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The EAGE Erasmus award 2003 (with honorary membership)
was presented to

Peter Hubral

In recognition of his many outstanding contributions to geophysics, including the introduction of image
ray concepts, his work on true amplitude, on propagation in layered media and on reflection surfaces in
conjunction with structural configurations, all of which have had far reaching consequences on the approach
to imaging the Earth, and for his services to the Association.

Stavanger, 5 June 2003

Figure 1: On behalf of Prof. Peter Hubral, Dr. Jürgen Mann received the EAGE Erasmus award 2003
during the closing ceremony of the 65th EAGE Conference & Exhibition in Stavanger, Norway.

http://www.eage.nl/organisation/index.phtml?content=content.phtml?id=39&menu=award
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Preface

The Wave Inversion Technology (WIT) consortium has been successfully existing for 7 years now. During
this time, many sophisticated seismic modeling, imaging, and inversion methods were developed, imple-
mented, and tested by the research groups in Berlin, Campinas, Hamburg, and Karlsruhe. A new research
group in Belém (Brazil) has now joined WIT working on very similar lines as the groups in Campinas and
Karlsruhe. The activities of all WIT groups continue to converge to a—for the consortium very specific
and successful—seismic workflow involving various methods like, e. g., 2D and 3D CRS stack, residual
static corrections, isotropic and anisotropic true-amplitude modeling and imaging, tomographic inversion,
characterization of rock properties, or passive monitoring.

We welcome TOTAL SA to the WIT consortium who took over the sponsorship from TOTAL E&P UK.

The successful work within the WIT consortium was once again noticed and honored in 2003 by the
SEG at their annual international conference and exhibition in Dallas: Professor Shapiro and his co-authors
received the renowned Best Paper Award: Shapiro S.A., Rothert E., Rath V., and Rindschwentner J., 2002,
Characterization of fluid transport properties of reservoirs using induced microseismicity. Geophysics, vol.
67, no. 1.

Another paper has been denoted as a highlight in the AGU journal: Rothert, E., Shapiro, S.A., Buske, S.,
and Bohnhoff, M., 2003, Mutual relationship between microseismicity and seismic reflectivity: Case study
at the German Continental Deep Drilling Site (KTB). Geophys. Res. Lett., vol. 30, no. 17.

Peter Hubral was invited to give a well-attended course on CRS Stack at the EAGE Education Days in
London. He was also invited to give this presentation at the bi-annual meeting of the Brazilian Geophysical
Society (SBGf) in Rio de Janeiro. Jürgen Mann was invited to give a special talk on the same subject at the
EAGE/SEG summer workshop in Trieste, which was organized with the support of the WIT group.

It is evident that international cooperation and the exchange of ideas with sponsors are very important
elements of WIT. We were pleased that Professor Norman Bleistein stayed for 6 months with the Karlsruhe
group. We will try to continue our research in the same successful way and hope that our supporters will
maintain confidence in us, our ideas and implementations for years to come. On behalf of all WIT col-
leagues I want to thank our sponsors for their support during the last seven years.

Peter Hubral
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IMAGING

Perroud and Tygel introduce a new implementation of the normal-moveout (NMO) correction called
Nonstretch NMO. The procedure automatically avoids the undesirable stretch effects that are present in
conventional NMO. In this way, a significant range of large offsets, that would normally be muted in the
case of conventional NMO, can be kept and used, leading to better stack and velocity determinations.
Illustrative applications to synthetic and real datasets, obtained from high-resolution (HR) seismic and
ground-penetrating radar (GPR) measurements are provided.

Garabito et al. review the CRS and Multifocus traveltime moveouts in the presence of strong topogra-
phy. Simple examples designed to illustrate the accuracy of the traveltime expressions are provided.

Chira-Oliva et al. present a modified 2-D ZO CRS stacking operator in order to consider effects due
to the smooth topography. By means of this new CRS formalism, they stack the land seismic data for ob-
taining a high resolution ZO seismic section, without applying static corrections. As by-products the 2-D
ZO CRS stack method with smooth topography also provides accurate estimates of the CRS parameters.

Garabito et al. present a new algorithm of the Common Reflection Surface (CRS) method based on global
(Simulated Annealing - SA) and local (Quasi-Newton - QN) optimizations to estimate the CRS parameters
from multicoverage data. We have applied the proposed SA-QN optimization to the Marmousi dataset
with very good results. These results indicate that the procedure is able to provide highly accurate CRS
parameters and images in complex seismic data.

Majana et al. discuss three local optimization methods applied to refine the initial values for the attributes
of the CRS method in 2D. The performance and accuracy of the methods are examined by means of illus-
trative synthetic and real data examples.

Mann and Duveneck present an event-consistent smoothing algorithm for the CRS wavefield attributes.
Based on one of the wavefield attributes, namely the emergence angle of the normal ray, and the coher-
ence measure associated with the CRS stacking operator, a combination of a median filter and averaging
is applied. The attribute fluctuations due to noise as well as outliers to the pragmatic search strategy are
strongly reduced in accordance to the theoretical background. All applications of the wavefield attributes,
including the stack itself, benefit from this smoothing.

Koglin and Ewig briefly present how CRS atributes are used to obtain CRS moveout corrected CRS super
gather which are necessary for the subsequent residual static correction. The theoretical background and a
first real data example are discussed.

Gamboa et al. investigate the use of CRS attributes multiple identification and attenuation purposes. Vari-
ous algorithms are proposed, together with synthetic examples that illustrate their application.

Alves et al. present a paper that is a computational exercise related to seismic multiple attenuation by
combining two theories: the classical Wiener-Hopf-Levinson for prediction (WHLP), and the common-
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reflection-surface (CRS) stack, here denoted as WHLP-CRS.

Bergler and Müller give a short overview on the current state of the 3-D CRS software developed at
the University of Karlsruhe. Moreover, utility programs faciliating the choice of the 3-D CRS processing
paramters are introduced.

Duveneck shows how kinematic wavefield attributes obtained from the application of the 3D CRS stack can
be used in a tomographic inversion to determine a smooth 3D subsurface velocity model for depth imaging.

Kluever presents a tomographic inversion scheme which makes use of 2D finite-offset kinematic wave-
field attributes to determine smooth, laterally inhomogeneous, isotropic subsurface velocity models.

Hertweck et al. present the concepts of a seismic reflection imaging workflow based on the Common-
Reflection-Surface stack. The consecutive processing steps are outlined and demonstrated for a synthetic
data example. The workflow includes the application of the CRS stack itself together with an automated
time migration, a CRS-attribute-based tomographic inversion to estimate a smooth macro-velocity model,
and pre-/poststack depth migration by means of the obtained model.

Heilmann et al. present a recent application of a CRS-stack-based seismic imaging workflow to data
acquired in the Oberrheingraben, Germany. The main objective of the presented exploration project was
to image faults and fractures relevant for a planned geothermal power plant. The individual steps of the
applied CRS-stack-based imaging workflow were 1) the CRS stack and attribute determination, 2) the de-
termination of a smooth macrovelocity model by tomographic inversion using the CRS attributes, and 3)
pre- and poststack depth migration using the obtained macrovelocity model.

Tessmer tests full-wave pre-stack reverse-time migration using different types of wave-equations with
synthetic data sets. By varying parameters like migration velocities, different degrees of macro model
smoothing and by adding noise to the synthetics he shows the stability of the method. In addition he shows
a comparison between reverse-time migration and Kirchhoff depth migration for a synthetic data set of the
Picrocol model, which indicates that imaging with reverse-time migration is superior.

Vanelle et al. explain how the traveltime-based strategy for true-amplitude migration can be extended
to include later-arrivals. They introduce a method for locating discontinuities of the wavefronts, that can
also be applied to detect caustics. Examples on the interpolation of later-arrival traveltimes demonstrate
the technique.

Jäger et al. show how true-amplitude Kirchhoff migration can be performed for data recorded with an
irregular acquisition geometry on a non-flat measurement surface. They deal with problems usually known
as acquisition footprint in the literature.

Schleicher and Bagaini realize a Common-Shot Migration to Zero Offset (CS-MZO), which transforms
a common-shot section into a zero-offset section, as a Kirchhoff-type stacking operation for 3D wave
propagation in a 2D laterally inhomogeneous medium. By application of suitable weight functions, data
amplitudes are preserved or transformed by replacing the geometrical-spreading factor of the input reflec-
tions by the correct one of the output zero-offset reflections. A numerical example validates the process
and highlights the differences between amplitude preserving and true-amplitude CS-MZO.

Schleicher et al. study the finite-difference solution of the image-wave equation for depth remigration
and possible applications. Grid dispersion and dissipation can only reduced to acceptable levels by the
choice of very small grid intervals. First applications to inhomogeneous media point towards the method’s
potential of being useful as a tool for migration velocity analysis.
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ROCK PHYSICS AND WAVES IN RANDOM MEDIA

Müller and Gurevich use the Bourret approximation in order to describe the coherent wavefield in 3-D
randomly inhomogeneous poroelastic structures. This model allows to quantify attenuation and dispersion
of seismic waves propagating in porous rocks with meso-scale inhomogeneities. For example, the impor-
tant problem how seismic waves respond to partial rock saturation can be tackled by this approach.

Kravtsov et al. study the traveltime fluctuations of refracted waves in random elastic media in the frame-
work of a geometrical optics approach. Covariance function of traveltime fluctuations is derived for the
case of a constant gradient of the average wave velocity. The theoretical consideration is verified with
the numerical modelling and the main statistical parameters -variance of refractive index, horizontal and
vertical scales of inhomogeneities- are estimated.

Kaselow and Shapiro give a short introduction into the extension of the stress sensitivity approach to
arbitrary anisotropic media under arbitrary load and show that there are rocks where the stress sensitivity
is also able to explain the stress dependence of electrical resistivity.

Orlowsky et al. show the effects of parallel crack distributions on effective elastic properties. The nu-
merical study is performed using the so-called rotated staggered finite-difference scheme.

Saenger et al. consider three different kinds of 3D isotropic fractured media with a different pore struc-
ture. They have numerically tested effective velocity predictions of the Gassmann equation and the Biot
velocity relations.

Delépine et al. estimate for the Soultz geothermal reservoir two independant permeability values, a perme-
ability tensor and a heterogeneous reconstruction of the hydraulic diffusivity. The results agree very well
with independent in-situ and laboratory tests.

Rentsch et al. present a new approach for estimating the hydraulic parameters of rocks. This approach
provides possibilities to characterize hydraulic properties on large spatial scales with high precision using
probability considerations of fluid-induced micro earthquakes.

MODELING

Costa et al. show a fast raytracing in a piecewise homogeneous anisotropic medium in 3-D. The imple-
mentation is for a triclinic anisotropic medium.

OTHER TOPICS

Buske and Kravtsov demonstrate the behaviour of divergence of the geometrical optics series when the
conditions for its applicability are violated. Two analytical examples in elementary functions are presented:
a shear wave propagation in 1D elastic media with exponentially changing parameters and 2D Gaussian
beam diffraction in free space. These examples evidence that accounting for higher terms in GO power
series leads to divergence and therefore becomes completely senseless beyond the boundaries of GO appli-
cability.

Vanelle and Gajewski present expressions for sectorially best-fitting isotropic P- and S-velocities fol-
lowing from a generalisation of Fedorov’s (1968) technique. Examples for media with polar (VTI) and
triclinic symmetry confirm the superiority of the sectorial fit over the commonly used global fit by Fedorov.

Soukina et al. present a joint inversion of qP - and qS-waves in piecewise homogeneous weakly anisotropic
media using a linear formalism for both qP - and qS-waves. If the observed qS-wave polarization vectors
are introduced into the inversion, the tomographic relations for qS-waves can be linearized and are for-
mally identical to those for qP -waves. The inversion procedure was tested using synthetic noise-free and
noisy data obtained for a layered model.
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Gomes et al. estimate the fractures orientation through multiazimuthal AVO analysis of qP and its con-
verted waves. They assume the fractured medium behaves as an effective transversally isotropic (TI)
medium.



I

Imaging
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Nonstretch NMO

H. Perroud and M. Tygel

email: Herve.Perroud@univ-pau.fr
keywords: NMO, stretch, traveltime

ABSTRACT

We describe a new implementation of the normal-moveout (NMO) correction, that is routinely ap-
plied to common-midpoint (CMP) reflections prior stacking. The procedure, called nonstretch NMO,
automatically avoids the undesirable stretch effects that are present in conventional NMO. Under
nonstretch NMO, a significant range of large offsets, that would normally be muted in the case of
conventional NMO, can be kept and used, leading to better stack and velocity determinations. We
illustrate the use of nonstretch NMO by its application to synthetic and real datasets, obtained from
high-resolution (HR) seismic and ground-penetrating radar (GPR) measurements.

INTRODUCTION

As shown firstly by Buchholtz (1972), conventional application of NMO correction to a CMP reflection
generates a stretch which increases with offset and decreases with zero-offset time. The discussion on the
effect of NMO correction on reflection data has always been a topic of interest. For our needs, we cite
one of the earliest references Dunkin and Levin (1973). Due to stretch, a number of NMO-corrected traces
needs to be muted after a given offset. For this purpose, an acceptable stretch limit has to be fixed by the
user, and the choice of this limit could have a great impact on the frequency content of the stack images
Miller (1992). As a consequence, the large-aperture traces cannot be used in velocity analysis and stacking
processes. This is particularly harmful for shallow reflectors, which present relatively large offsets with
respect to depth (or traveltime). It can also be a significant handicap for the search of subtle traps Noah
(1996).

The proposed nonstretch NMO can be also advantageous for amplitude-versus-offset (AVO) purposes.
In fact, increasing the offsets in which key reflection events (such as, e.g., top-of-reservoir reflections) do
not suffer from NMO stretch, can be useful to extend AVO to a larger range, so that the estimations AVO
attributes can be made more reliable. Of course, possible interference with neighboring events may limit
the application of this approach.

The origin of the NMO stretch lies in the form of the hyperbolic equation

t2(h) = t20 + 4h2/v2
nmo, (1)

that is used to describe the reflection time t as a function of half-offset, h. Here, t0 stands for the zero-offset
(ZO) traveltime and vnmo represents the NMO velocity, which is an estimation of the root-mean-square
(RMS) velocity in the case of flat-layered media. From simple geometrical considerations, it can be verified
that equation (1) represents a hyperbola whose asymptote passes through the origin and has slope equal to
2v−1
nmo. For a band-limited source pulse, the reflection event of traveltime (1) is generally observed as a

strip of constant width (the pulse width) around that curve. The ideal NMO correction should be the one
that would simply move the whole strip around the traveltime curve (1) onto a corresponding strip (of the
same width) around the horizontal line t = t0.

For a user-selected value of t0, an estimation of vnmo is conducted as a one-parameter search that maxi-
mizes the coherency (semblance) of the data within the CMP gather. The procedure is usually called NMO
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velocity analysis, or velocity scan. After an acceptable estimate of vnmo is obtained, conventional NMO
correction transforms samples t(h) + τ in the vicinity of the traveltime curve (1) onto their corresponding
values t0 + τ ′ according to the equation

(t0 + τ ′)2 = (t(h) + τ)2 − 4h2/v2
nmo. (2)

Comparison of equations (1) and (2) yields the well-known first-order relationship τ ′/τ = t(h)/t0 Dunkin
and Levin (1973), which defines the stretch ratio. To understand why the conventional NMO correction, as
provided by equation (2), introduces a stretch in the output signal, we refer to (Figure 1, left). There we see
that, for fixed vnmo, the NMO traveltime curves for zero-offset times t0 and t0 + τ are both converging,
for large offsets, towards their common asymptote t = 2h.v−1

nmo. This means that these hyperbolae are
not parallel to each other: after moveout, the shape of the reflection pulse will therefore be stretched since,
within the same trace, smaller time samples will experience a larger moveout than larger time samples. As
seen from the above analysis, one approach to avoid the NMO stretch, is to introduce a different traveltime
moveout expression that keeps as much as possible the parallelism between the hyperbolae when changing
zero-offset time. This idea was proposed by de Bazelaire (1988) with the so-called method of shifted
hyperbolae. In this formulation, the scanned parameter is the focussing time of the hyperbola, tp, instead
of the velocity vnmo. Another approach was introduced as the block-move-sum (BMS) concept Rupert
and Chun (1975), which applies a series of static shifts to blocks of data, followed by a summation. BMS
has been the subject of further developments, as recently illustrated by Brower (2002), where an up-to-date
references list can be found. In the present paper, however, we want to stay as close as possible to the
widely used NMO method and traveltime equation (1), so that a quasi-static NMO shift can be obtained
from the usual dynamic NMO process, in a manner similar to a block moveout process. In this way, our
new approach can be adopted by the users of the traditional NMO without a severe change of processing
tools and habits.

It is to be remarked that the formulation and analysis of the NMO stretch phenomenon presented in this
work is very similar to the one recently described in Mann and Höcht (2002). The main point is that, in
order to avoid stretch, the NMO-velocity has to be corrected both in zero-offset time shift and offset. The
NMO stretch elimination procedure proposed and implemented here, considers the full, offset-dependent
NMO-velocity correction, as opposed to Mann and Höcht (2002) that employs an offset-independent ap-
proximation of that correction.

NONSTRETCH NMO: THEORY

As stated above, to avoid stretch, one has to keep parallelism of NMO traveltimes as much as possible.
However, strict (global) parallelism is not achievable using the classical NMO equation (1), since their
asymptotes intersect at the origin. So the problem can be formulated in the following manner: what
condition should we impose such that the NMO for a single trace can be performed without stretch? The
only parameter that has some degree of freedom is the vnmo, which is also related to the slope of the
asymptote. Nonstretch NMO, therefore, proposes to adjust it so that local parallelism can be obtained. To
explain how this can be done, we refer to (Figure 1, right) and consider the equation

(t(h) + τ)2 = (t0 + τ)2 + 4h2/v2(τ). (3)

Here, τ is a time shift and v(τ) is the adjusted velocity that eliminates the stretch for that half-offset h. Note
that equation (3) is the same as equation (2), with the exception that the adjusted velocity, v(τ), replaces
the fixed NMO-velocity, vnmo, and the non-stretch condition, τ ′ = τ , has been imposed. After simple
manipulations combining equations (1) and (3), we obtain the important expression

v(τ) = vnmo

(
1 +

2τ

t(h) + t0

)−1/2

, (4)

that determines the adjusted velocity v(τ) for a reflection event, characterized by t0 and vnmo, at offset h
and time shift τ . To better reveal the physical meaning of equation (4), it is useful to recast it in the form

v(τ) = vnmo

(
1 +

2

1 +
√

1 + a2

τ

t0

)−1/2

, with a =
2h

t0.vnmo
. (5)
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Figure 1: Comparison between conventional NMO (left) and nonstretch NMO (right). The hyperbolae
corresponding to the onset and the end of a reflection event are shown (solid lines), together with their
asymptotes (dashed lines). At half-offset h equal 25 m, the vertical line reveals the separation between
the hyperbolae. For conventional NMO, the hyperbolae converge with h, while for nonstretch NMO, their
distance is kept equal for the chosen h.

We call the quantity a = 2h/t0vnmo the geometrical aperture in the effective constant-velocity medium
defined by t0 and vnmo. Under the usual assumption of a model that consists of flat homogeneous layers,
the geometrical aperture a is simply the tangent of the incidence angle onto an effective reflector at depth
vnmot0/2 for a source-receiver pair with half-offset h. In such a media, the NMO stretch factor is linked
to the aperture a by the formula τ ′/τ = t(h)/t0 =

√
1 + a2. This makes explicit the relationship between

the NMO stretch and the nonstretch NMO adjusted velocity. We see that the required NMO-velocity
correction depends both on time-shift and offset. Except for a change in notation, equation (5) coincides
with its counterpart equation (4) in Mann and Höcht (2002).

Equation (5) better displays the main factors that influence the determination of v(τ), namely the zero-
offset time of the event t0 and the geometrical aperture a. For a given event, the strongest effect onto the
stacking velocity corresponds to null aperture (a = 0), where equation (5) reduces to

v(τ) = vnmo

(
1 +

τ

t0

)−1/2

(6)

It corresponds to maintain constant the product (t0 + τ)v(τ)2, and thus the curvature of the hyperbolic
traveltime curves at null offset. On the other hand, if the aperture a gets very large, equation (5) tends
to its limiting value v(τ) = vnmo, which means that vnmo has to be kept constant over the whole pulse
length. For the intermediate, more usual, apertures, the adjusted velocity lies between these two extreme
cases. Moreover, it can be seen from equation (4) that, for the set of events recorded on a given trace,
stronger effects onto the stacking velocity are observed at shorter zero-offset times. Equation (6), that can
be interpreted as an offset-independent approximation of the NMO-velocity to avoid stretch, is the one
selected in Mann and Höcht (2002).

From equation (4), as t(h) and t0 are strictly positive, we see that v(τ) always decreases when the
time shift τ increases. Therefore, even setting NMO velocity constant is not sufficient to avoid stretch, as
done in the constant-velocity-stack (CVS) approach. In addition, the classical increase of NMO velocity
with time that results from interpolating the time-velocity distribution is going the wrong way and further
increases the stretch effect of the NMO.
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Figure 2: Construction of velocity distribution in the case of non-interfering (left) or interfering (right)
events. Thick solid lines represent the modified velocity distributions that replace the corresponding con-
ventional ones, shown as thin solid lines. Dotted lines represent the velocity functions derived from equa-
tion (4) for individually picked events, computed for half-offset h equal 200 m. They are used only in the
time-range that refers to the pulse length between two horizontal bars.

NONSTRETCH NMO: IMPLEMENTATION

Based on the above considerations, we propose the following scheme to implement the nonstretch NMO.
After performing the usual NMO velocity analysis, which estimates t0 and vnmo for each reflection event,
a specific velocity distribution is constructed for each trace in the following manner: for each event, the
originally picked time-velocity point is replaced by a curve segment which follows equation (4) (see Fig-
ure 2, left). Note that the only quantity that is additionally needed is the range for argument τ . A good
estimation of this range can be obtained as the inverse of the bandwidth of the propagating signal. In this
way, the whole procedure can be made automatically. Obviously, the trace-dependent, time-velocity dis-
tribution obtained here is solely used for applying the nonstretch NMO correction and should be discarded
after this purpose. As the non-stretch condition implies that the velocity decreases with time in the τ -range,
it means that the interpolated NMO velocity between events will grow more rapidly, and thus the NMO
stretch effect will be increased between events. It is therefore necessary not to forget any reflection event
in the velocity picking, so that the increased stretch will concern only the noise between events.

The classical NMO processing tools usually provide an upper limit to acceptable stretch, the stretch-
mute ratio, all samples with a NMO stretch exceeding this ratio being simply muted. This mute renders
impossible an exact inverse NMO process, opposite to the case of nonstretch NMO. This new process can
therefore be quite helpful for any processing chain in which NMO can be temporarily applied, and later
removed.

However, for the large apertures encountered in near surface seismics or GPR studies, NMO stretch
leads to a very severe mute of superficial events. This results on a blind zone at the top of the sections. On
the other hand, the stretch-mute ratio provides a way to limit the offset used in the CMP gather analysis
and stack, and therefore acts as an implicit trace filter. When applying the proposed nonstretch NMO,
new problems are bound to arise with long offsets, as for example interferences between crossing events.
As shown in the examples below, a way to circumvent these situations is to process the reflection events
one at a time. To do so, we construct the hyperbolae corresponding to the onset of each event from the
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Figure 3: Comparison between conventional NMO and nonstretch NMO for a single flat layer model. In
the comparison of stacks, the left traces were obtained by conventional NMO, whereas the right ones were
obtained by nonstretch NMO. The synthetic data has been obtained by ray tracing followed by wavelet
convolution and noise addition. Amplitudes are not realistic. However, geometrical spreading is included
and was compensated in the processing.

time-velocity distribution obtained by the NMO velocity scan. Then, for each event, we mute all samples
above the corresponding hyperbola and below those for the next events and apply the nonstretch NMO. As
each event is processed individually, the modified velocity distribution needs not to be interpolated between
events. It is simply extrapolated to the full time range (see Figure 2, right). As a consequence, this limits
the stretch induced by NMO between events. Furthermore, note that the NMO velocity above the event is
the largest, and the one below the event is the smallest. As a consequence, there can be no fit between that
event and the NMO stacking curves apart from those that refer to zero-offset traveltimes t0 that belong to
the very time range for that event. This approach is a natural solution to the crossing event problem (even
if a part of the event is muted). A complete processed trace is later recovered by summing the contributions
from all events. Note that since each event does not suffer from NMO stretch mute, inverse NMO should
still be possible.

Application to synthetic datasets

We have tested the nonstretch NMO process in four different cases. For the first two, we used synthetic
datasets where the exact zero-offset times and RMS velocities are known. In the first example, we were
interested only in the kinematics. The dataset was obtained by ray tracing, in a model with only one flat
layer, presenting a very large aperture (maximum half-offset of 40 m for a reflector depth of 10 m). The
results of both conventional and nonstretch NMO are shown in Figure 3. In both cases, the exact t0 and
vnmo were used, and the stretch-mute ratio was fixed at 1.3. The stacked traces shown on the right permit to
evaluate the improvement provided by nonstretch NMO. Right traces, corresponding to nonstretch NMO,
reveal a sharper and cleaner recovered pulse, than the one in left traces, corresponding to conventional
NMO. This indicates that the new process is expected to yield a better detection and a better resolution,
although this should be verified with true-amplitude data. The second example was obtained by an acoustic
finite-differences simulation in a flat multi-layer model. It presents, therefore, more realistic amplitudes.
The maximum aperture corresponding to the different reflectors varies from 0.5 to 4. The reflection data are
interfering with direct waves and multiples. Furthermore the two top events are interfering with each other.
To simulate the effect of ground-roll in near-surface land data, a mute was applied to eliminate the part of
the section usually covered by surface waves. The results of both conventional and nonstretch NMO are
shown in Figure 4, together with the corresponding stacked traces. Once again, the improvement brought
by nonstretch NMO is very striking in the upper part of the trace. Due to low aperture, the lower part of
the trace stays unchanged.
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Figure 4: Comparison of conventional NMO and nonstretch NMO for a flat multi-layered model. In
the comparison of stacks, the left traces were obtained by conventional NMO, whereas the right ones
were obtained by nonstretch NMO. The synthetic data has been obtained by acoustic finite-differences
simulation and noise addition.

Application to a seismic real datset

As a third example, we considered a high-resolution (HR) seismic real dataset, obtained from measure-
ments using a high-frequency mini-sosie-type source from Vibrometrics. A typical CMP is shown in Fig-
ure 5. It reveals a set of hyperbolic events corresponding to times between 0.01 and 0.06 s, that is roughly
between 5 and 30 m depth. For the shown offset range, the aperture varies from more than 3 at the top, to
less than 1 at the bottom. It is to be noted that the first event has been interpreted as a refraction arrival,
and, as a consequence, not picked.

Applied with the usual stretch mute ratio of 1.3, conventional NMO, completely fails to image the first
event. Moreover, the second event can only be marginally imaged, due to the intense stretch and mute. On
the contrary, nonstretch NMO is able to align the reflected signals over the whole offset range, providing
a much better criterion for the choice of NMO velocities. In addition, the recovered pulse shape after
nonstrecth NMO seems more regular, so that further signal processing is expected to be more accurate and
efficient.

Figure 6 shows the semblance map that is used for velocity picking, together with the picked and ad-
justed velocity laws that result from conventional NMO (left) and nonstretch NMO (right), respectively.
We can readily see, especially for upper events, that semblance maxima present a clear elongation towards
smaller velocity and larger time. This behavior poses a challenge to the interpreter, in particular with
closely-separated events. Observe that the adjusted velocities after nonstretch NMO naturally fit that ten-
dency, in the same way as an automatic picking of semblance maxima would do. The characteristic display
of adjusted velocities in nonstretch NMO, which can be of great help for the interpreter in the velocity pick-
ing phase, can be considered as another clear advantage over conventional NMO, or even block moveout
techniques.

Application to a GPR real dataset

Our final test was carried out on a real GPR multi-offset dataset, with offsets ranging from 0.6 m to 6 m,
28 fold, and penetration depth of about 5 m. The uppermost event corresponds to a maximum aperture of
about 4, while it is less than 1 for the lowermost one. The results of both conventional (stretch-mute ratio
1.3) and nonstretch NMO on a single CMP gather are shown in Figure 7. Crossing events can be observed
for large offsets. These were muted by conventional NMO, but correctly recovered by nonstretch NMO. It
is to be noticed how different the stacked traces are in their uppermost part. This emphasizes the interest of
this new process. In particular, one can observe that the event at time 0.05 ms has completely disappeared
after conventional NMO, due to its phase shift with offset.

To check the potential of nonstretch NMO to improve the time images, it has been applied to all CMP
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Figure 5: Comparison between conventional NMO and nonstretch NMO for a HR seismic example. In
the comparison of stacks, the left traces were obtained by conventional NMO, whereas the right ones were
obtained by nonstretch NMO.
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Figure 6: Comparison between picked and adjusted velocity laws in conventional NMO and nonstretch
NMO for the HR seismic example. It can be seen how the second fits the shape of the semblance maxima,
shown as the background image.

gathers, spaced every 0.1 m along the 55 m of the GPR profile. Velocities were picked using a conventional
semblance map, but were adjusted to best flatten the reflection events after nonstretch NMO, rather than
conventional NMO. From these picked velocities, both conventional (stretch-mute ratio 1.5) and nonstretch
NMO were applied. The resulting stack sections, after amplitude balancing, are displayed in Figure 8.
Although the two sections bear strong resemblance, significant differences can still be observed. Firstly, the
upper half of the stack section obtained with nonstretch NMO reveals, as expected, more focussed events,
and a much clearer rendering of the channel filling in its right part. This is particularly significant since that
part of the section has a lower signal-to-noise ratio, and therefore needs a larger number of traces to define
a clear image. This is exactly what our new process provides. Second, all over the section, nonstretch
NMO generates less smoothed images. As a matter of fact, conventional NMO section appears to be a
smoothed version of its nonstretch NMO counterpart. It is interesting to note that the NMO stretch effect,
which induces a dilution of the vertical resolution, also seems to generate a bit of horizontal smoothing.

To quantitatively evaluate the improvement on seismic resolution brought by nonstretch NMO, we
performed a spectral analysis of both stack sections of Figure 8. The obtained average amplitude spectra
are shown in Figure 9. As the NMO stretch effect varies with time, the analysis was carried out on two
time gates of equal duration, 0.06 microsecond, starting just below the top mute. The limit between these
time-gates corresponds to a geometrical aperture around 1. Peak frequencies and frequency bandwidths
estimated from these spectra, revealed that the greater change is obtained in the upper part of the sections. In
that region, peak frequency increased from 102 Mhz to 119 Mhz, and bandwidth from 94 Mhz to 105 Mhz.
In the lower part of the sections, no significant change can be noticed, apart from a slight increase (from
114 to 117 Mhz) of the peak frequency. As expected, nonstretch NMO appears to be most efficient when
the seismic aperture is larger. In this way, it should be most helpful in near-surface geophysics, e.g. in HR
seismics or GPR studies.

CONCLUSIONS

We presented a new method, called nonstretch NMO, that adapts the conventional NMO procedure with the
aim of producing corrected traces with no stretch effects. In this way, the proposed method can be easily
incorporated to the routine processing sequences, say in seismics or GPR investigations. To illustrate the
method, we applied the procedure to simple synthetic data as well as to real data examples. In all cases,
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Figure 7: Comparison between conventional NMO and nonstretch NMO for a real GPR CMP gather. In
the comparison of stacks, the left traces were obtained by conventional NMO, whereas the right ones were
obtained by nonstretch NMO.
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the new method was able to significantly enlarge the offset range of the undistorted NMO corrected traces
and thus improve the quality and resolution of the time images. It appears particularly useful when the ge-
ometrical aperture exceeds 1, e.g. when half-offset is larger than reflector depth. Also a number of remarks
concerning the implementation have been made. This includes in particular the difficult case of crossing
events. We finally note that the proposed nonstretch NMO may be also beneficial for amplitude-versus-
offset (AVO) analysis, since, away from interfering events, larger, undistorted, offsets will be available for
attribute inversion.
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ABSTRACT

The Common-Reflection-Surface (CRS) was originally introduced as a data-driven method to simulate
zero-offset sections from 2-D reflection pre-stack data acquired along a straight line. This approach
is based on a second-order traveltime approximation parameterized with three kinematic wavefield
attributes. In land data, topographic effects play an important role in seismic data processing and
imaging. Thus, this feature has been recently considered by the CRS method. In this work we review
the CRS traveltime approximations that consider the smooth and rugged topography. In addition, we
also review the Multifocusing traveltime for a rugged topography. By means of a simple synthetic
example, we finally provide first comparisons between the various traveltime expressions.

INTRODUCTION

The Common-Reflection-Surface (CRS) and the Multifocus (MF) methods are designed to produce clear
stacked sections and useful time-domain attributes by means of coherence analysis methods directly applied
to multicoverage reflection data. In this way, both methods, that have a similar purpose and approach as
the well-established common-midpoint (CMP) method, represent powerful extensions of the latter. As
opposed to the CMP method that is applied to CMP gathers and extracts a single parameter (the normal-
moveout (NMO) velocity) on manually picked events, the CRS and MF methods (a) make full use of the
available multicoverage data by applying the stacking procedure on supergathers that are free from the
CMP restriction; (b) extract more parameters (three in the 2D situation) at each time sample of the stacked
section to be constructed and (c) the procedure is applied to all time samples without the need of event
selection. The CRS and MF methods fall into the category of the so-called macro-model independent or
data-driven time-domain methods (see, e.g., Hubral (1999) for a general account and discussion).

A distinctive feature of the CRS and MF methods is the use of specific multiparameter traveltime
moveouts. The parameters of these moveout expressions are directly inverted from the data by means
of coherence analysis (semblance) procedures. With the help of the inverted parameters, the obtained
moveouts are employed to stack the data. Note that this is exactly what the conventional velocity analysis
method does under the restriction of the one-parameter NMO traveltimes applied to CMP gathers.

Originally, both the CRS and the MF have been derived under the following assumptions: (a) 2D prop-
agation; (b) locally-constant and supposedly known near-surface velocity and (c) no topographic effects
along the seismic line. The latter condition means that the data have been acquired on a horizontal seismic
line or preprocessed for statics and residual statics to a horizontal datum before the application of the CRS
or MF method.

Under these considerations, the CRS and MF moveouts are expressed as functions of three parameters,
namely the emergence angle, β0, of the zero-offset (ZO) ray with respect to the (planar) surface normal,
and two wavefront curvatures,KNIP andKN , of the so-called NIP- and N-waves that relate to the ZO ray
at its emergence point. We recall that the abbreviation NIP stands for normal-incident-point, namely the
point where the ZO ray hits the reflector and that the NIP-wave is a fictitious wave that starts as a point
source at NIP and progresses upwards to the measurement surface with half the medium velocity. In the
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same way, the abbreviation N-wave, stands for the normal wave, which is also a fictitious wave that starts as
a wavefront with the shape of the reflector at NIP and progresses upwards with half of the medium velocity.
For detailed description and discussion of the NIP- and N-waves, the reader is referred to Hubral (1983).

It is to be observed that the CRS and MF methods can also be normally applied in the case the above
requirements are not met. In that case, the three-parameter CRS and MF represent simply stacking param-
eters that provide a best fit to the reflection events, but cannot be directly attached to the above-mentioned
seismic propagation attributes (angles and curvatures). For example, the classical CRS and MF expressions
consider the condition of a locally constant near-surface velocity. This means that that the near-surface ve-
locity is considered constant in the vicinity of each central point but can vary as we change from each
central point to another. To be consistent with the second-order formulation, the traveltime expression has
to consider, not only the velocity, but also its gradient at each central point. As a consequence, wrong
near-surface velocities will give rise to wrong emerging angles, even though correct ray parameters can be
extracted. In the same way, topographic effects, if not correctly taken into account, will contaminate the
CRS attributes affecting their interpretation.

For a planar or smoothly curved measurement surface, the 2D CRS (hyperbolic) traveltime that takes
full consideration of the velocity gradient at the central point is presented in Chira et al. (2001). In the
MF traveltime expressions, velocity gradients at the central points are not considered. To our knowledge,
examples of the influence of the velocity gradients have not yet been provided in the literature.

In this paper, the usual assumption of a locally-constant near-surface velocity will be also adopted, our
attention being concentrated on the incorporation of topography into the traveltime expressions.

2D CRS AND MF TRAVELTIMES FOR A PLANAR MEASUREMENT SURFACE

We recall the “classical” 2D CRS and MF moveout expressions in the simple case of a planar measurement
surface. More explicitly, we suppose that all source and receiver pairs are located on a horizontal seismic
line. On the seismic line, we assume a fixed point, called central point, on which a simulated ZO trace is to
be constructed by stacking along traces that belong to (generally non-symmetric) nearby source-receiver.
As explained above, we also consider a constant velocity in the vicinity of the central point. We adopt
midpoint and half-offset coordinates (xm, h) for the location of a source-receiver in the vicinity of the
central point X0 = (x0, 0). We denote m = xm − x0, by T0 the (two-way) reflection time along the ZO
(central) ray and by v0 the velocity at the central point. As explained above, we assume that the velocity
remains constant for all source-receiver locations where the traveltime is to be computed. Finally, β0,
KNIP andKN denote the emergence angle and the curvatures of the NIP and N waves that refer to the ZO
ray as observed at X0. Under these considerations, the CRS traveltime reads (see, e.g., Jäger et al. (2001))

T 2
CRS(m,h) =

[
T0 +

2 sinβ0

v0
m

]2

+
2 T0 cos2 β0

v0

[
KN m2 +KNIP h

2
]
. (1)

For the same situation of a planar measurement surface, the corresponding 2D MF traveltime is given by
(see, e.g., Gelchinsky et al. (1999) with a different notation)

TMF (m,h) = T0 +
1

v0 KS

[√
[KS (m− h) + sinβ0]2 + cos2 β0 − 1

]

+
1

v0 KG

[√
[KG (m+ h) + sinβ0]2 + cos2 β0 − 1

]
, (2)

where

KS =
KN − σ KNIP

1− σ , KG =
KN + σ KNIP

1 + σ
, (3)

and

σ =
h

m+ (m2 − h2) KNIP sinβ0
. (4)

CRS APPROXIMATION FOR SMOOTH TOPOGRAPHY

The CRS traveltime expression (1) admits a natural extension to the case of a smoothly curved measurement
surface. More specifically, let us assume that, at the central point and with respect to a horizontal datum,
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Figure 1: Cartesian system of coordinates for: (a) Smooth topography; (b) Rugged topography.

the seismic line has curvature, K0 and dip α0. See Figure 1(a). Moreover, let γ0 denote the emergence
angle of the ZO central ray with respect to the normal to the curved seismic line at the central point. As
shown in Chira (2003) (with a different notation), the CRS traveltime for a source-receiver pair located by
(m,h) is given by

T 2
CRS(m,h) =

[
T0 +

2 sin γ0

v0 cosα0
m

]2

+
2 T0 cos γ0

v0 cos2 α0
[KN cos γ0 −K0] m2

+
2 T0 cos γ0

v0 cos2 α0
[KNIP cos γ0 −K0]h2 . (5)

We ready verify that, in the case of a horizontal seismic line, we have K0 = α0 = 0 and γ0 = β0, so that
equation (5) reduces to its previous counterpart equation (1), as expected.

As reported in Chira (2003), the traveltime moveout (5) were tested for a synthetic model of smooth
topography with good results. The formulation breaks down, however, as the topography becomes more
pronounced.

CRS AND MF APPROXIMATIONS FOR RUGGED TOPOGRAPHY

We now consider the extension of the CRS traveltime to the case of arbitrary (rugged) topography. Fol-
lowing Zhang et al. (2002), we find useful to consider vector midpoint, m, and half-offset, h, coordinates
with respect to the Cartesian system of horizontal datum and downward vertical. See Figure 1(b). More
specifically, we set m = (mx,mz) and h = (hx, hz) which locate the corresponding source and receiver
pair as S = m− h and G = m + h, respectively. As shown in Zhang et al. (2002), we have

T 2
CRS(m,h) =

[
T0 −

2

v0
(mx sinβ0 +mz cosβ0)

]2

+
2 T0 KN

v0
(mx cosβ0 −mz sinβ0)

2

+
2 T0 KNIP

v0
(hx cosβ0 − hz sinβ0)

2
.(6)
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Figure 2: 2D acoustic model for the numerical experiments. The ZO ray is ploted in red, the reflection ray
in blue and the diffraction ray in dashed blue. Also indicated are the normal-incidend-point (NIP) and the
reflection point (R).

The corresponding MF traveltime for rugged topography has been described in Gurevich et al. (2002). In
our notation, the MF is given by

TMF (m,h) = t0 +
1

v0 KS

[√
[KS (mx − hx) + sinβ0]2 + [KS (mz − hz) + cosβ0]2 − 1

]

+
1

v0 KG

[√
[KG (mx + hx) + sinβ0]2 + [KG (mz + hz) + cosβ0]2 − 1

]
,(7)

where

KS =
KN − σ KNIP

1− σ , KG =
KN + σ KNIP

1 + σ
, (8)

σ =
hx − hz tanβ0

mx −mz tanβ0 +Q KNIP sinβ0
, (9)

and
Q = (m2

x − h2
x −m2

z + h2
z) + (mx mz − hx hz) cos 2β0 . (10)

NUMERICAL EXPERIMENTS

In order to check the accuracy of the traveltime formulas discussed in this work, we consider the simple 2D
model depicted in Figure 2. It consists of two homogeneous acoustic layers, with velocities 1.75 km/s and
2.5 km/s, respectively, separated by a curved interface. The measurement line has a rugged (nonsmooth)
topography. We have used the ray tracing package SEIS88 (Červený and Psěnsik, 1988) to model the
reflection traveltimes for the reflecting interface. We have simulated a multiple coverage around the central
point with x0 = 2 km.

Figures 3–5 show the modelled reflection traveltimes for three different configurations, Common-
Source (CS), Common-Offset (CO) and Common-Midpoint (CMP), and the respective approximation for-
mulas, CRS smooth [CRS-S], equation (5), CRS rugged [CRS-R], equation (6), and Multifocus, equation
(7). Also depicted are the relative errors for the three approximations.

As readily observed, the CRS-S formula gives poor approximations, whereas CRS-R and Multifocus
present good results with relative errors of the same order.

We have also compared the exact reflection traveltimes with the corresponding diffraction traveltimes
approximations, i.e., taking KNIP = KN in CRS and Multifocus formulas. The objective of this ex-
periment is to check the possibility of its use as a two-parameter search in the application of the CRS
method. We note that such a strategy has been already implemented by Garabito et al. (2003) in the case
of Marmousi data with good results. Figures 6 and 7 depict the results obtained in the present experiment.
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Figure 3: Reflection traveltime approximations for a CS configuration with xS = 2.0 km.
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Figure 5: Reflection traveltime approximations for a CMP configuration centered at xm = 2.0 km.

Observe that the CMP configuration is not shown since the traveltime expressions are the same as in the
previous case.

As expected, the relative errors were now increased. Once again, the CRS-S formula has the worst
behaviour whereas CRS-R and Multifocus formulas behave similarly. We verify that, for small aperture
the relative errors remain very reasunable, so that the CRS-R and Multifocus formulas for diffraction
traveltimes are able to well approximate the exact (modelled) reflection traveltimes. As a conclusion,
a two-parameter search in the CRS method using KNIP = KN in the formulas, have the potential of
producing good initial approximations for the CRS attributes.

CONCLUSIONS

We quickly revisited the Common-Reflection-Surface (CRS) and Multifocus traveltime moveouts in the
case of a topographic measurement surface. By means of a simple synthetic example, we provided first
comparisons on their accuracy and validity. Our results show that the approximation formulas for rugged
topography yield good results, not only to approximate the exact (modelled) reflection traveltimes, but also
as a two-parameter formula in the search for initial approximations for the CRS attributes.
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ABSTRACT

The land seismic data suffers from effects due to the near surface irregularities and the existence of
topography. For obtaining a high resolution seismic image, these effects should be corrected by using
seismic processing techniques, e.g. field and residual static corrections. The Common-Reflection-
Surface (CRS) stack method is a new processing technique to simulate zero-offset (ZO) seismic sec-
tions from multi-coverage seismic data. It is based on a second-order hyperbolic paraxial traveltime
approximation referred to a central normal ray. By considering a planar measurement surface, the
CRS stacking operator is defined by means of three parameters, namely the emergence angle of the
normal ray, the curvature of the normal incidence point (NIP) wave, and the curvature of the normal
(N) wave. In this paper the 2-D ZO CRS stack method is modified in order to consider effects due
to the smooth topography. By means of this new CRS formalism, we obtain a high resolution ZO
seismic section, without applying static corrections. As by-products the 2-D ZO CRS stack method
we estimate at each point of the ZO seismic section the three relevant parameters associated to the
CRS stack process.

INTRODUCTION

In order to obtain a high-resolution image of the earth sub-surface the geophysicists use the multi-coverage
seismic data acquisition, that yields to overlap registers of geological targets. In time domain, the ZO sec-
tion is the seismic image obtained by considering coincident sources and receivers. This is simulated by
stacking the amplitudes using a traveltime operator, which is defined by means of stack parameters.

By the conventional seismic processing, the ZO section is simulated using the well-known normal
moveout/dip moveout (NMO/DMO) stack method. Mann et al. (1999) presented a new stack method,
so-called Common-Reflection-Surface (CRS), based on a hyperbolic second-order paraxial approach. By
considering a planar measurement surface, it depends on three parameters, namely, the emergence angle
βo of the normal ray, the curvatures KNIP and KN of the two hypothetic wavefront, so-called NIP and N
waves, respectively (Hubral, 1983).

Land seismic data are in general affected by the existence of surface topography and irregularities in the
near-surface (e.g. weathering base and weathering velocity). In the conventional seismic processing, these
effects are interpreted by deviations from hyperbolic NMO correction in the common-midpoint (CMP)
gather. The topography effects are corrected by using field and residual static corrections. By applying
specifically the field static correction, based on refraction seismic data, we remove the most part of these
traveltime anomalies. Nevertheless, this correction usually does not account for rapid changes of the topog-
raphy, in the weathering base, and of the weathering velocity. It is very sensitive to the choice of parameters
involved in the picking phase.
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According to Guo and Fagin (2002), land surveys should always be processed considering a floating
datum that represents the topography. They showed that velocity analysis from a flat seismic reference
datum creates errors to estimate the depth and interval velocities, even in the case of a flat topography, due
to deviations of the take-off angles of the seismic ray paths.

Chira-Oliva and Hubral (2003) studied the sensibility of the interval velocity and reflector depth by
considering a hypothetical circle measurement surface. They showed the NMO velocity by considering
the curvature of the earth surface is more accurate to recover the interval velocities and the depths of
the reflectors than the NMO velocities obtained by using a planar measurement surface approach. Chira-
Oliva and Hubral (2003) and Zhang et al. (2002), respectively, presented the 2-D ZO CRS formalism for
measurement surface with smooth and rugged topography. Chira-Oliva et al. (2001) modified the 2-D ZO
CRS operator for including effects of near-surface inhomogeneity. In this paper, the 2-D ZO CRS stack
performance is tested by considering a multi-layer model with smooth topography.

THEORY

The 2-D ZO CRS stacking operator depends on three parameters of two hypothetical waves, namely the
normal-incidence-point (NIP) and Normal (N) waves (Hubral, 1983). These parameters are the emergence
angle of the normal ray, and the radii of curvatures of the NIP and N waves. The emergence point, X0, of
the normal ray is called central point. The NIP wave propagates upwards from a point source located at the
normal ray incidence point; and the N wave propagates upwards starting at the reflector, like an exploding
reflector source.

Based on the hyperbolic second-order paraxial traveltime approach, the 2-D ZO CRS stacking operator
with smooth topography is given by (Chira-Oliva et al. (2001))

t2(xm, h) =

(
t0 + 2

sinβ0
∗

v1
(xm − x0)

)2

+
2 t0
v1

(
cos2 β∗0
RN

− cosβ∗0 K0

)
(xm − x0)2

+
2 t0
v1

(
cos2 β∗0
RNIP

− cosβ∗0 K0

)
h2 .

(1)

Equation (1) describes the reflection time t of the paraxial ray SPG in the vicinity of a normal (ZO) ray
X0 NIP X0 (Figure 1a). The ZO travel-time and the central point coordinate are t0 and x0, and v1 is the
near-surface velocity of the P-P wave at the central point X0. The coordinates xm and h are, respectively,
the midpoint and half-offset referred to the x1-axis, that is tangent to the topography surface with origin at
the central point X0 (see Figures 1a,b). The emergence angle of the normal ray at the central point is β∗0 .
The parameterK0 is the local curvature of the earth surface at a point of the acquisition line, that is positive
(or negative) if this line falls below (or above) its tangent at X0. The radii of curvatures of the emergence
hypothetical NIP and N wavefronts at X0 are RNIP and RN respectively.

In order to normalize the processing coordinates, we apply a transformation from the local (x1, x3)
into the global cartesian system (x, z) in Figure 1b. The midpoint and half-offset coordinates, (xm, h) and
(x′m, h

′), in the local and global coordinate cartesian systems, respectively, are related by the expressions

h =
h′

cosα∗0
, xm =

x′m
cosα∗0

, (2)

where α∗0 is the dip angle of the tangent x1-axis at point X0. Introducing the relationships (2) into equa-
tion (1), we find (Chira-Oliva and Hubral, 2003; Chira, 2003)

t2(x′m, h
′) =

(
t0 + 2

sinβ0
∗

v1 cosα∗0
(x′m − x0)

)2

+
2 t0

v1 cos2 α∗0

(
cos2 β∗0
RN

− cosβ∗0 K0

)
(x′m − x0)2

+
2 t0

v1 cos2 α∗0

(
cos2 β∗0
RNIP

− cosβ∗0 K0

)
(h′)2 .

(3)
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We now consider a pure diffraction, i.e., the situation in which the reflector reduces to a single diffraction
point. In this case, the NIP and N waves are coincident, i.e. both propagate from a point source at NIP and
have identical radii of curvatures at X0, RN ≡ RNIP . As a consequence, equation (3) becomes

t2diff (x′m, h
′) =

(
t0 + 2

sinβ0
∗

v1 cosα∗0
(x′m − x0)

)2

+
2 t0

v1 cos2 α∗0

(
cos2 β∗0
RNIP

− cosβ∗0 K0

)(
(x′m − x0)2 + (h′)2

)
.

(4)

Equation (4) depends on two CRS parameters (RNIP , β
∗
0) associated to the NIP wave. This equation

will be used at the first step of the CRS strategy. The CRS stacking operator defined by equation (4) is
interpreted as an approach of the pre-stack Kirchhoff migration operator with smooth topography.

Setting the condition h′ = 0 to the general hyperbolic travel-time equation (3), the CRS stacking
operator for reflected events in the ZO configuration becomes

t2ZO(x′m) =

(
t0 + 2

sinβ0
∗

v1 cosα∗0
(x′m − x0)

)2

+
2 t0

v1 cos2 α∗0

(
cos2 β∗0
RN

− cosβ∗0 K0

)
(x′m − x0)2 .

(5)

Following Garabito et al. (2001) the three optimal CRS parameters (β∗0 , RNIP , RN ) are searched by three
steps. At the first step we use formula (4) to determine β∗0 andRNIP . At the second step we use formula (5)
to determine RN ; and at the third step we use formula (3) to refine the three parameters.

2-D ZO CRS STACK

In the 2-D situation, for each point P0(x0, t0) at the ZO section to be simulated, the amplitudes in the
seismic data will be summed (stacked) along the CRS surface defined by equation (3). The resulting
(stacked) amplitude is assigned to the point P0.

The three CRS stacking parameters are estimated by means of an optimization process, having the sem-
blance as objective function. The CRS stacking optimization problem consists of estimating the parame-
ters that maximize the semblance. In general, the problem requires a combination of multi-dimensional
global and local optimization algorithms. The mathematical intervals defined for the parameters are
−π/2 < β∗0 < π/2, −∞ < RNIP , RN < ∞. Optimization strategies to estimate these parameters
are found in the literature (e.g. Müller (1999); Birgin et al. (1999); Garabito et al. (2001)).

In this paper, we apply the strategy given by Garabito et al. (2001) to estimate the CRS parameters
triplet, but using the new equations (3), (4) and (5).

CRS STACK PROCESSING STRATEGY

The proposed strategy to carry out the CRS method involves a combination of global and local search
processes and is divided into three steps. The curvature, K0, of the seismic line at each central point is
supposed to be a priori known or calculated by means of some interpolation method by using elevation
values. At the first and second steps we used the Simulated Annealing (SA) algorithm (Sen and Stoffa,
1995), and at the third step the Quasi-Newton (QN) algorithm (Bard (1974); Gill et al. (1981)). Each step
is performed on each sample point P0(x0, t0) that pertains to the ZO section to be simulated. The objective
function is the semblance calculated for each point in the ZO section.

Step I : Pre-Stack Global Optimization The multi-coverage pre-stack seismic data is the input. The
inverse problem consists of simultaneously estimating the two parameters β∗0 and RNIP that provide the
maximum semblance value, according equation (4). The results of this step are: 1) maximum coherence
section, 2) emergence angle, β∗0 - section, 3)NIP-wave radius of curvature, RNIP -section, and 4)simulated
(stacked) ZO section.

Step II : Post-Stack Global Optimization The post-stack seismic data is the input. The inverse prob-
lem consists of estimating the single parameter, RN , that provides the maximum semblance according to
equation (5), in which the previously obtained parameter, β∗0 , is kept fixed. In this step the results are: 1)
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maximum coherence section, 2)N-wave radius of curvature, RN -section, and 3)re-stacked simulated ZO
(stacked) section.

Step III : Pre-Stack Local Optimization The multi-coverage pre-stack seismic data from step I is the
input. The inverse problem consists of estimating the best parameter triplet (β∗0 , RNIP , RN ) that provides
the maximum semblance. In this case the CRS stacking operator is equation (3), applied to the full multi-
coverage data set with suitable apertures. In this step the results are: 1) maximum coherence section, 2)
optimized β∗0 -section, 3)optimizedRNIP -section, 4)optimizedRN -section, and 5)optimized ZO (stacked)
section.

Example

In order to test the CRS stacking algorithm we applied it to a synthetic data set computed for 2-D homo-
geneous layered model shown in Figure 2. The model is constituted of four layers above a half-space. The
acquisition system is lying on a smooth topography line. Based on this model, we generated a synthetic
data set of multi-coverage primary reflections, using the ray-tracing algorithm, SEIS88 (Červený and Psen-
sik, 1988). In order to test the accuracy of the CRS method, it was added random noise with signal-to-noise
ratio of S/N = 10. The data set consisted of 201 common-shots (CS) with 72 receivers with interval of
50 meters. The minimum offset was 50 meters. The source signal was a Gabor wavelet with 40 Hz domi-
nant frequency and the time sampling was 4 ms. An example of part of these data is presented in Figure 3,
represented by a CS section.

Figure 4 shows the ray-theoretical modelled ZO section with random noise added. Figure 5 shows the
simulated ZO section that results from the application of the CRS stack method for a curved measurement
surface. Due to the fact that the CRS method involves a larger number of traces during the stacking process,
the simulated ZO section presents enhanced primary reflection events, with larger signal-to-noise ratio than
the corresponding ones in the modelled ZO section (Figure 4). Figure 6 shows the maximum coherence
(semblance) section that corresponds to the best parameters. We note that the coherence values become
smaller for larger traveltimes (deeper events). Figures 7, 8 and 9 show the sections of emergence angle
and radii of curvature of the NIP and N waves, respectively. These sections correspond to global maxima
determined at the third step.

A comparison between the emergence angles, β∗0 , estimated by the CRS algorithm (curves of red points)
and by modelling (curves of blue points), respectively, is shown in Figure 10. We can see the emergence
angle has been well estimated along all reflectors. Figures 11 and 12 show the analogous comparison
for the other parameters, RNIP e RN , respectively. These parameters are also well estimated, with the
exception of the locations where abrupt changes of the curvatureK0 are present (Figure 13).

CONCLUSIONS

A new formula for the CRS stack method that considers the smooth topography of the acquisition line
has been tested in synthetic data sets with successful results. The parameters were correctly estimated,
excepting the regions where there are abrupt changes of the curvature of the topography line. In these
regions, the errors of the estimated parameters increase with depth. Besides the simulated ZO sections, we
have obtained the coherence section and the sections referred to the attributes of the NIP and N waves.
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Figure 1: a)Ray diagram for a paraxial ray in the vicinity of a normal ray in a 2-D laterally inhomoge-
neous medium. Local coordinates system (x1, x3) for a curved measurement surface referred to point X0.
b)Transformation of the local coordinates, xm and h, to its global coordinates xm′ and h′. The local dip
angle of the tangent at X0 (x1-axis) is defined by α∗0. The angle between the normal ray and the vertical
line throughX0 (z-axis) is β0, and β∗0 is the angle between the normal ray and the normal to the tangent at
X0.
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Figure 2: 2-D model constituted of four isovelocity layers about a half-space with curved interfaces and
curved measurement surface. Interval velocities are 1.75 km/s, 2.4 km/s, 3.5 km/s, 4.65 km/s and 5.5 km/s,
respectively.
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Figure 3: Example of a CS section of multi-coverage pre-stack seismic data of the model of Figure 2. The
ratio signal/noise is 10.
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Figure 4: ZO section with random noise (ratio S/N = 10) obtained by forward modelling.
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Figure 5: Simulated ZO section with the ZO CRS stack by using the multi-coverage seismic data with
random noise (ratio S/N = 10).
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Figure 6: CRS optimized coherence section of the model of Figure 2.
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Figure 8: CRS optimized RNIP -section of the model of Figure 2.
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Figure 10: Comparison between CRS (curve of red points) and model-derived (curve of blue points)
emergence angles β∗0 . The parameter for each interface are plotted separately: a) first, b) second, c) third
and d) fourth interface of the model of Figure 2.
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Figure 11: Comparison between CRS (curve of red points) and model-derived (curve of blue points) radius
of curvature, RNIP . The parameter for each interface are plotted separately: a) first, b) second, c) third
and d) fourth interface of the model of Figure 2.
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of curvature, RN . The parameter for each interface are plotted separately: a) first, b) second, c) third and
d) fourth interface of the model of Figure 2.
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ABSTRACT

The recently introduced Common-Reflection-Surface (CRS) method is a natural generalization of the
well-established Normal Moveout (NMO) method, designed to simulate a zero-offset (ZO) section by
a stacking procedure applied to multicoverage data. As opposed to NMO, the stacking procedure in
the CRS is not restricted to common-midpoint (CMP) gathers, but uses much more general supergath-
ers of non-symmetrical sources and receivers. Moreover, no selection of interpreted events is required.
For the 2D situation considered in this paper, the CRS stacking curve is the general hyperbolic trav-
eltime moveout, that depends on three kinematic wavefield attributes. The crucial step of the CRS
method is the estimation of the wavefield attributes at each point of the simulated ZO section to be
constructed. This is carried out by means of optimization procedures using as objective function the
coherence (semblance) of the seismic traces along the stacking curve. Although a few strategies are
already available, the design of accurate and efficient methods to estimate the CRS parameter from
the multicoverage data is still a challenging problem.
In this paper we present a solution to this problem that uses a combined approach of global (simu-
lated annealing) and local (quasi-Newton or variable metric) optimization algorithms. The proposed
CRS optimization strategy has been applied to the well-known 2-D Marmousi 2-D synthetic seismic
data set. The CRS stacked section compared much favorably with the corresponding one obtained
using conventional NMO. In addition to the stacked section, we also show and briefly discuss other
wavefield-attribute sections that are automatically provided by the CRS method. The obtained results
confirm the robustness of the proposed CRS stack algorithm for imaging tectonically complex areas.

INTRODUCTION

During the 1999 the SEG/EAGE Karlsruhe workshop "Macro-model-independent reflection imaging", and
in the special issue of the Journal of Applied Geophysics edited by Hubral (1999), new imaging approaches
were presented with a common characteristic. They were designed to construct an earth image in a data-
driven way, without the requirement of an a priori known macro-velocity model. To the proposed methods
belong the Multifocusing (MFS) method (Gelchinsky, 1989; Berkovitch et al., 1994; Landa et al., 1999),
the Polystack method (de Bazelaire, 1988; de Bazelaire and Viallix, 1994; Thore et al., 1994; Hoecht
et al., 1999) and the Common-Reflection-Surface (CRS) method (Mann et al., 1999; Mueller, 1999), the
latter being investigated and applied in this paper. The CRS stack is useful to simulate ZO sections by
means of a stacking operator that, in the present 2D situation, depends on three parameters: the emergence
angle of the normal ray, βo, and the radii of curvatures RNIP and RN of two hypothetical wavefronts,
so-called Normal-Incidence-Point (NIP) wave and Normal (N) wave, respectively. Both wavefronts are
related to second-order paraxial approximations of the reflection traveltime (Hubral and Krey, 1980). The
CRS stacking operator is a hyperbolic second-order Taylor expansion of reflection traveltime of a paraxial
(finite-offset) ray in the vicinity of a normal (zero-offset) ray. The CRS stack formalism can be extended
to include situations for a central ray of finite-offset (Zhang et al., 2001), topography and near-surface



Annual WIT report 2003 49

inhomogeneity effects (Chira-Oliva et al., 2001). The data-derived CRS attributes can be used to estimate
a macro-velocity model (Biloti et al., 2001).

By using a stratified model with homogeneous layers separated by curved interfaces, Jäger et al. (2001)
showed the validity of the CRS stack method to simulate the ZO section and to determine the kinematic
wavefield attributes from the multicoverage data. The most impressive application of the CRS stack is
found in Bergler et al. (2002) with a real 3-D land data example.

In this paper, following the same CRS formulas as used by Jäger et al. (2001), we present a new proce-
dure for estimating the CRS parameter triplets, βo, RNIP and RN , and use it to produce a simulated ZO
(stacked) section. Our method is divided into three steps: The first two steps employ a simulated annealing
(SA) algorithm, see e.g. Kirkpatrick et al. (1983) and Corona et al. (1987), as a global optimization scheme
for obtaining initial estimate of the parameter triplet. The third step refines the previously estimated pa-
rameters, by means of a local optimization scheme, the quasi-Newton (QN) algorithm, see e.g. Goldfarb
(1970) and Gill et al. (1981). It is important to stress that the proposed strategy can be better suited to
handle non-smooth objective functions as is the case of the CRS attribute optimization problem. As in the
CRS approach of Jäger et al. (2001), we obtain a CRS stack section, as well as four additional sections,
namely the sections of maximum coherence values, emergence angles βo, and radii of curvatures RN and
RNIP , respectively.

First validation of the proposed SA-QN based CRS procedure has been carried out by (Garabito et al.,
001a) and (Garabito et al., 001b) using a simple model of two homogeneous layers separated by smooth
interfaces above a half-space. To evaluate the robustness of the SA-QN based CRS algorithm for simulating
the ZO section in tectonically complex areas, we now apply it to the well-known Marmousi data set with
and without random noise. We confirm that the CRS stack method improves the signal-to-noise ratio of the
stacked data and gives rise to clearer stacked sections.

CRS STACK TRAVELTIME APPROXIMATIONS

We start by reviewing the CRS method formalism in the same way as given by Jäger et al. (2001). The
2-D CRS stack hyperbolic second-order Taylor expansion can be derived by means of paraxial ray theory
(see, e.g., Schleicher et al. (1993)). It approximates the finite-offset reflection traveltime in the vicinity of
a fixed normal ray, generally called a central ray. That ray is specified by its emergence point, x0, called
the central point and generally taken as a CMP. The traveltime of the ZO central ray that pertains to xo
is denoted to. It is also assumed that the near-surface velocity, v0, at the central point, x0, is known and
constant in its vicinity. For a given point, Po = (xo, to) in the simulated ZO section to be constructed, we
consider the CRS stack operator

t2(xm, h) =

(
t0 +

2 sinβ0

v0
(xm − x0)

)2

+
2t0 cos2 β0

v0

(
(xm − x0)2

RN
+

h2

RNIP

)
. (1)

As indicated above, xo and t0 denote the emergence point of the normal ray on the seismic line, the central
point, and its ZO traveltime, respectively; xm and h midpoint and half-offset coordinates

xm = (xs + xr)/2 and h = (xs − xr)/2, (2)

where xs and xr are the coordinates of the source and receiver on a planar acquisition surface. The seismic
line is considered to coincide with the horizontal Cartesian coordinate axis, x, along which xs, xr and xo
are specified. The point Po(x0, t0) in the ZO section to be simulated is the one in which is assigned the
stacked seismic amplitudes with formula (1).

In the case that the reflector element collapses into a diffractor point, the wavefronts NIP and Normal
coincide. As a consequence,RNIP = RN so that the formula (1) reduces to

t2(xm, h) =

(
t0 +

2 sinβ0

v0
(xm − x0)

)2

+
2t0 cos2 β0

v0

(
(xm − x0)2 + h2

RNIP

)
. (3)

Formula (3) is the Common-Diffraction-Surface (CDS) stack operator. It is an approximation of the
pre-stack Kirchhoff migration operator in the vicinity of Po(xo, to). The CDS stack operator is the one
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Figure 1: Upper half: CRS stack operator for point Po in the ZO seismic section. Lower half: Model with
two homogeneous layers above a half-space separated by a curved interface.

Figure 2: Upper half: CDS stack operator for point Po in the ZO seismic section. Lower half: Model with
two homogeneous layers above a half-space separated by a curved interface.
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used to simultaneously estimate the two parameters β0 andRNIP , as a first step of the new CRS parameter
estimation strategy proposed in this work.

Another important special case results from setting h = 0 in the traveltime formula (1), namely

t2(xm, h) =

[
t0 +

2 sinβ0

v0
(xm − x0)

]2

+
2t0 cos2 β0

v0

[
(xm − x0)2

RN

]
. (4)

This is the situation of ZO reflection traveltimes in the vicinity of the ZO central ray. As shown below,
equation (4) will be used to determine the parameter RN at the second step of our proposed estimation
strategy.

For a simple model of two layers and curved interfaces, Figure 1 depicts the CRS stack operator (CRS
surface) and the multi-coverage reflection traveltime surface (common-offset (CO) traveltime curves) in
the (xm, h, t)-domain. Figure 2 depicts the corresponding CDS stack operator (that is, under condition
RNIP = RN ) for the same reflection point R of Figure 1. The CRS stack aperture is a region in the
(xm, h)-plane in the vicinity of the central point (xo, 0), where the estimation procedure is performed to
find the CRS stacking parameters. The hyperbolic traveltime surface of equation (1) approximates the
modelled traveltime surface within that region.

An important aspect of the general traveltime formula (1) is that it can be reduced to different math-
ematical expressions for specific applications. These depend on the relation between RN and RNIP , the
chosen data configuration (e.g. common-shot, common-offset, ZO, common-receiver, common-midpoint,
2-D or 3-D), the measurement surface topography and near-surface heterogeneity.

OPTIMIZATION PROCESS

The objective function of the CRS method is the coherence (semblance) of the amplitudes along and in
the vicinity of the CRS surface (1). The optimization procedure is automatically carried out for each point
Po(xo, to) in the simulated ZO section. The inverse problem to be solved is stated as follows: To search for
the parameter triplet that maximizes the semblance along the corresponding CRS traveltimes. A particular
difficulty is that we have in many situations more than one maxima and we need to consider, in addition
to the global maximum, also a couple of (local) maxima. This case arises when there are conflicting dips
in the ZO section. The present SA-QN algorithm used in this work is able to consider, besides the global,
also one additional local maximum, using both to stack the seismic data.

