset) phase-shift migration (Gazdag, 1978) using the true-amplitude one-way wave equations. Since
wave-equation migration needs data that are result of a single wave equation, we adopt the strategy of
Bleistein et al. (2001) to transform the dynamics of zero-offset data to those of exploding-reflector data.

METHOD

We consider the two-dimensional acoustic wave equation

Lu = ∇2u− 1
c2

∂2u

∂t2
= 0 , (1)

where u = u(x, z, t) is the seismic wave field, and where the propagation velocity c may be constant or
depend on one or two spatial coordinates.

Ray equations

Let us start with the simple case of a velocity that depends only on depth, i.e., c = c(z). In this case,
the solution of equation (1) can be found using its Fourier transform in time as well as in the horizontal
coordinate, viz.

∂2u

∂z2
+ ω2p2

zu = 0 . (2)

Here, we have introduced the horizontal and vertical components of the slowness vector,

px =
kx

ω
(3)

and
pz =

kz

ω
= ± 1

c(z)

√
1− (c(z)px)2 , (4)

where kx is the wavenumber component relative to coordinate x and

kz = ±
√

ω2

c2
− k2

x =
ω

c

√
1− (ckx)2

ω2
. (5)

Substitution of the ray ansatz

u(x, z, ω) = A(x, z) exp{iωτ(x, z)} (6)

in the Helmholtz equation (2) leads to the eikonal and transport equations(
∂τ

∂z

)2

= p2
z :

∂τ

∂z
= ±pz , (7)

and

2
∂τ

∂z

∂A

∂z
+

∂2τ

∂z2
A = 0 . (8)

Taking the derivative of the eikonal equation (7) with respect to z using Snell’s law ∂px

∂z = 0, we find

∂2τ

∂z2
= ±∂pz

∂z
= ∓ 1

c3(z)pz

∂c(z)
∂z

. (9)

Substitution of this result in the transport equation (8) yields

±
[
2pz

∂A

∂z
− 1

c3(z)pz

∂c(z)
∂z

A

]
= 0 ,

∂A

∂z
− 1

2c3(z)p2
z

∂c(z)
∂z

A = 0 . (10)

In the above expressions, the upper and lower signs refer to the down- and upgoing waves, respectively.
Note that both waves, independently of their predominant propagation direction, must satisfy the same
transport equation.
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TRUE-AMPLITUDE ONE-WAY WAVE EQUATIONS

The one-way wave equations are obtained by factorization of the above full wave equation (1).

Homogeneous medium

For a constant medium velocity, it is easy to verify that the Helmholtz equation (2) can be factorized as[
∂

∂z
± ikz

] [
∂

∂z
∓ ikz

]
u = L±0 L

∓
0 u =

∂2u

∂z2
+ k2

zu = 0 , (11)

where

L+
0 =

[
∂

∂z
+ ikz

]
, L−0 =

[
∂

∂z
− ikz

]
(12)

are the differential operators of the one-way wave equations, once we fix the sign of kz according to

kz = sgn(ω)

√
ω2

c2
− k2

x =
ω

c

√
1− (ckx)2

ω2
. (13)

Therefore, any solution of
L+

0 u+ = 0 or L−0 u− = 0 (14)

is also a solution of the Helmhotz equation (2). This motivates the use of one-wave wave equations in
migration, where only downward propagation is required.

Vertically inhomogeneous medium

Let us now look for solutions of the one-way wave equations (14) of the type

u±(x, z, ω) = A±(x, z) exp{iωτ±(x, z)} . (15)

The resulting eikonal and transport equations read

∂τ±

∂z
= ±pz , (16)

∂A±

∂z
= 0 . (17)

We see that the eikonal equations (7) and (16) are identical, which reflects the well-known fact that
even in homogeneous media, the kinematics of the up- and downgoing waves are correctly described by
the one-wave wave equations. However, comparing the transport equations (8) and (17), we see that they

are identical only in homogeneous media, where
∂c

∂z
= 0.

Therefore, for the one-way wave equations to correctly describe the amplitudes of the up- and downgo-
ing waves, at least up to zero-order ray theory, they need to be modified. The simplest way to do so is by
adding a new term α± to the one-way wave operators L±0 . Doing so, we have the modified equations[

∂

∂z
± ikz + α±

]
u = 0 . (18)

Searching for solutions of the ray type in equation (15), we find the eikonal and transport equations

∂τ±

∂z
= ±pz , (19)

∂A±

∂z
+ α±A± = 0 . (20)
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Comparing these equations with those obtained for the full wave equation [equations (7) and (8)], we
recognize that the eikonal equations are still the same. For the transport equations to be identical, both α±

need to be chosen as

α± = − 1
2c3(z)p2

z

∂c(z)
∂z

. (21)

Thus, the true-amplitude one-way wave equations read{
∂

∂z
∓ iωpz −

1
2c3(z)p2

z

∂c(z)
∂z

}
u = 0 , (22)

which, by construction, describe up- and downgoing waves that possess, in zero-order ray theory approxi-
mation, the same amplitudes and traveltimes as those described by the full wave equation.

GAZDAG MIGRATION

In this section, we adapt the phase-shift migration method of Gazdag (1978, 1980) to the use of the true-
amplitude one-way wave equations as reviewed above. Gazdag’s method is based on the observation that
zero-offset data are kinematically equivalent to those as recorded in a hypothetical experiment with an
exploding reflector (Loewenthal et al., 1976). Thus, solving the one-way wave equation for upgoing waves
with half the medium velocity and setting in the result the time to zero, the so-called imaging condition,
one obtaines a wavefield that is positioned at the reflector.

With the above choice for kz , the one-way wave equation for homogeneous media reads

∂U(kx, z, ω)
∂z

= i
ω

c

√
1−

(
kx c

ω

)2

U(kx, z, ω) . (23)

Its solution, at t = 0, can be represented as

u(x, z, t = 0) =
1
2π

∑
kx

∑
ω

U(kx, z = 0, ω) exp

i

kxx +
ω

c

√
1−

(
kx c

ω

)2

z

∆kx∆ω . (24)

Stolt (1978) gave a fast way of calculating this expression by a two-dimensional fast Fourier transform,
transforming the sum over ω into an inverse discrete Fourier transform over kz .

Vertically inhomogeneous medium

To apply phase-shift migration in vertically inhomogeneous media, Gazdag (1980) divided the medium
into small horizontal layers in such a way that in each layer the velocity can be considered constant. Let us
supposed that the z-axis is divided into Nz such layers, the jth layer of which is

Ij = {z|zj < z < zj+1; j = 1, 2, ..., Nz} . (25)

Denoting the constant velocity in this layer by cj , we can express the migration equation as

U(kx, zj+1, ω) = U(kx, zj , ω) exp

 iω

cj

√
1−

(
kxcj

ω

)2

(zj+1 − zj)

 . (26)

Since the layers can, in principle, be arbitrarily thin, this procedure can achieve an approximation of any
desired precision.

TRUE-AMPLITUDE MIGRATION

We now use the true-amplitude one-way wave equations to introduce amplitude control into Gazdag’s
phase-shift migration. Thus, we need to solve the true-amplitude one-way wave equation{

∂

∂z
− iωpz −

1
2c3(z)p2

z

dc(z)
dz

}
u =

{
∂

∂z
− iωpz − α

}
u = 0 , (27)
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instead of equation (23), where pz is still given by equation (4).
The differential equation (27) can be solved by separation of variables. Integration from initial depth

z0 to final depth zf yields∫ zf

z0

du

u
=
∫ zf

z0

(iωpz + α) dz : ln
(

uf

u0

)
=
∫ zf

z0

(iωpz)dz +
∫ zf

z0

αdz , (28)

from which we find the expression for the wavefield uf at depth level zf ,

uf = u0 exp
{∫ zf

z0

(iωpz)dz +
∫ zf

z0

αdz

}
= u0 exp

{∫ zf

z0

(iωpz)dz

}
exp

{∫ zf

z0

αdz

}
. (29)

Note that the first exponential term in equation (29) is nothing else but the phase correction term of con-
ventional Gazdag migration. The second exponential term gives rise to the amplitude correction in inho-
mogeneous media, provenient from the correction term α in the true-amplitude one-way wave equation
(27).

Homogeneous medium

Let us now analyse the solution of the true-amplitude one-way wave equation (27) for the case of a constant
medium velocity c = c0. In this case, α = 0, because dc(z)

dz = 0. Thus,

∫ zf

z0

(iωpz)dz =
∫ zf

z0

i
ω

c0

√
1−

(
c0kx

ω

)2
 dz

=

i
ω

c0

√
1−

(
c0kx

ω

)2
 (zf − z0) . (30)

Assuming that the initial depth is z0 = 0 and the final depth is zf = z, substitution in the solution (29)
yields

u = u0 exp


i

ω

c0

√
1−

(
c0kx

ω

)2
 z

 , (31)

where u = u(kx, z, ω). This is nothing else but the continuous version of Gazdag’s migration equation
(24) for homogeneous media.

Vertically inhomogeneous media

Let us now suppose that the medium has a vertically varying velocity, i.e., c = c(z). To solve the integral
in the first exponential term, we again divied the depth interval [0, z] in Nz subintervals Ij = {z|zj < z <
zj+1; j = 0, 1, 2, ..., Nz − 1}. We then apply the solution (29) to each single layer, i.e., z0 = zj and
zf = zj+1. Denoting the the wavefield at depth zj as uj = u(kx, zj , ω), we may thus write

uj+1 = uj exp

{∫ zj+1

zj

(iωpz)dz +
∫ zj+1

zj

αdz

}

= uj exp

{∫ zj+1

zj

(iωpz)dz

}
exp

{∫ zj+1

zj

αdz

}
. (32)

From the Mean Value Theorem for integrals, we can evaluate the integral in the first exponent as∫ zj+1

zj

(iωpz)dz = iωpz(ξ)(zj+1 − zj) , where ξ ∈ [zj , zj+1] , (33)
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where pz(ξ) is the value of the vertical slowness vector component at some point ξ within the interval
[zj , zj+1]. If we choose the depth intervals sufficiently small, pz can be well approximated by its mean
value within the depth interval, or by its value as obtained using the mean velocity of the current layer. De-
noting the approximate value of the vertical slowness vector component to be used for the phase correction
by pz , equation (32) reads

uj+1 = uj exp {iωpz(zj+1 − zj)} exp

{∫ zj+1

zj

αdz

}
. (34)

We now need to analyze the integral in the second exponential term of equation (34). For that purpose,
we observe that

ln(pz) = ln

 1
c(z)

√
1−

(
c(z)kx

ω

)2
 :

d ln(pz)
dz

= − 1
c3(z)p2

z

dc(z)
dz

dz = −2α . (35)

Therefore, the integral over α yields∫ zj+1

zj

αdz =
∫ zj+1

zj

(
1

2c3(z)p2
z

dc(z)
dz

)
dz = −1

2

∫ zj+1

zj

d ln(pz)
dz

dz (36)

=
1
2

∫ zj

zj+1

d ln(pz)
dz

dz =
1
2

ln
(

pzj

pzj+1

)
, (37)

which implies

exp

{∫ zj

zj+1

αdz

}
= exp

{
1
2

ln
(

pzj

pzj+1

)}
=
√

pzj

pzj+1

. (38)

Thus, the true-amplitude expression for Gazdag’s layer-stripping approach to phase-shift migration
reads

uj+1 = uj

√
pzj

pzj+1

exp {iωpz(zj+1 − zj)} , (39)

where pzj
and pzj+1 denote the vertical slowness vector components at the top and bottom of the current

layer, while pz is some reasonably chosen mean value.

NUMERICAL EXAMPLES

Homogeneous medium

To understand the quality of seismic amplitudes after phase-shift migration, we first look at three models
with homogeneous overburden.

Exploding reflector data We began the numerical experiments with synthetic sections that were modeled
using an exploding reflector model with unit source strength.

The first model is a simple horizontal reflector at a depth of 1000 m below a constant velocity of
4000 m/s (i.e., 2000 m/s for the exploding reflector modeling). Figure 1 shows the model and the synthetic
data. Figure 2 shows the result of phase-shift migration and the peak amplitude along the reflector image.
Note that the correct amplitude is recovered by standard phase-shift migration with no amplitude correction,
as predicted by the theory.

To demonstrate that in homogeneous media the standard phase-shift migration correctly recovers the
seismic amplitudes even for curved reflectors, the second model is a circular reflector with the same ho-
mogeneous overburden. Figure 3 shows the model and the synthetic data. Figure 4 shows the result of
phase-shift migration and the peak amplitude along the reflector image. Inside the region illuminated by
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Figure 1: Planar exploding reflector: Model (left) and synthetic data secion (right).
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Figure 2: Planar exploding reflector: Migrated section (left) and amplitdes along the reflector image
(right).

the chosen experiment, the correct amplitude is recovered by standard phase-shift migration with no am-
plitude correction.

Our last homogeneous example is a dome-like reflector with varying curvature. Figure 5 shows the
model and the synthetic data. Figure 6 shows the result of phase-shift migration and the peak amplitude
along the reflector image. While the correct amplitude is recovered reasonably well by standard phase-shift
migration, the presence of an incomplete bow-tie structure due to a caustic close to the aquisition surface
seems to slightly perturb the amplitude on the flanks of the dome. Moreover, the effect of a crossing
boundary event is clearly visible.

Zero-offset data Zero-offset data are kinematically equivalent to exploding-reflector data (Loewenthal
et al., 1976). Although their dynamics are different, there exists a transformation to correct for this (Bleis-
tein et al., 2001). For constant velocity, this transformation amounts to a multiplication with 4πvt. Again,
we demonstrate the correctness of this amplitude transformation for a planar and a circular reflector.

Figure 7 shows the model and the synthetic data for the planar reflector. Figure 8 shows the result of
phase-shift migration and the peak amplitude along the reflector image. The desired amplitude is perfectly
recovered by standard phase-shift migration after amplitude scaling for zero-offset data. For comparison,
Figure 9 shows the corresponding results using true-amplitude Kirchhoff migration (Hubral et al., 1991),
applied to the unscaled data. Also Kirchhoff migration correctly recovers the unit amplitude. For this
simple model, phase-shift migration does not suffer from boundary effects because it takes advantage of
the periodicity of the discrete Fourier transform.
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Figure 3: Circular exploding reflector: Model (left) and synthetic data (right).
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Figure 4: Circular exploding reflector: Migrated section (left) and amplitudes along the reflector image
(right).

Figure 10 shows the model and the synthetic data for the circular reflector. Figure 11 shows the re-
sult of phase-shift migration and the peak amplitude along the reflector image. Inside the illuminated
part of the reflector, the desired amplitude is perfectly recovered by standard phase-shift migration after
amplitude scaling for zero-offset data. For comparison, Figure 12 shows the corresponding results using
true-amplitude Kirchhoff migration (Hubral et al., 1991), applied to the unscaled data. For this model, the
boundary effects are almost identical.

Vertically inhomogeneous medium

Exploding reflector data Now we are ready to test the amplitude behaviour of phase-shift migration in
inhomogeneous media. We applied phase-shift migration with and without amplitude correction according
to the theory of true-amplitude one-way wave equations. The test models were again a horizontal, a circular,
and a dome-like reflector, buried in a background medium with the velocity varying with a constant vertical
gradient of 1/s from 2000 m/s at the acquisition surface. Again, the data were generated using an exploding
reflector using a unit source strength.

Figure 13 shows the synthetic data and the migrated section from true-amplitude phase-shift migration
for the planar reflector. Figure 14 shows the resulting peak amplitudes along the reflector image as obtained
from phase-shift migration without and with amplitude correction. While standard phase-shift migration
produces an amplitude bias, true-amplitude phase-shift migration correclty recovers the unit amplitude.

The second example uses a circular reflector. Figure 15 shows the synthetic data and the migrated sec-
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Figure 5: Dome-like exploding reflector: Model (left) and synthetic data (right).
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Figure 6: Dome-like exploding reflector: Migrated section (left) and amplitudes aong the reflector image
(right).

tion from true-amplitude phase-shift migration for the planar reflector. Figure 16 shows the resulting peak
amplitudes along the reflector image as obtained from phase-shift migration without and with amplitude
correction. Except for the boundary region, we observe the same amplitude recovery due to the amplitude
correction as obtained for the planar reflector.

Our last example makes use of the dome-like reflector. Figure 17 shows the synthetic data and the
migrated section from true-amplitude phase-shift migration for the planar reflector. Figure 18 shows the
resulting peak amplitudes along the reflector image as obtained from phase-shift migration without and
with amplitude correction. Again, the amplitude recovery due to the amplitude correction corresponds to
those obtained for the planar and circular reflectors. The effects of the caustic and the crossing boundary
event are the same as in the homogeneous case.

CONCLUSIONS

Separation of the full wave equation into one-way wave equations that describe only up- or downgoing
waves is a standard tool for seismic migration. As shown by Zhang et al. (2003, 2005), the solutions of the
standard one-way wave equations do not have the same amplitude as those of the full wave equations. By
adding a correction term to the standard one-way wave equations, the cited papers derive modified true-
amplitude one-way wave equations that correctly treat the amplitudes in a zero-order ray-theory sense.
Moreover, the authors demonstrate how these one-way wave equations can be used for true-amplitude
wave-equation migration using finite differences.

In this paper, we have transferred the concepts of Zhang et al. (2003) to phase-shift migration of Gazdag
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Figure 7: Planar reflector: Model (left) and synthetic zero-offset data (right).
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Figure 8: Planar reflector: Phase-shift migrated zero-offset data (left) and amplitudes along the reflector
image (right).
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Figure 9: Planar reflector: Kirchhoff migrated zero-offset data (left) and amplitudes along the reflector
image (right).
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Figure 10: Circular reflector: Model (left) and synthetic zero-offset data (right).
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Figure 11: Circular reflector: Phase-shift migrated zero-offset data (left) and amplitudes along the reflector
image (right).
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Figure 12: Circular reflector: Kirchhoff migrated zero-offset data (left) and amplitudes along the reflector
image (right).
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Figure 13: Planar exploding reflector in vertical-gradient model: synthetic data (left) and migrated section
(right).