2-D SA-QN BASED CRS STACK: A NEW APPROACH

The CRS strategy used by Jäger et al. (2001) starts from a so-called automatic stack that consists of a
coherence analysis applied to each CMP gather and each ZO time sample. The automatic stack determines

the combined stack parameter q =
cos2 βo
RNIP

. As a next step, using an automatic post-stack procedure,

a first estimation of the CRS parameters βo and RN are obtained; together with the previously obtained
combined parameter, q, an initial guess of the three CRS parameters is obtained. Finally, the estimated
parameter triplet is refined by a full, three-dimensional optimization procedure. After this scheme is carried
out for each central point and each ZO time sample, an optimized CRS stack section and its corresponding
optimized CRS parameter sections are obtained.

In this paper, we propose a new procedure to estimate the three CRS parameters βo, RNIP and RN ,
by combining SA and QN optimization methods. The scheme, that also consists of three steps, is outlined
by the flowchart of Figure 3. Upon the consideration of a fixed point Po(xo, to) at the ZO section to be
simulated, the proposed three steps can be briefly described as follows:

Step I : Pre-Stack Global Optimization
This step uses a multi-coverage pre-stack seismic data as input, and the common-diffraction-surface

(CDS) traveltime equation (3) as stack operator. The task is to simultaneously estimate the best parameters
β0 andRNIP that yield the maximum semblance value. To solve the problem, we use a global optimization
SA algorithm. To start the algorithm, we consider random values extracted from a priori defined intervals
(so-called physical intervals) into which the CRS parameters are divided. The procedure is repeated for all
points Po of the ZO section to be simulated. The following resulting sections are obtained: 1) Maximum
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Figure 3: Flowchart of the SA-QN based CRS stack procedure with three steps. They are sequentially
performed by using respectively formulas (3), (4) and (1).

coherence section; 2) Emergence angle section; 3) Radius of curvature of NIP wavefront section and 4)
Simulated ZO section.

Step II : Post-Stack Global Optimization
This step uses the post-stack (simulated ZO section) seismic data as input, and the ZO stack operator

expressed by formula (4). Under the assumption that the previously obtained βo is kept fixed, the procedure
consists of a one-dimensional search for the parameter RN , that corresponds to the maximum semblance
value. After repeating this procedure for all points Po of the ZO section to be simulated, we have the
following results: 1) Maximum coherence section; 2)Radius of curvature of N-wavefront section and 3) an
improved ZO section.

Step III : Pre-Stack Local Optimization
This step uses the full multi-coverage pre-stack seismic data as input, and the CRS stack operator of

equation (1). The inverse problem is then to estimate the parameter triplet (β0, RNIP , RN ) that maximizes
the semblance value. At this stage, we make use of the local optimization QN algorithm, in which the pre-
viously estimated CRS parameters are taken as initial values. After repeating this procedure for all points
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Po of the ZO section to be simulated. The following final results are obtained: 1) Maximum coherence
section; 2) Emergence angle section; 3) Radius of curvature of the NIP wavefront section; 3) Radius of
curvature of the Normal wavefront section and 4) Final simulated ZO section.

APPLICATION

To study the performance of the CRS stack procedure proposed in this paper, we applied it to the well-
known Marmousi data set (Bourgeois et al., 1991).

The Marmousi experiment is a synthetic data computed on a model with highly complex structures
and tectonically realistic distribution of reflectors. The model contains 60 reflectors of steep dips and
strong velocity gradients in both vertical and horizontal directions. The profiles were registered by marine
technique shooting from west to east. The seismic data set consists of 240 shots, each shot with 96 traces
and each trace with 725 samples. The sampling interval is 4 ms and both source - and - receiver separations
are 25 m. The minimum offset is 200 m. The first shot point is located at 3000 m from the west edge of
the model.

The CRS stack proposed here is fully automatic, namely no interference on the processing flow is
required from the user. In addition, the input seismic data used in the CRS stack was not submitted to any
pre-processing. The full multicoverage data, with particular inclusion of traces from asymmetric source-
receiver locations with respect to central points, have been used.

Figure 4 shows the CRS stack section as obtained by the procedure described above. For comparison,
we show in Figure 5 the corresponding section that results from conventional NMO/DMO stacking. We
see that the CRS stack provides a better ZO section in the deeper zones of the Marmousi model, even in
the most complex regions. Horizons localized in the central part of the stacked section deserve particular
attention. In the CRS staked section they are more enhanced as compared with their counterparts in the
NMO/DMO section. This provides a good indication that the CRS stack method can help to improve
time-or depth-migrated seismic image in tectonically complex areas.

Figure 6 shows the section of semblance values after final optimization. For the sake of completeness,
we present Figures 7, 8 and 9 that show the CRS parameter sections β0, RNIP and RN , respectively.
Evaluation of the obtained CRS attribute sections would require the consideration of some geologic features
of the Marmousi model, so as, for instance, to relate the attributes to identified reflectors. Moreover,
comparison with the CRS method implementation, as in Mueller (1999); Jäger et al. (2001), would also be
adequate.

As our focus here is mainly to describe the new CRS method optimization strategy, as done above, we
refrain to discuss on the CRS attribute sections, presenting them just as illustrations of the proposed CRS
procedure. It is important, however, to stress the value of the semblance and CRS parameter sections to
derive additional wave-propagation attributes, such as NMO velocities, geometrical-spreading factors and
Fresnel zones (see, e.g., Jäger et al. (2001)).

We also tested ability of the CRS stack process to process noisy data. Figure 10 shows the CRS stack
that results from the previous Marmousi data in which random noise has been applied, with a signal-noise
ratio of S/N=3. The result is compared with an original (noisy) near-offset section (200 m) of Marmousi
data set, shown in Figure 11. The significantly higher signal-to-noise ratio in the CRS stack section is to
be observed.

CONCLUSIONS

In this paper we proposed a new procedure for estimating the three parameters in the CRS stack method:
The first two steps use the global optimization method of simulating annealing (SA). The third step uses
the quasi-Newton (QN) algorithm, a local optimizer. The result is an efficient way to obtain accurate
CRS attributes and, as a consequence, an improved simulated ZO section. We applied the new CRS stack
procedure to the Marmousi data set. The CRS stacked section showed significantly enhanced reflections, as
compared with the NMO/DMO stack. The CRS stack also performed very well in the presence of random
noise added to the original data set. The obtained results indicates that the CRS is able to provide clear
ZO sections also in tectonically complex areas. Besides producing stacked sections with enhanced signal-
to-noise reflections, the CRS method also provides three additional attribute sections that are useful to a
variety of seismic processing tasks, including the estimation geometrical-spreading factors, Fresnel zones
and the inversion of velocity models.
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Figure 4: Simulated ZO section by the CRS stack method having as input the Marmousi data set.
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Figure 5: Simulated ZO section by the NMO/DMO stack method having as input the Marmousi data set.
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Figure 6: Section with the maximum semblance values obtained from applying the CRS algorithm to the
Marmousi data set.
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Figure 7: Section with the emergence angles of normal rays, βo, estimated from the CRS stack applied to
the Marmousi data set.
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Figure 8: Section with the radius of curvature of NIP wavefronts, RNIP , estimated from the CRS stack
applied to the Marmousi data set.
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applied to the Marmousi data set.



Annual WIT report 2003 57

0

0.5

1.0

1.5

2.0

2.5

Tim
e [

s]
4000 6000 8000

Distance [m]
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noise added.
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PUBLICATIONS

The first results of the proposed SA-QN based CRS stack procedure has been carried out by (Garabito
et al., 001a) and (Garabito et al., 001b), using a simple model of two homogeneous layers separated by
smooth interfaces.
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APPENDIX A

SIMULATED ANNEALING

Simulated annealing (SA) method is a global optimization scheme designed to solve general nonlinear
inverse problems. For an introduction to the SA approach and applications to geophysical problems the
reader is referred to Kirkpatrick et al. (1983) and Sen and Stoffa (1995). The SA method is rather robust,
allowing for very flexible choices of both the region where the procedure is to be applied, as well as the
initial values (generally an automatic choice) of the searched-for parameters from which the method is
triggered. Due to its robustness and ease adaptation to the CRS problem, we use in this work an improved
implementation of SA algorithm as described in Corona et al. (1987). A brief description of this algorithm
it is presented below.

The SA algorithm starts with a CRS parameter vector m0 = (β,KNIP ,KN), that is chosen at ran-
dom. As described in the main text, the kinematic reflection traveltime response is then calculated by the
CDS equation (3) as a first step, or by the ZO equation (4) as a second step. As a result, the traveltime
moveout

tm0 = t(xm, h; m0), (5)

is obtained. The above traveltime moveout is defined for a suitable aperture in the (xm, h)-domain, around
the central point, x0. Using equation (5) as stacking operator, we evaluate the corresponding semblance
value,

Sm0 = S(xo, to; tm0), (6)
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namely, the objective function to be maximized. Starting from the initial parameter, m0, a sequence of
CRS parameter vectors {mk}, k = 1, 2, ... is now iteratively produced and that is supposed to converge to
the global maximum of the objective function. To explain the process, suppose that the parameter vector
mk−1 has been already obtained. The new parameter vector, mk, is generated by perturbing mk−1, with

mk = mk−1 + rv, (7)

where r is a uniformly distributed random number belonging to [−1, 1] and v is a step-length vector, which
has the same length of parameters vector m .

This produces a corresponding new semblance value, Smk
. Next, the semblance difference ∆Sk =

Smk−1
− Smk

is considered. If it is zero or negative, the new CRS parameter vector is accepted, meaning
that the overall fit between the CRS stack operator and the multi-coverage seismic data has improved after
the CRS parameter vector perturbation. For a positive ∆Sk, however, the vector parameter, mk is not
automatically rejected. Instead, an acceptance rule known as the Metropolis criterion (Metropolis et al.,
1953) is considered. It is based on a probability quantity

p = exp (−∆Sk/T ), (8)

where T is a user-defined control parameter called temperature. From equation (8, we see that lower
temperatures and/or larger differences, in the function values decrease the probability of a downhill move.
In a probabilistic manner, the Metropolis criterion allows, thus, to jump away from a local maximum, so as
to eventually reach the region where the global maximum is located. In order to visit as densely as possible
the objective function after a given number of steps, the step-length vector v is adjusted so that at about
one-half of the total number of moves are accepted.

After a certain number of cycles of moves along every direction within the search space and with a
predefined number of step-length adjustments, a temperature reduction is imposed by means of the relation

T
′

= µT, (9)

where µ is the temperature reduction factor. As the temperature declines, downhill moves are less likely
to be accepted. As a consequence, the number of rejections increases and the step-length decreases. The
algorithm focuses, thus, on the most promising area. Of course, the crux of the method lies on the choice
of the initial and subsequent temperatures, as well as the selected acceptance criterion.

The algorithm stops when, according to a user-selected criterion, no improvements on the function
values are obtained, the last function value being declared the global maximum and the corresponding
parameters declared the optimum parameters. In the CRS problem, to avoid a time consuming with this
stopping criteria, the process can be interrupted when a predefined maximum number of function evalua-
tions is reached.

APPENDIX B

QUASI-NEWTON

We finally provide a brief description of the Quasi-Newton (QN) method, that has been applied to refine
the initial CRS parameters previously obtained using the SA approach. As well known, the QN method is a
powerful approach designed to find a local extremum of a given objective function. A number of algorithms
exist that implement the QN method. In this paper, we have considered the so-called BFGS (Broyden-
Fletcher-Goldfarb-Shannon) algorithm. For a comprehensive description and discussion of optimization
methods, including the present QN procedure, the reader is referred to Gill et al. (1981). The simplest
way to introduce the QN method is consider, as a first step, the conceptually easier Newton’s Method.
As seen below, the QN method is a variation of Newton’s method that offers in many cases significant
computational advantages. Newton’s method is an iterative algorithm designed to find the extremum of an
objective function based on successive quadratic approximations of that function. For a given initial point
(vector parameter), mo, the second-order Taylor expansion of the semblance, S(m) at a point m and in
the vicinity of mo, is given by

S(m) = S(mo) + go · (m−mo) +
1

2
(m−mo) ·Ho(m−mo), (10)
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where, go and Ho are the gradient vector and the Hessian matrix of the function evaluated at mo, respec-
tively. A condition for a point m to be an extremum of the objective function is that the gradient of that
function vanishes at m (i.e.,∇S(m) = 0). Applying this condition to the approximation (10) yields the
result

m = mo − do , with Ho]do = go. (11)

Newton’s method uses the above simple considerations to formulate the following iterative process de-
signed to determine a local extremum of the objective function, S(m): For a given initial point, mo at
which the gradient, go and Hessian matrix, Ho, of the objective function are computed, define the se-
quence, {mk}, determined by the recursion

mk+1 = mk − dk , with Hkdk = gk. (12)

Here, gk and Hk are the gradient and Hessian matrix of the semblance function, respectively, computed at
the point mk. Under suitable conditions satisfied by the objective function, the procedure converges to the
extremum. Note that Newton’s method is a local optimization scheme, namely it finds the extremum that
is ”close” to the given initial point.

Newton’s method may become too expensive, because in most cases the Hessian matrix evaluations
require large computational effort. The Quasi-Newton (QN) method is designed to overcome this difficulty
by replacing the original Hessian matrices by suitable approximation matrices, that are more easily eval-
uated. These Hessian matrix approximations are recursively obtained using function values and gradients
determined by previous iterations. A typical QN recursion scheme can be written in the following form
(compare with the corresponding Newton’s recursion of equation (12)): Given the point mk, its gradient,
gk, and its approximated Hessian matrix, H̃k, define the next iterate by

mk+1 = mk − αkdk with H̃kdk = gk. (13)

in which αk is a scalar called the step length. The quantity αk is a somewhat empirically selected so as to
insure that the condition

S(mk+1) = S(mk − αkdk) > S(mk) (14)

is satisfied. Equation (14) simply means that the objective function increases its value when we move
from mk to mk+1. Having obtained the new point, mk+1, we directly determine its corresponding new
gradient, gk+1. To complete the iteration procedure, it finally remains to define the new (approximated)
Hessian matrix, H̃k+1. For this, we introduce the notations

sk = mk+1 −mk and ηk = gk+1 − gk , (15)

for the changes of m and g, respectively, in the k-th iteration. The determination of Hk+1 requires to
satisfy the so-called secant condition

H̃k+1sk = ηk. (16)

A particularly useful updating formula to approximate H̃k+1 is provided by the BFGS implementation of
the QN method. It is given by

H̃k+1 ≈ H̃k +
ηkη

T
k

ηTk sk
− H̃ksks

T
k H̃k

sTk H̃ksk
. (17)

Equations (13) and (16) or (17) complete the QN iteration procedure.
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ABSTRACT

The Common Reflection Surface (CRS) method is a powerful extension of the well established Com-
mon Midpoint (CMP) method in the sense that it is able to accept, at each trace location on the
zero-offset (ZO) section to be constructed, reflection data from source and receiver pairs that are arbi-
trarily located around that point. The CRS method uses the general hyperbolic moveout, that depends,
in the 2D situation considered in this work, on three parameters. One of these parameters is the
classical NMO velocity. As in the single-parameter CMP method, the CRS parameters or attributes
are estimated by a direct application of suitable coherence analysis to the input multicoverage data.
The estimation of the three CRS parameters is generally performed in two steps. The first step has
a global character and aims in obtaining an initial estimate of the parameters. The second step has
a local character, trying to refine the previous initial values to more accurate values. Here we focus
on the refinement step assuming that initial estimates have been already provided. We review and
compare three of these methods and compare their performances on illustrative synthetic and real data
examples. Comparisons with the application of the conventional CMP method are also provided.

INTRODUCTION

This work discusses the estimation of the Common Reflection Surface (CRS) parameters for seismic imag-
ing in the 2D situation. More specifically, we assume that sources and receivers are located on a single
seismic line, for simplicity supposed to be horizontal and, moreover, that propagation occurs on the ver-
tical plane below the seismic line. A final assumption is that of a known, locally constant near-surface
velocity at each central point. This means that, at each central point, x0, the medium velocity, v0 is sup-
posed to have negligible gradients. Note, however, that the velocities, v0 may vary for varying central
points, x0.

As the classical CMP method, the CRS method leads to simulated zero-offset (ZO) sections for points
of interest along the seismic line. As usual practice, we consider that the traces of the ZO section to be
simulated are located at given CMPs. Each ZO trace location, called a central point, is specified by its
(midpoint) coordinate, x0, along the seismic line. Both methods, CMP and CRS, gives rise to a simulated
ZO trace at x0, by stacking the data at each time sample t0.

In the CMP method, the stacked value corresponding to (x0, t0) is obtained taking into account only the
traces in the CMP gather that refer to x0. The stack is performed according to the NMO traveltime formula

t2(h) = t20 +
4h2

v2
NMO

, (1)

where h is the half-offset of the source-receiver pair under consideration and vNMO is the NMO-velocity
associated to the point (x0, t0). The parameter vNMO is estimated applying a coherence (e.g., semblance)
analysis to the CMP gather related to x0. The procedure is generally known as velocity analysis and is
performed for a few user-selected time samples only. These correspond to key reflection events that are
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manually picked by the interpreter. The NMO-velocity values at the remaining time samples are obtained
by simple interpolation, yielding the vNMO values for the whole ZO trace at x0.

The CMP method has well-known advantages: enhancement of signal-to-noise ratio, attenuation of
undesirable events and a quick and efficient implementation. However, it has two drawbacks: the coherency
analysis is restricted to CMP gathers, which encompass only part of the available data and the need to
manually pick the data on selected events. The CRS method, although computationally more expensive,
does not have such drawbacks and preserves the good features of the CMP method. It applies the general
hyperbolic traveltime moveout given by

t2(x, h) = [t0 +A(x− x0)]2 +B(x− x0)2 + Ch2 (2)

for all source receivers in an appropriate neighborhood of the central point, x0. In the above formula, x
denotes the midpoint and half-offset coordinates of the source receiver pair for which the traveltime is com-
puted. As a result, the CRS method makes a better use of the available data, because such neighborhoods
contain significantly more traces than the CMP gather. Moreover, the CRS method is fully automatic and
does not depend on the manual specification of NMO velocities.

The 2D hyperbolic traveltime moveout (2) depends on three parameters, as opposed to the single vNMO

parameter in equation (1). It is convenient to write these three parameters as

A =
2 sinβ

v0
, |B| = 4

v2
PST

, and |C| = 4

v2
NMO

, (3)

where β is the angle between the ZO ray and the surface’s normal at the central point x0 and v0 is the
medium velocity at that point. Coefficient C corresponds to its NMO traveltime counterpart in equation
(1). Coefficient B has an analogous expression using the quantity vPST , the post-stack velocity. In the
present situation of a horizontal seismic line, the coefficients B and C can be alternatively written as

B =
2t0 cos2 β

v0
KN , and C =

2t0 cos2 β

v0
KNIP , (4)

whereKN andKNIP represent the wavefront curvatures of the so-called normal (N) and normal-incident-
point (NIP) waves (Hubral, 1983). As described in Chira-Oliva et al. (2001), the CRS method can be
used under more general hypothesis than the ones assumed here (for example, on may have a curved
measurement surface and also non-zero velocity gradients at the central points). Under these more general
conditions, the relationships between the CRS coefficients and the parameters β, KNIP and KN , become
more complicated. However, in this work we restrict ourselves to the particular cases in which (4) holds
and treat β, KN and KNIP as the CRS parameters.

Analogously to the NMO velocity, the CRS parameters are estimated as maximizers of some coherence
measure, i.e., they are found using an optimization process. In all implementations of the CRS method that
we are aware of (Birgin et al., 1999; Garabito, 2001; Mann, 2002) the optimization process is performed
in two steps. The first step solves simplified problems in order to get rough estimates for the parameters.
The second step refines the previously obtained parameters. The first step involves global optimization
procedures. The second step uses local optimization methods. In this work we focus our attention to the
refinement step of the CRS method. Namely, we assume that initial estimations of the CRS are already
available. We consider and discuss three local optimization methods to refine the initial parameter values:
Nelder-Mead, Newton and BFGS (Quasi-Newton). The performance and accuracy of the methods are
examined by means of illustrative synthetic and real data examples. For a description of all the well-known
optimization schemes used in this work, the reader is referred to any basic text on the subject, for example
Gill et al. (1981).

OPTIMIZATION PROBLEM

For a given point (x0, t0) and for fixed CRS parameters (β,KN ,KNIP ), the graph of the functionT (x, h) =
t(x, h;β,KN ,KNIP ) is a surface within the volume of multicoverage data points (x, h, t). If the point
(x0, t0) pertains to a reflection event at the ZO section to be simulated and the CRS triplet (β,KN ,KNIP )
provides the correct coefficients of the representation of that event in accordance with the hyperbolic trav-
eltime (2), then, following ray theory, the graph of T is, up to second order, tangent to the event’s reflection
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traveltime surface. As a consequence, the coherency of the data samples along the graph of T , for some
suitable vicinity (called aperture) of (x0, t0), is expected to yield a large value. If the time sample under
consideration does not belong to a reflection or the CRS triplet departs from the correct one in the case
of a reflection, the coherency value is bound to be low. The CRS parameter estimation problem is then
formulated as follows:

For each midpoint and traveltime (x0, t0) at the ZO section to be simulated, find the CRS parame-
ter triplet (β,KN ,KNIP ) for which the coherence function attains a maximum for source-receiver pairs
within a given spatial aperture around x0 and for time samples within a time window around t0.

We consider the most popular coherence measure used in seismic processing, the semblance function
(Neidel and Taner, 1971). It can be turned into a differentiable function of the CRS parameters by inter-
polating the seismic data appropriately. Differentiability is important because BFGS and Newton methods
require differentiable objective functions.

The semblance function is given by

S(β,KN ,KNIP ) =

w∑

τ=−w

[
n∑

i=1

ui(ti + τ)

]2

n

w∑

τ=−w

n∑

i=1

ui(ti + τ)2

, (5)

where ui(t) is the interpolated sample value for trace i at time t, w is the time-window, and

ti = ti(β,KN ,KNIP ) = t(xi, hi;β,KN ,KNIP ) (6)

is the hyperbolic traveltime (2) corresponding to the i-th trace midpoint xi and half offset hi. Note that S is
a differentiable function with respect to ui and, moreover, ti is a differentiable function with respect to the
CRS parameters. Therefore, by the chain rule, the semblance function S will be differentiable with respect
to the CRS parameters if the interpolated sample values ui(t) are differentiable with respect to t. In this
case we can even compute the partial derivative of S with respect to a CRS parameter p explicitly by

∂S

∂p
=

n∑

i=1

∂S

∂ui

dui
dti

∂ti
∂p

.

The second derivatives are a bit more complicated but can also be explicitly evaluated.
In the experiments reported below, we used simple cubic interpolations in order to get a differentiable

semblance function. Our interpolation has first derivatives at every time sample and second derivatives
except for a few time simples. Formally, we used the cubic function ui such that

ui(t) = 0 for t ≤ tmin or t ≥ tmax , ui(tmin + k∆t) = Φik , (7)

and

u′i(tmin + k∆t) =
Φi,k+1 − Φi,k−1

2∆t
, (8)

where ∆t is the time sample increment, Φik is the value of the k-th sample of trace i and [tmin, tmax] is
the time interval covered by the seismic data. In words, ui is zero outside the time interval of interest and
interpolates the seismic data at the time samples, the derivatives coming from a centered finite differences
scheme.

GENERAL ESTIMATION STRATEGY

The CRS estimation problem is, in general, not amenable to a full three-parameter search. In realistic data
sets the amount of samples is too large for a direct search. The natural approach is, then, to divide the task
into simpler searches conducted on smaller data subsets.
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The first formulation and implementation of the CRS-parameters was proposed by Müller (1999). The
initial step in that formulation has three one-parameter searches. The first one, applied to the CMP gather,
is similar to the search of NMO-velocities in the NMO method. However, it is carried out on every time
sample of the simulated ZO section to be constructed. In Müller’s approach, the CMP search estimates
the combined parameter q, which is related to the vNMO and to the CRS parameters β and KNIP by the
formula

q = KNIP cos2 β =
2v0

t0 v2
NMO

. (9)

In analogy to the NMO method, a stack is performed on the CMP data and the obtained section is assumed
to be an approximation of a ZO section.

The next two one-dimensional searches are performed in this approximated (stacked) ZO section. The
second search, performed within a small aperture, estimates the angle parameter β and combines it with
the parameter q to produce the KNIP parameter. The last search, performed on a larger aperture, uses the
estimated β to compute the remaining parameterKN .

Müller’s strategy was extended in Mann (2002) with the inclusion of a search in Common-Shot gath-
ers to handle conflicting dips. More recently, Garabito (2001) introduced a new initial step approach,
where a two-parameter search using a Simulated Annealing algorithm is applied for coherence analysis
along diffraction traveltimes, i.e., hyperbolic moveouts (2) under the diffraction condition B = C or
KN = KNIP . This search simultaneously estimates β and KNIP . The parameter KN is estimated by an
additional one-dimensional search.

Once good initial estimates for the CRS attributes are obtained, a refinement setp is necessary, taking
into account a larger data set. The idea is to apply a local optimization scheme to produce better ap-
proximations for the parameters. As previously mentioned, we discuss here three different optimization
methods for the refinement: Nelder-Mead (Flexible Simplex), Newton (Quadratic Approximation) and
BFGS (Quasi-Newton).

The Nelder-Mead method has been the one used at the refinement step in the Karlsruhe’s CRS imple-
mentation (Mann, 2002). The BFGS method has been applied by Garabito (2001). To our knowledge, the
present work is the first application of Newton’s method for the refinement step. The main contribution
here is the implementation of the three methods as user-selected choices to perform the refinement in our
WIT-Campinas CRS program. A more comprehensive comparison of the different methods applied for the
refinement step will be the object of a future work.

NUMERICAL EXPERIMENTS

To understand and compare the estimation procedures discussed above, as well as the quality of the stacked
sections they produce, we applied them to synthetic and a real data examples. We focused on the refinement
step in both cases and used the same initial estimates for all the refinement methods. The datasets were
stacked by the CRS method, as implemented by the program MULTISIS, which was developed by the au-
thors at the Laboratory of Computational Geophysics at the State University of Campinas (LGC/Unicamp).
MULTISIS adopts the same initial-step strategy as in Mann (2002). For comparison, we also stacked the
data with the CMP method as routinely carried out in the industry, with the software PROMAX of Land-
mark Graphics Corporation.

SYNTHETIC DATA

To verify the accuracy of the parameters estimated by the methods discussed above, we generated two
synthetic datasets. The datasets and the modelled CRS parameters were obtained by ray-tracing using
INTERSIS1 along with SEIS882. We compared the modelled parameters with the ones estimated by the
MULTISIS software. The stacks obtained with the three different methods after the refinement step are
quite similar, and for that reason not shown here.

1 INTERSIS is a graphical interface for seismic modelling developed at the Laboratory of Computational Geophysics of the UNI-
CAMP. The current version of INTERSIS allows to work with ray tracing and finite differences.

2 SEIS88 is a ray tracing program developed in the Geophysics Department at Charles University.
http://seis.karlov.mff.cuni.cz/software/seis
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In order to quantify the accuracy of the processed parameters, we compared their values along each
reflector with the corresponding curve for the modelled parameter. The Quadratic Deviation (Q) is used as a
measure of the agreement between processed and computed curves of parameters: For two N -dimensional
vectors φ and ψ, Q is given by

Q =

√√√√ 1

N

N∑

i

(φi − ψi)2 . (10)

Synthetic Example 1

To test the refinements methods in extreme conditions, we generated a model with strong geometrical
changes. Figure 1 depicts a four layered acoustic model with three curved interfaces. Observe the geo-
metrical variations near the middle of the model where the dips are up to 67o. Simulated multicoverage
acquisition was carried out over the entire profile using 200 shot records of 60 receivers each.

Figure 1: 2D isovelocity layered model. Horizontal distance and depth are in kilometers.

Regarding the stacked sections, Figure 2 shows the NMO stack, the CRS initial and the CRS Nelder-
Mead, Newton and BFGS refined stacks. As a result of the strong dips in the model, the stacked sections
present a zone with caustics near CMP 300. As can be observed, there are not too many differences between
these stacks. Figure 3 displays the modelled, initial and optimized emergence angle for the third reflector.
The parameter curves for KN and KNIP have the same behavior as the one for β. As a consequence, we
refrain from presenting them here.

Parameter Reflector Initial N.-Mead Newton BFGS

1 0.17138 0.20216 0.17186 0.17197
β 2 0.18223 0.19767 0.19108 0.18498

3 0.25457 0.23350 0.24263 0.22913

1 0.23005 0.23920 0.22253 0.22485
KNIP 2 0.42805 0.43400 0.63960 0.57535

3 0.27851 0.26265 0.24708 0.24586

1 0.37848 0.34333 0.31974 0.30768
KN 2 0.68887 0.66835 0.66310 0.66568

3 0.71351 0.66676 0.63413 0.62286

Table 1: Q for CRS parameters at reflectors for Example 1

In Figure 4, we focus on the two boxes depicted in Figure 3. From the picture on the left, we observe
that the optimization process may not improve the initial value of the parameter. The picture on the right
shows the angle values in the caustic region between CDPs 280-360. Table 1 summarizes the values of Q
for the CRS parameters for each reflector.
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Figure 2: Synthetic stacks. The one in the top was obtained using PROMAX.
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Figure 3: Modelled, initial and optimized emergence angles for the third reflector. The boxes are zoomed
in Figure 4.

Figure 4: Zoomed boxes (caustic regions) of Figure 3. Left box (km 2.7 to km 3.7 in the velocity model).
Right box (km 7.0 to km 8.5 in the velocity model). Note that initial values may be closer to modelled ones
than optimized values.

Synthetic Example 2

This model has the objective of testing the refinement step for a more realistic case. Figure 5 depicts a
four layer acoustic model with three curved interfaces. The acquisition parameters are the same as in the
previous experiment.

As expected, the stacks obtained using the CMP and the CRS techniques are quite similar. For that
reason, Figure 6 only shows the one obtained with CRS using Newton’s method at the refinement step. The
differences between the parameter curves are not visible. The values forQ are indicated in Table 2.

From these two synthetic experiments, we observed that no matter which method we use for the refine-
ment step, the process has a smoothing effect over the CRS parameters. To illustrate this fact, Figure 7
depicts the initial and refined estimates of the emergence angle for the first reflector of the synthetic Exam-
ple 2.

As a consequence of the smoothing effect, the stacks obtained with the refined parameters are, locally,
smoother than the ones obtained with the initial parameters. This fact will be better observed in the next
experiment with real data.

REAL DATA

We have applied the refinement approach to a real marine dataset. Figure 8 shows the NMO stack, ob-
tained from the commercial seismic software PROMAX, and the CRS stack using Newton’s method in the
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Figure 5: 2D isovelocity layered model. Horizontal distance and depth are in kilometers. Velocities are in
m/s.

Figure 6: Newton version of CRS stack of synthetic Example 2.

Figure 7: Emergence angle for the first reflector of synthetic Example 2. The continuous line represent the
refined values and the dots the initial estimative.



70 Annual WIT report 2003

Parameter Reflector Initial N.-Mead Newton BFGS

1 0.30698 0.19617 0.19563 0.19580
β 2 0.26200 0.14740 0.14717 0.14732

3 0.30005 0.26201 0.26328 0.26337

1 0.11607 0.11371 0.10637 0.10638
KNIP 2 0.09699 0.09702 0.09761 0.09760

3 0.05753 0.05749 0.05747 0.05741

1 0.02903 0.02588 0.02517 0.02523
KN 2 0.04755 0.04637 0.04581 0.04600

3 0.52302 0.50175 0.50176 0.50177

Table 2: Q for CRS parameters at reflectors for Example 2.

refinement step. The CRS stacks using the three refinements (Nelder-Mead, Newton and BFGS) are quite
similar, and for that matter not shown here. In fact, the BFGS provided a slightly smoother section, but not
significant to justify a discussion here.

In the central part of the stacked sections, the CRS stack presents less aleatory noise, better continuity
of the primaries and less quantity of reverberations. Due to these characteristics, the CRS stack is able to
better define the unconformity that occurs between 1.3 s and 1.5 s all along the section.

Between CMPs 700 and 1500, the CRS stack has made more evident a probable basement structure.
It is out of the scope of the present paper, however, to undertake a detailed investigation on the NMO and
CRS stack results. Our aim here is just to point out that there are significant differences that require a better
understanding and interpretation.

As already mentioned, the initial step of the MULTISIS software adopts the same strategy as in Mann
(2002). This strategy allows quality control at the first search, that one applied on each CMP section of the
dataset, called AUTOCMPSTACK. As this one-parameter search is equivalent to a conventional NMO stack,
but with automatic picking of events that presents the higher coherences, the stack produced in this step is
expected to look like the NMO stack. Regarding this stack, between CMPs 1300 and 1400 for t ≈ 1.5 s, we
find a horizontal event of interest, as shown in the top of Figure 9. Taking a closer look to a CMP section
in this range by means of a semblance map, we see that the AUTOCMPSTACK is stacking a back scattering
energy, as indicated in Figure 10. This problem can be solved constraining the range for the search of the
NMO velocity, and running again the AUTOCMPSTACK. The result is that the horizontal event disapears,
as shown in the bottom of Figure 9.

Finally, regarding the smoothing effect commented in the synthetic experiments, we show in Figure 11
the stack obtained with the initial estimates of the CRS parameter and the one obtained after the refinement
step using Newton’s method. The smoothing effect is clearly visible, confirming the observations made
with the synthetic data.

CONCLUSIONS

We have provided an overview of the Common-Reflection-Surface (CRS) method, encompassing a brief
description of both its theoretical and implementation aspects. Our description considered the 2-D situation
in which sources and receivers were located on a single seismic horizontal line and the multicoverage data
is aimed in producing, by stacking, a simulated ZO section. The CRS method uses a three-parameter
hyperbolic traveltime moveout and the heart of the method is the estimation of these parameters.

The general strategy is to split the estimation into two steps. In the first step (initial), a quick estimation
is performed using a suite of simplified versions of the problem. The next step (refinement) optimizes the
parameters using the initial estimates and the full multicoverage data. Assuming that initial estimates of
the parameters were given, we have examined three local optimization schemes to refine them, namely the
Nelder-Mead, Newton and BFGS methods.

Our experiments show that the three refinement methods lead to similar stacked sections. The CRS, as
well documented in the literature, produces, in general, sharper sections with less noise, as compared to
the usually smoother NMO sections. Being a more automatic procedure, the CRS sections may, however,
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also enhance undesirable events such as multiples.
Regarding the estimation of the CRS parameters, our experiments show that, surprisingly, the refine-

ment step may not always lead to better parameter estimates. Sometimes the refinement step may even lead
to less accurate estimates. One possible reason for this behaviour is that the goal of the refinement step is
to fit the best parameters to the hyperbolic moveout formula. However, the true values for the parameters
came from a Taylor’s interpolation. Therefore, depending on the aperture for the stacking, the fitted pa-
rameters can be quite different from the exact values. The same phenomena appears in the estimation of
the NMO velocity from CMP gathers, as well explained in Castle (1994). At the moment we are engaged
in more experiments and research to gain a better understanding on this subject.

Our tests with a real dataset showed a few significant differences between the CRS and NMO stacks.
These differences, briefly addressed in the text, indicate the potential of the CRS method to be used in
practice. In fact, we hope that this work stimulates further investigations on the CRS method, especially
on the interpretative aspects of the obtained sections.
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Figure 8: Marine real data stacks. Top: NMO (PROMAX). Bottom: CRS (Newton).
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Figure 9: First and Corrected versions of the initial stack for the CRS stacking in Figure 8.
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A

B

Figure 10: Velocity analysis of CMP 1320. The higher semblance value near 1.5 s (A) is most probably
due to back scattering energy. The right value of velocity, (B), is about 2520 m/s.

Figure 11: Effect of parameter refinement on real data stacks. Top: stack obtained with the initial estima-
tive of the CRS parameter triplet. Bottom: stack obtained with a Newton refined CRS parameter triplet.
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ABSTRACT

The kinematic wavefield attributes used in the stacking operator of the Common-Reflection-Surface
stack offer a variety of applications in addition to the original task, the simulation of a stacked sec-
tion. Examples are the determination of smooth or blocky velocity models, an attribute-based time
migration, or the estimation of properties like the geometrical spreading factor or the size of the pro-
jected Fresnel zone. All these applications rely on a sufficient accuracy of the wavefield attributes.
However, the attributes actually determined by means of coherence analysis in the seismic reflection
prestack data are subject to fluctuations due to noise as well as to outliers related to deficiencies of the
employed search strategies. To overcome these problems, we introduce a smoothing algorithm which
removes such fluctuations and outliers in an event-consistent manner and in accordance with theory.

INTRODUCTION

The Common-Reflection-Surface (CRS) stack was originally developed to simulate 2D zero-offset (ZO)
sections as an alternative to conventional methods like the sequence normal moveout (NMO) correction/dip
moveout (DMO)correction/stack. Meanwhile, the approach has been generalized in various directions, e. g.
to the 3D case, finite-offset situations, or acquisition surfaces with topography.

The CRS stack can be seen as a generalized high-density velocity analysis tool based on coherence
analyses in the prestack data. Each set of kinematic wavefield attributes is determined independently of
neighboring ZO samples. Although a high-density analysis is desirable for obvious reasons, the kinematic
wavefield attributes determined in this manner suffer from two general problems: on the one hand, we ob-
serve fluctuations of the attributes due to the noise in the data. Theoretical considerations show, however,
that the attributes can only vary smoothly along the reflection events and are virtually constant along the
seismic wavelet. Thus, fluctuations of the wavefield attributes do not represent useful information about the
parameterized reflections events and should be removed prior to subsequent applications of the attributes.
On the other hand, the implemented search strategies sometimes fail to detect the searched-for (usually
global) coherence maxima associated with the optimum stacking operators and their corresponding sets
of wavefield attributes. This causes outliers that deteriorate the performance of local optimization steps
used to refine the wavefield attributes, as well as any subsequent application of the kinematic wavefield at-
tributes. In this contribution, we introduce a smoothing algorithm for the kinematic wavefield attributes that
removes fluctuations due to noise as well as outliers in accordance with theory in an event-consistent man-
ner. The successful application of the smoothing algorithm is demonstrated in the case studies presented
by Hertweck et al. (2003) and Heilmann et al. (2003) in this report.

IMPLEMENTATION

To perform an event-consistent smoothing of the attributes, we have to consider the local orientation of the
reflection event and the reliability of its associated wavefield attributes at each ZO sample (x0, t0). The
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orientation can be derived from the CRS wavefield attribute α, i. e., the emergence angle of the normal ray:
the horizontal slowness p (or half of the first spatial derivative of ZO traveltime) is simply given by

p =
1

2

∂t

∂xm

∣∣∣∣
(xm=x0,h=0)

=
sinα

v0
,

where v0 denotes the near-surface velocity used for the CRS stack and xm and h are the midpoint and
half-offset coordinates, respectively. Note that p itself is independent of the near-surface velocity. Thus,
the following considerations also apply in case of a wrong value of v0, although α no longer represents the
actual emergence angle in such situations.

The reliability of the attributes for a ZO sample can be evaluated by means of the coherence value
obtained along the corresponding stacking operator in the prestack data. Low coherence values might
occur due to several reasons:

• the ZO sample is not located on a reflection event. In such situations, no significant contribution to
the stack can be expected and the wavefield attributes are meaningless.

• data with low signal-to-noise ratio. The wavefield attributes are relevant, but subject to fluctuations
not supported by the theory.

• failure of the search strategy to detect the global coherence maximum. This usually leads to isolated
outliers in the attribute sections.

• complex wavefields with strongly non-hyperbolic events. In such cases, the aperture choice for the
CRS stack should be reconsidered. The attributes might be misleading.

In the first case, no useful smoothing is possible and necessary. In the remaining cases, an appropriate
smoothing of the attributes allows to remove the fluctuations due to the noise in the data as well as outliers.
However, limitations due to the second-order approximation of traveltime with respect to xm and h cannot
be overcome in this way. With the help of the CRS-stack results, a minimum coherence value Smin can
be estimated to identify ZO samples located on actual reflection events. Only ZO samples associated with
coherence values S > Smin will contribute to the smoothing process.

The CRS wavefield attributes are related to the first and second spatial derivatives of the traveltime in
the prestack data. As long as we deal with situations where zero-order ray theory is valid, these derivatives
can only vary smoothly along the reflection events. In the time direction, i. e., along the seismic wavelet,
the wavefield attributes are even virtually constant (Mann and Höcht, 2003). Thus, it is fully consistent
with the theory to attribute all fluctuations and outliers along reliably detected events to noise in the data
and failures of the optimization strategy. There is no reason for any loss of relevant information about the
reflection events due to appropriately applied smoothing of the wavefield attributes.

One particular problem has to be considered in addition: conflicting dip situations. Irrespective whether
such situations have been explicitly handled during the CRS stack, we have to expect that the wavefield at-
tributes for neighboring ZO samples might characterize different reflection events. Of course, the wavefield
attributes of different events must not be mixed by the smoothing algorithm. To avoid this, neighboring
wavefield attributes are only included in the smoothing process for ZO samples where the emergence angle
deviates only by a small variation ∆αmax with respect to the emergence angle at the reference location. In
this way, the attributes associated with different intersecting reflection events remain independent of each
other.

User-defined parameters

The smoothing algorithm in its current implementation requires a set of user-defined parameters:

• spatial and temporal extension of the moving smoothing window

• a coherence threshold Smin to identify ZO samples located on reliably detected reflection events

• an angle variation threshold ∆αmax to avoid the mixing of different events

• a fraction 0 < f ≤ 1 to control the combination of median filter and averaging (see below)
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Smoothing algorithm

The basic processing steps to calculate the smoothed wavefield attributes for a given ZO location read as
follows:

• tilt the smoothing window according to the local dip 2p

• reject all points within the window with S < Smin to avoid the use of unreliable attributes

• reject all points within the window with ∆α > ∆αmax to avoid a mixing of attributes associated with
independent reflection events

• separately compute the average of each attribute for a fraction f of the remaining data points centered
around the respective median of its distribution

If no data points remain for averaging after the application of the above-mentioned criteria, the original
wavefield attributes are used. Note that for the normal wavefront, the curvature 1/RN is smoothed rather
than the radius of curvature RN.

DATA EXAMPLES

As mentioned above, the proposed smoothing algorithm was also used for the case studies presented by
Hertweck et al. (2003) and Heilmann et al. (2003) in this report. Therefore, we only present some details
of results obtained for different real data sets to demonstrate the effect of the smoothing algorithm.

Firstly, we discuss the effect of the proposed smoothing algorithm on the wavefield attributes them-
selves. As the emergence angle α and the radius of the NIP wavefront RNIP are the relevant parameters
for many applications, especially the determination of a velocity model (Duveneck, 2002), we restrict our-
selves to these two parameters for the sake of brevity. Figures 1 and 2 show two subsets of the α and
RNIP sections associated with a real data example where the prestack data were of very low signal-to-noise
ratio. In the top rows, the original attribute sections as obtained by the CRS stack before the final local
optimization, also called initial CRS stack, are shown. The middle rows show the original attribute sections
overlain with a mask based on the coherence values. This removes the strongly fluctuating and meaning-
less attributes between the reflection events and serves for display purposes, only. In the bottom rows of
Figures 1 and 2, the attribute sections after event-consistent smoothing are displayed, again overlain with
the coherence-based mask.

As expected, outliers and high-frequency fluctuations of the attributes are almost completely removed
in both examples without introducing any artifical structures. Furthermore, the second example (Figure 2)
clearly demonstrates the ability of the smoothing algorithm to keep the attributes of different reflection
events strictly separated: no mixing or blurring of the attributes along boundaries between reflection events
with different dips can be observed.

We will now investigate the effect of the attribute smoothing on the CRS stacked sections. In Figure 3,
two details of a simulated ZO section are depicted for areas in the vicinity of fault zones. Again, the
results of the initial CRS stack are shown, on the left hand side with the original attributes, on the right
hand side with the smoothed attributes. Note that this does not yet represent the final CRS stack results,
which are usually further improved by means of a local multi-parameter optimization. Of course, this local
optimization also benefits from the smoothed attributes as they provide better initial values. However, our
aim here is to present the direct effect of the attribute smoothing, only.

The stack results based on the smoothed attributes show a significantly higher continuity of the re-
flection events. Several events can be clearly identified which are highly disrupted in the original stack
results. Isolated outliers visible as speckles in the original stack sections have been largely removed. This
is advantageous for further processing steps like post-stack migration. Such high-frequency speckles are
problematic for all processes applied in the frequency domain as they appear at the Nyquist frequency. In
Kirchhoff migration, the speckles, if not removed, would systematically lead to migration artifacts.

CONCLUSION

We introduced an event-consistent smoothing algorithm for the kinematic wavefield attributes obtained by
the CRS stack. Application examples showed that the proposed algorithm is able to remove physically
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Figure 1: Wavefield attributes α and RNIP for a real data example. See main text for details.
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Figure 2: Wavefield attributes α and RNIP for a real data example. See main text for details.
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(a) Original stack (b) Stack with smoothed attributes

(c) Original stack (d) Stack with smoothed attributes

Figure 3: Details of a CRS stacked section before/after smoothing of the attributes. See main text for
details.
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unreasonable outliers and fluctuations from the attribute sections without reducing the spatial resolution of
interpretable properties of the reflection events and without any cross-talk between intersecting events in
conflicting dip situations.
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ABSTRACT

Residual static corrections are of great interest for onshore datasets. There, they are used to eliminate
the influence on reflection traveltimes of the weathering layer and/or any errors introduced by reda-
tuming methods. Thus, the results of stacking methods applied after residual static corrections should
show an improved signal-to-noise ratio. We considered to make use of the Common-Reflection-
Surface stack which provides additional information about the subsurface by means of kinematic
wavefield attributes that define a stacking surface within a spatial aperture rather than within the
common-midpoint gathers, only. Thus, these attributes serve as a basis for a moveout correction
which is mandatory for the determination of residual statics. The first results of a small and not too
complex real data example show that our new approach is able to estimate residual statics.

INTRODUCTION

Onshore real data acquisition is often influenced by topography and irregularities in the near surface, e. g.,
the weathering layer. The topographic effect on the reflection times is significantly reduced by applying
so-called field static corrections. However, the effects of rapid changes in elevation and in near-surface
velocity or thickness of the weathering layer still remain as reflection time distortions. To eliminate these
remains which the field static correction did not compensate, the residual static correction assigns every
shot and every receiver an additional static time shift. The time shifts of residual static corrections aim
at enhancing the continuity of the reflection events and at improving the signal-to-noise (S/N) ratio after
stacking.

The 2D zero-offset (ZO) Common-Reflection-Surface (CRS) stack method has shown its abilities to
improve the S/N ratio under the assumption of a horizontal plane measurement surface (see Trappe et al.,
2001). Zhang (2003) has introduced the topography into the CRS stack method. This can be seen as a more
sophisticated kind of field static correction. As stacking methods in general, the 2D ZO CRS stack method
does not directly account for residual static corrections. Similar to the conventional common-midpoint
(CMP) based methods, a new alternative approach of residual static correction based on the CRS attributes
is presented in the following.

BASICS OF STATIC CORRECTIONS

The main assumption for applying static corrections is surface consistency. This implies that the waves
propagate nearly vertical through the uppermost layer and, hence, independent from the raypaths in the
deeper layers. Thus, the time shifts become properties of the source or receiver locations, only. Further-
more, the reflection time distortions do not depend on the traveltime of different reflection events, i. e.,
are reflection time independent and, therefore, these time shifts are called static corrections. Another as-
sumption is that the uppermost layer, i. e., the weathering layer, has the same influence on the shape of the
wavelet of all emerging reflection events. The latter assumption is due to the fact that we do not account
for phase shifts on the wavelet at the moment.

Under these assumptions, static corrections can be divided into two parts:
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Figure 1: Raypath through a low velocity layer. Redatuming achieved by field static correction substitutes
the actual surface by a reference datum plane beneath the low velocity layer, i. e., source S and receiver R
are moved to S’ and R’ on the reference datum plane, respectively.

• The field static correction, which is a kind of redatuming, introduces a “reference datum plane” as
substitute for the actual measurement surface and is mostly located beneath the weathering layer (see
Figure 1). For further explanations, please refer to Marsden (1993).

• The residual static correction is used to eliminate small variations of reflection traveltimes caused by
the weathering layer. Additionally, errors from redatuming by field static correction or other methods
can be removed. Even though, residual static correction can be also applied without any preceeding
static correction to enhance the imaging quality.

Conventional residual static correction methods

To achieve surface consistency, residual static correction techniques have to provide exactly one time shift
for every source or receiver location, respectively. The first step of most of the conventional residual static
correction techniques is to apply an approximate normal moveout (NMO) correction. Then, the reflection
events in each CMP gather are considered to be misaligned due to a source static, a receiver static, a residual
moveout, and additional terms depending on the used method. The calculated time shifts tij of each trace
consist of the following terms

tij = tri + tsj +MkX
2
ij + . . . with k =

i+ j

2
(1)

where tri is the receiver static of the i-th receiver location and tsj is the source static for the j-th source
location. Mk is the residual moveout at the k-th CMP gather and Xij = ri − sj is the source to receiver
distance or simply the offset (see Taner et al., 1974; Wiggins et al., 1976; Cox, 1974) with the source
location sj and the receiver location ri. Figure 2 shows an example of the improvements of the stacking
result due to residual static correction. Figure 2(a) shows a reflection event after NMO correction distorted
by residual statics. Stacking these traces without any corrections results in a deformed wavelet (see Figure
2(b)), while the stack with residual static correction clearly shows a well preserved wavelet with larger
amplitudes due to the coherent stack (see Figure 2(c)).

From this point on, a lot of different conventional methods exist to determine tij or tri and tsj , respec-
tively. One method, e. g., is to cross correlate all traces of each CMP gather with their corresponding CMP
stacked trace which is used as pilot trace for this CMP gather. The window for the correlation has to be se-
lected to cover more than one dominant primary event (time invariance) and at reasonably large traveltimes
(surface consistency). Thus, a system of equations of tij is given by one equation for each trace of the
whole dataset. This large system of linear equations is overdetermined, i. e., there are more equations than
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Figure 2: Example of the enhancement due to residual static correction after an approximate NMO cor-
rection.
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Figure 3: Example of super-traces for one moveout corrected shot gather. Super-trace F and super-trace G
are cross correlated to determine the corresponding source static. Figure taken from Ronen and Claerbout
(1985).
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Figure 4: Flowchart for the iterative residual static correction by means of CRS attributes. Three alterna-
tives are available for the second and further iterations: the CRS search for the attributes can be optionally
performed again (solid green arrows). If not (see dashed and solid blue arrows), the pilot trace has to be
recalculated from the CRS moveout corrected CRS super gather to take advantage of the enhancements
of the previous iterations. A third option (dash-dotted purple arrows) can be used to directly correct the
previously calculated CRS super gather with the obtained residual static values.

unknowns, and underconstrained, i. e., there are more unknowns than independent equations. The solution
is generally obtained by least-square techniques.

Ronen and Claerbout (1985) introduced another technique based on cross correlation, the stack power
maximization method. Here, the cross correlation is performed between so-called super-traces. A super-
trace built from all the traces of the shot profile in sequence (trace F in Figure 3) is cross correlated with
another super-trace analogously built of all traces in the relevant part of the stack without the contribution
of that shot (trace G in Figure 3). The source static of this shot is the time associated with the global
maximum of the cross correlation result. This procedure is repeated for every shot and receiver profile,
respectively. The resulting time shifts maximize the sum of squared amplitudes of the final stack, i. e., the
stack power.

NEW APPROACH BY MEANS OF CRS ATTRIBUTES

In addition to the simulated ZO section, the CRS stack method provides three further sections with CRS
attributes. These attributes (α, RNIP, RN) are parameters of the second-order stacking surface given by

t2hyp(x, h) =

[
t0 +

2

v0
(x− x0) sinα

]2

+
2

v0
t0 cos2 α

[
(x− x0)2

RN
+

h2

RNIP

]
, (2)

with the ZO traveltime t0, the near-surface velocity v0, the emergence angle α of the ZO ray, the radius of
curvature of the NIP wavefront RNIP measured at x0, and the radius of curvature of the normal wavefront
RN also measured at x0 (see, e. g., Mann et al., 1999, for these definitions). This stacking surface from the
CRS stack method improves the S/N ratio more than, e. g., the NMO/DMO/stack method due to the larger
stacking surface (see Mann, 2002; Trappe et al., 2001).

Our new approach is also based on cross correlations and is similar to the technique of Ronen and
Claerbout (1985). Figure 4 shows the principal steps of our method. The first step is to perform at least the
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initial 2D ZO CRS stack to obtain the CRS attribute sections and the simulated ZO section. Each trace of the
simulated ZO section serves as a pilot trace for the necessary cross correlations. Additionally, the optimized
2D ZO CRS stack can also be used for the subsequent steps. However, this requires more processing time
due to a local optimization of the attributes. The initial CRS stack differs from the optimized one by the
strategy to obtain the attributes. The attributes of the initial search serve as starting values for the optimized
search. Irrespectively how the attributes are obtained, the CRS moveout correction is then realized with the
previously obtained CRS attributes.

CRS moveout correction

To correct for the CRS moveout, the dependency on the half-offset h and the midpoint x in equation (2) has
to be eliminated. Therefore, the CRS attributes of every time sample within the simulated ZO section are
required. These attributes are provided by the initial or optimized search of the CRS stack method. With
the knowledge of these attributes, the Common-Reflection-Surface can be transformed into a horizontal
plane at time t0 by subtracting the moveout given by

tmoveout(x, h) = thyp(x, h) − t0 , (3)

where t0 is given by the considered time sample of the simulated ZO section.
This correction is performed for all t0 given by each simulated ZO trace of the CRS stack. The result for

one ZO trace is called CRS moveout-corrected CRS super gather and contains all CRS moveout corrected
prestack traces which lie inside the corresponding spatial CRS aperture. Thus, the prestack traces are
multiply contained in the differentCRS super gathers with different moveout corrections in each super
gather.

Cross correlation

The cross correlations are performed between every single moveout corrected trace of each CRS super
gather and the corresponding trace of the simulated ZO section, i. e., the pilot trace. These correlations
can also be weighted with the coherence values provided by the CRS stack to account for the reliability of
every single sample. Afterwards, all correlation results that belong to the same source or receiver location
are summed up. These cross correlation stacks are similar to cross correlating super-traces as proposed by
Ronen and Claerbout (1985).

The main difference to CMP-gather-based methods is that the correlation of the super-traces accounts
for the subsurface structure because super-trace G of Figure 3 is a sequence of neighboring stacked traces
and not of one stacked trace repeated multiple times. Super-trace F consists of all traces belonging to
the same source or receiver location, respectively. The CRS stack accounts for the subsurface structure by
means of the CRS attributeRN which enters into the CRS moveout correction. RN is the radius of curvature
of the normal wave measured at the surface and can be associated with an hypothetical exploding reflector
experiment.

Finally, the residual static value is given by the time associated with the global maximum of the summed
correlation results. In future, local extrema may be additionally considered to estimate the reliability of the
global maximum. In case of phase shifts, the global minimum may represent the searched for residual
static value. The decision whether there are phase shifts or not also depends on the shape of the correlation
result close to the global minimum and has to be performed for every trace before the correlation stack.
This will be also implemented in future.

Problems might occur at the boundary of the dataset because there only few correlation results will
contribute to source or receiver locations. Therefore, we implemented a threshold for the maximum corre-
lation shift, i. e., a maximum residual static time shift. This threshold also reduces the likelyhood of cycle
skips.

Iteration

Once the residual static values are obtained from the cross correlation results, the prestack traces are time
shifted with the corresponding total time shifts. The total time shift is simply the sum of the corresponding
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source and receiver static values of each prestack trace. If the CRS stack of these corrected prestack traces
is not yet satisfactory, the entire procedure can be started again in two different ways with the previously
corrected prestack traces or, in an alternative way, with the previously corrected CRS super gathers. The
first possibility is to perform the CRS search and all other steps (see solid green arrows in Figure 4). The
second possibility omits the CRS search for the attributes (see dashed blue arrows in Figure 4). As the CRS
search for the attributes is the most time consuming step of our method, it is attractive to omit this step.
However, it might be dangerous to rely on the CRS attributes: if the time shifts between neighboring traces
are too large, the CRS stack probably fails to detect actually contiguous events and the corresponding
attributes. The third possibility is to use the obtained residual static values to directly correct the traces
of the CRS super gathers. However, this possibility is not surface-consistent as the static time shifts are
applied to moveout corrected traces. Thus, the corresponding prestack traces are no longer shifted by a
static time, every time sample of one trace has to be shifted by different times. As one prestack trace
is multiply contained in the CRS super gathers but with different moveout corrections, the time shifts for
each sample also depend on the actual midpoint and its associated moveout correction. Some results for the
second and third possibility as well as combinations of all three possibilities can be found in Ewig (2003).

REAL DATA EXAMPLE

A CMP-based residual static correction method was applied to a not too complex real dataset by Kirch-
heimer (1990). There, the original dataset was perturbed by synthetic receiver statics which afterwards
had to be estimated by the chosen residual static method. We were provided with this real dataset after
conventional residual static methods had been applied. Thus, we tested our new approach with a small
subset of 100 CMP gathers of this real dataset with a CMP fold of ≈ 30 and a sampling rate of 2 ms. This
part contains only slightly dipping reflectors. The vertical bands of small amplitudes and gaps mainly at
small traveltimes are due to the aquisition geometry and the relatively small number of traces. Figure 5 a)
shows the result of the optimized CRS stack applied without our residual static correction method.

We started with applying our new approach directly to the provided dataset to see whether there re-
mained some residual statics in the provided dataset (see Figure 5 a)). We performed two iterations with a
new CRS attribute search in each step. The result is shown in Figure 5 b). The estimated residual statics
of the second iteration were mostly zero and therefore we tested only the residual static estimation for
the third iteration. The source residual statics of the third iteration were zero for all locations and the re-
ceiver residual statics were zero except for a few locations with −1 ms. Therefore, we expected only slight
changes from the second to the third iteration and omitted the CRS stack. Figure 7 shows the obtained
residual statics after the second iteration for source and receiver locations.

To further test our method with this dataset, we added random but surface consistent residual time
shifts for all source (dashed red line in Figure 8) and receiver (dashed blue line in Figure 8) locations to
the provided dataset. Both, the added source and receiver time shifts are between −10 and +10 ms with
zero mean. Thus, the total time shifts are between−20 and +20 ms. Figure 6 a) shows the optimized CRS
stack result of the artifically distorted prestack traces with the same amplitude range as in Figures 5. The
synthetic residual time shifts almost completely destroyed the stacking result. Now, we applied again our
new approach to this dataset. The obtained residual statics of the fifth iteration step are zero with a few
variations of ±1 ms. The result of the optimized CRS stack after the fifth iteration is shown in Figure 6 b).
In comparison to the CRS stack of the provided dataset (Figure 5 a)), we can say that we reproduced almost
perfectly the provided dataset.

Figures 8 a) and 8 b) show the summed results of the five iterations (green solid lines) for the residual
source (red dashed line) and receiver (blue dashed line) statics, respectively. The fact that the obtained
residual statics do not perfectly match the synthetic added ones is due to the correlation stacking and the
dataset itself. On the one hand, during the cross correlation stacking for, e. g., one source location, it is
assumed that the residual statics of the receiver locations within the CS gather diminish and vice versa. On
the other hand, our method has found some minor residual statics in the provided dataset which were not
corrected before we added the synthetic statics.
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Figure 5: Simulated ZO section of the optimized CRS stack a) from the provided dataset and b) after two
iterations of our residual static correction method with a new CRS attribute search in each step.
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Figure 6: Simulated ZO section of the optimized CRS stack a) after random but surface consistent residual
statics added to the prestack traces and b) after five iterations of our residual static correction method with
a new CRS attribute search in each step.
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Figure 7: Obtained residual statics after two iterations applied to the provided dataset. a) source residual
statics and b) receiver residual statics.
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Figure 8: Statics: the obtained residual statics after the fifth iteration are shown as green lines. a) random
added residual source time shifts as red dotted line and b) random added residual receiver time shifts as
blue dotted line.

CONCLUSIONS

Residual static correction methods are, in general, based on cross correlations. We showed that the CRS
stack method can help to derive the residual statics. The advantages of the CRS stack method, i. e., the
improved S/N ratio and the additional information about the subsurface by the CRS attributes compared to,
e. g., the NMO/DMO/stack, is integrated into our new approach. The CRS stack method fits entire surfaces
to reflection events which is essential for a moveout correction within a spatial aperture. Also, the traces
of the simulated ZO section are better suited as pilot traces than simply CMP stacked traces because of the
large spatial aperture. Our new approach combines the conventional methods (cross correlation, picking
maxima) with the improvements of the CRS stack. Here, the large spatial aperture of the CRS stack takes
far more traces into account than just correlating within CMP gathers. Furthermore, the coherence of the
CRS stack serves as a reliability weight for the traces during the cross correlation.

As displayed in Figure 6 b), the results of the first test with a small subset of a real dataset showed
that this new approach is able to enhance the simulated ZO section of datasets distorted by residual statics.
Thus, more effort will be put in the determination of the residual static values in future. Despite of simply
picking the global maximum of the summed cross correlation results, also the neighboring extrema can be
accounted for to evaluate the reliability and to detect possible phase shifts.

PUBLICATIONS

Detailed results were published by Ewig (2003).
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ABSTRACT

Applied to multicoverage data, the Common-Reflection-Surface (CRS) method obtains, besides a
clear stacked section, also a number of traveltime parameters or attributes defined at each point of
that section. The CRS parameters provide useful information for a variety of seismic processing
purposes. We consider the use of CRS attributes in multiple identification and attenuation. In the 2D
situation, the CRS method produces three parameters associated with the resulting simulated (stacked)
zero-offset (ZO) section. We propose and discuss simple algorithms designed to identify and, as a next
stage, attenuate or eliminate multiples. First experiments show that these algorithms have the potential
of favorably replace well-established multiple suppression methods.

INTRODUCTION

One of the main objectives of reflection seismics is to derive an image of the subsurface from multicoverage
reflection seismic data. Stacking procedures, such as the conventional common midpoint (CMP) method,
are thoroughly used, because of their ability to increase the energy of reflection signals, while attenuating
coherent and random noise.

Stacking means summing seismic amplitudes along suitable traveltime curves or surfaces that are able
to constructively interfere in the case of reflection or diffraction events, as opposed to other signals, such as
noise, where they destructively interfere. The traveltime curves or surfaces are either provided by the user
(under the use of a priori given velocity models) or derived from the input multicoverage data (by means
of a direct application of coherence analysis methods).

In this work, we consider the construction of a 2D simulated zero-offset (ZO) section. The traces of
that ZO section, generally referred here as central points are usually taken to coincide with CMP locations.
In the CRS method, the stacking surfaces are designed to stack reflections from all source-receiver pairs
around each central point. As opposed to the CMP method that uses the normal-moveout (NMO) travel-
times, the CRS stacking curves makes use of all source-receiver pairs, arbitrarily located around the central
point. Moreover, the stacking operation is performed at each central point and also at each time sample of
the ZO to be simulated.

One of the main benefits of the CRS method is the full use of the available data, leading to a significantly
better signal-to-noise ratio, that makes it easier the identification of reflection events, both primaries and
multiples. Another very important benefit of the CRS method is the extraction of the CRS parameters (three
attributes in the present situation) that provide important information on the reflection event (primary or
multiple) under consideration.

A clean ZO section, together with appropriate CRS stacking parameters, is the base of meaningful seis-
mic processing procedures. Here we focus on the particular case of multiple identification and suppression.
As a result of the stacking procedure, primaries and multiples become more pronounced. In many cases,
multiples can be easily identified in the stacked section. Under the use of their associated CRS parame-
ters, these multiples can readily be attenuated or suppressed in the original multicoverage data, allowing
for better further imaging procedures such as migration. In other cases, the distinction between primaries
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and multiples are more difficult. In these cases, an analysis of the CRS parameters can be of help in the
identification procedure, that will lead, again, to attenuation or suppression of the multiple in a next stage.
In this work we present algorithms designed for each of the above situations.

THEORY

The normal-moveout (NMO) method is a routine processing step designed to produce a simulated zero-
offset (ZO) section by means of a stacking procedure performed on CMP gathers that relate to user-selected
reflection events. As an important part of procedure, an NMO-velocity map on the simulated (stacked) ZO
section is also obtained.

The NMO method is based in the following requirements: (a) the stacking operation is performed
on CMP gathers only; (b) the stacking is performed over a few user-selected reflection events and a few
CMPs only and (c) for each selected event, a corresponding NMO-velocity is estimated by means of a (one-
parameter) coherence analysis carried out at the CMP gather that refer to this event. The full NMO-velocity
map results from suitable interpolation (in time and CMP location) of the few, previously obtained NMO-
velocities. For a general description and also practical considerations on the NMO method, the reader is
referred to Yilmaz (2000) (see also more references therein).

NMO-traveltime

We consider the 2D situation, in which the given seismic dataset stem from sources and receivers located
on a single horzontal seismic line and propagation occurs on the vertical plane below that line. Upon the
consideration of a given CMP location, x0, and a ZO traveltime, t0, the coherence analysis and stacking
operation are carried out using the NMO-traveltime formula

t2(h) = t20 +
4h2

v2
NMO

. (1)

As a function of half offset, h, the above-mentioned NMO-traveltime, t(h), represents (second-order hy-
perbolic approximation of) the traveltime along the reflection ray that connects the source-receiver pair,
(x0 − h, x0 + h), in the CMP gather of x0. Finally, vNMO represents the NMO-velocity.

In recent years, the above-described requirements of the NMO method, namely its restriction to CMP
data, user-selected events and extraction of a single attribute (the NMO-velocity) from the data, began to
be questioned by the geophysical community. As a response to these limitations, more general approaches
to the problems of stacking and extraction of traveltime parameters from multicoverage data have been
proposed. In the seismic literature, the new approaches are referred to as macro-model-independent or
time-driven imaging methods. The Common-Reflection-Surface (CRS) method, as used in this work, is
one of them. For a general description of macro-model-independent methods, the reader is referred to
Hubral (1999) (see, more references therein).

CRS-traveltime

The common feature of the new approaches is the use of general traveltime moveouts that are able to stack
traveltimes of source-receiver pairs that belong to much larger gathers, namely ones that do not conform
to the original CMP condition. Traveltime moveouts that meet the new requirements are known for a
long time. The CRS Method uses a natural extension of the NMO traveltime (1), the general hyperbolic
traveltime. It is valid for arbitrary locations of source and receivers in the vicinity of a given ZO point, in
most cases a CMP location. In the case of a horizontal seismic line, if the ZO point is located at x0 along
the seismic line and if v0 is the medium velocity at that point, the hyperbolic traveltime formula can be
written as

t2(h) =

[
t0 +

2 sinβ

v0
(xm − x0)

]2

+
2t0 cos2 β

v0

[
(xm − x0)2

RN
+

h2

RNIP

]
. (2)

Here, β denotes the angle the ZO ray makes with the vertical at x0 and RN and RNIP are the radii of
curvature of the N-wave and NIP-wave, respectively. Comparison of the NMO and hyperbolic traveltimes
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(1) and (2) provides

v2
NMO =

2v0RNIP
t0 cos2 β

. (3)

As introduced in Hubral (1983), the (normal) N-wave is the one that starts with the shape of the reflector
in the vicinity of the reflection point of the normal ray that starts and ends at x0 at the seismic line, and
travels upwards with half the velocity of the medium until it is observed, also at x0. In the same way,
the (normal-incidence-point) NIP-wave is the one that starts as a point source at the reflection point of the
normal ray to x0 and travels upwards with half the velocity of the medium until it is observed at x0. We
also observe that the reflection point of a normal ray on a reflector is called normal-incidence-point (NIP).

THE CRS TRAVELTIME ATTRIBUTES

The hyperbolic traveltime (2) depends on three attributes (β,RN , RNIP ), called CRS parameters, de-
fined for each ZO location, x0 and traveltime, t0. For a grid of preassigned points (x0, t0), and assuming
that the near-surface velocity, v0 is known at each x0, the CRS method produces the parameter maps,
β = β(x0, t0), RN = RN (x0, t0) and RNIP = RNIP (x0, t0), as well as a corresponding simulated
(stacked) ZO section u = u(x0, t0). As we see, in the same way as the NMO method, one of the results
of the CRS method is also a (simulated) ZO section. However, as opposed to the NMO method that pro-
duces one single parameter estimated from a CMP gather, the CRS method produces a triplet of parameters
estimated from the multicoverage gather.

Multiple Reflections

A multiple reflection can be defined as a seismic event that suffered more than one ascending reflection. A
first classification of multiples can be stated as free-surface and internal multiples. A free-surface multiple
is a typical event in marine data, namely a reverberation between the ocean floor and the free surface
of the water. An internal multiple occurs within internal subsurface layers. The order of a free-surface
multiple is defined as the number of reflections it has experienced at the free surface. In contrast, the order
of a internal multiple is defined by the total number of downward reflections (see Weglein et al. (1997)).
Currently, multiple-attenuation methods are divided into two main groups, namely (a) filtering and (b)
prediction/subtraction. The first approach (filtering) exploits the different characteristics (e.g., traveltime,
frequency) between primaries and multiples, trying to identify and eliminate the multiples by means of
some filtering procedure. In this category, we cite the FK, Radon and slant-stack method as widely used
schemes (see Yilmaz (2000)). The second approach (prediction/subtraction) tries to simulate the multiple
to be suppressed, either from an a priori given model or from attributes directly derived from the seismic
data. Well-known examples of that group include the inverse-scattering series and predictive deconvolution
(see, e.g., Weglein et al. (1997) and Yilmaz (2000)). The above-mentioned two approaches can also be
combined. An example of such an approach is provided in Landa et al. (1999a).

Multiples can also be attenuated by simple stacking operations. For instance, after NMO-correction
using primary velocities, multiples can be naturally attenuated as a consequence of inadequate NMO-
correction. Such an approach will be pursued below in the framework of the CRS stacking method.

MULTIPLE IDENTIFICATION USING CRS PARAMETERS

In the following, we consider that, for a given multicoverage dataset, the CRS method has already been
applied. As a consequence, both the CRS parameter maps, as well as the CRS stacked section are available.
We then consider the use of the obtained CRS parameters for the purpose of multiple attenuation. Before
we describe our strategies, it is useful to recall some of the main characteristics of the CRS methodology.

Basic remarks on the CRS method

A. The general hyperbolic moveout gives rise to three parameters, (β,RNIP , RN ), as opposite to the
single-parameter, vNMO , obtained by the CMP method. The three parameters allows for a better
identification or discrimination of a (primary or multiple) reflection event. Note, moreover, that
the simple relationship (3) determines the NMO-velocity by means of the two parameters β and
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RNIP . For a illustrative layered model containing primaries and multiples, Figure 1 displays three
panels, showing the behavior of the CRS parameters β, RNIP , as well as the NMO-velocity, vNMO ,
obtained by the combination of the two previous parameters.

B. As opposed to the CMP method, in which the NMO-velocity is estimated on a few user-selected
events only and further interpolated at all the other points, the CRS method automatically estimates
the parameters (β,RNIP , RN ), at every point at the simulated ZO section. The CRS method is,
thus, bound to yield more detailed and precise velocity maps.1 Due to the involved interpolations,
the NMO method will in many case provide velocities that are incorrect for primaries and correct for
multiples (see Figure 2).

C. When the CRS parameters along a multiple are well identified, that multiple can be modelled and
eliminated in any (pre-stack) domain. This is due to the fact that the hyperbolic equation (2) well
adjusts, not only to the CMP, but to any measurement configuration gather. Moreover, in the case the
amplitude of a primary is altered by the simultaneous arrival of a multiple, the correct amplitude of
the primary can be recovered using the amplitudes of traces of nearby CMPs (see Figure 5).

CRS parameters of primaries and multiples

Useful insight for the geometrical meaning of the CRS parameters can be gained by the consideration of
a single reflector in a homogeneous medium. In this simplest situation, we see that the CRS parameters,
β, RNIP and RN (roughly) inform us about the reflector’s dip, depth and shape, respectively. We use
this very qualitative observation to guide us on how to use the CRS attributes to identify or discriminate
multiple and primaries. For example, if we have at point (x0, t0) on the CRS-stacked section a very large
RN (|RN | >> 1) and a very small β (β ≈ 0), we can associate it with a planar, horizontal reflector. As a

second example, suppose for the same trace location, x0, we have two events at traveltimes t(1)
0 < t

(2)
0 for

which the corresponding RNIP parameters satisfy R(1)
NIP > R

(2)
NIP . This would indicate that the second

event would be a multiple.
This situation is well illustrated in the marine-data synthetic example of Figure 1. The depth model (not

shown in the figure) consists of four curved interfaces, A, B, C and D, below the sea surface, denoted by
S. The primaries of all interfaces are denoted Ap, Bp. Cp and Dp, respectively. The events Am1 and Am2
are first- and second-order (surface) multiples of first interface A. Also, CAm is the first-order multiple,
SCSAS, of interface C with respect to the water surface S. Finally, CBCm represents the internal multiple,
SCBCS, that starts at S, reflects at C, reflects at B, reflects at C and returns to S.

Looking at the events Ap, Am1 and Am2, we can readily verify their periodicity and almost constant
increment of the values RNIP and β. This, in turn, leads to very close NMO-velocity values for these
events, in agreement with the expected behavior as free-surface multiples (see next section). We now note
that the RNIP values of the multiples Am2 and CAm are significantly smaller than the RNIP values of
the previously identified primaries. In both cases, we observe the combination of an increasing arrival time
together with a decreasing value of RNIP , an expected behavior of a multiple. We finally consider the
multiple CBCm. Although their CRS parameters RNIP and β do not present any particular behavior, the
NMO-velocity (as obtained by the combination of these parameters) is smaller than the NMO-velocity of
the primary Cp, also a characteristic behavior of a multiple.

PREDICTION OF MULTIPLE REFLECTIONS

In this section we consider some fundamental cases for which multiples can analytically expressed by
means of the CRS attributes. These cases will serve as a guide for future procedures in more general
situations.

1The NMO velocities obtained at all time samples by the CRS method represent, in fact, stacking velocities that need later to be
smoothed, so as to be inverted for interval velocities. In this respect, see Perroud et al. (2002) and Perroud and Tygel (2003).
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Figure 1: CRS attributes for primaries and multiples on a ZO section: (a) CRS stack section with primaries
Ap, Bp, Cp e Dp and multiples Am1, Am2, CAm e CBCm; (b) Coherency maps for RNIP for the trace
CMP=300 of section (a); (c) Coherency map for β for the trace CMP=300 of section (a) and (d) Coherency
map for the NMO velocity, as obtained from RNIP and β, for the trace CMP=300 of section (a).

Figure 2: Left: Simulated stacked section with primaries and multiples; Right: NMO stacked section
using primary-reflection velocities. Note that, even though multiples are not flattened by the NMO-velocity
analysis, they are nevertheless also stacked.
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Free-surface multiples for a dipping sea bottom

We consider the typical marine situation of free-surface multiple reflections from the sea bottom. As shown
by Levin (1971), for a planar dipping sea bottom and a CMP gather, the traveltime of a primary reflection
can be written as

t2p(h) = t20,p +
4h2

v2
NMO,p

, (4)

where t0,p is the ZO traveltime of the primary at the CMP location and vNMO , p is its NMO-velocity.
Note that, in the present situation, the CRS emergence angle and NIP-wave curvature parameters, βp and
RNIP,p, posses the simple interpretations

βp = α , and RNIP,p = v0t0,p/2 , (5)

in which α is the reflector’s dip, and v0 is the medium (water) velocity. For the same CMP gather, the
traveltime of any multiple of the previous primary has an analogous expression

t2m(h) = t20,m +
4h2

v2
NMO,m

, (6)

in which t0,m and vNMO,m have analogous meanings of their primary-reflection counterparts. Let us
assume that (βm, RNIP,m) represent the CRS emergence angle and NIP-curvature parameters for the mul-
tiple. Denoting by N the order of the surface multiple, one can write (see Levin (1971))

t0,m =
sinβm
sinβp

t0,p , vNMO,m =
cosβp
cosβm

vNMO,p ,

βm = (N + 1)βp , RNIP,m =
sinβm
sinβp

RNIPp .

Internal multiples in horizontally layered media

In the case of a model of horizontal homogeneous layers (β = 0 for all interfaces), the NIP-curvature
parameter of a primary reflection at the N-th interface, RNIP,p, can be expressed as (see, e.g., Hubral and
Krey (1980))

RNNIP,p =
1

v0

N∑

i=0

v2
i ti . (7)

We consider a symmetrical multiple (Hubral and Krey (1980)) between interfaces N and n, (n < N) that
corresponds to the previous primary. To compute its NIP-parameter,RNIP,m, we have to take into account
the extra propagation between the interfaces n and N . From simple geometrical arguments, we can show
that

RN,nNIP,m = RNNIP,p +
1

v0

N∑

j=n

v2
j tj . (8)

With the knowledge of RN,nNIP,m and also taking into account that β = 0, we can determine the NMO-
velocity of the symmetric multiple by

v2
NMO =

2v0

t0
RN,nNIP,m . (9)

It is to be noted that, in the case of dipping planar interfaces, analogous expressions forRN,nNIP,m and vNMO

can be readily obtained. These depend, however, also on the reflector dips and will not be shown here.

METHODS FOR MULTIPLE ATTENUATION OR ELIMINATION

Based on the considerations made in the last section, we proceed to describe our proposed methods for
multiple elimination using the CRS attributes. As explained earlier we assume that these attributes are
already available from a previous application of the CRS method.
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1. CRS stacking using primary-reflection parameters

The method consists of performing the CRS stacking using the CRS parameters that pertain to previously-
identified primaries only. As a consequence, we obtain a stacked section with those primaries only. An
application of this procedure is shown in Figure 3.

Figure 3: Left: Simulated ZO section; Right: CRS stacked section obtained using parameters of primaries
only. Note the good attenuation of the multiples.

2. Elimination of a multiple by modelling

Multiples can also be eliminated by means of a process that consists of a few steps, as depicted in the
flowchart of Figure 4. The key steps in the above multiple-suppression algorithm are:

• Identification of multiples: The CRS parameters of a multiple can be obtained (a) by a priori
knowledge or direct inspection on the CRS-stacked section or (b) as a suitable use of parameter
relationships, such as the above-derived formulas for the specific cases of free-surface or internal
symmetrical multiples.

• Traveltime extrapolation: If the three parameters of a multiple are known (e.g., using the method-
ology as in Figure 1), its moveout, in any configuration, is well described by hyperbolic equation (2).
This allows a more precise traveltime determination of the multiple and, as a consequence, a better
discrimination from concurrent events.

• Modelling of multiples: After the traveltime of the multiple is well determined, an estimation of the
source wavelet and an adjustment with the amplitudes in the data can be carried out by means of a
suitably designed shaping filter. Se do not enter here in the details of the construction of that filter.
We remark, nevertheless, that such filters constitute a well-known part of many modelling schemes.
As a result, the multiple is modelled. Having obtained the modelled multiples, we can next produce
a dataset having multiples only or subtract the multiples from the multicoverage data, producing a
dataset with primaries only.

Results of the multiple elimination method using the automatic approach are shown in Figure 5.

Extension for inhomogeneous layered media with curved interfaces

In the case of a general model with inhomogeneous layers and curved interfaces, the modelling and sup-
pression of a multiple can be performed in an analogous manner as before. As it is often the case in
geophysics, a full theoretical analysis is carried out on simple models (e.g., homogeneous layers separated
by planar horizontal or dipping interfaces) only. Although derived under simplifying assumptions, it is
reasonable to expect that the obtained expressions still provide useful initial approximations in some opti-
mization scheme. The actual validity of the multiple-suppression schemes proposed here is still a topic of
ongoing investigation.
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Figure 4: The method considered for the multiple attenuation by modelling, using CRS parameters, in-
volves: (a) Identification of multiples, (b) modelling of multiple in any domain and adjusted the amplitudes,
and (c) subtraction of multiples.

Figure 5: Left: ZO section containing primaries and multiples; Right: ZO section after removal of first
and second order free-surface multiple by modelling.

MULTIPLE ELIMINATION IN THE COMMON-SHOT DOMAIN

A very interesting and promising multiple elimination method has been proposed by E. Landa and co-
workers (see Landa et al. (1999b)) in the framework of the Multifocus method. Similar to the CRS method,
the Multifocus method uses a different traveltime moveout formula, that also depends on the the same three
parameters β, RNIP andRN . For a description of the Multifocus method, and moreover to its relationship
to the CRS and other imaging methods, the reader is referred to Hubral (1999). In Landa et al. (1999b), it
is shown that the traveltime of each multiple can be decomposed as a sum of traveltimes of a number of
primaries. The CRS (or Multifocus) parameters of each of these primaries are seen to satisfy a so-called
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multiple condition (namely a relationship between the emergence angles of the primary components of the
multiple). The procedure is carried out in the common-shot or common-receiver domains and, in the same
way as the proposed methods in this paper, does not require any knowledge of the subsurface velocity
model.

CONCLUSIONS

The CRS method offers a good alternative to treat a number of seismic processing tasks. This can be
explained by the consistent use of the full available data and also the automatic extraction of several pa-
rameters that are related to the involved seismic propagation. In the 2-D situation considered here, the CRS
method depends on three parameters that need to be inverted from the full multicoverage. This is to be con-
trasted to the single-parameter, NMO-velocity, involved in the conventional CMP method. In this paper,
we have discussed the use of the CRS parameters, as obtained from the application of the CRS method, to
identify and eliminate multiples. We have considered two situations, namely (a) the elimination of a mul-
tiple that has been already identified in the CRS stacked section and (b) the identification and elimination
of a multiple by means of a suitable behavior of its CRS parameters. Our investigation of the latter case
was restricted to the particular cases of free-surface multiples and symmetrical internal multiples. In these
simple and initial situations, our results have shown to be very encouraging. More realistic applications are
achieved by means of suitable approximations. This we intend to do in future work.
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ABSTRACT

In the sedimentary basins of the amazonic region, the generation and accumulation of hydrocarbons
are related to the presence of diabase sills. These rocks have a large contrast of impedance with the
host formations, which results in the generation of external and internal multiples with amplitudes
similar to the primaries. These multiples can predominate over the information originated at the
deeper interfaces, making difficult the processing, the interpretation and the imaging of the seismic
section. In the present work, we have performed multiple attenuation in synthetic common-shot (CS)
time sections, through the combination of the Wiener-Hopf-Levinson for prediction (WHLP) and the
common-reflection-surface stack (CRS) methods, here denominated WHLP-CRS. The deconvolution
operator is calculated from the real amplitudes of the seismic signal trace-by-trace, in order to give
efficiency in the multiple attenuation. The multiple identification is performed in zero-offset (ZO)
section simulated from the CRS-stack using the periodicity criteria between the elected primary and
its possible repeated multiple. The wavefront attributes, obtained by the CRS-stack, are used to shift
the windows in the time-space domain, and to calculate the WHLP-CRS operator for the multiple
attenuation in CS section.

INTRODUCTION

The present paper is a computational exercise related to seismic multiple attenuation by combining two
theories: the classical Wiener-Hopf-Levinson for prediction (WHLP), and the common-reflection-surface
(CRS) stack, here denoted as WHLP-CRS. The study aims at geological structures of the Amazon sedi-
mentary basins, where a fundamental problem related to the presence of diabase sills in processing, inter-
pretation and imaging of seismic reflection sections has to be contemplated. Multiples related to these high
velocity layers can dominate or complicate information from deeper layers, and make more difficult the
processing alternatives for petroleum exploration (Eiras (1998); Eiras and Wanderley (2003)). Classically,
the study of multiples is related to marine ambients, and a special publication of SEGt’s TLE (1999) is ded-
icated to questions of multiples, where it is naturally emphasized the non existence of a single technique
for multiple recognizing and attenuating that can be applied to all possible cases due to diversity of the
geology responsible for the generation of multiples. The problem of multiple attenuation in the zero-offset
configuration can be approached by the original classical methodology, where the prediction operator is
calculated after processing, and it tends to contain undesirable effects, as pulse stretching and deformation
due to stack, that can reduce the operator’s performance in multiple attenuation. Searching for operators,
in the sense of better resolution, there is a tendency to calculate attenuation operators for the survey con-
figuration using the real amplitudes of the signal what, in principle, can result in a better performance.
Through the development of the present subject, we circumvented the inconvenience of the processed sec-
tion to obtain a zero-offset panel, and performed multiple attenuation in common-source configuration. To
accomplish this aim, we reorganized the WHLP theory to include the CRS theory, in order to design a
deconvolution operator for the survey configuration, where the WHLP-CRS operator is calculated with the
real amplitudes of the signal.
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THE WHLP-CRS OPERATOR

We continue with a short revision of the conventional WHL method, in order to understand the introduction
of the CRS attributes into the WHL operator, and to see the implications of the basic and fundamental
concepts behind its concepts (Robinson and Treitel (1969); Makhoul (1978)). The WHL filter coefficients
are obtained as a result of function fit between zk (the desired output) and yk (the real output) in the
least-square sense. The object function is the expectancy of the deviation expressed as:

e(hj) = E(zk − yk)2, (1)

to be minimized with respect to the filter coefficients hj , which means search for a variance minimum, and
Ezk − yk . The real filter output is represented by the convolution of the filter operator with the observed
input series according to the equation:

yk =

P−1∑

i=0

= hi gk−i, (2)

The theoretical operation E. is supposed to make the randomness over the variance estimation disappear
and, consequently, the function e(hj) becomes non-random, and differential and integral operations are
applicable. The problem is of linear estimation, and the minimization criterion is that the partial derivatives
with respect to the coefficients hj be null:

∂e(hj)

∂hj
= 0 (3)

The above mathematical operation results in the linear system of normal equations:

P∑

i=0

−1hiφgg(j− i) = φgg(l + T). (4)

This is the WHL equation in discrete form, and the solution determines the hi coefficients that minimizes
the error-function, whose value e(hj) can be calculated. φzg (i) is the unilateral positive part of the hy-
pothetical stochastic crosscorrelation function between the input and desired output series. The principles
behind the WHL theory allows establish several single-channel and multi-channel operations based on a
priori information over zk. The present case corresponds to prediction, where the desired output is defined
as zk = gk+T , which means that zk is a prediction of gk at a distance T, and as a result:

N−1∑

k=0

hkφgg(l − k) = φgg(l + T ). (5)

hk is denominated as error operator, and hk∗ as prediction-error operator expressed by:

h∗ = 1, 0, 0, ..., 0, 0,−h0,−h1,−h2, ...,−hN−1. (6)

The WHLP filter is to be applied under the principle of temporal periodicity (period T) between the
primary and its multiples. This is the case of the zero offset sections (horizontal-, dipping-plane and curved
interfaces), but not for any other configuration (common-source, common-receiver, mid-point). The new
extension of the conventional WHLP method allows models with plane-dipping and curved interfaces. The
multiple attenuation is performed in common-data section, and the operator is calculated with the real am-
plitudes of the signal, what makes the operator independent of dimensions and units of the observation. In
the present strategy, the normal WHL equations are modified for the prediction operator be calculated and
applied to the information limited to a time window, with lower border given by W1(xm, h; Thyp) and upper
border given by W2(xm, h; Thyp), and calculated by the model function at Thyp(t = T1) and Thyp(t = T2), for
the multiple coverage cube. W1(xm, h; Thyp) and W2(xm, h; Thyp) shift together in time-space domain, based
on a travel-time law, which is a function here expressed as:

Thyp = Thyp(xm, h; T0,Kn,Knip, β0,V0) (7)
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where (xm, h) are the independent space variables, (Kn,Knip, β0) are a priori conditions, and are the
wave attributes. The function Thyp serves to introduce the necessary periodicity between the primary and
its multiple. Since the attenuation is performed in a common-source configuration, with help of the wave
front attributes outputted by the CRS stack, the WHL equation for prediction is modified such that for each
pair of positions (xm, h) a prediction operator is calculated with the information windowed by W1 andW2

by the equation:

N−1∑

k=0

hkφgg(l − k;xm, h, Thyp) = φ(l + T ;xm, h, Thyp),W1 < l < W2 (8)

and the computed operator is applied in the same window. Under the conditions of periodicity between
the primary and its multiple, we adopted the relation:

W2(xm, h;Thyp)−W1(xm, h;Thyp) = 2T + 2C (9)

to define the width of the time window over the correlation functions, where T is the periodicity, is the
pulse length. The form of application of the WHLP-CRS filter is explained with the help of the flow chart
of following Figure 1.

THY P FROM PARAXIAL RAY THEORY

Continuing the above description, we now present the equation for the adopted travel time Thyp. The
basic formula for the CRS-stack rests on the paraxial ray theory, and it is attractive because it does not
present a strong restriction with respect to curved interfaces, and with respect to the velocity model. (Mann
(2002); H. Trappe and Pruessmann (2001)). The 2D model used considers a flat observation surface, and
a subsurface model formed by homogeneous, isotropic layers bounded by curved interfaces. The result
for the double travel time around a central ray, three cinematic attributes for the hypothetical NIP and N
waves are used in the CRS stack process, they are related to the normal ray emergent at point xm = x0

, and they are: the emergence angle (β0) of the observed wave; the curvature KNIP (radius of curvature
RNIP = 1/KNIP ) of the NIP wave, the curvature KN (radius of curvature RN = 1/KN) of the
N wave. Therefore, these waves are interpreted as circular wave fronts on 2D models. For a complex
medium (heterogeneous, but still isotropic), the interpretation of the wave front attributes of the NIP and
N waves are not direct and intuitive as for a simple medium, but continues associated to an integrated
effect of the stratified medium over the emergence and curvatures. The adopted expression for the primary
reflection double travel time approximation was the hyperbolic, instead of the parabolic approximation.
For an arbitrary configuration:

t2(xm, h) = (t0 +
2 sinβ0

v0
(xm − x0)2 +

2t0cos
2β0

v0
(
(xm − x0)2

RN
+

h2

RNIP
) (10)

where t0 is the double travel time along the reference central ray in the zero offset, and v0 is a velocity
around the observation point x0 (but, it is the velocity for the model layer above the actual reflector).
The relation between the coordinates of the survey geometry is given by xm = (xG + xS)/2 and xm =
(xG − xS)/2 for the half-offset (h) and mid-point (xm). The quantity and are the horizontal coordinates
of the source and receptor, respectively. The time function has as a priori knowledge, and it is taken as
independent of the macro- or iso-velocity model. The image point is denoted by P0 = (x0, t0) to simulate
the zero offset section, once the three attributes (β0, RNIP , RN ) are known. For each point P0 = (t0, x0),
the CRS operator is to stack the events contained in the stack surface of the multi-coverage data. The
process of obtaining the three attributes can be described as curve fitting in the least-squares sense, where
the curves are represented by the observed data and the forward model (stack operator), the object function
is the semblance cube, and methods of non-linear optimization are applied for local and global search. For
non-linear curve fitting, it is necessary a starting point, in order to proceed on the parameter update. For
CRS stack, the starting point is obtained by the simplification of the stack operator expression, where a
first condition is RN = RNIP , which constrains the attributes to a diffraction point in subsurface, and the
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operator is simplified to:

t2(xm, h) = (t0 +
2sinβ0

v0
(xm − x0))2 +

2t0cos
2β0

v0RNIP
((xm − x0)2 + h2) (11)

A second condition is defined by xm = x0, the mid-point coincides with the reference point, and the
operator is limited to two attributes β0 e RNIP :

t2(h) = t20 +
2t0cos

2β0

v0

h2

RNIP
(12)

Setting q = cos2β0

RNIP
, vMNO = v0

cosβ0
, the hyperbolic approximation corresponds to the NMO case.

NUMERICAL RESULTS

Figure 2 shows a schematic representation section of the Solimões sedimentarybasin (Amazon area), where
diabase sills have an important presence. The geological knowledge of this basin serves to justify the
construction of a synthetic model formed by 4 homogeneous and isotropic layers over a half-space, with
velocities that vary from 1750 m/s to 4150 m/s (Figure 3). A high velocity layer (6300 m/s) is used to
represent a diabase sill with high contrast with respect to the neighbor layers. The common-source sections
were generated by the program SEIS88 (Psencisk and Molokov (2088)) to obtain seismograms and rays.
There were generated 201 common-source sections, each with 72 traces and 50m interval between receptors
and consecutive shots. The seismic pulse was represented by the Gabor function with sampling interval of
4 ms. The data contains primary reflections associated with each interface, and a multiple reflection for
the high velocity layer (Alves (2003)). To estimate the wave front attributes ( β, RNIP , RN ) (panels of
Figure 6), and simulate a zero offset section (Figure 7), we used the computer program of (Garabito, 2001).

The efficiency of the WHLP-CRS operator is directly related to the resolution of the CRS attributes, to
the autocorrelation of the event selected for attenuation (primary and its multiple), and to the space-time
window of validity of the operator. Figure 4 shows the correspondent common-source section number 40
without additive noise, before and after the application of the WHLP-CRS operator, where the blue line
indicates the primary and the red line the multiple. Figure 5 shows the same Figure 4 with additive noise.
We observe that the primary and the multiple have amplitude values close to the additive noise, and even
this way the WHLP-CRS operator efficiently attenuates the multiple, as shows the zero offset section of
Figure 7.

CONCLUSIONS

The WHL prediction operator is only applicable in time domain zero offset sections, where normal inci-
dence allows echoes to have periodicity between primaries and multiples, which is particularly simple for
models with horizontal plane interfaces. Time-space moving windows allows the extension of the WHL
prediction operator to other configurations, as long as there is a mathematical law that relates the primary
and its multiple. For the present case, we simply extended the WHL to common source configuration,
based on paraxial ray laws by using the CRS attributes. Therefore, the WHL method is extended to han-
dle plane-dipping and curved interfaces. The extended WHLP-CRS operator is typically data driven, and
depend on the capacity to find a mathematical relation between primaries and multiples. Difficulties are
related to conflicts between primaries and multiples, and to the capacity to isolate the desired event in the
autocorrelation function.
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Figure 1: Flowchart for processing multiple attenuation with the WHLP-CRS operator.
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Figure 2: Geological section of the Solimôes sedimentary basin used for seismic simulations. The red
zones represent mapped diabase sills.

Figure 3: Synthetic subsurface model formed by 4 layers over a half-space, with velocities that vary from
1750 to 4150 m/s. The high velocity layer (6300 m/s) represents a diabase sill. The synthetic data were
generated by the computer program SEIS88. There were computed 201 common-source sections, each with
72 traces, and 50m interval between receptors and consecutive shots. The effective seismic source signal
used was a Gabor function with 4 ms sampling interval. The data contains primary reflections associated
to each interface, and a multiple reflection relative to the high velocity layer.
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Figure 4: (a) Common-source section number 40 without additive noise, and a multiple present. The blue
line marks the primary, and the red line the multiple. (b) Section 40 with the multiple attenuated. (c) Zoom
over the area marked by the blue line in ’a’, where the red line indicates the multiple. (d) Zoom over the
area to show details of the WHLP-CRS operator output, where the multiple has been attenuated.

Figure 5: (a) Common-source section number 40 with gain, additive noise, and a multiple present. The
blue line marks the primary, and the red line the multiple. (b) Section 40 with the multiple attenuated. The
multiple has not a good visualization in this panel, but shows up clearly in the zero offset CRS simulated.
(c) Zoom over the area marked by the blue line in ’a’, where the red line indicates the multiple. (d) Zoom
over the area to show details of the WHLP-CRS operator output, where the multiple is attenuated.
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Figure 6: Panels of wavefront attributes (a) β0 , (b) RNIP , and (c) RN used by the CRS stack operator
CRS to simulate the zero offset sections to follow.
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Figure 7: CRS stack zero offset time sections with additive noise. (a) Section without gain and multiple
present. (b) Section without gain and the multiple attenuated. (c) Section with gain and multiple present.
(d) Section with gain and multiple attenuated. We observe the good attenuation result, and that the residue
left in the process is small, as shown in the section with gain. In the area where the primary and its multiple
are too close, the WHLP-CRS operator attenuates the primary and its multiple together.
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ABSTRACT

The aim of this paper is to outline the current state of the 3-D Common-Reflection-Surface stack soft-
ware developed in Karlsruhe. This includes software and data format requirements, used algorithms,
and utility programs. Theoretical details are not discussed here. Readers may refer to the references
given in the paper for more theoretical insight.

INTRODUCTION

Extending the concepts of the Common-Reflection-Surface (CRS) stack for 2-D data acquisition as de-
scribed in Mann (2002) to the 3-D case is theoretically straightforward (Höcht, 2002). However, five years
ago (when first versions of the 2D CRS stack have been coded) it was almost impossible to run multi-
parameter search algorithms even on 2-D data sets in an academic environment in a reasonable computing
time. This applies even more for 3-D data sets. Furthermore, 3-D data acquisition brings the problem of
data storage since several hundreds of gigabytes for industrial data sets are not uncommon.

With the strong increase in computing power and capacity of hard-disks in the recent years, 3-D seis-
mic data processing became feasible at the University of Karlsruhe to a certain extent. Therefore, the
implementation of the 3D CRS stack has been commenced. Currently, two code versions exists. The main
difference is that one of the codes is command line based, whereas the other uses a QT-based graphical
user interface. The latter was implemented as part of Alex Müller’s diploma thesis (see Figure 1). Con-
cerning the expected input/output data format as well as the used search algorithms, both codes are almost
identical, that is, they produce the same output sections. Therefore, we will not differentiate between both
codes.

In the following, the functionality of the 3dcrs is outlined. Moreover user utility programs that can help
to find the best set of parameters to run the code are introduced.

AIM OF THE 3D CRS PROCESSING

The goal of 3D CRS processing is to determine eight kinematic wavefield attributes associated with zero-
offset (ZO) reflections. These can be used for several applications. One is to perform a 3D CRS stack
in order to produce a ZO volume. Another very interesting application is the use of the attributes for the
estimation of a smooth velocity model as described in Duveneck (2003) or a layered velocity model as
explained in Höcht et al. (2003). The ZO volume as well as the coherence volume, which is a quality
measure on how well the attributes are determined and which is produced during the CRS processing, are
of help for the (automatic) attribute picking. As the result of the velocity estimation relies on the accuracy
of the wavefield attributes, special attention must be paid to their determination.

HARDWARE AND SOFTWARE REQUIREMENTS

The 3dcrs code should comply to the current C++ standards. As far as we know, no platform specific fea-
tures are used. In addition to common libraries of the C++ compiler GCC 3.X (Free Software Foundation)
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Figure 1: Graphical user interface of the 3D CRS stack program.

the following freely available libraries are required:

• QT 3.X (Trolltech) for the graphical user interface of 3dcrs.

• PTHREAD (Xavier Leroy) for the parallelization of 3dcrs.

• LIBDL (Free Software Foundation) for dynamic loading of shared libraries of 3dcrs.

DATA FORMAT

In principle, the input data to the 3dcrs program are expected in the SEISMIC UNIX (SU) data format.
This is almost equivalent to SEG-Y format, apart from the additional 3200 byte text header and a 400 byte
binary header at the beginning of the SEG-Y data. Conversion from SEG-Y to SU format can be easily
done by the SU utility segyread. The SU package is freely available at
http://www.cwp.mines.edu/cwpcodes/index.html. This conversion from SEG-Y to SU as
well as the conversion from foreign endian to the native endian format can also optionally be performed
within the 3dcrs code.

The format of all output sections is in SU. The conversion from SU to SEG-Y can be done by the SU
utility segywrite.

SEARCH ALGORITHMS

General case

Mathematically, the CRS attribute determination is a global optimization problem. This means: find the
best set of eight parameters to optimize the objective function that describes the quality of the fit of the
CRS traveltime surface to the reflection event in a five-dimensional data space. The object function can
be any coherence measure. In the current implementation of the 3D CRS stack, the coherence criterion
semblance is used.

An eight-parameter optimization is a time-consuming task. Therefore, it is mandatory to devise a strat-
egy to reduce the time necessary for the attribute search. In the current implementation, the computation
time is reduced by splitting the attribute search. This means that the eight parameters are not determined
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by a simultaneous search for all parameters but by searching three, two, and three parameters successively
in subsets of the input data. The strategy is as follows:

• find the three parameters in the common-midpoint (CMP) volume where the traces have the same
midpoint as the ZO output trace

• perform a CMP stack and construct a ZO volume

• perform in this ZO volume a two-parameter search for the linear traveltime coefficients

• perform in the same ZO volume a three-parameter search for the quadratic traveltime coefficients

The parameters can subsequently enter into a local optimizations as initial values. But even a local eight-
parameter optimization is, in general, computationally costly. Hence, it should be performed improving
only a subset of the parameters in the whole data volume or, as reported in Müller (2003), in subsets. First
tests using a modified version of the flexible polyhedron search have shown the potential for improving the
imaging quality of the ZO volume after local optimization and, therefore, in the reliability of determined
parameters (Müller, 2003).

Marine case

In marine data acquisition, where single vessels tow a multiple-streamer, traces are located only in a rel-
atively small azimuth range within one CMP bin. This renders a stable determination of three stacking
parameters in a CMP volume difficult or sometimes even impossible. In the current 3D CRS implementa-
tion one can therefore optionally do the following:

• perform only a one-parameter search for an azimuth-independent stacking velocity

• perform a one-parameter search for an azimuth-independent stacking velocity, afterwards perform a
three-parameter search where the result of the one-parameter search is the starting value for all three
parameters and only a small variation of the starting value is permitted

Both options make the search in the CMP volume faster. The second option attempts to get all possible
information regarding the azimuth-dependent stacking velocity function.

PARALLELIZATION

Parallelization allows to speed up the search routines without loss of accuracy of the determined wavefield
attributes. This is done by computing independent parts of the algorithms in parallel either on different
processors (symmetric multi–processing (SMP)) or on different computers (networking). The amount of
acceleration that can be achieved is thereby almost only limited by two factors: the number of processors
or computers available and the level of parallelism, i. e., the number of independent parts that can be found
for a specific problem. Although this seems to set up a linear relationship between the number of tasks
and the speedup, a subtle relationship has to be kept in mind: each additional task requires some constant
overhead for its initialization and some resources for runtime administration. Thus, the gain reduces by a
small amount with each task that is added.

The implementation of the 3D CRS stack currently supports SMP, only. Thereby, the parallelization
is done on a per–trace basis, i. e., each process computes the attributes of a single trace in the respective
subset of the data. The program is divided into two independent parts, an administrative and a processing
one. The administrative part periodically checks if a process computing the attributes has been completed
(so–called polling). If so, the results are stored and a new process is started by initializing it with the next
stacking trace and the traces within its aperture. A network based parallelization can be implemented in
the same way.

3D CRS STACK RELATED SOFTWARE

In order to simplify the choice of processing parameters needed to run the 3D CRS stack, several utility
programs have been written:
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Figure 2: Example of rosette plots. For the displayed case each black segment indicates a trace location.

• With rosie one can display the azimuthal distribution of traces for a CMP or a ZO volume as a rosette
plot (see Figure 2). This may help to chose the best search strategy as well as to check the reliability
determined attributes that have been determined.

• With 3dcrsmo it is possible to produce moveout-corrected CMP, ZO, and CRS volumes in order to
have control over the determined parameters. In principle, there are two reasons when the events
are not flattened in moveout-corrected volumes: (a) the reflection is non-hyperbolic and the search
apertures have to be adjusted or (b) the parameters are not well determined and the search strategy
has to be changed. An example of a moveout corrected CRS volume is shown in Figure 3.

• The program 3dbuilder has been produced to visualize 3-D data volumes, e. g., results of the 3-D
CRS stack. The front panel is shown in Figure 4.

CONCLUSIONS AND OUTLOOK

The 3dcrs code as well as the utility programs for processing have been shortly introduced. The 3-D CRS
stack produces ZO volumes and attribute volumes which are of interest to produce a detailed depth image.
Therefore, the 3-D CRS stack is, of course, not to be seen as a stand-alone imaging tool but has to be
integrated into an entire workflow (as it is currently done in the 2-D case). Advantages of this are:

• CRS stack volumes and attribute volumes are provided for interpretation

• kinematic wavefield attributes can be used to construct a velocity model in a data-driven way

• picking of events can be done in high-quality ZO volumes

• post-stack depth migration can be performed with high-quality ZO volumes to produce competitive
results when compared to pre-stack depth migration

PUBLICATIONS

A detailed description of a 3D CRS stack implementation is shown in Müller (2003).
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Figure 3: Example of a moveout-corrected CRS volume. If a reflection event can be approximated by the
hyperbolic CRS traveltime surface, the event is flat.
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Figure 4: Front panel of the program 3dbuilder.
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ABSTRACT

The 3D common-reflection-surface stack can be used to extract traveltime information for inversion
applications from seismic prestack data. A tomographic inversion method is presented that makes use
of this information, in the form of first and second spatial derivatives of traveltime—also called CRS
attributes—to determine smooth, laterally inhomogeneous 3D subsurface velocity models for depth
imaging.
The method is an extension of a recently presented 2D tomographic inversion based on CRS at-
tributes. The input for the 3D inversion consists of picked CRS attributes at a number of locations in
the simulated zero-offset volume obtained with the CRS stack. Compared to conventional reflection
tomography, picking is considerably simplified, as only very few picks are required and these do not
need to follow continuous horizons in the seismic data.
During the iterative inversion process, the required forward-modeled quantities are obtained by dy-
namic ray tracing along normal rays pertaining to the input data points. Fréchet derivatives for the
tomographic matrix are calculated with ray perturbation theory. The inversion algorithm is demon-
strated on a first synthetic data example, where the input data have directly been obtained by forward
modeling.

INTRODUCTION

The construction of velocity models is an important task for seismic depth imaging in laterally inhomoge-
neous media. A number of different approaches for velocity model estimation have been proposed in the
past, which differ in the criterion used to evaluate the model quality, in the determination of model updates,
and in the parametrization of the model.

Migration velocity analysis methods are usually based on residual moveout analysis in common-image
gathers (e.g., Al-Yahya, 1989; Deregowski, 1990). They require the repeated application of prestack mi-
gration and are, therefore, computationally very expensive.

Another frequently used technique for the determination of velocity models is reflection tomography
(e.g., Farra and Madariaga, 1988; Stork and Clayton, 1991), in which the misfit between picked and mod-
eled traveltimes is minimized by iteratively computing global model updates. Reflection tomography is
often also combined with prestack migration (e. g., Stork, 1992). The drawback of tomographic methods,
however, is the large amount of picking that is necessary to obtain traveltimes from the prestack data, usu-
ally along continuous reflectors across the entire seismic section. This picking becomes especially difficult,
if not impossible, if the signal-to-noise (S/N) ratio in the data is low.

In a method introduced by Billette and Lambaré (1998) and Billette et al. (2003), called stereotomog-
raphy, slope information of locally coherent events is used together with traveltimes to obtain a smooth
velocity model. With that approach, no interfaces have to be introduced in the model, and only locally
coherent events need to be considered during picking.

Recently, a tomographic method for the construction of smooth velocity models based on the results of
the common-reflection-surface (CRS) stack has been presented by Duveneck and Hubral (2002) and Du-
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veneck (2004). This approach, which combines aspects of stacking-velocity based inversion methods with
concepts related to stereotomography, makes use of kinematic information in the form of wavefront curva-
tures and emergence angles extracted from the prestack data by means of the CRS stack. The method is
especially well suited for an application to data, in which reflection events cannot be identified continuously
in the prestack data. Picking is considerably simplified by the fact that it is performed in a stacked section
of high S/N ratio. Compared to conventional reflection tomography, only very few picks are required and
these do not need to follow events continuously across the section.

In this paper, I will present a reformulation and extension of this CRS-stack-based method to the 3D
case. Instead of wavefront curvatures and emergence angles, the 3D version of the method is formulated
in terms of first and second spatial traveltime derivatives, which are equivalent to emergence angle and
wavefront curvature information, but do not require the specification of a constant near-surface velocity
value.

In the following, the 3D CRS operator and the associated kinematic wavefield attributes will be briefly
explained. These attributes will then be used to formulate the tomographic inversion method. It is based on
the criterion that in the correct model, so-called normal-incidence-point (NIP) waves that can be associated
with the kinematic wavefield attributes should focus at zero traveltime in the subsurface. Finally, a first test
of the algorithm on synthetic data will be presented and aspects related to the application to real seismic
data will be discussed.

3D CRS STACK AND ATTRIBUTES

The CRS stack (e. g., Jäger et al., 2001) has originally been developed to obtain simulated zero-offset (ZO)
sections or volumes from seismic multicoverage data. The method is based on stacking operators that are
of second order in the half-offset h and midpoint ξξξ coordinates defined in the general 3D case by

h = (xg − xs) /2 and ξξξ = (xg + xs) /2 , (1)

where xs and xg are two-component vectors containing the source and receiver coordinates, respectively.
The shape of the CRS stacking operator at a given zero-offset location (ξξξ0, t0) is determined by a

number of parameters related to the coefficients of the traveltime expansion. For each zero-offset sample
to be simulated, the optimum stacking operator is found by varying the parameter values, i.e., the shape
of the operator, and performing a coherence analysis directly in the prestack data. The parameters, which
yield the highest coherence value and, thus, describe the optimum stacking operator, are called kinematic
wavefield attributes.

If a locally constant near-surface velocity v0 is assumed to be known, the CRS operator may be writ-
ten in a form that allows the interpretation of the kinematic wavefield attributes as parameters describ-
ing two hypothetical emerging wavefronts at the considered surface location ξξξ0: These are the so-called
normal-incidence point (NIP) wave and the normal (N) wave (e. g., Hubral, 1983). The NIP wave would
be observed at ξξξ0 if a point-source were placed at the NIP of the zero-offset ray on a reflector in the sub-
surface, while an N wave would be obtained if an exploding reflector element were placed at the NIP in the
subsurface.

In the 3D case, the emerging wavefronts are locally characterized by their curvatures and their emer-
gence direction at ξξξ0, which is the same for the NIP and the N wave. If the NIP wave and N wave curvatures
are given by 2× 2 curvature matrices KNIP and KN, respectively (each matrix contains three independent
elements), and the emergence direction is described by two angles α andψ (emergence angle and azimuth),
the 3D CRS operator reads (e. g., Höcht, 2002)

t2 (∆ξξξ,h) = (t0 + 2 pξ ·∆ξξξ)2
+ 2t0

(
∆ξξξTMξ ∆ξξξ + hTMh h

)
(2)

with

pξ =
1

2
∂t/∂ξξξ =

1

v0
(sinα cosψ, sinα sinψ)T

Mh =
1

2
∂2t/∂h2 =

1

v0
H KNIP HT

Mξ =
1

2
∂2t/∂ξξξ2 =

1

v0
H KN HT

(3)
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Here, the matrix H is the 2 × 2 upper left sub-matrix of the transformation matrix from the local ray-
centered Cartesian coordinate system to the Cartesian coordinate system associated with the measurement
surface (e. g., Červený, 2001), t0 is the two-way traveltime along the zero-offset ray, and ∆ξξξ = ξξξ − ξξξ0.
The matrix H also depends on the angles α and ψ. A similar expression has been derived by Ursin (1982).

Alternatively to the wavefront curvatures and emergence angles given above, the vector pξ and the
matrices Mh and Mξ themselves or, more precisely, their components may be regarded as kinematic
wavefield attributes. As indicated in equation (3), these describe the first and second derivatives of the
reflection traveltime surface with respect to the offset and midpoint coordinates and are, thus, directly
related to the Taylor coefficients of the second order expansion of t around h = 0 and ξξξ = ξξξ0 (e. g.,
Schleicher et al., 1993). Due to reciprocity, i.e., the invariance of traveltimes with respect to interchanging
source and receiver locations, the traveltime surface is symmetrical around h = 0. Therefore, the first
derivative of t with respect to the offset is zero.

The reflection traveltimes measured in a common-midpoint (CMP) gather do not, in general, strictly
correspond to a common-reflection point in the subsurface. It has, however, been shown, e.g., by Hubral
and Krey (1980), that these traveltimes coincide up to second order in h with those that would be obtained
if all involved rays passed through the NIP of the zero-offset ray (NIP wave theorem). The corresponding
ray branches would then be the same as those associated with the NIP wave. This justifies the relation of
the matrix Mh, obtained from observations in the CMP gather, to the NIP wave curvature KNIP , equation
(3). In fact, Mh is the matrix of second derivatives of traveltime with respect to the receiver location that
would be obtained at the location ξξξ0 due to an emerging NIP wave. It is related to the azimuth-dependent
NMO velocity vNMO by

1

v2
NMO(φ)

= 2 t0êφMhê
T
φ , (4)

where the unit vector êφ = (cosφ, sinφ) defines the azimuth direction (e. g. Hubral and Krey, 1980;
Gjøystdal et al., 1984).

During the 3D CRS stack, along with the simulated ZO volume a number of volumes containing the
optimum kinematic wavefield attributes for each ZO sample are obtained. In addition, the CRS stack
yields a coherence (e. g., semblance) section, that carries information on how well the CRS operator could
be fitted to reflection events in the data. Where no reflection events have been detected, the coherence will
be low and the corresponding obtained kinematic wavefield attributes will not be reliable. If the acquisition
geometry is restricted to certain azimuth ranges, as, e. g., in marine acquisition, the second derivative of
traveltime in the CMP gather may only be determined in this azimuth direction. Instead of the matrix Mh,
only the component

Mφ = êφMhê
T
φ (5)

associated with the azimuth direction φ may then be extracted from the prestack data.

3D TOMOGRAPHY WITH KINEMATIC WAVEFIELD ATTRIBUTES

As shown in the previous section, the parameters describing the approximate traveltime field of an emerging
NIP wave at the location ξξξ0 can be extracted from the prestack data, e. g., with the CRS stack. Alternatively,
a conventional velocity analysis and an additional local dip search in the stacked volume may be used.

It has been recognized by a number of authors that these NIP wave parameters (either in terms of
traveltime derivatives or in terms of wavefront curvatures and emergence angles) contain information that
allows to deduce the laterally inhomogeneous subsurface distribution of seismic velocities (e. g., Chernyak
and Gritsenko, 1979; Hubral and Krey, 1980).

Inversion algorithms can be based on the criterion that in a correct velocity model all considered NIP
waves, when propagated back into the subsurface along the corresponding normal ray, should focus at zero
traveltime at the NIP. Conventional algorithms based on this criterion proceed in a layer-stripping manner,
assuming a velocity model consisting of layers separated by curved interfaces (e. g., Hubral and Krey,
1980; Biloti et al., 2002). This model parametrization restricts the applicability of the inversion to regions
with a corresponding simple geology and to data, in which reflection events may be identified continuously
throughout the entire section (or volume, respectively).

Duveneck (2004) presents an alternative 2D tomographic velocity model estimation approach based
on NIP wave parameters, which overcomes the above-mentioned limitations. The method described there
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uses a smooth velocity model description based on 2D B-splines and allows to drop the assumption of
continuous curved reflectors, thus considerably broadening its applicability. In this paper, the tomographic
approach of Duveneck (2004) will be extended to the 3D case.

Input data

For the formulation of a 3D tomographic inversion based on the focusing of NIP waves, the time-domain
versions of the attributes, equation (3), will be used. An emerging NIP wave is, thus, characterized by the
one-way traveltime along the normal ray, τ = t0/2, the observed horizontal slowness pξ at ξ0, and the
observed second derivatives of (one-way) traveltime, given by the matrix Mh.

Apart from computational benefits discussed below, the time-domain versions of the kinematic wave-
field attributes have the advantage that they can be directly determined form the prestack data (e. g., with
the CRS operator (2)), without having to assume a value for the near-surface velocity v0. If the entire
matrix Mh can be determined from the data, it can in principle be used for a tomographic inversion. If
due to a limited acquisition geometry, only the component Mφ associated with a certain azimuth φ can be
obtained, this information will also be sufficient for a tomographic inversion. Data points used as input for
the tomography are, thus, given by

(
τ,Mφ, pξx , pξy , ξx, ξy

)
i

i = 1, . . . , ndata , (6)

where the notations τ = t0/2, pξ = (pξx , pξy )T , and ξξξ0 = (ξx, ξy)T have been used. These data are
extracted automatically from the CRS attribute volumes at pick locations (ξξξ0, t0) in the CRS stack volume.
As noted above, the picks do not need to follow reflection events continuously across the entire ZO volume.
Rather, each data point can be considered independently of the others and may lie on an event that is only
locally coherent. The reliability of each data pick is determined by the associated CRS coherence value. In
fact, picking may be automated based on the information contained in the CRS coherence volume.

Model parameters

The obvious way of implementing the inversion would be to propagate the NIP waves associated with the
data points (6) into the subsurface in an initial velocity model and iteratively update the model until all
considered NIP waves focus at zero traveltime.

As discussed in Duveneck (2004), the inversion process becomes more stable if the modeling direction
is reversed, i. e., the NIP wave propagation is started in the subsurface at the respective NIP location. In
the optimum model sought during the inversion, the misfit between the forward-modeled NIP parameters
and those given by the corresponding data points (6) is minimized. That way, possible errors and noise in
all considered data components may be accounted for.

The true subsurface locations of the NIPs and the corresponding local reflector dips associated with
the picked data points are initially unknown. Therefore, they have to be considered as additional model
parameters to be determined during the inversion. In the 3D case, the NIPs corresponding to the data points
given in (6) are characterized by the parameters

(
x, y, z, ex, ey

)
i

i = 1, . . . , ndata , (7)

where ex and ey are the horizontal components of a three-component unit vector ê that defines the normal
ray directioni. e., the local reflector normal at the NIP.

The velocity model itself is, as in the 2D case described by Duveneck (2004), defined in terms of B-
spline functions of degree four (e. g., de Boor, 1978). In three dimensions, the velocity model as a function
of coordinates (x, y, z) is given by

v(x, y, z) =

nx∑

j=1

ny∑

k=1

nz∑

l=1

vjklβj(x)βk(y)βl(z) , (8)

where nx, ny, and nz are the chosen numbers of B-spline knots, and βj(x), βk(y), and βl(z) are B-spline
basis functions. The model parameters determining the distribution of seismic velocities in the model are,
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Figure 1: Definition of model and data components for the tomographic inversion. See text for details.

thus,
vjkl , j = 1, . . . , nx , k = 1, . . . , ny , l = 1, . . . , nz . (9)

The parameters (7) characterizing the NIP, together with the B-spline coefficients given in (9) constitute
the model parameters to be determined during the tomographic inversion.

Forward modeling

In the course of the inversion process, forward modeling of the quantities (6) for given model parameters
needs to be performed. This can be done in an efficient way by dynamic ray tracing. If a reduced ray-tracing
system in Cartesian coordinates is used, where the z-coordinate is the independent parameter along the
ray (see Appendix), the associated ray propagator matrix coincides with the surface-to-surface propagator
matrix

T =

(
A B
C D

)
(10)

introduced by Bortfeld (1989) specialized to the case of horizontal anterior and posterior surfaces. (This
in no way implies a limitation to horizontal reflectors, as only a point source response—the NIP wave—is
modeled.) The matrix Mh of second derivatives of NIP wave traveltime can then be calculated directly
from the 2× 2 submatrices of T (e. g., Červený, 2001):

Mh = D B−1 . (11)

The use of z as the independent parameter during ray tracing limits the applicability to rays which have no
turning point with respect to z (which is no problem in practice), but has clear advantages in that the number
of equations to be solved is reduced and complicated transformations to and from ray-centered coordinates
are avoided. The traveltime along the normal ray and the horizontal components of the slowness vector at
the location ξξξ0 are directly obtained from kinematic ray tracing.

Solution of the inverse problem

The inverse problem to be solved can be formally stated as follows: we try to find a model vector m,
consisting of the elements given in (7) and (9), that minimizes the misfit between a data vector d, containing
the picked values given in (6), and the corresponding modeled values dmod = f(m). The operator f
symbolizes the dynamic ray tracing in the given model. As a measure of misfit the least-squares norm
(e. g., Tarantola, 1987) is used. The modeling operator f is nonlinear, therefore a solution to the inverse
problem is found in an iterative way by locally linearizing f and applying linear least-squares minimization
during each iteration. In addition, a regularization term needs to be introduced to stabilize the inversion.
This is realized by requiring the velocity model to be as smooth as possible, i. e., to have minimum second
derivatives. A model update ∆m is found by computing the least-squares solution of a matrix equation of
the form

F̂∆m = ∆d̂ , (12)
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Figure 2: Smooth velocity model and normal ray trajectories. The velocity model is described by B-splines
with nx × ny × nz = 9 × 9 × 9 = 729 knot locations spaced 500 m horizontally and 400 m vertically.
Data were modeled along 1008 normal rays.

where

F̂ =

(
C
− 1

2

D F
[0 ,B]

)
, ∆d̂ =

(
C
− 1

2

D ∆d(mn)
− [0 ,B] mn

)
. (13)

Here, ∆d(mn) = d−f(mn) is the data error after the nth iteration and F is a matrix containing the Fréchet
derivatives of f at mn. These can be obtained during forward modeling by application of ray perturbation
theory (Farra and Madariaga, 1987) along each considered ray. The corresponding expressions are given
in Appendix A. The matrix CD in (13) is a diagonal matrix containing weights for the different data
components, while the matrix B is related to the matrix D in the regularization term of the cost function:
BTB = εD. The cost function to be minimized by the solution of (12) is, thus, given by

S(m) =
1

2
∆dT (m)C−1

D ∆d(m) +
1

2
εmT

(v)Dm(v) , (14)

where m(v) represents that part of the model vector, which contains the B-spline coefficients, and the
factor ε weights the relative contribution of the regularization to the cost function. The matrix D defines
a measure of roughness of the velocity model in terms of the corresponding model parameters. Equation
(12) is solved with the LSQR algorithm (Paige and Saunders, 1982a,b). Details of the solution strategy and
regularization are discussed in Duveneck (2004).

SYNTHETIC DATA EXAMPLE

In order to test the inversion algorithm described in the previous section, it is applied to synthetic data that
have directly been obtained by dynamic ray-tracing modeling in a smooth inhomogeneous velocity model
defined by B-splines. In the presented example, see Figure 2, a total of nx × ny × nz = 9× 9× 9 = 729
B-spline knot locations with a knot spacing of 500 m in the horizontal and 400 m in the vertical direction
have been used. Three vertical cuts through the model are displayed in the left column of Figure 3.

The ray starting locations of the normal rays (i. e., the NIP locations) used to model the input data are,
for the purposes of this synthetic test, distributed on iso-velocity surfaces in the model (every 400 m/s) and
have a horizontal separation of 500 m in the x- and y-direction, see Figure 5, left. The initial slowness
vector for each ray is oriented perpendicularly to the iso-velocity surfaces. Thus, the reflection points used
for modeling follow the velocity structure, which is reasonable.

Selected components (i. e., the values for τ , Mφ, pξx , and ξx) of the obtained 1008 modeled data points
are shown in the left column of Figure 4. They simulate the input data (6) that would be picked and
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Figure 3: Crossline slices at x=0 m, x=2000 m, and x=4000 m through the original model (left), the
reconstructed model (center), and the difference between original and reconstructed models (right).

extracted from the CRS stack results in a real data application. The values ofMφ correspond to an azimuth
of φ = 0◦ (i. e., the x-direction). These sparse data are used as input for the tomographic inversion in order
to reconstruct the 3D smooth velocity model, Figure 2.

Vertical cuts through the inversion result obtained after 12 iterations are displayed in the central column
of Figure 3. The right column of Figure 3 shows difference sections obtained by subtracting the recon-
structed model from the true model. Differences are mainly visible in the lower part of the model, where
ray-coverage is insufficient. Apart from these regions, the velocity model is well reconstructed, which is a
notable result, considering the sparsity of the input data. As in the 2D case (Duveneck, 2004), the trajecto-
ries of the normal rays (not shown) are obtained as an inversion result along with the velocity model itself.
Residual data errors of the data components τ , Mφ, pξx , and ξx are plotted in the right column of Figure 4,
while the absolute residual depth error of the NIPs is displayed in Figure 5, right.

DISCUSSION

In the synthetic data example presented in the previous section, perfect input data without noise have been
used. Results obtained with noisy input data derived from synthetic and real seismic data in the 2D case
(Duveneck, 2004; Heilmann et al., 2004) suggest that noisy input data should be handled as well with the
3D algorithm presented here.

During the inversion, additional constraints on the velocity model may be introduced. If a priori velocity
information at certain points in the subsurface is available (e. g., from boreholes or from near-surface
measurements), this information may be included in the inversion. It is treated as additional data, with
a corresponding data error that is minimized during the inversion. Another constraint on the velocity
model may be that of requiring the velocity distribution to locally follow the reflector structure (at the NIP
locations associated with the input data). This is implemented by adding an extra term to the cost function
(14) to minimize first derivatives of the velocity distribution in the plane perpendicular to the normal ray
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Figure 4: Data components τ , Mφ, pξx , ξx (left) and their residual errors after 12 iterations (right).

at all NIP locations during each iteration of the inversion. Such a constraint has proven to be useful in the
application of the 2D tomographic inversion with kinematic wavefield attributes.

Another important point to be addressed is the picking of the input data. One of the advantages of the
inversion method presented here is that, compared to conventional reflection tomography, very few picks
are required. Each pick already represents the approximate multi-offset reflection traveltimes, represented
by the kinematic wavefield attributes. Pick locations may be considered independently of each other and
picking is performed in a stacked section (the CRS stack section). Still, picking in 3D data volumes can
be tedious. However, as noted above, the CRS stack process provides information useful for automated
picking in the form of the coherence volume. For 2D tomography with kinematic wavefield attributes, a
simple automatic picking tool based on the CRS coherence section has been implemented and successfully
applied to real data. Applied to seismic data with a reasonable S/N ratio, this approach should also work
with 3D data. Multiple reflections should, however, be removed before an automated picking procedure is
applied, as these are difficult to distinguish from primary reflection events. Alternatively, in simple situa-
tions, picks corresponding to multiples can be identified by abnormal values of Mφ and may be removed
prior to the inversion. Due to the use of traveltime approximations to describe the kinematics of reflection
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Figure 5: The 1008 subsurface points (NIPs) used to model the input data (left) and residual absolute depth
errors after 12 iterations (right).

events, the subsurface velocity structure may be laterally inhomogeneous, but not arbitrarily complex.

CONCLUSIONS

In this paper, a 3D tomographic method for the determination of velocity models for depth imaging has
been presented. The method uses kinematic wavefield attributes extracted from the prestack data with the
3D CRS stack. The required attributes consist of first and second spatial derivatives of traveltime associated
with hypothetical emerging NIP waves. The inversion is based on the well-known concept that in a correct
model, all NIP waves should focus at zero traveltime.

The 3D method presented here is an extension and modification of a previously published 2D tomo-
graphic inversion with kinematic wavefield attributes. The method should be particularly suitable for the
application to seismic data with a relatively low S/N ratio, where identifying and picking of reflection
events in the prestack data, as required for conventional reflection tomography, is difficult. Picking of the
input data for the CRS-attribute-based tomography is performed in the stacked section, and only very few
picks are required. Picking can, in principle be automated based on the coherence section obtained with
the CRS stack. An initial test of the 3D tomographic inversion algorithm on a synthetic example shows the
potential of the method. Further tests on 3D synthetic and real seismic data are, however, required.
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APPENDIX A

Ray tracing and Fréchet derivatives

The Fréchet derivatives ∂(τ,Mφ, pξx , pξy , ξx, ξy)/∂(x, y, z, ex, ey, v) required for the tomographic matrix
F (12) can be calculated during ray tracing along the normal rays with ray perturbation theory (Farra and
Madariaga, 1987). The relevant results of ray perturbation theory are summarized in this appendix.

The reduced ray-tracing system in 3D Cartesian coordinates can be obtained from the reduced Hamil-
tonian (e. g., Farra and Madariaga, 1987)

H = −
√
v−2 − p2

x − p2
y = −pz , (B1)

where px, py, and pz are the components of the slowness vector, and the z-coordinate acts as the free
parameter along the ray. The ray-tracing system reads

dx

dz
=
∂H

∂px
=
px
pz

dpx
dz

= −∂H
∂x

= − 1

v3pz

∂v

∂x

dy

dz
=
∂H

∂py
=
py
pz

dpy
dz

= −∂H
∂y

= − 1

v3pz

∂v

∂y

(B2)

If the notations ηηη =
(
x, y, px, py

)T
and ∆ηηη =

(
∆x,∆y,∆px,∆py

)T
are introduced, the paraxial ray-

tracing system can be written as
d

dz
∆ηηη = S∆ηηη (B3)

where the matrix S is given by

S =




∂2H
∂px∂x

∂2H
∂px∂y

∂2H
∂px∂px

∂2H
∂px∂py

∂2H
∂py∂x

∂2H
∂py∂y

∂2H
∂py∂px

∂2H
∂py∂py

− ∂2H
∂x∂x − ∂2H

∂x∂y − ∂2H
∂x∂px

− ∂2H
∂x∂py

− ∂2H
∂y∂x − ∂2H

∂y∂y − ∂2H
∂y∂px

− ∂2H
∂y∂py



. (B4)

The associated propagator matrix will be denoted by T, equation (10). Thus, for the ray starting location
z0 and the ray end location z1,

∆ηηη(z1) = T(z1, z0)∆ηηη(z0) . (B5)

A perturbation ∆v of the velocity model results in a perturbed Hamiltonian:

H = H0 + ∆H with ∆H =
∂H

∂v
∆v . (B6)

It has been shown by Farra and Madariaga (1987) that this leads to a perturbation of the components of ηηη
given by

∆ηηη = T(z1, z0)

∫ z1

z0

T−1(z′, z0) ∆b(z′) dz′ (B7)

with
∆b =

(
∂∆H/∂px, ∂∆H/∂py,−∂∆H/∂x,−∂∆H/∂y

)T
. (B8)

The first-order effect of perturbations of the values of ηηη and of perturbations of the velocity on the ray
propagator matrix T itself can be written as

∆T = T(z1, z0)

∫ z1

z0

T−1(z′, z0) ∆S T(z′, z0) dz′ , (B9)

where ∆S = ∆S1(∆v) + ∆S(∆ηηη) with

∆S1 =




∂2∆H
∂px∂x

∂2∆H
∂px∂y

∂2∆H
∂px∂px

∂2∆H
∂px∂py

∂2∆H
∂py∂x

∂2∆H
∂py∂y

∂2∆H
∂py∂px

∂2∆H
∂py∂py

−∂2∆H
∂x∂x −∂2∆H

∂x∂y − ∂2∆H
∂x∂px

− ∂2∆H
∂x∂py

−∂2∆H
∂y∂x −∂2∆H

∂y∂y −∂2∆H
∂y∂px

−∂2∆H
∂y∂py




(B10)
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and

∆S2 =
[
∆x

∂

∂x
+ ∆y

∂

∂y
+ ∆px

∂

∂px
+ ∆py

∂

∂py

]




∂2H0

∂px∂x
∂2H0

∂px∂y
∂2H0

∂px∂px
∂2H0

∂px∂py
∂2H0

∂py∂x
∂2H0

∂py∂y
∂2H0

∂py∂px
∂2H0

∂py∂py

−∂2H0

∂x∂x −∂2H0

∂x∂y − ∂2H0

∂x∂px
− ∂2H0

∂x∂py

−∂2H0

∂y∂x −∂2H0

∂y∂y − ∂2H0

∂y∂px
− ∂2H0

∂y∂py



. (B11)

All partial derivatives are evaluated on the central ray. The perturbations ∆x, ∆y, ∆px, and ∆py in
equation (B11) are obtained from equation (B5). An additional relation linearly relates perturbations of the
propagator matrix to changes of the ray starting location along the z-axis:

∆T = −T(z1, z0) S |z=z0 ∆z0 . (B12)

Together with the expression
∆Mh =

(
∆D−D B−1∆B

)
B−1 , (B13)

equations (B9) - (B12) can be used to calculate the Fréchet derivatives involving Mh . The corresponding
component in a given azimuth direction φ is then directly calculated with an equation of the form of (5).

The Fréchet derivatives involving the data components pξx , pξy , ξx, and ξy can be obtained from equa-
tions (B5) - (B7) and the additional relations

(
∆x1

∆y1

)
= −A

(
px0

py0

)
∆z0

pz0

,

(
∆px1

∆py1

)
= −C

(
px0

py0

)
∆z0

pz0

. (B14)

Here, an index 0 denotes properties at the ray starting location, while an index 1 denotes properties at the
ray end location. Finally, the Fréchet derivatives involving the traveltime τ along the normal ray follow
from

∆τ = −px0∆x0 − py0∆y0 − pz0∆z0 −
∫ z1

z0

∆v

v3pz
dz . (B15)
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ABSTRACT

I present a tomographic inversion scheme that makes use of finite-offset (FO) kinematic wavefront at-
tributes to determine smooth, laterally inhomogeneous, isotropic 2D subsurface velocity models. The
kinematic wavefield attributes are associated with rays starting at a common reflection point (CRP) in
the subsurface. An optimum model is found iteratively by minimizing the misfit between measured
and modeled data in the least-squares sense. The required forward modeled data are obtained during
each iteration by dynamic ray tracing. Fréchet derivatives contained in the tomographic matrix are
calculated by ray perturbation theory. The tomographic inversion is successfully tested on a synthetic
example.

INTRODUCTION

A tomographic inversion scheme for the construction of smooth 2D isotropic velocity models for depth
imaging based on kinematic wavefield attributes was recently established by Duveneck (2002). The method
makes use of the curvature of normal incidence point (NIP) wavefronts, emergence angles of selected zero-
offset (ZO) central rays and the corresponding one-way traveltimes. All kinematic wavefield attributes used
in this inversion can be extracted in a robust way from seismic prestack data with the Common-Reflection-
Surface (CRS) Stack (Mann et al., 1999). An alternative formulation (Duveneck et al., 2003) uses first and
second order spatial derivatives of traveltime in place of angles and curvatures.

In this paper the method is extended to the finite-offset (FO) case. Both alternative formulations are
explained and their relationship is described.

KINEMATIC WAVEFIELD ATTRIBUTES

Kinematic wavefield attributes are all kinematic characteristics of a selected wave observable at the surface.
The traveltime of a selected wave can be approximated around an observation point on the surface by
parabolic and hyperbolic traveltime expansions (Schleicher et al., 1993). They provide the first and second
order traveltime derivatives at the observation point. Beside the traveltime t itself this are the wavefield
attributes used further in this paper. They can be related to hypothetical experiments yielding the same
attributes. In the following only P-waves propagating in isotropic inhomogeneous media are considered.
The associated rays are perpendicular to the wavefront. Only primary reflection events are taken into
consideration.

In order to introduce the wavefront attributes used in the inversion process I will start with the ZO-case.
Then I will extend the ZO case to finite offsets.