500 1000 1500 2000 2500
0

0.5

1

1.5

Distance (m)

   
   

A
m

pl
itu

de

500 1000 1500 2000 2500
0

0.5

1

1.5

Distance (m)

   
   

A
m

pl
itu

de

Figure 14: Planar exploding reflector in vertical-gradient model: peak amplitude along the reflector image
(red line) after phase-shift migration without (left) and with (right) amplitude correction. Also shown is
the correct unit amplitude (blue line).

(1978, 1980). By analytically solving the true-amplitude one-way wave equations in vertically inhomoge-
neous media, we have shown that a true-amplitude phase-shift migration consists of the same phase correc-
tion as in standard phase-shift migration, plus an amplitude correction that can be applied at each depth
level. Simple numerical examples demostrate the improvement of the amplitudes in vertically inhomoge-
neous media.

To apply the amplitude correction in poststack migration, we propose to apply the dynamic transform
to exploding-reflector data as introduced by Bleistein et al. (2001).

Since the solution of the true-amplitude one-way wave equations provides an amplitude-correction
factor for each depth level, an extension of the present true-amplitude wave equation migration to laterally
varying media using split-step and/or phase-shift plus interpolation (PSPI) migrations is straigtforward.
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Figure 15: Circular exploding reflector in vertical-gradient model: synthetic data (left) and migrated sec-
tion (right).
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Figure 16: Circular exploding reflector in vertical-gradient model: peak amplitude along the reflector
image (red line) after phase-shift migration without (left) and with (right) amplitude correction. Also
shown is the correct unit amplitude (blue line).
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Figure 17: Dome-like exploding reflector in vertical-gradient model: synthetic data (left) and migrated
section (right).
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ABSTRACT

The application of an imaging condition in wave equation shot profile migration is important to
provide illumination compensation and amplitude recovery. Particularly for true-amplitude wave-
equation migration algorithms, a stable imaging condition is essential to successfully recover the
medium reflectivity. We study a set of image conditions with illumination compensation. The imag-
ing conditions are evaluated by the quality of the output amplitudes and the artifacts produced. In
numerical experiments using a vertically inhomogeneous velocity model, the most stable of the tested
imaging condition divides the up- and downgoing wavefields after inverse Fourier transform.

INTRODUCTION

Shot-profile migration is a method used to construct an image of the earth interior from seismic data. This
technique is implemented in two steps. The first step, consist of downward continuing the source and
receiver wavefields for each shot position and the second step consist of applying the imaging condition.
The imaging step is based on Claerbout’s imaging principle (Claerbout, 1971).

The basic imaging condition from Claerbout’s imaging principle uses one-dimensional deconvolution
between the down- and up-going wavefields, i.e., division in the frequency domain. Since this division is
unstable off the reflector position, historically, and for practical reasons, the imaging condition is usually
estimated by cross-correlating the down- and up-going wavefields (Claerbout, 1971).

With shot-profile migration (SPM), better images can be obtained by implementing better imaging con-
ditions. The imaging condition can impact both amplitudes and migration artifacts (Valenciano and Biondi,
2003). Particularly for true-amplitude wave-equation migration algorithms, a stable imaging condition cor-
rectly applying Claerbout’s imaging principle is essential to successfully recover the medium reflectivity.

Valenciano and Biondi (2003) propose a different imaging condition that is based on Claerbout’s imag-
ing principle. It consist in deconvolving the receiver wavefield by the source wavefield in two dimensions.
This imaging condition satisfies Claerbout’s imaging principle. It also improves the resolution of the image
and reduces illumination effects in the final the image.

Guitton et al. (2006) present an alternative deconvolutional approach, based on smoothing the auto-
correlation of downgoing wavefield in the denominator. The idea is to fill-up the spectral holes of the
denominator by neighboring values, instead of some arbitrary number. They show that this new formula-
tion yields better amplitudes and is quite robust and rather insensitive to the choice of parameters for the
smoothing windows.

In this paper, we compare a set of different imaging conditions and study their impact on the enhance-
ment of boundary effects and, particularly, on the quality of output amplitudes at different reflector depths.
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METHOD

Wave equation migration tries to undo the propagation effects described by the (acoustic) wave equation
on the surface data Q(xr, yr;ω) recorded at the receiver at xr = (xr, yr, z = 0). After Fourier transform,
the wave equation reads (

ω2

v2
+

∂2

∂z2
+ ∆

)
p(x, y, z;ω) = −δ(x− xs), (1)

where ∆ = ∂2

∂x2 + ∂2

∂y2 , and where xs denotes the source location. The solution of this equation at xr must
equal the recorded surface data Q(xr, yr;ω), i.e.,

p(xr, yr, z = 0;ω) = Q(xr, yr;ω). (2)

To map this solution into depth, the Helmholtz equation (1) is generally decomposed into two one-way
wave equations. These are (

∂

∂z
+ i

ω

v

√
1 +

ω2

v2
∆

)
PD = 0, (3)

with initial condition
PD(x, y, z = 0; ω) = δ(x− xs) (4)

for the downgoing waves, and (
∂

∂z
− i

ω

v

√
1 +

ω2

v2
∆

)
PU = 0 (5)

with initial condition
PU (x, y, z = 0; ω) = Q(x, y;ω) (6)

for the upgoing waves.
After propagating the waves from the indicated initial conditions at z = 0 into the underground (down-

going waves forward from t = 0, upgoing waves backward from t = tmax), an imaging condition must be
applied in order to obtain the final image. The theoretically correct imaging condition is the division of
both wavefields at the reflectors depth in order to recover the reflection coefficient as the amplitude ratio,
i.e.,

R(x, y, z) =
Nω∑
j=1

PU (x, y, z;ωj)
PD(x, y, z;ωj)

, (7)

where Nω is the number of frequencies used in the process. Since the reflector position is unknown, this
division has to be carried out at all depths, which is rather unstable. Therefore, many different practical
imaging conditions have been suggested. Below we give an overview over a number of them and compare
their performance on a simple vertical-gradient model with four horizontal interfaces.

IMAGING CONDITIONS

The simplest imaging condition is the one originally proposed by Claerbout (1971). It uses a simple
convolution of the up- and downgoing fields, viz.

R(x, y, z) =
Nω∑
j=1

P ∗
D(x, y, z;ωj)PU (x, y, z;ωj), (8)

where the asterisk denotes the complex conjugate.
This condition is obtained as a simplification of

R(x, y, z) =
Nω∑
j=1

PU (x, y, z;ωj)P ∗
D(x, y, z;ωj)

PD(x, y, z;ωj)P ∗
D(x, y, z;ωj)

, (9)
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which is obtained from equation (7) by multiplication of numerator and denominator with P ∗
D(x, y, z;ωj),

in order to make the denominator real. Of course, equation (9) does not remedy the division by zero.
However, the denominator is now merely a scale factor that does no longer contain any phase information.
Thus, if no amplitude information is to be preserved, the denominator can be omitted, leading to imaging
condition (8).

Actual implementations of imaging condition (9) retaining the denominator need to apply some stabi-
lization. Here, we have tested two forms. The first one is an additive form, given by

R(x, y, z) =
Nω∑
j=1

PU (x, y, z;ωj)P ∗
D(x, y, z;ωj)

PD(x, y, z;ωj)P ∗
D(x, y, z;ωj) + ε

, (10)

where ε is an additive constant. There are many ways to define its value. A constant value for all depth
levels is generally an inadequate choice, leading to insufficient stability or too strong smoothing at different
depth levels. In our numerical tests, we used

ε = ε(ω, z) = λ[max
x,y

(|PD(x, y, z;ω)|2)] . (11)

In other words, the stabilization is achieved by adding a fraction (0 < λ < 1) of the maximum of the
squared absolute value of the downgoing wavefield at the current depth level to the denominator.

The second one is a low-cut form, given by

R(x, y, z) =
Nω∑
j=1

F (x, y, z;ωj), (12)

where

F (x, y, z;ω) =


PU (x, y, z;ωj)P ∗

D(x, y, z;ωj)
ε

, if |PD(x, y, z;ω)|2 ≤ ε

PU (x, y, z;ωj)P ∗
D(x, y, z;ω)

PD(x, y, z;ω)P ∗
D(x, y, z;ω)

, if |PD(x, y, z;ω)|2 > ε

, (13)

where ε is again defined by equation (11). In other words, stabilization is achieved by substitution of all
values of the denominator smaller than a fraction of the maximum value of the wavefield at the current
depth level by that value.

A corresponding stabilization can also be realized using the original complex division (7). We have
tested four forms of such a stabilization. The first and second ones are again additive forms, viz.

R(x, y, z) =
Nω∑
j=1

PU (x, y, z;ωj)
P ∗

D(x, y, z;ωj) + ε
, (14)

where the additive values are taken as fractions of the maximum or mean absolute values of the wavefield
at the current depth, i.e.,

ε = ε(ω, z) = λ max
x,y

(|PD(x, y, z;ω)|) (15)

and

ε = ε(z) = λ
1

Nω

Nω∑
j=1

|PD(x, y, z;ωj)| , (16)

respectively.
The third and fourth ones are low-cut forms, viz.,

R(x, y, z) =
Nω∑
j=1

F (x, y, z;ωj), (17)
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where

F (x, y, z;ω) =


PU (x, y, z;ωj)

ε
, if |(PD(x, y, z;ω)| ≤ ε

PU (x, y, z;ωj)
P ∗

D(x, y, z;ω)
, if |PD(x, y, z;ω)| > ε

, (18)

using the same values for ε as defined in equations (15) and (16).
Recently, imaging conditions using lateral smoothing have been proposed. We have tested four such

conditions. The first one uses a smoothed denominator in equation (7), i.e.,

R(x, y, z) =
Nω∑
j=1

PU (x, y, z;ωj)
� PD(x, y, z;ωj) �

, (19)

where the smoothing operator is

� PD(xr, ys, z;ω) � =
r+nx∑

k=r−nx

s+ny∑
l=s−ny

PD(xk, yl, z;ω) . (20)

Here nx and ny represent the size of the smoothing windows in the x and y directions.
Correspondingly, also the denominator in equation (9) can be smoothed. This yields our next imaging

condition, viz.

R(x, y, z) =
Nω∑
j=1

PU (x, y, z;ωj)P ∗
D(x, y, z;ωj)

� PD(x, y, z;ωj)P ∗
D(x, y, z;ωj) �

. (21)

The next two imaging conditions use corresponding smoothing also in the numerator. In formulas,

R(x, y, z) =
Nω∑
j=1

� PU (x, y, z;ωj) �
� PD(x, y, z;ωj) �

(22)

and

R(x, y, z) =
Nω∑
j=1

� PU (x, y, z;ωj)P ∗
D(x, y, z;ωj) �

� PD(x, y, z;ωj)P ∗
D(x, y, z;ωj) �

. (23)

As another image condition, we propose to divide the complete convolutions of the up- and downgoing
wavefields at the current depth level after inverse Fourier transform at t = 0. In symbols, the proposed
image condition reads

R(x, y, z) =
U(x, y, z)
D(x, y, z)

, (24)

where

U(x, y, z) =
Nω∑
j=1

PU (x, y, z;ωj)P ∗
D(x, y, z;ωj) (25)

and

D(x, y, z) =
Nω∑
j=1

PD(x, y, z;ωj)P ∗
D(x, y, z;ωj) . (26)

This imaging condition is actually borrowed from time-domain reverse time migration using the full wave
equation.

It turns out that equation (24) is a rather stable imaging condition that generally does not need further
stabilization. Only at the corners of the migrated image, very far from sources and receivers, some problems
may occur. Because of the location of these problems, it is sufficient to avoid these areas. Alternatively,
we have tested the slightly modified form

P (x, y, z;ω) =


U(x, y, z)
D(x, y, z)

, if |D(x, y, z)| > ε

0 else ,
(27)
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Figure 1: Top: Image using condition (8). Bottom: Amplitude along reflector images as function of offset
(left) and angle (right).

where
ε = ε(z) = max{10−6, 0.05 max

x,y
(|(D(x, y, z;ω)|)} . (28)

Note that conditions (24) and (27) can be easily generalized to incorporate the time-shift imaging con-
dition of Sava and Fomel (2006). All that needs to be done is calculation of the inverse Fourier transforms
in the numerator and denominator with opposite time shifts.

NUMERICAL EXPERIMENTS

We have tested the above 13 different imaging conditions on a synthetic data set for a model with four
horizontal reflectors in a vertically inhomogeneous background model with a vertical gradient of 0.2/s.
The employed migration was a common-shot phase-shift migration Gazdag (1978, 1980). Note that the
same migration was applied in all cases, only varying the imaging condition. For simplicity, the numerical
experiments were carried out in two dimensions.

The following figures depict the resulting depth-migrated image using the true velocity distribution,
and the amplitude along the four reflector images as a function of offset and angle. Amplitudes along the
first, second, third, and forth reflector are depicted as solid blue, dashed red, dash-dotted green, and dotted
black curves, respectively.

Figure 1 shows the results of imaging condition (8). We immediately note the different amplitude
at the different reflectors. This is a consequence of omitting the denominator. As we will see below,
all other tested imaging conditions provide much better calibration between reflectors at different depths.
An advantage of the simple imaging condition is its suppression of migration artifacts. This becomes
immediately clear when comparing Figure 1 to Figure 2 that shows the corresponding results for imaging
condition (10). Here, we chose λ = 0.1 in equation (11). While the different reflector images are much
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Figure 2: Top: Image using condition (10). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).
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Figure 3: Top: Image using condition (12). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).
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better equalized, the migration artifacts are strongly enhanced. This is a general drawback that all imaging
conditions relying on a division suffer from, though the degree of enhancement varies. In Figure 2, the
strong migration artifacts even lead to a ringing of the amplitudes along the reflector. Note that different
scale of migration amplitudes as compared to those in Figure 1. This amplitude scaling is achieved by the
division by the downgoing wavefield.

The results of imaging condition (12) are depicted in Figure 3. The deterioration of the quality near the
surface is obvious. Deeper down, the behaviour is almost identical to that of condition (10). The main effect
seem to be a slightly better recovery of constant amplitudes along to top reflector, as well as a somewhat
higher amplitude. This shows that different imaging conditions and their different regularizations may
have different effects on the amplitudes. These effects must be taken into account when implementing
the amplitude corrections of Zhang et al. (2003, 2005), which have not been considered for the present
investigation.

The next imaging conditions to be tested were condition (14) with ε from equations (15) and (16).
The results are depicted in Figures 4 and 5, respectively. Again, in both migrated images, the strongest
migration artifacts appear close to the surface. Additionally, we note strong circular migration artifacts.
Deeper down, the behaviour is similar to that in the previous figures. Figure 4, the maximum migration
angle appears as a strong limitation of the migrated image. This causes the amplitudes outside the correctly
migrated domain to become random numbers. The corresponding region in Figure 5 resembles more
closely that of Figure 3. Still, the amplitudes are more strongly affected from migration artifacts than those
in Figure 3.

The results of testing condition (17) with ε from equations (15) and (16) are depicted in Figures 6 and
7, respectively. These imaging conditions treat the migration artifacts slightly different. In Figure 6, they
are a little weaker. Above the maximum migration angle, all artifacts are suppressed. The artifacts near the
surface in Figure 7 again resemble those in Figure 3. In both cases, the amplitudes ripples are weaker than
before.

The results of the imaging conditions (19) to (23) that rely on smoothing are depicted in the next four
figures. Figures 8 and 9 show the results of conditions (19) and (21), respectively, which smooth only the
denominator. Although the migration artifacts are greatly suppressed in the central part of Figure 8, this
image creates the worst impression of all our tests. The reflectors are not even migrated to their correct
positions. Correspondingly, the amplitudes along the reflector images also show a completely different
behaviour than those for the other imaging conditions, both in shape and scale. Note the different scale of
the vertical axis in the amplitude plots of Figure 8. The image in Figure 9 looks again very much the same
as the ones in Figures 3, 5, and 7. However, the amplitude along the first reflector suffers some distortion
as compared to those figures.

Figures 10 and 11 show the results of conditions (22) and (23), respectively, which smooth both the
numerator and the denominator. In the image of Figure 10, the migration artifacts are still strong, though
less so than in Figure 8. Also, the reflectors are back to their correct position. The amplitudes show some
ringing and slight differences between the different reflectors. Figure 11 creates a much better overall
impression. Except for the topmost reflector, amplitudes are rather constant and show no ringing at all. Note
that this is more or less the expected behaviour, since horizontal smoothing in a vertically inhomogeneous
model should have only positive effects. Further tests in laterally inhomogeneous media are necessary to
conclude whether horizontal smoothing may have undesirable effects on amplitudes.

Finally, Figures 12 and 13 show the results of the imaging conditions (24) and (27), respectively. For
condition (27), we chose λ = 0.05 in equation (28). In the image of Figure 12 looks much cleaner than
all previous images, even though the artifacts close to the surface persist. However, they appear only in
the boundary zone of the image where insufficient data are available anyway. Above the central part of the
image of the topmost reflector, no artifacts are visible. The amplitudes are very clean, free from ringing,
and almost perfectly constant. For the purpose of stacking all migrated shots, the image of Figure 13 is
even better. Inside the actual zone where data are available, the image is identical. The different appearance
is due to the fact that both images are scaled to their maximum amplitudes, which in Figure 12 are those
of the boundary effect. The amplitude graphs of Figures 12 and 13 show that inside the actual migrated
image, the amplitudes are identical. Setting the image to zero where the downgoing wavefield is too small
actually provides a nice muting of undesired effects outside the actual image. Note that although image
conditions (8) and (27) carry out the illumination compensation by division with the downgoing wavefield,
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Figure 4: Top: Image using condition (14) with ε from equation (15) using λ = 0.1. Bottom: Amplitude
along reflector images as function of offset (left) and angle (right).
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Figure 5: Top: Image using condition (14) with ε from equation (16) using λ = 0.05. Bottom: Amplitude
along reflector images as function of offset (left) and angle (right).
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Figure 6: Top: Image using condition (17) with ε from equation (15) using λ = 0.1. Bottom: Amplitude
along reflector images as function of offset (left) and angle (right).
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Figure 7: Top: Image using condition (17) with ε from equation (16) using λ = 0.05. Bottom: Amplitude
along reflector images as function of offset (left) and angle (right).
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Figure 8: Top: Image using condition (19). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).
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Figure 9: Top: Image using condition (21). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).
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Figure 10: Top: Image using condition (22). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).
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Figure 11: Top: Image using condition (23). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).
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Figure 12: Top: Image using condition (24). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).
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Figure 13: Top: Image using condition (27). Bottom: Amplitude along reflector images as function of
offset (left) and angle (right).