ZO-case

In a ZO-experiment, the central ray associated with a selected wavefront hits the reflecting interface nor-
mally. Therefore the point of incidence on the reflector is called normal-incidence-point (NIP). The down-
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and up-going ray segments are identical. The kinematic reflection response of a reflector segment around
NIP is approximated by the ZO-CRS operator. This operator is expressed by the emergence angle β of
the central ray and the curvatures of two eigenwaves measured at the surface. The near surface velocity
v is assumed to be constant around the observation point. The two eigenwaves are associated with two
hypothetical experiments. A point source at NIP provides the so-called NIP wave (Hubral, 1983) emerging
on the ground surface with the curvature KNIP . An exploding reflector segment around NIP provides
the so-called normal wave (Hubral, 1983) emerging at the observation point with the curvature KN . The
emergence angle β is related to the first-order spatial derivative of the one-way traveltime with respect to
the midpoint coordinate xm as follows:

∂T

∂xm
=

sinβ

v
, (1)

where T = t/2 denotes the one-way traveltime and xm = 1
2 (xs + xG) is the location of the midpoint at

the measurement surface. The source and receiver locations are denoted by xS and xG respectively. The
x-axis of the coordinate system is assumed to be tangential at the measurement surface in the considered
measurement point. The curvatureKNIP of the emerging wave due to the point source at NIP is related to
the second-order spatial derivative of the one-way traveltime with respect to the half-offset h as follows:

∂2T

∂h2
=
KNIP

v
cosβ2 , (2)

where h is defined by h = 1
2 (xG − xS). Please notice that the NIP wave experiment does not include any

reflector characteristics. Thus it is possible to place a point source in a subsurface velocity model and to
calculate the approximate kinematic traveltime response at the surface. Adjusting the velocity model and
the location of the point source provides the same traveltime response actually extracted from the data by
means of the CRS-stack. This is the basic idea of the inversion presented by Duveneck (2002).

Extension to finite-offsets

I consider a point source at the same depth point as in the ZO-case. Let me denote this point by CRP
(common-reflection point). Separating the source and receiver location under the condition that the con-
necting central ray meets Snell’s law at the CRP provides all the source/receiver pairs pertaining to the
CRP-trajectory. This trajectory connects all points in the three-dimensional prestack data volume pertain-
ing to the same depth point. The two ray segments connecting the CRP with the source location xS and
the receiver location xG are no longer identical now. One has to distinguish also between the emerging
wavefronts at the source and receiver location due to the point source at the CRP. This two wavefronts are
the finite-offset equivalents of the NIP wave discussed earlier. The relationship between emergence angles
and wavefront curvatures to first and second order spatial derivatives is analogous to the ZO-case. I make
the necessary distinction using subscripts S and G (source and geophone). In the following I make use of
five kinematic wavefront attributes in the FO-case (see Figure 1): I have to use the measured traveltime
T because it is not known how it is distributed on the two ray segments. Its first derivatives with respect
to the source and receiver locations are given by pS = ∂T

∂xS
and pG = ∂T

∂xG
Further I assume the spatial

second-order derivatives MS = ∂2T
∂x2 and MG = ∂2T

∂x2 associated with the two emerging wavefronts due to
a point source at CRP to be known.

THE TOMOGRAPHIC APPROACH

The wavefront attributes described above are independent of characteristics of the corresponding reflection
point because they are related to theoretical experiments using only a point source placed in depth. Thus
they allow to neglect all reflector effects in the tomographic approach. Billette and Lambaré (1998) discuss
various approaches to tomography including finite-offset ray-pairs. In contrast to me they are not including
second-order spatial derivatives. One possible approach discussed by them is to begin at the surface. The
ray starting directions are known from the data. Ray-tracing can be performed until the traveltimes along
the two ray segments equal the measured traveltime T . Using the correct velocity model the two rays
should end in the same depth point. It is rather difficult to define a measure of misfit for this crossing
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condition. It is more suitable to place a point source in depth and to perform ray tracing until the two
rays reach the surface. The forward modeled traveltime T and angles of emergence or alternatively the
corresponding first-order traveltime derivatives can be compared to the measured quantities. A measure
of misfit can easily be formulated in the least-squares sense. It is ensured that the rays start at the same
point, a condition which is also met in reality. Therefore this approach is physically more suitable. One
has to define for each ray-pair a starting position and two initial directions at the CRP in the subsurface.
The directions can be given as angles to the vertical or as horizontal slowness components pSx and pGx . I
make use of slowness components because they are directly involved in the ray-tracing system (see the
Appendix).

Additionally to Billette and Lambaré (1998) I make also use of second order traveltime derivatives
associated with the waves due to the point source at the CRP, i.e I require the emerging wavefronts to focus
at the CRP if propagated back from the surface to depth . Thus I do not use a measure of misfit between
first order but between second order traveltime expansions at the measurement surface. For an overview of
data and model components view Figure 1.

PSfrag replacements

z

x
(xS , pS , MS) (xG, pG, MG)

(x, z, pxS
, pxG

)

1

Figure 1: Overview over data and model components. The two central rays propagating in an isotropic
inhomogeneous medium connect the source and receiver location. They start in a common point, the CRP.

As the ray-starting positions and directions at the CRP in the subsurface are not known a priori, they
have to be included as model parameters to be inverted for. The velocity model v(x, z) is represented by
two-dimensional B-splines:

v(x, z) =

nx∑

i

nz∑

j

vijβi(x)βj(z) , (3)

where βi(x)andβj(z) are B-spline basis functions and nx and nz are the chosen numbers of knots in the
horizontal and vertical direction. During the inversion process smooth third derivatives of the velocity are
required. That is why the B-spline basis functions have to be at least of degree four.

The inverse problem can be formulated as follows: The velocity model can be seen to be consistent
with the data if all forward modeled quantities due to a point source in depth equal the measured quantities.
This leads to the problem of minimizing a merit function S in the least-squares sense:

S = ‖dmea − dmod‖22 =
1

2
∆dT (m)C−1

D ∆d(m) , (4)

where ∆d is defined as the difference between the vectors containing the measured data dmea and modeled
data dmod. The matrix CD is sometimes called the data covariance matrix, here assumed to be diagonal,
which weights the different data components. The modeled data are calculated using a nonlinear forward
modeling operator f :

dmod = f(m) , (5)
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where m is a vector containing all model parameters. Because of the nonlinearity of f the inverse problem
has to be solved iteratively. The forward modeling operator is linearized during each iteration. Starting
with a first guess model m0, a sequence of model updates ∆m is found, hoping that the process converges
to a global minimum. Having found a model m(n) in the n’th iteration, the modeling operator f is locally
linearized by (Duveneck, 2002)

f(m(n) + ∆m(n+1)) = f(m(n)) + F(n)∆m(n+1) . (6)

The matrix F(n) is a matrix containing the Fréchet-derivatives ∂(T,MS ,MG,pS ,pG,xS,xG)
∂(x,z,pSx ,p

G
x ) . The Fréchet

derivatives can be obtained during forward modeling by ray-perturbation theory (Farra and Madariaga,
1987). Their calculation is described in detail in the appendix. A necessary condition for a minimum of S
is ∇mS = 0. Using equation (6) one obtains

∇mS ≈ −FTC−1
D (∆d(m(n))− F∆m) = 0 . (7)

This leads to a least-squares solution for ∆m if the inverse of FTC−1
D F exists.

In practice, F is usually ill-conditioned because not all model components are sufficiently constrained
by the data alone. Additional information is introduced to further constrain the model and to regularize
the problem. I am looking for the simplest model explaining the data. Thus, I require the velocity to
be smooth. The second spatial derivatives of the velocity v(x, z) give a measure of smoothness. The
smoothness criterion is detailed in the appendix. Its application leads to a matrix equation of the following
form (Duveneck, 2002):

F̂∆m = ∆d̂ , (8)

where

F̂ =

(
C
− 1

2

D F
[0,B]

)
, ∆d̂ =

(
C
− 1

2

D ∆d(m(n))
−[0,B]m(n)

)
. (9)

The matrix F̂ is large for a relatively little amount of data. It is sparse as the Fréchet derivatives relating
parameters of one ray-pair to those of another are identically zero. Also each ray-pair is influenced only by
a fraction of the total number of velocity knot-point values. This sparsity is taken advantage of using the
LSQR algorithm (Paige and Saunders, 1982a,b).

SYNTHETIC DATA EXAMPLE

To test the inversion algorithm introduced in the previous section I apply it to a synthetic data example. The
model to be inverted for is shown in Figure 2. It is described by 8×8 B-spline coefficients with a horizontal
spacing of 500m and a vertical spacing of 400m. 108 data points consisting of (T,MS,MG, pS , pG, xS , xG)i,
i = 1, ..., nData, are generated directly by dynamic ray tracing, each ray segment starting at the correspond-
ing CRP with an absolute value of p = 0.15 · 10−3 s

m of the horizontal component of the slowness vector.
This leads to different starting angles depending on the local velocity at the different CRP’s. The results
are source-receiver pairs separated by a wide range of finite offsets. The offset varies between 300m and
3500m.

During the inversion process I used no spatially variable weighting of the different regularization terms.
The different terms were initially weighted using εxx = εxz = εzz = 0.005 and ε = 1.5 · 10−5 (see
Appendix). The different data components were weighted using the following weighting terms:

σx = 1.0 σT = 1.0 σM = 0.9 σpx = 0.2 ,

where the different σ’s are the elements on the main diagonal of C
1
2

D. To start the inversion process I
used a constant velocity medium with v = 3000ms . Before I show the inversion results let me remark
that all graphics except the ones showing differences between two models have been clipped using the
extremal values of the model shown in Figure 2, i.e. all figures have been clipped against vmin = 1500.0ms
and vmax = 3500.0ms . As can be seen the model is well reconstructed (see Figure 3). The maximum
difference between the inversion result and the model used for forward modeling is in the range of±110ms
as can be seen in Figure 4.
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Figure 2: Model used for forward modeling of inversion input. Also shown are the forward modeled ray
segments.

-2000 -1000 0 1000 2000 3000 4000 5000 6000
x [m]

-3000

-2000

-1000

0

z 
[m

]

1600 1800 2000 2200 2400 2600 2800 3000 3200 3400
m/s

Figure 3: Inversion result and ray segments after 12 iterations.
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Figure 4: Difference between the inversion result and the model shown in Figure 2.
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Figure 5: Comparison of forward modeled data values and those obtained after the inversion process.
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Let me now compare the inverted with the forward modeled data. I will show four examples in Figure
5. Each subfigure shows the difference between the forward modeled and inverted data values. To give an
impression of how the inversion process progresses I present three intermediate steps in Figure 6.

CONCLUSIONS

I have presented a tomographic inversion scheme which makes use of finite-offset kinematic wavefield
attributes to determine smooth, laterally inhomogeneous subsurface velocity models. The method is a
logical extension of the ZO inversion presented by Duveneck (2002). I have tested it successfully with a
synthetic example.

In the ZO case kinematic wavefield attributes derived from seismic data using the CRS stack are used
as input for the inversion process. In the FO case, attributes derived with the FO CRS stack should be used
(Zhang et al., 2001). This requires to extract the second-order traveltime derivatives associated with waves
due to a point source at CRP from the FO CRS surface. A way to do this is part of current research.
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Figure 6: Three intermediate results of the inversion process.
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APPENDIX A

FORWARD MODELING AND CALCULATION OF FRÉCHET DERIVATIVES

The central rays connecting the point source at CRP and the measurement surface are found using standard
ray theory with the model parameters of the current inversion iteration as initial conditions. Ray theory
is formulated using a Hamiltonian formalism in general Cartesian coordinates. The Hamiltonian function
follows directly from the eikonal equation:

H(x, z, px, pz) =
1

v2(x, z)
− p2

x − p2
z = 0 . (10)

As I do not consider turning points with respect to the z-coordinate, I can solve equation (10) for pz using z
as the independent variable in the ray tracing process. This way I derive the reduced Hamiltonian operator
HR:

HR = −pz =

√
1

v2(x, z)
− p2

x . (11)

The corresponding ray tracing system reads:

dx

dz
=
∂HR

∂px
,

dpx
dz

= −∂H
R

∂x
(12)

Traveltime T is determined by integration of:

dT

dz
=

1

v2(x, z)pz
(13)

Having found the central rays the traveltime T is simply the sum of the traveltimes of the two rays pertaining
to one CRP. The first order derivative of T with respect to the x-coordinate is given by px at the surface.

The second-order spatial derivatives of T for fixed ray starting locations in the subsurface are calculated
performing dynamic ray tracing along the known central rays. Perturbations of x and px at the ray endpoint
may be linearly related to the corresponding properties at the ray starting point with the ray propagator
matrix, which will be denoted by T. The ray propagator matrix is obtained solving

d

dz

(
∆x0

∆px0

)
= S

(
∆x0

∆px0

)
. (14)

The matrix S is the so called system matrix containing four elements:

S =

(
∂2HR

∂x∂px
∂2HR

∂p2
x

∂2HR

∂x2
∂2HR

∂x∂p2
x

)
. (15)

All derivatives have to be evaluated on the central ray. The quantities ∆x0 and ∆px0 are perturbations
of the initial conditions. The solution of equation (14) relating the perturbations of x and px at the ray
endpoint to the perturbations of the initial conditions at the ray starting point reads:

(
∆x
∆px

)
= T(z, z0)

(
∆x0

∆px0

)
(16)

The quantities ∆x and ∆px describe the perturbations of x and px at the ray end point. The propagator
matrix T contains four elements

T =

(
A B
C D

)
(17)

and fulfills the initial condition T(x0,x0) = I, where I denotes the identity matrix. It coincides with the
surface-to-surface propagator matrix T introduced by Bortfeld (1989) specialized to the case of horizontal
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anterior and posterior surfaces. Furthermore the second order derivative of the traveltime T is derived from
the surface-to-surface propagator matrix given in equation (17) using (C̆ervený, 2001):

∂2T

∂x2
= M = DB−1 . (18)

Changes in the final slowness and position values due to changes in the velocity model can be calculated
using a perturbed reduced Hamiltonian operator (Farra and Madariaga, 1987):

HR = HR
0 +

∂HR
0

∂v
∆v = HR

0 + ∆HR , (19)

where HR
0 denotes the unperturbed Hamiltonian. This results in the following inhomogeneous system at

the ray starting position:

d

dz

(
∆x0

∆px0

)
= S

(
∆x0

∆px0

)
+

( ∂∆H
∂px

−∂∆H
∂x

)
. (20)

All derivatives have to be evaluated on the unperturbed central ray. The solution of equation (20) can again
be found using propagator techniques (Farra and Madariaga, 1987):

(
∆x
∆px

)
= T0(z, z0)

(
∆x0

∆px0

)
+

∫ z

z0

T0(z, τ)

( ∂∆H
∂px

−∂∆H
∂x

)
dτ . (21)

Now I have to look for paraxial rays in the perturbed medium. The paraxial ray tracing system in the
perturbed medium is obtained by analysis of the perturbation of the system matrix S (Farra and Madariaga,
1987):

S = S0 + ∆S1 + ∆S2 , (22)

where ∆S1 is a term due to perturbations ∆v of the velocity, while ∆S2 is due to perturbations ∆x and
∆px of the central reference ray:

∆S1 =

(
∂2∆HR

∂x∂px
∂2∆HR

∂p2
x

−∂2∆HR

∂x2 −∂2∆HR

∂x∂px

)
(23)

∆S2 =

(
∆x

∂

∂x
+ ∆px

∂

∂px

)


∂2HR0
∂x∂px

∂2HR0
∂p2
x

−∂
2HR0
∂x2 − ∂2HR0

∂x∂px


 (24)

The paraxial rays in the perturbed medium are calculated analogous to the ones in the unperturbed medium:
(

∆x
∆px

)
= T(x,x0)

(
∆x0

∆px0

)
, (25)

with T now given by (Farra and Madariaga, 1987)

T(z, z0) = T0(z, z0) +

∫ z

z0

T0(z, τ) (∆S1 + ∆S2) T0(τ, z0)dτ , (26)

where T0 denotes the propagator matrix in the unperturbed medium.
So far no perturbation of the initial z-coordinate is considered. Let me define the perturbation ∆T of

T due to a perturbation ∆z0 of the initial z-coordinate:

∆T = T(z1, z0 + ∆z)−T(z1, z0) . (27)

Using the chain rule (C̆ervený, 2001) this expression can be rewritten in the following form:

∆T = T(z1, z0)
(
T−1(z0 + ∆z, z0)− I

)
. (28)
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Using the fact that
∂T

∂z
= S T , (29)

one can perform a Taylor expansion around z0, yielding a term for T−1(z0 + ∆z, z0). This leads to an
expression for the perturbed surface-to-surface propagator matrix.

The perturbed surface-to-surface propagator matrix is a summation of the individual terms (Duveneck,
2002):

T(∆x,∆z,∆px,∆v) = T0 + ∆T(∆x,∆px) + ∆T(∆z) + ∆T(∆v) . (30)

The above presented equations together with

∆M = B−1∆D −DB−2∆B

suffice to calculate all Fréchet derivatives needed in the inversion process.

APPENDIX B

REGULARIZATION OF THE TOMOGRAPHIC MATRIX

Because the tomographic matrix F is in general ill-conditioned the inversion problem has to be regularized
by introducing additional constraints on the model parameters. I am looking for a smooth model without
any artificial structure. A physically sensible way to obtain such a model is to require the velocity model
to have minimum curvature, i.e., minimum second spatial derivatives. In order to be as much as possible
independent of the discrete structure of the velocity knot points the minimum curvature condition is applied
on the smooth model itself, not on the B-spline coefficients.

The second spatial derivative of the velocity, described by B-splines is (x-component):

∂2v(x, z)

∂x2
=
∑

i

∑

j

vij
∂2βi(x)

∂x2
βj(z) . (31)

The z- and mixed components are derived in an analogous fashion. The L2-norm of (31) is given by

∥∥∥∥
∂2v

∂x2

∥∥∥∥
2

2

=

∫

x

∫

z

(
∂2v(x, z)

∂x2

)2

dzdx = mT
(v)D

xxm(v) , (32)

where m(v) denotes that part of the model parameter vector containing the B-spline coefficients. Similar
expressions are derived for the second derivatives with respect to z and for the mixed derivatives. This
leads to the following term included in the merit function S:

∫

x

∫

z

ε(x, z)

[
εxx
(
∂2v(x, z)

∂x2

)2

+ εxz
(
∂2v(x, z)

∂x∂z

)2

+ εzz
(
∂2v(x, z)

∂z2

)2

+ εv2(x, z)

]
dzdx

= mT
(v)D

′′m(v) (33)

Therein ε(x, z) is a spatially variable weighting function represented by B-splines. It is based on the same
knot point locations as the velocity model. The factors εxx, εxz, εzz and ε are used for normalization and
to balance the contributions of the different terms.

Including the term (33), the merit function to minimize is given by (compare to equation (4)):

2S(m) = ∆dT (m)C−1
D ∆d(m) + ε̂mT

(v)D
′′m(v) , (34)

where ε̂ is the highest value of εxx, εxz, εzz and ε. The different ε in equation (33) are normalized by ε̂. For
further calculations I need to find a matrix B with BTB = ε̂D′′ (Duveneck, 2002). This is only possible
if D′′ is positive definite. Therefore the term εv2(x, z) is included in equation (33). Because there is no
physical reason for minimizing the velocity itself, ε has to be chosen much smaller than the other weighting
factors.
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Assuming the forward modeling operator can be locally approximated around m(n) by f(m(n+1)) ≈
f(m(n)) + F∆m(n+1) (Duveneck, 2002), where m(n+1) = m(n) + ∆m(n+1), one obtains

∇mS = −FTC−1
D (dmea − f(m)) + ε̂D′′m(v)

≈ −FTC−1
D ∆d(m(n)) + FTC−1

D F∆m(n+1) + ε̂D′′(m(n)
(v) + ∆m(n+1))

. (35)

The necessary condition ∇mS = 0 for a minimum of the merit function (34) leads to the system which
has to be solved (Duveneck, 2002):

F̂∆m = ∆d̂ , (36)

with

F̂ =

(
C
− 1

2

D F
[0,B]

)
, ∆d̂ =

(
C
− 1

2

D ∆d(m(n))
−[0,B]m(n)

)
. (37)

The searched for model update ∆m is the least squares solution to equation (36). The updated model
components are given by m(n+1) = m(n) + λ∆m(n+1), where 0 < λ ≤ 1.
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ABSTRACT

The Common-Reflection-Surface stack method is a generalized multi-dimensional and multi-
parameter stacking velocity analysis tool. In its application, emphasis has so far mainly been put
on its ability to produce simulated zero-offset sections of high S/N ratio. However, the method also
yields a number of so-called kinematic wavefield attributes. Based on these attributes, an entire seis-
mic reflection imaging workflow can be defined that includes the Common-Reflection-Surface stack
itself, an automated time migration, and the use of the wavefield attributes to determine a velocity
model for depth migration. This imaging workflow is demonstrated on a synthetic 2D data example,
starting from the preprocessed multicoverage data and leading to the final depth image.

INTRODUCTION

Seismic reflection data processing aims at obtaining the best possible image of the subsurface, either in
the time or in the depth domain. Especially in regions with complex geological structures or for data with
low signal-to-noise (S/N) ratio, this is a demanding task that usually requires extensive time-consuming
human interaction. One possible alternative is to automatically extract as much information as possible
directly from the measured data. The continuous advances in computing facilities make such data-driven
approaches (e. g., Hubral, 1999) feasible which, thus, have increasingly gained in relevance in recent years.
In this contribution, we focus on one of these methods, the Common-Reflection-Surface (CRS) stack (e. g.,
Müller, 1999; Jäger et al., 2001; Mann, 2002), and its integration into a processing workflow as is shown
in a simplified way in Figure 1. This approach has already been introduced during the WIT meeting 2003
in Hamburg and is now elaborated in more detail.

The CRS stack provides a simulated zero-offset (ZO) section of high S/N ratio and is, thus, an alter-
native for the conventional NMO/DMO/stack approach (e. g., Yilmaz, 2001). Besides the improved ZO
simulation, there is an additional benefit that is obtained with the CRS stack: instead of the usual stacking
velocity vstack, the process yields an entire set of so-called kinematic wavefield attributes. This additional
information is very useful in further processing. Firstly, the CRS stack method allows to obtain a time-
migrated section in an automated way. Secondly, the attributes can be utilized in a tomographic inversion
(e. g., Duveneck and Hubral, 2002; Duveneck, 2004) which allows to obtain a velocity model for depth
imaging. This establishes the link between the time and the depth domain. In contrast to conventional in-
version approaches, this method does not assume continuous reflection events in the data and requires only
minimum picking effort. It is well known that the quality of the (initial) macrovelocity model is crucial to
successful depth imaging; the closer the model to the true effective velocity in the subsurface, the shorter
the turn-around time. Finally, properties like, e. g., the geometrical spreading factor (Vieth, 2001) or the
size of the projected Fresnel zone (Mann, 2002) can be estimated by means of the kinematic wavefield at-
tributes. In principle, they can also be utilized in combination with the determined velocity model and the
simulated ZO section in the Kirchhoff migration process itself to determine an optimal migration aperture.
However, this application has not yet been implemented.
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Figure 1: Integration of the Common-Reflection-Surface stack into the seismic reflection imaging work-
flow. [modified after Farmer et al. (1993)]

In this contribution, we present the basic concepts of a CRS-stack-based imaging strategy: starting
with the preprocessed multicoverage data in the time domain, the CRS stack yields sufficient information
for transforming these data into an image in the depth domain. We demonstrate the possibilities of this
approach on a synthetic data example. An application to real data is shown by Heilmann et al. in this
report.

For the synthetic example discussed here, a multi-coverage dataset was calculated by ray tracing in
the blocky velocity model shown in Figure 2. The modeling of primary P-waves was performed using a
marine acquisition geometry with a streamer of 2 km length, a source spacing of 25 m and a receiver group
spacing of 12.5 m. The offset ranges from 250 m to 2250 m. A zero-phase Ricker wavelet with a dominant
frequency of 30 Hz and a sampling interval of 4 ms was used. In addition, random noise was added to the
data.

THE COMMON-REFLECTION-SURFACE (CRS) STACK

The simulation of stacked ZO sections is routinely applied to enhance the S/N ratio and to reduce the
amount of seismic data for further processing. A conventional approach to achieve this goal is the ap-
plication of normal-moveout (NMO) and dip-moveout (DMO) corrections to the multicoverage dataset
followed by a subsequent stack along the offset axis, usually denoted as NMO/DMO/stack. The CRS stack
is a powerful alternative to this conventional approach that can be seen as a generalized multi-dimensional
high-density stacking-velocity analysis tool. It produces a simulated ZO section from the multicoverage
data in a purely data-driven way. In addition, the CRS method provides a number of kinematic wavefield
attributes associated with each ZO sample to be simulated. These attributes locally describe the shape of
reflection events in the data. In the 2D case, the CRS stack fits entire stacking surfaces to the events rather
than only stacking trajectories, as is done in conventional ZO simulation methods. Thus, far more traces
contribute to each ZO sample, resulting in a higher S/N ratio, even for data of poor quality. The 2D stacking
operator for a ZO sample (t0, x0) reads

t2 (xm, h) =

[
t0 +

2 sinα (xm − x0)

v0

]2

+
2 t0 cos2 α

v0

[
(xm − x0)2

RN
+

h2

RNIP

]
, (1)

where the half-offset h and the midpoint xm between source and receiver describe the acquisition geometry
and v0 is the near-surface velocity assumed to be locally constant. The remaining three parameters are
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Figure 2: Blocky subsurface model used to calculate the synthetic multicoverage data. Shown is the
P-wave velocity in km/s.
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Figure 3: Hypothetical NIP wave (left) and normal wave (right) experiments. The angle α describes the
emergence direction of the two hypothetical waves at the surface location x0. The parametersRNIP andRN

are the observed radii of wavefront curvature associated with these waves.

the kinematic wavefield attributes. They describe the propagation direction (α) and radii of wavefront
curvature (RNIP, RN) associated with two hypothetical experiments observed at (z = 0, xm). The NIP
(normal incidence point) wave is the hypothetical wave that would be obtained by placing a point source at
the NIP of the ZO ray. The N (normal) wave is the hypothetical wave that would be obtained by placing a
small exploding reflector element at the NIP of the ZO ray. These hypothetical experiments are illustrated
in Figure 3.

To determine the attributes of the CRS operator fitting best an actual reflection event, a coherence
analysis is performed along stacking operators in the multicoverage data with different sets of kinematic
wavefield attributes. At the locations of actual reflection events, the coherence values are influenced by
the signal strength relative to the random noise along the events, by the number of contributing traces, and
by the fit of the CRS operator to the actual events. The best fitting operator at a particular ZO location
is expected to yield the highest coherence. This analysis is repeated for each ZO sample to be simulated,
irrespective of whether there is an actual reflection event. In case of conflicting dip situations, also local
coherence maxima have to be considered. Based on coherence analysis, the entire CRS approach can be
applied in a noninteractive way and without the need for any a priori knowledge of a macrovelocity model.

The CRS stack was applied to the above-mentioned synthetic data. For the sake of simplicity, conflict-
ing dip situations have not been considered in this example. The determination of the optimum stacking
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Figure 4: Simulated ZO section by means of the CRS stack.

operators and their associated wavefield attributes has been performed in separate steps with one search
parameter each. This pragmatic approach of using certain subsets of the prestack data was introduced by
Müller (1998). As this approach fails for a few ZO locations, a smoothing algorithm has been applied to the
attribute sections which uses a combination of a median filter and averaging. Coherence and local dip of
the reflection events are taken into account during smoothing, making it an event-consistent process. From
a theoretical point of view, the smoothing is justified as the wavefield attributes can only vary smoothly
along the reflection event and are virtually constant in the time direction along the seismic wavelet (Mann
and Höcht, 2003). Details about this smoothing technique are given by Mann and Duveneck in this report.
The smoothed attribute sections served as input to a local three-parameter optimization using the full spatial
stacking operator (1) and the entire prestack data which yields the final wavefield attributes for stacking.

The simulated ZO section is displayed in Figure 4. The stacking aperture takes the projected ZO Fresnel
zone into account which has been estimated from the wavefield attributes. The section containing the ob-
tained coherence values along the stacking operators is displayed in Figure 5(d) together with the wavefield
attribute sections: the emergence angle (Figure 5(a)) is clearly related to the dip of the reflection events,
whereas the curvature of the normal wavefront (Figure 5(c)) is related to the curvature of the reflection
events in the zero-offset section. This relationship is obvious: we observe positive values at convex parts
of reflection events, negative values at concave parts of reflection events, and values close to zero when the
reflection event’s curvature goes to zero. Finally, the radius of curvature of the NIP wavefront is shown in
Figure 5(b). In a constant velocity medium, this radius of curvature would coincide with the length of the
normal ray (i. e., the distance to the NIP).

ATTRIBUTE-BASED TIME MIGRATION

Conventional time migration is based on a root-mean-square (RMS) velocity model in the time domain. In
Kirchhoff migration, for a given location in the time-migrated domain, the diffraction response is calculated
assuming a constant velocity model defined by the RMS velocity at the considered location. Summation
of amplitudes along this surface yields the migration result which is assigned to the corresponding image
point, i. e., the apex of the diffraction response. By repeating this step for all locations in the target zone, the
entire time-migrated section is obtained. With the CRS wavefield attributes, that process can be performed
in an approximate manner without the need for an explicit RMS velocity model (Mann et al., 2000).

The basic idea of the CRS-stack-based approach is quite simple: as mentioned above, the CRS stack-
ing operator (1) provides an approximation of the kinematic reflection response in the time domain of a
reflector segment in depth. It can be observed that in the case of a point diffractor the NIP and normal wave
experiments as shown in Figure 3 coincide. If we gradually increase the curvature of the reflector in depth,
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Figure 5: Kinematic wavefield attribute sections (a)-(c) and coherence section (d) obtained by the CRS
stack method. The radius of curvature RN is displayed as its inverse, i. e., the curvature of the normal
wavefront. The coherence section has been clipped to a maximum of 0.5 to reveal weaker events. Note that
the wavefield attributes are only meaningful along detected reflection events associated with sufficiently
high coherence values.
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Figure 6: Attribute-based automated time migration result obtained as a by-product of the CRS stack. No
RMS velocity model is needed and no actual diffraction stack has to be performed.

RNIP remains unchanged whereas RN converges to RNIP. Thus, by setting RN := RNIP in equation (1), we
can approximate the response of a (hypothetical) diffractor at the NIP. Note that the actual subsurface loca-
tion of the NIP is unknown whereas the kinematic wavefield attributes describing the NIP and normal wave
have been extracted from the seismic data by means of the CRS stack. Thus, the required parameters to
describe the approximate diffraction response are readily available for each ZO location. If we stack along
this diffraction response and assign the result to its apex, a conventional time migration is approximated
(for details, see Mann, 2002). In practice, instead of actually performing the stack along the diffraction
response, we can make direct use of the already available CRS stack results: the CRS operator (1) fits
closer to the actual reflection event than a diffraction response. This leads to a heuristic time migration
which reduces to a mapping of the stack values to the apex of the approximate time migration operator.
This can be performed very efficiently during the CRS stack by assigning the stack result not only to the
ZO sample under consideration, but also to the approximate image location in the time-migrated section.

Figure 6 shows the result of this heuristic attribute-based time migration. Without any explicit RMS
velocity model or actual summation along the diffraction responses, we obtain a structural image of the
subsurface which may be used for a first interpretation of the data. This result can be obtained fully
automatically as a by-product of the CRS stack with virtually no additional effort.

VELOCITY MODEL DETERMINATION AND MIGRATION

The estimation of a velocity model is one of the crucial steps in seismic depth imaging. Usually, the model
is constructed iteratively, starting with an initial model and updating it by repeated prestack migration and
analysis of residual moveouts in common-image gathers (CIGs). This is an expensive and time-consuming
process. Approaches based on reflection tomography have the additional drawback of requiring extensive
and often difficult picking in the prestack data.

The CRS technique offers an alternative which overcomes some of the drawbacks of conventional meth-
ods; the attributes RNIP and α related to the NIP wave (Figure 3) at a given ZO location (x0, t0) describe
the approximate multi-offset reflection response of a common reflection point (CRP) in the subsurface.
Therefore, in a correct model, the NIP wave focuses at zero traveltime at the NIP, when propagated into
the subsurface. This principle can be utilized in an inversion that uses the attributes RNIP and α picked in
the CRS-stacked section to obtain a laterally inhomogeneous velocity model for depth imaging. The CRS-
stack-based velocity determination approach is realized as a tomographic inversion, in which the misfit
between picked and forward-modeled attributes is iteratively minimized in the least-squares sense. The



146 Annual WIT report 2003

velocity model is defined by B-splines, i. e., a smooth model without discontinuities is used, which is well
suited for ray-tracing applications.

As the attributes associated with each ZO sample already represent the multi-offset reflection response
of a CRP, picking only has to be performed in the CRS-stacked ZO section. The picking procedure is
further simplified due to the increased S/N ratio of the stacked section and may be automated based on the
coherence section (Figure 5(d)). Because of the smooth model description, pick locations do not need to
follow reflection events over consecutive traces.

The approximate description of the multi-offset CRP response with CRS attributes, however, leads to
a limitation of the allowed degree of lateral inhomogeneity in the model. Furthermore, a smooth model
description may be inappropriate in some cases (e. g., salt bodies of complicated shape). Details of the
method are described in Duveneck (2004) and in the WIT report 2002.

The tomographic inversion based on CRS attributes was applied to the synthetic data example intro-
duced above. About 700 data points have been automatically picked in the coherence section, Figure 5(d).
The corresponding attributes have been simultaneously extracted from theRNIP andα sections, Figures 5(b)
and 5(a). These data entered into the inversion algorithm. The inversion result consists of the reconstructed
velocity model and the reconstructed normal rays associated with the picks. Figure 7(a) shows the velocity
model together with the endpoints of the normal rays, i. e., the reconstructed NIPs. In Figure 7(b), the latter
are superimposed on the true blocky velocity model for comparison.

With the obtained velocity model, a Kirchhoff prestack depth migration and a poststack depth migra-
tion of the CRS stack result (Figure 4) have been performed. The poststack migration result is depicted in
Figure 8(a). Due to poor illumination, the lowermost horizontal reflector is incompletely imaged below the
complex part of the model. This problem is partly resolved by the application of prestack depth migration.
As can be seen in Figure 8(b), the lowermost reflector is here more continuous, although it could not be ex-
actly positioned in depth everywhere. A selection of CIGs (every 1000 m) is displayed in Figure 9. Almost
all events in the CIGs are flat, which implies that the reconstructed velocity model is kinematically con-
sistent with the data. This even applies for the partly incorrectly positioned lowermost reflector, indicating
that the solution of the inversion is not unique.

CONCLUSIONS

We have demonstrated that the CRS stack and the associated kinematic wavefield attributes can be used
in seismic imaging applications which go far beyond the purposes for which the method was originally
designed—the simulation of ZO sections with improved S/N ratio. The kinematic wavefield attributes
can be used to perform an approximate automated time migration. In addition, they contain information
that can be used for the estimation of velocity models for depth migration. Apart from the applications
discussed here, the CRS stack has potential in other seismic processing topics such as static corrections or
redatuming. In particular, data of poor quality or data with irregular acquisition geometries are expected to
benefit from this approach.
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Figure 7: Reconstructed and true P-wave velocity models with reconstructed reflector points (white dots)
superimposed. Each depicted reflector point corresponds to a data point which has automatically been
picked in the CRS stack results.
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ABSTRACT

In recent years, it has been demonstrated by many case studies that the Common-Reflection-Surface
(CRS) stack produces reliable stack sections with high resolution and superior signal-to-noise ratio
compared to conventional methods. In contrast to such conventional methods like the common-
midpoint stack or the sequence normal-moveout correction/dip-moveout correction/stack, an entire
set of physically interpretable stacking parameters is determined as a by-product of the data-driven
stacking process. These kinematic wavefield attributes obtained by the CRS stack may be even more
important than the stacked section itself because they can be applied to solve a number of dynamic and
kinematic stacking, modeling, and inversion problems. CRS-stack-based seismic imaging makes use
of these extended possibilities in further processing. Here, we present a real data example demonstrat-
ing the basic steps of this data-driven imaging approach, namely the CRS stack, the determination of a
smooth macrovelocity model via CRS-attribute-based tomographic inversion, and, finally, pre- and/or
poststack depth migration. As is shown, not only the poststack but also the prestack depth migra-
tion benefits from this approach. Additional CRS-stack-based processing steps that may be applied
in the future of the ongoing project are, e. g., residual static corrections using CRS stacking opera-
tors, limited-aperture migration based on the estimated projected Fresnel zone, determination of the
geometrical spreading factor, and amplitude-variation-with-offset analysis in the time domain using
approximate common-reflection-point trajectories calculated from CRS attributes.

INTRODUCTION

The datasets used for this case study were acquired in the close vicinity of Karlsruhe, Germany, during
summer 2003 by Deutsche Montan Technologie GmbH (DMT), Essen, Germany. The acquisition was
performed for HotRock EWK Offenbach/Pfalz GmbH (HotRock), Karlsruhe, Germany, with the intention
to obtain a structural image of the investigated subsurface relevant for of a projected geothermal power
plant near Karlsruhe. The power plant shall be based on two boreholes, one for production and one for
re-injection of thermal water. The boreholes are planed to be drilled in 2004 to a depth of ≈ 2.5 km,
where a strongly fractured horizon of hot-water-saturated lacustrine limestone is located. As the achievable
production rate depends mainly on the degree of fracturing of the target horizon and the number of faults
reached by the boreholes, a detailed knowledge of the subsurface structure is essential. For this reason, two
almost parallel seismic lines with a separation of ≈ 2.5 km and a length of ≈ 12 km each were acquired.

DMT applied a standard preprocessing and imaging sequence to the datasets, the latter consisting of
normal-moveout (NMO) correction/dip-moveout (DMO) correction/stack, finite-differences (FD) time mi-
gration, and a time-to-depth conversion using macrovelocity models based on stacking velocity sections.
As an alternative to this standard processing, the main steps of the CRS-stack-based seismic imaging work-
flow were carried out in the framework of a research cooperation between HotRock, DMT, and Karlsruhe
University. Additional steps such as residual static corrections using CRS stacking operators (Koglin and
Ewig, 2002), true-amplitude migration, and amplitude-variation-with-offset (AVO) analysis may follow in
the course of the further collaboration.
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Figure 1: The CRS-stack-based seismic imaging workflow.

APPLICATION OF A CRS-STACK-BASED SEISMIC IMAGING WORKFLOW

Starting point for the CRS-stack-based seismic imaging workflow (Figure 1) was the preprocessed multi-
coverage seismic reflection data provided by DMT. The preprocessing was performed in different steps of
filtering, amplitude correction, muting, deconvolution, field static correction, and residual static correction.

CRS stack

Within the course of this project, the CRS stack method (see, e. g., Müller, 1998; Jäger, 1999; Mann, 2002)
was complemented by a smoothing algorithm which is applied to the obtained CRS attributes in an event-
consistent way (Mann and Duveneck, 2003, in this report) in order to use them for the final optimization
and stacking iteration. This approach led to a significant enhancement of event continuity and consistency
with the underlying theory for both seismic lines. The final stack was restricted to the projected first Fresnel
zone calculated from the obtained CRS attributes. The simulated zero-offset (ZO) sections are displayed in
Figures 2 and 3. The respective coherence sections indicating the fit between the determined CRS stacking
operators and the reflection events in the prestack data are shown in Figures 4 and 5.

As can be seen, the overall image quality is quite high. Below the particularly strong reflector at≈ 1.5 s
the number of detected events decreases abruptly. This reflector was identified as the upper edge of the so-
called Pechelbronner Schichten, an alternating stratification of siltstone, claystone, and sandstone. For
traveltimes < 1.5 s, some regions with little coherent energy can be observed. These regions coincide with
the locations of faults and fractures complicating the wavefield such that only little coherent energy can be
found along the hyperbolic CRS stacking operator.

The comparison between the CRS results and the results obtained by the above-mentioned standard
processing reveals a generally higher image quality of the former, especially with respect to signal-to-
noise ratio and reflector continuity. In particular, for traveltimes > 1.5 s, the main target area below the
Pechelbronner Schichten, the CRS stack resolves events that are not visible in the NMO/DMO/stack results.
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As indicated in Figure 1, the CRS stack procedure provides, in addition to the stack and coherence sections,
three different sections of kinematic wavefield attributes (CRS attributes). These are:

• a section containing the emergence angle of the ZO (or normal) ray (Figures 6 and 7) with respect to
the measurement-surface normal.

• a section containing the radius of the normal-incidence-point (NIP) wavefront (Figures 8 and 9)
as observed at the emergence point of the normal ray. The NIP wave focuses at that point of the
reflector, where the respective normal ray is reflected, i. e., at the NIP.

• a section containing the curvature of the normal wavefront (Figures 10 and 11) which would be
observed at the emergence point of the normal ray due to an exploding reflector element at the NIP.

The coherence sections depicted in Figures 4 and 5 were used in Figures 6-13 to mask out locations
with very low coherence value because such locations are not expected to be associated with reliable
attributes. From the emergence angle and NIP wave radius sections, optimized high-resolution stacking
velocity sections have been calculated. These sections, displayed in Figures 12 and 13, can be used as
input to conventional Dix-type inversions and for comparison with stacking velocities derived by means of
NMO/DMO/stack.

Tomographic inversion

In order to obtain a depth image from the time-domain pre- and/or poststack data, a kinematically cor-
rect macrovelocity model needs to be constructed. Such a model can be obtained directly from the CRS
stack results by means of a tomographic inversion method based on the kinematic wavefront attributes
associated with the NIP wave (Duveneck, 2002). As depicted in Figure 1, these attributes are the radius
of curvature of the NIP wavefront and the emergence angle of the normal ray. For the description of the
smooth macrovelocity model two-dimensional B-splines are used by this method.

In this case study, about 1000 ZO samples together with the associated attribute values were picked
for each profile to achieve an appropriate resolution and reliability. To reduce the effort involved in man-
ual picking, the existing software was extended by a module performing automatic picking based on the
coherence associated with the ZO samples. The picked data was checked using several criteria, in order
to discriminate outliers and attributes related to multiples, before the tomographic inversion process was
applied. The obtained macrovelocity models are displayed in Figures 14 and 15. Each of them is defined
by 336 B-spline knots. All in all, the velocity models of Profiles A and B are very similar. However, con-
sidering the small distance between the two seismic lines, the minor differences between the two models
reveal a strong lateral inhomogeneity of the investigated subsurface.

Prestack depth migration

Based on the macrovelocity models obtained in the previous step, we applied a Kirchhoff depth migra-
tion (Hertweck and Jäger, 2002; Jäger and Hertweck, 2002) to the prestack data of both profiles. For this,
the necessary kinematic Green’s function tables (GFTs) were calculated by means of an eikonal solver.
The resulting depth-migrated prestack data was firstly muted to avoid excessive pulse stretch for shallow
reflectors and then stacked in offset direction in order to obtain the depth-migrated images displayed in
Figures 16 and 17. Both sections show a multitude of faults and fractures, which are clearly imaged even
at larger depths. We compared these results to the results obtained in the course of the standard processing,
where a finite difference time migration was applied after the NMO/DMO/stack process and the resulting
time migrated images have been converted to the depth domain using stacking-velocity-based macroveloc-
ity models. The results obtained by CRS-stack-based imaging show a higher resolution, especially in the
target area, and the depth location of the reflectors was assessed to be more reliable. For comparison, the
last step of the standard processing—the time-to-depth conversion—was repeated using the CRS-attribute-
derived macrovelocity models. The results obtained this way are in good agreement with the results of
the CRS-stack-based imaging workflow even though the overall resolution is lower. The comparison of
our results with existing borehole data and other geological and geophysical information available for the
investigated area shows a good agreement, too.
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Figure 2: Result of the optimized CRS stack in the projected first Fresnel zone, Profile A.
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Figure 3: Result of the optimized CRS stack in the projected first Fresnel zone, Profile B.
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Figure 4: Coherence section associated with the CRS stack result, Profile A.
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Figure 5: Coherence section associated with the CRS stack result, Profile B.
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Figure 6: Emergence angle [◦] of the ZO ray, Profile A. ZO samples with very low coherence value are
masked out (black), as they are not expected to be related to reliable attributes.
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Figure 7: Emergence angle [◦] of the ZO ray, Profile B. ZO samples with very low coherence value are
masked out (black), as they are not expected to be related to reliable attributes.



156 Annual WIT report 2003

0

0.5

1.0

1.5

2.0

2.5

3.0

T
im

e 
 [s

]

450 500 550 600 650 700 750 800
CMP no.

NIP-wavefront radius [km], Profile A
0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

4.5

5.0

5.5

6.0

6.5

7.0

7.5

Figure 8: Radius of curvature of the NIP wavefront [km], Profile A. ZO samples with very low coherence
value are masked out (black), as they are not expected to be related to reliable attributes.
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Figure 9: Radius of curvature of the NIP wavefront [km], Profile B. ZO samples with very low coherence
value are masked out (black), as they are not expected to be related to reliable attributes.
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Figure 10: Curvature of the normal wave [1/km], Profile A. ZO samples with very low coherence value
are masked out (black), as they are not expected to be related to reliable attributes.
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Figure 11: Curvature of the normal wave [1/km], Profile B. ZO samples with very low coherence value
are masked out (black), as they are not expected to be related to reliable attributes.
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Figure 12: Optimized stacking velocity [km/s] calculated from CRS attributes, Profile A. ZO samples
with very low coherence value are masked out (black), as they are not expected to be related to reliable
attributes.
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Figure 13: Optimized stacking velocity [km/s] calculated from CRS attributes, Profile B. ZO samples
with very low coherence value are masked out (black), as they are not expected to be related to reliable
attributes.
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Figure 14: Macrovelocity model [km/s] obtained by CRS-attribute-based tomography, Profile A.
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Figure 15: Macrovelocity model [km/s] obtained by CRS-attribute-based tomography, Profile B.
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Poststack depth migration

As a complementary or alternative step of the CRS-stack-based imaging workflow, a poststack depth migra-
tion for both profiles was performed. Input for the poststack depth migration are the CRS-stacked sections
and the macrovelocity models derived from the CRS attributes. Due to the fact that, unlike as for prestack
migration, only one section is migrated to depth, the computational costs of poststack migration are much
lower. In addition, poststack depth migration can be advantageous in cases where the determination of a
sufficiently accurate macrovelocity model is difficult and/or the signal-to-noise ratio is poor. However, in
the case discussed here, where the data quality is very high and the obtained macrovelocity models are
reliable, poststack depth migration cannot compete against prestack depth migration in view of resolution
and image quality, as can be seen in Figures 18 and 19. In particular, the faults and fractures are not as well
resolved as by the prestack depth migration and the shallow area down to 750 m depth is slightly worse
imaged. Nevertheless, there are also regions, especially at greater depths, where some details are better
resolved than by the prestack depth migration. Thus, the poststack depth-migrated results can provide
complementary information in crucial questions of geological interpretation even in this case.

CONCLUSIONS

The research collaboration presented in this paper is an ongoing project. Currently, the geological inter-
pretation of the depth migration results is in progress. Presumably, an AVO analysis will follow before the
drilling of the first borehole projected for early summer 2004. The high quality of the seismic data and the
high transparency granted by HotRock and DMT provided an ideal basis to apply and enhance the different
parts of our seismic imaging software and to demonstrate its practical applicability by means of a real data
example. The obtained results provide a very good basis for the geological interpretation and for a hope-
fully successful drilling. The high grade of tectonic displacement of the target horizon necessary to ensure
a sufficiently high production rate was verified. Due to the fact that also a standard processing sequence
with up-to-date commercial software was carried out, the reliability and high quality of the results of the
CRS-stack-based seismic imaging workflow could be proven.
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ABSTRACT

It is desirable to have a reference migration algorithm at hand when checking the quality of newly de-
veloped migration algorithms. Since full-wave reverse-time migration does not suffer from limitations
due to high frequency approximation it is considered to fulfill this desire. Reverse-time migration is
tested with different types of wave equations. Numerical examples show that the one-way wave equa-
tion works best, since only energy from direct wave paths are used for imaging. Tests with migration
velocity errors up to 20% show that stable results (though mispositioned) are achievable. A compari-
son with reduced receiver density still yields useful results. Numerical tests show that strongly noisy
data still allow reasonable imaging. Comparisons of reverse-time migration and Kirchhoff Migration
results for the Picrocol model show that the reverse-time migration delivers a slightly better image.

INTRODUCTION

As a reference migration method a full-wave reverse-time pre-stack migration algorithm was implemented.
This allowed to apply modifications to the algorithm, like using different types of wave equations. The
algorithm is based on the Fourier method by Kosloff and Baysal (1982). It is also possible to implement
the method using finite-differences. There are also different flavours regarding the implementation of the
imaging condition like, e.g. Chang and McMechan (1986) who use ray tracing for the forward part of the
migration or like, e.g. Schuster (2002) who uses for the forward and reverse parts full-wave modeling.
The latter method appears more appealing, since it avoids limitation due to high frequency approximation
methods.
In the first section the migration algorithm is explained and the basic equations are given. In the next section
numerical tests of reverse-time migration for a simple subsurface model are performed and a comparisons
with Kirchhoff depth migration are shown. In the third section comparisons of reverse-time and Kirchhoff
depth migration for a larger data set (Picrocol) are presented.

THE PRE-STACK REVERSE-TIME MIGRATION ALGORITHM

Shot record pre-stack reverse-time migration algorithm is entirely based on numerical seismic modeling on
a numerical grid. It is made up of two parts: (1) Forward modeling of acoustic waves for a shot through the
macro-model with the source signature similar the one of the field recordings. (2) Reverse-time modeling
of the shot record through the same subsurface macro-model. In both modelings for every subsurface point,
i.e. gridpoint, time histories (seismograms) need to be recorded.
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Figure 1: Sample subsurface traces for correlation.

In Fig. 1(a) Trace 1 and Trace 2 represent subsurface recordings from the forward and reverse part of the
migration for the model shown in Fig. 2, respectively at the (x, z)-coordinates (810m, 140m). The image
is then generated by zero-lag correlation, i.e. scalar product, of the two time traces for every subsurface
grid point. The sample-wise product of the two traces before summing up is Trace 3 of Fig. 1(a). The
idea is that energy is imaged at a reflector if from the shot down-going and from the geophones reverse
downward propagated waves coincide. The product traces for a subsurface trace off and on a reflector are
shown in Fig. 1(b). This imaging condition is based on the assumption that energy from the source to the
point to be imaged belongs to the direct wave. On the other hand it assumes that reverse propagated energy
belongs to single reflected waves, i.e. without multiples. If these conditions are not fulfilled energy will
be imaged at places off reflectors. For reflectors without overhang this can be achieved, e.g. by using the
one-way wave equation (Baysal et al., 1983). In case of an overhang one needs to allow two-way propa-
gation and therefore is forced to suppress reflections. This can to a certain degree be achieved by applying
impedance matching at the reflectors (Baysal et al., 1984) or by smoothing the background model (Kosloff
et al., 1984). For the various tests the following 2-dimensional wave equations were used:

Two-way wave equation

ρ(x, z)
∂2p

∂t2
= c2(x, z)

[
∂

∂x

(
1

ρ(x, z)

∂p

∂x

)
+

∂

∂z

(
1

ρ(x, z)

∂p

∂z

)]
(1)

Constant-density two-way wave equation

∂2p

∂t2
= c2(x, z)

(
∂2p

∂x2
+
∂2p

∂z2

)
(2)

Impedance-matching two-way wave equation

∂2p

∂t2
= c(x, z)
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One-way wave equation

∂p

∂t
= c(x, z) FFT−1

xz

[
sign(kz) i (k2

x + k2
z)1/2P

]
(4)
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where p is the pressure field, P is the pressure field double Fourier-transformed with respect to directions x
and z, c is the velocity, ρ is the density, kx and kz are spatial wave numbers and FFT−1

xz denotes a double
inverse Fourier transform with respect to x and z. p, c and ρ are functions of the position.
Most of the computational work is needed for calculating the spatial derivatives. The spatial derivatives
were computed by the Fourier method, which avoids numerical anisotropy and allows using coarse grid,
i.e. two grid points per shortest wave length. Since computation of two first derivatives is about twice as
costly as that of one second derivative it can easily be seen that Eqns. (2 and 4) can be solved about twice
as fast as compared to Eqns. (1 and 3).
The time derivatives were replaced by the following finite-difference approximations:

∂2p

∂t2
≈ p(t+ ∆t)− 2p(t) + p(t−∆t)

(∆t)2

and

∂p

∂t
≈ p(t+ ∆t)− p(t−∆t)

2∆t

respectively. For extrapolation in time the resulting expressions are then solved for p(t+ ∆t).

NUMERICAL TESTS WITH A SIMPLE VELOCITY MODEL

To examine the image quality based on the various types of wave equations for a simple model shown
in Fig. 2 15 shot records were computed and subsequently the shots were muted, migrated and finally
stacked (Figs. 4(a)-4(d)). The seismic velocities were 2000, 2500, and 3000 m/s and the densities were
1000, 1500, and 2000 kg/m3, respectively. The model is gridded by spatial increments of 10 m, both,
in horizontal and in vertical direction. The Ricker-like source wavelet had a dominant frequency of 50
Hz. Geophones were placed at any grid point at the surface, i.e. there were 143 traces at a spacing of
10 m recorded. For certain test cases the number of shots was increased or the number of geophones was
decreased. This is explicitly stated in the respective description of the test.

Figure 2: Velocity model.

Figure 3: Migration of Shot 15.
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Various wave equations

(a) Two-way WE. (b) Two-way constant-density WE.

(c) Two-way non-reflecting WE. (d) One-way WE.

Figure 4: Migration results for various types of wave equations.

At first glance the results look very similar. A closer look reveals that there are differences: in Figs. 4(a)
and 4(b) some shades can be observed below the plane and the sinusoidal reflectors. This is due multiple
reflections, which can develop in case of these two types of wave equations. In Figs. 4(c) and 4(d) these
shades are not present.

Different number of shots

In Fig. 5 a comparison with different shot spacings is shown: 50 and 10 m, respectively. Apparently the
amplitudes of the deeper reflectors were slightly enhances when using the higher number of shots. Both
images are scaled according to their maximum.

(a) One-way WE, 15 shots (same as 4(d)). (b) One-way WE, 75 shots.

Figure 5: Comparison: 15 versus 75 shots with one-way wave equation.
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Reduced number of traces

Figure 6 shows the migration result where only every 10th trace was used for input to the reverse modeling
part of the migration procedure. 15 shots were stacked. The image quality degrades due to large geophone
spacing (100 m).

Figure 6: Migration with only every 10th trace.

Noisy data

Figure 7 shows that migrating data with signal/noise ratio of one (15 shots) gives reasonable results,
whereas an S/N ratio of 0.2 obscures the deeper horizons.

(a) S/N ratio = 1. (b) S/N ratio = 0.2.

(c) S/N ratio = 0.2 with a 5 times higher shot density com-
pared to Fig. 7(b).

Figure 7: Migration of data with different S/N ratios.

The comparison of Figures 7(b) and 7(c) demonstrates the well known fact that increasing the number of
shots (stacking fold) can cure the problem of noise.
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Migration velocity errors

Figures 8 and 9 show results with 10 and 20 percent too low and too high migration velocities. The same
relative velocity error was applied to the entire velocity field.

(a) V p/V p0 = 0.8 (b) V p/V p0 = 0.9

Figure 8: Too low migration velocities.

(a) V p/V p0 = 1.1 (b) V p/V p0 = 1.2

Figure 9: Too high migration velocities.

Smoothing the macro model

To show the influence of smoothing (i.e. some sort of averaging) of the velocity model migrations with
different degrees of slowness smoothing were performed. The smoothing procedure was applied to inverse
velocities, i.e. slownesses. Slowness smoothing was chosen because it had turned out that it is better able to
approximately preserve the total traveltimes than averaging directly the seismic velocities. The smoothing
operator has the weights 1

4 ,
1
2 ,

1
4 in each direction. The results are shown in Fig. 10. Even in case of very

strong smoothing the shape of the reflectors are well reconstructed. However, they are mispositioned (see
e.g. the deepest reflector).
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(a) 10 x smoothed model. (b) Migration results of 10 x smoothed model.

(c) 100 x smoothed model. (d) Migration results of 100 x smoothed model.

(e) 1000 x smoothed model. (f) Migration results of 1000 x smoothed model.

(g) 10000 x smoothed model. (h) Migration results of 10000 x smoothed model.

Figure 10: Migration results from different degrees of slowness smoothing.

Kirchhoff migration for comparison

A comparison of the reverse-time and Kirchhoff pre-stack depth migration results are given below. The
traveltime tables were generated with the wave front oriented ray tracing (WRT) by Coman and Gajewski
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(2001). Trying to use SU’s RAYT2D it delivered incomplete traveltime tables, i.e. at many grid points no
traveltimes were computed. Therefore the latter algorithm could not be used. Compared to the reverse-
time migration results it becomes obvious, that the amplitudes (reflectivities) of the reflectors are different.
Apparently the lower reflectors are of lower amplitude in the reverse-time migration compared to the Kirch-
hoff results. This can be explained by the fact, that the amplitude of the direct wave in the forward part of
the migration procedure suffers from geometrical spreading. The result is that the correlation of the traces
from the forward and the reverse modeling is weaker at greater depth.

(a) Figure 4(d) (repeated). (b) Kirchhoff migration result, 100 x smoothed.

(c) Like Fig. 11(b) but 75 shots.

Figure 11: Comparison of reverse-time and Kirchhoff migration results.

The Kirchhoff migration result in Fig. 11(b) obviously suffers much more from the low shot density than
reverse-time algorithm. Increasing the number of shots by a factor of five (Fig. 11(c)) lets the top reflector
appear continuous.

Geometrical spreading compensation

For compensating the geometrical spreading of the forward modeling part the recorded subsurface traces
were normalized by its individual RMS, maximum, or L1-norm value of amplitude. The results without and
with normalization are shown in Fig. 12. It is assumed that for the reverse modeling part no compensation
for geometrical spreading is necessary, since the wave field excited from the receivers reverse in time will
be focussed at the reflectors.
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(a) Without scaling. (b) With scaling (RMS).

(c) With scaling (maximum). (d) With scaling (L1).

Figure 12: Comparison of migration results without and with normalization.

MIGRATING THE PICROCOL MODEL

The synthetic data for the Picrocol model were computed by the Fourier method. The size of the model was
14 km in horizontal and 4.12 km in vertical direction with a spatial discretization of 5 m. The velocities
varied between 1700 and 5000 m/s. The velocity model is shown in Fig. 13.
81 shot records were generated where the total propagation time was 3 seconds. The shot distance was 100
m. An end-on configuration was used, where the shot location was to the left of the receivers. The first and
last shot was located at 1 km and 9 km, respectively. The number of receivers was 207 with a spacing of
20 m. The offsets were between 0-4120m.
The data were muted to remove the direct wave. In addition they were high-pass filtered to get rid of
artifacts from boundary reflections.

Reverse-time migration of the Picrocol data set

The migration algorithm is based on a grid with a dicretization of 10 m, which fulfills the spatial Nyquist
condition. The timestep size was 0.4 ms, in total 7500 steps.
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Figure 13: The Picrocol velocity model.

Comparison of migration results from the reverse-time migration using offsets up to 1000 m and all avail-
able offsets, respectively, are shown in Fig. 14.

(a) Offsets up to 1000 m.

(b) All available offsets.

Figure 14: Reverse-time migration results of the Picrocol model with different offset ranges.

The image based on a limited number of offset appears more clear than the image with all available offsets.
It is not completely clear, why the reflectors appear less sharp in the latter case. A possible explanation is
that the synthetic data contain artifacts, like boundary reflections.
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Figure 15: The smoothed Picrocol model.

(a) Offsets up to 1000 m.

(b) All available offsets.

Figure 16: Reverse-time migration results with smoothed Picrocol model with different offset ranges.

Also the results based on a smoothed macro model suffer from artifacts when using the whole offset range
for the shot gather migration.
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Figure 17: Migration results of the Picrocol model applying the constant-density wave equation.

To show the effect of energy being reflected between interfaces the same data set was migrated using the
constant-density wave equation, which allows propagation of multiple reflections. Here offsets up to 1000
m were used. As can be seen in Fig. 17, due to imaging of multiples at wrong locations as described earlier,
strong shading between the interfaces appears, especially at the upper portion of the model.

Figure 18: Migration results of the Picrocol model applying the impedance-matching wave equation.

Figure 18 shows migration results using the impedance-matching two-way wave equation with offsets up
to 1000 m. Comparing the results to Figs. 14(a) and 17 it can be seen that the impedance-matching wave
equation produces more artifacts than the one-way wave equation but less than the constant-density wave
equation.

Kirchhoff depth migration of the Picrocol data set

For comparison with the reverse-time migration results from the Kirchhoff depth migration using offsets
up to 1000 m and all available offsets, respectively, are shown in Fig. 19. Because of the algorithm (wave
front oriented ray tracing) for traveltime table generation the migration is based on a smoothed version of
the Picrocol velocity model.
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(a) Offsets up to 1000 m.

(b) All available offsets.

Figure 19: Kirchhoff migration results of the Picrocol model with different offset ranges.

Comparing the reverse-time and Kirchhoff migration results there are no striking differences. However, the
horizons in the image of the reverse-time migration has a larger extension to the right. The reason for this
is not clear, since in both methods the same number of shots with the same offsets were migrated. In the
case of migration with all offsets also the Kirchhoff migration shows some artifacts below the reflectors.
Like in the simple test case the deeper reflectors are stronger here similar to the case of the reverse-time
migration.

CONCLUSIONS

Tests with synthetic data under controlled conditions showed that reverse-time pre-stack depth migration
produces good results, which partly are superior to the ones obtained by Kirchhoff depth migration. The
test show in particular that the method is quite stable with respect to errors in migration velocities, macro
model smoothing, noise contamination of the shot records, and to shot and receiver density. Reverse-time
migration has no restrictions regarding the smoothness of the macro model, like certain algorithms for
traveltime table calculation. One needs to decide carefully, which wave equation is to be used in order to
resolve certain structural features, like overhangs. In the present form the reverse-time migration does not
produce ’true amplitudes’. The CPU time requirements are very high compared to Kirchhoff migration:
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For the case of the Picrocol model a factor of about 60 more CPU time was used. For the future it is planned
to search for ways to improve the efficiency of the above described reverse-time pre-stack depth migration.

ACKNOWLEDGMENTS

Colorado School Of Mines’ Seismic Unix (SU) was used for certain processing steps and for the generation
of figures. This work was supported by the University of Hamburg.

REFERENCES

Baysal, E., Kosloff, D., and Sherwood, J. (1983). Reverse-time migration. Geophysics, 48:1514–1524.

Baysal, E., Kosloff, D., and Sherwood, J. (1984). A two-way non-reflecting wave equation. Geophysics,
49:132–141.

Chang, W. F. and McMechan, G. A. (1986). Reverse-time migration of offset vertical seismic profiling
data using the exitation-time imaging condition. In Geophysics, volume 51, pages 67–84. Soc. of Expl.
Geophys.

Coman, R. and Gajewski, D. (2001). Estimation of multivalued arrivals ind 3-D models using wavefront
ray tracing. In Expanded Abstracts, pages 1265–1268.

Kosloff, D. and Baysal, E. (1982). Forward modeling by a Fourier method. Geophysics, 47:1402–1412.

Kosloff, D., Reshef, M., and Loewental, D. (1984). Elastic forward modeling by the Fourier method.
Geophysics, 49:634–634.

Schuster, G. (2002). Reverse-time migration = generalized diffraction stack migration. In 72nd Ann.
Internat. Mtg, pages 1280–1283. Soc. of Expl. Geophys.



177

Detection of caustics and interpolation of later-arrival traveltimes

C. Vanelle, J. Dettmer, and D. Gajewski

email: vanelle@dkrz.de
keywords: Traveltimes, Interpolation, Kirchhoff Migration, Caustics

ABSTRACT

Interpolation of seismic traveltimes plays an important role for many applications. However, interpo-
lation schemes based on a local approximation of the traveltime functions fail in the presence of later
arrivals and triplications of the wavefronts. In this paper we suggest a method to locate triplications
and correctly interpolate first and later-arrival traveltimes using a hyperbolic traveltime expression.

INTRODUCTION

Multi-arrival traveltimes are important for a variety of applications, e.g., for migration. Due to the high
demands in computational storage it is common to apply traveltime interpolation onto the fine migration
grid. An efficient and accurate interpolation method can lead to a significant reduction of computer storage.
However, interpolation schemes based on a local approximation of the wavefronts fail in caustic regions, as
shown in our examples below (Figures 8–10, left). Except for the regions surrounding the discontinuities
in the wavefronts the errors of the interpolation are very small. The high errors near the discontinuities
are caused by the fact that local interpolation schemes usually approximate the wavefronts with smooth
functions. Therefore, they fail in the vicinity of discontinuous wavefronts.

METHOD

The hyperbolic traveltime formula

The method is based on the hyperbolic traveltime expansion described in Vanelle and Gajewski (2002),
which uses the Taylor expansion of the squared traveltime, T 2, near a receiver at g0. It leads to

T 2(g) = (T0 + q ∆g)2 + T0 ∆g>G ∆g , (1)

introducing the slowness vector q and the second-order derivative matrix G,

q =∇T and Gij =
∂2T

∂gi ∂gj
.

If the coefficients T0, q, G are known for a position g0, they can be used to interpolate traveltimes in the
vicinity of g0 using Equation (1). Let traveltimes be given on coarse grids. These can be used to determine
the coefficients of (1) and then carry out traveltime interpolation onto a finer grid. The coefficients of a
variant of the hyperbolic equation including source terms (Vanelle and Gajewski, 2002) can also be used
to compute weight functions for amplitude-preserving migration (Gajewski and Vanelle, 2002).

Determination of the coefficients

Consider the traveltime T0 from a source at the position s0 to a receiver at g0 as expansion point and the
traveltimes T1 and T2 which lie on the coarse grid positions adjoining g0 at g0 ±∆gx (see Figure 1). The
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T0T1 T2

s0

g0

Figure 1: Traveltimes T0, T1, T2 on the coarse grid with spacing ∆gx.

traveltimes T1 and T2 are substituted into the hyperbolic expression (1):

T 2
1 = (T0 − qx ∆gx)2 + T0Gxx ∆g2

x

T 2
2 = (T0 + qx ∆gx)2 + T0Gxx ∆g2

x

This resulting system of equations is solved for the two unknowns qx and Gxx:

qx =
T 2

2 − T 2
1

4T0 ∆gx
and Gxx =

T 2
2 + T 2

1 − 2T 2
0

2T0 ∆g2
x

− q2
x

T0

The coefficients qz and Gzz are determined accordingly from traveltimes to g0 ±∆gz and so forth.

Traveltime interpolation

With all coefficients of (1) determined, the interpolation onto the fine grid can be carried out, as shown in
Figure 2.

Figure 2: Interpolation of traveltimes onto the fine grid. The high accuracy and efficiency of the hyper-
bolic interpolation method was in detail investigated by Vanelle and Gajewski (2002). Examples including
complex 3D models and interpolation of the source position can also be found there.

Discontinuities in the first arrival traveltimes

Equation (1) requires continuity of first- and second-order traveltime derivatives. This is apparently not
fulfilled for first arrivals in the vicinity of a triplicated wavefront. Therefore the determination of the
coefficients, and thus the traveltime interpolation fails, as displayed in Figure 3. The coefficients at both
coarse grid points that frame the discontinuity, and therefore the interpolated traveltimes in the region
surrounding them are affected.

The problems in caustic regions are not restricted to the hyperbolic expression but occur with every
interpolation scheme based on a local approximation. To correctly deal with these regions, the traveltime
branches left and right of the discontinuity need to be treated individually, e.g. by extrapolation from
unaffected coefficients, as Figure 4 demonstrates.

In conclusion, to obtain better traveltimes in the vicinity of a discontinuity, we must

• locate the position of the discontinuity (denoted by P , see Figure 7),

• extrapolate traveltimes onto the fine grid from both sides until P using the nearest unaffected coeffi-
cients.
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Figure 3: Traveltime curve (dotted line) and hyperbolic approximation (solid line). Coefficients computed
from traveltime values at both sides of a discontinuity lead to a misfit between g3−∆gx/2 and g4 +∆gx/2.

gx

T

g1 g2 g3 g4 g5 g6

Figure 4: The coefficients at grid points g3 and g4 are wrong. Better fitting traveltimes can be obtained by
extrapolation from g2 and g5.

Discontinuities and multi-arrival traveltimes

If multi-arrival traveltimes are available, they can be interpolated individually with a set of coefficients
at each coarse grid point for each arrival. However, we encounter a similar problem as for the use of
first-arrival traveltimes only: near a triplication of the wavefront we need to decide on the appropriate
combination of first- and second-arrival traveltimes for the computation of the coefficients (see Figure 5).
This combination depends on the position of the discontinuity.

X

T

g1 g2 g3 g4 g5 g6

Figure 5: First-, second-, and third-arrival traveltimes. The correct coefficients, here for the first (solid
line) and second (dashed line) arrivals at g4, can be obtained from combining the appropriate traveltimes
as shown.

Here the strategy to correct the traveltimes is to

• locate the position of the discontinuity,

• correct the coefficients,

• interpolate the left and right branches separately for first and later arrivals.
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Figure 6: The coefficients at grid points g3 and g4 are wrong. Traveltimes are extrapolated from g2 and
g5. They intersect at P , the location of the discontinuity.

Locating discontinuities

A discontinuity leads to a negative value of the coefficient Gxx for the first-arrival traveltimes at the two
coarse grid points which frame it (Figure 4). To detect a discontinuity we search for grid points whereGxx

is significantly more negative than in their surroundings. We then extrapolate the traveltimes from the next
unaffected grid points on the left and right towards the discontinuity and solve for the intersection point P ,
as shown in Fiure 6. The coefficients Gzz are investigated accordingly.

EXAMPLES

Detection of discontinuities

In this first example we demonstrate the detection of discontinuities in the first-arrival traveltimes. Tra-
veltimes were generated on a coarse grid with 100 m spacing using the wavefront oriented ray tracing
technique (Coman and Gajewski, 2001) for a model with a low velocity lens. The discontinuities were de-
tected as described above, by first selecting coarse grid points with negativeGxx followed by extrapolation
from uncontaminated grid points and solving forP , the location of the discontinuity. Figure 7 demonstrates
the reliability of the detection.

Detection of discontinuities

0

0.5

1.0

z 
[k

m
]

0 0.5 1.0
x [km]

Figure 7: Detection of discontinuities: isochrones and the detected locations P on the fine grid. The
mismatch between the real and detected position near z = 0 is a border effect.

Extrapolation of first-arrival traveltimes

In this example we have used first arrival traveltimes only. The coefficients were determined and the
traveltimes interpolated onto a fine 10 m grid. In regions with discontinuous wavefronts, the discontinuities
were detected and traveltimes were extrapolated from uncontaminated grid points. The resulting relative
errors are shown in Figure 8. Whereas the mean error for the traveltimes from the original hyperbolic
interpolation without considering the discontinuities is 0.113 %, the error was reduced to 0.014 % by the
extrapolation in the affected region.
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Figure 8: Extrapolation of first-arrival traveltimes. Left: only hyperbolic interpolation was carried out. On
the right the traveltimes in the region surrounding the discontinuity were corrected by extrapolation from
unaffected grid points. This technique of traveltime extrapolation can also be applied in combination with
multi-arrivals, e.g., in regions where a caustic begins to form and later arrivals are not yet available for all
of those coarse grid positions where they are needed for the determination of the coefficients.

Interpolation of multi-arrival traveltimes

This example shows how the accuracy of the interpolation of first and second arrivals is enhanced by our
technique. Third and later arrivals can be treated accordingly. Hyperbolic traveltime interpolation was
carried out using the uncorrected coefficients for first and second arrivals. The resulting relative errors are
shown in the left part of Figure 9 for the first arrivals, and Figure 10 for the second arrivals. Then the
discontinuities were detected and the coefficients were corrected for both first and second arrivals. Travel-
times were interpolated onto the fine grid using the appropriate coefficients for each fine grid point. The
results are shown in Figures 9 and 10 (right). For the first arrivals the mean error was reduced to 0.014 %,
as in the case of extrapolation. For the second arrivals the mean error was reduced from 0.249 % in the
uncorrected version to 0.006 %.

As already indicated, we can combine the extrapolation technique with the interpolation using corrected
coefficients in regions where the triplications form.
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Figure 9: Interpolation of first-arrival traveltimes. Left: without accounting for discontinuities, right: with
corrected coefficients using first and second-arrivals traveltimes.

CONCLUSIONS AND OUTLOOK

We have introduced a method to detect caustics and regions with discontinuous wavefronts. With this
information we can correctly handle the traveltime branches and thus overcome the problems related to
local traveltime approximations in the vicinity of discontinuous wavefronts. We have shown in a simple
example that the errors can be reduced by a magnitude with our technique. Investigations carried out by
Dettmer (2002) show that the method performs equally well in 3D. In this case, however, we must take
care to distinguish between line foci and point foci (Figure 11).
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Figure 10: Interpolation of second-arrival traveltimes. Left: without accounting for discontinuities, right:
with corrected coefficients.
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Figure 11: First-arrival wavefronts forming a line focus (left) and a point focus (right). The circles indicate
the locations of the discontinuities.

We are currently working on an implementation that also considers discontinuities for the interpolation
of the source position (Vanelle and Gajewski, 2002). Since the coefficients involved in the correspond-
ing expression can be used to compute geometrical spreading from traveltimes (Vanelle and Gajewski,
2003), this extension will also lead to more accurate geometrical spreading in regions with discontinuous
wavefronts. The geometrical spreading is a key ingredient to compute true-amplitude migration weight
functions. Here, later arrivals are crucial for the imaging of complex structures (Geoltrain and Brac, 1993).
Pending further investigation this will make the method particularly suited for an application within the
traveltime-based strategy for amplitude-preserving migration (Gajewski and Vanelle, 2002).
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ABSTRACT

In areas with topographic variations, acquisition and processing of seismic data is a challenging task
for exploration geophysicists. Although there exist methods to adjust the measured data to a flat da-
tum, it is sometimes advantageous or even mandatory to migrate the data directly from topography
in order to get high-quality migrated images. Apart from the direct effects of a non-flat measurement
surface, the data processing is often further complicated due to an irregular measurement geometry.
Kirchhoff migration is a suitable tool to handle such data in an efficient and amplitude-preserving way.
However, several important aspects must be considered: migration weights must refer to the actual
topographic measurement surface and its local dip and need to honor the local acquisition geometry.
In addition, a careful estimation of the velocity model and the traveltime tables is necessary. Then,
Kirchhoff true-amplitude prestack migration does not only produce kinematically correct images but
also enables further studies that rely on the dynamic information of the migration output. A promi-
nent example for such investigations is the analysis of amplitude variation with offset or angle in the
prestack migrated images.

INTRODUCTION

Migration is an important step in the processing of seismic reflection data. In the course of the years, migra-
tion algorithms have much improved and prestack migrated data serve nowadays, in addition to providing a
structural image, also as input for further analyses, e. g., amplitude versus offset (AVO) or amplitude versus
angle (AVA) studies.

One of the oldest but also one of the most frequently used migration methods is Kirchhoff migration. Its
algorithmic framework has been laid by Hagedoorn (1954) who presented a graphical migration scheme
based on surfaces of maximum convexity. His work was later related to the wave equation and became
familiar as Kirchhoff migration (Schneider, 1978). Kirchhoff depth migration treats each point M in the
subsurface on a sufficiently dense grid like a diffraction point. In an a-priori given macrovelocity model, the
relevant part of the Green’s function of a point source at any single diffraction pointM in the depth domain
is calculated. The kinematic part of this Green’s function is the configuration-specific diffraction traveltime
surface. The migration output that is assigned to a depth point M is obtained by stacking the amplitudes
of the filtered input seismogram along this surface. This explains why the Kirchhoff migration scheme is
also called diffraction-stack migration. If desired, the effect of geometrical spreading can be removed from
the output amplitudes by multiplying the data during the stack with a true-amplitude weight factor that
can be calculated from the dynamic part of the Green’s function. Then, the amplitudes in the obtained so-
called true-amplitude migration result can serve as a measure for the angle-dependent reflection coefficient
provided that other influences on the amplitude such as, e. g., transmission loss or source/receiver coupling
effects are modest or can be corrected for.

In the last decades, many different migration algorithms have been developed; a rather complete dis-
cussion of the advantages and disadvantages of established methods can be found in Gray et al. (2001).
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Although it has turned out that some of these methods can, at least in some scenarios, produces better
images, the Kirchhoff method is still a competitive and widely investigated tool. The question is why? To
answer this question, let us briefly summarize some properties of Kirchhoff migration: (1) The kinematic,
i. e., traveltime-related, aspects of the method are easy to understand and to describe by means of Hage-
doorn’s shoestring migration approach (Bleistein, 1999). This allows, e. g., to explain artifacts that can
arise in the context of limited-aperture Kirchhoff migration in a geometrical way (Hertweck et al., 2003).
(2) Kirchhoff migration is able to handle vertically and laterally inhomogeneous media and provides in
most cases reliable and accurate results while being efficient at the same time. (3) The method allows
to image dips in the subsurface that are larger than 90 degrees. This handling of turning rays depends,
however, on the method used to calculate the relevant Green’s functions. (4) The migration technique is
very flexible and allows the target-oriented processing of seismic data. (5) Kirchhoff migration can readily
handle measurement surfaces with topographic variations and, closely related, irregular acquisition geome-
tries without the need of redatuming or data regularization. This can be advantageous as was pointed out by
Gray and Marfurt (1995). In the following sections, we will show that migration of such irregular data does
not only yield a kinematically correct image of the subsurface, but can be applied in the above described
true-amplitude sense, thus providing an output suitable for AVO/AVA analyses.

Mathematically, the Kirchhoff migration process is expressed as an integration over the recorded wave-
field and reads in the 3D case (Schleicher et al., 1993)

V (M) =
−1

2π

∫∫

A

dξ1dξ2 W3D(ξ1, ξ2,M)
∂U(ξ1, ξ2, t)

∂t

∣∣∣∣
t=τD(ξ1,ξ2,M)

, (1)

where V (M) is the value assigned to one diffraction point M in the depth domain after migration and
U(ξ1, ξ2, t) denotes the principal component of the data in the time domain (seismogram). These data are
assumed to consist of analytic (complex) traces which are formed by the actual traces recorded in the field
as the real parts and their Hilbert transforms as the imaginary parts. In this way, migration by equation (1)
correctly treats the phase shifts due to complex reflection coefficients (supercritical reflections) and pos-
sible caustics along the ray paths. The vector ~ξ = (ξ1, ξ2) is the so-called configuration parameter and
represents the trace position. Sources and receivers are grouped into pairs, whose locations are described
as a function of ~ξ. The actual form of this function depends on the measurement configuration. The migra-
tion aperture A is the region over which ~ξ varies to cover all source-receiver pairs used in the stack. The
factorW3D(ξ1, ξ2,M) is the true-amplitude weight function needed for the compensation of the geometri-
cal spreading effect. This weight may (true-amplitude migration) or may not (purely kinematic migration)
be included in the migration scheme. The stacking surface t = τD(ξ1, ξ2,M) is the diffraction traveltime
surface for the depth pointM . The time derivative ∂U/∂t is needed in order to correctly recover the source
pulse (Newman, 1975).

In the 2.5D case where the model parameters are assumed to vary only with respect to the direction par-
allel to the seismic acquisition line (inline direction), the integral in the perpendicular direction (crossline
direction) can be solved by the method of stationary phase. Thus, the stacking surfaces shrink to lines and
the resulting formula for 2.5D Kirchhoff migration reads (Martins et al., 1997)

V (M) =
1√
2π

∫

A

dξ W2.5D(ξ,M) ∂t1/2U(ξ, t)
∣∣∣
t=τD(ξ,M)

, (2)

where ∂t1/2 denotes the Hilbert transform of the time half-derivative. This is the 2.5D filter operation
corresponding to the time derivative applied in the 3D case.

In all practical implementations of Kirchhoff migration, the integrals in equations (1) and (2) are re-
alized by a summation process, the variables of integration dξ1dξ2 and dξ are replaced by the discrete
quantities ∆ξ1∆ξ2 and ∆ξ, respectively. The resulting equation for 3D is

V (M) =
−1

2π

∑∑
∆ξ1∆ξ2 W3D(ξ1, ξ2,M)

∂U(ξ1, ξ2, t)

∂t

∣∣∣∣
t=τD(ξ1,ξ2,M)

, (3)

and the corresponding expression for 2.5D reads

V (M) =
1√
2π

∑
∆ξ W2.5D(ξ,M) ∂t1/2U(ξ, t)

∣∣∣
t=τD(ξ,M)

. (4)
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Figure 1: Determination of the local trace weighting factor ∆ξ in 2.5D poststack migration. The dashed
trace is weighted by half the midpoint distance between its neighboring traces.

TOPOGRAPHY AND IRREGULAR ACQUISITION GEOMETRY

For migration of data recorded with an irregular measurement geometry and/or on a non-flat measurement
surface, several aspects have to be considered:

• For the computation of the traveltimes (necessary for the construction of the stacking operator τD)
the actual topographic measurement surface must be taken into account. This is fundamental, no
matter if one is interested in “true” amplitudes or if a purely kinematic migration is to be performed.

• The true-amplitude weight function must refer to the actual measurement surface. A detailed deriva-
tion of a true-amplitude weight that is valid for migration from topography was carried out by Spinner
(2003), see also Jäger et al. (2003).

• Irregular acquisition geometries result in non-constant factors ∆ξ1∆ξ2 or ∆ξ, respectively. If we
look at equations (3) and (4), it is obvious that these quantities affect the amplitudes of the migration
result. Therefore, each input trace has to be weighted, in addition to the true-amplitude weight
function, by a local estimate of ∆ξ1∆ξ2 or ∆ξ, respectively, in order to yield output amplitudes that
are not falsified by the irregular geometry. Furthermore, ignoring an irregular acquisition geometry
leads to artifacts known as acquisition footprint.

Determination of the trace spacing ∆ξ1∆ξ2 and ∆ξ

Weighting the input traces by a quantity that accounts for an irregular acquisition geometry is known as
acquisition footprint removal in the literature (Canning and Gardner, 1998; Jousset et al., 1999, 2000). For
2.5D poststack migration, the determination of a local ∆ξ is quite simple (Figure 1). Assuming that all
traces in the poststack dataset are sorted with respect to ξ which could be, e. g., the midpoint coordinate,
each trace is weighted by half the distance between the two neighboring traces, i. e., with

∆ξi =
ξi+1 − ξi−1

2
, i = trace number . (5)

For 2.5D prestack migration, ∆ξ can be determined in a similar way. For a prestack or common-offset
(CO) migration, the input is divided into offset bins; all traces inside such a bin are then migrated into
a prestack-migrated CO panel. To account for an irregular acquisition geometry, the traces are weighted
again by the midpoint increment of their neighboring traces. But now, only traces inside the current offset
bin are considered for the calculation of ∆ξ as is depicted in Figure 2.

The determination of the local trace weighting factor becomes more tedious in 3D. For the estimation of
∆ξ1∆ξ2 we have to find an area that describes the distribution of neighboring traces. Canning and Gardner
(1998) have shown that a very suitable measure for this local trace weighting factor is the the Voronoi
cell (Voronoj, 1908). Voronoi cells can be constructed making use of a Delaunay triangulation (Delaunay,
1934) for the considered point set. In the poststack case, this point set consists of all shot/receiver locations



Annual WIT report 2003 187

common−offset panel
prestack migrated

t

2 ∆ ξ
of

fs
et

midpoint

z

offset bin
size of

Figure 2: Determination of the local trace weighting factor ∆ξ for 2.5D prestack (common-offset) migra-
tion. For the trace denoted by the circle, ∆ξ is set to half the midpoint distance between its neighboring
traces in the corresponding offset bin. Points denote trace positions.

ξ1

ξ2

Figure 3: Voronoi cells. The points denote trace positions while the dashed lines denote some edges
resulting from a Delaunay triangulation. The shaded areas are the Voronoi cells. The boundaries of a
Voronoi cell are formed by the perpendicular bisectors to the edges containing the considered point.

of the 3D zero-offset (ZO) section to be migrated. The resulting triangles have the property that no points
are located inside the circle through the three vertices of any such triangle. To obtain the Voronoi cell for
a selected trace position, we construct the perpendicular bisectors to the edges containing the considered
point. The intersection points of these bisectors are the vertices of the searched for Voronoi cell (Figure 3).
In a descriptive way, the Voronoi cell for some input trace position consists of all points in the ξ1-ξ2-
plane that are closer to the current trace location than to any other. For 3D prestack migration, the above
considerations for the poststack case have to be extended similarly as for the previously discussed 2.5D
situation (Jousset et al., 1999). Compared to the overall computational costs of migration the estimation
of Voronoi cells is cheap and many sophisticated algorithms exist for this purpose. Therefore, they are a
suitable tool to minimize the effects of an irregular acquisition geometry on the migration output.

Handling of topography

The true-amplitude weight functions in equations (1) and (2) depend, among other quantities, on the ray
take-off and ray emergence angle, measured versus the normal vector to the measurement surface. For a
2.5D migration, the topographic variations along the acquisition line can be efficiently described by means
of a spline interpolation which provides the necessary dip of the surface topography at every shot/receiver
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Figure 4: Sketch of a subset of a Delaunay triangulation result.

location. Unfortunately, a spline interpolation is very costly in case of 3D processing. Moreover, most
spline interpolation implementations require lattice points distributed regularly in the ξ1-ξ2-plane which
would require a regularization prior to migration for the considered irregular geometries. Therefore, we
describe the measurement surface in a different way in the 3D case, making use of the Delaunay trian-
gulation that we perform anyway in order to calculate the weighting factor ∆ξ1∆ξ2. The result of this
triangulation process, a selected midpoint together with its nearest neighbors, is depicted in Figure 4. For
the calculation of the Voronoi cells (the shaded area in the ξ1-ξ2-plane) the elevation of the input points was
ignored. In the poststack case these points correspond to physical shot/receiver positions. If we take their
elevation into account, the resulting triangles (solid lines in Figure 4) approximate the actual measurement
surface. The normal vector ~n at a selected vertex can then be estimated from the normal vectors of the
adjacent triangles by means of weighted interpolation:

~n =
∑

i

wi ~ni , i = 1 . . . n . (6)

The normal vectors ~ni of the n adjacent triangles can easily be determined from two edges of the respective
triangle. In order to take into account the irregular distribution of input points, the weight wi can be chosen
inversely proportional to the area of the ith triangle.

DATA EXAMPLE

To test 2.5D true-amplitude migration applied directly to data recorded with an irregular acquisition geom-
etry on a non-flat topography, we made use of the simple synthetical model that is shown in Figure 5. This
model consists of two homogeneous layers separated by a horizontal interface at a depth of z = 1 km. The
p-wave velocities of these layers are vp1 = 2 km/s and vp2 = 3 km/s, respectively. The density is constant
in the overall model.

2.5D poststack migration

As input for a poststack migration, the ZO section shown in Figure 6 was calculated by means of dynamic
ray tracing. For this purpose, shots were randomly placed on the curved measurement surface in such
a way that the resulting average trace spacing is 10 m. This seismogram was then migrated directly from
topography. The local dip of the topography that enters into the true-amplitude weight function is calculated
on the fly during migration, making use of a spline interpolation. To obtain the migrated image depicted in
Figure 7a), the input traces where additionally weighted by the local trace increment determined by means
of equation (5). Approximating ∆ξ in equation (4) by the constant average trace increment is not sufficient
as can be seen from Figure 7b) where the resulting acquisition footprint distorts the reflector image. If we
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Figure 5: Synthetic 2.5D model. Shots and receivers are randomly placed along the indicated measurement
surface with an elevation that varies between 0 m and 310 m.
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Figure 6: ZO section obtained by dynamic ray tracing in the model depicted in Figure 5. Shots/receivers
were distributed randomly along the non-horizontal measurement surface. The effects of the irregular
acquisition geometry and the topography are clearly visible.

look at the maximum amplitudes picked along the reflector in these two migrated images, the effects of the
irregular acquisition geometry are even stronger (Figure 8). While the maximum amplitudes picked along
the reflector image in Figure 7a) (dashed curve) are a very good measure of the actual normal-incidence
reflection coefficient, the amplitudes in Figure 7b) (dotted curve) are strongly affected by the artifacts
arising from the irregular distribution of traces in the input seismogram (Figure 6). Since the maximum
amplitude is constant along the reflector image in Figure 7a) we can also conclude that the applied true-
amplitude weight function has correctly removed the effects of the non-horizontal measurement surface.

2.5D prestack migration

To test 2.5D true-amplitude prestack migration from topography for an irregular measurement geometry,
we calculated a multicoverage dataset for the same synthetic depth model described above. Source/receiver
pairs were randomly distributed along the topography in such a way that each offset bin (10 m) contains
300 traces. The resulting average midpoint increment in each bin is 10 m and the offsets range from 0 m to
1800 m. The acquisition geometry is depicted in Figure 9 were the trace locations are plotted as points in
the midpoint-offset plane.

For the prestack depth migration, the input seismogram was divided into offset bins. As we have pro-
posed, the input traces were weighted, in addition to the true-amplitude weight, by the local midpoint
increment in the respective offset bin (see Figure 2). The final prestack migration result that is already
stacked in the offset direction is displayed in Figure 10a), no acquisition footprint is visible. If the irregular
acquisition geometry is ignored and the input traces are only weighted by the constant average midpoint
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Figure 7: Migration of the ZO section displayed in Figure 6. The input traces where weighted by a) the
local trace increment and b) the constant average trace increment of 10 m, respectively.
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Figure 8: Comparison of amplitudes after true-amplitude migration. The dashed curve corresponds to
the amplitudes picked in Figure 7a) while the dotted curve is obtained by picking the maximum ampli-
tude along the reflector in Figure 7b). The analytically computed plane-wave normal-incidence reflection
coefficient is 0.2 (solid line).
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Figure 9: Irregular 2.5D multicoverage dataset: traces denoted by dots are randomly distributed in the
midpoint-offset plane in such a way that each offset bin (10 m) contains 300 traces.
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Figure 10: Prestack migration result of the irregular multicoverage dataset; all common-offset migrated
panels were stacked along the offset axis. The input traces where weighted by a) the local trace increment
and b) the constant average trace increment of 10 m, respectively.

increment in the offset bins, the resulting, stacked, migration output is Figure 10b). As there is no visible
difference between these two images the determination of the local midpoint increment may seem to be un-
necessary. The situation is, however, different when looking at individual CO-migrated panels (Figure 11)
or common-image gathers (CIGs) (Figure 12) before stacking the CO-migrated panels. These images are
strongly affected by artifacts if the irregular geometry is not accounted for. AVA/AVO curves are obtained
by picking the amplitudes along events in CIGs. Doing this for the CIGs in Figure 12a) and b) yields the
values depicted in Figure 13 by circles and crosses, respectively. We can clearly observe the effects of the
acquisition footprint in Figure 12b) while the amplitudes picked in Figure 12a) are very close to the AVA
curve computed analytically by means of the Zoeppritz equation (Zoeppritz, 1919).

3D poststack migration

To test 3D poststack migration of data recorded with irregular acquisition geometry on topography, we
extended the model shown in Figure 5 identically in the y-direction perpendicular to the seismic line. The
3D ZO seismogram consists of 45,030 traces that are randomly distributed on the curved measurement
surface. The shot coordinates are shown in Figure 14. One x-panel of the poststack migration result is
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Figure 11: One CO-migrated panel (offsets between 200 m and 210 m) of the irregular multicoverage
seismogram. The input traces where weighted by a) the local midpoint increment and b) the constant
average midpoint increment of 10 m, respectively.
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Figure 12: CIGs at x=2500 m after prestack migration of the irregular multicoverage seismogram. The
input traces where weighted by a) the local trace increment and b) the constant average trace increment of
10 m, respectively.
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CIGs displayed in Figure 12a) (circles) and 12b) (crosses). For displaying purpose, the offset was trans-
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Figure 14: Location of shots in the irregular 3D ZO seismogram. The box on the upper righthand side is
a zoom of the region 1250 m < sx < 1500 m, 250 m < sy < 500 m. 45,030 traces are randomly distributed
over an area of 4.5 km2, resulting in an average ∆ξ1∆ξ2 of 100 m2.
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Figure 15: One x-panel of the 3D poststack migration result. Input traces were weighted by a) the area of
their Voronoi cell and b) the constant average value 100 m2.

shown in Figure 15a). To obtain this image, the input traces were weighted, apart from the true-amplitude
weight function, by the area of their Voronoi cell. In addition, the result of the intermediate Delaunay
triangulation was utilized to compute the normal vector to the measurement surface which enters into the
true-amplitude weight. As in the 2.5D case, ignoring the irregular distribution of input traces leads to
artifacts which severely degrade the migrated image, see Figure 15b). These artifacts also affect the ampli-
tudes in the migration result (see Figure 16) and may lead to a misinterpretation of the visible amplitude
anomalies. The maximum amplitude picked along the reflector in Figure 15a) is constant and close to the
normal-incidence plane-wave reflection coefficient of 0.2, no distortion due to the non-flat topography or
the irregular acquisition geometry is visible. The relative amplitude error, however, is larger than in case of
the 2.5D migration (Figure 8). The reason for this difference is that in this case the analytical approxima-
tion of the integral in the out-of-plane direction in equation (1) by means of the stationary phase method
(yielding equation (2)) is more accurate than its numerical approximation.

CONCLUSIONS

Kirchhoff migration is a very flexible migration method that can directly handle irregular measurement ge-
ometries and non-flat measurement surfaces. Using a simple synthetic data example, we have shown that
migration applied directly from topography to data recorded with irregular acquisition geometries does not
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Figure 16: Comparison of amplitudes after 3D poststack true-amplitude migration. The dashed curve
corresponds to the amplitudes picked in Figure 15a) while the dotted curve is obtained by picking the
maximum amplitude along the reflector in Figure 15b). The analytically calculated plane-wave normal-
incidence reflection coefficient is 0.2 (solid line).

only yield a kinematically correct image of the subsurface but is also able to relate the output amplitudes
to the angle-dependent reflection coefficient. Prerequisite for accurate and clear migration results is that
the applied true-amplitude weight function honors the elevation and local dip of the topography. Acquisi-
tion footprints affecting the image quality and the amplitudes along reflectors in the migration result can
be minimized by weighting the input traces with an additional quantity describing the local acquisition
geometry. In the 2.5D case, a suitable quantity for this is the midpoint increment of neighboring traces.
For 3D migration, input traces should be weighted by the area of their Voronoi cell. In this way, amplitude
analyses after migration are improved, yielding more reliable information to estimate physical properties
of the subsurface.
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ABSTRACT

Configuration transform operations such as dip moveout, migration to zero offset, shot and offset
continuation use seismic data recorded with a certain measurement configuration to simulate data
as if recorded with other configurations. Common-Shot Migration to Zero Offset (CS-MZO), anal-
ysed in this paper, transforms a common-shot section into a zero-offset section. It can be realized as a
Kirchhoff-type stacking operation for 3D wave propagation in a 2D laterally inhomogeneous medium.
By application of a suitable weight function, data amplitudes are preserved or transformed by replac-
ing the geometrical-spreading factor of the input reflections by the correct one of the output zero-offset
reflections. The necessary weight functions can be computed via 2D dynamic ray tracing in a given
macro-velocity model without any a-priori knowledge regarding the dip or curvature of the reflectors.
We derive the general expression of the weight function in the general 2.5D situation and specify its
form for the particular case of constant velocity. A numerical example validates the expressions and
highlights the differences between amplitude preserving and true-amplitude CS-MZO.

INTRODUCTION

Configuration transforms like dip-moveout correction (DMO), migration to zero-offset (MZO), shot or
offset continuation (SCO and OCO), and azimuth-moveout correction (AMO) have become a field of great
interest in exploration seismics. The objective of a configuration transform is to simulate a seismic section
as if obtained with a certain measurement configuration using the data recorded with another configuration.
This type of imaging process is not only useful in the seismic processing chain for an improved stack, i.e.,
for data reduction and signal-to-noise enhancement, but also for wave-equation-based trace interpolation
to reconstruct missing data and for velocity analysis. There are quite a number of publications in the
area that demonstrate the use of configuration transforms for these purposes, e.g., on MZO and DMO in
the common-offset domain1 (Black et al., 1993; Bleistein and Cohen, 1995; Canning and Gardner, 1996;
Collins, 1997; Tygel et al., 1998) or in the common-shot domain (Biondi and Ronen, 1987), OCO (Fomel,
1994; Fomel and Bleistein, 1996; Santos et al., 1997), SCO (Bagaini and Spagnolini, 1996), AMO (Biondi
et al., 1996).

In this paper, we investigate another of these configuration transform methods, being Common Shot
Migration to Zero-Offset (CS-MZO). Its purpose is to transform a single common shot section into a zero-
offset section. This can be realized as a direct one-step procedure or split up into two steps, these being
a normal-moveout correction (NMO) plus a subsequent common-shot DMO (CS-DMO). The kinematic
properties of the latter process have already been studied by Biondi and Ronen (1987), who also proposed
a cost-effective implementation in the log-stretch domain. To further reduce the method’s computation
time, Cabrera and Levy (1989) and Granser (1994) have suggested approximate versions of the CS-DMO
operator. Hearn (1989) pointed out the importance of controlling the weights for a space-time implemen-

1MZO is defined in homogeneous media as the cascade of NMO and DMO. In inhomogeneous media, MZO is the more general
process that can be split only approximately into NMO and DMO.
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tation of CS-DMO and, based on a geometrical analysis, suggested a first amplitude distribution. Here, we
derive the correct weights for Kirchhoff CS-DMO and CS-MZO.

The main advantage of the common-shot implementation over the standard one in the common-offset
domain is that no data sorting is needed. Moreover, a CS-MZO simulated zero-offset section is obtained
from a different subset of the data than a standard one, thus enabling an independent quality control over
the velocity information used in the procedure. Here, we discuss the realization of an CS-MZO in form of
a Kirchhoff-type stacking operation. Moreover, we address particular features of CS-MZO such as how to
control the simulated zero-offset amplitudes by an adequate weight in the Kirchhoff implementation and
how to choose the correct operator aperture.

There are two main competing concepts in the seismic imaging literature that receive the designations
“amplitude preserving” or “true amplitude”. In this paper, we adopt the term “true amplitude” for imaging
procedures that treat the input amplitudes in such a way that the geometrical-spreading factors are cor-
rectly transformed. We reserve the term “amplitude preserving” for procedures that do not alter the input
amplitudes.

In this work, we discuss CS-MZO weights for both types of amplitude processing. With true-amplitude
weights, the shot moveout procedure proposed here is designed to produce, from a common-shot section,
a simulated zero-offset section that is kinematically and dynamically equivalent to the one obtained from
common-offset data using a true-amplitude MZO. In other words, the true-amplitude weight function for
CS-MZO acts so that the simulated zero-offset amplitudes are proportional to the ratio between the original
angle-dependent common-shot reflection coefficient and the zero-offset geometrical-spreading factor. In
this way, these amplitudes are directly comparable to those obtained from a true-amplitude MZO or from
modeling a synthetic zero-offset section. On the other hand, with amplitude-preserving weights, spherical-
divergence corrected common-shot sections can be transformed to corresponding zero-offset sections so as
to directly enable an AVO or AVA analysis in the time domain.

KIRCHHOFF-TYPE CS-MZO

Like conventional MZO in the common-offset domain, also CS-MZO is based on the general 3D Kirchhoff-
type formula for configuration transforms of Tygel et al. (1996), who discuss a unified approach to amplitude-
preserving seismic reflection imaging for 3D seismic records with an arbitrary measurement configurations
and laterally and vertically inhomogeneous, isotropic macrovelocity models. Here, we consider a 2.5D sit-
uation, i.e., 3D wave propagation in a 2D (isotropic, vertically and laterally inhomogeneous) earth model.
There exist no medium variations in the out-of-plane y-direction perpendicular to the seismic line. In par-
ticular, all reflectors can be specified by in-plane (x, z)-curves. Moreover, all point sources, assumed to
omnidirectionally emit identical pulses, and all receivers, assumed to have identical characteristics, are dis-
tributed along the x-axis so that only in-plane propagation needs to be considered. For the 2.5D problem,
the full 3D geometrical-spreading factor of an in-plane ray can be written as product of in-plane and out-of-
plane factors (Bleistein, 1986). Both quantities can be computed using 2D dynamic ray tracing (Červený,
1987, 2001).

Let the original (input) common-shot measurement configuration be parameterized by the (fixed) source
coordinate s and the (variable) half-offset coordinate h (see Figure 1). On the measurement surface z =
0 and along the seismic line y = 0, these coordinates define the locations of the fixed source at S =
(s, 0, 0) and the corresponding receivers at G = G(h) = (g, 0, 0), where g = s + 2h. At each receiver
positionG, a scalar wavefield induced by the corresponding point source at S is recorded. The output zero-
offset configuration is parametrized by the coordinate s0 that describes coincident source-receiver pairs at
S0(s0) = G0(s0) = (s0, 0, 0).

In the following, we assume that each (real) seismic trace in the input section has already been trans-
formed into its corresponding analytic (complex) trace by adding the Hilbert transform of the original
trace as imaginary part2. Therefore, the output common-offset section will be also considered analytic.
The analytic traces of the input section will be denoted by U(h, t), where t is the time coordinate of
the common-shot section. Correspondingly, the analytic traces of the output section will be denoted by
U0(s0, t0), where t0 is the time coordinate of the simulated zero-offset section.

2Like for other Kirchhoff procedures, the analytic traces are needed to account for caustics along the ray path and to correctly
recover complex reflection coefficients.
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Figure 1: Geometrical properties of a common-shot MZO. Depicted are the common-shot and zero-offset
isochrons z = ZCS and z = ZZO . Their tangency point M∗ defines the CS-MZO stacking line T as a
function of half-offset h for a given point (s0, t0).

Stacking integral

For each point (s0, t0) in the output zero-offset section to be simulated, the stack result U0(s0, t0) will be
obtained by means of a weighted stack of the input data, represented by the following integral

U0(s0, t0) =
1√
2π

∫

A

dhW(h; s0, t0) D
1/2
− [U(h, t)]

∣∣∣
t=T (h;s0,t0)

. (1)

Similarly to the situation in other familiar 2.5D Kirchhoff-type imaging procedures like migration
(Bleistein et al., 1987; Martins et al., 1997), DMO (Black et al., 1993), OCO (Santos et al., 1997), or
MZO (Tygel et al., 1998), the input traces U(h, t) are to be weighted by a certain factorW(h; s0, t0) and
then to be summed up along the stacking line t = T (h; s0, t0). Both functions depend on the point (s0, t0)
where the stack is to be placed, as well as on the variable h that specifies the traces being considered in
the stack. Moreover, A denotes the aperture of the stack, i.e., the range of half-offsets for which data are
available in the input section. Finally, the (time-reverse) time half-derivative, given by

D
1/2
− [f(t)] = F−1

[
|ω|1/2e−i

π
4 sign(ω)F [f(t)]

]
, (2)

whereF denotes the Fourier transform, is needed to correct the pulse shape. It is a natural 2.5D counterpart
(Bleistein et al., 1987) to the full derivative that is part of a full 3D Kirchhoff-type migration scheme
(Newman, 1975; Schleicher et al., 1993).

The stacking line T is defined by the kinematics of the operation, and the weight functionW will be
determined by the desired amplitude behaviour. For the true-amplitude weight function, this is achieved by
imposing the requirement that, asymptotically, the simulated reflections must have the same geometrical-
spreading factor as corresponding true reflections in a zero-offset section. Correspondingly, for the amplitude-
preserving weight, the imposed condition is that of unaltered amplitudes. As shown below, the resulting
true-amplitude weight function does not depend on any reflector properties. It can be computed for any ar-
bitrary point (s0, t0) in the zero-offset section to be simulated using no other information than that provided
by the given smooth macrovelocity model.

Stacking line

The stacking line T is constructed as the inplanat (Tygel et al., 1996) for the configuration transform
problem, which is defined as the kinematic image in the input section of a point in the output section. To
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explain this construction (see also Figure 1 for the constant-velocity case), let us start from a fixed point
(s0, t0) in the output section and compute the corresponding stacking line. The two-step procedure is:

(i) For the given point (s0, t0), draw the isochron in depth, z = ZZO(x; s0, t0). This isochron is
implicitly defined by all depth points M = (x,ZZO(x; s0, t0)) for which the sum of the traveltimes
along the two ray segments S0M and MG0 connecting M to the source-receiver pair (S0, G0),
equals the given time coordinate t0, viz.,

τ(S0,M) + τ(M,G0) = 2τ(S0,M) = t0 . (3)

These traveltimes τ(S0,M) and τ(M,G0) are to be constructed in the given macrovelocity model.
For constant velocity, the resulting isochron is the lower half-circle with center at S0 = G0 and
radius R0 = vt0/2.

(ii) Treat the isochron (3) as a reflector and construct its reflection traveltime curve with the input con-
figuration, i.e., compute the reflection traveltimes for all source-receiver pairs (S,G) by forward
modeling. The resulting CS-MZO stacking curve may then be written as

t = T (h; s0, t0) = τ(S,M∗) + τ(M∗, G) , (4)

where, for each half-offseth, pointM ∗ is the specular reflection point on the isochron z = ZZO(x; s0, t0)
of the source-receiver pair (S,G) specified by h. Point M ∗, which is assumed to be unique, has the
coordinates (x∗,ZZO(x∗; s0, t0)), where x∗ ≡ x∗(h; s0, t0) is obtained using the stationarity con-
dition

∂

∂x
(τ(S0,M) + τ(M,G0))

∣∣∣∣
x=x∗

= 0 . (5)

In the first section of the Appendix, the CS-MZO stacking line t = T (h; s0, t0) for a constant-velocity
medium is actually constructed following the above geometrical prescriptions. It reads

T (h; s0, t0) =
2h

v

√
1 +

R2
0

η(2h− η)
, (6)

where η = s0 − s is the distance between the common source point of the input section and the desired
output point (see again Figure 1). This stacking line or inplanat is, of course, equivalent to the smear-
stacking ellipse or outplanat

(vt0)2

(vt)2 − (2h)2
+

(η − h)2

h2
= 1 (7)

previously derived by Biondi and Ronen (1987) or Hearn (1989).

We see from equation (6) that a real stacking line exists only if η 6= 0, η 6= 2h, and
R2

0

η(η − 2h)
≤ 1.

The first conditions implies that we cannot construct a zero-offset trace at the source position. The second
condition means that for the construction of the zero-offset trace at a distance of η from the source, the trace
recorded at this position must not enter the stack. The requirement of a continuous and smooth stacking
line together with the third of the above conditions already provides a first condition for the aperture A of
stack (1). Certainly, only half-offsets 0 < h < η/2 or h > η/2 will enter the stack. We will see later that
the aperture actually needed is even smaller.

Weight function

Analogously to the above, we now consider the isochron of a point (h, t) in the input section, this isochron
being supposed to exist and being parameterized in the form z = ZCS(x;h, t). For constant velocity, this
is the lower half-ellipse with foci at S and G and semi-axes a = vt/2 and b =

√
a2 − h2. The isochron

z = ZCS(x;h, t) is tangent to the isochron z = ZZO(x; s0, t0) at M∗ for arbitrarily heterogeneous
macrovelocity models.
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Let us now denote the 3D point-source geometrical spreading factors for the ray segments SM ∗ and
M∗G by LS and LG, respectively. Correspondingly, we denote the 3D point-source geometrical spreading
factors for the ray segments S0M

∗ andM∗G0 byL0. Also, the velocity atM∗ is denoted by v∗. Moreover,
let θ denote the incident angle between the ray SM ∗ and the isochron normal at M∗. Note that this is half
the angle between the ray segments SM ∗ and M∗G. We also need the in-plane curvatures K and K0 of
the isochrons z = ZCS(x;h, t) and z = ZZO(x; s0, t0), respectively, at M∗. In homogeneous media,
the latter is a circle with curvature K0 = −1/R0 (see Figure 1). Furthermore, the out-of-plane Fresnel
geometrical-spreading factors (Tygel et al., 1994) of the rays SMG and S0MG0 are denoted by LF and
LF0, respectively. Finally, let hB be the 2D Beylkin determinant (Beylkin, 1985; Bleistein, 1987; Tygel
et al., 1995). With the help of these quantities, the true-amplitude weight functionWTA(h; s0, t0) can be
expressed as

WTA(h; s0, t0) =

(
v∗

2

)3/2 LSLG
L2

0

LF0

LF
1

cos2 θ

|hB |√
|K −K0|

exp{iπ
2
κ} , (8)

where κ = (1 − sign(K − K0))/2. The derivation of expression (8) is virtually identical to that of the
true-amplitude weight function for common-offset MZO (Tygel et al., 1998, see their Appendix A) and is
thus omitted here.

As shown in the Appendix, the true-amplitude CS-MZO weight function (8) reduces for a constant
velocity v to

WTA(h; s0, t0) =
√
T
√

η

(2h− η)3
. (9)

For an amplitude-preserving CS-MZO, i.e., one that does not alter peak amplitudes of reflections from
planar reflectors, the weight function reads

WAP (h; s0, t0) =
t0√
T

√
η

(2h− η)3
. (10)

If the CS-MZO operation (1) is applied to a NMO corrected common-shot section, i.e., as a common-
shot DMO, the stacking line and the weight function must be modified. The CS-DMO stacking line is
obtained from an NMO correction of the CS-MZO stacking line,

tn = T̃ (h, s0, t0) =
√
T 2 − 4h2/v2 =

t0 h√
η(2h− η)

, (11)

where tn is the time coordinate of the NMO corrected common-shot section. The true-amplitude CS-DMO
weight function is

W̃TA(h; s0, t0) =

√
T̃ 2 + 4h2/v2

t0

√
T̃ η

h(2h− η)
, (12)

and the one for an amplitude-preserving CS-DMO reads

W̃AP (h; s0, t0) =
√
T̃ η

h(2h− η)
. (13)

Note that the above weight functions are to be used if the half derivative in the CS-DMO is applied
with respect to the NMO corrected traveltime tn. In many practical implementations of DMO, however,
this derivative is taken with respect to the output zero-offset traveltime t0. In this case, the above weight
functions need to be slightly modified. Then, the true-amplitude CS-DMO weight function reads

W̃TA
0 (h; s0, t0) =

√
T̃ 2 + 4h2/v2

√
t0

η

h(2h− η)
, (14)

and the amplitude-preserving CS-DMO weight function is

W̃AP
0 (h; s0, t0) =

√
t0

η

h(2h− η)
. (15)

The weight function of equation (15) is the CS-DMO equivalent to the one of Black et al. (1993) for a
standard common-offset DMO.
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Figure 2: Earth model for the numerical experi-
ment. Also shown is the ray family for the mod-
eled common-shot experiment.

Figure 3: Ray-synthetic common-shot data for
the numerical experiment.

Comparison to Hearn’s weight

Based on a geometrically appealing discussion of amplitudes, Hearn (1989) has already suggested an
amplitude-preserving CS-DMO weight function. However, a simple dimension analysis shows that it can-
not be correct. Here, we compare it numerically to the above expressions. For that purpose, we rewrite it
in our notation. With the help of the formulas in the Appendix, Hearn’s weight can be represented as

W̃AP
H =

√
(2R2

0(1 + ρ)− h2ρ2)(R2
0(1 + ρ)− h2ρ2)

2R0(R2
0 + h2 − (h− η)2)3

, (16)

where ρ is given by equation (25).

CS-MZO aperture

The basic condition for the aperture is the existence of the stationary point of integral (1). For constant
velocity, this condition is discussed in detail in the Appendix. It results in the following condition for h

η(R0 + η)

R0 + 2η
< h <

η(R0 − η)

R0 − 2η
for η < R0/2 ,

h >
η(R0 + η)

R0 + 2η
for η ≥ R0/2 . (17)

The left-hand side expression in inequality (17) is always larger than η/2 but smaller than η. The alternative
condition that the maximum time dip must not exceed 1/v yields the same aperture condition (17).

Condition (17) means that for large η, i.e., zero-offset traces far away from the source, an infinite offset
is needed, while for small η, i.e., zero-offset traces relatively close to the source position, the stack (1) is
carried out over a finite aperture. It is important to note that the CS-MZO aperture may even reduce to very
few traces, thus becoming prohibitively small. As a Kirchhoff operation, CS-MZO needs sufficient traces
to guarantee interference in the stack (1). Where this cannot be achieved, the aperture should be reduced to
include only the one single trace at h = η, and the weight factor and the half-derivative should be omitted.

NUMERICAL EXPERIMENT

To verify the validity of the CS-MZO weight function (8), we use a simple synthetic example. The model
is shown in Figure 2. It consists of two homogeneous acoustic half-spaces separated by a smoothly curved
interface. The velocities above and below the interface are 3 km/s and 3.5 km/s, respectively. For this
model, we have simulated by ray tracing a common-shot experiment with 396 receivers, the first being
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Figure 4: Result of a CS-MZO with true-
amplitude weights applied to the data of Figure 3.

Figure 5: Result of a CS-MZO with amplitude
preserving weights applied to the data of Figure 3.

0 1000 2000 3000 4000

300

400

500

600

700

ZO receiver position [m]

Z
O

 tr
av

el
tim

e 
[m

s]

0 1000 2000 3000 4000

300

400

500

600

700

ZO receiver position [m]

Z
O

 tr
av

el
tim

e 
[m

s]

Figure 6: Result of a CS-MZO with no (i.e., unit)
weights applied to the data of Figure 3.

Figure 7: Synthetic zero-offset section for the
model in Figure 2.

located at an offset of 100 m from the source. Receiver spacing was 20 m and the time sampling interval
was 2 ms. The obtained common shot gather is represented in Figure 3, in which every seventh trace is
shown.

To test our analytic results, we have applied the common shot MZO with the proposed weights to the
modeled common-shot data. The resulting simulated zero-offset sections are depicted in Figure 4 to 6.
Figure 4 shows the result of a CS-MZO using the true-amplitude weight (9). Figure 5 shows the result of a
CS-MZO using the amplitude-preserving weight (10). Of course, prior to the application of the latter, the
data of Figure 3 have been scaled by vt. For comparison, Figure 6 shows the result of a CS-MZO using a
unit weight.

The quality of the obtained results can be checked best by a comparison to a modeled zero-offset sec-
tion. Therefore, we have also simulated by ray tracing a zero-offset experiment with 396 receivers, equally
spaced at every 10 m, beginning at 50 m from the original source. The resulting modeled zero-offset sec-
tion is depicted in Figure 7. For better comparison between the amplitudes of the simulated and modeled
common-offset sections, we refrained from using the correct angle-dependent reflection coefficient in the
modeling but computed the common-offset and zero-offset reflections with a constant unit reflection coeffi-
cient. In this way, the simulated common-offset amplitudes after a true-amplitude CS-MZO should ideally
be identical to those obtained from modeling.

Visual inspection of the simulated and modeled zero-offset sections permits some preliminary quali-
tative observations. The first impression of the simulated zero-offset sections of Figures 4 to 6 is mainly
influenced by the strongly varying pulse length along the reflection event. This is due to the well-known
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Figure 8: Picked traveltimes of the simulated and
modeled zero-offset reflections of Figures 4 to 7.

Figure 9: Traveltime error of the simulated zero-
offset reflections as compared to the modeled
ones.

fact that independently of any possible weights, configuration transformations do not reproduce the band-
width of the modeled data. Like in the case of common-offset MZO, the pulse stretch is given by the cosine
of the reflection angle (Fomel and Bleistein, 1996; Tygel et al., 1998).

Apart from the stretch effect, the general impression of the simulated zero-offset reflections is more or
less the same in all figures. The shapes of all three simulated zero-offset reflections closely resemble the
modeled one. The major differences lie in the different forms of the operator edge effects in the weighted
and unweighted sections. While the unweighted CS-MZO has produced a strong “CS-MZO smile” (see
Figure 6), the weighted CS-MZOs present a much weaker effect in the form of a dipping precursor to the
simulated reflections (see Figure 4).

To enable a more quantitative analysis, the traveltimes and peak amplitudes along the simulated and
modeled zero-offset reflections have been picked. The traveltimes are depicted in Figure 8. We see that
the kinematic properties of the suggested Kirchhoff CS-MZO are almost perfect up to an offset of about
3000 m. Further away from the source, the input data are insufficient to correctly simulate zero-offset
traces. However, the weighted CS-MZO schemes produce correct traveltimes for slightly larger offsets
than the unweighted version. This observation can be confirmed in Figure 9 which depicts the relative
error of the traveltimes as compared to the modeled zero-offset reflections of Figure 7. Where the data
coverage is sufficient, the error is of the order of a tenth of a per cent.

The quality of the amplitudes along the simulated zero-offset reflections of Figures 4 to 6 is discussed
with the help of the next figures. Figure 10 compares the amplitudes obtained with a true-amplitude CS-
MZO to those of the modeled section. The amplitudes are quite well recovered within the region between
about 300 m and 2100 m, which is not affected by boundary effects. Within this region, the amplitude error
is less than one per cent, as can be seen in Figure 11. The size of left boundary region can be reduced by a
two-trace taper function (dashed line). In our tests, larger tapers did not improve the quality of the image
but resulted in stronger precursors.

Figure 12 shows the amplitudes obtained with the amplitude preserving CS-MZO, together with the
desired result, which in this case is just a unit amplitude. Except for the boundary regions, the amplitude
preservation works quite will even though the reflector is slightly curved. The amplitude error is depicted
in Figure 13. Because of the curved reflector, the error is modestly larger than that of true-amplitude CS-
MZO (see Figure 11), ranging at about two per cent. The amplitude error will be the larger the stronger the
target reflector is curved.

For comparison, Figure 14 shows the amplitudes after an unweighted CS-MZO. In consistency with
Hearn (1989), we observe that unweighted CS-MZO amplitudes increase with increasing distance from the
original source. Moreover, not only the shape of the curve is different from the desired one (see Figure 10)
but also the scale is completely wrong.

Finally, Figure 15 shows the amplitudes as obtained with Hearn’s weight. Note that these amplitudes
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Figure 10: Picked amplitudes of the simu-
lated zero-offset reflections resulting from a true-
amplitude CS-MZO with (dashed line) and with-
out (bold line) a two-trace taper, together with the
modeled amplitudes (thin line).

Figure 11: Amplitude error of the true-amplitude
CS-MZO reflections as compared to the modeled
ones.

are much better than the ones obtained from an unweighted CS-MZO (compare to Figure 14), but still
remain about 40 per cent below the desired unit amplitude.

CONCLUSIONS

In this paper we have formulated a new Kirchhoff-type approach to true-amplitude shot moveout (CS-
MZO) for 2.5D in-plane reflections in 2D laterally inhomogeneous media with curved interfaces. We
have presented the weight functions for amplitude-preserving and true-amplitude CS-DMO and CS-MZO.
Here, to preserve CS-MZO amplitudes means that output amplitudes are equal to input amplitudes, while
to construct true CS-MZO amplitudes implies that in a simulated zero-offset reflection, the geometrical-
spreading factor of the original common-shot reflection is replaced by the new zero-offset one for the same
reflection point. This goal is achieved by a weighted one-fold single-stack integral in the time domain
along specific stacking lines, the inplanats. We stress that the true-amplitude weight does not rely on
any prior knowledge about the arbitrarily curved reflectors to be imaged and is theoretically valid for any
reflector dip, while the amplitude-preserving weight is strictly valid for planar reflectors only. Both, the
true-amplitude and the amplitude-preserving weight functions can be computed by 2D dynamic ray tracing
performed along ray segments that link the two common-offset pairs of source and receivers to certain
points in the macrovelocity model.

First numerical results show that true-amplitude and amplitude-preserving CS-MZO can be realized
with high accuracy. In this way, zero-offset sections can be simulated directly from shot records as an
alternative to the standard NMO/DMO procedure that relies on common-offset data.
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APPENDIX A

CONSTANT-VELOCITY MEDIUM

In this Appendix, we derive the expressions (6) and (9) for the CS-MZO stacking line and weight function
in a constant-velocity medium.

CS-MZO stacking line in a constant velocity medium

A point (s0, t0) in the output section determines in the image space z > 0 the isochron z = ZZO(x; s0, t0),
implicitly defined by equation (3). For a constant velocity v, equation (3) can be solved for z to yield

z = ZZO(x; s0, t0) =
√
R2

0 − (x− s0)2 , (18)

which is a half-circle with radius R0 = vt0/2 (see Figure 1). The diffraction traveltime TD(x; s, h) of an
arbitrary point M on the above isochron (18), i.e., M = (x,ZZO(x; s0, t0)) is then given by

TD(x; s, h) =
RS + RG

v
, (19)

where

RS =
√

(x− s)2 +R2
0 − (x− s0)2 (20)

and

RG =
√

(x− s− 2h)2 +R2
0 − (x− s0)2 (21)

are the distances from M to S and G, respectively.
With relative coordinatesX = x− s and η = s0 − s, equation (19) can be recast into the form

TD(x; s, h) =
1

v

√
R2

0 + 2ηX − η2 +
1

v

√
R2

0 + 2(η − 2h)X + 4h2 − η2 . (22)

Applying the stationary condition (5) to equation (22), we find

∂TD
∂X

∣∣∣∣
X∗

=
1

v

η√
R2

0 + 2ηX∗ − η2
+

1

v

η − 2h

2
√
R2

0 + 2(η − 2h)X∗ + 4h2 − η2
= 0 . (23)

From this equation, it is obvious that there can be only a stationary point if the two terms have opposite
sign. Since the denominators are always positive, it follows for positive η that η − 2h < 0, i.e., h > η/2,
and for negative η that η − 2h > 0, i.e., h < η/2. In other words, to construct a zero-offset trace at s0,
only traces will be needed that are recorded at receivers on the same side of s as s0 and further away from
s than s0. Since the axis can always be chosen accordingly, we restrict our further analysis to positive η
and h.

Solving equation (23) for X∗, we find the stationary point at

X∗(h; s0, t0) = η −R2
0

h− η
η(2h− η)

= η + (η − h)ρ , (24)

where we have introduced the notation

ρ =
R2

0

η(2h− η)
. (25)

Substitution of this result in equations (20) and (21) yields after some algebraic manipulations

R∗S =
√
η2 (1 + ρ) = η

√
1 + ρ , (26)

R∗G =
√

(2h− η)2 (1 + ρ) = (2h− η)
√

1 + ρ , (27)

where we have used that η > 0 and 2h > η, as observed in connection with equation (23). With this
expressions, the traveltime (19) reads

T (h; s0, t0) = TD(x∗; s, h) = TD(X∗; η, h)

=
1

v
(η + (2h− η))

√
1 + ρ =

2h

v

√
1 + ρ , (28)

which is the expression for T indicated in equation (4).
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CS-MZO weight function in a constant-velocity medium

To derive the constant-velocity weight function (9) from its general 2.5D representation (8), we start by
discussing several geometric features that are specific to constant-velocity CS-MZO.

Curvatures of the isochrons The isochron of the zero-offset configuration is given by equation (18) and
that of the common-shot configurations is a half-ellipse with the form

z = ZCS(x; s, h) = b

√
1− (x− s− h)2

a2
, (29)

where a = vT /2 and b =
√
a2 − h2 are the semi-axes. Therefore, we conclude from equation (28) that

a = h
√

1 + ρ and b = h
√
ρ . (30)

The curvaturesK0 and K of the isochrons (18) and (29) at the stationary point M ∗ are given by

K0 =
d2ZZO/dx2

[1 + (dZZO/dx)2]3/2
= − 1

R0
(31)

and

K =
d2ZCS/dx2

[1 + (dZCS/dx)2]3/2
= − b

a2

(
1− h2(x− s− h)2

a4

)−3/2

= − h
2

R3
0

ρ2

1 + ρ
, (32)

respectively. In formula (8) for the weight function, we need the curvature differenceK −K0,

K −K0 = − h
2

R3
0

ρ2

1 + ρ
− −1

R0
=

1

R0

[
1− h2

R2
0

ρ2

1 + ρ

]
. (33)

Reflection angle The law of cosines in triangle SM ∗G (see Figure 1) yields

(2h)2 = (R∗S)2 + (R∗G)2 − 2R∗SR
∗
G cos 2θ = (R∗S +R∗G)2 − 4R∗SR

∗
G cos2 θ , (34)

where R∗S and R∗G are given by (26) and (27). Therefore,

cos2 θ =
4h2 − (R∗S +R∗G)2

−4R∗SR
∗
G

=
h2

R2
0

ρ2

1 + ρ
. (35)

Using this expression in equation (33), we can verify that

K −K0 =
1

R0

[
1− cos2 θ

]
=

sin2 θ

R0
, (36)

which implies that sgn(K −K0) = 1. Thus, the last factor in weight (8) becomes

exp
{
i
π

2
κ
}

= exp
{
i
π

4
[1− sign(K −K0)]

}
= 1 . (37)

Beylkin’s determinant The 2D Beylkin determinant is defined as

hB = det




∂

∂x
TD(x, z;h)

∂

∂z
TD(x, z;h)

∂2

∂x∂h
TD(x, z;h)

∂2

∂z∂h
TD(x, z;h)


 , (38)

where

TD(x, z;h) =
1

v

√
(x− s)2 + z2 +

1

v

√
(x− s− 2h)2 + z2 . (39)
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All these quantities are taken at the stationary point M ∗ = (x∗, z∗) with

z∗ = ZCS(x∗;h, t) = ZZO(x∗; s0, t0) =
√
R2

0(1 + ρ)− h2ρ2 . (40)

With the help of the stationary value (24) and the formulas (26) and (27) for R∗S and R∗G, the above
determinant (38) reduces to

|hB | =
4h2ρ

√
R2

0(1 + ρ)− h2ρ2

v2(2h− η)3η(1 + ρ)2
. (41)

Geometrical-spreading factors In a constant-velocity medium, the out-of-plane Fresnel factors LF and
LF0 have the simple form

LF =

(
1

vR∗S
+

1

vR∗G

)−1/2

= (1 + ρ)1/4

√
vη(2h− η)

2h
, (42)

and

LF0 =

(
1

vR0
+

1

vR0

)−1/2

=

√
vR0

2
. (43)

Also, the point-source geometrical spreading factors are just the distances from the source or receiver. In
other words, L0 = R0, LS = R∗S , and LG = R∗G.

Final weight function We are now in the position of actually computing the weight functionW(h; s0, t0)
for a constant velocity medium. Collecting the above intermediate results, we finally arrive at

W(h; s0, t0) =
(v

2

)3/2

(1 + ρ)3/4

√
h

R0ρ

R2
0(1 + ρ)

h2ρ2

4h2ρ2

v2(2h− η)2(1 + ρ)3/2
√
R0

=

√
2h

v

√
1 + ρ

R0√
ρ

1

(2h− η)2
. (44)

Under the first square root, we recognize T as given in equation (28). Upon the use of equation (25), the
weight function (44) can then be recast into the form of equation (9).

Aperture consideration

To determine the aperture A to be used in stack (1), we use the condition that the stationary point X ∗ as
given by equation (24) must be located on the real extension of the zero-offset isochron (18). This translates
into the mathematical restriction

η −R0 < X∗ < η +R0 . (45)

Substitution of equation (24) leads, because η > 0 and 2h− η > 0, to the condition

R0|h− η| < η(2h− η) . (46)

Here, we must distinguish two cases:
(A) For h ≥ η, condition (46) yields the following conditions on h:

η ≤ h <
η(R0 − η)

R0 − 2η
for R0 > 2η

η ≤ h < ∞ for R0 ≤ 2η .
(47)

(B) For h < η, condition (46) yields

h >
η(R0 + η)

R0 + 2η
. (48)

The condition that h must be larger than η/2 is implicitly satisfied by inequality (48). The combination of
results (47) and (48) yields the aperture condition as stated in equation (17).
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ABSTRACT

The image-wave equation for depth remigration is a partial differential equation that is similar to the
acoustic wave equation. In this work, we study its finite-difference solution and possible applica-
tions. The conditions for stability, dispersion and dissipation exhibit a strong wavenumber depen-
dence. Where higher horizontal than vertical wavenumbers are present in the data to be remigrated,
stability may be difficult to achieve. Grid dispersion and dissipation can only reduced to acceptable
levels by the choice of very small grid intervals. Numerical tests demonstrate that, upon reaching the
true medium velocity, remigrated images of curved reflectors propagate to the correct depth and those
of diffractions collapse to single points. These properties and first applications to inhomogeneous me-
dia point towards the method’s potential of being useful as a tool for migration velocity analysis. In
horizontally layered media, the reflector images reach their true depth when the remigration velocity
equals the inverse of the mean medium slowness.

INTRODUCTION

Seismic remigration is an imaging technique that envisages the construction of an improved migrated
section for an updated macrovelocity model on the basis of a previously migrated section as obtained
with a different initial macrovelocity model. If the two macrovelocity models do not differ too much, one
generally calls the imaging procedure that corrects the image a “residual migration” (Rothman et al., 1985).
Where significant differences between both models are allowed, the process is referred to as remigration
(Hubral et al., 1996) or velocity continuation (Fomel, 1994).

The sequence of images of a certain reflector as subsequently migrated with varying migration velocities
creates an impression of a propagating wavefront. This “propagating wavefront” was termed an “image
wave” by Hubral et al. (1996). The propagation variable, however, is not time as is the case for conventional
physical waves as described, e.g., by the acoustic wave equation, but the migration velocity.

From the kinematic behaviour of these image waves as a function of the constant migration velocity,
partial differential equations, termed “image-wave equations,” have been derived in 2D (Hubral et al., 1996)
and 3D (Mann, 1998). These image-wave equations describe the “propagation” of the reflector image as a
function of migration velocity for both, time and depth remigration.

The image-wave equation for time remigration has already been theoretically studied and implemented,
successfully applied to real data from ground-penetrating radar (Jaya et al., 1999, see also references there).
Recently, its use for migration velocity analysis has been discussed by Fomel (2003). The consistency and
stability of FD schemes for the 3D image-wave equation for depth remigration has been theoretically
and numerically studied by Schleicher et al. (2002). Here, we extend that investigation to dispersion and
dissipation and discuss the potential of the depth remigration image-wave equation as a technique for
migration velocity analysis in homogeneous and vertically inhomogeneous media.
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IMAGE-WAVE PROPAGATION

As derived in detail by Mann (1998) and briefly reviewed by Schleicher et al. (2002), the 3D image-wave
equation for depth remigration is given by

pxx + pyy + pzz +
v

z
pvz = 0 . (1)

Here, an index represents a partial derivative with respect to the corresponding variable. Symbol v stands
for the actual (constant) value of the migration velocity for a supposedly homogeneous medium. Moreover,
p(x, y, z, v) denotes the “image wavefield” as a function of the spatial coordinates and the migration ve-
locity. In other words, p(x, y, z, v) is a depth-migrated section considered as a snapshot of the image-wave
propagation.

Variations of this image-wave equation can obtained by variable transformations of the propagation
variable v. Upon replacement of v by α = v2, the differential equation becomes

pxx + pyy + pzz +
2α

z
pαz = 0 . (2)

Correspondingly, replacement of v by β =
√
v leads to

pxx + pyy + pzz +
β

2z
pβz = 0 . (3)

Finally, the most interesting transformation is achieved by replacing v by γ = ln v, which yields

pxx + pyy + pzz +
1

z
pγz = 0 . (4)

In this paper we compare the numerical properties of FD schemes for these equations to those for the
original image-wave equation (1).

Finite differences

For the finite-difference schemes, we consider a grid of depth points with initial point at (x0, y0, z0) and
a discretized velocity axis with initial value v0. The image wavefield at a given grid point (xk , yl, zm) =
(x0 +k∆x, y0 + l∆y, z0 +m∆z), as calculated for a certain migration velocity vn = v0 +n∆v, is denoted
by pnk,l,m. On this grid, we approximate the derivatives in equation (1) by finite differences. As shown in
Schleicher et al. (2002), the reverse forward/forward FD scheme

pn+1
k,l,m =

zm∆v∆z

vn

{
δ

(2)
x,4p+ δ

(2)
y,4p+ δ

(2)
z,4p

}
+ pn+1

k,l,m+1 − pnk,l,m+1 + pnk,l,m , (5)

and the direct forward/backward FD scheme

pn+1
k,l,m = −zm∆v∆z

vn

{
δ

(2)
x,4p+ δ

(2)
y,4p+ δ

(2)
z,4p

}
+ pn+1

k,l,m−1 + pnk,l,m − pnk,l,m−1 , (6)

are stable under certain conditions for increasing and decreasing migration velocity, respectively. Here,
the attributes forward/forward and forward/backward refer to the approximation of the mixed derivative in
equation (1). Moreover, δ(2)

x,4p, δ(2)
y,4p, and δ(2)

z,4p denote the fourth-order finite-difference approximations of
the spatial second derivatives pxx, pyy, and pzz, respectively, i.e.,

δ
(2)
x,4p =

1

12∆x2

{
−pnk+2,l,m − pnk−2,l,m + 16(pnk+1,l,m + pnk−1,l,m)− 30pnk,l,m

}
, (7)

with corresponding expressions for δ(2)
y,4p, and δ(2)

z,4p. The initial condition is given by the original migrated
section for the velocity v0. As boundary conditions, we use that the field outside the given target zone of
the input section should be zero.

Other schemes, particularly those for which the velocity derivative in equation (1) is approximated by
a backward difference, did not provide stable results. Equivalent schemes to (6) and (7) were set up for
the transformed versions (2) to (4) of the image-wave equation. Below we briefly revisit the corresponding
stability conditions and discuss the grid dispersion and dissipation of the stable schemes.
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CONSISTENCY, STABILITY, GRID DISPERSION AND DISSIPATION

In order to determine whether an FD scheme can be actually used for a numerical realization of the image-
wave propagation, its consistency and stability as well as grid dispersion and dissipation need to be inves-
tigated. This may lead to certain conditions for the step size ∆v as a function of the medium parameters
and the grid intervals ∆x, ∆y, and ∆z. These conditions guarantee that the scheme is stable and suffers
less from numerical artifacts. Below, we outline this analysis for schemes (5) and (6).

Consistency and stability

As shown by Schleicher et al. (2002), scheme (5) is unconditionally consistent with the differential equation
(1). As can be readily verified by an analogous analysis, the same is true for scheme (6) and the equivalent
schemes for equations (2) to (4). To determine the conditions under which these schemes are stable,
we apply the von Neumann criterion (see, e.g., Thomas, 1995). It consists of substituting the Fourier
component

pnk,l,m = ξn exp{ikκx∆x} exp{ilκy∆y} exp{imκz∆z} (8)

in schemes (5) and (6), where ξ is the so-called amplification factor and κx, κy, and κz are the wavevector
components. An FD scheme is known to be stable, if |ξ| < 1. The grid dispersion and dissipation are
described by the phase and amplitude of ξ, respectively (Strikwerda, 1989).