Annual WIT report 2006 171

the migration artifacts in Figures 12 and 13 are very similar to those of Claerbout’s simple convolutional
image condition (8) in Figure 1.

CONCLUSIONS

In this paper, we have compared a number of different imaging conditions for common-shot wave equation
migration on a test data set from a vertical-gradient model with four horizontal interfaces. We have seen
that different imaging conditions have a different effect on migration artifacts, and may even alter the
amplitudes. The most stable of the tested imaging condition divides the up- and downgoing wavefields
after inverse Fourier transform. In this way, not only the migration artifacts are strongly reduced, but the
amplitudes become more stable and reliable.

Of course, further tests combining some properties of the tested imaging conditions can be conceived
of, like the muting of images where the downgoing field is close to zero, which was successful for the cited
imaging condition. However, while this would certainly reduce the boundary effects outside the central
part of the migrated image, it cannot be expected to improve the behaviour of the amplitudes along the
reflector images.

If the amplitudes of wave-equation migration are to be corrected for geometrical-spreading effects in
heterogeneous media as suggested by Zhang et al. (2003, 2005), it is important to take the effect of the
imaging condition into account.

ACKNOWLEDGMENTS

This research has been supported by FAPESP and CNPq (Brazil), and the sponsors of the Wave Inversion
Technology (WIT) consortium.

REFERENCES

Claerbout, J. F. (1971). Toward a unified theory of reflector mapping. Geophysics, 36(3):467–481.

Gazdag, J. (1978). Wave equation migration with the phase-shift method. Geophysics, 43(07):1342–1351.

Gazdag, J. (1980). Wave equation migration with the accurate space derivative method. Geophys. Prosp.,
28(01):60–70.

Guitton, A., Valenciano, A., and Bevc, D. (2006). Robust imaging condition for shot profile migration. In
Expanded Abstracts, 76rd Annual International Meeting, pages 1059–1062. Soc. of Expl. Geophys.

Sava, P. and Fomel, S. (2006). Time-shift imaging condition on seismic migration. Geophysics,
71(6):S209–S217.

Valenciano, A. and Biondi, B. (2003). 2D deconvolution imaging condition for shot profile migration. In
Expanded Abstracts, 73rd Annual International Meeting, pages 1059–1062. Soc. of Expl. Geophys.

Zhang, Y., Zhang, G., and Bleistein, N. (2003). True amplitude wave equation migration arising from true
amplitude one-way wave equations. Inverse Problems, 19:1113–1138.

Zhang, Y., Zhang, G., and Bleistein, N. (2005). Theory of true-amplitude one-way wave equations and
true-amplitude common-shot migration. Geophysics, 70(4):E1–E10.



172

WIDE ANGLE FD AND FFD MIGRATION USING COMPLEX
PADÉ APPROXIMATIONS

D. Amazonas, J. C. Costa, R. Pestana, and J. Schleicher

email: daniela.amazonas@gmail.com
keywords: Depth migration, complex Padé approximation

ABSTRACT

Seismic Migration by downward continuation using the one-way wave equation approximations has
two shortcomings: imaging steep dip reflectors and handling evanescent waves. Complex Padé ap-
proximations allow a better treatment of evanescent modes, stabilizing finite-difference migration
without requiring special treatment for the migration domain boundaries. Imaging steep dip reflectors
can be improved using several terms in the Padé expansion. We discuss the implementation and eval-
uation of wide-angle complex Padé approximations for finite-difference and Fourier finite-difference
migration methods. The dispersion relation and the impulsive response of the migration operator
provide criteria to select the number of terms and coefficients in the Padé expansion. This assures
stability for a prescribed maximum propagation direction. The implementations are validated on the
Marmousi model dataset and SEG/EAGE salt model data.

INTRODUCTION

Wave equation migration algorithms have a better performance than ray-based migration when the velocity
model has strong lateral velocity variations. Among several existing algorithms for wave-equation migra-
tion, finite-difference (FD) and Fourier finite-difference (FFD) migrations (Ristow and Rühl, 1994) can
provide wide-angle approximations for the one-way continuation operators, thus improving the imaging of
steep dip reflectors.

However, standard (real-valued) FD and FFD migrations cannot handle evanescent waves correctly
(Millinazzo et al., 1997). As a consequence, FFD algorithms tend to become numerically unstable in the
presence of high velocity variations (Biondi, 2002). To overcome this limitation, Biondi (2002) proposed
an unconditionally stable extension for the FFD algorithm. Earlier, Millinazzo et al. (1997) proposed a
different approach to treating these evanescent modes in ocean acoustic applications. They introduced an
extension of the Padé approximation which they called complex Padé.

The complex Padé expansion was used previously in applied geophysics. Zhang et al. (2003) used
the method in finite-difference migration. However, their implementation were not suited for wide angles.
Later, Zhang et al. (2004) proposed a split-step migration based on complex Padé.

In this paper, we study the use of the complex Padé expansion for wide-angle FD and FFD pre-stack
depth migration algorithms. The expansion is evaluated numerically, comparing its approximation to the
exact one-way operator. Based on studying the impulse response of the migration operator, we propose
a prescription to choose parameters for wide-angle complex FD and FFD algorithms. The algorithms are
validated on synthetic datasets from the Marmousi and SEG/EAGE salt models.
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METHODOLOGY

Complex Padé approximation

The one-way wave equation for downward continuation of the acoustic wavefield reads (Ristow and Rühl,
1994)

∂P (x, ω)
∂x3

=
(−iω)
c(x)

√
1 +

c2(x)
ω2

∂2

∂x2
1

P (x, ω) . (1)

where P (x, ω) is the pressure wavefield, c(x) is the medium propagation velocity. For vertically inhomo-
geneous media, the operator above has an exact representation in the Fourier domain (Gazdag (1978)). For
laterally inhomogeneous media, a formal representation for this operator is based on the Padé expansion
(Bamberger et al., 1988)

√
1 + Z = 1 +

N∑
n=1

anZ

1 + bnZ
, (2)

where Z ≡ c2(x)
ω2

∂2

∂x2
1

. The coefficients an and bn are (Bamberger et al., 1988)

an =
2

2N + 1
sin2 nπ

2N + 1
and bn = cos2

nπ

2N + 1
. (3)

If Z < −1 in equation (2), the left side is a pure imaginary number while the right side remains a real-
valued quantity. In other words, the approximation breaks down. Physically, this means that representation
(2) cannot properly handle evanescent modes. This causes numerical instabilities and is responsible for the
unstable behavior of the FFD algorithm in the presence of high velocity variations (Biondi, 2002).

To overcome these limitation, Millinazzo et al. (1997) proposed a complex representation of the Padé
expansion in equation (2). They achieve this goal by rotating the branch cut of the square root in the
complex plane. Their final expression is

√
1 + Z ≈ Rα,N (Z) = C0 +

N∑
n=1

AnZ

1 + BnZ
, (4)

where

An ≡
ane−iα/2

[1 + bn(e−iα − 1)]2
, Bn ≡

bne−iα

1 + bn(e−iα − 1)
,

and

C0 = eiα/2

[
1 +

N∑
n=1

an(e−iα − 1)
[1 + bn(e−iα − 1)]

]
; ,

with an and bn as defined in equation (3). An and Bn are the complex Padé coefficients and α is the
rotation angle of the branch cut of the square root in the complex plane.

Complex FD and FFD migration

We use the complex Padé approximation (4) to represent the one-way continuation operator. Using this
approximation the downward continuation operator for finite difference migration is

∂P (x, ω)
∂x3

=
(−iω)
c(x)

C0 +
N∑

n=1

An
c2(x)
ω2

∂2

∂x2
1

1 + Bn
c2(x)
ω2

∂2

∂x2
1

 P (x, ω) . (5)

The FFD approximation for the downward continuation operator is deduced following the derivation
proposed by Ristow and Rühl (1994). The final result is

p
√

1 + X2 ≈
√

1 + p2X2 + C0(p− 1) +
N∑

n=1

Anp(1− p)X2

1 + σBnX2
, (6)
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Figure 1: Complex Padé FD approximation for the dispersion relation of the one-way wave equation,
computed with three terms and α = 90o.

where p ≡ cr

c(x) is the ratio between the actual propagation velocity, c(x), and the propagation velocity in

an homogeneous background medium, cr. Moreover, X2 ≡
(

c
ω

)2 ∂2

∂x2
1

and σ = 1 + p + p2.
Based on numerical experiments comparing the exact operator and the FFD approximation, we propose

to use σ = 1 + p3 for wide-angle approximations, instead of σ = 1 + p + p2.

NUMERICAL EVALUATIONS

To better understand the involved approximations, we numerically evaluate the dispersion relations of the
wide-angle FD and FFD approximations and compare them with the exact dispersion relation. We comple-
ment our numerical evaluation computing the impulse response of our approximations in a homogeneous
medium. Finally, we compare the impulse response of the proposed wide-angle complex FD and FFD
algorithms with the unconditionally FFD algorithm proposed by Biondi (2002).

Dispersion relation

ure 1 shows the comparison of the exact dispersion relation with its FD approximation 2. The FD approxi-
mation was calculated using the first three terms of the series with a rotation angle α = 90o. The complex
Padé approximation fits the real and imaginary part of the dispersion relation almost perfectly. In other
words, it correctly represents the evanescent modes.

ure 2 shows the comparison of three FFD approximations for the one-way wave equation dispersion
relation, with the exact dispersion curve: FFD using real coefficients, complex FFD with σ = 1 + p + p2

and complex FFD using σ = 1 + p3. The FFD approximations were determined using p = 0.5 and three
terms in the Padé expansion. For the complex Padé approximation, we used a rotation angle of α = 45o.

The real part of the FFD operator using the real-valued Padé expansion (2) is clearly affected by spuri-
ous oscillations in the evanescent region. The complex FFD attenuates evanescent modes and, moreover,
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Figure 2: FFD approximations for the one-way wave equation dispersion relation. Notice the spurious
oscillations of the real-valued Padé expansion for the propagating modes. The FFD not only attenuates
evanescent modes, but also propagating modes which are not well approximated.

the attenuation starts where the approximation of propagating modes begins to lose its accuracy. When
replacing the definition of σ by σ = 1 + p3, the FFD approximation remains close to the exact dispersion
relation for higher propagation angles. We therefore refer to this choice of σ as the wide-angle approxima-
tion.

Impulse response

ure 3 shows the impulse responses of the wide-angle complex FD and FFD approximations for a homo-
geneous medium. We used a Ricker pulse with peak frequency of 25 Hz. We computed the FD impulse
response using three terms in the Padé expansion and α = 90o. The reference velocity was the true medium
velocity. For the FFD impulse response, we also used three terms in the Padé expansion, with p = 0.5 and
α = 45o. These parameters were selected based on the numerical experiments for the approximations of
the dispersion relation. The reference velocity for FFD was half the true medium velocity. Both impulse
responses have energy up to high propagation angles. Note that the wide-angle FFD approximation recov-
ers the impulse response quite well, in spite of the wrong reference velocity. Note, however, that some
high-frequency content is lost and the wavelet is no longer perfectly symmetric. These effects become
weaker the closer the reference velocity is to the true medium velocity.

To evaluate the performance of the wide-angle complex FD and FFD approximations in an inhomo-
geneous medium, we compare their results in the Marmousi velocity model without smoothing. As a
reference, we also compare the results to those of standard real-valued FFD and of the unconditionally sta-
ble FFD algorithm proposed by Biondi (2002) in the same model. Since the latter algorithm incorporates a
FFD migration plus interpolation, we refer to it as FFDPI migration. As before, the source pulse is a Ricker
with peak frequency 25 Hz. The impulse responses were computed with the same parameters as used in
the homogeneous medium.
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Figure 3: Impulse responses in a homogeneous medium for FD (top) and FFD (center) migration. using
wide-angle complex Padé approximations, compared to the real-valued FFD approximation (bottom).

ures 4, 5, 6, and 7 show the impulse responses of the complex wide-angle FD and FFD approximations,
as well as real-valued FFD and FFDPI, respectively. All responses are similar if we only consider the
most energetic events. The results of wide-angle complex FFD are closer to the FFDPI than those of
the wide-angle complex FD. Note that wide-angle complex FFD covers higher angles than FFDPI. Here,
frequency content and wavelet shape of the wide-angle complex FFD are practically identical to that of
FFDPI, because the reference velocities are chosen based on the true velocity model. The real-valued FFD
approximation clearly provides the worst results. It contains non-negligible non-causal energy and even
some upgoing events.

There are a few events that appear differently in the complex FFD and FFDPI impulse responses. The
most obvious difference is a dipping event to the right of the main wavefront, which appears only in FFDPI.
Since it leaks in front of the main wavefront, it seems to be a spurious, non-causal event. Secondly, the
event on the top left of the impulse response appears with a slightly different dip. Here, the wide-angle
approximation of the complex FFD seems to better preserve the true, nearly vertical dip. Finally, there is a
weak horizontal event inside the main wavefront, slightly to the right, which appears stronger in the FFDPI
than in the complex FFD. Here, FFDPI seems to better preserve the event.

In conclusion, the approximations obtained from complex FFD and FFDPI are of comparable quality,
each one preserving slightly different features of the impulse response. The real-valued FFD and complex
FD approximations are of inferior quality.

MIGRATION RESULTS

We have implemented the wide-angle complex FD and FFD approximations to perform pre-stack depth
migration in 2D. We have also implemented the FFDPI migration of Biondi (2002) for comparison. The
imaging condition is the crosscorrelation of the downward continued upgoing wavefield and downgoing
wavefield from source at zero time lag. Other imaging conditions that correct for the illumination are being
tested (Schleicher et al., 2006). The source wavefield is computed using a Ricker wavelet with 25 Hz peak
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Figure 4: Impulse response of wide-angle complex FD in the Marmousi velocity model.
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Figure 5: Impulse response of wide-angle complex FFD in the Marmousi velocity model.
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Figure 6: Impulse response of FFDPI in the Marmousi velocity model.
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Figure 7: Impulse response of real-valued FFD in the Marmousi velocity model.
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Figure 8: Marmousi velocity model.

frequency. The complex FD and FFD approximations are computed with the same parameters as previously
selected.

As our first test, we migrated the Marmousi dataset using the true Marmousi velocity model (Versteeg,
1994), without any smoothing (see ure 8). ure 9 shows the result of wide angle complex FD migration.
The depth extrapolation step size for both complex FD and FFD is 6 m. ure 10 shows the result of the wide
angle complex FFD migration. ure 11 shows the FFDPI results. The requirement of velocity interpolation
makes FFDPI computationally more expensive. To reduce the cpu time, we used a depth extrapolation step
of 12 m for FFDPI migration. Still the FFDPI migration takes twice as much cpu time as the complex
FFD algorithm. The images are overall very similar. The complex FD image is a little more blurred at
the target reservoir region and fails to resolve the faults as well as complex FFD and FFDPI. Though there
are some slight differences between the images of the latter two methods, its impossible to tell which of
the two images is better. This is in agreement with our findings when studying the impulse responses. For
comparison, ure 12 presents the result of FFD migration using the seismic un*x FFD algorithm Cohen
and Stockwell (2006). The depth interval was also 6 m. Though it seems to preserve higher frequencies,
the image is overall of inferior quality. Moreover, the algorithm suffers from instabilities and numerical
dispersion and strongly distorts the source wavelet.

For another comparison between the complex FFD and the FFDPI algorithms, we also applied the
proposed algorithms to synthetic data from the SEG/EAGE salt model (Aminzadeh et al. (1995)). We used
a 2D dataset computed using the 2D section of the 3D model shown in ure 13. ure 14 and ure 15 show
the complex FD and FFD migration results, respectively. In this model, which has a simpler structure than
the Marmousi model, both techniques based on the complex Padé expansion provide results of comparable
quality. Because of the high quality of the images from complex FD and FFD migration and the high
computational cost of FFDPI, we refrained from carrying out the latter for this larger model.

CONCLUSIONS

We applied the complex Padé approximation (Millinazzo et al., 1997) to derive wide-angle complex finite-
difference (FD) and Fourier finite-difference (FFD) migrations. The complex Padé approximation, which is
based on a rotation of the branch cut for the square root in the one-way wave propagator, attenuates evanes-
cent waves, thus solving the problems with numerical instabilities of real-valued FD and FFD migration
algorithms.

Based on numerical experiments with impulse responses and full migrated images, we have found
that three terms in the Padé expansion are sufficient for wide-angle approximations of acceptable quality.
These numerical experiments have also indicated that the most adequate rotation angle of the branch cut is
α = 90o for FD and α = 45o for FFD migration, though more exhaustive tests are required using different
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Figure 9: Pre-SDM of Marmousi dataset using wide angle complex FD.
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Figure 10: Pre-SDM of Marmousi dataset using wide angle complex FFD. Notice the stability of the
complex FFD approximation.
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Figure 11: Pre-SDM of Marmousi dataset using wide angle FFDPI.
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Figure 12: Pre-SDM of Marmousi data set using the SU algorithm based on the real-valued Padé expan-
sion. The image suffers from numerical dispersion and instabilities.

velocity models to validate this prescription. Moreover, our numerical experiments have demonstrated that
choosing σ = 1 + p3 instead of σ = 1 + p + p2 in the complex Padé expansion [equation (6)] improves
the wide-angle approximations.