Substitution of the discrete Fourier transform (8) in equations (5) and (6), and solution of the resulting
equation for ξ, yields the expressions

ξ = 1 +
2Λ

eiκz∆z − 1
= (1− Λ)− iΛ cotφz (9)

and

ξ = 1− 2Λ

e−iκz∆z − 1
= (1 + Λ)− iΛ cotφz , (10)

respectively, where φz =
κz∆z

2
and

Λ =
2zm
3vn

∆v∆z

(∆x)2
sin2 φx

[
3 + sin2 φx

]
+

2zm
3vn

∆v∆z

(∆y)2
sin2 φy

[
3 + sin2 φy

]

+
2zm
3vn

∆v∆z

(∆z)2
sin2 φz

[
3 + sin2 φz

]
. (11)

The von Neumann condition |ξ| ≤ 1 provides the stability conditions

0 ≤ Λ ≤ 2 sin2 φz (12)

for scheme (5), and
−2 sin2 φz ≤ Λ ≤ 0 (13)

for scheme (6). Since Λ is directly proportional to ∆v, the conditions for the sign of Λ in equations (12)
and (13) are immediate conditions for the sign of ∆v. We conclude that scheme (5) can only be used for
∆v > 0, i.e., increasing velocities, and scheme (6) only for ∆v < 0, i.e., decreasing velocities. Apart from
this difference, the properties of these schemes are sufficiently similar to be discussed at once, using the
absolute value |∆v|.

The presence of the term sin2 φz as the limit for Λ in both equations (12) and (13) has an important
consequence. It means that FD remigration with schemes (5) and (6) is only possible if the input data
are of limited frequency content. If wavenumbers κz are present in the data that make sinφz vanish, no
choice for the increments in velocity and space will be possible such that the stability conditions (12) and
(13) are met. Even for data with a limited frequency content, care has to be taken to define spatial grids
in such a way that for all wavenumbers involved, sinφx ≈ sinφy ≤ sinφz in order to avoid violations of
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conditions (12) and (13). This means that for data where horizontal wavenumbers are larger than vertical
ones, a standard square grid will cause instabilities.

We can obtain a rule of thumb for the choice of |∆v|, if we suppose the grid sizes to be chosen as
∆x = ∆z/νx and ∆y = ∆z/νy such that κx∆x ≈ κy∆y ≈ κz∆z. In this situation, the above conditions
can be divided by 2 sin2 φz to yield

4

3

zmax

vmin
ν2
x

|∆v|
∆z

+
4

3

zmax

vmin
ν2
y

|∆v|
∆z

+
4

3

zmax

vmin

|∆v|
∆z

≤ 1 =: |∆v| ≤ g

4

vmin

zmax
∆z, (14)

where we have used that 3 + sin2 κz∆z
2 ≤ 4. Moreover, we have replaced zm and vn by their maximum

and minimum values, zmax and vmin, respectively. The grid asymmetry factor g is given by

g =
3

1 + ν2
x + ν2

y

. (15)

For κx ≈ κy ≈ κz, a square grid can be chosen, and thus g = 1. If the layering is predominantly horizontal,
the data will contain only small horizontal wavenumbers, i.e., κx ≈ κy << κz. In such a situation, larger
horizontal grid sizes can be chosen, which implies small factors νx and νy and thus a g close to 3.

Grid dispersion and dissipation

For grid dispersion and dissipation, we have to analyze the phase and amplitude of the von Neumann
amplification factor ξ, respectively. Expanding both into Taylor series up to second order in |∆v| and the
spatial grid sizes ∆x, ∆y, and ∆z, we find

arg ξ ≈ ±
(
κ2zm
κzvn

|∆v|+ κ4z2
m

2κzv2
n

|∆v|2∆z − κzκ
2zm

12vn
∆z2|∆v|

)
, (16)

where the upper sign holds for scheme (5) and the lower one for scheme (6), and

ln |ξ| ≈ κ4z2
m

2κ2
zv

2
n

|∆v|2 − κ2zm
2vn

∆z|∆v| . (17)

Here, we have introduced κ as defined by κ2 = κ2
x + κ2

y + κ2
z.

The phase of the amplification factor ξ relates to the (dispersive) image-wave propagation velocity c as

c =
arg ξ

κ∆v
≈ κzm
κzvn

+
κ3z2

m

2κzv2
n

|∆v|∆z − κzκzm
12vn

∆z2 , (18)

and the amplitude of ξ relates to the (exponential) damping coefficient b as

b = − ln |ξ|
|∆v| ≈ −

κ4z2
m

2κ2
zv

2
n

|∆v|+ κ2zm
2vn

∆z . (19)

We observe from equation (18) that the image-wave equation possesses intrinsic dispersion since the main
term of c depends on the spatial frequencies as κ/κz. From equation (19), it becomes clear that the
image-wave equation (1) does not possess intrinsic dissipation. In other words, a perfect solution would
automatically preserve amplitudes. Moreover, we observe from equations (18) and (19) that b and c depend
not only on the wavenumbers κ and κz but also on zm and vn, i.e., the propagation velocity and the
amplitude loss are different at different depths and different migration velocities.

Grid dispersion can be reduced to a minimum even for relatively large values of ∆z and ∆v, if we can
choose these increments in such a way that the second an third terms in expression (18) cancel each other.
This implies

|∆v| = 1

6

κ2
z

κ2

vn
zm

∆z ≈





1

18

vn
zm

∆z if κx ≈ κy ≈ κz
1

6

vn
zm

∆z if κx ≈ κy << κz
. (20)



214 Annual WIT report 2003

2 4 6 8 10
0

1

2

3

4

5

6

v
max

/v
min

n α
,β

,γ
/n

v

Figure 1: Relative number of necessary steps in variables α = v2 (dotted line) β =
√
v (dashed line) and

γ = ln v (dash-dotted line) as a function of vmax/vmin. The solid line represents the number of steps in v.

In the same way, grid dissipation can be reduced if the increments can be chosen so that the first two term
of the Taylor series (19) cancel. This leads to

|∆v| = κ2
z

κ2

vn
zm

∆z ≈





1

3

vn
zm

∆z if κx ≈ κy ≈ κz
vn
zm

∆z if κx ≈ κy << κz
. (21)

In fact, we know from the stability analysis above that the latter condition must be corrected by a factor of
3/4 that accounts for the higher terms of the Taylor series. This is because stability means nothing more
than that the damping factor b as defined in equation (19) must not become negative. This is guaranteed by
conditions (12) and (13).

From the above expressions (20) and (21), we recognize that the best choices for ∆v to reduce grid
dispersion and dissipation are different. This means that both numerical effects cannot be reduced at the
same time by a clever choice of ∆v and ∆z. Moreover, both dispersion and dissipation depend on the
depth and on the migration velocity. In other words, it is impossible to choose ∆v and ∆z in such a way
that dispersion or dissipation would be reduced at all velocity steps and all depths. The only way to achieve
an overall improvement of both grid dispersion and dissipation is to choose as small values for ∆v and ∆z
as the increasing computation time allows.

Transformed equations

The corresponding conditions for the forward/forward and forward/backward schemes for the transformed
versions (2) to (4) of the image-wave equation can derived in a completely analogous way. The analysis
shows that they can be obtained from the above conditions by a simple substitution of vn by 2αn, βn/2, or
1, respectively. As a consequence, their behaviour with respect to stability, grid dispersion, and dissipation
does not fundamentally differ from the schemes studied above. All conclusions drawn above for schemes
(5) and (6) apply equivalently to the corresponding schemes for the other versions of the image-wave
equation.

There is one single difference between these FD schemes for the different versions of equation (1) that
is worthwhile mentioning. It concerns the number of steps (and thus computing time) that is necessary to
realize a desired remigration between minimum and maximum velocities vmin and vmax. Upon choosing
a step size that exactly satisfies the corresponding stability condition, the numbers of necessary steps for
the implementation of each scheme can be compared. In Figure 1, the relative step number for each
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Figure 2: Image wave propagation. Reverse implementation. (a) Input data for the remigration example:
data after migration with a wrong migration velocity of v0 = 2 km/s. (b) Remigrated image for v =
2.3 km/s. (c) Remigrated image for v = 2.7 km/s. (d) Remigrated image for v = 3.0 km/s.

variable (normalized with respect to the number of necessary steps in v) is plotted as a function of the ratio
vmax/vmin. We see that of the considered variables, γ = ln v always allows for the fewest steps.

NUMERICAL ANALYSIS

Model 1

To demonstrate the FD image-wave remigration, we had to restrict scheme (5) to the corresponding 2-D
one, in order to meet the computational limitations. For the first simple test, we have used ray-synthetic data
from a simple earth model consisting of two homogeneous halfspaces, separated by a horizontal reflector
at a depth of 550 m. The velocities above and below the reflector are c1 = 3 km/s and c2 = 3.5 km/s. The
simulated seismic survey is a zero-offset experiment with 401 source-receiver pairs, located at every 10 m
between -2000 m and 2000 m along the x-axis.

The input data to the remigration where generated by a zero-offset depth migration with a wrong mi-
gration velocity of v0 = 2 km/s. The resulting depth image is depicted in Figure 2(a). Note that the wrong
migration velocity causes the reflector to be imaged at a wrong depth of about 370 m.
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(a) (b)

Figure 3: (a) Wavelet at the remigrated reflector image, as obtained with different grid sizes. Observe
the amplitude loss due to grid dissipation as a function of grid size as indicated in the upper right corner.
The black dotted line represents the reference pulse as obtained from a direct depth migration with the true
medium velocity, i.e., without remigration. (b) Same pulses as in (a), scaled to unit amplitude. The pulse
stretch, caused by grid dispersion, reduces with decreasing grid size.

This input section was then remigrated using FD scheme (5). The grid size of the depth region was
∆x = ∆z = 10 m and the velocity increment was ∆v = 4 m/s. This is in accordance with the 2-D version
of stability condition (14) (where the factor 1/4 is replaced by 3/8). Parts (b), (c), and (d) of Figure 2 show
the snapshots of the image wave for velocities v = 2.3 km/s, v = 2.7 km/s, and v = 3.0 km/s, respectively,
the latter being the true medium velocity. We observe that the reflector image in Figure 2(d) is remigrated
to the correct depth of 550 m.

As a final observation, let us comment on the pulse stretch of FD remigration (Figure 2). It is much
stronger than the conventional pulse stretch due to depth migration, which is proportional to the migration
velocity (Tygel et al., 1994). The reason for the additional stretch is the grid dispersion as theoretically
discussed above.

Figure 3 numerically demonstrates the effects of grid dispersion and dissipation. It shows the pulse
across the remigrated horizontal reflector image at the true medium velocity and depth, as obtained by
remigration with different grid sizes. All images were obtained from the same synthetic zero-offset data
by a depth migration with the wrong velocity v0 = 2 km/s onto a depth grid of different step sizes and a
subsequent remigration to the correct velocity of 3 km/s. The grossly dotted reference curve is the pulse as
obtained from a direct true-amplitude depth migration with the true medium velocity.

In Part (a) of Figure 3, all pulses are depicted with relative amplitudes scaled with respect to the ref-
erence pulse. The different amplitudes of the different pulses demonstrate the increasing dissipation for
larger grid increments in depth. In all remigrations, ∆v was chosen accordingly so as to obey the respec-
tive stability condition. Part (b) of Figure 3 depicts the same pulses as Part (a), however scaled to unit
amplitude. The stretch effect as a consequence of grid dispersion clearly reduces with decreasing grid
size. Note that the remigration with ∆x = ∆z = 1.25 m took about 500 times longer than the one with
∆x = ∆z = 10 m.

Model 2

To study the effect of finite-difference image-wave depth remigration on dipping and curved interfaces,
we have devised Model 2. It consists of a constant-velocity background model with wavespeed 3.0 km/s
and three interfaces of different shape representing density contrast. The curved top reflector separates the
upper half-space with density 1 g/cm3 from the first layer with density 2 g/cm3. The second layer with
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Figure 4: Image wave propagation with the forward/forward FD scheme from vmig = 2.0 km/s to vmig =
3.0 km/s.

density 4 g/cm3 is separated from the first one by a planar interface that dips to the left, and from the lower
half-space with density 8 g/cm3 by a horizontal reference reflector at a depth of 1500 m. The densities
were chosen so as to guarantee equal reflection coefficient at all interfaces.

In this model, a synthetic zero-offset section was simulated by 2.5D ray modelling using the Norsar ray
tracer without transmission loss. Coincident source-receiver pairs were regular distributed along the x-axis
between -500 m and 1500 m. These synthetic data were depth-migrated onto a 10 m×10 m depth grid by
constant-velocity true-amplitude Kirchhoff migration, using the (wrong) migration velocity 2 km/s. The
resulting migrated image is depicted in Figure 4(a). Superimposed are the correct positions of the reflectors.
These migrated data have then been subjected to an FD remigration with the forward/forward scheme (5)
that allows for increasing remigration velocities. To guarantee stability and reduce grid dispersion we have
chosen a step size of ∆v = 0.2 m/s. Figures 4(b) to (d) show snapshots of the resulting image-wave
propagation at remigration velocities 2.4 km/s, 2.8 km/s and 3.0 km/s. Observe the perfect coincidence
between the remigrated reflector images and the true reflector positions at the correct velocity of 3.0 km/s.

A corresponding test was carried out with the forward/backward FD scheme. For this purpose, the
same synthetic data were migrated with a too high migration velocity of 4.0 km/s. FD remigration was
then applied toward lower velocities. Figure 5 shows four snapshots of the corresponding image-wave
propagation. Again, when the remigration velocity reaches the true medium velocity of 3.0 km/s, the
coincidence of the reflector images and their correct positions in depth is perfect.

Note that for remigration in the direction of decreasing velocities, a larger step size of ∆v = −2 m/s
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Figure 5: Image wave propagation with the forward/backward FD scheme from vmig = 4.0 km/s to vmig =
3.0 km/s.

could be chosen. The reason is that the intrinsic dispersion of the image-wave equation, which describes the
correct migration pulse stretch, now causes a contraction of the pulse. In this way it has the opposite effect
to grid dispersion, which tends to enlarge the pulse. Therefore, the overall pulse stretch is considerably
reduced for propagation to lower velocities. In fact, attention has to be paid not to choose ∆v too small, so
as to avoid problems with the wavenumber content of the pulse becoming too high for equation (12) to be
satisfied. Such problems have been reported by Mann (1998).

Model 3

After having confirmed that FD image-wave remigration indeed propagates curved reflectors to their correct
position in depth when the true remigration velocity is reached, our next objective is to use this property
for velocity analysis. If the true reflector depth at some point (e.g., at a borehole) is a priori known,
FD image-wave remigration can be used to detect the best migration velocity. Unfortunately, this is not
generally the case. Therefore, we need another way of detecting the previously unknown best migration
velocity by remigration, a way that must not rely on the knowledge of the reflector depth. A possibility is
demonstrated by Model 3, which consists of a single diffraction point at a depth of 550 m in a constant-
velocity background with v = 3.0 km/s (see Figure 6).

For this model, synthetic ray data have been simulated and then depth-migrated with the same pa-
rameters as before. The sequence of remigration snapshots in Figure 7 shows that the wrongly migrated
diffraction nicely collapses at the true medium velocity into a single point at the correct depth and then de-
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Figure 6: Model with a single diffraction point at depth 550 m in a homogeneous background model with
v = 3.0 km/s.

focuses again. It is easy to determine from this sequence of snapshots that the true medium velocity for this
model must be close to 3 km/s. In conclusion, it is possible to use such a sequence of images to determine
the best migration velocity from FD image-wave remigration if visible diffraction events are present is the
migrated zero-offset data.

Model 4

Up to now, we have applied the FD image-wave depth remigration only in constant-velocity models, for
which its theory has been developed. To be of actual practical use, however, the technique needs to be ex-
tended to inhomogeneous media. With Model 4, we investigate whether the same image-wave remigration
equation can be applied in horizontally layered media and what would be the meaning of the remigration
velocity in such a situation.

The model consists of two homogeneous layers between two homogeneous halfspaces, separated by
horizontal reflectors at depths of 200 m, 650 m, and 1550 m. The velocities in the halfspaces and layers
are, from top to bottom, v1 = 2.0 km/s, v2 = 3.0 km/s, v3 = 6.0 km/s, and v4 = 12.0 km/s. The
simulated seismic survey is again a zero-offset experiment with 401 source-receiver pairs, located at every
10 m between -2000 m and 2000 m along the x-axis. The synthetic data have been modelled by the 2.5D
finite-difference solver of the acoustic wave equation of Novais and Santos (2002).

The input data to the remigration where generated by a zero-offset depth migration with a wrong migra-
tion velocity of v0 = 1.5 km/s. The resulting depth image is depicted in Figure 8a. Also indicated are the
true depths of the three horizontal reflectors. Note that the too low migration velocity causes the reflectors
to be imaged at too shallow depths.

This input section was then remigrated using FD scheme (5). The grid size of the depth region was
∆x = ∆z = 5 m and ∆v = 0.2 m/s. The actual value of ∆v was chosen smaller than indicated by
stability condition (14), in order to reduce the effects of grid dispersion and dissipation in accordance with
formulas (20) and (21). The parts of Figure 8 shows the original migrated image at v = 1.5 km/s and three
snapshots of the image wave for velocities v = 2.02 km/s, v = 2.62 km/s, and v = 3.90 km/s. The depicted
images are those where the migrated images of the reflectors seem to be correctly positioned in depth. We
refer to the corresponding velocity values as “focusing velocities”. To confirm that at these velocities, the
reflector images are at the right depth, we look at a single depth trace. Figure 9(a) shows three remigrated
pulses from the center of the image at the velocities of 2.00 km/s, 2.02 km/s, and 2.04 km/s. The pulse
for 2.02 km/s seems to be best positioned at the true depth of the first reflector indicated by a vertical line.
Correspondingly, Figures 9(b) and 9(c) show three remigrated pulses at velocities of 2.60 km/s, 2.62 km/s,
and 2.64 km/s as well as 3.88 km/s, 3.90 km/s, and 3.92 km/s, respectively. In each of these Figures, a
solid black line indicates the true depth of the corresponding reflector.
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Figure 7: Image wave propagation of the image of a diffraction point. (a) Input data for the remigration
example: diffraction data after migration with a wrong migration velocity of v0 = 2 km/s. (b) Remigrated
image for v = 2.5 km/s. (c) Remigrated image for v = 2.9 km/s. (d) Remigrated image for v = 3.0 km/s.
The image of the diffraction collapses into a point. (e) Remigrated image for v = 3.1 km/s. (f) Remigrated
image for v = 3.5 km/s.
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Reflector No. focusing velocity mean slowness velocity rms velocity mean velocity
1 2.02 2.0000 2.0000 2.0000
2 2.62 2.6000 2.6458 2.6923
2 3.90 3.8750 4.2279 4.6129

Table 1: Comparison of average velocities and focusing velocities.

To understand the focusing velocities, we have calculated three different types of average velocities for
the three reflectors, these being the mean velocity, the inverse of the mean slowness and the rms velocity.
The theoretical values of these average velocities at the reflector depths are summarized in Table 1. Note
the almost perfect coincidence between the theoretical values of the mean slowness velocities and the
migration velocities that remigrate the reflectors to the correct depths. The reason for the fact that the
focusing velocities are slightly higher than the mean slowness velocities is probably the slight asymmetry
of the migrated pulse. This coincidence confirms the claim that image-wave remigration has the potential
to be used in vertically inhomogeneous media for migration velocity analysis. Depending on the average
slowness rather than rms velocity, it can provide an independent measure of interval velocities. Further
investigations will have to show how far the concept can be stretched to laterally inhomogeneous media.

As a final observation on grid dispersion and dissipation, let us stress the fact that these effects are
much stronger in Figure 8 for the deeper reflectors than for the shallower ones. This is in accordance with
equations (16) and (17) which predict both effects to be increasing with depth.

CONCLUSIONS

The image-wave equation for depth remigration is a second-order partial differential equation that describes
the “propagation” of a migrated reflector image as a function of a changing migration velocity (Fomel,
1994; Hubral et al., 1996). In this work, we have revisited the stability conditions of two FD schemes for
this equation. The theoretical stability condition obtained from the von Neumann criterion points toward
general difficulties of the process when remigrating data containing unlimited frequency content. For large
wavenumbers in the horizontal directions, care has to be taken to define the grid sizes accordingly.

With the investigated FD schemes, reflector images can be remigrated only either to larger or to smaller
migration velocities. The scheme forward in v and forward in z allows only for an increase, the scheme
forward in v and backward in z only for a decrease of the migration velocity. Other FD schemes with
different approximations of the mixed derivative have not produced stable results.

The theoretical studies of the stable FD schemes have been extended to grid dispersion and dissipation.
We have seen that image-wave propagation suffers from intrinsic dispersion as well as grid dispersion and
dissipation due to chosen FD scheme. The theoretical analysis has shown that the latter effects depend on
velocity and depth as well as on the spatial frequencies. Therefore, they cannot be entirely eliminated for
all frequencies, depths, or velocities by an appropriate choice of the grid size. They can only be reduced
by choosing the grid size as small as possible.

Transformations of the depth-remigration image-wave equation with respect to the propagation vari-
able, i.e., migration velocity, have not brought any improvements with respect to stability, dispersion, or
dissipation. The only advantage of such a transformation was found to be a speedup of the corresponding
implementation because of a reduction of the necessary number of steps.

Several numerical examples have been presented that exhibit the properties of FD image-wave remi-
gration. Using a homogeneous model with a single reflector, the dependency of the grid dispersion and
dissipation on the grid size has been demonstrated. With the help of a three-reflector constant-velocity
model, image-wave propagation to higher and lower velocities has been shown to work well also for dip-
ping and curved reflectors.

By application of the remigration image-wave equation to synthetic data of a single diffraction event,
we have seen that such an event collapses to a single point at the true medium velocity, thus enabling the
detection of this velocity independently of other means. This is an encouraging result as it indicates how
remigration might be employed as a tool for migration velocity analysis.

Moreover, we have demonstrated that the method, although strictly valid for homogeneous media only,
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can be applied in vertically inhomogeneous media. A propagating reflector image reaches its true depths
at a migration velocity that approximately equals the inverse of the mean slowness. In this way, mean
slownesses can be determined from image-wave remigration, thus enabling a new way of migration ve-
locity analysis. Further investigations will have to show how far the concept can be stretched to laterally
inhomogeneous media.
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Figure 8: Image wave propagation in a vertically inhomogeneous medium. (a) Input data for the rem-
igration example: data after migration with a wrong migration velocity of v0 = 1.50 km/s. (b) Rem-
igrated image for v = 2.02 km/s. The first reflector is imaged at the correct depth. (c) Remigrated
image for v = 2.62 km/s. The second reflector is imaged at the correct depth. (d) Remigrated image for
v = 3.90 km/s. The third reflector is imaged at the correct depth.

150 200 250

−0.4

−0.2

0

0.2

0.4

0.6
v=2.00km/s
v=2.02km/s
v=2.04km/s

(a)

600 620 640 660 680 700
−0.1

0

0.1 v=2.60km/s
v=2.62km/s
v=2.64km/s

(b)

1400 1450 1500 1550 1600 1650 1700

−0.02

0

0.02

0.04

0.06

0.08

0.1 v=3.88km/s
v=3.90km/s
v=3.92km/s

(c)

Figure 9: Migrated pulses at different velocities. Best migration velocities are those where the center of
the pulse is at the true reflector depth. (a) First reflector. (b) Second reflector. (c) Third reflector.
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ABSTRACT

A major cause of intrinsic wave attenuation in porous fluid-saturated structures with micro- and meso-
scopic heterogeneities is the mechanism of wave-induced fluid flow. Whereas in stratified media this
effect has been studied in detail for random and periodic arrangements of the heterogeneities, in 3-
D space the models of frequency-dependent attenuation and dispersion are based on the assumption
of spatial periodicity. We develop a model for 3-D randomly inhomogeneous poroelastic media.
Within the precision of the Bourret approximation we study the dynamic characteristics of the coher-
ent wavefield. Attenuation and dispersion depend on linear combinations of the spatial correlations of
the fluctuating poroelastic parameters. The observed frequency dependence is typical for a relaxation
phenomenon. In particular, we find that the low-frequency asymptote of the attenuation coefficient
of a plane P -wave is proportional to the square of frequency. At high frequencies the attenuation
coefficient becomes proportional to the square root of frequency.

INTRODUCTION

Understanding seismic wave propagation in porous fluid-saturated rocks is of great importance for the de-
tection and exploitation of oil and gas reservoirs. In particular, attenuation and dispersion are wavefield
characteristics which contain valuable information about the structure and composition of the reservoir.
One major cause of seismic attenuation is due to the mechanism of wave-induced fluid flow. That means a
passing wave creates local pressure gradients within the fluid phase and the resulting fluid flow is accompa-
nied with internal friction until the pore pressure is equilibrated again. In fact, this attenuation mechanism
is a dissipation process, where seismic wave energy is converted into heat. The fluid flow can take place
on various length scales: for example from compliant fractures into the background porespace (so-called
squirt flow), or between mesoscopic heterogeneities like fluid patches in partially saturated rocks.

There exist several models which predict frequency-dependent attenuation and dispersion due to this
induced fluid flow. In layered structures the fluid flow degenerates to an ’inter-layer’ flow from more com-
pressible into stiffer layers during a compression cycle of the wave (and vice versa during extension). For
periodic and random stratifications Gurevich and Lopatnikov (1995) and Gelinsky et al. (1998) developed
models using the apparatus of statistical wave propagation. According to these studies, the low frequency
asymptote of seismic attenuation (expressed through the reciprocal quality factor Q−1) is proportional to
frequency ω for periodic and

√
ω for random layering. In the high-frequency regime both types of layering

yield Q−1 ∝ ω−1/2. Recently, Pride and Berryman (2003) and Pride et al. (2003) developed a model of
attenuation and dispersion due to squirt and mesoscopic flow in the framework of double porosity media.
Based on energy considerations Johnson (2001) proposed a model for patchy saturation, which practically
yields the same attenuation behavior than that predicted be Pride et al. (2003) for mesoscopic fluid patches.
The theories of Pride et al. and Johnson make implicitly use of the assumption of spatial periodicity and
result for 1-D and 3-D structures in the same low-frequency asymptote Q−1 ∝ ω. There is currently no
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model of seismic attenuation and dispersion for 3-D randomly heterogeneous structures.

We develop a model of seismic attenuation and dispersion for 3-D randomly inhomogeneous poroelas-
tic media using the theory of statistical wave propagation. In particular, we study signatures of the coherent
wavefield in the so-called Bourret approximation. This perturbation approach has been applied in acoustic
scattering (Rytov et al., 1989) and elastic scattering (Gold et al., 2000). For randomly layered poroelastic
media Gurevich and Lopantikov (1995) also employed the Bourret approximation in order to compute an
effective, complex P -wavenumber, which describes conversion scattering from fast P -waves into Biot’s
slow waves. At low frequencies the slow wave corresponds to the process of pore pressure relaxation.
That means the mechanism of conversion scattering provides a possibility to study the attenuation due to
wave-induced fluid flow in the framework of scattering theories. The present work can be understood as
a generalization to 3-D space of the previously proposed dynamic models of Gurevich and Lopantikov
(1995), Gelinsky et al. (1998), and Shapiro and Hubral (1999).

In the light of previous results for randomly layered porous media, it is useful to introduce some simpli-
fications from the very beginning. We restrict our analysis to low frequencies and to weak-contrast media.
That means a) the wavelength is much larger than the heterogeneities so that conventional scattering is
small and b) frequency is much smaller than the critical Biot frequency which implies that the Biot global
flow mechanism is neglected and the P -wavenumber kp is real. At low frequencies the slow wave is much
slower than the fast P -wave and therefore the ratio of kp and slow P -wavenumber kps is a small parameter:

|kp|
|kps|

� 1 . (1)

Wherever applicable we make use of relation (1), being aware of the underlying low-frequency assumption.

FORMULATION OF THE PROBLEM

Biot’s equation of poroelasticity

In order to study dynamic effects of seismic waves in porous media, we base our analysis on Biot’s equation
of poroelasticity (Biot, 1962). Using index notation – summation over repeated indices is assumed and
partial derivatives are denoted as ,i or ∂i – we can write the equations of motion in the frequency domain
(the time-harmonic dependency exp(−iωt) is omitted)

ρω2ui + ρfω
2wi + τij,j = 0

ρfω
2ui + ρ?ω2wi − p,i = 0 ,

where u and w are the solid and relative fluid displacement vectors, respectively. The latter is defined as
wi = φ(Ui − ui) with porosity φ and fluid displacement vector U. τij is the total stress tensor, p the fluid
pressure. The material parameters are given by the bulk density ρ, the density of the fluid ρf and ρ? = i

ω
η
κ ,

where η is viscosity and κ permeability. If the density of the solid is ρg , the bulk density can be expressed
as ρ = φρf + (1 − φ)ρg . In order to obtain a system of two coupled wave equations in the displacement
vectors u and w, we complement the equations of motion with the stress-strain relations for an isotropic
poroelastic medium

τij = µ[ui,j + uj,i − 2δijuj,j ] + δij [Huj,j + αMwj,j ]

p = −αMuj,j −Mwj,j .

Here µ is the shear modulus,H = Pd +α2M the saturated P -wave modulus, and Pd the P -wave modulus
of the dry rock frame. The poroelastic moduli α and M are defined as α = 1 − Kd/Kg and M =
[(α−φ)/Kg +φ/Kf ]−1. The quantitiesKg , Kd, Kf denote the bulk moduli of the solid part (grains), the
dry rock frame, and the pore fluid, respectively.
It is expedient to write the above system of wave equations in matrix form:

[
L1
ik L2

ik

L3
ik L4

ik

] [
uk
wk

]
= 0 , (2)
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where we defined the linear differential operators as follows

L1
ik = ρω2δik + ∂jµ[δjk∂i + δik∂j − 2δij∂k] + ∂iH∂k (3)

L2
ik = ρfω

2δik + ∂iαM∂k (4)

L3
ik = L2

ik (5)

L4
ik = ρ?ω2δik + ∂iM∂k . (6)

In the following we pursue a Green’s function approach in order to solve matrix equation (2). The point
source response of the system can be formulated as follows (Pride and Haartsen, 1996):

[
ui
wi

]
=

[
GFik Gfik
Gfik Gwik

][
F 0
k

f0
k

]
, (7)

where F 0
k and f0

k represent force densities of the form F = F0δ(r− r′) and f = f0δ(r− r′), respectively.
Here, δ denotes the Dirac delta function. The point source response is described by three Green tensors
GFik , Gfik , and Gwik . Explicit expressions for the Gik are listed in the appendix.

Poroelastic scattering series

In randomly inhomogeneous porous media, all poroelastic parameters can be presented as random fields
X(r). To be more specific, we assume that these random fields are the sum of a constant background value,
X̄(r) and a fluctuating part, X̃(r), so that X = X̄ + X̃. The average over the ensemble of the realizations
(denoted by 〈·〉) of X̃ is zero: 〈X̃〉 = 0. Consequently, the differential operators Lik can be also written as
Lik = L̄ik + L̃ik, where the perturbing operator L̃ik satisfies 〈L̃ik〉 = 0 (see also Karal and Keller, 1964).
This implies that matrix equation (2) modifies to

[
L̄1
ik L̄2

ik

L̄3
ik L̄4

ik

][
uk
wk

]
+

[
L̃1
ik L̃2

ik

L̃3
ik L̃4

ik

] [
uk
wk

]
= 0 . (8)

In the most general case, the perturbing operators contain fluctuations of all poroelastic moduli and den-
sities. In analogy to the elastic case (Gubernatis et al., 1977) equation (8) can be converted in an integral
equation of the form

[
ui
wi

]
=

[
u0
i

w0
i

]
+

∫

V

dV

[
GFij Gfij
Gfij Gwij

] [
L̃1
jk L̃2

jk

L̃3
jk L̃4

jk

] [
uk
wk

]
, (9)

where the total wavefields u and w are composed of wavefields propagating in the homogeneous back-
ground medium (u0 and w0) and scattered wavefields (represented by the second term). The scattered
wavefields vanish if there are no fluctuations in the medium parameters. Obviously, the integration volume
encompasses the inhomogeneous part of the medium. Since equation (9) must be also true for the Green
tensors Gij , we can write

[
GFim Gfim
Gfim Gwim

]
=

[
0GFim

0Gfim
0Gfim

0Gwim

]
+

∫

V

dV

[
0GFij

0Gfij
0Gfij

0Gwij

] [
L̃1
jk L̃2

jk

L̃3
jk L̃4

jk

] [
GFkm Gfkm
Gfkm Gwkm

]
.

(10)
In order to simplify the equations that follow, we introduce a shorthand notation. The latter equation can
be symbolically re-written as

G = G0 +

∫
G0L̃G . (11)

We must, however, keep in mind that all these quantities represent matrices – whose elements are tensors
of rank two – and matrix multiplication rules apply.
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POROELASTIC BOURRET APPROXIMATION

Mean Green’s tensor

Since the following calculations are formally very similar to the elastic case (Gold et al., 2000) we only
provide the key equations necessary in subsequent sections. Expanding the scattering series (11) we obtain

G = G0 +

∫
G0L̃G0 +

∫∫
G0L̃G0L̃G0 +

∫∫∫
... . (12)

Averaging this equation and regrouping the scattering terms yields a matrix containing the mean Green
tensors

Ḡ = G0 +

∫∫
G0QḠ , (13)

where the matrix Q is defined as

Q =

〈
L̃G0L̃ +

∫
L̃G0L̃G0L̃ +

∫∫
...

〉
, (14)

and corresponds to the kernel-of-mass operator in the acoustic formulation (Rytov et al., 1989). Equation
(13) is the poroelastic Dyson equation. If only the first term in the expansion of Q is retained, we obtain an
equation of the mean Green tensor in the Bourret approximation. It is important to note that the elements of
Q only contain terms involving the second statistical moment of the fluctuating parts of the L̃ik’s. Higher-
order correlations are neglected. Since equation (13) contains a double convolution, it is expedient to work
with its spatial Fourier transform (see the appendix for notation):

ḡ = g0 + (8π)3g0q ḡ . (15)

Unlike in the acoustic case, this equation cannot explicitly solved for the mean Green tensors. In fact, we
have a system of four tensorial equations for the three unknown mean Green tensors. Carrying out the
necessary matrix multiplications we find that this system splits up into two pairs of coupled equations.
Since we are only interested in the characteristics of the P -wave (see next section) we analyze only those
two equations that involve ḡFik. We obtain

ḡF = gF + (8π)3[gF q1ḡF + gF q2ḡf + gfq3ḡF + gfq4ḡf ] (16)

ḡf = gf + (8π)3[gfq1ḡF + gfq2ḡf + gwq3ḡF + gwq4ḡf ] , (17)

where we omitted subscripts for brevity. The quantities g without upper bar denote the homogeneous space
Green tensors.

Effective P -wave number

In order to extract an effective wavenumber from equations (16) and (17) we have to introduce some
simplifications. Let us assume that the medium’s fluctuations are weak or frequencies are low so that the
fluctuations of the wavefield are small. Then, we can also assume that the mean Green tensor ḡFik(K)
is of the same functional form as gFik(K), however, involving some effective P -wave number (and also
effective bulk density). Furthermore, solving equations (16) and (17) by a perturbation approach, we can
use ḡf ≈ gf as the lowest order approximation. Since we are not interested in the mean Green tensor
itself, but only in the effective P -wave number, we construct a simple case, where most of the Green tensor
components vanish. This can be achieved using the following procedure: We consider an incomingP -wave
propagating in z-direction (i.e. only u3 is nonzero). Then, only the tensor component i = j = 3 needs
to be analyzed. Noting that in this case the Green tensor gFik(K) yields only a contribution for the spatial
wavenumberK = kp (see equation (34)) we obtain from equation (16) after algebraic manipulations

k̄p ≈ kp
(

1 +
4π3

ρω2
q1
33

)
. (18)
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We neglected terms that contain combinations of the tensor components qi33. This introduces no additional
inaccuracy because higher-order correlations are neglected within the precision of the Bourret approxima-
tion.
The remaining problem is the evaluation of q1

33. In explicit form, we obtain from the first term in the
expansion of Q

Q1
ik(r′ − r′′) = 〈L̃1

ij(r
′)GFjl(r

′ − r′′)L̃1
lk(r′′) + 2L̃1

ij(r
′)Gfjl(r

′ − r′′)L̃2
lk(r′′) +

L̃2
ij(r
′)Gwjl(r

′ − r′′)L̃2
lk(r′′)〉 (19)

It is interesting to note that in the elastic limit, only the first term ofQ1
ik is nonzero. That means poroelastic

effects are also caused by the other two terms, which we will consider in detail.

Let us now specify the perturbing operators L̃ik for a particular situation. Since we are mainly interested
in the poroelastic effect produced by conversion scattering into the slow wave (see Introduction), we assume
that there are no fluctuations in the shear modulus. We also neglect fluctuations of the densities ρ, ρf , and
ρ?. This is possible because of the restriction to low frequencies. Finally, we assume that the fluctuations
in the parameter α are smaller than those of the parameters M and H and therefore can be neglected. The
incurring error will be small if Kd � Kg. These simplifications yield

L̃1
ij = ∂iH̃∂j L̃2

ij = α∂iM̃∂j . (20)

The operator L̃4
ik does not appear in equation (19) and is not further analyzed. The computation of the

second and third term of Q1
33 is now straightforward. Following closely the computations in Gold et al.

(2000) we obtain for the first term in the wavenumber domain

(1)q1
33 =

1

8π3

α2M

HPd

(
k2
pBHH (0) + kpk

2
ps

∫ ∞

0

drBHH (r) exp[ikpsr] sin(kpr)

)
(21)

for the second term

(2)q1
33 = − 1

4π3

α2

Pd

(
k2
pBMH(0) + kpk

2
ps

∫ ∞

0

drBMH (r) exp[ikpsr] sin(kpr)

)
(22)

and for the third term

(3)q1
33 =

1

8π3

α2

N

(
k2
pBMM (0) + kpk

2
ps

∫ ∞

0

drBMM (r) exp[ikpsr] sin(kpr)

)
. (23)

Here, BHH , BMH and BMM denote the (cross-) correlation functions of the random fields M̃ and H̃ . To
be consistent with our low frequency assumption, we replace the sin function by its argument. Substituting
these expressions into equation (18) we obtain the final result for the effective P -wavenumber

k̄p = kp

[
1 +

3∑

n=1

cn

(
Bn(0) + k2

ps

∫ ∞

0

dr r Bn(r) exp[ikpsr]

)]
, (24)

with the coefficients

c1 =
1

2

α2M

Pd
c2 = −2c1 c3 = c1 (25)

and B1 = BHH , B2 = BMH and B3 = BMM denote the normalized (cross-) correlation functions. It is
important to note that the above expression describes only the process of conversion scattering from fast to
slow P -waves. The contribution of purely elastic scattering is taken out (the corresponding result would
include an additional term invloving the correlation function BHH ). Equation (24) is the central result of
this paper. In subsequent sections we will analyze the properties of kp. The structure of equation (24) is
similar to the 1-D result (see equation 56 in Gurevich and Lopatnikov, 1995).
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ATTENUATION AND DISPERSION

>From the complex P -wavenumber (24) we can extract the attenuation and dispersion characteristics. By
definition, the real part of k̄p yields the phase velocity c(ω) = <{k̄p} and the imaginary part yields the
attenuation coefficient α. Instead of α, we use for the characterization of attenuation the dimensionless,
reciprocal quality factor Q−1, which for low-loss media is given by Q−1 = 2α/<{k̄p}.

One goal of our study is to infer the low- and high-frequency asymptotes of attenuation due to wave-
induced fluid flow. At low frequencies we can approximate the exponential in equation (24) by 1. Then we
immediately have α ∝ ω2 or in terms of the quality factor

Q−1 ∝ ω . (26)

Obviously, this asymptote only exists if
∫∞

0
dr rB(r) has a finite value. This is, however, the case for a

large class of correlation functions.
At high frequencies only the behavior of B(r) at small arguments is important. Assuming that the correla-
tion function can be expanded around the origin in the form B(r) = 1 − r + O(r2), we can evaluate the
integral in equation (24) and obtain

Q−1 ∝ 1√
ω
. (27)

The same asymptote has been found in 1-D/3-D periodic and 1-D random structures.

Let us consider an example. For a typical porous sandstone with porosity φ = 17% and permeability
κ = 250mD we use the following background parameters: Pd = 29GPa, α = 0.67, and M = 11GPa.
The pore fluid is water with viscosity η = 0.001Pas. The correlation function is of the form Bn(r) =
σ2
n exp[−|r/a|], where σ2

n is the variance of the fluctuations and a the correlation length. Assuming that
we have only fluctuations in the poroelastic parameterM with BMM (0) = σ2

MM = 0.08 and a correlation
length a = 10cm we obtain the frequency dependence of Q−1 and c as shown in Figures (1) and (2). The
frequency is normalized by Biot’s critical frequency, which in this example is fc ≈ 112kHz. Both curves
are typical for a relaxation phenomenon. The low and high frequency asymptotic behavior of attenuation
is clearly in agreement with equations (26) and (27). The low frequency limit of phase velocity is deter-
mined by the first two terms in equation (24) and results in a frequency-independent velocity shift. At high
frequencies the phase velocity is given by the speed of the background medium (that is c = 3000m/s in our
example).

DISCUSSION AND CONCLUSIONS

Our analysis is not yet complete with respect to the following items:
1) The validity range of the used approximation has to be determined properly. The most important as-
sumptions made are the restriction to low frequencies and to weak-contrast media. We note that these
restrictions are consistent with the known range of validity for the acoustic Bourret approximation (Rytov
et al., 1989): σ2

n(ka)2 � 1, where σ2
n is the variance of fluctuations. We expect that a similar condition

can be found in the poroelastic case.
2) In our analysis we took into account only the fluctuations of the poroelastic parameters M and H . We
think that the proposed model can be extended in an analogous way if additional fluctuating parameters
are introduced. This is of particular interest when studying the relationship between rock-heterogeneity
and partial saturation, where the cross-correlations between rock and fluid properties become important
(Shapiro and Müller, 1999).
3) In order to construct a quantitative model for the case of partial rock saturation, the present approach has
to be modified in such a way that the low- and high frequency limits are connected with the known (exact)
bounds of Gassmann-Wood and Gassmann-Hill, respectively (for the 1-D case see Müller and Gurevich,
2003).
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Figure 1: Reciprocal quality factor versus frequency (normalized by Biot’s critical frequency fc). The
medium parameters are those of a porous, water-saturated sandstone (see text).
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Figure 2: P -wave phase velocity versus frequency (black curve). P -wave velocity in the background
medium (σ2

MM = 0) is shown as gray line. The medium parameters are the same as in Figure (1).
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We proposed a model for frequency dependent attenuation and dispersion in 3-D randomly inhomo-
geneous porous rocks accounting for the effect of wave-induced fluid flow. In our approach the dynamic
characteristics depend on the correlation properties of the medium fluctuations. Explicit results forQ−1(ω)
and c(ω) can be obtained for certain correlation functions. The form of attenuation and dispersion curves
are typical for a relaxation mechanism. The low-frequency behavior of attenuation is found to beQ−1 ∝ ω,
whereas at high frequencies Q−1 ∝ ω−1/2. It is very interesting to note that these asymptotes coincide
with those predicted by the periodicity-based approaches (see Introduction). Consequently, in 3-D space
the observed frequency dependency of attenuation due to fluid flow has universal character independent of
the type of disorder (periodic or random). This result is somewhat unexpected if we remember that in 1-D
space the attenuation asymptotes are different for periodic and random structures.
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APPENDIX A

The complete set of Green tensors for a homogeneous and isotropic poroelastic continuum – including
electro-seismic coupling – was derived by Pride and Haartsen (1996). We list only those parts of the Green
tensors, which are related to poroelastic wave propagation. Furthermore, we can simplify these tensors if
we use |kp|/|kps| � 1. We obtain:

GFij(r, r0) =
1

4πρω2

([
k2
sδij + ∂i∂j

] eiksR
R
− ∂i∂j

eikpR

R

)
− α2M2

H2

1

4πρ?ω2
∂i∂j

eikpsR

R
(28)

Gfij(r, r0) =
αM

H

1

4πρ?ω2
∂i∂j

eikpsR

R
(29)

Gwij(r, r0) = − 1

4πρ?ω2
∂i∂j

eikpsR

R
, (30)

where R = |r − r0|. In fact, in homogeneous and isotropic media the Green tensors only depend on R.
The wavenumbers are defined as

kp = ω

√
ρ

H
ks = ω

√
ρ

µ
kps =

√
iωη

κN
. (31)

Note that the first term of GFij is identical with the elastodynamic Green tensor (Gubernatis et al., 1977).
We define the spatial Fourier transform pair in the following way:

Gij(r− r′) =

∫
d3K gij(K) exp[iK · (r− r′)] (32)

gij(K) =
1

(2π)3

∫
d3RGij(r− r′) exp[−iK · (r− r′)] . (33)

In the wavenumber domain the above Green tensors read

gFij(K) = − 1

8π3

1

ρω2

(
k2
sδij −KiKj

k2
s −K2

+
KiKj

k2
p −K2

)
− 1

8π3

α2M2

H2

1

ρ?ω2

KiKj

k2
ps −K2

(34)

gfij(K) =
1

8π3

αM

H

1

ρ?ω2

KiKj

k2
ps −K2

(35)

gwij(K) = − 1

8π3

1

ρ?ω2

KiKj

k2
ps −K2

. (36)
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ABSTRACT

Traveltime fluctuations of refracted waves in random elastic media are studied in the framework of
geometrical optics approach. Covariation function of traveltime fluctuations is derived for the case
of a constant gradient of the average wave velocity. The random inhomogeneities are supposed to
be strongly anisotropic (anisomeric): for example vertical correlation scale, lz can be much smaller
than horizontal, lx , one. In this case, a surprising phenomenon has been found: unlike expectations
traveltime variance starts decreasing at sufficiently large offsets for the case when velocity fluctuations
are proportional to the average velocity. This new phenomenon is proved by the results of numerical
modelling for traveltime fluctuations in random media. Theoretical consideration is in agreement
with the results of numerical modelling. Numerical modelling demonstrates also an opportunity for
extracting statistical parameters of random media from empirical data on traveltime fluctuations.

INTRODUCTION

The problem of wave propagation through randomly inhomogeneous media was very popular in 60th -
70th of last century mainly because of its wide applications in optics, radar and underwater acoustics
(Chernov, 1960; Tatarskii, 1961, 1967 and 1971). Studies of statistical characteristics of elastic waves in
rocks attracted somewhat less attention, probably, because destructive role of random inhomogeneities in
seismic problems was not so evident as compared to other natural media. In the present time, statistical
characteristics of elastic media are of much more interest as compared to period of 20-30 years before,
which is motivated by several reasons.

Firstly, information on statistical properties of inhomogeneities in the elastic medium are neccessary
for estimating uncertainities of seismic images. This is especially important for inhomogeneities of size
on a limit of the seismic resolution. Secondly, small random inhomogeneities affect seismic amplitudes.
This effect must be understood and described in order to allow interpretation of seismic attenuation. The
amplitude effects of random inhomogeneities can be compensated, if their statistics is known. Thirdly,
statistical properties of heterogeneities can be used in the seismic inversion combined with geostatistical
approaches. Similar approach is applied quite often in the characterization of hydrocarbon reservoirs.
Finally, statistics of heterogeneities might serve as a new seismic attribute useful for making a bridge
between seismic and lithological rocks description.

Significant progress in solution of statistical inverse problems in seismics was achieved due to efforts
of Touati (1996), Iooss (1998), Iooss et al. (2000), Gaerets et al. (2001), who suggested to extract statistical
parameters of elastic media from traveltime fluctuations of signal, reflected from sufficiently contrast inter-
face. Such an observation scheme is known as reflection seismics. In the framework of above mentioned
approach the rays twice cross random inhomogeneities, so that elastic wave experiences double passage ef-
fect, which manifest itself also in other geophysical situations: under radio wave reflection from randomly
inhomogeneous ionosphere (Denisov and Erukhimov 1962; Kravtsov 1965) and under light reflection from
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a mirror in a turbulent atmosphere (Kravtsov and Saichev 1982 and 1985). Detailed analysis of traveltime
statistics of reflected seismic waves was performed recently by Kravtsov et al. (2003).

In this publication we intend to study the potential of another observational scheme - refraction geom-
etry, which implies traveltime fluctuation measurement for signals which, return to the earth surface due
to refraction. The main instrument for data interpretation both in reflection and in refraction seismics is
geometrical optics (GO) method. The necessary information on the GO method is outlined and the general
properties of covariation function for traveltime fluctuations along curved rays are presented. The variance
for traveltime fluctuations is derived in a plane stratified elastic media with a constant gradient of wave
velocity. This variance is shown to reduce at large offsets, what is an important new result of the study.
Numerical simulations are performed in order to verify the theoretical consideration. Theoretical results
are shown to be in good agreement with the results of numerical simulations.

GEOMETRICAL OPTICS RELATIONS FOR TRAVELTIME

A broad experience shows that the geometrical optics (GO) is a suitable approximation for computation of
seismic traveltimes. In the framework of GO approximation properties of inhomogeneous elastic medium
are characterized by the wave velocity v(r) or by slowness µ(r) = 1/v(r). For our purposes it is conve-
nient to deal with refractive index

n(r) =
v0

v(r)
= v0µ(r), (1)

where v0 is a typical velocity in a given area, say, a velocity near the earth surface.
For wave, propagating in time-independent (stationary) and dispersionless media GO provides preser-

vation of pulse shape on the whole pulse path through inhomogeneous medium. According to Born and
Wolf (1999), (see also Kravtsov and Orlov 1990; Červený 2001) the lowest (zeroth) approximation of GO
suggests the following expression for the wave field:

u(r, t) = A(r)f

(
t− ψ(r)

v0

)
. (2)

Here “optical path” or “eikonal” ψ(r) obeys the eikonal equation

(∇ψ)2 = n2(r), (3)

whereas the amplitude A(r) can be found from the energy flow conservation law in a ray tube.
According to eq. (2), the signal, received in the point of observation r reaches it maximum value at the

time

t||f(t)|=max ≡ t =
ψ(r)

v0
, (4)

which corresponds to condition, that the argument t − ψ
v0

of propagating pulse f
(
t− ψ(r)

v0

)
is zero. Re-

lation (4) is basical for determination of time-delay between emitted and received pulses in the framework
of GO method.

The solution of eikonal equation (3) for “optical path” ψ(r) can be presented in one of two equivalent
forms (Kravtsov and Orlov 1990; Červený 2001):

ψ(r) =

∫
n[r(s)]ds (5)

and

ψ(r) =

∫
n2[r(τ)]dτ. (6)

where r = r(s) is the ray trajectory, s is the arclength and τ is an alternative papametere along ray which
is connected with the arclength s by a relation ds = ndτ .

According to formula (4), traveltime is proportional to the optical path ψ(r):

t =
ψ(r)

v0
=

1

v0

∫
n[r(s)]ds =

1

v0

∫
n2[r(τ)]dτ. (7)
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Therefore all the results, obtained earlier for eikonal variations (Chernov 1960; Tatarskii 1961, 1967, and
1971; see also Ishimaru 1978, 1997; Rytov et al. 1989b), can be equally used for analysis of traveltime
fluctuations, which are of significant interest in seismics.

FIRST ORDER TRAVELTIME VARIATIONS

In a smoothly inhomogeneous random elastic medium refractive index n can be presented as sums of
average (regular), n(r), and random, ñ(r), parts as follows:

n(r) = n(r) + ñ(r). (8)

Smallness of random medium parameters fluctuations allows to restrict analysis by consideration of
only first order perturbations. In the framework of the first order perturbation theory the value ṽ = v− v is
connected with ñ by linear relations

ṽ = −v
2ñ

v0
. (9)

All other values of interest also can be presented in the form like (8):

r = r + r̃, ψ = ψ + ψ̃, t = t+ t̃. (10)

Substitution of n = n + ñ and ψ = ψ + ψ̃ into eikonal eq. (3) brings about the zeroth approximation
equation

(∇ψ)2 = (n)2, (11)

which solution can be written as integral

ψ =

∫
(n)2dτ =

∫
nds, (12)

along unperturbed ray r = r(τ ) or r = r(s). The first order eikonal equation

∇ψ · ∇ψ̃ = nñ, (13)

lead to well known expression (Chernov 1960; Tatarskii 1961, 1967, 1971; Ishimaru, 1978, 1997; Rytov
et al. 1989b; Kravtsov and Orlov 1990)

ψ̃ =

∫
ñds, (14)

which implies integration of refraction index fluctuations along the unperturbed ray. Correspondingly the
first order theory of perturbation for traveltime fluctuations t̃ gives

t̃ =
ψ̃

v0
=

1

v0

∫
ñds, (15)

which also deals with integration of fluctuations ñ over unperturbed ray. A detailed analysis of the ray
perturbation theory series was performed also by Snieder and Sambridge (1992) and Witte et al. (1996).
Relation (15) arises in their analysis as the first order term. For brevity we shall omit below the upper bar
over regular ray trajectory r and ray parameters τ and s.

TRAVELTIME COVARIANCE FUNCTION IN A MEDIUM WITH QUASI-HOMOGENEOUS
STATISTICS

The covariance of traveltime registered by two receivers, placed at pointsR1 andR2 on the Earth surface,
as shown in Figure 1, has a form of averaged product of fluctuations t̃(R1) and t̃(R2), given by eq. (15):

Ct(R1,R2) = 〈t̃(R1)t̃(R2)〉 =
1

v2
0

∫ S(R1)

0

ds1

∫ S(R2)

0

ds2Cn[r1(s1), r2(s2)]. (16)
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Here S1(R1) and S2(R2) are arclengths of the rays, arriving correspondingly to the receiversR1 andR2.
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Figure 1: Transverse (a) and longitudinal (b) displacement of observation points R1 and R2.

For a covariance function
Cn(r1, r2) = 〈ñ(r1)ñ(r2)〉 (17)

of refractive index fluctuations we make use of the model of quasi-homogeneous fluctuations, (QHF),
(Rytov et al. 1989a; 1989b):

Cn(r1, r2) = σ2
n(r+)Kn(r1 − r2; r+). (18)

Here r+ = (r1+r2)/2 is the radius vector of center of gravity of vectors r1 and r2, andKn is a normalized
correlation function (correlation coefficient) which equals to unit at r1 − r2 = 0,

Kn(0; r+) = 1,

and is supposed to be reduced significantly, when distance | r1−r2 | exceeds a characteristic (correlation)
length lc.

Model of QHF allows to describe anisomeric (statistically anisotropic) fluctuations with different corre-
lation lengths lx, ly and lz in x, y and z directions, respectively. By introducing new variables into equation
(16):

s− = s1 − s2, s+ =
s1 + s2

2
(19)

and expand trajectores r1(s1) and r2(s2) into power series in difference variable s−, saving only the
zeroth and first order terms in a difference r(s1;R1)− r(s2;R2) and only the zeroth-order term in r+ =
(r1 + r2)/2 = r+(s+) the difference r1 − r2 in (18) becomes

r1(s1)− r2(s2) ∼= κ(s+)s− + δ(s+), (20)

where κ(s+) = dr+

ds is a unit vector, tangent to the “middle” ray r = r(s+) (Figure 2) and δ(s+) is a
vector, connecting the nearest points at the neighbouring rays. Taking into account that ds1ds2 = ds−ds+,
one can transform eq. (16) as follows

Ct(R1,R2) =
2

v2
0

∫ S<

0

σ2
n[r+(s+)]ds+

∫ ∞

0

ds−Kn[κ(s+)s− + δ(s+)]. (21)
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Figure 2: Expansion of difference r1 − r2 into sum of transverse δ and longitudinal s−κ components
(illustration to derivation of (20)).

Taking in eq. (20)R1 = R2 = R, what brings about δ = 0, one can obtain a traveltime variance:

σ2
t̃ = V ar[t̃(R̃)] =

2

v2
0

∫ S(R)

0

ds+σ
2
n[r+(s+)]leff (κ; s+), (22)

where leff (κ; s+) is an effective correlation length in the point r+(s+) along the ray direction κ(s+) =
dr+
ds :

leff (κ; s+) =

∫ ∞

0

Kn(κs−)ds−. (23)

For an anisomeric normalized correlation functionKn(4r) is given as

Kn(4r) = β[g(∆r)], ∆r = r1 − r2, (24)

where (Iooss, 1998)

g(∆r) =

[
(∆x)2

l2x
+

(∆y)2

l2y
+

(∆z)2

l2z

]1/2

. (25)

We suppose for definiteness that the main axes of correlation function (24) are oriented along x, y and z
coordinate axis, and that lx ≥ ly ≥ lz. Let ∆r = κs− and unit vector κ has components sin θ cosφ,
sin θ sinφ, cos θ, θ being polar and φ azimuthal angles. Then

leff =

∫ ∞

0

Kn(∆r)ds− =

∫ ∞

0

β[s−/lκ(θ, φ)]ds− = lκ(θ, φ)

∫
β(g)dg = Γlκ(θ, φ), (26)

where

lκ(θ, φ) =

(
κ2
x

l2x
+
κ2
y

l2y
+
κ2
z

l2z

)−1/2

=

[
(sin θ cosφ)2

l2x
+

(sin θ sinφ)2

l2y
+

cos2 θ

l2z

]−1/2

(27)

is a characteristic scale of function g(∆r) in the ray direction κ and Γ is a formfactor, which depends only
on the profile of function β(g):

Γ =

∫ ∞

0

β(g)dg. (28)

For instance, the value Γ for Gaussian coefficient of correlation β(g) = exp(−g2) is equal

Γ =

∫ ∞

0

exp(−g2)dg =

√
π

2
, (29)
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whereas exponential correlation coefficient β(g) = exp(−g) gives

Γ = 1. (30)

In the case of horizontaly isotropic (isomeric) fluctuations, for which lx = ly = lh, the value leff and lκ
do not depend on azymuthal angle φ:

leff = Γlκ = Γ

[
sin2 θ

l2h
+

cos2 θ

l2z

]−1/2

. (31)

TRAVELTIME VARIANCES IN A LAYERED MEDIUM

We consider a regular ray trajectory in a plane layered medium with refractive index n and a constant
velocity gradient depending on vertical coordinate (depth) z. The depth dependent velocity is represented
by

v(z) = v0(1 + z/H) = v0 + kz, (32)

where depth z = H corresponds to doubling of velocity value, k = v0/H is a velocity gradient. In this
case refraction index n(z) takes a form

n(z) =
v0

v(z)
=

1

1 + z/H
, (33)

and the ray trajectory which has a depth dependence on x is given as

z =
√
H2 + xX − x2 −H, z > 0, (34)

whereX is a final point of the ray. The regular (mean) traveltime t along the ray trajectory can be calculated
as

t =
2H

v0
ln

[
X

2H
+

√
1 +

X2

4H2

]
. (35)

We suppose that velocity fluctuations ṽ are proportional to average velocity v(z):

ṽ = vξ (36)

where ξ is statistically homogeneous random field with variance σ2
ξ and a given normalized correlation

functionKξ(r1 − r2):
< ξ(r1)ξ(r2) >= σ2

ξKξ(r1 − r2). (37)

According to (9), in the framework of the model (36) one has

ñ = −v0ξ

v
= −nξ, (38)

and
σ2
n = (n)2σ2

ξ , σ2
v = (v)2σ2

ξ . (39)

As a result eq.(22) converts into

σ2
t =

2σ2
ξ

v2
0

∫ S

0

n2ds+leff . (40)

This integral can be transformed to the form, convenient for numerical analysis. For this, we shall use
offset x as a variable along the ray:

ds+ =
dx

sin θ
. (41)

Refractive index n for a medium with constant velocity gradient can be written, according to eq. (33), as

n [z(x)] =
1

1 + z
H

=
1√

1 + α(x)
H2

=
1√

1 + ν(γ − ν)
, (42)
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where ν = x/H , γ = X/H . Thirdly, involving the ratio ρ = lz/lx one can rewrite effective correlation
length (31) as

leff = Γlz
[
ρ2 sin2(θ) + cos2(θ)

]−1/2
, ρ = lz/lx . (43)

Considering the ray going along the x axis and using the relation

dz

dx
=
±
√
n2(z)− sin2 θ0

sin θ0
= cot θ, (44)

where θ0 is the polar angle of incidence counted from the vertical axis z one can readily show that

sin θ =
√
B2 − η2/B, cos θ = −η/B, n = (B2 − η2)1/2, (45)

where

η = ν − γ

2
=
x−X/2

H
, B =

√
1 +

(γ
2

)2

. (46)

Substituting eqs. (41)-(46) into eq. (40), and using variable η instead of x , we have

σ2
t = DJ(ρ, γ), (47)

where

D =

√
πlzσ

2
ξH

v2
0

, (48)

and

J(ρ, γ) = B2

∫ γ/2

−γ/2

dη

(B2 − η2)3/2
√
ρ2(B2 − η2) + η2

. (49)

Integral (49), calculated numerically for ρ = 0.1 is presented on Figure 3 by a continious line. At small
distances, γ = X/H , the integral J rapidly increases as

J(ρ, γ) ≈ γ

ρ
,

reaching the value J ≈ 2 at γ ≈ 2ρ. Then J approaches the maximum value Jmax = 4.57 at γ = 1.9
and then slowly reduces, tending to asymptotic value J∞ = 2 when γ → ∞. Reducing J at large
distances looks unusual: this phenomenon was never met before neither in acoustics and optics, nor in
radio wave propagation. Traveltime variance reducing with a distance results due to fast “diving” of the
ray into deeper layers where refractive index fluctuates weaker and due to strong anisotropy (anisomery) of
random inhomogeneities: at ρ = lz/lx = 1 (isomeric inhomogeneities) and ρ = lz/lx = 10 (anisomeric
inhomogeneties, lz � lx ) reducing of J does not occure (Figure 3, dashed and dotted lines, respectively).



Annual WIT report 2003 243

Figure 3: Dependence of factor J(ρ, γ) for determining traveltime variance σ2
t on dimensionless distance

γ = X/H . The curves corresponds to the model σ2
v = v2σ2

ξ : for ρ = 0.1 (continious curve), ρ = 1.0
(dashed curve) and ρ = 10.0 (dotted curve).

TRAVELTIME TRANSVERSE AND LONGITUDINAL CORRELATION SCALES IN A
LAYERED MEDIUM

Involving variable dx = sin θds like in eq. (40), one can rewrite the basic formula (22) for a layered
medium in a form:

Ct(R1,R2) =
2

v2
0

∫ X<

0

dx+

sin θ0
σ2
n[r+]

∫ ∞

0

ds−Kn(κs− + δ). (50)

This formula allows to estimate both transverse and longitudinal correlation scales.
Let the pointR2 = (X,∆Y, 0) is shifted in y direction relatively the pointR1 = (X, 0, 0) (Figure 1a).

In this case δz = δx = 0, whereas current distance δy between the rays, arriving to points R1 and R2, is
proportional to x :

δy =
x

X
∆Y. (51)

The argument g of anisomeric correlation function (24) in this case is equal to

g =

(
κ2
x

l2x
+
κ2

z

l2z

)
s2
− +

(∆Y )2

l2y

( x
X

)2

. (52)

One can readily conclude from eqs. (50) and (52) that transverse correlation scale ∆Yc is comparable
with ly or, if lx = ly = lh , with horizontal correalation scale lh . Similar properties are characteristic for
spherical and cylindirical waves in statistically homogeneous random media (Rytov et al., 1989b).

Estimates for longitudinal correlation scale ∆Xc happen to be somewhat troublesome. Let the points
of observationR1 andR2 are seperated by the interval ∆X in x direction (Figure 1b):

R1 = (X, 0, 0), R2 = (X + ∆X, 0, 0). (53)

Under these conditions distance between the rays can be calculated from the relation

δ ≡
(
δ2

z + δ2
x

)1/2
= |∆Z| sin θ, (54)

where |∆Z| is a current vertical distance between the rays, arriving to the points X and X + ∆X :

∆Z(x) =
√
H2 + x(X + ∆X)− x2 −

√
H2 + xX − x2. (55)
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Considering x + ∆X to be small as compared to H2, one can expand eq. (55) into Taylor series in ∆X .
Restricting ourselves by linear term in ∆X and taking into account that sin θ =

√
H2+xX−x2√
H2+(X/2)2

one has

δ(x) =
x∆X

2
√
H2 + (X/2)2

. (56)

Taking into account that κ = (sin θ, cos θ) and δ = (δ cos θ,−δ sin θ) one can present the argument g,
eq.(25) of correlation function (24) as

g =

[
(s− sin θ + δ cos θ)2

l2x
+

(s− cos θ − δ sin θ)2

l2z

]1/2

. (57)

Dealing with Gaussian correlation function Kn(g) = exp(−g2) one can show that internal integral in eq.
(50) equals ∫

Kn(κs− + δ)ds− = leff exp

(
−δ

2

l2δ

)
. (58)

where effective correlation length leff is given by eq.(31) with Γ =
√
π/2 and characteristic transverse

length lδ is

lδ =
[
l2z sin2 θ + l2x cos2 θ

]1/2
= lz

[
sin2 θ +

1

ρ2
cos2 θ

]1/2

. (59)

As a result longitudinal covariance function takes a form

Ct(X,X + ∆X) =
2Γσ2

ξ lz

v2
0

∫ X<

0

n2dx√
ρ2 sin2 θ + cos2 θ

exp

(
− (x∆X)2

(4H2 +X2)l2δ

)
. (60)

In dimensionless variables η and γ, used in eq. (46), longitudinal covariance (60) takes a form

Ct(X,X + ∆X) = DP (ρ, γ,Λ), (61)

where

P (ρ, γ,Λ) =

∫ γ/2

−γ/2

Bdηexp (−Q)

(B2 − η2)
3/2√

ρ2 (B2 − η2) + η2
, (62)

where factor D is given by (48),

Q =

(
η + γ

2

)2
Λ2

B2 [ρ2 (B2 − η2) + η2]
, (63)

and

Λ =
∆X

lx
. (64)

Note that at Λ = 0 integral (62) turns out to be equal J :

P (ρ, γ, 0) = J (ρ, γ) . (65)

Dimensionless longitudinal correlation radius Λc = ∆Xc/lx can be determined then at given values ρ and
γ, from the equation:

P (ρ, γ,Λc) =
1

2
P (ρ, γ, 0) =

1

2
J (ρ, γ) . (66)

Numerical solution of this equation for ρ = 0.1 is presented in Figure 4. According to this plot, longitudinal
correlation radius Λc exceeds a unit, Λ > 1 (∆Xc > lx ) at small distances γ < 0.5, takes a minimum
value Λmin = 0.53 at γ = 2.19 and slowly increases at γ > 2.19. It is worth noticing that on the most
part of the plot, presented on Figure 4, longitudinal correlation radius ∆Xc is less than lx , ∆Xc < lx , but
at least five times as larger than lz .
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Figure 4: Dependence of dimensionless longitudinal scale Λc = ∆Xc/H on distance γ = X/H .

NUMERICAL MODELLING

In order to verify the theoretical results, numerical calculations were performed by using ray tracing method
in 2D elastic random media. The random field ξ was generated with a Gaussian probability density function
with zero mean and unit variance and multiplied by the square root of the Gaussian correlation function in
the wave number domain. The random field in real space which represents the velocity fluctuations was
obtained by taking the inverse Fourier transform. The random media represented with the refractive index
fluctuations are calculated by using eq.(9). The average value of velocity v is supposed to grow with a
depth z as v = v0 + az, whereas the random part of the velocity ṽ is taken proportional to the average
velocity: ṽ = (v0 + az)ξ. The grid points for the model were selected with an increment of 10m in both
directions (∆x = ∆z). Total number of the grid points was nz = 1024 in z direction and nx = 2048 in x
direction. The inhomogeneity scale lengths are selected as lz = 50m and lx = 500m in z and x directions
respectively so that (lz � lx ) what gives a ratio of ρ = 0.1. The initial velocity and the velocity gradient
were selected as v0 = 2000m/s, a = 0.8s−1 respectively. Standart deviation σξ of dimensionless velocity
fluctuations ξ = ṽ/v was σξ = 0.01.