Results of the application of the proposed algorithms to synthetic data from the Marmousi and the
SEG/EAGE salt models indicate that the wide-angle complex FD and FFD migrations are stable algorithms
even in complicated velocity models, where real-valued FFD algorithms fail to provide stable results. For
the Marmousi model, the migrated images from complex FD and FFD migrations were very similar to the
images obtained with the results of the unconditionally stable Fourier finite-difference plus interpolation
(FFDPI) migration of Biondi (2002). The proposed algorithms are computationally less expensive. The
complex FFD algorithm with half the step size used in the FFDPI algorithm was twice as fast. The complex
FD migration is about another 30% faster.
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ABSTRACT

The influence of deep crustal processes on basin formation and evolution and its relation to current
morphology is not yet well understood. A key feature to unravel these issues is a good seismic image
of the crust. A part of the data recorded by the hydrocarbon industry in the late 1970ies and 1980ies
in the North German Basin was released to the public recently. These observations were recorded up
to 15 s TWT and have a mean fold of about 20 which is very low compared to current acquisitions.
The processing so far was focused on the sedimentary structures due to the hydrocarbon potential of
the area. A specialized contemporary processing like the Common Reflection Surface (CRS) stack
technology which is particularly suited for low fold data shows a considerably improved imaging
quality compared to the Common Midpoint (CMP) processing performed in the 1980ies. This applies
not only to lower crustal features but also holds for the images of the sedimentary structure and the
salt plugs. The reprocessed images display an almost flat Moho discontinuity even in the area of the
Glückstadt-Graben where a lower crustal high density body was discovered.

INTRODUCTION

The North German Basin is part of the Central European Basin system CEBS. It is a multiphase basin with
extensive salt tectonics (Maystrenko et al., 2005). The Glückstadt Graben is a local feature in the North
German Basin. It was affected by strong salt tectonics during the late Triassic and Cretaceous. As one of the
deepest post-Permian Graben structures it provides a structural record of stress and strain states imprinted
into the crustal and mantle structure. The basin structure and the sedimentary fill of the Graben were widely
investigated during the last decades (Bachmann and Grosse, 1989; Brink et al., 1990, 1992; Brink, 2003;
Baldschuhn et al., 2001; Kockel, 2002; Maystrenko et al., 2005; Scheck-Wenderoth and Lamarche, 2005).
Due to the oil and gas exploration potential an extensive seismic reflection database was gathered in the
North German Basin and the area of the Glückstadt Graben by the industry in the early 1980ies. The acqui-
sition layout and the processing parameters were tuned to image the basin sediments down to the Zechstein
only (ca. 3 s TWT). The imaging was performed using standard CMP processing which was state of the
art in the 80ies. This processing yielded detailed images of the shallow part in the poststack time sections
and provided the basis for extensive seismic stratigraphic interpretations (Maystrenko et al., 2005). But the
potential of the data to image the subsedimentary part such as the crystalline crust was never optimized and
only marginally exploited. Also, the imaging results within and in the vicinity of the salt plugs were rather
poor.
Essential parts of this data base became available for research within the SPP 1135 Dynamics of Sedi-
mentary Systems. One aim of the SPP was to study the influence of deep rooted processes on formation
and evolution of the North German Basin and their relation to neo-tectonic activities. Also, Moho depth,
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Moho relief, Moho diversity and possible metamorphic complexes and their effects on seismic signatures
are some of the key issues to be investigated to understand the basin evolution. Moreover, seismic events
within the crystalline crust as well as fault zones and their possible surface extensions are further topics to
be studied.

In order to extract additional information that might provide important information on deep processes
steering and influencing basin formation we reprocessed the data sets with the main focus on imaging
structures in the lower crust. The reprocessing was performed using the Common Reflection Surface
(CRS) stack method (Tygel et al., 1997; Müller, 1999; Mann, 2002). In contrast to the classical CMP stack
procedure the CRS stack can be performed without an explicit knowledge of a macro velocity model. It
also provides additional parameters that can be used for subsequent processes, e.g. velocity model building
and multiple suppression (Zaske et al., 1999; Duveneck, 2004).
The CRS stack has already been successfully applied by the hydrocarbon industry for processing reflection
data from sedimentary basins (Trappe et al., 2001). Also, first applications of the CRS stack method to
crustal reflection data (4 s TWT) from the Donbas foldbelt in the Ukraine (Menyoli et al., 2004) showed
that this technology is suitable for imaging in complex overthrust environments.

This paper presents the results which we obtained by reprocessing of seismic reflection data using the
CRS stack method. The results will be presented in comparison with time sections obtained by classical
CMP stack processing. In the following, first the CRS stack will be shortly introduced. In part 3 an
introduction to the geological setting of the study area and the data base is given. The data processing and
the new results are presented in part 4 and 5. A discussion of the new results and a conclusion finalize the
paper.

THE COMMON REFLECTION SURFACE STACK METHOD

The Common Reflection Surface (CRS) stack technology for processing reflection seismic data was re-
cently developed (Schleicher et al., 1993; Tygel et al., 1997; Müller, 1999; Mann, 2002) and is currently
applied to data from sedimentary environments (Trappe et al., 2001; Bergeler et al., 2002) for hydrocar-
bon exploration. The CRS stack method is a multiparameter stacking method, where the parameters have
several important applications for seismic imaging, tomography, stacking velocities, multiple removal and
spreading corrections just to name a few (Duveneck, 2004; Zaske et al., 1999; Vieth, 2001; Hoecht, 2002).
The application of this technology to low fold data is of particular importance since it leads to an improved
signal to noise ratio by stacking more traces than the classical Common Midpoint (CMP) stack. In the
CRS stack procedure the local dip of the structures is automatically acknowledged and does not require
any particular dip move out (DMO) processing. Despite these facts, this technique has not yet been applied
to deep crustal reflection seismic data.

The seismic reflection data recorded by the hydrocarbon industry in the late 1970ies and 1980ies were
recently released to the public. These data were recorded up to 15 s, have a low fold of about 20 and were
CMP processed in the 1980ies. No tuned processing to optimize the images of the lower crust was applied.
The CRS stack technology appears to be very well suited to perform an optimized imaging of features
within the crystalline rocks of the lower crust. This processing and its results are discussed in the following
sections.

GEOLOGICAL SETTING AND THE DATA SETS

Study area and geology

The study area is located in the North German Basin, a part of the Central European Basin system CEBS
(Figure 1). A number of deep seismic experiments were carried out to investigate the crustal and mantle
structure throughout the CEBS (Trappe, 1989; Reichert, J.C., 1993; Abramovitz et al., 1998; DEKORP-
BASIN Research Group, 1999; Maystrenko et al., 2003). Thereby, the area of the Glückstadt Graben
was of special interest in order to reveal the deep crustal structures along the transition zone from the
Precambrian Fenno-Scandian Shield to the Caledonian crust in NW Germany. The Glückstadt Graben is
located right between the North Sea in the west, the Baltic Sea in the east and between the Rynkoebing-
Fyn High in the north and the Elbe-Odra Line (EOL, Figure 1) in the south. It is one of the deepest
Mezozoic graben structures within the CEBS providing the stress and strain history of this area inherited
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Figure 1: Location of the study area with the major structural units of the Central European Basin (mod-
ified after Maystrenko et al. (2005)). STZ: Sorgenfrei-Tornquist Zone, TTZ: Teisseyre-Tornquist Zone,
EOL: Elbe-Odra Line, EFZ: Elbe Fault Zone, VF: Variscan Front. Box: Overview of the seismic reflection
profiles. Line 8106, its western extension line 8401, and line 7405 are located north of the Elbe lineament.

in its crustal and deeper structure. During the Middle-Late Triassic (Keuper) the Glückstadt Graben was
affected by extension where rapid subsidence took place within the central part of the Graben accompanied
by strong salt tectonics (Maystrenko et al., 2005). Relative uplift with regional erosion of the elevated
relief took place in the late Jurassic to early Cretaceous. Another pulse of salt movements occurred which
was correlated with an extensional event in the Pompeckj Block and the Lower Saxony Basin. During
the Cenozoic subsidence along the marginal parts of the Graben was reactivated and accelerated by the
development of a strong subsidence center in the North Sea.

The data sets

To further study the detailed crustal structure using new processing technology which is especially suited
for data with low coverage three seismic reflection lines were reprocessed: the north-south heading line
7405 and the east-west heading line 8106, and its western extension line 8401. All profiles are located
north of the Elbe lineament (EOL, Figure 1). Line 7405 is located to the east of the Glückstadt Graben and
runs parallel to the Graben axis. Line 8106 and line 8401 were aligned perpendicular to the Graben axis
and are crossing the Graben over its whole east-west extension.

The acquisition parameters of the data sets were different. The north-south heading profile line 7405
is 65 km long and comprising 590 shot gathers (see also Table 1). Each of the shot gathers consisted of
48 receivers with 100 m spacing. The shot spacing was also about 100 m. The sampling rate is 4 ms and
the total recording length 15 s. This acquisition leads to 1321 CMPs with a CMP spacing of 50 m for this
profile. The maximum CMP fold of line 7405 is only 25. The mean CMP fold is between 15 and 20.
Line 8106 represents the largest data set of the considered profiles. It consists of 771 shot gathers. The shot
point spacing is 120 m. Each shot was recorded using 120 receivers with a spacing of 40 m. The resulting
maximum offset is 4800 m. The sampling rate during recording was 2 ms, the total recording time 13 s.
The resulting 4649 CMPs lead to a total profile length of ca. 92 km and a mean CMP fold of about 20.
Line 8401 was recorded as the western extension of line 8106. It comprises 553 shot gathers. The ac-
quisition parameters were similar to the parameters of line 8106 (120 geophones per shot, 40 m receiver
spacing, 13 s recording time). Due to the irregular shot spacing an irregular acquisition pattern is obtained.
The CMP fold varies between a minimum of about 15 and a maximum of 58. The mean CMP fold is 30.
This acquisition results in 1725 CMP gathers with a midpoint spacing of 20 m. The total profile length
was ca. 35 km. For line 8106 stacking velocities as obtained from processing the data in the 1980ies were
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Figure 2: Data example. A shot gather from line 8106. The signal to noise ratio of the data is rather
low with strong first arrivals of the direct and the refracted waves. However, strong reflections from the
Zechstein base are already visible at about 3 s TWT.

provided as printed paper copies.

Line 7405 Line 8106 Line 8401
Number of shots 590 771 553

Shot point spacing [m] 100 120 120
Receiver spacing [m] 100 40 40

Receivers per shot 48 120 120
Maximum offset [m] 4800 4800 4800

CMP interval [m] 50 20 20
CMP-coverage ∼ 20 ∼ 20 ∼ 30
CMP locations 1320 4649 1725

Line length [km] ∼ 65 ∼ 92 ∼ 35
Sampling interval [ms] 4 2 2
Total recording time [s] 15 13 13

Table 1: Acquisition parameters of line 8106, line 8401 and line 7405. Note the low fold of the data
compared to contemporary acquisitions.

A typical example of a shot gather before preprocessing is shown in Figure 2. Besides the strong first
arrivals of the direct and the refracted wave strong reflections from the base of the Zechstein are already
visible in the raw data at about 3 s TWT. Deep reflection events are hardly visible, whereas dead and
noisy traces are present at several locations. In general, the signal to noise ratio of the shot gathers was
comparably low.
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Data processing

The processing of the data was split into two major parts. In the first part the data were processed using the
classical CMP processing flow similar to the flow used in the 1980ies. The resulting CMP stack sections
were compared to the available industry paper sections. This was done in order to achieve a comparable
processing level for better determination of later improvements in the reprocessing. In the second part the
data sets were processed using the CRS stack method.

Prior to the CMP and CRS stack the data were preprocessed to enhance the data quality. The prepro-
cessing is a prerequisite to obtain reasonable seismic images. It is particularly important for low fold data
with poor signal to noise ratio. The preprocessing sequence applied to the data started with the application
of the proper geometry on the data sets. After static corrections and residual static removal the shot gathers
were trace edited. This included the removal of bad traces, elimination of noise e.g. high-frequency spikes.
Furthermore, top muting was applied to remove first arrivals of direct and refracted waves. Also, bottom
mute was applied to eliminate systematic incoherent noise, e.g. instrument noise on all traces at later arrival
times. The maximum frequencies of the data sets were up to 90 Hz high. The central frequencies were
around 30 Hz. Finally, the data sets were filtered using a bandpass filter of 5 - 50 Hz.

CMP stack
In order to compare recent results obtained by the application of contemporary processing techniques

to images from conventional methods, the data sets were imaged using the classical CMP stack procedure.
A stacking velocity model as obtained by former processing was only available for line 8106. This model
was used to compute the CMP stack sections for line 8106. For line 8401 a velocity analysis was performed
at selected CMP locations. Automatic linear interpolation provided the stacking velocity model. After the
stack an automatic gain control was applied to the sections. Furthermore the stacked sections of 8401 and
8106 were merged together to form an extended east-west heading line such that line 8401 was pasted to
line 8106 at CMP location 4600 of line 8106.

For line 7405 no velocity information was available and conventional velocity analysis could not be
performed due to the low signal to noise ratio. To compute a CMP stack section the stacking velocity
information along line 8106 was manually edited and adjusted to line 7405. The stacking velocity model
was build at sparse CMP positions and iteratively upgraded by analyzing the image quality of the resulting
CMP stack sections. A linear automatic interpolation of the velocity field between the CMP locations
yielded the stacking velocity model used to compute the final CMP stack section shown in Figure 3. South
(CMP 1) is located left and north (CMP 1320) to the right.

For line 8106 the stacking velocity model from former processing was available. In some parts of the
profile additional stacking velocity analyses at a few CMP locations were added for better resolution of
velocities and improved imaging. The CMP stack sections of line 8106 and line 8401 were computed sep-
arately. An automatic gain control was applied to the CMP stack sections. Afterwards, the stacked sections
were merged together at CMP position 4600 of line 8106 (Figure 5). The CMP location numbers of line
8106 were continued for line 8401 towards the west. This resulted in ca. 6000 CMP locations along the
combined section. The section is running from east (CMP 1, right) to west (CMP 6000, left).

CRS stack
The CRS stack was applied to the preprocessed data that were resorted into CMP gathers. In order

to enhance the reflection amplitudes at deeper levels an automatic gain control (AGC) was additionally
applied to the data prior to the CRS stack. The time window of the AGC was 1000 ms. The CRS stack
sections were computed for each data set for 3 different CRS stack parameter sets to determine the optimum
stacking apertures. The most crucial part was to adjust the time dependent stacking apertures such that both
near subsurface structures as well as lower crustal structures are imaged properly. The size of the stacking
aperture was in the range of the first Fresnel zone for a given centre frequency of the wavefield at the
targeted image depth. The CRS stack sections of line 7405 and line 8106-8401 are shown in Figure 4 and
Figure 6, respectively. A detailed discussion of the results will be given in the following chapter.
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Figure 3: CMP stack of line 7405. The sedimentary part down to 3 s TWT shows several events, whereas
reflections in the deeper crustal part are hardly identified.

Figure 4: CRS stack of line 7405. The image of the sedimentary layers is enhanced, including few multiple
events. However, the image of crustal reflections are improved with respect to their visibility and continuity.
Furthermore, deep reflections at 11.5-12 s TWT, referred to as reflections from the Moho, are identified.
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Figure 5: CMP stack section of line 8106-8401. The sedimentary cover is well imaged whereas deeper
crustal reflections are hardly visible.

Figure 6: Merged CRS stack sections of line 8106 and line 8401 (The vertical arrow marks the intersection
of the two profile at CMP 4600 in line 8106. The CMP locations are counted up for the CMP locations of
line 8401 towards the west. Note that the amplitude level changes due to different acquisition parameters).
The CRS stack section shows an enhanced image of reflections at all depth levels, but also coherent energy
e.g. multiples and diffractions are enhanced. The images of the internal salt structures as well as crustal
and Moho reflections (between 10-11 s) are significantly enhanced. The CRS stack section also indicates
higher crustal reflectivity in the western part of the profile than in the eastern part. This might indicate
different tectonic stages of the crustal units east of the Glueckstadt Graben and in the central part of it. The
crustal image appears almost transparent below the salt plugs and below the steep fault at CMP 1500-1600
because the latter leads to the loss of coherent energy, thus no reflections were imaged during the CRS
stack.
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Figure 7: Comparison of reflections from the deeper crust in the CMP and in the CRS stack section.
Comparison of the zoomed internal salt reflections (rectangles between CMP 4700-5200 and CMP 5300-
5900) are shown in Figure 8.

Figure 8: The comparison of the CMP (left) and the CRS stack (right) shows that the CRS stack signifi-
cantly enhanced the visibility of internal salt reflections. In both salt plugs reflections revealing the internal
structure can be clearly identified and traced (see arrows).
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Figure 9: Interpretation of the deep crustal reflections observed in line 8106-8401. With respect to their
reflection strength and their continuity the horizontal weak and more discontinuous reflections at ca. 11.5
s TWT are interpreted as reflections from the Moho (black dashed), implicating a flat Moho topography
along the Glueckstadt Graben. The stronger east dipping reflections below the central part of the Graben
are associated with the existence of a wedge-shaped lower crustal body with a relatively high impedance
contrast. The latter interpretation is in good agreement with recent results from gravity modeling in this
area (Yegerova et al., 2006).

RESULTS AND DISCUSSION

As described in the previous chapter the reprocessing yielded two seismic sections: The 65 km long south-
north heading profile 7405 and the combined east-west ca. 120 km long profile 8106-8401 crossing the
Glückstadt Graben.

Line 7405

Figure 3 shows the CMP stack section of line 7405. The sedimentary fill down to about 2 s TWT and
the prominent reflections from the Zechstein base at 3 s TWT are clearly and almost continuously imaged
throughout the whole profile. In the southern part of the profile between CMP 150 and 400 a salt body is
visible between 0 - 3 s TWT. Within the salt body reflections are only poorly imaged. Below the Zechstein
reflector the section hardly reveal clear reflections. Coherent reflections are hardly visible in the deeper
parts of the section. Only some weak events in the lower crust can be identified between CMP 90 and 150,
and CMP 500 and 600 at 11.5 s TWT and 12 s TWT, respectively.
The CRS stack section of line 7405 (Figure 4) shows an improved signal to noise ratio, especially within the
salt body (CMP 150 - 400) and within the crust. The reflections from the sedimentary part appear stronger
and more pronounced compared to the corresponding reflections in the CMP stack section. However,
multiples are also enhanced in the CRS stack section, especially in the area of the salt flanks at 0 - 3 s TWT
between CMP 1 and 150, and CMP 450 and 500 and in the middle of the profile between CMP 500 and
700. There, very strong internal multiples from the sediments and a strong multiple from the Zechstein
base (e.g. ca. 6 s TWT) dominate the image down to ca. 11 s TWT.
The image of the salt structure reveals reflections within the salt body between 1 - 2.5 s TWT. Also, the
reflection from the Zechstein base at 3 s is imaged almost continuously throughout the salt plug. Below the
salt plug at ca. 4 s TWT, almost horizontal crustal reflections are visible that were only hardly identified in
the CMP section (between CMP 100 and 200 and between CMP 350 and 480).
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The upper and the lower crust appear almost transparent in the southern part of the profile (CMP 150 - 450).
This is due to the salt body located above causing strong scattering of the wavefield and thus distortion of
coherent energy leading to an apparently transparent image. These areas appear much more transparent in
the CRS stack than in the CMP stack. This is due to the fact, that the CRS method uses much more traces
for the stack compared to the CMP stack processing. Therefore the signal to noise ratio is increased and
incoherent noise is removed which is strongly affecting the CMP image. In the northern part of the profile
(between CMP 750 and 1300) the crust appears weakly reflective revealing only some short reflections in
the upper crust between 3 - 8 s TWT. In the deeper part of the section horizontal reflections are visible in
the southern part of the section (CMP 90 - 150) at 11.5 s TWT and in the middle (CMP 500 - 560) and
in the northern part (CMP 890 - 930) at 12 s TWT. These reflections are interpreted as Moho reflections,
indicating an almost flat Moho topography in north-south direction toward the Elbe-Odra-Line. The Moho
reflections in the southern part (CMP 90 - 150) of the profile appear more pronounced than the reflections
in the middle (CMP 500 - 560) and in the northern part (CMP 890 - 930), which are narrow in time and
weak in amplitude. Also, some steep dipping events in the lower crust are visible which are associated with
diffraction events.

Line 8106-8104

In the following the combined lines 8106 and 8401 are referred to as line 8106-8401. Figure 5 displays the
CMP stack section of line 8106-8401. The CMP section provides a very detailed image of the sedimentary
part down to the Zechstein base at 3 s TWT as well as of the salt plugs between CMP 2500 and 3000,
CMP 3500 and 4000, CMP 4750 and 5200, and CMP 5300 and 5800. At CMP 1500 a steep fault is clearly
visible, which separates the Eastholstein Trough in the west from the Eastholstein-Mecklenburg block in
the east (Maystrenko et al., 2005). Also, sharp parallel dipping reflections are observed in the upper crust
between 4 and 5 s TWT (CMP 4000 - 4500) that can be correlated with two parallel dipping reflections
between CMP 3000 and 3500 at 3 to 4 s TWT. In the deeper parts reflections are hardly identified.

Figure 6 shows the CRS stack of line 8106-8401. The lateral abrupt change in reflection amplitude at
CMP 4600 marks the location where line 8106 and line 8401 were merged together (marked by the vertical
arrow). Lateral amplitude balancing was not applied to the merged stack. The differences in amplitudes
and signal to noise ratio are due to the different acquisition parameters of the two lines. The comparison
of the CMP stack section with the CRS stack section shows that the CRS stack significantly improved the
signal to noise ratio and generally improved the image quality, especially in the deeper parts of the sections.
The image of the sedimentary cover as well as of internal salt structures is clearer and more detailed than
in the CMP stack section.
However, strikingly the CRS stack section appears laterally separated into reflective and less reflective
crustal parts. This is due to the salt plugs in the near surface (see CMP 2500 - 3000, CMP 3500 - 4000,
CMP 4750 - 5200, and CMP 5300 - 5800) which - as highly heterogeneous structures - cause strong
scattering and thus the loss of coherency of deeper reflections. Loss in coherency in the upper part of the
section directly influences the CRS stack image of the deeper parts below as subsequently no coherent
energy can be stacked. This holds as well for the lack of deeper reflections between CMP 1500 and 1600,
where the image is distorted due to a steep surface reaching fault. Besides, all coherent energy contained
in the data is enhanced by the CRS stack. This includes diffraction events as well as multiple arrivals (see
Figure 6) if the final stack is not performed to suppress these events. Reflection events in the lower crust
are enhanced by the CRS stack and better visible compared to the CMP stack section. For example a mid
crustal reflection between CMP 2200 and 2350 at about 8 s TWT can be clearly identified (Figure 6) which
was only hardly visible in the corresponding CMP stack section (Figure 5). Also, between CMP 1 and
CMP 1500 the reflections in the upper crust are significantly enhanced. The CRS stack section reveals
apparently different reflectivity in the eastern part of the profile and below the Glückstadt Graben in the
middle part of the profile. In the eastern part the upper crust appears more reflective, revealing a ca. 5 - 6
s long band of horizontal reflections. In the central part of the profile the reflectors in the upper and lower
crust are comparably weak. Crustal reflections appear to be strongly diminished in the western part (line
8401). However, a direct comparison of reflection amplitudes observed for line 8601 and line 8401 is not
possible since no amplitude preserving processing was applied and different acquisition parameters affect
the reflection amplitudes in the stacked sections. Additionally, the image of the crustal part is presumably
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affected by the salt bodies above, similar to the areas in line 8106 below the salt plugs (CMP 2500 - 3000,
and CMP 3500 - 4000).
In the deeper part of the section below 10 s crustal reflections are enhanced in the CRS stack (see also
Figure 7). Very prominent parallel east dipping continuous reflections are visible in the central part of the
sections at ca. 10 - 11 s TWT between CMP 3800 and 4800. Further to the east the reflections are weaker
and less continuous. Below the strong east dipping reflections between CMP 4000 and 4600 horizontal
weak reflections can be identified.
Besides the enhancement of crustal and Moho reflections which was the major target of the reprocessing the
CRS stack also improved the images of the salt plugs. A direct comparison of the imaged salt structures
shows that the reprocessed results display details of the salt interior not seen before (Figure 8). These
reflections may be interpreted as Keuper salt horizons which would point to a different internal structure of
the salt plugs than previously thought of and currently applied (Maystrenko et al., 2005). This observation,
however, needs further confirmation by additional processing, particularly prestack depth migration after
careful velocity analysis. Such processing would image the salt area with a technology not yet applied to
this data. In areas of great geological complexity and strong lateral velocity variations like salt structures
prestack depth migration should be superior to the CMP and CRS stack. However, in order to obtain a
qualitatively high prestack depth image an appropriate velocity model is required.

Mid crustal reflections

The CRS stack section of the profile 8106-8401 shows apparently different reflectivity patterns in the
eastern part than in the western part. In the eastern part the section reveals a comparably highly reflective
upper crust within a 3 to 4 s wide band. This area was tectonically less active than the area in the western
part of the profile where less reflectivity is observed. Also, a pronounced reflection band is visible at about
6 s TWT between CMP 1 and 1000. These reflections are attributed to the Conrad discontinuity which is
commonly observed at depths between 10 and 25 km (Chen, C.C. and Chen, C.S., 2000; Snelson et al.,
2002). Between CMP 4000 and 4500 two sharp parallel reflectors are visible between 5.5 - 6.5 s TWT.
These reflections correlate with a high conductivity body observed in magnetotelluric data (Hengesbach,
2006). This high conductivity body is attributed to a bitumen and pyrite rich blackschist body which
indicates that the Glückstadt Graben has been developed as a pre-Triassic structure.

Moho reflections

The Moho below the Glückstadt Graben was interpreted to increase by about 4 km below the graben
proper (Bachmann and Grosse, 1989; Brink et al., 1990) forming a pronounced bump in its topography.
The reflections corresponding to this interpretation are clearly visible as the strongest events at deeper parts
of the crust below the graben at about 10 s TWT (Figure 9). However, a careful inspection of the reflections
with respect to their amplitudes and continuity revealed that these reflections are different from all other
Moho reflections in this section (see, e.g., Moho events at CMPs 3200, 2300 and 600-1800 at about 11
- 11.5 s TWT, magnified excerpts of these parts of the data are displayed in Figure 7). The east dipping
reflections observed in the central part of the Glückstadt Graben at about 10 - 11 s TWT are much stronger
in amplitude and appear more continuous compared to the other events interpreted as Moho reflections in
this section. Moreover, the weaker horizontal reflections at 11.5 s TWT exactly correspond in character
to the events interpreted as Moho reflections elsewhere for this line. Therefore, we interpret the stronger
east dipping reflections not as Moho reflections, but as lower crustal events. We further associate these east
dipping reflections as reflections from a wedge-shaped lower crustal body with a relatively high impedance
contrast. Consequently this interpretation proposes a flat Moho topography at about 11.5 s TWT throughout
the section which only slightly increases at the far eastern part of the section. The proposed flat Moho is
in conflict with the currently supported extension model of the Glückstadt Graben requiring a Moho high
below the Glückstadt Graben. A flat Moho topography would be in good agreement with the observations
of the DEKORP and DOBRE profiles where also a flat Moho is observed for the North German Basin
and the Dnjepr-Donetz Basin, respectively (Bayer et al., 1999; Hoffmann and Brink, 2001). The proposed
lower crustal body with a high impedance contrast below the Glückstadt Graben is in good agreement with
recent gravity modeling results for this area (Yegerova et al., 2006).
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SUMMARY AND CONCLUSIONS

We reprocessed reflection seismic data released by the hydrocarbon industry with the special emphasize to
improve the image of the lower crust in order to investigate the influence of old deep rooted processes to the
evolution of the CEBS. The reprocessing of seismic reflection lines to the north of the Elbe lineament was
performed using the CRS stack method. The comparison of the CRS stack section with the results from
conventional CMP stack processing showed that the reprocessing yielded improved image quality for all
three processed reflection lines. The images provided new insights for the sedimentary cover of the basin
and for the deeper parts of the crust in the area of the Glückstadt Graben. The following results are the key
observations for the reprocessed sections:

- improved images of primary reflections at all crustal levels,

- improved resolution of the internal structure of salt plugs along the Glückstadt Graben indicating the
presence of Keuper salt,

- several short horizontal reflections at mid crustal level not identified before,

- significant enhancement of deep crustal reflections,

- varying lower and mid crustal reflectivity patterns along the Glückstadt Graben profile,

- observation of a flat Moho throughout the North German Basin and the area below the Glückstadt
Graben and the presence of a high density lower crustal body.

The latter points contradict the existing models of graben formation and therefore need further investi-
gation and an extension of the database to the south of the Elbe lineament for better correlation with known
crustal blocks. Different reflectivity patterns for the middle and lower crust were found where a correlation
with respect to tectonic activity of the respective area seems to be apparent. This qualitative observation,
however, needs further inspection since a quantitative amplitude discussion is difficult since the data were
acquired with different parameters and true amplitude processing was not performed. The presented and
discussed results clearly show the advantages of CRS stack processing for crustal data compared to clas-
sical CMP processing. However, as the CRS stack enhances all coherent energy contained in the data
multiples and diffraction events might appear dominant in some parts of the stacked sections if the CRS
stack parameters in the final stack are not specially adjusted to suppress them. This needs further process-
ing and poststack migration. Nevertheless, particularly for data with low fold the CRS stack technology
is clearly superior compared to the processing flow used in the 1980ies. This data example shows that the
CRS stack method is a meaningful imaging technique for crustal reflection data sets.
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ABSTRACT

In the last two decades, many approximations for the PP reflection coefficient have been proposed in
the literature. Basically, all of them are derived from the classical approximation of Aki & Richards,
using additional assumptions on the medium parameters. The aim of constructing such approxima-
tions is to establish reliable attributes that can be capable to indicate the presence of oil or gas. In this
work we review some well known approximations and their respective attributes, We also introduce a
new indicator based on a impedance-type of approximation for the reflection coefficient. Numerical
examples are also provided.

INTRODUCTION

The variation of amplitude with offset (AVO) is a powerful tool to discriminate rocks containing gas and
oil. Several approximations of the PP reflection coefficient (R) have been proposed and different AVO
indicators can be extracted from them. However, there is no agreement about which is the best attribute
and in which situation it would be better applied. The aim of this work is to present a general approach
of the well-known approximations of the reflection coefficient and its respective attributes. The starting
point for all the approximations is the classical approximation of Aki and Richards (see, e.g., Aki and
Richards (2002)), which is based on a weak contrast in the media parameters and a small angle of incidence.
Recently, impedance-type approximations for the reflection coefficient have been introduced. See, e.g.,
Connolly (1999), Santos and Tygel (2004) and Pang et al. (2006). Based on this kind of approximation
we introduce a new indicator. Numerical examples demonstrate the ability of the attributes to discriminate
between gas and oil.

AVO INDICATORS

Let us consider two isotropic homogeneous elastic media separated by a smooth interface. Each medium
has a P-wave velocity α, a S-wave velocity β and a density ρ. Further, let us consider an incident com-
pressional plane wave impinging upon this interface. The PP reflection coefficient (R) for a compressional
reflected wave has an exact expression given by the well known Zoeppritz-Knott formula. This formula is
very hard to handle and it is difficult to extract the physical sense of their terms.

For a small contrast between the properties of the two media and a small angle of incidence, the well
known first-order approximation of Aki and Richards (2002) is given by

R ≈ 1
2

[
1− 4

β2

α2
sin2 θ

]
∆ρ

ρ
+

sec2 θ

2
∆α

α
− 4

β2

α2
sin2 θ

∆β

β
, (1)

where we have used the notation u = (u2 + u1)/2, ∆u = u2 − u1 for u = θ, α, β, ρ, and the subindices
1 and 2 refer to the incidence and transmission sides of the interface, respectively. Moreover, θ1 and θ2 are
such that α2 sin θ1 = α1 sin θ2 (Snell’s law). Shuey (1985) rewrote expression (1) as a function of the
angle θ,

R ≈ A + B sin2 θ + C[tan2 θ − sin2 θ], (2)



200 Annual WIT report 2006

where the parameters A (Intercept), B (Gradient) and C are given by
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]
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α
. (3)

Shuey was further on: for incidence angles smaller than 30 degrees, tan2 θ ≈ sin2 θ and then, equa-
tion (2) turns to be

R ≈ A + B sin2 θ . (4)

Equation (4) is the most used AVO formula. Castagna and Smith (1994) presented a large study using
A and B, A × B and (A + B)/2 as AVO indicators. In that work they have shown that the difference
between the normal incidence PP and SS reflection coefficients can be well approximated by the average
indicator (A + B)/2. Moreover, it is also a robust indicator for clastic section to separate brine sands and
gas sands, as shown in the top of Figure 1. In this figure, we have ploted the values (A + B)/2 for a set of
25 measurements of the Gulf of Mexico and Gulf Coast, given in Castagna and Smith (1994). However, as
already mentioned in that work, for the model number 17 the average indicator failed. We can also observe
that A×B attribute is not a good discriminator either, as depicted in the center of Figure 1.

Smith and Gidlow (1987) used Gardner’s relationship for water-saturated rocks (Gardner et al., 1974),
ρ = a α1/4, to obtain the following approximation for R,

R ≈
[
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− 1
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α
− 4

β2

α2

∆β

β
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Using the mudrock line of Castagna et al. (1985), α = 1.36+1.16 β (in km/s), which relates P- and S-wave
velocities for water-saturated sandstones, siltstones and shales, Smith and Gidlow (1987) define the “fluid
factor” indicator ∆F as

∆F =
∆α

α
− 1.16

β

α

∆β

β
, (6)

where the contrasts for α and β can be estimated from equation (5). The fluid indicator ∆F will be close
to zero for water-bearing and shales rocks and nonzero for other type of rocks or fillings. Fatti et al. (1994)
rewrote equation (5) in terms of RP = ∆IP /IP and RS = ∆IS/IS , where IP = ρα and IS = ρβ. This
modification allow them to redefine the fluid factor as

∆F = RP − 1.16
β

α
RS . (7)

Smith and Sutherland (1996) substitute the term g = 1.16×β/α in the above equation to obtain the “best”
separation. The estimated value was g = 0.63. The bottom of Figure 1 depicts the behavior of the fluid
factor for the same set of 25 measurements used previously, using this value of g.

IMPEDANCE-TYPE INDICATOR

Following the simple cases of normal incidence in elastic media and general oblique incidence in acoustic
media, two new approaches for approximating the reflection coefficient have appeared recently in the liter-
ature. The main idea is to write the reflection coefficient as a function of a “angular” impedance functions,
Ij = I(ρj , αj , βj , θj), j = 1, 2. Such approximation is given by

R ≈ I2 − I1

I2 + I1
=

1
2

∆I

I
, (8)

where ∆I = I2 − I1 and I = (I2 + I1)/2.
Since the introduction of the elastic impedance of Connolly (1999), different authors have suggested

alternative impedance functions, under different assumptions on the parameters involved. See, e.g., Santos
and Tygel (2004) and Pang et al. (2006). For any choice of the impedance function, we now define a new
attribute J , as the ratio of the impedances,

J =
I1

I2
≈ 1−R

1 + R
. (9)
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Figure 1: Four different attributes for 25 measurements of shale over brine-sand (�), shale over gas-sand
(+) and gas-sand over brine-sand (◦): (A + B) / 2, A×B, Fluid Factor ∆F , and L(30o).
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Figure 2: Impedande-type indicator L for diferent values of θ near 30o for 25 measurements of shale over
brine-sand (�), shale over gas-sand (+) and gas-sand over brine-sand (◦).
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Figure 3: Synthetic model for the experiments: a shale layer over a brine-sand dome, with a small layer of
gas-sand in the top.

Clearly, this indicator depends on the angle (or ray parameter). To accomplish the first two highly desirable
characteristics of a good indicator, according Castagna and Smith (1994), we take as the indicator

L = 1− J, or L ≈ 2R

1 + R
. (10)

Figure 2 shows the behavior of L for diferent values of θ near 30o. In the bottom of Figure 1 it is depicted
L(30o), where we can observe that the new attribute separates well gas sand from brine sand for all the 25
measurements, including Model 17.