Traveltime fluctuations t̃ were calculated by using eq.(15) which was transformed to the form

t̃ =
1

v0

√
H2 +

X2

4

∫ X

0

ñ [x, z (x)] dx√
H2 + xX − x2

. (67)

which is more convenient for numerical calculations. The refractive index fluctuation field ñ [x, z(x)] =
ξv0/v was calculated in each grid point of the model. The rays were traced by using eq. (34). Linear
interpolation was performed in all the cases, when the ray trajectories did not match the grid points.

The numerical calculations were performed for 100 realization of the medium. An example of 10
realizations of travel time fluctuations versus distance are plotted in Figure 5. The variance of the traveltime
fluctuations was calculated as a function of distance and shown in Figure 6 as a thin wavy curve. Significant
variations of “empirical” curve σ2

tnum are caused by limited number of realizations N=100: expected value
of relative variations can be estimated as 1/

√
N = 0.1, that is about±10%.

σ2
tnum =< t̃2 >=

1

N

N∑

i=1

[
t̃i(x)

]2
, N = 100. (68)
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Figure 5: Examples of traveltime fluctuations along x axis, obtained by numerical simulations. Each trace
has a dimension of time in seconds versus x(km) distance.

Considering the values σ2
tnum as “empirical data”, one can fit the theoretical curve (47) to the “empirical

data” and thereby extract the medium statistical parameter σ2
ξ lz (fluctuation variance multiplied by the

inhomogeneity scale length in z direction) and ρ = lz/lx (correlation scales ratio). Performing nonlinear
fit procedure, “empirical” σ2

ξ lz was estimated as 0.005, in agreement with model value σ2
ξ lz = 0.005.

Empirical estimate of ρemp = 0.12 is also sufficiently close to the model value ρ = lz/lx = 0.1. It is seen
that numerical results satisfactorily agree with the theoretical derivations.

The correlation radius ∆Xc was calculated from the equation:

Cov
[
t̃(X), t̃(X + ∆Xc)

]
num

≡ 1

N

N∑

i=1

t̃i(X)t̃i(X + ∆X) =
1

2
σ2
tnum (69)

where t̃i(X) are data, obtained by numerical simulation. Resulting correlation radius (∆Xc)num is pre-
sented in Figure 7 by a thick curve.

The plot in Figure 7 allows to retrieve the horizontal correlation length lx by fitting theoretical depen-
dence

(∆Xc)theo = lx (Λc)theo

(thin curve in Figure 7) to the results of numerical modelling. Here dimensionless correlation radius
(Λc)theo is the root of the eq. (66), (plot of this value versus dimensionless distance γ = X/H is shown in
Figure 4).

The fitting procedure provides the best result at (lx)num = 448m, which is a sufficiently good approx-
imation to the original correlation length lx = 500m, corresponding to the medium model.

Having revealed the ratio ρ = lz/lx = 0.12 from previous calculations (Figure 6) one can estimate
the vertical correlation scale lz as lz = ρlx = 0.12 ∗ 448m = 54m and fluctuation intensity σξ from
σ2
ξ lz = 0.005 as σξ =

√
0.0050/54 = 0.01.
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Figure 6: Variance of traveltime fluctuations obtained by numerical simulations (continious curve).
Dashed curve is theoretical dependence of (47), fitted to “empirical” data.

Numerical

Theoretical

Figure 7: Longitudinal correlation scale ∆Xc versus distance γ = X/H : Numerical calculation (thick
curve) and theoretical dependence (thin line) fitted to the “empirical” data.

CONCLUSIONS

In this paper the statistics of the traveltime fluctuations is studied for refraction geometry. The most impor-
tant result of the study is that in a realistic medium with linear gradient of velocity the travel time variance
decreases at larger distances and approaches a constant value. The reason for such an unusual behaviour is
the fast rays diving into the deeper layers where refractive index fluctuates weaker in combination with the
strong anisomery of the random inhomogeneities.

Calculations, performed in this paper, showed that refraction seismics is in position to deliver valuable
information on random inhomogeneities of the elastic media. Though interpretation of experimental data
in refraction geometry, is a little bit cumbersome as compared to reflection geometry, refraction seismics
allows to estimate the main statistical parameters of random media: variance of refractive index, horizontal
and vertical scales of inhomogeneities.
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ABSTRACT

Stress dependencies of elastic moduli and velocities for anisotropic rocks and electrical resistivity are
derived as functions of pore space deformation due to an applied arbitrary load. All dependencies have
the form of a four parametric exponential equation V (P ) = A + KP − B exp(−DP ). The stress
dependencies are mainly controlled by the tensor of stress sensitivity. One result of our derivations
is that if this tensor is isotropic and the rock sample is loaded hydrostatically the argument D of the
exponential term is a univers quantity for all mentioned rock characteristics. We show that laboratory
derived velocity, dilatancy, and resistivity measurments as a function of effective pressure support this
result.

INTRODUCTION

Understanding stress dependencies of elastic moduli and seismic velocities is important for interpretation
of very different seismic and seismologic data. For example, it is necessary for studies of earthquakes and
seismogenic processes, for exploring tectonic stress distributions in space and time, for borehole construc-
tions and developments of hydrocarbon and geothermal reservoirs. Specifically, in the exploration seismol-
ogy knowledges of velocity stress dependencies are required in different applications ranging from AVO
and velocity analysis to overpressure prediction and 4D seismic monitoring of hydrocarbon or geothermal
reservoirs.

Many studies have shown that seismic velocities are sensitive to changes of the in situ state of stress as
induced by reservoir depletion or fluid injection. Due to the combination of this sensitivity with high spatial
resolution seismic methods are frequently used for reservoir monitoring purposes. In order to interprete the
signature of the current state of stress and induced changes on seismic waves theoretical approaches are
required to relate elastic moduli to stress. Some of these approaches take into account that rocks behave like
non-linear elastic bodies or even more complex. Several, quite successful attempts to use the formalism
of non-linear elasticity theory for this goal are known from recent literature (e.g., Sarkar et al., 2003;
Johnson and Rasolofosaon, 1996; Winkler and Liu, 1996; Rasolofosaon, 1998). However, these models
are restricted to small ranges of stress variations only. As a consequence, the resulting stress dependencies
of elastic properties are principally linear functions of stress only.

Several other approaches can be understood as attempts to specify models of pore space geometry in
order to arrive at a more specific elastic non-linear rock characterization. These are spherical contacts
models (Duffy and Mindlin, 1957) or crack contacts models (Gangi and Carlson, 1996; Mavko et al.,
1995). These approaches are used in geophysical applications (see Merkel et al., 2001; Carcione and
Tinivella, 2001). They lead to different quite complex stress dependencies of elastic properties. Moreover,
some of them work in very limited ranges of pore pressure changes or under very restrictive geometrical or
geomechanical conditions.
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Figure 1: Best fit of anisotropic velocities (1(a): P-waves; 1(b): S-waves) from metamorphic rock sample.
A successful fit with a universe D = 0.031 1/MPa indicates an isotropic stress sensitvity tensor.

However, laboratory observations show that under hydrostatic load pore pressure, confining stress and
differential pressure dependencies of seismic velocities or elastic moduli are phenomenologically described
by the following simple relationship (Zimmerman et al., 1986; Eberhart-Phillips et al., 1989; Freund, 1992;
Jones, 1995; Prasad and Manghnani, 1997; Khaksar et al., 1999; Carcione and Tinivella, 2001; Kirstetter
and MacBeth, 2001)

V (P ) = A+KP −B exp (−PD), (1)

where P = Pc−Pfl is the differential pressure, Pc = −σii/3 is a confining pressure, σij is a component of
the total stress tensor (here, the compression stress is negative and the summation over repeating indices is
assumed) and Pfl is a pore pressure. The coefficientsA,K,B and D of equation (1) are fitting parameters
for a given set of measurements.

It is often observed that equation (1) or similar ones provide very good approximations for velocities and
elastic moduli of dry as well as saturated rocks in a range of stress changes of several hundred Megapascal.
Moreover, it is also observed that this equation provides a very good approximation for elastic properties
even in the case of anisotropic rocks (see Figure 1) and Kaselow and Shapiro (2003).

On the other hand it is known that electrical resistivity is remarkably more sensitive to porosity, temper-
ature, and fluid saturation than seismic velocities (e.g., Wilt and Alumbaugh, 1998). Numerous laboratory
experiments have been conducted in the past to understand the electrical properties of very different rock
types. A review of these studies can be found, e.g., in Wyllie (1963); Olhoeft (1980); Parkhomenko (1982).
However, in high porosity reservoir rocks electrical resistivity is usually assumed to be independent from
changes in the in situ stress field. For example, Daily and Lin (1985) found that the electrical conductivity
primarily resulted from electrical volume conduction and that resistivity is not effected by changing elastic
moduli through crack closure due to compression as long as the large aspect ratio pores remain open. Lock-
ner and Byerlee (1985) compared the stress dependent complex resistivity of Westerly granite with the one
of Berea sandstone. They found that the stress dependence of resistivity is much smaller in sandstones than
in granites. For one granitic sample the real part of the low-frequency conductivity dropped of by 94 % at
200 MPa confining pressure whereas the conductivity of the sandstone decreased by only 24 %. Crystalline
rocks seem to behave like sandstones when partially saturated (Brace and Orange, 1968).

This work attempts to explain observations referred to above. We follow the concept of stress sensitivity,
introduced by Shapiro (2003). We understand the stress dependence of elastic moduli in isotropic as well
as anisotropic porous rocks as the result of pore space deformation. The porosity is assumed to consist of
a stiff and compliant part (fig. 2). The stiff porosity consists of more or less isometric pores, the compliant
porosity represents cracks and grain contact vicinities. A general relation is derived which defines the stress
dependence of the pore space deformation. Then, we use the separation of the pore space into two different
porosity domains with a distinct deformation behaviour to relate the dry rock compliance to porosity. We
derive an equation for the dependence of porosity on an arbitrary load. This result is used to obtain a
first order relation between the compliances of an anisotropic rock and applied stress. Then, we restrict
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Σ Ψ

Figure 2: Sketch of complex pore structure consisting of crack-like compliant voids and stiff more or less
isometric pores. Σ denotes the outer surface of the sample, indicated by the thick black line, while the
dashed red line illustrates the inner surface of the rock, encasing the pore space (denoted as Ψ). The zoom
square shows a situation where the external surface cuts a pore and thus coincides with the inner surface.
Note, their normals are defined positive in opposite directions. In 3D all pores build an interconnected
space effective for fluid flow.

our considerations to isotropic rocks and derive the dependence of bulk and shear modulus, P and S wave
velocity, and electrical resistivity on the applied load. Our results for elastic properties are applicable to a
broad range of rocks.

However, the dependence of electrical resistivity and hydraulic permeability on porosity is more sophis-
ticated. In order to obtain a stress dependence of electrical resistivity using the load dependent deformation
of the pore space, we have to restrict our derivations to rocks where only electrolytic charge transport
through an interconnected pore space occurs.

STRESS DEPENDENCE OF POROSITY

Two load components can act on a porous rock, an externally applied confining stress σc
ij and an internally

applied stress σf
ij. In most realistic geological situations σc

ij corresponds to the overburden stress and -σf
ij

to the pore pressure Pfl. Moreover, in hydrostatically conducted laboratory experiments -σc
ij becomes the

confining pressure Pc. Both load components acting compressionally with respect to the rock material are
negative per definition.

In poromechanics it is common to combine both load components. Hereby, the differential pressure
Pdiff is usually defined as

Pdiff = Pc − Pfl. (2)

In the case of a non-hydrostatic confining load, we define the difference between confining stress σc and
the internally applied stress σf as the effective stress σe

ij, since the term ’differential stress’ would lead to
confusion with the corresponding definition used in tectonophysics where it denotes the difference between
the minimum and maximum principal stresses. Thus,

σe
ij = σc

ij + δijPfl, (3)

where δij is the Kronecker delta function. Moreover, we will show in the following under which conditions
only the difference between confining stress and internal stress is effective for porosity changes and elastic
and transport properties as well. Thus, in the case of hydrostatic load differential pressure equals effective
pressure:

Peff = Pdiff

In order to describe the deformation of the pore space resulting from the application of a load, we define
two surfaces of the porous rock. The surface Σ is the external surface of the rock (fig. 2). Where Σ cuts
a pore it simultaneously seals the latter. The second surface Ψ is the internal surface of the rock. In this
way, we can represent the bulk and pore space volume of the rock sample in terms of the encasing surfaces
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Σ and Ψ, respectively. Thus, it is possible to describe changes of both volumes by the displacement of the
surface points of Σ and Ψ.

Let us assume that the confining and/or pore pressure have changed from an initial state of stress
(P 0

eff , P
0
fl ) to the current state (Peff , Pfl). As a result, points of the external surface have been displaced by

ui(x̂). The displacement is assumed to be very small in comparison to the size of the rock volume under
consideration.

Following Brown and Korringa (1975) we introduce a symmetric tensor

ηij =

∫

Σ

1

2
(uinj + ujni)d

2x̂. (4)

In the case of a continuous elastic body replacing the porous rock (i.e., a differentiable displacement is
given at all its points) the Gauss’ theorem gives

ηij =

∫

V

1

2
(∂jui + ∂iuj)d

3x. (5)

The integrand here is the strain tensor. Thus, εij = ηij/V is the volume averaged strain.
We see that the tensor ηij is related to the deformation of the rock sample. In the same way, we introduce

also a second symmetric tensor related to the deformation of the pore space.

ζij =

∫

Ψ

1

2
(uinj + ujni)d

2x̂, (6)

where Ψ is the surface of the pore space, x̂ is a point of this surface, ui is a component of the displacement
of points x̂ of this surface slightly deformed by changing of the load, and ni is a component of the outward
normal to this surface (the normal is directed into the space of pores). In points, where surface Σ seals the
pores it coincides with surface Ψ. However, their normals are opposite (fig. 2).

In analogy to the paper of Brown and Korringa (1975), we introduce three fundamental compliances of
an anisotropic porous body:

Sdrij = − 1

V
(
∂ηij
∂Peff

)Pfl
, (7)

Smtij = − 1

V
(
∂ηij
∂Pfl

)Peff
, (8)

Spij =
1

Vp
(
∂ζij
∂Pfl

)Peff
, (9)

Using the reciprocity theorem we can define a fourth, but not independent compliances S ′ijkl :

S′ij = Sdryij − Smtij . (10)

Sdryij is the compliances of the dry (drained) rock matrix, Smtij is the compliances of the grain material, and
Spij is the compliance of the pore space. The compliances Sxij defined above have the following relation to
the 4th rank tensors of elastic compliances:

Sxij = Sxijkk = Sxij11 + Sxij22 + Sxij33, (11)

where x represents mt, dry, and p.
In the special case of an isotropic rock the corresponding bulk moduli are:

1

Kdry,mt,p
= Sdry,mt,p11 + Sdry,mt,p22 + Sdry,mt,p33 . (12)

Note, in the literature (e.g., Mavko et al., 1998) bulk moduli Kmt and Kp are usually denoted as K0 and
Kφ, respectively. In the following, we limit our consideration to isotropic rocks and use the latter notation.
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If the applied load hydrostatically changes, the quantity ζij will change due to δPeff by keeping a
constant pressure Pfl plus an effect of applying δPfl from inside and outside while keeping Peff = const.:

δζij = −(
∂ζij
∂Peff

)Pfl
δPeff − (

∂ζij
∂Pfl

)Peff
δPfl. (13)

Also for the quantity ηij an analogous equation can be written:

δηij = −(
∂ηij
∂Peff

)Pfl
δPeff − (

∂ηij
∂Pfl

)Peff
δPfl. (14)

Note that δV = δηii:

δV = −(
∂ηii
∂Peff

)Pfl
δPeff − (

∂ηii
∂Pfl

)Peff
δPeff . (15)

Note also:

δφ = δ(
Vp
V

) =
δVp
V
− φδV

V
. (16)

Thus, with definition (7) - (9) using equation (12) and (13) - (16), we can now formulate a general
pressure dependence of porosity changes for isotropic rocks as:

δφ =

(
1

Kdry
− 1

K0
− φ

Kdry

)
δPeff − φ

(
1

Kφ
− 1

K0

)
δPfl. (17)

Equation (17) shows that, in general, porosity is a function of the difference between confining pressure
and pore pressure as well as the pore pressure itself. However, if the grain matrix is homogeneous and
linear ( Kφ= K0), i.e., if the rock is in the Gassmann limit, and/or porosity is small, then porosity is a
function of the pure difference between confining stress and pore pressure alone. This coincides with
the results from Zimmerman et al. (1986). By substituting the bulk moduli in equation (17) with the
corresponding compliances and the pressure components by corresponding stresses this equation can be
extended to arbitrary anisotropic rocks under arbitrary load changes.

In equation (17) only two quantities are significantly stress dependent: Kdry and φ. However, φ obvi-
ously depends on Kdry and, the other side, Kdry depends on φ in a complex manner. A necessary equation
relating them to each other can not be found directly, sinceKdry depends especially on the geometry of the
pore space rather than on the magnitude of φ alone.

STRESS DEPENDENCE OF ELASTIC MODULI

From numerous observations of elastic velocities as a function of applied effective stress/pressure it is
known that velocities increase remarkably up to an effective stress of approx. 100 to 150 MPa, dependent
on the rock type under consideration. For higher stresses the slope of velocities stress relation decreases
significantly and tapers out to a flat linear increase.

A quite reasonable and common explanation of the increase in velocity with increasing stress is the
closure of porosity. From many observations it is known that velocities change by approx. 10 % over the
mentioned pressure range. In contrast, porosities do not change at all or only by less than 1 %. Although the
interpretation that porosity changes are responsible for velocity variations is still reasonable this illustrates
that treating the porosity as a single scalar quantity is not sufficient. A common interpretation for this
behaviour is the progressive closure of two mechanically distinct porosity domains with increasing effective
stress. The front part of the velocity stress relation is controlled by the closure of cracks and grain contact
vicinities (denoted as compliant porosity) which deform much easier under stress than spherical-like voids
(representing the so-called stiff porosity). The closure of the latter controls the flat back part of the velocity
stress relation when the compliant porosity is assumed to be completely closed.

In analogy to Shapiro (2003) we formulate this separation of porosity as

φ = φc + [φs0 + φs] (18)

Here, φ is the bulk interconnected porosity and φc is the compliant porosity. The stiff porosity is further
separated into a part φs0, defined at Peff = 0, and a part φs induced by an applied pressure. If effective
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pressure is positive φs is negative, if Peff < 0 φs is positive and if no load is applied φs = 0. As a rule of
thumb the following inequation is valid for many rocks:

|φs0| � |φs| � |φc| (19)

In the following we consider only isotropic rocks. We also assume that the rocks remain approximately
isotropic under hydrostatic load. Under this approximation and taking into account that the changes of φs

and φc are in the order of strain and thus small, it is reasonable to approximate the matrix bulk modulus as
a linear function of these quantities:

Kdry([φs0 + φs], φc) = KdryS[1 + θsφs + θcφc] (20)

Here, KdryS is a hypothetical matrix bulk modulus, since it is defined at Peff = 0 with φs= φc= 0. As
shown by Shapiro (2003) the order of magnitudes of quantities θs and θc are 1 and > 102, respectively.
Moreover, θc is approx. proportional to the inverse of the effective crack aspect ratio. We call θc in the
following stress sensitivity.

In its most general form θc is a tensor of rank 6 (Shapiro and Kaselow, 2003). If this tensor is isotropic
only one entry is independent and thus the tensor of stress sensitivity reduces to one single scalar value. In
the following we consider only rocks with isotropic stress sensitivity tensor.

If we assume, that the changes in stiff and compliant porosity are independent we obtain for the effective
pressure dependence of φsand φc(Shapiro, 2003)

φs(Peff ) = −Peff

(
1

KdryS
− 1

K0

)
(21)

φc(Peff ) = φc0 exp

(
−θc

1

KdryS
Peff

)
. (22)

Using equation (21) and (22) with equation (20) we arrive at the dependence of the dry matrix bulk
modulus on stress, that reads:

Kdry(Peff ) = KdryS

[
1 + θs

(
1

KdryS
− 1

K0

)
Peff − φc0θc exp

(
−θc

1

KdryS
Peff

)]
(23)

A similar equation can be arrived for the pressure dependence of the dry matrix shear modulus µdry as well
as for P- and S-wave velocities (see Shapiro, 2003, for details).

We can summarize an alayzis of the derived velocity dependencies as followed:

1. All mentioned stress dependencies have the form of a four parametric exponential equation

Γ(Peff) = AΓ +KΓPeff −BΓ exp (−DΓPeff) (24)

where Γ is the property under consideration.

2. Parameter D = θc
KdryS

is a universal quantity for all properties under consideration.

Empirical relations of the form of equation (24) or similar were used in many studies to investigate the re-
lationship between effective pressure, porosity and velocities, and other properties. For example, Eberhart-
Phillips et al. (1989); Jones (1995); Freund (1992) used empirical relations of this form to fit velocity vs.
pressure relations successfully. Moreover, Eberhart-Phillips et al. (1989) found no correlation between
stress dependence of velocities and porosity or clay content. In fact, they conclude that the most useful
form of pressure dependence is that changes of velocities are proportional to the exponential term. This
result coincides with our derivatives.

An additional important result is that the exponential argument is identical for all elastic moduli and
velocities of a given sample, if a hydrostatic load is applied and the rocks remain isotropic under the load.
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STRESS DEPENDENCE OF ELECTRICAL RESISTIVITY

Formulating the stress dependence of electrical resistivity in terms of stress sensitivity as presented above
for elastic moduli requires the limitation to rocks where only electrolytic charge transport is assumed to
take place, i.e., surface conductivity should be neglectable and highly conducting mineral phases should
not be present. In other words, we restrict our considerations to rocks where electrical resitivity can be
described by the well known Archie law (Archie, 1942):

1

Ω
=

1

FΩfl
=

1

Ωfl
φm. (25)

Here, Ωfl is the resistivity of the pore fluid, F is the formation factor, φ is the porosity, and m is Archie’s
cementation exponent. In general, m is in the range 1 ≤ m ≤ 2 but occasionally reaches 2.3 (Berryman,
1992). Archie’s law shows that electrical resistivity is in general not a linear function of porosity. In fact,
only in the special case m = 1 electrical resistivity linearly depends on porosity. However, equation (25)
shows that the logarithm of resistivity depends linearly on porosity.

Rearranging equation (25), using equation (18) and taking the logarithm gives:

log
Ω

Ωfl
= −m · logφ = −m · log(φs0 + φs + φc). (26)

Obviously, the logarithm of the F = Ω/Ωfl is a linear function of porosity.
Using a Taylor expansion gives:

log
Ω

Ωfl
= −m logφs0 −

m
φs0

φs −
m
φs0

φc. (27)

If we now use the stress dependent formulations for φs and φc as given by equation (21) and (22), we
finally obtain:

log
Ω

Ωfl
= −m logφs0 −

m
φs0

(
1

KdryS
− 1

K0

)
P − m

φs0
φc0 exp

(
− θc

KdryS
P

)
(28)

Comparing equation (28) with (24) illustrates the physical meaning of the fit parameters A, K, B, and D in
the case of stress dependence of logarithmic formation factor:

A = −m logφs0 (29)

K = − m
φs0

(
1

KdryS
− 1

K0

)
(30)

B =
m
φs0

φc0 (31)

D =
θc

KdryS
. (32)

Fit parameter A corresponds exactly to Archie’s Law if φ in equation (25) is equal to the stress independent
part φs0 of the bulk porosity. In the case of fit parameter D we obtain the same expression as for elastic
moduli and seismic velocities.

Here, however, the fit parameters K and B are significantly different in comparison to their correspond-
ing formulation in the case of elastic moduli and velocities. The magnitudes of K and B are proportional to
1/φs and φc/φs0, respectively, while they are proportional to θcφs and θcφc in the case of the other elastic
moduli and velocities. This has an important consequence. In most reservoir rocks stiff porosity and even
the stress induced change in stiff porosity is much larger than compliant porosity (see eq. (19)). Despite
this fact the closure of the crack porosity is dominant for the stress dependence of the elastic moduli and
velocities. These properties are rather sensitive to the relative change of the different porosity domains,
expressed in the θ terms (|θs| � |θc|), than to the absolute change (Shapiro, 2003).

In contrast, equation (28) states that the stress dependence of electrical resistivity is controlled by the
absolute change of the porosities. Consequently, the change in stiff porosity controls electrical resistivity
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Figure 3: This figure illustrates parameter D for P- and S- wave data, indicated respectively, by subscribts
P and S, as obtained from observations on sandstones (blue) published by Eberhart-Phillips et al. (1989),
Jones (1995), and Freund (1992). Red symbols illustrate Ds vs. Dp as obtained from ten data sets from
metamorphic core samples of the German Continental Deep Drilling site (Kern et al., 1991; Kern et al.,
1994). The green line denotes Dp = Ds.

as a function of effective pressure in reservoir rocks and not the change in compliant porosity. In turn,
the stress dependence of stiff porosity can be neglected over the effective stress range of interest (up to
200 MPa). This might be the reason that electrical resistivity is usually assumed to be independent from
stress.

EXAMPLES

In order to check our theoretical considerations we collected data from literature (these are Eberhart-
Phillips et al., 1989; Jones, 1995; Freund, 1992) where a four parametric exponential equation as given
by equation (24) was used to fit successfully observed velocity vs. stress data from sandstone samples.
In the mentioned publications the best fit parameters A, K, B, and D are given for both P- and S-wave
observations. Figure 3 shows a one-to-one catch line where the D values for S-wave velocities (Ds) were
plotted as blue crosses against the corresponding D values of P-wave velocities (Dp). Although the D val-
ues scatter around this line the data follow the expected trend at least statistically. On the one hand side
the scatter could be caused by possible measurement errors, on the other side, it can be understood as a
measure for the (an)isotropy of the stress sensitivity tensor.

We have enlarged the used data base by applying the stress sensitivity approach to velocity vs. stress
observations from 10 core samples from the pilot hole of the German Continental Deep Drilling Project.
On every anisotropic dry low-porosity metamorphic rock sample three P- and six corresponding S-wave
velocities were measured in a orthogonal coordinate system over an hydrostatic effective stress range up
to 600 MPa (for details, Kern and Schmidt, 1990; Kern et al., 1991, 1994). Independent from the elastic
anisotropy, a fit of equation (24) to all velocities of every single sample should deliver the same parameter
D if the stress sensitivity of the rock under consideration is isotropic. In figure 1 the successful fit of
the observations is shown as an example, representative for all investigated samples with respect to the fit
quality. A successful fit with a universe D = 0.031 1/MPa indicates an isotropic stress sensitivity tensor for
the sample.

We have added the obtained D values for all investigated metamorphic samples as opened red circles
to figure 3. They scatter remarkably less than the sandstone data. We understand the successful fit of the
velocity versus stress observations and figure 3 in such a way that there are, in fact, rocks, that show an
isotropic stress sensitivity tensor. However, in the following we want to investigate if parameter D is a
universe property even for electrical resistivity.
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Figure 4: Resistivity of rock samples saturated with tap water (a), NaCl solution (b), and bulk volume
deformation (c) of rock samples (data from Brace et al., 1965).

Cape Cod Casco
Parameter ΩT ΩS K ΩT ΩS K

A 2.924 4.525 44.6 3.126 4.184 49.5
K 0.001 0.001 0.029 0.002 0.002 -0.01
B 0.472 0.861 37.8 0.928 1.070 49.2
D 0.028 0.048 0.059 0.024 0.027 0.017

χ2 0.002 0.004 0.273 0.010 0.002 8.90

Table 1: Best fit parameter as obtained from fitting resistivity and dilatancy data obtained from Cape Cod
granodiorite and Casco granite. In the case of resistivity Ω units are [ohm m] for parameter A and B,
[(ohm m) / MPa] for K, and [1/MPa] for D. Subscribes T and S denote saturation with tape water and salt
solution, respectively. In the case of the bulk modulus K units are similar with [GPa] instead of [ohm m].
χ2 is the sum of the squared deviations between the best fit model and the observations.

Brace et al. (1965) have published data from stress dependent deformation and electrical resistivity
measurements simultaneously conducted on low porosity crystalline rocks. The samples were isostatically
loaded up to 1 GPa (10 kbar), whereby a constant pore fluid pressure of approx. Pfl= 0 was maintained
during the experiments. Although all measurements were conducted on saturated samples the pore pressure
during compression was maintained approx. zero. Tap water, with a resistivity Ωt = 45 − 50ohmm and
a NaCl solution (Ωs = 0.3ohmm) were used as saturating fluids. The suite of samples generally shows
bulk porosities below 1%. In this study, we used five rocks, namely Casco, Stone Mountain, and Westerly
Granite as well as Rutland Quartzite, and Cape Cod Granodiorite.

Pressure dependent resistivity for the mentioned rocks saturated with tap water and salt solution are
shown in fig. II and II, respectively, as well as strain data (fig. II).

Equation (24) was fitted to both, logarithmic formation factor as well as bulk moduli data for every
sample in a two step process, using a Levenberg-Marquardt algorithm. In the first step resistivity and
bulk modulus data were fitted separately with all four fit parameters A, K, B, and D. The necessity of a
second fit arises from the theoretical result that parameter D should be the same for the resistivity as well
as bulk modulus data of a certain sample (compare the argument of the exponential terms in equation (23)
and (28/32). Therefore, we calculate the average of both D values obtained from the first fit and fit the
data again, now with a fixed D and A, K, and B as remaining fit parameters. Hereby, an averaged D
is separately calculated for any of both bulk modulus vs. formation factor pairs of a given sample. This
means we calculated a mean D from bulk modulus vs. formation factor of tap water saturated rock and vs.
formation factor of salt solution saturated rock.

Figure 5 and 6 show a comparison between the observations and the fit results for Cape Cod granodiorite
and Casco granite (fig. 7 and 8). It was possible to fit the bulk modulus (fig. 5(a) and 7(a)) as well as the
resistivity data - sample saturated with tap water (fig. 5(b), 7(b)) and salt solution (fig. 5(c), 7(c)) - quite
well. The best fit parameters for the initial fits are listed in tab. 1.

As representative examples the best fit parameters for Cape Cod granodiorite and Casco granite are
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Figure 5: Best fit of Cape Cod granodiorite data. Bulk modulus (fig. 5(a)), logarithmic bulk resistivity of
rock saturated with tap water (fig. 5(b)) and salt solution (fig. 5(c)) were fitted separately with A, K, B, and
D as fit parameters. Circles denote observations, lines the best fit.
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Figure 6: Second best fit of Cape Cod granodiorite data. Circles denote observations, lines best fit. Fig-
ure (6(a)) and (6(b)) show the repeated fit (see text for details) of bulk modulus and formation factor (salt
solution saturated), respectively, with an averaged and fixed parameter D=0.054MPa−1. Figure (6(c)) and
(6(d)) illustrate the result of the repeated fit with a fixed D=0.043MPa−1 for bulk modulus and formation
factor, respectively, where rock was saturated with tap water.
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Figure 7: Casco granite data. Bulk modulus (fig. 7(a)), logarithmic bulk resistivity of rock saturated with
tap water (fig. 7(b)) and salt solution (fig. 7(c)) were fitted separately with A, K, B, and D as fit parameters.
Circles denote observations, lines the best fit.
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Figure 8: Second best fit of Casco granite data. Circles denote observations, lines best fit. Figure (8(a)) and
(8(b)) show the repeated fit (see text for details) of bulk modulus and resistivity (salt solution saturated),
respectively, with an averaged and fixed parameter D=0.022 MPa−1. Figure (8(c)) and (8(d)) illustrate
the result of the second fit for bulk modulus and resistivity (rock saturated with tap water), respectively,
with D=0.021 MPa−1
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Cape Cod Casco
Parameter ΩT K ΩT K

D 0.043 0.021

A 2.862 49.80 3.178 42.3
K 0.001 -0.01 0.002 0.0218
B 0.453 41.00 0.957 42.3

χ2 0.003 4.481 0.011 10.70

Parameter ΩS K ΩS K

D 0.054 0.022

A 4.549 49.811 4.291 42.3
K 0.001 -0.008 0.002 0.022
B 0.856 40.996 1.134 42.31

χ2 0.004 4.550 0.004 10.7

Table 2: Best fit parameter from second fit of Cape Cod and Casco data. Units are as mentioned in tab. 1.

listed in tab. 2. Cape Cod stands for the worst agreement between theory and observation concerning a
common D and Casco for the best (compare the D values in tab. 1). For Cape Cod we obtain a mean D
of 0.043 1/MPa (bulk modulus vs. resistivity of tap water saturated rock) and of 0.054 1/MPa (bulk
modulus vs. resistivity of rock saturated with salt solution). For Casco granite we found corresponding D
values of 0.021 and 0.022.

The quality of best fits for the remaining three samples was as good as for the mentioned two examples.
In general, all logarithmic resistivity and dilatancy data could be fit well. The best agreement between the
different D values was obtained for Casco granite, as shown in tab. 2. Here, the first fit of the dilatancy
data delivered negative values for fit parameter K. However, a negative K does not seem to be a physically
meaningful result. Since the absolute magnitudes of all K values for all samples are very small in com-
parison to the other parameters we assume that negative K values result rather from numerics of the fitting
process than from any physical process occuring during compression. This might be interpreted in that
way, that the closure of stiff porosity does not effect the mentioned stress dependencies at all and K could
be eliminated from the fit equation when fitting bulk moduli data.

The good agreement between the parameter D for logarithmic formation factor and bulk modulus data
seem to support our assumption that it is a universal characteristic for a given rock sample, not only for
elastic moduli but also for transport properties like the electrical resistivity. This is, of course, limited to
rocks where only electrolytic charge transport occurs. If these results are valid then the stress dependence
of electrical resistivity on low porosity rocks is also mainly controlled by the elastic stress sensitivity and
thus proportional to the inverse of an effective crack aspect ratio. In sediments, where the amount of stiff
porosity is in general 2 orders of magnitudes higher than compliant porosity the pressure dependence of
resistivity is controlled by the pressure dependence of stiff porosity. However, the universality of parameter
D should also be valid in such rocks as long as the stress sensitivity tensor is isotropic.

CONCLUSIONS

We have shown for arbitrary anisotropic rocks that the deformation of the pore space due to an arbitrary
applied load is always a function of the difference between confining stress and pore pressure and the pore
pressure itself. In terms of the porosity this load dependence reduces to the difference between confining
stress and pore pressure alone, if the porosity is low and/or the rock is in the Gassmann limit.

Taking the mechanically different deformation behaviour of the stiff and compliant porosity into ac-
count the stress dependence of compliances of anisotropic rocks can be derived in a first order approxi-
mation as a function of the stress induced deformation of the pore space. In the same manner we have
derived the stress dependence of electrical resistivity for isotropic rocks where electrical resistivity can be
described in terms of Archie’s law. All obtained stress dependencies of compliances and elastic moduli as
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well as electrical resistivity have the same simple form of a four parametric exponential equation. In this
context the most important rock characteristics controlling these stress dependencies of a porous rock is
the rank-6 tensor of stress sensitivity.

We have shown that there are rocks where this tensor of stress sensitivity is isotropic and can be reduced
to one single scalar value. In this case and if the rocks are subjected to hydrostatic load the exponential
argument D of the stress dependence is a universal quantity for all elastic moduli and velocities, even in
the case of anisotropic rocks.

Moreover, the universality of parameter D is also valid for electrical resistivity, at least in rocks where
only electrolytic charge transport occurs. This might be understood as a link between elastic moduli and
transport properties. Since seismic velocities are sensitive to changes in compliant porosity and electrical
resistivity is sensitive to absolute changes in stiff porosity a simultaneous analyzis of resistivity and velocity
changes due to artificial pore pressure variations might help to understand how bulk porosity is changed by
reservoir depletion or fluid injection.
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ABSTRACT

This paper is concerned with numerical studies of effective elastic properties of cracked solids. We
concentrate on two dimensional media containing different patterns of parallel crack distributions.
We use the Rotated Staggered Grid (RSG) which allows one to simulate elastic wave propagation
very accurately in fractured media. Our aim is to compare the predictions given by several effective
medium theories to the effective properties we derive from our numerical experiments. Namely, these
are the “Non-interaction approximation (NIA)”, the “Differential scheme (DS)” and an extension of
the DS (EDS). According to our results, the DS theory and its extension perform well. Simulations
of media containing very few cracks prove that for our setup the effective properties stabilise at low
numbers of cracks. Finally, we studied parallel cracks clustered in stacked columns. We found that,
as expected, the shielding effects dominate in such patterns.

INTRODUCTION

Understanding the relations between crack microstructure and effective elastic properties of a solid has
always been of great interest. Theoretical predictions of these relations often differ significantly. Ex-
act knowledge of real crack microstructure is usually not available, making a direct comparison between
theoretical predictions and experiment data difficult. Numerical simulations allow one to determine the
effective properties of solids with known microstructures. They are therefore attractive for testing effective
medium theories, if the simulated microstructures correspond to the assumptions of the theories. Here we
rely on a finite difference (FD) scheme, the Rotated Staggered Grid, which simulates the propagation of
elastic waves very accurately, even for models containing high contrasts in elastic parameters. A detailed
description of the procedure is given by Saenger et al. (2000).

We present a numerical study of effective wave velocities and of the corresponding elastic moduli of
two dimensional fractured media. First, we consider parallel cracks with uncorrelated positions, oriented
perpendicular to the direction of shear and compressive wave propagation. The obtained results are com-
pared to the ones of several effective media theories. According to our results, the DS theory performs well.
Second, two families of parallel cracks, at an angle of 30◦ to each other, are placed at random in the model
area. Waves propagate along the symmetry axes in the two dimensional plane. We find the agreement be-
tween our data and the EDS theory to be partly acceptable. Finally, we study models with randomly located
clusters of five parallel cracks stacked in columns. Spacings between cracks within the clusters are varied
in order to examine the effects of crack interactions in these particular patterns on effective velocities.

THEORY

This section gives an overview of the effective media theories relevant for our simulations. We consider
two dimensional models with randomly distributed parallel cracks. As we work within the plane strain
framework, our two dimensional plane can be understood as one of the symmetry planes of a three dimen-
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sional orthotropic solid. Seismic velocities are linked to the elastic moduli by (see, for example, Mavko
et al. (1998), from where notations are taken):

c11 = ρgv
2
P (0◦), c22 = ρgv

2
P (90◦), c44 = ρgv

2
SV (90◦) = ρgv

2
SV (0◦) (1)

where ρg denotes the gravitational density, cpq are elements of the stiffness matrix and vP , vSV are the
phase velocities.

The stiffness matrix is given by the inverse of the compliance matrix:



< c11 > < c12 > 0
< c12 > < c22 > 0

0 0 < c44 >


 =




1−ν2

<E1>
− ν(1+ν)

E 0

− ν(1+ν)
E

1−ν2

<E2>
0

0 0 1
<G>




−1

. (2)

E, ν and G denote the Young’s modulus, the Poisson’s ratio and the shear modulus of the solid, re-
spectively. Brackets <> indicate effective moduli as given by effective media theories described in the
following sections.

A common parameter to characterise cracked solids is the crack density ρ, which is given by (Bristow,
1960):

ρ =
1

A

N∑

i=1

l2i . (3)

A denotes the reference area, li the half length of the i-th crack and N is the number of cracks in A.

One family of parallel cracks

For models with one family of parallel cracks (see Fig. 1), Kachanov (1993) discusses three different
theoretical descriptions which can be applied here - the NIA, the DS and the EDS theory. We overview
briefly the underlying concepts of these theories.
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Figure 1: Part of cracked regions for ρ = 0.2 with randomly distributed parallel cracks (model 4p, see
Tab. 1), left, and of the cracked region for ρ = 0.2 containing two families of parallel cracks, at an angle
of 30◦ (model 2f, see Tab. 1), middle. On the right, a part of the cracked region with columnar clusters of
five cracks (model 2.2b, see Tab. 2).

Non-interaction approximation (NIA) This approximation assumes that to obtain the elastic potential
of a solid with cracks, the energy which is needed to insert a single crack into the unfractured media can
simply be added to the elastic potential for each crack [as in Bristow (1960)]. The effective moduli are
(cracks are parallel to the x-axis):

ENIA,1 = E′0, ENIA,2 = E′0[1 + 2πρ]−1, GNIA = G0[1 + πρ(1− ν0)]−1 (4)

where E′0 denotes E0/(1− ν2
0), the Young’s modulus for the plane strain case.
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Differential scheme (DS) Here, analysis is done incrementally: crack density is increased in small steps
dρ, effective matrix moduli are recalculated after each step. The effective moduli are:

EDS,1 = E′0, EDS,2 = E′0e
−2πρ, GDS = G0e

−π(1−ν0)ρ. (5)

Extension of the DS (EDS) This model (Kachanov, 1993) extends the DS to arbitrary crack orientation
statistics by multiplying the elastic potential given by NIA by the function g(ρ) which is based on results
of the DS theory. This yields the following effective moduli for cracks parallel to the x-axis:

EEDS,1 = E′0, EEDS,2 =
E′0

1 + 2πρeπρ
, GEDS =

G0

1 + πρ(1− ν0)eπρ
. (6)

Two families of parallel cracks

We consider two families of parallel cracks of equal density inclined at 30◦ to each other (see Fig. 1). For
this arrangement, as the orientation of cracks needs to enter the theoretical prediction explicitly, we apply
only the NIA and the EDS theory.

If the coordinate system is oriented in such a way that its axes coincide with the principal axes of the
crack orientation distribution as in Fig. 1, one obtains, for the effective moduli according to the NIA:

ENIA,1 = E′0[1 + πρ(1 +
√

3/2)]−1, ENIA,2 = E′0[(1 + πρ(1−
√

3/2))]−1,

GNIA = G0[1 + πρ(1− ν0)]−1. (7)

The EDS theory yields

EEDS,1 =
E′0

1 + πρeπρ(1 +
√

3/2)
, EEDS,2 = E′0[1 + πρeπρ(1−

√
3/2)]−1,

GEDS = G0[1 + πρeπρ(1− ν0)]−1. (8)

NUMERICAL EXPERIMENTS

For our numerical simulations, we use the Rotated Staggered Grid FD scheme, which allows an accurate
simulation of wave-propagation in media with high contrasts in elastic properties (Saenger et al., 2000).

Typical models have 2300 × 1000 (y × x) gridpoints with periodic boundary conditions in the x-
direction. Spacing between gridpoints in both directions is 0.0001 m. The cracked region is placed between
a depth of 650 and 1650 gridpoints. For the elastic parameters of the homogenous background, we chose
velocity vP = 5100 m/s, velocity vSV = 2944 m/s and the gravitational density ρg = 2590 kg/m3. For
cracks, we set vP = vSV = 0 and ρg = 0.0001 kg/m3, which approximate vacuum. The source wavelet
of our plane wave was always the first derivative of a Gaussian with a dominant frequency of 50 kHz and
a time increment of 5 × 10−9 s. Two lines of geophones above and below the cracked region allow to
measure the time delay of the mean peak amplitude caused by the cracked region and to calculate effective
velocities. Due to the sharp contrasts in the model, computations were performed with second order spatial
FD operators. Further details on such experiments can be found in Saenger and Shapiro (2002). From the
obtained velocities, the P -wave modulus M and the shear modulus G are derived:

M = G(4G−E)(3G−E)−1 = ρgv
2
P , G = ρgv

2
SV . (9)

Randomly distributed parallel cracks

The models we examined in this section contained randomly distributed cracks parallel to the x-axis (see
Fig. 1 left). We compared our results for different crack densities (Tab. 1) to the predictions of the theories
described in section 2. This comparison is given in Fig. 2. The DS theory is in good agreement with our
results, while the NIA and the EDS theory are not. Similar results for isotropic crack distributions were
presented in Saenger and Shapiro (2002).
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No. crack length number porosity φ number
density of cracks of cracks of the of model
ρ [0.0001m] crack region realizations

1p 0.025 56 32 0.0018 1
2p 0.050 56 64 0.0036 1
3p 0.100 56 128 0.0073 5
4p 0.200 56 255 0.0145 5
5p 0.400 61 430 0.0262 1

1f 0.1 61 107 0.0098 3
2f 0.2 61 215 0.0193 3
3f 0.3 61 322 0.0291 3
4f 0.4 61 430 0.0388 3
5f 0.6 61 644 0.0581 3
6f 0.8 61 860 0.0775 3

Table 1: Details of crack arrangements. Model numbers with “p” refer to randomly distributed cracks
parallel to the x-axis, those with “f” refer to two families of parallel cracks.

Usually, effective media theories rely on the assumption of large numbers of cracks. To examine the
importance of this factor, we simulate media with only 20 parallel cracks (ρ = 0.018). The scattering of
our results for different model realizations turnes out to be negligible. Yet, if ρ increases while the number
of cracks remains constant, this scattering becomes more significant. To study this problem by the means
of simulating wave propagation however becomes difficult as the numerical setup runs out of the long
wavelength limit.
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Figure 2: Normalised effective moduli for parallel cracks versus crack density. Dots: Numerical re-
sults, Lines: Theoretical predictions taken from the Non-interaction approximation (NIA), the Differential
scheme (DS) and an extension of the DS (EDS).

Two families of parallel cracks

The arrangements we studied in this section contained two families of randomly distributed parallel cracks
inclined at 30◦ to each other (see Fig. 1 middle). Both families have the same crack density. For details,
see Table 1.

In our simulations, the sensitivity of velocities to crack density turned out to be much more significant
for P -waves than for S-waves. Therefore we focus here on P -waves. Fig. 3 shows our results from
simulations for different crack densities. Both the NIA and the EDS differ from our data for the fast
symmetry direction. For the slow symmetry direction, our data matches the EDS predictions quite well,
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while the NIA is not satisfying. The behaviour of the EDS theory may be a consequence of its heuristic
derivation.
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Figure 3: Numerical results (dots) for wave propagation in media with two families of parallel cracks
along the “fast” (1) and the “slow” (2) principal axes. The curves show theoretical predictions taken from
NIA and EDS.

IMPACT OF CRACK CLUSTERING ON EFFECTIVE PROPERTIES

In this section we study arrangements containing columnar clusters of five parallel cracks. The locations of
these clusters are at random (see Fig. 1). We performed numerical simulations for different crack densities,
where for each crack density the vertical spacing v was varied in order to examine the effect of shielding
interactions (details of our models are displayed in Tab. 2). These interactions are described by Kachanov
(1993). The dimensions, elastic parameters and experimental setup for these models are the same as for
the models in the previous section. Yet, as source wavelet we used the first derivative of a Gaussian with a
dominant frequency of 85 kHz and a time increment of 8× 10−9 s.

Crack- Porosity Vertical
Model Density Length [m] Number Φ Spacing v [10−4m]

1r 0.1 0.0061 112 0.0068
1.1b-1.3b 0.1 0.0061 112 0.0068 5 15 50

2r 0.2 0.0061 215 0.0131
2.1b-2.3b 0.2 0.0061 215 0.0131 5 15 50

3r 0.4 0.0061 430 0.0262
3.1b 0.4 0.0061 430 0.0262 5 15

Table 2: Details of the crack arrangements (cluster configuration). Model numbers with “r” refer to ran-
dom, those with “b” refer to a block model. For vertical spacing v, refer to Fig. 1.

Some general observations can be made (see Fig. 4): For all columnar models, P -wave velocity de-
creases less than for the random model with the same crack density. This means that the shielding effects
of crack interactions dominate over the amplifying effects for this particular arrangement. The shielding
effects gain importance as crack density increases. This trend is less clear for SV -wave velocities. These
observations agree with the predictions of Kachanov (1993).



268 Annual WIT report 2003

0 1 2 3 4 5 6

x 10
−3

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

Vertical Spacing v [m]

v ef
f/v

0

Blocks of 5 Cracks, ρ=0.1

v
p

v
s

0 1 2 3 4 5 6

x 10
−3

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0.9

Vertical Spacing v [m]

v ef
f/v

0

Blocks of 5 Cracks, ρ=0.2

v
p

v
s

0.4 0.6 0.8 1 1.2 1.4 1.6

x 10
−3

0.3

0.4

0.5

0.6

0.7

0.8

Vertical Spacing v [m]

v ef
f/v

0

Blocks of 5 Cracks, ρ=0.4

v
p

v
s

Figure 4: Numerical results (stars: P -, triangles: SV -waves) for ρ = 0.1 (left), ρ = 0.2 (middle) and
ρ = 0.4 (right). Lines (solid: P -, dashed: SV -waves) indicate normalised velocities for random models.

CONCLUSIONS

The Rotated Staggered Grid FD scheme allows fast and accurate modelling of elastic wave propagation in
fractured media. We concentrate on two dimensional models (plane strain case) which contain different
distributions of parallel cracks. Effective elastic properties are determined in well controlled numerical
experiments. We compare them to theoretical predictions for the microstructures we studied.

One series of simulations was concerned with randomly distributed parallel cracks. The match between
predictions given by different effective media theories and our numerical results was best for the DS and
for the EDS theory. For the second series we considered models with two families of randomly distributed
parallel cracks at an angle of 30◦ to each other. Only theories like the NIA and the EDS theory, which take
crack orientation statistics into account explicitely, can be applied here. The predictions by the NIA do not
agree with our data satisfyingly, while agreement with the EDS theory is partly acceptable.

Finally, we simulated columnar clusters of parallel cracks and varied spacing between cracks within the
clusters. We could confirm qualitative predictions given by Kachanov (1993). According to our results,
clusters of cracks can result in significantly stiffer elastic moduli than randomly distributed cracks do. This
clearly underlines the need for any effective media theory to take the statistics of crack centres into account,
if the latter are not random.
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ABSTRACT

This paper is concerned with numerical considerations of fluid effects on wave propagation. The
focus is on effective elastic properties (i.e. velocities) in different kinds of dry and fluid-saturated
fractured media. We apply the so-called rotated staggered finite-difference grid (RSG) technique. Us-
ing this modified grid it is possible to simulate the propagation of elastic waves in a 2D or 3D medium
containing cracks, pores or free surfaces without explicit boundary conditions and without averag-
ing elastic moduli. Therefore the RSG allows an efficient and precise numerical study of effective
velocities in fractured structures. We simulate the propagation of plane waves through three kinds
of randomly cracked 3D media. Each model realization differs in the porosity of the medium and is
performed for dry and fluid-saturated pores. The synthetic results are compared with the predictions
of the well known Gassmann equation and the Biot velocity relations. Although we have a very low
porosity in our models, the numerical calculations showed that the Gassmann equation cannot be ap-
plied for isolated pores (thin penny-shaped cracks). For Fontainebleau sandstone we observe with
our dynamic finite-difference approach the exact same elastic properties as with a static finite-element
approach. For this case the Gassmann equation can be checked successfully. Additionally, we show
that so-called open-cell Gaussian random field models are an useful tool to study wave propagation in
fluid-saturated fractured media. For all synthetic models considered in this study the high-frequency
limit of the Biot velocity relations is very close to the predictions of the Gassmann equation.

INTRODUCTION

The problem of effective elastic properties of fractured solids is of considerable interest for geophysics,
material science, and solid mechanics. Strong scattering caused by complex rock structures can be treated
only by numerical techniques since an analytical solution of the wave equation is not available. In this
paper we consider the problem of a fractured medium in three dimensions. Alternative numerical studies
of elastic moduli of porous media of Arns et al. (2002) and Roberts and Garboczi (2002) employ a (static)
finite-element method (FEM). This FEM uses a variational formulation of the linear elastic equations and
finds the solution by minimising the elastic energy using a fast conjugate-gradient model. Dynamic at-
tenuation effects can not be described with this method. Finite difference (FD) methods discretise the
wave equation on a grid. They replace spatial derivatives by FD operators using neighbouring points. This
discretisation can cause instability problems on a staggered grid when the medium contains high contrast
discontinuities (strong heterogeneities). These difficulties can be avoided by using the rotated staggered
grid (RSG) technique (Saenger et al., 2000; Saenger and Bohlen, 2004). Since the FD approach is based
on the wave equation without physical approximations, the method accounts not only for direct waves,
primary reflected waves, and multiply reflected waves, but also for surface waves, head waves, converted
reflected waves, and waves observed in ray-theoretical shadow zones (Kelly et al. 1976). The main objec-
tive of this paper is a numerical study of effective elastic properties of fractured 3D-media with connected
pores [numerical results of fractured 2D- and 3D- media with isolated cracks can be found in Saenger and
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Shapiro (2002), Saenger et al. (2002) and Orlowsky et al. (2004)]. Here we simulate the propagation of
plane waves through a well defined fractured region with dry or fluid-filled pores.

THE GASSMANN EQUATION

The Gassmann equation (Gassmann 1951) predicts the elastic moduli of a fluid-saturated porous media
using the known elastic moduli of the solid matrix, the frame and the pore fluid:

Ksat
K0 −Ksat

=
Kdry

K0 −Kdry
+

Kfl
φ(K0 −Kfl)

(1)

µsat = µdry (2)

ρsat = ρdry + φρfl (3)

where:

Kdry effective bulk modulus of dry rock frame

Ksat effective bulk modulus of the rock with pore fluid

K0 bulk modulus of mineral making up rock

Kfl effective bulk modulus of pore fluid

φ porosity

µdry effective shear modulus of dry rock

µsat effective shear modulus of rock with pore fluid

ρsat density of the rock with pore fluid

ρdry density of the dry rock frame

ρfl pore fluid density

BASIC ASSUMPTIONS IN THE GASSMANN EQUATION

The basic assumptions in the Gassmann equation are Wang and Nur (2000):

1. the rock or porous medium (both the matrix and the frame) is macroscopically homogeneous and
isotropic;

2. all the pores are interconnected or communicating;

3. the pores are filled with a frictionless fluid (liquid, gas or mixture);

4. the rock-fluid system under study is closed (undrained);

5. the relative motion between the fluid and the solid is negligibly small compared to the motion of the
saturated rock itself when the rock is excited by a wave; and

6. the pore fluid does not interact with the solid in a way that would soften or harden the frame.

THE SYNTHETIC FRACTURE-MODELS

In order to consider fluid effects on wave propagation we design a number of synthetic fracture-models
(size: 4003 gridpoints) with a well known number of pores or porosity. We consider three different types
of fractured media:

• Type 1: The fractured region is filled at random with randomly oriented non-intersecting thin penny-
shaped cracks. A typical model is shown in Figure 1. In the Gassmann equation both phases, the
fluid and the mineral, are assumed to be continuous. This is not the case for isolated cracks. However,
we want to numerically clarify if the Gassmann-equation can be used for such configurations in the
low-porosity limit.
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Figure 1: Non-intersecting thin penny-shaped cracks

• Type 2: The second model (Figure 2) is a microtomographic image of Fontainebleau sandstone.
We use a 4003 cubic set of the model fb7.5 of Arns et al. (2002). Therefore, our numerical estimates
of effective elastic properties derived with our dynamic FD approach can be directly compared with
the results of the static approach of Arns et al. (2002).

• Type 3: To generate realistic synthetic microstructures we use the approach described in Roberts
and Garboczi (2002), the so-called open-cell Gaussian random field (GRF) scheme. To ensure a
100% connectivity of the pores we eliminate isolated pores. Some details of our models used are
listed in Table 1. Figure 3 shows two different realizations. The similarity to the microtomographic
image of Fontainebleau sandstone (Figure 2) for the model with the lower porosity is amazing.

Figure 2: A X-ray microtomographic image of Fontainebleau sandstone (porosity φ = 0.084). The struc-
ture shown is the porespace, the transparent part is the rock frame. For details refer to Arns et al. (2002).
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Figure 3: Two open-cell Gaussian random fields (GRF). Top: porosity φ = 0.034. Bottom: porosity
φ = 0.1322. For details refer to Roberts and Garboczi (2002).

MEDIUM: GRF 1 GRF 2 GRF 3 GRF 4
(φ = 0.0342) (φ = 0.0877) (φ = 0.1322) (φ = 0.0802)

Gaussian 1
corr. len. [0.0002m] 25 25 25 13

0 < cut min. < 1 0.4 0.4 0.4 0.4
0 < cut max. < 1 0.6 0.6 0.6 0.6

Gaussian 2
corr. len. [0.0002m] 30 30 30 15

0 < cut min. < 1 0.485 0.48 0.4575 0.4904
0 < cut max. < 1 0.515 0.52 0.5415 0.5296

Tab. 1: Some details concerning the GRF-models used in our numerical study.

MODELING PROCEDURE

The synthetic fracture-models are embedded in a homogeneous region. The full models are made up of 804
× 400× 400 grid points with an interval of 0.0002m. In the homogeneous region we set vp = 5100 m/s,
vs = 2944 m/s and ρg = 2540 kg/m3. For the dry pores we set vp = 0 m/s, vs = 0 m/s and
ρg = 0.0001 kg/m3 which approximates vacuum. For the fluid-filled pores we set vp = 1500 m/s,
vs = 0 m/s and ρg = 1000 kg/m3 which approximates water. It is important to note that we perform
our Modeling experiments with periodic boundary conditions in the two horizontal directions. For this
reason our synthetic penny-shaped crack and GRF models are generated also with this periodicity. To
obtain effective velocities in different models we apply a body force plane source at the top of the model.
The plane wave generated in this way propagates through the fractured medium (see Figure 5). With two
horizontal planes of geophones at the top and at the bottom, it is possible to measure the time-delay of the
mean peak amplitude of the plane wave caused by the inhomogeneous region. With the time-delay one
can estimate the effective velocity. Additionally, the attenuation of the plane wave can be studied. The
source wavelet in our experiments is always the first derivative of a Gaussian with a dominant frequency
of 8 ∗ 105 1/s and with a time increment of ∆t = 2.1 ∗ 10−9s. The resulting power spectrum of the plane
wave is shown in Figure 4. From the modelling point of view it is important to note that all computations
are performed with second order spatial FD operators and with a second order time update. Due to the size
of the models we have to use large-scale computers (e.g. CRAY T3E) with a MPI implementation of our
modelling software.
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Figure 4: Power-spectrum of the generated plane wave.

Figure 5: A displacement-snapshot of a plane wave propagating through a fractured 3D model with penny
shaped cracks. We use a non-linear colorscale to emphasise the scattered wavefield.

NUMERICAL RESULTS

Our numerical setup enables us to compare 3D fractured media with exact the same pore positions for
fluid-filled and for empty pores (i.e. the dry rock frame is exactly the same in both simulations). Therefore
we can test the applicability of the Gassmann-equation and the Biot velocity relations [see e.g. Mavko et al.
(1998)] for our 3D fractured materials without any additional effective medium theory. For all synthetic
models we fulfil the assumptions (1), (3), (4) and (6) of the Gassmann equation (discussed above).
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Figure 6: Effective shear (µ) moduli versus porosity for six different synthetic fracture models. µ DRY
[triangles joined with a (red) solid line] and µ SAT [boxes joined with a (blue) solid line] are estimated
from numerical velocity measurements using the rotated staggered finite-difference grid (for each synthetic
fracture model we have exact the same rock frame). The high-frequency limit of the Biot velocity relations
[stars joined with a (black) dashed line] is calculated using µ DRY. The shear modulus of the rock frame is
displayed with a horizontal line; the dotted line displays the upper Hashin-Shtrikman bound.

Penny-shaped cracks

The calculated normalised effective moduli for fluid-filled and for empty non-intersecting cracks (model
type 1) are compared in Figure 6 and 7. There is a relative big difference between the shear moduli of the
models below the range of the connectivity percolation threshold. This bring us to the conclusion that the
Gassmann-equation cannot be applied to isolated fluid-filled cracks even with a low porosity in the used
models. From a practical point of view this has the following well-known consequence: If one applies the
Gassmann-equation one has to distinguish between the isolated fraction and the continuous fraction of the
fluid. The isolated fluid fraction should be considered as a part of the ’dry’ rock frame.

Fontainebleau Sandstone

The calculated normalised effective shear moduli µ∗/µ0 for the dry and fluid-saturated Fontainebleau sand-
stone (model type 2) are 0.766 and 0.770, respectively (compare with Figure 6. For this model the pre-
diction of the Gassmann equation (equation 2) is very accurate. Moreover, our dynamic approach gives
approximately the same result as the static approach of Arns et al. (2002) [µ∗/µ0 ≈ 0.765, for the dry
and fluid-saturated case from Figure 5b of Arns et al. (2002)]. This is very interesting because the con-
nectivity of the pores is not 100% perfect (compare with assumption (2) of the Gassmann equation). The
numerical estimated bulk modulus (Figure 7) is also in good agreement with the theoretical predictions of
the Gassmann equation and the high frequency limit of the Biot velocity relations.
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Figure 7: Effective bulk (K) moduli versus porosity for six different synthetic fracture models. K DRY
[triangles joined with a (red) solid line] and K SAT [boxes joined with a (blue) solid line] are estimated
from numerical velocity measurements using the rotated staggered finite-difference grid (for each synthetic
fracture model we have exact the same rock frame). K GAS [stars joined with a (green) dashed-dotted line]
is calculated using the Gassmann-equation with µ DRY and K DRY. The high-frequency limit of the Biot
velocity relations [stars joined with a (black) dashed line] is also calculated using µ DRY andK DRY. The
bulk modulus of the rock frame is displayed with a horizontal line; the dotted lines display the Hashin-
Shtrikman bounds.

Open-cell Gaussian random fields (GRF)

The calculated normalised effective moduli for the open-cell Gaussian random field models are shown in
Figure 6 and 7. With an increase of the porosity (GRF 1, GRF 2 and GRF 3) we observe an increasing
mismatch between the predictions of the Gassmann equation (equation 2) and our numerical results. As
mentioned above, the connectivity of pores for the open-cell GRF models [assumption (2)] is 100%. There-
fore, we explain this mismatch with the relative large structures of the open-cell GRF models compared
to the Fontainebleau sandstone model. Note, the Gassmann equation is only valid in the long wavelength
limit [connected with assumption (5)]. However, the mismatch for a porosity of φ = 0.034 is about 1%.
This is a promising starting point for our numerical considerations to fulfil all assumptions [from (1) to (6)]
of the Gassmann equation. A first step in this direction is the model GRF 4 with the appendant numerical
results of elastic moduli shown in Figure 6 and 7.

CONCLUSIONS

Finite-difference modelling of the elastodynamic wave equation is very fast and accurate. We use the ro-
tated staggered FD grid to calculate elastic wave propagation in fractured media. Our numerical modelling
of elastic properties of dry rock skeletons can be considered as an efficient and well controlled computer
experiment. In this paper we consider 3D isotropic dry and fluid-saturated fractured media. We have tested
the applicability of numerical methods to these media with respect to the predictions of the Gassmann
equation and the Biot velocity relations. As for measured data [laboratory experiments, see Wang (2002)]
our synthetic data usually gives higher effective properties for the fluid-saturated rocks as predicted by
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the Gassmann equation. For isolated thin penny-shaped cracks the standard Gassmann equation cannot be
applied although we have a very low porosity in our models. For the Fontainebleau sandstone model we
obtain with our dynamic FD approach exactly the same elastic properties as the static approach applied in
Arns et al. (2002). For this model the Gassmann equation can be verified. Additionally, we show that so-
called open-cell Gaussian random field models are a useful synthetic database to consider fluid-saturated
3D fractured media.
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ABSTRACT

Hydraulic stimulation is a procedure for increasing the permeability of a reservoir. At the geothermal
site of Soultz (France) such experiments have been carried out since 1993 at different depths. During
the Soultz-2000 hydraulic stimulation, about 7200 seismic events were located using borehole and free
surface seismic network. We analyse the spatio-temporal distribution and the density of the events to
estimate the large-scale permeability of the medium. We assume that the main triggering mechanism
is a pore pressure diffusion process. Based on this idea, we apply different already developed methods
for the Soultz-2000 hydraulic stimulation. We obtain two independent scalar permeability estimations,
a permeability tensor and a heterogeneous reconstruction of the hydraulic diffusivity. The results agree
very well with independent in-situ and laboratory tests.

INTRODUCTION

In July 2000, a hydraulic stimulation was carried out at the European Hot Dry Rock (HDR) research site
at Soultz (France) in order to establish a new geothermal reservoir at a depth of 4500 - 5000 m (for an
overview of the project see www.soultz.net). During six days, an injection of 23,400 m3 of brine and water
was carried out to increase hydrostatic pressure in the high-fractured granite basement (Figure 1). Such a
modification of the pore pressure causes a decrease of the effective normal stress along preexisting cracks.
These local modifications of the stress field induce microseismicity. During the experiment, about 31,000
seismic events were recorded. About 7,200 events were located by the seismologic team of L’Ecole et Ob-
servatoire des Sciences de la Terre (Strasbourg University, France) by using a seismic network consisting
of downhole and surface stations. At the end of injection time, the cumulative seismic cloud was approxi-
mately 1500 m in length, 500 m in width, and 1500 m in height (Figure 2, for details about the experiment
see Baria et al., 2001). This rock mass volume is generally called HDR reservoir (Murphy et al., 1999).
An approach called Seismicity Based Reservoir Characterization (SBRC) has been suggested to provide
in-situ estimates of permeability characterizing a reservoir on a large spatial scale (for details and other
case studies see Audigane et al., 2002; Shapiro et al., 1997, 1999, 2002, 2003a, 2003b). This approach
uses the monitoring of microseismicity in order to characterize hydraulic properties of a geothermal or
hydrocarbon reservoir.
Shapiro et al. (1997, 2002) assume that changes of pore pressure in space and in time are controlled by
pore pressure diffusion. This relaxation process is the main mechanism of induced microseismicity. Based
on this idea, different methods have been developed for estimating reservoir permeability.
In this study, SBRC methods are applied to the HDR reservoir established at Soultz in July 2000. The
first two methods estimate hydraulic diffusivity in a homogeneous isotropic and anisotropic medium, re-
spectively (see Shapiro et al., 1997, 1999; Audigane et al. 2002; discussion in Cornet, 2000; and reply in
Shapiro et al., 2000). Considering a heterogeneous medium, a third method is suggested to reconstruct the
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Figure 1: Downhole pressure in the open hole section of the well GPK-2 during the hydraulic stimulation
Soultz-2000 after Weidler et al.(2002). During the first two injection steps, the maximum overpressure was
limited to 12 MPa. During the 50 l/s step, the pressure increased to a maximum value of 13 MPa. Theses
values were still far below the expected values that resulted from an extrapolation of the stress-field in the
upper reservoir (3.5 km).

diffusivity distribution in space (Shapiro, 2000; Shapiro et al., 2002). Based on statistical considerations
and using the density distribution of earthquakes, a fourth method is applied to provide a scalar diffusivity
estimation (see Shapiro et al., 2003a; and Rentsch, 2003). The different methods complement each other
and provide consistent estimations of hydraulic properties of the Soultz HDR reservoir.