SYNTHETIC DATA

In order to test the efficiency of our new indicator L for identifying interfaces with different fluids, we
computed the discussed attributes for the model depicted in Figure (3). It consists of a shale layer over a
brine-sand dome, with a small layer of gas-sand in the top. The seismic processing was done using PROBE,
from Paradigm, and we have used the following standard relations,

ρ = 0.6 α1/4, and β = 0.86α− 1.17. (11)

Our indicator L was extracted from the stacked angle sections, computed for each 5 degrees. The atributes
extracted are show in Figure 4.

The average (A+B)/2 does not provide a good identification of the shale/gas-sand interface. Moreover,
the sign of the attribute for the second interface is wrong. The product A × B separates well shale/gas-
sand from shale/brine-sand, but the sign of the last one is positive instead of negative, as in the case of
gas-sand/brine-sand. The fluid factor ∆F and our L(30o) separate well shale/gas-sand from shale/brine-
sand, with the correct sign for both interfaces. Comparing the four attributes, our indicator had the best
performance in separating the fluid interfaces. However, observe that there is a missing section of L for the
second interface, due to the ausency of incidence angles near 30o in that area.
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CONCLUSIONS

Different approximations for the PP reflection coefficient provide different indicators to discriminate gas
and oil. When applied to a set of data, some of them are able to separate gas sand from brine sand. We
introduced a new attribute which was more efficient in discriminate gas and oil for the same data. Further
investigation is being carried to test the potential of the new attribute for well-log analysis.
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ABSTRACT

Stereotomography is extended to general anisotropic models and implemented for elliptical and anel-
liptical anisotropy. Elliptical and anelliptical models depend on three parameters only, which makes
them less sensitive to ambiguity due to limited coverage of surface seismic experiments than trans-
versely isotropic or orthorhombic models. The corresponding approximations of the slowness surface
restrict the validity of the present approach to qP events and mild anisotropy. Numerical experiments
show the potential and the limitations of stereotomography for estimating macrovelocity models in
the presence of anisotropy as well as the importance of transmission events from multiple-offset VSP
experiments for the success of the approach.

INTRODUCTION

The determination of a macrovelocity model is essential for time and depth imaging of seismic reflectors in
the earth. Among the many methods that try to to achieve this aim are so-called tomographic methods that
are based on the inversion of traveltimes of seismic reflection events. One of these is stereotomography,
which uses slowness vector components to improve and stabilize the traveltime inversion. Stereotomogra-
phy was initially proposed by Billette and Lambaré (1998) as a robust tomographic method for estimating
velocity macro models from seismic reflection data. They had recognized the potential efficiency of travel-
time tomography (Bishop et al., 1985; Farra and Madariaga, 1988) but also the difficulties associated with
a highly interpretative picking. The selected events have to be tracked over a large extent of the pre-stack
data cube, which is quite difficult for noisy or complex data. The idea is to use locally coherent events
characterized by their slopes in the pre-stack data-volume. Such events can be interpreted as pairs of ray
segments and provide independent information about the velocity model.

Recently, Billette et al. (2003) demonstrated the successful use of stereotomography to recover isotropic
background media. According to Gosselet et al. (2005), the use of reflection events only is insufficient to
recover anisotropic models. Here, we study the limitations of stereotomography applied in anisotropic
media, using reflected and transmitted events. For this purpose, we use approximations for weak elliptic
and anelliptic anisotropy that are valid for qP waves.

Any tomographic method is based on ray theory. Our approach follows the lines of Farra and Madariaga
(1987) who applied perturbation theory to the Hamiltonian systems that describe the rays in media with
arbitrary anisotropy (Goldstein, 1980). Perturbation theory allows to calculate linear approximations to the
observed data, the so-called Fréchet derivatives. Here, we extend the work of Farra and Madariaga (1987)
to arbitrary anisotropy and restrict it later on for application purposes to elliptic and anelliptic media.

STEREOTOMOGRAPHY IN ANISOTROPIC MEDIA

Stereotomography differs from conventional reflection tomography by the data that are used for the in-
version (Billette et al., 2003). Firstly, the traveltimes are picked from locally coherent events that are
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interpreted as primary reflections or diffractions. Secondly, in-line slowness vectors components of these
events, detected in common-shot or common-receiver gathers, are used in addition to positions and travel-
times of sources and receivers. Thus, the data space is given by

d = [(xs,xr, ss, sr, T sr)n] (n = 1, . . . , N) . (1)

where xs and xr are the source and receiver positions, T sr are the traveltimes, and ss and sr are the
slowness-vector projections into the receiver line. Moreover, N is the number of selected events.

Stereotomography also uses a different model parameterization than conventional reflection tomogra-
phy. In 2D, the model to be estimated includes: the parameters describing the velocity model, p, the
scattering-point coordinates, X, the emergence angles, θs and θr, and the ray traveltimes, τ s e τ r. In other
words, the model vector is

m = {p, (X, θs, θr, τ s, τ r)n} (n = 1, . . . , N) . (2)

To solve the inverse problem using linear iterations, an initial reference model must be given. In this model
m0, ray tracing is performed to calculate the synthetic data, equation (1), denoted as dc. The difference
between the observed and calculated data, do − dc, defines the deviation δd.

This deviation is modeled in linear approximation as

δd = DF(m0)δm , (3)

where DF denotes the approximate operator describing the direct problem under variation of the reference
model m0. The operatorDF(m0) is known as the Fréchet derivative (see, e.g., Menke, 1989). The solution
of the linear system in equation (3) determines a new reference model

mnew
0 = m0 + δm. (4)

The process continues iteratively until the norm of the deviation ‖δd‖ is smaller than a given tolerance
value (in case of convergence) or until a maximum number of steps. In this work, we use the standard L2

norm (Menke, 1989).

Rays in anisotropic media

The ray tracing system in generally anisotropic media can be represented as (Červený, 2001)

dx
dτ

= ∇sH ,
ds
dτ

= −∇xH , (5)

where ∇x and ∇s represent the gradients with respect to the position and slowness vectors, x and s,
respectively, and where τ is the traveltime along the ray. Moreover, H(x, s;p) = 0 along the ray. In
tomographic applications, this system (5) is solved numerically.

Upon perturbation of the medium parameters p, the position and slowness vectors of a ray get perturbed.
Retaining only first-order effects in these perturbations δp, δx and δs, the system becomes

d

dτ

 δx

δs

 =

 ∇s∇T
xH ∇s∇T

s H

−∇x∇T
xH −∇x∇T

s H

 δx

δs


+

 ∇s∇T
pHδp

−∇x(∇T
pHδp)

 . (6)

Initial conditions

Initial conditions for δx e δs can be established upon requiring that the first-order perturbations of the
Hamiltonian at the starting point must be zero. This condition guarantees that the paraxial rays satisfy,
to the first order, the Hamiltonian equations. For stereotomography, it is necessary to integrate the above
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system (6) for one initial condition for each possible perturbations. Therefore, the determination can be
reduced to three cases:
(1) Perturbation of the slowness direction:

δs = s

(
I− n∇T

s H
∇T

s Hn

)
dn
dθ

δθ . (7)

(2) Perturbation of the diffraction point position:

δs = − ∇sH
‖∇sH‖

∇T
xHδX
‖∇sH‖

, (8)

(3) Perturbation of the elastic parameters:

δs = − ∇sH
‖∇sH‖

∇T
pHδp/‖∇sH‖. (9)

With these initial conditions, the system in equation (6) can be integrated along a ray in the reference
medium. In this way, the Fréchet derivatives with respect to the perturbations of the initial position, initial
angle, and elastic parameters can be numerically evaluated. System (6) can be efficiently solved for each
choice of initial conditions by means of the propagator method (Červený, 2001). With the central ray, i.e.,
x(τ) and s(τ), supposed to be known, system (6) takes the form

dy
dτ

= A(τ)y + f(τ) , (10)

where

A(τ) =

 ∇s∇T
xH ∇s∇T

s H

−∇x∇T
xH −∇x∇T

s H

 , y =
[

δx
δs

]
, and f =

[
∇s(∇T

pHδp)
−∇x(∇T

pHδp)

]
.

(11)
Equation (10) is a system of linear ordinary differential equations. The propagator methods allow to repre-
sent the solution to this system in an interval (τ0, τ), satisfying the initial condition y(τ0) = y0, as

y(τ) = P(τ, τ0)y0 +
∫ τ

τ0

P(τ, ξ)f(ξ)dξ . (12)

The initial condition for the propagator matrix P(τ, τ0) is then P(τ0, τ0) = I, where I is the identity
matrix. Numerically, P(τ, τ0) can be determined using Runge-Kutta schemes. For stereotomography, this
approach has the advantage that the propagator matrix P(τ, τ0) can be determined independently of y0,
which means that it needs to be calculated only once.

The integration of system (6) is based on the assumption that the elastic parameters vary smoothly.
Actually, they need to be second-order differentiable. Moreover, the model needs to be specified by a
finite number of parameters. To satisfy these conditions, the parameters must be interpolated. In our
implementation, each medium parameter is represented using the tensor product of third-order B-splines
as

pm(x1, x3) =
N1∑

α=1

N2∑
β=1

pαβ
m Bα(x1)Bβ(x3) , (13)

where the functions Bγ(xj) are the base functions of the interpolator along xj and Nj indicates the number
of base functions in that direction. Moreover, the pαβ

m are the interpolation coefficients that constitute the
medium parameters to be estimated by stereotomography.
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Hamiltonians

A possible form for the Hamiltonian in anisotropic elastic media is

H(x, s) = |aijkl(x)sjsl − δik| = 0 , (14)

where aijkl(x) are the density-normalized components of the stiffness tensor (Musgrave, 1970). To re-
duce the number of parameters to invert for, we study only the inversion of qP events in the elliptical
approximation (Dellinger et al., 1993)

H(x, s) =
1
2
[p1(x)s2

1 + p2(x)s2
3 + 2 p3(x)s1 s3 − 1] = 0 , (15)

and the anelliptical approximation for vertically transversely isotropic (VTI) media (Schoenberg and de-
Hoop, 2000)

H(x, s) =
1
2
[p1(x)s2

1 + p2(x)s2
3 − (p1(x)p2(x)− p2

3(x)) s2
1s

2
3 − 1] = 0 . (16)

The elliptic approximation can represent slowness surface segments with arbitrary orientation. The anellip-
tic approximation is very good for qP waves in VTI media with mild anisotropy (Schoenberg and deHoop,
2000). This class includes many shales, which are the sedimentary rocks that exhibit the greatest degree of
anisotropy.

Here, the medium parameters p1 and p2 are the squares of the horizontal and vertical phase velocities,
respectively. In an elliptic medium, i.e., in equation (15), parameter p3 indicates the orientation of the
ellipse. In the anelliptical medium, i.e., in equation (16), p3 is determined by the phase velocity at 45o.

Resolution analysis

The Fréchet derivatives contain all information about the incompleteness of the data for the estimation of
δm. Generally, the linear system in equation (3) is ill-conditioned because of the limited ray coverage
in the model (Nolet, 1987). The resolution matrix R = VrVT

r can be determined from the singular-
value decomposition of DF (Lawson and Hanson, 1974; Menke, 1989). Here, Vr is a submatrix of the
orthogonal matrix V of dimension Nm, the columns of which are the eigenvectors of the space DT FDF.
Vr is associated with the singular values greater than a value λrr, which is chosen by the prescription of
an acceptable condition number for DF.

The lines of the resolution matrix R indicate which model parameters are well resolved. The closer R
is to the identity matrix, the better the parameter resolution and, thus, the quality of the inversion result.
Nonzero off-diagonal elements represent linear dependence of the corresponding parameters that therefore
cannot be well resolved.

Resolution analysis of the Fréchet derivatives using singular value decomposition (SVD) is useful to
determine the limits of stereotomography for anisotropic model reconstruction. We use a homogeneous
isotropic medium as a reference model and computed the Fŕechet derivatives for an elliptic and an anelliptic
media. Two acquisition geometries were considered. First, a CMP array and a single diffraction event, the
scatter is located at 1.5 km in depth, offsets vary form 1 km to 7 km, equally spaced at every 1 km.
Second, we add to the previous data transmission data from a VSP acquisition, the well is located along
the midpoint of the split-spread array, the source is at the surface 1 km from the well head and the two
receivers are located along the well at 500 m and 2 km. The vertical slowness component is taken for each
transmission data.

We compute the resolution matrix for each set of acquisition geometry for the elliptic and anelliptic
models. For the SVD analysis, the stereotomography model parameters in vector m are ordered as: m1 ≡
p1, m2 ≡ p2, m3 ≡ p3, and m6i−2 ≡ Xi

1, m6i−1 ≡ Xi
3, m6i ≡ θs

i , m6i+1 ≡ θr
i , m6i+2 ≡ τ s

i ,
m6i+3 ≡ τ r

i , with i = 1, . . . , N . Therefore, the medium parameters are equal to m1, m2 and m3. The
remaining parameters for each picked event are diffractor position, slowness angles and traveltime for each
ray branch. For transmission data we add to the model parameter vector m the transmission traveltime, τt,
and the ray angle at the source, thetat.
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Figure 1: Non-zero singular values in non-
increasing order for a single diffraction event in el-
liptical media. Sources and receivers are in a CMP
array.
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Figure 2: Resolution matrix computed dropping
the zero singular value in Figure 1. Single diffrac-
tion event in a homogeneous elliptical medium.
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Figure 3: Resolution matrix computed dropping the two smaller singular value in Figure 1.

* Elliptical medium
Figure 1 shows the nonzero singular values for the single diffraction event and CMP acquisition ge-

ometry. The smallest singular value is zero. This indicates that the corresponding parameter cannot be
recovered from data. Figure 2 shows the resolution matrix computed dropping the zero singular value.
From the rows of resolution matrix, we see that the most poorly resolved parameter is p3, which controls
the tilt of the ellipse. This parameter is coupled with the position of the diffraction points, the slowness
phase angles θs and θr, and the traveltimes on each ray branch connecting the diffractors to sources and
receivers, τs and τr. Figure 3 shows the resolution matrix computed dropping the two smallest singular
values. This time, besides the orientation of the ellipse, the vertical slowness, p2, is poorly resolved. These
results indicate that the ellipse orientation is the parameter that is most difficult to recover from the data,
followed by the vertical phase velocity.

Figure 4 shows the singular values after adding the transmission data to the single diffraction event and
CMP acquisition geometry. This time there is no zero singular value, and the conditioning of the matrix
is greatly improved. The condition number of the matrix is 430. Figure 5 shows the resolution matrix
computed dropping the smallest singular value. Again the parameters p2 and p3, i.e., the vertical phase
velocity and the orientation of the ellipse, are strongly coupled. However, their coupling to the diffractor
position is much reduced. The introduction of transmission data improves the conditioning and reduces the
linear dependence among parameters.
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Figure 4: Singular values in non increasing order
with transmission data for a VSP geometry is added
to the previous surface data.
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Figure 5: Resolution matrix computed dropping
the smallest singular value in Figure 4.

* Anelliptical medium
Figure 6 shows the singular values for the single diffraction event and CMP acquisition geometry in an

anelliptic medium. There is no zero singular value this time and the condition number is 430. Figure 7
shows the resolution matrix computed dropping the smallest singular value. The row of the resolution
matrix the parameters with the poorest resolution corresponds to parameter p2, the square of vertical phase
velocity. It is most strongly coupled with parameter p3, the phase velocity in the diagonal direction, and the
depth of the diffractors. These results indicate that stereotomography can recover the medium parameters
and diffractors position in an anelliptical medium. In the presence of noise, the vertical phase velocity is
the most poorly resolved parameter, followed by the diagonal phase velocity and the diffractor depth.

Figure 8 shows the resolution matrix computed dropping the last two singular values. The condition
number is now 210. Still, p2 and p3 are the parameters with the poorest resolution. These parameters are
strongly coupled with the diffractor depth, X3, and the medium parameter p1. The horizontal coordinate of
the reflector, X1, the slowness phase angles, θs and θr, and the traveltimes on each ray branch connecting
the diffractor to sources and receivers, τs and τr also loose resolution. Note that the resolution of the latter
parameters decreases with increasing offset.

Figure 9 shows the singular values when we add the transmission data to the surface CMP data from
the single diffraction event. The condition number improves and is equal to 285, as one can see comparing
these singular values with those in Figure 6. Figure 10 shows the resolution matrix computed dropping the
smallest singular value. The parameter p3 is coupled with p1 and the diffractors depth. As in the elliptic
case, the addition of transmission data improves conditioning and reduces the linear dependence among
parameters.

Summarizing, these initial experiments with single checkshots and single diffractors demonstrated that
(a) estimation of anisotropic models using only reflection and diffraction events and surface acquisition
geometry cannot recover stereotomography parameters in tilted elliptical media; (b) estimation of stereoto-
mography parameters in anelliptical media using only reflection and diffraction events and surface acqui-
sition geometry is possible but can be ill-conditioned; (c) the inclusion of transmission events from VSP
experiments improves the conditioning of stereotomography; (d) the determination of the orientation of the
slowness curve together with the position of the diffraction or reflection point is ill-conditioned.

Regularization

Due to the incompleteness of the data, additional conditions that take desirable properties of the solution
into account, must be incorporated into the objective function. To reduce the ambiguity, three kinds of
regularization are used, two of which minimize the medium heterogeneity and anisotropy, while the third
one maximizes the diffractor focusing. Denoting the average diffractor position of diffractor number i by
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Figure 6: Singular values in non increasing order
for a single diffraction event in an anelliptical med-
ium.
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Figure 7: Resolution matrix computed dropping
the smallest singular value in Figure 6.
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Figure 8: Resolution matrix computed dropping the two smaller singular value in Figure 6.
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Figure 9: Singular values in non increasing order
with transmission data for a VSP geometry is added
to the previous surface data.
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Figure 10: Resolution matrix computed dropping
the smallest singular value in Figure 9.
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〈Xi〉, the focusing is maximized if
Ni∑
j=1

‖Xi
j − 〈Xi〉‖22 (17)

is minimized. Denoting the operators that minimize spatial derivatives by D(n)
1 and D(n)

3 , and the one
minimizing anisotropy by Diso, the regularized objective function for anisotropic stereotomography can
be written as

Φ(m;λi) = ‖d− F(m)‖22 + λ2
0‖m−m0‖22

+λ2
1‖D

(n)
1 p‖22 + λ2

2‖D
(n)
3 p‖22 + λ2

3‖Disop‖22

+λ2
4

Nevents∑
i=1

Ni∑
j=1

‖Xi
j − 〈Xi〉‖22 , (18)

where the λi are Lagrangian multipliers that weight the contributions to the objective function.

SYNTHETIC DATA EXAMPLE

The described stereotomography algorithm was tested on a number of synthetic models, comparing the
isotropic, elliptic, and anelliptic inversion. The data were modeled using the anisotropic ray-tracing code
ANRAY of Gajewski and Pšenčík (1990).

In all tests, the VTI models were parametrized for inversion by 49 coefficients of the B-splines parametriza-
tion (13), specified on a regular 7× 7 grid. The weights for the regularization terms in equation (18) were
chosen as λ0 = 0.01, λ1 = 0.01, λ2 = 0.01, and λ4 = 0.01. In all cases, the inversion started from a
homogeneous, isotropic initial model with velocity 3.0 km/s. In the following, typical results of stereoto-
mographic inversion are presented for one of these models.

This model is a heterogeneous, weakly anisotropic VTI medium with Thomsen parameters (Thomsen,
1986) of ε = δ = 0.189 and γ = 0.175. The model has covers a subsurface region of 6 km x 3 km with
diffraction points at the positions D1 =(0.7 km, 2.9 km), D2 =(1.2, 1.0), D3 =(2.2 km, 1.7 km), D4 =
(3.8 km, 0.5 km), D5 = (4.3 km, 1.5 km), D6 = (4.8 km, 1.0 km), and D7 =(5.3 km, 2.9 km). The
surface data were simulated for a CMP situated at xm = 3.0 km. The vertical and horizontal velocities in
the model are depicted in Figures 11 and 12, respectively. Also shown in Figure 11 are the positions of the
diffractors and the a subset of the rays used for tomography.

Figure 13 shows the result of isotropic stereotomography. The depicted ray families indicate the focus-
ing behavior of the diffractors. We observe that the depth of the diffractors is systematically overestimated.
This is an effect of the influence of the horizontal velocity which is larger than the vertical velocity in this
model. The relative error, depicted in Figure 14, shows a large deviation from the vertical velocity, with
maximum error in the order of 40%. When comparing the reconstructed isotropic model to the exact hor-
izontal velocity model (see Figure 15), we see that above 1.0 km, the error is reduced. We may conclude
that in the shallow part, isotropic stereotomography is more strongly influenced by horizontal than vertical
velocities.

The vertical velocity model reconstructed with elliptic stereotomography is shown in Figure 16. The
result presents very small lateral variations in the regions with high ray coverage. The depth of the diffrac-
tors is better estimated, although the focusing of the deeper ones, where few rays are available, is still poor.
The quality of the velocities can be judged in Figure 17, which shows the relative error. We see that errors
do not exceed 8% in regions with high ray coverage. The horizontal velocities from elliptic stereotomog-
raphy are depicted in Figure 18. We recognize the recovery of the direction of the velocity gradient, but
the failure to recover its strength. The errors, depicted in Figure 19 are smaller than 6% down to a depth
of 1.5 km and become higher only in undersampled regions. From these results, we conclude that elliptic
stereotomography does a better job in estimating the vertical than the horizontal velocity.

Although the model was chosen to be elliptically anisotropic, for completeness also an anelliptic
stereotomography has been carried out. The resulting vertical velocity is depicted in Figure 20. We observe
an even better depth estimation and focusing of the diffractors. As before, the result is worse in regions
with lower ray coverage. However, the velocities are worse than the ones from elliptic stereotomography.
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Figure 11: Model: Vertical velocity with a gradient towards the lower right corner. Also shown are the
diffraction points (asterisks) and some ray families used for the tomographic inversion. The colorbar is the
same for all subsequent velocity figures.
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Figure 12: Model: Horizontal velocity.

The relative error is shown in Figure 21. We see that the variation of the model is strongly underesti-
mated. Finally, Figure 22 and Figure 23 show the recovered horizontal velocity and the respective error.
Although the horizontal velocity shows a similar variation to the original model in the region with highest
ray coverage, the error is still higher than the one for elliptic stereotomography.

In summary, stereotomography works best where ray coverage is high. In such regions, anisotropic
properties of the medium can be recovered to a certain degree. It is interesting to observe that in all our
synthetic tests, even where the original model is anelliptic, elliptic stereotomography gave the smallest
errors. A possible remedy for this might be the use of more transmission data in the inversion.

CONCLUSIONS

We have extended stereotomography to generally anisotropic media and implemented the corresponding
inversion for two types of approximations for qP-wave slowness surfaces. The elliptic and anelliptic ap-
proximations represent the slowness surface as an ellipse of arbitrary orientation and a quartic surface with
fixed orientation, respectively.

An analysis of the resolution matrix for experiments with single checkshots and single diffractors
demonstrated that (a) estimation of anisotropic models using only reflection and diffraction events and
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Figure 13: Velocity as result of isotropic stereotomography.
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Figure 14: Relative error of vertical velocity from isotropic stereotomography. The colorbar is the same
for all subsequent error figures.
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Figure 15: Relative error of horizontal velocity from isotropic stereotomography.
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Figure 16: Vertical velocity as result of elliptic stereotomography.
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Figure 17: Relative error of vertical velocity from elliptic stereotomography.

surface acquisition geometry cannot recover stereotomography parameters in tilted elliptical media; (b) es-
timation of stereotomography parameters in anelliptical media using only reflection and diffraction events
and surface acquisition geometry is possible but can be ill-conditioned; (c) the inclusion of transmission
events from VSP experiments improves the conditioning of stereotomography; (d) the determination of
the orientation of the slowness curve together with the position of the diffraction or reflection point is ill-
conditioned. On this basis, we have provided a possible formulation for the necessary regularization for
the anisotropic problem.

Numerical examples demonstrated that isotropic stereotomography in anisotropic media tends to pro-
duce systematic localization errors. The use of anisotropic stereotomography improves the focusing and
localization of diffractors, but only if additional transmission data are taken into account. Therefore, a
macrovelocity model that is useful for migration can only be constructed by stereotomography if both
types of events are available.
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Figure 18: Horizontal velocity as result of elliptic stereotomography.
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Figure 19: Relative error of horizontal velocity from elliptic stereotomography.
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Figure 20: Vertical velocity as result of anelliptic stereotomography.
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Figure 21: Relative error of vertical velocity from anelliptic stereotomography.
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Figure 22: Horizontal velocity as result of anelliptic stereotomography.
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Figure 23: Relative error of horizontal velocity from anelliptic stereotomography.



The Wave Inversion Technology (WIT)
Consortium

The Wave Inversion Technology (WIT) Consortium was established in
1997 and is organized by the Geophysical Institute, Karlsruhe Univer-
sity, Germany. It consists of four fully integrated working groups, one
at Karlsruhe University and three at other universities, being the Mathe-
matical Geophysics Group at Campinas University (UNICAMP), Brazil,
the Seismics / Seismology Group at the Free University (FU) in Berlin,
Germany, and the Applied Geophysics Group (AGG) of the Hamburg Uni-
versity, Germany. In 2003, the Geoscience Center at the University of Pará,
Belém, Brazil joined the WIT Consortium as an affiliated working group.
The WIT Consortium offers the following services to its sponsors: a) re-
search as described in the topic “Research aims” below; b) deliverables; c)
technology transfer and training.

RESEARCH AIMS

The ultimate goal of the WIT Consortium is a most accurate and efficient target-oriented seismic mod-
eling, imaging, and inversion using elastic and acustic methods. Traditionally, exploration and reservoir
seismics aims at the delineation of geological structures that constrain and confine reservoirs. It involves
true-amplitude imaging and the extrapolation of the coarse structural features of logs onto space. To-
day, an understanding is emerging on how sub-wavelength features such as small-scale disorder, porosity,
permeability, fluid saturation, etc. influence elastic wave propagation and how these properties can be re-
covered in the sense of true-amplitude imaging, inversion, and effective media. The WIT Consortium has
the following main research directions which aim at characterizing structural and stratigraphic subsurface
characteristics and extrapolating fine grained properties of targets:

1. data-driven multicoverage zero-offset and finite-offset simulations

2. macromodel determination

3. seismic image and configuration transformations (data mapping)

4. true-amplitude imaging, migration, and inversion

5. seismic and acoustic methods in porous media

6. passive monitoring of fluid injection

7. fast and accurate seismic forward modeling

8. modeling and imaging in anisotropic media
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WIT PUBLIC RELATIONS COMMITTEE
Name University Area
Peter Hubral Karlsruhe WIT headquarters
Claudia Payne Karlsruhe WIT headquarters
Jürgen Mann Karlsruhe WIT headquarters & WIT report
Alexander Müller Karlsruhe WIT report & WIT CD-R
Nicolas Hummel Karlsruhe WIT report
Markus von Steht Karlsruhe WIT homepage manager

STEERING COMMITTEES
Internal External

Name University Name Sponsor
Dirk Gajewski Hamburg Roger L. Reagan Anadarko
Martin Tygel Campinas Paolo Marchetti ENI
Peter Hubral Karlsruhe Thomas Hertweck Fugro Seismic

Imaging
Jürgen Mann Karlsruhe Paul Krajewski Gaz de France
Claudia Payne Karlsruhe Emil Guberman Geomage
Jörg Schleicher Campinas Dan Grygier Landmark
Claudia Vanelle Hamburg Eduardo Lopes de Faria Petrobras
Ekkehart Tessmer Hamburg Björn Paulsson P/GSI

Fons Ten Kroode Shell
Pierre-Alain Delaittre Total
Henning Trappe TEEC
Alfonso Gonzalez Western Geco

COMPUTING FACILITIES

In Karlsruhe, the research project uses computer facilities that consist of mainly Hewlett-Packard (HP),
Silicon Graphics (SGI), and Linux workstations. These are networked with a local compute server, a SGI
Origin 3200 (6 processors, 4GB shared memory). For large-scale computational tasks, an IBM RS/6000
SP-SMP (256 nodes + 52 nodes) and a Fujitsu VPP 5000 are available on campus. If there is still a request
for more computing power, a Cray T3e (512 nodes), a NEC SX-4/32, and a Hitachi SR8000 (16 nodes) can
be used via ATM networks at the nearby German National Supercomputing Center (HLRS) in Stuttgart.

The Hamburg group has access to a 16 nodes (8 CPUs and 8 GB each) NEC SX-6 supercomputer at the
German Computer Center for Climate Research (Deutsches Klimarechenzentrum, DKRZ) for numerically
intensive calculations. Additional computer facilities consist of several SUN workstations and Linux PCs.

The Geophysical Department of the Free University of Berlin has excellent computer facilities based
on Sun- and DEC-Alpha workstations and Linux PCs. Moreover, there exists access to the parallel super-
computer Cray T3m (256 proc.) of ZIB, Berlin.

The research activities of the Campinas Group are carried out in the Mathematical Geophysics Labora-
tory. The Lab has many PC Linux workstations and Sun Ultra 60/80 workstations connected by a dedicated
network, suitable for parallel processing. For large-scale applications, the Lab has full access to the Na-
tional Center for High Performance Computing of São Paulo, that maintains, among other machines, an
IBM RS/6000 9076-308 SP (43 nodes) with 120GB of RAM. Also available are seismic processing soft-
ware packages from Paradigm and CGG.

The main computing facility at the Geophysics Graduation Program in Belém is the Seismic Processing
Lab (ProSis). The hardware resources include: workstations (RS3600) from IBM and a SUN SparkStation
20, all networked to a local server SUN Enterprise-3500 with 2 processors; several networked Linux-
PCs; for large-scale applications, a cluster of PCs with 20 dual-processor nodes. The proprietary software
packages available for seismic applications are ProMAX, Disco-Focus, and Gocad.



WIT research personnel

Mikhail Baykulov received his diploma in geophysics in 2004 from Saratov State University, Russia.
He confirmed his diploma in 2005 at the University of Hamburg with a thesis on the "Application of the
CRS stack to reflection data from the crystalline crust of Northern Germany". Since 2005 he has been a
Ph.D. student at the University of Hamburg. His present research interests include CRS imaging, migration
velocity analysis, and depth inversion applied to deep seismic reflection data.

Ricardo Biloti received his BSc (1995), MSc (1998) as well as PhD (2001) in Applied Mathematics from
the State University of Campinas (UNICAMP), Brazil. Since May 2002, he has been working for Federal
University of Paraná (UFPR), Brazil, as an Adjoint Professor at the Department of Mathematics. Never-
theless he is still a collaborator of the Campinas Group. His research areas are multiparametric imaging
methods, like CRS for instance. He has been working on estimating kinematic traveltime attributes and on
inverting them to construct velocity models. He is also interested in Numerical Analysis, Numerical Linear
Algebra, and Fractals. He is a member of SBMAC, SIAM, and SEG.

Stefan Buske received his diploma in geophysics (1994) from Frankfurt University. From 1994 until 1998,
he worked as research associate at Frankfurt University, and from 1998 until 1999 he was with Ensign Geo-
physics Ltd. (Depth Imaging Department) in London. Since 1999 he is a university staff member at the
Free University of Berlin. His research interests include seismic modeling and inversion, deep seismic
sounding and parallel programming. He is a member of EAGE, SEG, AGU, ASA and DGG.

Klaus Mairan Laurido do Carmo received his BSc (2001) in Mathematics from the Federal University
of Pará (Brazil). Presently, he is finishing his master’s thesis entitled “Global Optimization methods ap-
plied in the search of the 2-D CRS stack parameters” at Federal University of Pará. His research interest is
Applied Mathematics.

Daniel Chalbaud received his degree as Geophysical Engineer from Universidad Simon Bolivar (Caracas,
Venezuela) in 2000. He worked in the Seismology Department of the Venezuelan Institute for Seismologi-
cal Research (FUNVISIS). Also, he worked as Explorer Geophysicist for the Geophysical Data Acquisition
Department of the Venezuelan Oil Company (PDVSA). Currently, he is working as a Ph.D student at Freie
Universitaet Berlin. His research interests focus on seismic data processing, imaging and seismic data ac-
quisition. Member of the SEG and SOVG.

Pedro Chira-Oliva received his MSc in 2000 and PhD in 2003 from Federal University of Pará (Brazil),
both in Geophysics. His research interests are macro-model independent imaging methods, seismic image
wave methods and 3D modeling. He is a member of SBGf and SEG.

Jessé Carvalho Costa received his diploma in Physics in 1983 from the Physics Department, Federal Uni-
versity of Pará (UFPA) and a Doctor degree in Geophysics in 1993 from the Geophysics Department at the
same University. He was a Summer Student at Schlumberger Cambridge Research in 1991 and 1992. He
spent 1994 and 1995 as a post-doc in the Stanford Tomography Project at Stanford University. He held a
faculty position the Physics Department at UFPA from 1989 to 2003. Currently his is Associate Professor
in the Geophysics Department, UFPA. His fields of interest include seismic anisotropy, traveltime tomog-
raphy and seismic modeling.
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João Carlos Ribeiro Cruz received a BSc (1986) in geology, a MSc (1989), and a PhD (1994) in geo-
physics from the Federal University of Pará (UFPA), Brazil. From 1991 to 1993 he was with the reflection
seismic research group of the University of Karlsruhe, Germany, while developing his PhD thesis. Since
1996 he has been full professor at the geophysical department of the UFPA. His current research interests
include velocity estimation, seismic imaging, and application of inverse theory to seismic problems. He
is a member of SEG, EAGE, and SBGF. Actually, he is the Director of the National Department of the
Mineral Production of the Pará Province.

Stefan Dümmong received his diploma in Geophysics in 2006 from the University of Hamburg. Since
2006 he is PhD student in the department of Applied Geophysics at the University of Hamburg. His re-
search interests are imaging procedures and multiple removal techniques. He is a member of EAGE.

Jaime Fernandes Eiras received his diploma in geology in 1975 from the Pará University, Brazil. He
joined Petrobrás in 1976, where he worked as a wellsite geologist until 1983, and as an exploration geol-
ogist until 2001. Since March 2002, he has been a visiting professor at the Geophysics Department of the
ParÚniversity. As a basin interpreter, he has studied many of Brazil’s offshore and onshore areas, such as
Atlantic-type, paleozoic, rift, and multicyclic basins. His fields of interest are structural, stratigraphic, and
seismic interpretation, especially seismic stratigraphy. He is a member of the Brazilian Geological Society.

Carlos A.S. Ferreira received a BSc (1996) and a MSc (2000), both in physics, at Federal University of
Pará. From 1997 to 2001, he spent some time studying geology, where he had the opportunity of working
with some geophysical methods, such as vertical electric sounding and well logging, both as a geology
graduate student. Presently, he is working towards his PhD in geophysics at Federal University of Pará,
where the main topic of his thesis is prestack depth migration using Gaussian beams. His main research
interests are quantum description via Ermakov invariants (in physics) and all forward and inverse seismic
imaging techniques. He is member of SEG, SBPC and SBGf.

Dirk Gajewski received a diploma in geophysics in 1981 from Clausthal Technical University and a PhD
from Karlsruhe University in 1987. Since 1993, he has been associate Professor (Applied Geophysics)
at Hamburg University. After his PhD, he spent two years at Stanford University and at the Center for
Computational Seismology at the Lawrence Berkeley Lab in Berkeley, California. From 1990 until 1992,
he worked as an assistant professor at Clausthal Technical University. His research interests include high-
frequency assymptotics, seismic modeling, and processing of seismic data from isotropic and anisotropic
media. Together with Ivan Psencîk, he developed the ANRAY program package. He is a member of
AGU, DGG, EAGE, and SEG, and serves as an Associate Editor for Geophysical Prospecting (section
anisotropy).

German Garabito received his BSc (1986) in Geology from University Tomás Frias (UTF), Bolivia, his
MSc in 1997 and PhD in 2001 both in Geophysics from the Federal University of Pará (UFPA), Brazil.
Since 2002 he has been full professor at the geophysical department of UFPA. His research interests are
data-driven seismic imaging methods such as the Common-Refection-Surface (CRS) method and velocity
model inversion. He is a member of SEG, EAGE and SBGF.

Ellen de Nazaré Souza Gomes received her diploma in Mathematics in 1990 from University of Amazô-
nia. She received her Master degree in Applied Mathematics in 1999 from the Mathematics Departament,
Federal University of Pará. In 2003, she received her Doctor degree in Geophysics from Geophysics De-
partment at the same University. Her fields of interest are anisotropy and seismic modeling. She has been
professor at the Federal University of Pará since 1997.

Kolja Gross studied physics at the Freie Universität Berlin and received his diploma in 2004. Since April
2004 he is working as a Ph.D. student on reflection seismic data. His research interests include seismic
modeling, imaging techniques and scattering.
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Zeno Heilmann received his diploma in Geophysics from the University of Karlsruhe (TH) in October
2002. Since November 2002 he has been a research associate at the Geophysical Institute, Karlsruhe Uni-
versity. Besides the practical application of the CRS stack based imaging workflow in several research
projects, he works on the development of the CRS stack software, focusing on the influence of rugged
topography and near surface velocity variations. He is a member of EAGE and SEG.

Peter Hubral received an M.Sc. in 1967 in geophysics from Clausthal Technical University and a Ph.D.
in 1969 from Imperial College, London University. Since 1986, he has been a full Professor of Applied
Geophysics at Karlsruhe University specialising in Seismic Wave Field Inversion. During 1970-73 he was
with Burmah Oil of Australia and from 1974 to 1985 he was with the German Geological Survey in Han-
nover. He was a consultant in 1979 with AMOCO Research and, during 1983-1984, a Petrobras-sponsored
visiting professor in the PPPG project at the Universidade Federal da Bahia in Brazil. In 1995-1996 he
was an ELF- and IFP-sponsored visiting professor at the University of Pau, France. He received EAEG’s
Conrad Schlumberger Award in 1978, the SEG’s Reginald Fessenden Award in 1979, and the EAGE’s
Erasmus Award in 2003. He is a regular member of DGG and an honorary member of the EAEG/EAGE
and SEG. Peter Hubral is involved in most of WIT’s activities, in particular those including research on
image resolution, image refinement, image attributes, multiple suppression, incoherent noise suppression,
true-amplitude imaging, interpretative processing, and image animation.

Florian Karpfinger is a diploma student. Presently, he is working at the reservoir characterization group
at the Free University Berlin. He is a member of the SEG, DGG, and EAGE.

Boris Kashtan obtained his MSc in theoretical physics from Lenigrad State University, USSR, in 1977.
A PhD (1981) and a Habilitation (1989) were granted to Boris by the same University. He is Professor at
St. Petersburg State University, Russia, and since 1996 Boris is head of the Laboratory for the Dynam-
ics of Elastic Media. His research interests are in high frequency methods, seismic modeling, inversion,
anisotropy, and imaging. He regularily visits Germany and spends from weeks to several month at the
University of Hamburg every year.

Mareike Kienast is diploma student at the Geophysical Institute of Karlsruhe. She is currently working
on the application of limited-aperture migration. She is a member of EAGE.

Tilman Klüver received his diploma (with distinction) in geophysics from Karlsruhe University in Febru-
ary 2004. Since April 2004, he has been a research associate at Karlsruhe University. His research covers
the application of kinematic wavefield attributes in 2D and 3D inversion schemes as well as their extraction
from seismic datasets. He is a member of the EAGE and the SEG.

Oliver Krüger received his diploma in geophysics in 2002 from Freie Universität Berlin and is currently a
PhD student at Freie Universität Berlin. His research interests focus on finite difference modeling, imaging
and property prediction of fractured materials.

L.W.B. Leite is a professor of geophysics at the Graduate Course in Geophysics, and member of the De-
partment of Geophysics of the Federal University of Pará (Belem, Brazil). His main emphasis at the present
time is seismic wave propagation in thin layers for deconvolution and inversion problems.

Rômulo Correa Lima received his diploma in geophysics in 2002 from Geophysical Department of the
Federal University of Pará, Brazil, with a thesis on Seismic Migration. In 2002 and 2003, he was a re-
searcher in the seismic group of that university. Currently he is working on 3D modeling.

Jürgen Mann received his diploma in geophysics in 1998 from the Faculty of Physics, Karlsruhe Uni-
versity, with a thesis on Seismic Image Waves. In 2002, he received a doctorate in natural sciences (with
distinction), again from the Faculty of Physics in Karlsruhe, with a thesis on the Common-Reflection-
Surface Stack method. Since 1998 he has been a research associate at Karlsruhe University, since 2001 he
is assistant to Prof. Peter Hubral. His fields of interest are seismic reflection imaging methods, especially
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data-driven approaches based on kinematic wavefield attributes. He is active member of the SEG, member
of the EAGE and its research committee, and member of the editorial board of the Journal of Seismic Ex-
ploration.

Kristina Meier is a diploma student in Geophysics at the University of Hamburg. Her research interests
are seismic imaging and velocity model building in random media. Currently, she is working with different
tomographic inversion approaches. She is a member of EAGE.

Nils-Alexander Müller received his diploma in geophysics in December 2003 from Karlsruhe University,
Germany. His thesis dealt with the implementation of the 3D CRS stack. Since 2004 he has been a re-
search associate at the Geophysical Institute in Karlsruhe. His research covers the 3D CRS stack and the
application of the kinematic wavefield attributes in 3D inversion algorithms. Alex is also responsible for
the WIT report. He is a member of EAGE and SEG.

M. Amélia Novais received her M.Sc. in Mathematics from the Brazilian Institute of Pure and Applied
Mathematics (IMPA) in 1993 and her PhD in Applied Mathematics from State University of Campinas
(Unicamp) in 1998. Since 1996, she has been a professor for Mathematics at the Federal University of Sao
Carlos (UFSCar), Brasil. She has joined Unicamp in April 2002. Her research interests focus on partial
differential equations and include seismic forward imaging. In particular, she works with finite differences
to obtain the solution of the acoustic and elastic wave equation, as well as with the Born and Kirchhoff ap-
proximations. Presently, she also studies image-wave equations. She is a member of SEG, EAGE, SBGf,
SBMAC, and SBM.

Claudia Payne has been Peter Hubral’s secretary since 1990. She is in charge of all WIT administrative
tasks, including advertising, arranging meetings, etc. Email: Claudia.Payne@gpi.uka.de; phone: +49-721-
608-4443, fax: +49-721-71173

Rodrigo Portugal received his B.Sc. (1995), M.Sc. (1998), and PhD (2002) in Applied Mathematics from
the State University of Campinas (UNICAMP), Brasil. In his thesis he studied wavefront construction
in the 2.5D situation and its application to the four Kirchhoff operations, namely: modeling, migration,
demigration and demodeling. Currently he is an associate researcher of the Department of Geology and
Natural Resources (DGRN) at UNICAMP. His research interests include wavefront propagation, numerical
analysis, seismic imaging and inversion.

Lasse Rabenstein is a diploma student. He is currently working as a teaching assistant for the department
of Geophysics at the FU Berlin. His interests are seismic imaging and wave phenomena in random media.

Susanne Rentsch received her diploma in geophysics from the Free University Berlin in July 2003. Her
diploma thesis was about “Hydraulic characterization of rocks using density of microseismicity”. Since
August 2003 she has been working as a PhD student on location of seismic events using imaging tech-
niques.

Elmar Rothert received his diploma in Geophysics in 1999 from the University of Göttingen. In his
diploma thesis he studied the scattering of teleseismic waves at small-scale heterogeneities in the crust and
lithosphere below the seismic receiver array GRF in Germany. Since January 2000 he is a Ph.D. student of
Prof. Shapiro at the Freie Universität Berlin. Currently, he focuses on the reconstruction of permeability in
heterogeneous, anisotropic, fluid-saturated media from induced microseismicity. He is a member of AGU,
EAGE, and SEG.

Erik Saenger received his diploma in Physics in March 1998 and his Ph.D. in November 2000 from the
University of Karlsruhe. Since January 2001 he has been a research associate at the Freie Universität
Berlin. Currently, he focuses on Finite Difference modeling of fractured materials at the Geophysical In-
stitute, Free University Berlin. He is member of the DGG, DPG, SEG, and EAGE.
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Lúcio Tunes Santos received his B.Sc. (1982) and M.Sc. (1985) in Applied Mathematics from the State
University of Campinas (UNICAMP), Brazil. In 1991 he earned his PhD in Electrical Engineering also
from UNICAMP. From 1985 to 1988 he was employed as a Teaching Assistant at the University of Sao
Paulo (USP). Since 1988 he has been working for UNICAMP, first as an Assistant Professor and after 1999
as an Associate Professor. From 1994 to 1995 he visited Rice University as a postdoc researcher and in
1998, 1999 and 2001 he was a visiting professor at the Geophysical Institute of Karlsruhe University (Ger-
many). His professional interests include seismic modeling and imaging as well as nonlinear optimization
and fractals. He is a member of SBMAC (Brazilian Society of Computaional and Applied Mathematics)
and SEG. His present activities include the development of new approximations for the P-P reflection coef-
ficient, alternative attributes for AVO analysis, and finite-difference methods for the eikonal and transport
equations.

Jörg Schleicher received a BSc (1985) in physics, an MSc (1990) in physics, and a PhD (1993) in geo-
physics from Karlsruhe University (KU), Germany. From 1990 to 1995, he was employed as a research
fellow at KU’s Geophysical Institute. From September 1995 to September 1996, he was a visiting scien-
tist at the Institute for Mathematics, Statistics, and Scientific Computing of State University of Campinas
(IMECC/UNICAMP) in Brazil with joint grants from the Brazilian Research Council CNPq and Alexan-
der von Humboldt foundation. Since October 1996, he has been employed as an Associate Professor for
Applied Mathematics at IMECC/UNICAMP. In 1998, he received SEG’s J. Clarence Karcher Award. His
research interests include all forward and inverse seismic methods, in particular Kirchhoff modeling and
imaging, amplitude-preserving imaging methods, ray tracing, and model-independent stacking. He is a
member of SEG, EAGE, DGG, SBGf, and SBMAC.

Sergei Shapiro received his M.Sc. in 1982 from Moscow University and the Ph.D. in 1987 from All
Union Research Institute of Geoinformsystem (AURIG) in Moscow, both in Geophysics. During 1982-
90 he worked for AURIG as a research geophysicist. In 1991-1997 he was a senior research scientist at
the Geophysical Institute of Karlsruhe University, Germany. The first two years of this time he was an
Alexander von Humboldt fellow. From January to August 1997, he was a Heisenberg associate-research
professor. Since September 1997 till January 1999, he was a full professor in Applied Geophysics at the
Nancy School of Geology, France, where he was cooperating with GOCAD consortium. Since February
1999 he has been a full professor of Geophysics at the Free University of Berlin, where he leads a research
group in Seismology. His interests include exploration seismology, rock physics, and forward and inverse
scattering problems. He is a member of SEG, EAGE, AGU, and DGG.

Christof Sick is a Ph.D. student and research associate at the Freie Universität Berlin. Presently, he is
working in the random media group and the SFB267. His diploma thesis was about the analysis and mod-
eling of the dynamics of spatio-temporal signals.

Miriam Spinner received her diploma in geophysics in December 2003 from Karlsruhe University, Ger-
many. Her thesis dealt with an extension of true-amplitude Kirchhoff migration to handle data acquired
on a measurement surface with topographic variations. Since 2004 she has been a research associate at
the Geophysical Institute in Karlsruhe. Search interests include the CRS technique and limited-aperture
migration in the context of AVO analysis. She is a member of EAGE and SEG.

Ekkehart Tessmer received an MSc in 1983 in geophysics from Hamburg University and a PhD in 1990
from Hamburg University. Since 1990, he has been senior research scientist at the Institute of Geophysics
at Hamburg University. Since 1994, he has a university staff position. His research interests include ex-
ploration seismology, seismic and electromagnetic wave propagation simulation, and migration. He is a
member of DGG, EAGE, and SEG.

Martin Tygel received his B.Sc. in physics from Rio de Janeiro State University in 1969, his M.Sc. in
1976 and Ph.D. in 1979 from Stanford University, both in Mathematics. He was a visiting professor at the
Federal University of Bahia (PPPG/UFBa), Brazil, from 1981 to 1983 and at the Geophysical Institute of
Karlsruhe University, Germany, in 1990. In 1984, he joined Campinas State University (UNICAMP) as an
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associate professor and since 1992 as a full professor in Applied Mathematics. Professor Tygel has been an
Alexander von Humboldt fellow from 1985 to 1987. In that period, he conducted research at the German
Geological Survey (BGR) in Hannover. From 1995 to 1999, he was the president of the Brazilian Society of
Applied Mathematics (SBMAC). In 2002, he received EAGE’s Conrad Schlumberger Award. Prof. Tygel’s
research interests are in seismic processing, imaging and inversion. Emphasis is aimed on methods and
algorithms that have a sound wave-theoretical basis and also find significant practical application. These
include, for example, the unified approach of seismic reflection imaging (problem-specific combinations
of true-amplitude migration and demigration) and, more recently, data-driven seismic imaging approaches
such as the Common Refection Surface (CRS) method. Prof. Tygel is a member of SEG, EAGE, SBGf,
and SBMAC.

Claudia Vanelle received her diploma in physics in 1997 and her Ph.D. in 2002, both from the University
of Hamburg. Since 1997 she has been a research associate at the University of Hamburg and since 1998
at the Institute of Geophysics in Hamburg. In 2002 the Shell She-Study-Award was bestowed upon her in
appreciation of her Ph.D. thesis. Her scientific interests focus on true-amplitude migration and anisotropy.
She is a member of EAGE and SEG.

Markus von Steht received his diploma in geophysics in Febuary 2005 from the University of Karlsruhe
(TH). The field of study focused on the handling of rugged topography in the CRS stack and its application
to synthetic and real data. His new field of study with the objective of a PhD is the development of a CO
CRS stack to handle VSP and multi-component data. He is a member of the EAGE and SEG.

Mi-Kyung Yoon received her diploma from the Technical University of Berlin. From 2001 to 2005 she
worked in the imaging group of the Free University of Berlin. She finished her PhD thesis in February,
2005. Since April 2005 she is working as a research scientist at the Institute of Geophysics in Hamburg.
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Anadarko Petroleum Corp.
1201 Lake Robbins Dr.
The Woodlands, TX 77380
USA
Contact: Dr. Roger L. Reagan / Dr. Riaz Ala’i
Tel: +1 832 636 1347 / +1 832 636 1550
Fax: +1 832 636 8075
E-mail: Roger.Reagan,Riaz.Alai@anadarko.com

Eni - Divisione Exploration & Production
AESI/E&P
Via Emilia 1
20097 San Donato Milanese MI
Italy
Contact: Mr. Paolo Marchetti
Tel: +39 2 520 62827
Fax: +39 2 520 63891
E-mail: Paolo.Marchetti@agip.it

Fugro Seismic Imaging Ltd
Horizon House, Azalea Drive
Swanley, Kent BR8 8JR
United Kingdom
Contact: Dr. Thomas Hertweck
Tel: +44 1322 668011
Fax: +44 1322 613650
E-mail: Thomas.Hertweck@fugro-fsi.com

Gaz de France
Produktion Exploration Deutschland GmbH
Waldstr. 39
49808 Lingen
Germany
Contact: Mr. Paul Krajewski
Tel: +49 591 612381
Fax: +49 591 6127000
E-mail: P.Krajewski@gazdefrance-peg.com
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Geomage 2003 Ltd.
Beit Lotem
Shilat Business Park
Modi’in 71700
Israel
Contact: Mr. Emil Guberman
Tel: +972 (8) - 979 0605
Fax: +972 (8) - 928 5525
E-mail: info@geomage.com

Landmark Graphics Corp.
1805 Shea Center Drive
Suite 400
Denver, CO 80129
USA
Contact: Mr. Dan Grygier
Tel: +1 303 488 3979
Fax: +1 303 796 0807
E-mail: DGrygier@lgc.com

Petrobras - CENPES/PDEX/GEOF
Av. Hum, quadra 7 s/n, Cidade Universitária
Illha do Fundão
CEP 21.941-598 - Rio de Janeiro, RJ
Brazil
Contact: Eduardo Lopes de Faria
Tel: +55 21 3865 4
Fax: +55 21 3865 4739
E-mail: Eduardo.Faria@petrobras.com.br

Paulsson Geophyscal Services Inc. (P/GSI)
1215 West Lambert Road
Brea, CA 92821-2819
USA
Contact: Dr. Björn Paulsson, Dr. Alexander Goertz
Tel: +1 562 697 9711
Fax. +1 562 697 9773
E-mail: Bjorn.Paulsson,Alex.Goertz@paulsson.com

Shell International Exploration and Production B.V.
Volmerlaan 8
Postbus 60
2280 AB Rijswijk
The Netherlands
Contact: Mr. Fons Ten Kroode
Tel: +31 70 447 2270
E-mail: A.TenKroode@Shell.com
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TOTAL SA
DGEP/SCR/RD
CSTJF - Avenue Larribau
64018 Pau Cedex
France
Contact: Mr. Pierre-Alain Delaittre
Tel: +33 5 59 8356 73
Fax: +33 5 59 8344 44
E-mail: Pierre-Alain.Delaittre@total.com

Trappe Erdöl Erdgas Consulting
Burgwedelerstr. 89
D-30916 Isernhagen HB
Germany
Contact: Dr. Henning Trappe
Tel: +49 511 724 0452
Fax. +49 511 724 0465
E-mail: Trappe@teec.de

Western Geco
10001 Richmond Ave
Houston, TX 77042-4299
USA
Contact: Mr. Alfonso Gonzalez/Mr. Luis Canales
Tel: +1 713 689 5717
Fax. +1 713 689 5757
E-mail: AGonzalez15@houston.westerngeco.slb.com