DIFFUSIVITY ESTIMATES IN HOMOGENEOUS ISOTROPIC MEDIA

For a homogeneous, fractured, elastic, saturated medium, the linear dynamics of poroelastic deformation
are described by the Biot equations (1962). The SBRC approach is based on the hypothesis that a pore-
pressure perturbation propagates in the same manner as the low-frequency second-type compressional Biot
wave. In the low-frequency limit of Biot equations, the propagation of the pore-pressure perturbation p
can be approximated in the isotropic case by the following differential equation of diffusion (Shapiro et al.,
1997):

∂p

∂t
= D∇2p (1)

where D and t are the diffusivity and the time respectively.
Considering a point source, Shapiro et al. (1997) approximated the time evolution of the pore pressure with
a step function. According to the downhole pressure (Weidler, 2000), this approximation agrees well with
observations at Soultz-2000. Then the pore-pressure perturbation can be described by the propagation of a
triggering front as follows (for details about the triggering front see Shapiro et al. 2002, 2003b):

r =
√

4πDt, (2)

where t is the time from the injection start, D is the scalar hydraulic diffusivity and r is the radial distance
from the injection source to the hypocentre of events.
To estimate the isotropic diffusivity of the medium, we plot the minimum distance between the openhole
section and the hypocentre to the source of each seismic event in a distance versus time diagram. For
a correct hydraulic diffusivity value, the parabolic equation (2) corresponds to an upper bound for the
majority of events in the r-t plot. According to the data (Figure 3), we suggest a value of D = 0.15m2/s as
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Figure 2: Evolution of the cloud of events with time during the hydraulic stimulation Soultz-2000. The
line and the black dot denote the open hole section of the well GPK-2 and the point-like source. The snap
shots (a),(b),(c),(d) represent the cumulative cloud of events at 3, 10, 20, 30 hours looking from the east.
The snap shots (e) and (f) represent the seismic cloud at the end of the injection time (t=142.5 h) from the
east and the top respectively.
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Figure 3: r-t plot of the hydraulic stimulation Soultz-2000. Possible estimations of the hydraulic diffusivity
are: D=0.15m2/s, D=0.2m2/s, and D=0.3m2/s. The global estimation, D=0.15m2/s, seems to be more
representative.

the most representative estimation.

DIFFUSIVITY ESTIMATES IN HOMOGENEOUS ANISOTROPIC MEDIA

Shapiro et al. (1999) assume a homogeneous anisotropic distribution of the hydraulic diffusivity, describing
by tensor components in a fractured, fluid satured medium. The pore pressure is then determinated by the
diffusion equation, with the following form:

∂p

∂t
= Dij

∂

∂xi

∂

∂xj
p, (3)

where Dij are components of the tensor of hydraulic diffusivity.
The triggering front, equation (3), is described by (for details see Shapiro et al., 1999):

r =

√
4πt

nTD−1n
, (4)

where nT is the transposed vector of n = r / |~r| and D−1 is the inverse of the diffusivity tensor D.
In the principal coordinate system, the diffusivity tensor becomes diagonal, the triggering front is described
by the following equation (Shapiro et al., 2003b):

x2
1

D11
+

x2
2

D22
+

x2
3

D33
= 4πt, (5)

where xi are the coordinates and Dii (no summation over i) are the principal hydraulic diffusivities.
By scaling the xi coordinates by

√
4πt, an ellipsoidal equation of the triggering front is obtained. The

half axes of the ellipsoid represent the square roots of the principal diffusivity values. For determining the
triggering front an ellipsoidal envelope must be defined for the majority of events in the scaled principal
coordinate system (Figure 4). In order to apply the method, we approximate the openhole section with a
point source in the centre of the cloud formed approximately three hours after the beginning of injection
(see Figure 2; Discussion with Cornet, 2000 and Reply by Shapiro et al., 2000). This point source is close
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Figure 4: The ellipsoids representing different hydraulic diffusivity tensors shown together with the seis-
mic cloud in the scaled coordinate system: rsi = ri√

4πt
looking from the south.

to the middle of the part of the section where 90 % of the flow went through (Baria et al., 2001). At this
depth more pore pressure perturbations have been caused in rocks. Applying the method, we determine a
first fit which encloses a zone with a high-density area of events (the smallest ellipsoid, Figure 4) with the
following diffusivity tensor estimation: Dmin=diag( 0.02; 0.08; 0.14) m2/s.
Another fit is also suggested, which includes almost all the events (the largest ellipsoid, Figure 4) with the
following estimation: Dmax=diag(0.05; 0.21; 0.44) m2/s.
The two tensors have different principal coordinate systems. However, the orientations of the principal axis
are very close to each other. For the largest diffusivity component of the smallest ellipsoid, a strike and a
dip of N151◦E and 60◦ have been respectively estimated.

INVERSION FOR DIFFUSIVITY OF HETEROGENEOUS MEDIA

The method developed by Shapiro et al. (2000, 2002) is an inversion procedure to reconstruct the spatial
distribution of the hydraulic diffusivity considering a heterogeneous medium. As in the previous section,
we consider a step-function like pressure perturbation with the same point source.
In this case, the diffusive process and the evolution of the triggering front are described by the eikonal
equation (for details see Shapiro et al., 2002, 2003a):

D =
t

π|∇t|2 . (6)

The equation (6) is used in the inversion procedure to reconstruct the hydraulic diffusivity distribution in
space (Figure 5).

DIFFUSIVITY ESTIMATES USING DENSITY OF INDUCED MICROSEISMICITY

Another interpretation of microseismicity using the density distribution of earthquakes is suggested by
Shapiro et al. (2003b). A point source of a fluid injection is considered in an infinite porous medium. The
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Figure 5: Hydraulic diffusivity reconstruction in three dimensions for the Soultz 2000 data set looking
from the south-east. The X and Y coordinates represent strikes of N70◦E, N340◦E, respectively. The
diffusivity is given on a logarithmic scale. It varies between 0.001 and 1 m2/s. A cell has the following
spatial dimension dx=110 m, dy=130 m, dz=120 m. The well GPK-2 is also represented in red.

probability that an earthquake occurs at a given time t and point r will be equal to:

Π(pc(r) ≤ p(t, r)) =

∫ p(t,r)

0

f(pc)dpc, (7)

where pc(r) is the critical pressure due to injection, p(t,r) is the pore pressure, and f(pc) is the probability
density function of the critical pressure.

The pore pressure p(t,r) is a solution of the diffusive equation describing the process of the pore pres-
sure relaxation. An even distribution of the critical pore pressure is considered in an isotropic medium.
The hydraulic diffusivity of a medium is usually anisotropic. To apply the method we have to transform
the cloud obtained under conditions of a pore pressure in an anisotropic medium into the equivalent cloud,
which would be obtained in an isotropic medium. For this, using the principal coordinate system of the
section "Diffusivity estimates in homogeneous anisotropic media", the original cloud is scaled by the in-
verse square roots of the principal components of the hydraulic diffusivity tensor. In the scaled principal
coordinate system, spherical shells centred on the source point with a radius proportional to r=120 m have
been taken. In each shell, the number of events has been counted. A plot is produced with the normalized
number of events versus distance (Figure 6). This plot must be fitted by the following equation (for details
see Shapiro et al., 2003b; Rentsch, 2003):

p(r, t,D) =
q

4πDr
erfc(

r√
4Dt

). (8)

where q is the pore pressure perturbation, erfc(x) is the complimentary Gaussian error function and t is the
duration of the injection.
A scalar diffusivity estimation of D=0.14 m2/s is obtained.
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Figure 6: Spatial density of the microseismic cloud versus distance from the injection source for the
microearthquakes induced during the hydraulic stimulation Soultz-2000. The best fit estimate of the hy-
draulic diffusivity is D=0.14 m2/s. The two dashed curves (D=0.12 m2/s and D=0.15 m2/s) illustrate
the accuracy of the method.

ESTIMATING PERMEABILITY FROM DIFFUSIVITY

The relationship between the hydraulic diffusivity tensor can be related to the permeability tensor according
to the following equation (Shapiro et al., 2002):

D =
NK
η
, (9)

where K is the permeability tensor, η the pore-fluid dynamic viscosity and N is the poroelastic modulus.
N can be approximated for the case of low-porosity crystalline rocks as follow:

N = [
φ

Kf
+

α

Kg
]−1, (10)

with α = 1 − Kd/Kg, φ the porosity and Kd, Kg and Kf the bulk moduli of the dry frame, the grain
material and the fluid, respectively.
For the Soultz-2000 experiment, accepting the following estimates found in the literature for the cristallyne
rocks at the depth of 5000 m: φ=0.003, η=2×10−4 Pa.s (an approximate value of the dynamic viscosity of
salt water, Haar et al. 1984), Kd=49 GPa, Kg=75 GPa and Kf=2.2 GPa; we obtain N ' 1.68×1011 Pa.
Using equation (10), scalar permeability estimates of the methods using the spatio-temporal distribution
and the event density are 18×10−17 m2 and 17×10−17 m2 respectively. In the anisotropic case, the two
diffusivity tensor estimations (Section 3) correspond to the two following permeability tensors:

Kmin = diag(2.3; 5; 16.7)× 10−17m2,
and Kmax = diag(6.0; 25.0; 52.4)× 10−17m2.

DISCUSSION

We have applied four different methods based on the SBRC approach for estimating the permeability of
the Soultz-2000 reservoir. Although the injection was not performed by a point source, we make such an
approximation for three methods. The defined injection point is located as the centre of the cloud triggered
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by the first three hours (located approximately 100 m off the openhole section, Figure 2). Although the
different methods are based on different signatures of the microseismicity, we obtain consistent results.

Diffusivity estimation in the isotropic case

Between 20 hours and 30 hours, Figure 3 shows a fast increase of the hypocenter distance of more than
400 m appears 24 hours after the start of stimulation. The corresponding events represent a step on the r-t
plot above the parabola (D = 0.15 m2/s, Figure 3). These events are located NNW from the well GPK-2
and are responsible of a horizontal extension of the cloud (Figure 2). This direction of extension is parallel
to the maximum horizontal stress component in this part of the Rhine graben (Helm, 1996; Cuenot et al.,
2003). These events appear shortly after the increase of the downhole overpressure from 12 to 13 MPa
(second step of stimulation in Figure 1). It is possible that between 24 hours and 48 hours of the injection
time, the events which have a hypocentre distance of more than 400 m are due to this increase of downhole
pressure. According to the sudden increase of the hypocentral distance, we can also expect that the zone
reached by the triggering front corresponds to a zone with higher diffusivity.
During the first 24 hours, in the r-t plot (Figure 3) events are partly triggered above the parabolic envelope.
Nine hours before the beginning of the hydraulic stimulation, five pulse tests were carried out in the well
GPK-2 (Figure 1). A first explanation is that the five pulse tests initiated a diffusive process. We can also
expect a higher diffusivity zone near the openhole section established during hydraulic tests, like the low
rate injection test in February 2000 (Baria, 2001).

Diffusivity estimation in the anisotropic case

In the anisotropic case, the maximal principal component of the minimum diffusivity tensor estimation
is D=0.14 m2/s. From the definition of the method, it results that the maximum diffusivity component
should agree with the scalar estimation. This is in agreement with a scalar diffusivity estimation of D=0.15
m2/s. The orientations of the two tensors are very closed to each other. The strike of the largest compo-
nent of the permeability tensor (N151◦E) coincides with the horizontal maximum stress orientation in the
medium: N160◦E (Helm, 1996; Cuenot et al., 2003). The analysis of cores shows that the orientation of
cracks coincide with the maximum stress component (see results of logs in the well GPK-2 rose diagrams
in Baria et al., 2001). The minimum and maximum estimations can be interpreted as the natural diffusivity
of the medium and the diffusivity of the established reservoir, respectively. The last conclusion is due to the
fact that events corresponding to the larger ellipsoid are located in the vicinity of the borehole and occurred
during short time after the start of injection.

Diffusivity reconstruction in a heterogeneous medium

Strong variations of the diffusivity value in the reservoir (Figure 5) have been found by the eikonal-equation
based inversion algorithm. A high diffusivity zone (D=0.1 - 1m2/s) in NNW appears over a quite homoge-
neous and low-diffusivity background (D≤ 0.01m2/s). This agrees with Figure 2, which shows a number
of early events (between t=20 h and t=30 h) also in NNW. Shapiro et al. (2002) already applied the method
to the Soultz-1993 seismic cloud. They performed numerical tests to estimate the accuracy of the method
(Rothert et al., 2003). The method gives at least semi-quantitatively diffusivity values to characterize the
reservoir.

Comparaisons with independent results and with the Soultz-1993 stimulation

Hettkamp et al. (1998) estimate a permeability value of approximately 37×10−17 m2 in the fracture di-
rection for a granite sample with a 12 MPa fluid overpressure. Before the stimulation on the Soultz site,
two slug tests have been conducted in the well GPK2 at a depth of 4500-5000 m (Weidler, 1999). For the
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640 m openhole, the apparent permeability value determinated is about 5-13×10−17 m2. These indepen-
dently estimated values agree with our results (2-17×10−17 m2).
Comparing to the 1993 experiment, our different diffusivity estimations for Soultz-2000 give three times
higher values. In the anisotropic approximation, the direction of the Soultz-2000 maximal diffusivity com-
ponent have approximately the same strike and dip values (N151◦E, 2000 - N171◦E, 1993 and 60◦, 2000 -
72◦, 1993 respectively).

CONCLUSION

We applied the SBRC approach which uses the induced microseismicity measured during the hydraulic
stimulation at Soultz in 2000 to estimate the permeability of the crystalline medium.
The SBRC approach considers the microseismicity as signature of a pore pressure relaxation process. We
estimated diffusivity values in a scalar approximation and a permeability tensor. The both estimates agree
very well with independent experiements (slug tests and laboratory measurements).
In comparison to the Soultz-1993 stimulation at a depth of 2900-3500 m, we obtain 3 times higher perme-
ability values with the same method.
A method of reconstructing the diffusivity distribution in 3-D has been also applied. The result images an
high permeable zone.
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ABSTRACT

In this paper we present a new approach for estimating the hydraulic parameters of rocks using an
analysis of the spatial distribution of microseismic events induced by fluid injection. Such a monitor-
ing of microseismicity can be used to characterize rocks in terms of hydraulic properties. Knowledge
about these properties is important especially for an optimized developement of geothermal or hy-
drocarbon reservoirs. In fluid-saturated rocks, pore pressure changes are controlled by a diffussive
process of pressure relaxation. Our approach is based on the hypothesis that the propagation of trig-
gering of injection-induced microseismic events can also be described by a diffusive process of pore
pressure relaxation. Due to this diffusive process a number of diffusion-typical signatures may be
observed in spatial distributions of induced events. Such signatures are, e.g., pore pressure and the
number of occurred events versus the distance from the injection point. We derived an appropriate
relation between the number of triggered microseismicity to the distances from the injection point
using probability considerations of event occurring. This spatial distribution of the density of micro-
seismicity provides the possibility of large-scale in-situ estimations of hydraulic diffusivity. In this
context large spatial scale means of the order of kilometers depending on the size of the seismically
active region. Applications of the method to numerical data and to real data of the Soultz-sous-Forêts
geothermal Hot Dry Rock site (France), the Fenton Hill Hot Dry Rock site (New Mexico, USA) and
the Carthage Cotton Valley gas field (East Texas, USA) are demonstrated.

INTRODUCTION

Injections of borehole fluids into surrounding rocks are used for developments of hydrocarbon or geother-
mic reservoirs. Such injections often induce small-magnitude earthquakes (see e.g., Zoback and Harjes,
1997; Fehler et al., 1998; Audigane et al., 2002). The nature of such a seismic activity is still under dis-
cussion (see e.g., Trifu, 2002). In this paper we show that the probability of the induced earthquakes is
remarkably well described by the relaxation law of pressure perturbations due to fluids filling the pore
space in rocks. This strongly supports the hypothesis that the triggering of induced seismicity is controlled
by the pore pressure relaxation. This fact opens additional new possibilities to characterize hydraulic prop-
erties of rocks on a kilometer-scale with high precision.

One widespread hypothesis explaining the phenomenon of the hydraulic induced microseismicity (e.g.,
Nur and Booker, 1972; Pearson, 1981; Shapiro et al., 2002) is that the tectonic stress in the earth’s crust
at some locations is close to a critical stress causing brittle failure of rocks, for example, by sliding along
preexisting cracks. Increasing fluid pressure in a reservoir causes pressure in the connected pore space of
rocks to increase (the pore space includes pores, cracks, vicinities of grain contacts, and all other possible
voids in rocks). This leads to an increase of the pore pressure at the critical locations as well. Such an
increase in the pore pressure consequently causes a decrease of the effective normal stress, usually acting
compressionally on arbitrary internal rock surfaces. This leads to sliding along preexisting, favorably
oriented subcritical cracks.
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The change of pore pressure in space and time is controlled by the diffusion process of pressure re-
laxation in fluids saturating pores. Thus, if the hypothesis described above is correctly explaining at least
one of dominant mechanisms triggering fluid-induced microseismicity, then a number of diffusion-typical
signatures should be observed in the spatio-temporal distributions of the earthquakes. Several of these sig-
natures related to the temporal evolution of microseismicity clouds are known (see e.g., Audigane et al.,
2002; Shapiro et al., 2003).

Here we report evidence of a completely different nature supporting this hypothesis. This evidence
additionally illuminates the physics of the fluid-induced microseismicity. Moreover, it opens a new way to
estimating hydraulic properties of natural rocks at large spatial scales with high precision.

STATISTIC MODEL OF SEISMICITY TRIGGERING

We start with a simple model which is completely consistent with the above described pore-pressure relax-
ation hypothesis (PRH). We consider a point-like source of a fluid injection in an infinite porous continuum.
Due to a fluid injection and the consequent process of pressure relaxation the pore pressure p will change
throughout the pore space. We assume that a critical value C of the pore pressure is randomly distributed
in space. If in a given point r of the medium at a given time t the pore pressure p(t, r) exceeds C(r) then
this point will be considered as a hypocenter of an earthquake occurred at time t. For simplicity, we assume
that no earthquake will be possible at this point again. Then, the probability of an earthquake occurrence
at a given point at a given time will be equal to W (C(r) ≤ p(t, r)), which is the probability of the critical
pressure to be smaller than the pore pressure p(t, r). If the pore pressure perturbation caused by the fluid
injection is a non-decreasing function (what is the case for realistic, step-function-like, borehole injection
pressures) then this probability will be equal to

W =

∫ p(t,r)

0

f(C)dC,

where f(C) is the distribution function (probability density function) of the critical pressure. The pore
pressure p(t, r) is a solution of a diffusion equation describing the process of the pore pressure relaxation.

The simplest possible distribution of the critical pore pressure is a uniform distribution f = 1/A, where
A is a normalizing constant having the following physical meaning: A = Cmax − Cmin, with Cmax and
Cmin standing for maximum and minimum possible critical pressures. In this caseW = p(t, r)/A. There-
fore, in such a simple model the event probability is only proportional to the pore pressure perturbation.
A question arises: Is such a distribution of micro earthquakes observed in reality? A positive answer to
this question would be of significant importance for our understanding of the physics of microseismicity
triggering as well as for useful applications of this phenomenon. Our observations provide such a positive
answer.

PROCESSING OF PASSIVE MONITORING DATA

Below we will consider several examples of borehole fluid injections. The pore pressure relaxation in a
porous medium surrounding an injection source is described by the differential equation of diffusion. In
many situations realistic conditions of borehole fluid injections can be approximated by a point source of a
constant pore pressure perturbation q switched on at the time 0. The solution of the diffusion equation then
has the following form (see Carslaw and Jaeger (1973), chapter 10.2.(2))

p =
q

4πDr
erfc

(
r√
4Dt

)
. (1)

Here erfc(x) is the complimentary Gaussian error function. For infinite observation time this equation
reduces to p = q/(4πDr). Quantity D is an important hydraulic parameter of the rock called hydraulic
diffusivity. It is proportional to the Darcy permeability of rocks. The event probability is proportional to
the volumetric density of microseismic events. Therefore, a comparison of the volumetric event density of
microseismicity clouds induced by fluid injections with equation (1) is required. Before we do this for a
microseismic data set obtained during a real borehole fluid injection, we will consider a synthetic example.
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Figure 1: A synthetic microseismicity in a hydraulically isotropic model with the hydraulic diffusivity of
1m2/s. At the left: A view of the cloud of seismic events. The colors correspond to the event occurrence
time in seconds. At the right: Spatial density of the microseismic cloud versus distance from the injection
source (crosses). The line denotes the theoretical distribution given by equation (1).

A synthetic cloud of microseismicity obtained by the modeling consistent with the theory described
above (such a modeling was proposed and described by Rothert and Shapiro (2003) is shown at the left
of Fig. 1. The following processing can be proposed to compute the occurring probability of seismic
events. We count the number of events in concentric spherical shells with the center at the injection point.
By normalizing event numbers to the shell volumes we obtain the event density. We normalize the event
densities by the event density in the second spherical shell in order to work with non-dimensional quantities
and to eliminate insignificant proportionality factors. The first shell, which is actually a sphere around the
injection point is not considered, because of the singularity of the diffusion equation solution.

To compare these numerical results with predictions of equation (1), the analytical function p(r, t) is
also normalized by its value at the median radius of the second spherical shell. The time in the Gaussian
error function is the total period of the injection (which is also equal to the total period of observation,
i.e. event counting). By fitting the analytical function to the spatial density of events it is possible to
estimate the value of the scalar hydraulic diffusivity. A very good agreement of the analytical curve (using
D=1m2/s for calculation) and the event probability in the synthetic microseismic cloud (at the right of Fig.
1) is not surprising. The numerical modeling has been performed in a complete agreement with the PRH.

Before such a comparison can be done for real data the following important complication must be taken
into account. Hydraulic properties of natural rocks are usually anisotropic. Their hydraulic diffusivity is
a second rank tensor. If the PRH is valid then the geometry of microseismic clouds should be controlled
by this tensor (see Fig. 2, left). In order to compare the spatial distribution of the event density with
the analytical solution (1), we have to transform a microseismic cloud obtained under conditions of a
pore pressure relaxation in an anisotropic medium into a microseismic cloud which would be obtained in
an isotropic medium. This can be done by scaling the original event cloud along principal axes and in
relation of the inverse square roots of the principal components of the hydraulic diffusivity tensor. Such
a scaling procedure is a consequence of the equivalence of the diffusion equation in an isotropic medium
to the diffusion equation in an anisotropic medium by the scaling of coordinates described above (see also
Carslaw and Jaeger, 1973). The hydraulic diffusivity in the resulting isotropic diffusion equation is equal
to the arithmetic average of the principal components of the diffusivity tensor. A detailed substantiation of
this scaling for microseismic clouds and how to find the relationship between principal components of the
hydraulic diffusivity tensor for real situations is described in (Shapiro et al., 1999, 2003).

After scaling, a comparison between predictions of equation (1) and the event density is possible. It is
completely analogous to the one in an isotropic medium. At the right of Fig. 2 such a comparison is shown
for the synthetic microseismicity from the left of Fig. 2.

As an example of a real microseismicity we consider a data set of microseismic events that were induced
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Figure 2: A synthetic microseismicity in a hydraulically anisotropic model. Principal components of the
hydraulic diffusivity are 1m2/s, 2m2/s, and 5m2/s. Notations are as in Fig. 1. At the left a view of the
cloud of seismic events is shown. At the right the spatial density of the microseismic cloud is displayed
versus distance from the injection source.

during the 1993 Hot Dry Rock (HDR) experiments performed at the Soultz-sous-Forêts (France) in the
upper Rhine valley (Dyer et al., 1994). The data set contains about 9150 events which were induced during
379 hours of injection. The cloud of micro earthquakes is displayed at the left of Fig. 3.
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Figure 3: Micro earthquakes of the Soultz-sous-Forêts experiment of 1993. At the left: A view of the cloud
of seismic events. The colors correspond to the events occurrence time. At the right: Spatial density of the
microseismic cloud versus distance from the injection source (crosses). The line denotes the theoretical
distribution given by equation (1).

The tensor of hydraulic diffusivity in Soultz is characterized by a significant anisotropy with an approx-
imate relation of principal components as 7 : 19 : 52 (Shapiro et al., 2003). After scaling the microseismic
cloud the event density can be compared with the distribution predicted by equation (1). The average of
the principal components of the hydraulic diffusivity D can then be fitted to match the data. The best-fit
curve is shown in Fig. 3 right. This fit provides an estimate of D = 0.030m2/s. An excellent agreement
of the observed event density with the theoretical curve given by equation (1) is evident.

Independent methods of estimating hydraulic diffusivity at the same location yield similar values: the
average principal component of the diffusivity tensor can be computed from results given in (Shapiro et al.,
1999) to be equal to D = 0.023m2/s. The estimate of the apparent hydraulic permeability from the same
location based on borehole data and reported in (Jung et al., 1996) also can be used to compute the hydraulic
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diffusivity. This approximately yields D = 0.022m2/s. The microseismicity-based method of estimating
hydraulic diffusivity used in (Shapiro et al., 1999) provides ’order of’ estimates only. The borehole-based
estimates characterize the rocks in the vicinity of boreholes. Thus, we expect that the event-probability-
based approach described above is more precise for characterizing rocks on a kilometer-scale than those
proposed in (Shapiro et al., 1999).

−500
0

500

−500

0

500

−500

0

500

distance x [m]distance y [m]

di
st

an
ce

 z
 [m

]

10

20

30

40

50

60

time t [h] 
0 200 400 600 800 1000

10
−4

10
−3

10
−2

10
−1

10
0

no
rm

al
iz

ed
  e

ve
nt

  n
um

be
r

distance [m]

D = 0.12 m2/s 

Figure 4: Micro earthquakes located in December 1983 during the hydraulic injection into crystalline
rock at Fenton Hill, a HDR site in the USA (for details and further references see Fehler et al. (1998)).
Notations as at Fig.1. At the left: A view of the cloud of seismic events. At the right: Spatial density of the
microseismic cloud versus distance from the injection source.

Our new approach was also applied onto data of the Fenton Hill Hot Dry Rock site (New Mexico, USA)
and the Carthage Cotton Valley gas field (East Texas, USA).

In 1983 the data set of Fenton Hill was obtained during the ’massive hydraulic fracture experiment’
(MHF). About 21,600m3 of water was injected into crystalline rocks in a depth of about 3,460 meters for
about 62 hours (Fehler et al., 1998). For this time interval the data set contains 9355 events. The best-fit
analytical function results an estimate of D = 0.12m2/s and is shown in Fig. 4.
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Figure 5: Micro earthquakes induced in the Cotton Valley Field, East Texas during a fluid injection (hy-
draulic fracturing) experiment. Notations are the same as on Fig. 1. At the left: A view of the cloud of
seismic events. At the right: Spatial density of the microseismic cloud versus distance from the injection
source.

The data of Cotton Valley was obtained by a hydraulic stimulation of sediment. In May 1997 hydraulic
fracture treatments are performed and a consortium of operators and service companies have seismically
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monitored this treatments. For about 7 hours a total fluid volume of more than 1,100 m3 was injected
into sandstones at the depth of 2,756-2,838 meters. The observed 994 microseismic events occurred in the
depth range from 2,750 to 2,850 meters (Urbancic et al., 1999). Our estimation of D = 0.22 m

s2 (see Fig.
5) represents an average value for the hydraulic diffusivity of the seismically active volume of the Carthage
Cotton Valley field.

Our experience with available fluid injection induced microseismic clouds shows that equation (1)
predicts probability of seismic events very well (see Fig. 3, Fig. 4 and Fig. 5). This is a strong indication
in favor of the PRH.

CONCLUSIONS

The process of pore pressure relaxation is at least one of the dominant triggering mechanisms of the fluid-
injection-induced microseismicity. According to this hypothesis, spatio-temporal distributions of micro-
seismicity are controlled by the hydraulic diffusivity of rocks as well as by distribution and the degree of
rock criticality. The criticality of rocks can be described by rather simple statistical models as proposed
in this paper. Moreover, as we have demonstrated, the spatial distribution of the density of earthquakes
provides the possibility to estimate the hydraulic diffusivity on a kilometer scale with high precision.
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ABSTRACT

Two-point raytracing problem is solved for events in a piecewise homogeneous and laterally varying
3D anisotropic media by continuation techniques. A combination with the shooting method allows to
extend the method for computation of qS1 and qS2 events. The algorithm has the same performance
and robustness as previous implementations of the continuation method for tracing rays in isotropic
models. This simple routine has several useful applications. Firstly, an efficient forward problem
solver in traveltime inversion for elastic parameters in the presence of anisotropy. Secondly, the
Newton-Raphson iterations during two-point raytracing produces the wavefront attributes, slowness
and wavefront curvature. These quantity allows the computation of geometrical spreading and second
order approximations for traveltimes, as required in CRS . Therefore the effects of anisotropy on CRS,
in simple velocity models, can be investigated.

INTRODUCTION

A computational scheme is proposed to solve two-point raytracing, in a piecewise homogeneous and later-
ally varying 3D anisotropic layered media, based on the continuation method . The algorithm is an exten-
sion to the anisotropic case of previous works for isotropic media (Keller and Perozzi (1983);Docherty and
Bleistein (1984)) .

The continuation method permits to trace rays through a complex model by continuous transformations
from simpler intermediary configurations. This procedure warrant robustness to the iterative techniques
used to solve the nonlinear system of equations that arises from Fermat’s principle. A sequence of con-
tinuation steps is performed. Starting with a vertical ray in an isotropic layered medium, the isotropic
slowness surfaces are deformed to the intended anisotropic slowness surfaces at each layer. The next step
is to transform the flat interfaces to the desired curved ones. Finally we move source and receiver positions
to the configuration we want to achieve.

The algorithm has the same perfomance described by Docherty and Bleistein (1984) for isotropic mod-
els when computing qP raypaths. The computation of qS1 and qS2 raypaths presents difficulties at the
singular regions where the slowness surfaces for these waves intersects one another and regions where they
are not convex. A shooting approach can remedy most of these problems, but the performance degrades if
many restarts are required.

This procedure is well adapted to compute raypath and traveltimes for surface seismics and VSP exper-
iments in anisotropic models. The algorithm can be a forward problem routine for a traveltime inversion
scheme which produces estimatives of the elastic constants structure for subsurface, most like the works
of Whitmore and Lines (1986), Chiu and Stewart (1987) and Guiziou and Haas (1988), without the limita-
tions of the elliptical anisotropy assumption. Other possible applications include VSP-CDP mapping and
the computation of wavefront attributes,slowness vector and wavefront curvature, along the raypath.
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FERMAT’S PRINCIPLE AND RAYPATH COMPUTATION

We assume a piecewise homogeneous, anisotropic, layered medium where the interfaces are described by
functions

φ(x) = x3 − ζ(x1, x3) = 0 ,

where xj represents Cartesian coordinates. The two-point raytracing problem in layered anisotropic medium
through N layers can be stated, by Fermat’s principle, as the following variational problem in phase space,

Minimize
xα1 , x

α
2 , s

α τ =

N∑

α=1

sαj ∆xαj (1)

subjected to,
Hα(sα) = 0, α = 1, ..., N, (2)

where, τ is the traveltime along the ray,
∆xαj = xαj − xα−1

j ,
xα = (xαj ) represents the ray intersection with the α-th interface,
x0 = (x0

j ) is the source position,
xN = (xNj ) is the receiver position,
sα = (sαj ) is the slowness vector at the α-th layer,
Hα(sα) = is the dispersion relation at the α-th layer. Summation convention is assumed on subscript

index j which identifies the cartesian coordinates directions.

Equation (1) arises from the relations (Musgrave (1970)),

τ =

∫

ray

s · dx =

∫

ray

s · vdτ =

∫

ray

dτ . (3)

Here s is the slowness , v is the group velocity and τ traveltime along the ray. The last identity results
from the polar reciprocal relationship between slowness and group velocity s · v ≡ 1. For a piecewise
homogeneous layered media equation (3) reduces to (1).

The solution of (1) subject to (2) is straightforward using Lagrange multipliers,

Minimize
xα1 , x

α
2 , s

α, λα τ =

N∑

α=1

sαj ∆xαj + λαHα(sα) . (4)

following standard procedures we obtain the nonlinear system of 5N + 3 equations on 5N + 3 un-
knowns,namely, xα1 , x

α
2 , s

α
1 , s

α
2 , s

α
3 :

Φα1 = ∆sα1 + ∆sα3 ∂1ζ
α = 0 ,

Φα2 = ∆sα2 + ∆sα3 ∂2ζ
α = 0 ,

Φα3 = ∆xα1 ∂sα3H
α −∆xα3 ∂sα1H

α = 0 , (5)

Φα4 = ∆xα2 ∂sα3Hα −∆xα3 ∂sα2Hα = 0 ,

Φα5 = Hα(sα) = 0 ,

These five equations express the basic geometrical relations for rays and slownesses through a homoge-
neous layered medium. Equations for Φα

1 and Φα2 can be written as

(sα+1 − sα)× nα = 0 , (6)

where nα is the unit vector normal to the α-th interface.This equation is a statement of the Snell’s law. It
requires that the variation of the slowness vector across an interface be parallel to the interface normal,i.e.,
tangential slowness component is continuous across the interface. Equations for Φα

3 and Φα4 , express the
relation between ray direction and slowness surface, and can be written as

(xα − xα−1)×∇sHα = 0 , (7)
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this equation states that ray direction should be normal to the slowness surface. The last equation for Φ5,
defines the slowness surfaces at each layer. The system of equations (5) in vector notation is,

Φ(u) = 0 , (8)

where,

ΦT = (φ1
1, ..., φ

1
5, ...., φ

N
1 , ..., φ

N
5 , φ

N+1
3 , φN+1

4 , φN+1
5 ) ,

uT = (x1
1, x

1
2, ..., x

N
1 , x

N
2 , s

1
1, s

1
2, s

1
3..., s

N
1 , s

N
2 , s

N
3 ) .

The system (8) can be solved iteratively using Newton-Raphson method. At the K-th iteration this
corresponds to:

1. solve
∆u (K) · ∇uΦ = −Φ(u (K)) for ∆u ,

2. update
u (K+1) = u (K) + ∆u (K) , (9)

CONTINUATION METHODS

Continuation techniques are used to solve the system (8) in order to add robustness to the Newton-Raphson
iterations (9). The continuation method consists in solving the following nonlinear equation

Φ(u, γ) = 0 , (10)

instead of (8).
The parameter γ is intended to control the smooth transformation from problem Φ(u, 0) = 0, whose

solution can be readily found, to Φ(u, 1) = Φ(u), which is the problem to be solved.
The solution of the two-point raytracing in 3D layered anisotropic medium can be constructed imbed-

ding a sequential application of the continuation technique for the solution of (8).

Continuation of slowness surfaces For each layer, the dispersion relation may be written in the form

Hα(s) = γHαanis + (1− γ)Hαiso i = 1, ..., N , (11)

where Hαanis and Hαiso are the dispersion relations for the anisotropic layers and for initial isotropic lay-
ers, respectively. The starting layered isotropic model (γ = 0), has compressional velocities α2

i =
max(a11, a22, a33), at each layer, were aIJ are the density normalized elastic moduli in condensed no-
tation (Musgrave (1970)).

Begining with a vertical ray in the initial flat layered isotropic model, so u(γ = 0) is trivially computed,
the algorithm proceeds as follows. The initial guess for Newton iterations (9) for a new γ = γ + ∆γ is
computed (Docherty and Bleistein (1984)):

1. solve
dΦ

dγ
=
du

dγ
· ∇uΦ + Φ, γ = 0 for

du

dγ
, (12)

2. start Newton iterations from

u0(γ + ∆γ) = u(γ) +
du

dγ
∆γ. (13)

Then iterate using Newton-Raphson equations (9). If the Newton method does not converge in 5 iterations,
halve ∆γ and start again. After convergence double the value ∆γ and continue in the same way until
γ = 1. Usually, we can go from γ = 0 to γ = 1 in one step ∆γ = 1. When γ = 1, the model is the desired
set of anisotropic layers with flat interfaces.
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Continuation of interfaces The next step is to deform the interfaces from flat layers to the desired ones
keeping source and receiver vertically aligned. This is done using,

xα3 = hα + γζα(x1, x2) , (14)

so, when γ = 0, the interfaces are flat, and, when γ = 1, the desired interfaces are achieved. The interfaces
are defined by specifying a set of points ζ(x1, x2) over a grid for each interface. B-spline interpolation are
used to define the interfaces and evaluation of the required derivatives.

The procedure follows as before. The starting values for Newton iterations is computeted similarly
from

dΦ

dγ
=
du

dγ
· ∇uΦ + Φ, γ = 0 , (15)

and

u 0 = u +
du

dγ
∆γ , (16)

where u(γ = 0) is the solution of the slowness continuation procedure.

Receiver and Source continuation Now that the intended media structure was achieved, the next step is
to move the receiver to the desired configuration applying the continuation procedure to the relation,

xrec = γx new
rec + (1− γ)x old

rec , (17)

where xrec = (xrec, yrec, zrec). Here γ = 0 means a previous computed receiver position and γ = 1 the
new receiver position for raypath computation.

The starting guess for Newton iterations comes from the solution of

dΦ

dγ
=
du

dγ
· ∇uΦ +

dxrec
dγ

· ∇xrecΦ = 0 , (18)

with

u 0 = u +
du

dγ
∆γ , (19)

here u(γ = 0) is the solution for the previous receiver position. The same procedure is applied for source
continuation. The corresponding expressions can be obtained just changing the labels of receiver position
for the source position at the above equations.

SHOOTING STILL REQUIRED

Two-point raytracing has its drawbacks, though. Firstly, Newton-Raphson iterations fail when matrix∇uΦ
is singular. This occurs in several instances during raytracing: over an interface saddle point, if ray is tan-
gent to an interface, or when receivers are at shadow zones. Secondly, when more than one ray connects
source and receiver, two-point raytracing converges to a single trajectory depending on initial guess, in
other words, only a single branch of traveltime surface is computed and the method fails at the borders
of these branches. To overcome these problems the algorithm has to be combined with a shooting strat-
egy(Press et al. (1989)). Whenever Newton iterations fail a ray is computed using the shooting algorithm.
Since raypath is a straight line in each layer, raytracing is reduced to compute the intersection of the ray
with the interfaces and apply Snell’s law to proceed across an interface until we reach the layer containing
the receivers. Once a new ray is successfully computed in the neighborhood of a singular point, two-point
raytracing can be tried again to compute rays to nearby receivers. If the ray identifies a shadow zone the
procedure is interrupted.

NUMERICAL RESULTS

The algorithm was applied to compute raypaths for a model consisting of five layers, having strongly
anisotropic elastic properties, separated by smooth interfaces. The density normalized elastic parameters
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for each layer are presented in appendix A. The layers are indexed from 1 to 5 from top to bottom. The qP
group velocity surface for each medium are shown in Figure 1, Figure 2 and Figure 3.

We only present computation of rays associated with qP events, although qS events can be computed
if a initial ray is determined using the shooting method. Figures 4(a) and 4(b) show the result of raypath
computation for receivers along a line in the surface. The raypaths include a multiple in the third layer.

The second example, Figure 5, includes an unusual configuration of source and receivers at the surface
just to point out the possibilities of this implementation. Again a multiple was computed in the third layer.
The third example, Figure 6, has the same distribution of receivers at the surface but now the source is
located in the third layer as in a reverse 3-D VSP experiment.

One can always find complex models, which present shadow zones or rough interfaces, where Newton
iterations fail and many restarts using the shooting method are required. This algorithm is not well suited
for these models. For applications which do not require such complex models and where qP waves are the
main concern the algorithm is quite efficient.
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Figure 1: qP Wave Surface for layer 1. This is a tilted orthorhombic medium. The velocity components
are in km/s and the colors represent the group speed also in km/s.
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Figure 2: qP Wave Surface for layers 2 and 4. This is a tilted TI medium. The velocity components are in
km/s and the colors indicate the group speed in km/s.
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Figure 4: Two views for qP raypaths for receivers along a line in the surface. Note the multiple in layer 3.
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Figure 5: Rays for a complex 3-D surface acquisition geometry.

(a) Rays for 3-D VSP .
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Figure 6: Rays and traveltimes for an multiazimuthal 3-D VSP acquisition geometry.

CONCLUSION

An extension of the continuation method proposed by Keller & Perozzi (1983) to anisotropic models in
3-D was developed. The algorithm is efficient when computing qP events. The computation of the qS1 and
qS2 trajectories requires the use of shooting method to find, besides the starting ray, new initial approxi-
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mations whenever two-point raytracing fails due to singular regions in the associated slowness surface or
other possible causes. Although the algorithm do not handle general inhomogeneous anisotropic models,
it allows a simple model specification for interfaces and arbitrary anisotropy. The performance of the algo-
rithm permits its application to procedures requiring the computation of a large number of raypaths, as on
inversion algorithms and VSP-CDP mapping in 3-D. It can also be helpful, when wavefront attributes as
slowness vector and wavefront curvature are required as occurs in geometrical spreading computations or
in CRS studies.
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APPENDIX A

The density normalized elastic tensor for the three different materials forming the layers in the model used
for numerical test. The units are in (km/s)2.

Layer 1 (orthorhombic):

A1 =




8.637 4.867 3.238 −0.626 1.559 0.452
8.637 3.238 −1.559 0.626 0.452

10.198 −1.690 1.690 −0.835
3.388 −1.503 0.598

3.388 −0.598
4.350




Layers 2 and 4 (TI):

A2 =




21.750 3.635 5.166 1.326 0.000 0.000
9.326 5.169 1.596 0.000 0.000

16.076 4.250 0.000 0.000
5.299 0.000 0.000

6.682 2.126
4.227
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Layers 3 and bottom medium (TI) :

A3 =




12.600 3.254 1.361 0.000 0.000 0.000
12.600 1.361 0.000 0.000 0.000

5.400 0.000 0.000 0.000
2.250 0.000 0.000

2.250 0.000
4.673
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ABSTRACT

Two analytical examples in elementary functions are presented, which demonstrate divergence of the
geometrical optics (GO) series when the conditions for its applicability are violated: (i) shear wave
propagation in 1D elastic media with exponentially changing parameters and (ii) 2D Gaussian beam
diffraction in free space. These examples evidence that accounting for higher terms in GO power
series leads to divergence and therefore becomes completely senseless beyond the boundaries of GO
applicability.

INTRODUCTION

Geometrical optics (or geometrical acoustics in the specific case of sound and/or elastic waves) is the most
efficient and universal method in the wave theory. It deals with a representation of the wave in the form of
series in inverse powers of the wave number k0 = ω/v0 :

uGO = Aeik0ψ =

(
A0 +

A1

ik0
+

A2

(ik0)2
+ ...

)
eik0ψ (1)

Here, A denotes amplitude, ψ an eikonal, ω a frequency and v0 is a typical wave velocity for the
considered medium.

It is well known that convergence of the geometrical optics (GO) series (1) to the exact solution has an
asymptotic nature. Asymptotic convergence means that the difference between the exact solution uexact
and the GO solution (1) tends to zero for kL → ∞, where L is a characteristic scale of the medium and
the wave field parameters, k = nk0 and n = v0/v is a refractive index.

However, in contrast to the limit kL→∞, for sufficiently low frequencies the series (1) can diverge. A
careful analysis of the asymptotic convergence requires significant efforts incorporating special functions or
complicated integrals. This paper illustrates the convergence behavior of GO series by two examples using
only elementary (i.e. algebraic and exponential) functions. The first example deals with a 1D shear wave
propagating in a medium with exponentially increasing medium parameters (shear modulus and density).
The second example describes the diffraction of a Gaussian beam in a free space. In both cases the wave
equation has exact solutions in elementary functions which can be compared with the GO solution (1).

The new aspect of our analysis is the observation that the GO series starts diverging just when the
conditions for its applicability are violated. The necessary condition for the validness of (1) is that the
wave length λ is small compared to the characteristic scale L of the medium (Landau and Lifshits, 1977;
Born and Wolf, 1983; Kravtsov and Orlov, 1990):

λ

2πL
=

1

kL
=

1

nk0L
<< 1 , (2)

where n = v0/v stands for the refractive index of the medium.
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The sufficient condition for the validness of (1) is that the variations of the amplitudeA and the refractive
index n are small within a Fresnel volume (Kravtsov and Orlov, 1990, 1994; Kravtsov, 1988)

af |∇A| << A , af |∇n| << n . (3)

Here, af is a cross section of the Fresnel volume which incorporates all first Fresnel zones surrounding
the infinitely thin ’mathematical’ ray. The Fresnel volume itself forms a ’physical’ ray of finite thickness.

The first example (1D shear wave, Sect. 2) demonstrates the divergence of the GO series at

kL ≈ 1 , (4)

when the necessary condition (2) becomes violated. The second example (2D Gaussian beam diffrac-
tion, Sect. 3) shows that the condition (3) fails when the distance z exceeds the diffraction length zdiff =
k0a

2, where a is an initial Gaussian beam width.
Both examples evidence that accounting for higher order terms in the series (1) beyond the boundary

of GO validity is the reason for divergences instead of expected improvements of accuracy.

SHEAR WAVES IN 1D ELASTIC MEDIA

Geometrical optics expansion

Here, we treat the general case of a shear wave propagating in an elastic medium. The propagation of a
time harmonic (e−iωt) shear wave in a 1D medium with density ρ(z) and shear modulus µ(z) is described
by the wave equation

∂

∂z

(
µ
∂u

∂z

)
= ρ

∂2u

∂t2
. (5)

u denotes the displacement in the direction perpendicular to the z axis (so called SH case (Cerveny,
2001)).

A time harmonic high-frequency ansatz for the displacement u

u = Aeik0ψ (6)

leads to the equation

k2
0µA

[(
∂ψ

∂z

)2

− n2

]
(7)

−ik0

[
A
∂µ

∂z

∂ψ

∂z
+ µA

∂2ψ

∂z2
+ 2µ

∂A

∂z

∂ψ

∂z

]
(8)

−
[
∂µ

∂z

∂A

∂z
+ µ

∂2A

∂z2

]
= 0 , (9)

where n = v0/v is the refractive index and v =
√
µ/ρ is the shear wave velocity. A similar formalism

can be applied also to longitudinal (acoustic) waves using only slightly changed notations for the material
parameters (for details see Buske (2000)).

The three terms in equations (7)-(9) are sorted according to the powers of k0. The largest term (7),
which is proportional to k2

0 , yields the eikonal equation

(
∂ψ

∂z

)2

= n2. (10)

The subsequent terms (8) and (9) lead to transport equations for the amplitudesAm of the GO expansion
(1):

2µ
∂A0

∂z

∂ψ

∂z
+ µA0

∂2ψ

∂z2
+ A0

∂µ

∂z

∂ψ

∂z
= 0 m = 0 , (11)
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2µ
∂Am
∂z

∂ψ

∂z
+ µAm

∂2ψ

∂z2
+Am

∂µ

∂z

∂ψ

∂z
= −

(
∂µ

∂z

∂Am−1

∂z
+ µ

∂2Am−1

∂z2

)
m = 1, 2, ... (12)

In a special case when density ρ and shear modulus µ grow exponentially with depth z

ρ = ρ0 exp (γz) µ = µ0 exp (γz) (13)

the refractive index n becomes unity and the eikonal ψ = z. Under these conditions the transport
equation (11) for the amplitude of the zeroth approximation has the solution

A0(z) = A0
0 exp

(
−γz

2

)
, (14)

where A0
0 = A0(z = 0) is an initial value of A0 at z=0. Thus, in the zeroth approximation of GO the

solution of the wave equation becomes

uGO = A0
0 exp

(
ik0z −

γz

2

)
. (15)

The modified transport equation

Simply combining the second term (8) and the third term (9) into a single equation one obtains the so called
modified transport equation (MTE):

∂2Ã

∂z2
+
∂µ

∂z

∂Ã

∂z
+ ik

[
Ã
∂µ

∂z

∂ψ

∂z
+ µÃ

∂2ψ

∂z2
+ 2µ

∂Ã

∂z

∂ψ

∂z

]
= 0. (16)

From the solution Ã of the MTE and with ψ from the eikonal equation (10) one can obtain the solution
of the wave equation (5) in the form of (6). In the case of the exponentially changing parameters (13) the
MTE takes the form

∂2Ã

∂z2
+ [γ + 2ik0]

∂Ã

∂z
+ iγk0Ã = 0 , (17)

and has the exact solution

Ã = a1 exp (q1z) + a2 exp (q2z) . (18)

The two solutions q1 and q2 of the corresponding characteristic equation are

q1 = −γ
2
− ik0 +

√
(ik0)2 +

(γ
2

)2

q2 = −γ
2
− ik0 −

√
(ik0)2 +

(γ
2

)2

. (19)

The amplitude coefficients in equation (18) are

a1 =
B̃0 − Ã0q2

q1 − q2
, a2 =

−B̃0 + Ã0q1

q1 − q2
(20)

where

Ã0 = Ã(z = 0) , B̃0 =
∂Ã(z = 0)

∂z
(21)

are the initial values (at z = 0) of the amplitude Ã(z) and its derivative B̃(z) = dÃ(z)/dz, respectively.
For a given problem the necessary condition (2) for GO applicability can be written as inequality

k >> γ , (22)

which means that the characteristic length L ≈ 1/γ of the variation in medium parameter is much
larger than the wavelength:
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L >>
1

k
=

1

nk0
. (23)

Under the condition k >> γ, when GO is applicable, the two solutions become

q1 ≈ −
γ

2
q2 ≈ −2ik0 . (24)

In this case

q1 − q2 = 2

√
(ik0)2 +

(γ
2

)2

≈ 2ik0 , (25)

a1 ≈
−B̃0 + Ã02ik0

2ik0
a2 ≈

−B̃0 − Ã0 γ
2

2ik0
, (26)

so that the solution of (17) takes (at B̃0 = 0) the form:

Ã ≈ Ã0 exp
(
−γz

2

)
− Ã0 γ

4ik0
exp (−2ik0z) . (27)

The first term in (27) corresponds to the zeroth approximation of the GO solution (15) with natural
interchangeA0

0 ↔ Ã0, whereas the second term in (27) describes the reflected wave

urefl ≈ Ãrefl exp (−ik0z) (28)

with the amplitude Ãrefl being proportional to the small factor γ/k0 << 1.
Thus, the GO solution (15) in fact is the leading term of the exact solution (18), expanded into series in

inverse powers of the wave number k0. According to the theory of complex variables (Cartan, 1995) the
power series for q1 − q2 takes the form

q1 − q2 = 2ik0

√
1 +

(
γ

2ik0

)2

= 2ik0

[
1 +

1

2

(
γ

2ik0

)2

− 1

8

(
γ

2ik0

)4

+ ...

]
(29)

and converges if only

γ

2
< k0 , (30)

that is exactly within the area of GO applicability. At the same time the GO series (1) diverges beyond
the area of GO applicability. This means, from a practical point of view, that accounting for higher order
terms in the GO series (1) makes sense only until inequality (30) holds, otherwise higher order terms will
be the reason for the divergence of the GO series.

It is worth to notice that the reflected wave (the second term in equation (27)) principally cannot be
expanded into a series in inverse powers of k0. Therefore, the reflected wave can in no way be extracted
from the GO expansion (1).

2D GAUSSIAN BEAM DIFFRACTION IN FREE SPACE

Exact solution of the wave equation in paraxial approximation

Let us consider 2D Gaussian beam diffraction in free space on the basis of paraxial approximation. If the
initial wave field in the z = 0 plane is given by

u0(x) = A0 exp

(
− x2

2a2

)
, a >> λ . (31)

Then, the wave field at an arbitrary point (x, z) can be determined from the parabolic equation

2ik0
∂U

∂z
+
∂2U

∂x2
= 0 , u = U(x, z)eik0z (32)
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or from the Kirchhoff integral written in paraxial approximation

u(x, z) =

√
i

λz

∫
u0(ξ) exp

(
ik0z +

ik0(x− ξ)2

2z

)
dξ . (33)

For an initial Gaussian wave field (31) one obtains from equations (32) and (33)

uexact(x, z) =
A0

√
1− iQ exp

(
ik0z −

x2

2a2(1− iQ)

)
, (34)

where

Q =
z

k0a2
(35)

denotes the ratio of the distance z to the diffraction length zdiff = k0a
2.

Geometrical optics solution for a 2D Gaussian beam

The geometrical optics solution for a 2D Gaussian beam has the form

uGO =

(
A0 +

A1

ik0
+

A2

(ik0)2
+ ...

)
eik0z . (36)

Here, the amplitude of the zeroth approximationA0 describes undiffracted Gaussian beam propagation

A0(x, z) = A0 exp

(
− x2

2a2

)
. (37)

The higher order amplitude terms are responsible for diffraction and are given by the recursive formula

An+1 = −1

2

∫
∂2An
∂x2

dz . (38)

For a central ray x = 0 each differentiation with respect to x gives an additional factor −1/a2 so that
the amplitude terms read

A1

ik0
= − zA0

2ik0a2
= − iQ

2
, (39)

A2

(ik0)2
=

3

8
(iQ)2 , (40)

A3

(ik0)3
= − 5

16
(iQ)3 . (41)

Relation between GO solution and exact solution

One can compare the paraxial solution (34) with the GO series (36) by expanding the amplitude factor

(1− iQ)−
1
2 (42)

in equation (34) into power series in Q:

(
1 +

iQ

2
+

3

8
(iQ)2 − 5

16
(iQ)3 + ...

)
. (43)

One can see that the first three terms in (43) and in the GO series (39)-(41) are identical. However, it
is a bit more troublesome to show the total identity of both series. According to the theory of functions of
complex arguments (e.g. Cartan (1995)) the series (43) converges only if Q < 1. That means for Q > 1
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the sum (43) will become infinite although the left hand side of (43) is bounded. The divergence of the GO
series for Q > 1 can be illustrated by considering the squared normalized amplitude

S(Q) =

[
A(0, z)

A0

]2

=
1

1− iQ (44)

with its power series

S(Q) =
(
1 + iQ+ (iQ)2 + (iQ)3 + ...

)
. (45)

The sum of the first n terms of this series can be written in a more compact form

Sn(Q) =
(iQ)n+1 − 1

iQ− 1
. (46)

For Q < 1 this series converges for n→∞ to the initial value (44), but for Q > 1 it diverges.
The difference between the exact solution (34) and the GO series (36) can be characterized by the

normalized ratio

δ1(Q) =
|uexact(0, z)− uGO(0, z)|

A0
, (47)

which is shown in Figure 1. This difference is zero for Q < 1 but it turns out to be infinite for Q > 1.
A completely different plot is obtained for the difference between the exact solution uexact(0, z) and

the zeroth order GO approximation

u0
GO(0, z) = A0(0, z) exp (ik0z) . (48)

The difference, presented in the normalized form

δ2(Q) =

∣∣uexact(0, z)− u0
GO(0, z)

∣∣
A0

(49)

is shown in Figure (2). The value δ2(Q) is close to zero at small distances, where Q << 1. At the
boundary of GO applicability (Q = 1) the error takes the value

∣∣∣∣
1√

1− iQ − 1

∣∣∣∣ (50)

and finally it tends to unity for Q→∞.
The divergence of the series (45) starts at

Q =
z

k0a2
= 1 , (51)

which is the convergence radius for the function 1/
√

1− iQ. The equality (51) corresponds to the
sufficient criterion of GO inapplicability (see inequalities (3)): at Q = 1 the radius of the first Fresnel zone
af =

√
λz becomes comparable with the width a of the primary Gaussian beam (31).

It is not surprising that the GO expansion (36) fails to describe diffraction phenomena for Q > 1.
However, it looks surprising that taking into account higher terms in the GO expansion (36), which actually
make the difference between the GO approximation and the exact solution and which are negligible for
Q < 1, lead to unlimited growth of the GO field for Q > 1. The comparison of Fig. 1 and Fig. 2 prompts
to conclude that accounting for higher order terms in the GO series (36) makes sense only if Q < 1,
whereas for Q > 1 higher terms can only worsen the difference between the exact solution uexact and the
zeroth order GO approximation u0

GO.
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Figure 1: Normalized difference δ1(Q), eq. (47), between the exact solution uexact(0, z) and the total GO
solution uGO(0, z).

Q
1

(Q)δ 2

1

Figure 2: Normalized difference δ2(Q), eq. (49), between the exact solution uexact(0, z) and the zeroth
order GO approximation u0

GO(0, z).
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CONCLUSIONS

Two analytical examples have shown explicitly that crossing the boundary of GO applicability might result
not only in worsening the accuracy but also in catastrophical divergence of the GO series. Such a divergence
reflects the asymptotic nature of the GO series in powers of the inverse wave number k0. From a practical
point of view this phenomenon restricts the possibilities to improve the accuracy of wave field calculations
by accounting for higher order terms of the GO series beyond the area of GO applicability.
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ABSTRACT

Computations in anisotropic media are commonly simplified by applying perturbation methods. These
require suitable background media, that are often chosen to be isotropic. In this paper we present
expressions for sectorially best-fitting isotropic P- and S-velocities. The equations follow from a
generalisation of Fedorov’s (1968) technique. Examples for media with polar (VTI) and triclinic
symmetry confirm the superiority of the results over the commonly used globally best-fitting isotropic
velocities by Fedorov (1968). This makes the method particularly suited for any application associated
with perturbation techniques for anisotropic wave propagation.

INTRODUCTION

Computations in anisotropic media are usually very cumbersome. Many techniques developed for isotropic
media will fail or have to be altered in the presence of anisotropy. Therefore, computations in anisotropic
media are commonly simplified by applying perturbation methods (e.g., Jech and Pšenčík, 1989), where the
anisotropic medium is described by a linear combination of a suitable background or reference medium, and
a small perturbation with respect to the background medium. Often an isotropic background is assumed,
where the perturbations account for the anisotropy. This has the advantage that isotropic techniques can
be used for the computations in the background medium. In the simplest case, the isotropic velocities can
be obtained from averaging the elastic constants over all phase directions, leading to the well-known result
by Fedorov (1968). For applications like the generation of traveltimes with finite-difference methods in
combination with perturbation (e.g., Ettrich and Gajewski, 1998; Soukina et al., 2003) Ettrich et al. (2001)
have derived expressions for background media with elliptical anisotropy that permit to consider media
with stronger anisotropy than isotropic backgrounds. However, their results are restricted to P-waves.

The results from Ettrich et al. (2001) were not only derived for averaging over all phase directions, but
also for an average over a cone around the vertical axis, thus leading to a sectorially best-fitting elliptical
background medium. Intuitively a sectorial fit permits a closer approximation when information on the
phase directions can be restricted to a sector instead of the whole unit sphere. This is often possible, for
example in the reflection/transmission problem, where Snell’s law has to be evaluated at a boundary be-
tween two anisotropic media. In this case the horizontal slowness, and thus the azimuth angle is known,
therefore averaging could be restricted to be carried out over the inclination only. Formulae for this type of
averaging are provided in this work.

We have derived expressions for sectorially best-fitting isotropic velocities following the approach sug-
gested by Fedorov (1968). These are closely related to the velocities resulting from the weak anisotropy
approximation (Backus, 1965). In contrast to Ettrich et al.’s (2001) work we give also expressions for best-
fitting shear velocities. Also, the averaging can take place over any region desired, not only over a cone
around the vertical axis, although this important case is a subset of our solution.
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In the first section of this paper, we describe Fedorov’s (1968) averaging approach to obtain the globally
best-fitting isotropic medium. We use a generalisation of his approach to determine a sectorially best-fitting
medium. We demonstrate the superiority of the resulting expressions over the global average in the fol-
lowing section with examples on compressional and shear velocities and slowness surfaces for media with
polar and triclinic symmetry. Finally, we summarise our conclusions and give an outlook.

METHOD

For the derivation of expressions for best-fitting isotropic background (or reference) velocities we follow
the derivation for the globally best-fitting isotropic medium given in Fedorov (1968). We begin with the
Christoffel matrix Λ

Λik = aijklnjnl , (1)

where the aijkl are the elements of the density-normalised elasticity tensor, and the nj are the components
of the phase normal vector,

n =




sin θ cosφ
sin θ sinφ

cos θ


 , (2)

where θ is the inclination and φ the azimuth angle. The eigenvalue problem for Λ leading to the three
phase velocities Vm (m=1,2,3) is

(Λik − V 2
m δik) g

(m)
i = 0 . (3)

In (3), the eigenvector g(m)
i is the polarisation vector of the wave corresponding to the phase velocity Vm,

which, in turn, is the m-th eigenvalue of Λ. If the phase normal nj is known, (3) can be solved and the
phase velocities can be obtained in a closed form from |Λik − V 2

m δik | = 0 (e.g., with Cardani’s formula).

Now we express the elasticity tensor aijkl in a linearised form by the sum of the elasticity tensor of

an isotropic background medium, a(0)
ijkl , and the deviations ∆aijkl of the anisotropic medium from the

isotropic background:
aijkl = a

(0)
ijkl + ∆aijkl . (4)

Remembering that the elasticity tensor for an isotropic medium is given by

a
(0)
ijkl = (V 2

P − 2V 2
S )δijδkl + V 2

S (δikδjl + δilδjk) (5)

we want to find the P- and S-wave velocities VP and VS that give the best isotropic approximation for an
arbitrarily anisotropic medium.

To obtain this best-fitting isotropic background medium, it is required that

〈(Λik − Λ
(0)
ik )2〉 !

= Min. (6)

becomes minimal (Fedorov, 1968). The brackets 〈〉 denote the averaging process

〈A(θ, φ)〉θ,φ =

φ2∫
φ1

θ2∫
θ1

A(θ, φ) sin θ dθ dφ

φ2∫
φ1

θ2∫
θ1

sin θ dθ dφ

. (7)

Expanding the square in (6) leads to

〈(Λik − Λ
(0)
ik )2〉 = 〈ΛikΛik〉+ 〈Λ(0)

ik Λ
(0)
ik 〉 − 2 〈ΛikΛ

(0)
ik 〉 , (8)

where
Λ

(0)
ik Λ

(0)
ik = V 4

P + 2V 4
S , (9)
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and
ΛikΛ

(0)
ik = (V 2

P − V 2
S )aijklninjnknl + V 2

S aijilnjnl . (10)

To minimise the objective function (6), the derivatives of (6) with respect to VP and VS must be zero. The
resulting linear system of equations leads to

V 2
P = aijkl〈ninjnknl〉 ,

V 2
S =

1

2

(
aijkl〈njnl〉 − V 2

P

)
. (11)

These isotropic phase velocities yield the best-fitting background velocities in a least-square sense.

The same result was originally derived by Fedorov (1968) following the same approach, but minimising
(6) not for the velocities but for the Lamé-parameters λ and µ instead. Fedorov derived his results in order
to find that isotropic medium that is most similar to the given crystal not only as regards the propagation
of elastic waves but also as regards elastic properties generally. To do so, he averaged the phase normals
nj over the entire unit sphere, i.e. θ = [0 . . . π] and φ = [0 . . . 2π], in (7), resulting in

V 2
P =

1

15
(aiikk + 2 aikik) ,

V 2
S =

1

30
(3 aikik − aiikk) . (12)

Fedorov (1968) has also determined the best-fitting isotropic velocities for the case that the direction of
the phase normal was fixed, i.e. no averaging was carried out in Equation (11). In this case the resulting
velocities coincide with those obtained from the weak anisotropy approximation (Backus, 1965). More
precisely, for the S-wave the best-fitting isotropic velocity is the geometric mean of the weak anisotropy
qS1- and qS2-velocities:

V 2
PWA

= aijkl ninjnknl

V 2
SWA

=
1

2

(
aijik njnk − V 2

PWA

)
. (13)

This result is not surprising as the weak anisotropy approximation is based on a linear (first-order) pertur-
bation of the elasticity tensor, as is Equation (4).

There are, however, situations where neither the average over the whole unit sphere nor the result for a
given phase direction is the best choice for a background medium. This is, for example, the case when only
two of the three components of pj are available, as for the reflection-transmission problem at an interface,
where a sixth-order polynomial must be solved to evaluate Snell’s law (Henneke, 1971). Another example
is the second-order interpolation of traveltimes (Vanelle and Gajewski, 2002) in the presence of topography.
Here, the vertical slowness is required for the interpolation, but only the horizontal components are avail-
able. The same problem occurs in the determination of geometrical spreading from traveltimes (Vanelle
and Gajewski, 2003). In all these cases, only the horizontal slowness is known. Since the phase velocity is
also unknown, the vertical slowness can not simply be obtained from the eikonal equation. Here, it would
be a better choice to use a background medium that is obtained only from averaging over the inclination
angle θ since the azimuth angle φ is known.

Also, for other applications using perturbation methods, it can be favourable to use a sectorially best-
fitting background medium rather than the global one given by (12). This has been recognised before, for
example by Ettrich et al. (2002) who have published equations for approximate P-wave velocities that yield
the best fit for a cone around the vertical axis.

Therefore we have generalised Fedorov’s (1968) result for the cases in between averaging over the
whole unit sphere and no averaging at all. As the resulting expressions are longish we have decided to
accumulate them in appendices rather than in the main text. Appendix A gives the results for an average
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over a sectorial fit in θ and φ (Equations (16) and (17)). In Appendix B results are given where the average
is only taken over the inclination for those applications where the azimuth is known (Equations (18) and
(19)). Finally, Appendix C gives the results for the special case of a weakly anisotropic medium with polar
symmetry (VTI medium) in terms of Thomsen’s (1986) parameters. The abbreviations used in Appendices
A to C are summarised in Appendix D.

In the next section we will give examples for the quality of the fit that can be obtained by using a
sectorial approximation.

EXAMPLES FOR SECTORIALLY BEST-FITTING ISOTROPIC BACKGROUND MEDIA

We consider two different types of anisotropic media to demonstrate the sectorially best-fitting isotropic
background velocities. The first is a medium with polar symmetry and the vertical axis as symmetry
axis (this symmetry is also known as vertically transverse isotropic, VTI). The density-normalised elastic
parameters for this synthetic medium matching a shale (see, e.g., Thomsen, 1986) are

A =




13.59 6.795 5.44 0. 0. 0.
13.59 5.44 0. 0. 0.

10.873 0. 0. 0.
2.72 0. 0.

2.72 0.
3.4




, (14)

(values in km2/s2) or, in Thomsen’s (1986) parameters:

α = 3.2974 km/s , β = 1.6492 km/s ,

ε = 0.1249 , γ = 0.1250 ,

δ = 0.0006 .

We have computed the globally best-fitting isotropic velocities and the isotropic velocities for fixed incli-
nation and azimuth angles from Equations (12) and (13). As mentioned above, the latter correspond to the
weak-anisotropy approximation. Finally, we have applied Equations (18) and (19) to obtain the sectorially
best-fitting velocities for sectors of 30◦ width in inclination. (Due to the rotational symmetry around the
vertical axis the results from (18) and (19), and (16) and (17) coincide.) All results are displayed together
with the exact solution in Figure 1 for the P-wave and Figure 2 for the shear wave.

It can be immediately seen that for the P-wave the 30◦ width sectorial fit is far superior to the global
approximation (Figure 1, left). This is also confirmed by the slowness surface plot in the right of Figure
1. Here, only the result for the averaging from 0◦ to 30◦ is shown together with the exact values and the
global approximation. It is obvious from Figure 1 that in the 30◦ cone around the vertical axis the sectorial
fit yields a much better approximation than the global one. For P-waves this was also shown by Ettrich et
al. (2001).

At a first glance, the results appear less convincing for the shear wave in Figure 2, however, we should
not expect that we can approximate two different anisotropic shear velocities with one isotropic velocity
that fits both well. Also, the velocity range displayed in the shear velocity plot is smaller than that in the
P-velocity plot, therefore the deviations appear even larger. If we take a closer look, we still find that the
sectorial fit matches the exact velocities better than the global one. This can also be seen in the plot of the
slowness surface in the right of Figure 2.

We have computed phase velocities and slowness surfaces in the same manner for a second example,
a sandstone with triclinic symmetry (Mensch and Rasolofosaon, 1997). It is described by the density-
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normalised elastic parameters

A =




4.95 0.43 0.62 0.67 0.52 0.38
5.09 1.00 0.09 −0.09 −0.28

6.77 0.00 −0.24 −0.48
2.45 0.00 0.09

2.88 0.00
2.35




(15)

(values are given in km2/s2). We have only considered the x1-direction with the azimuth angle φ = 0 here.
Figure 3 shows the resulting P-wave phase velocities (left) and slowness surfaces (right), Figure 4 shows
the same for the shear waves.

As for the polar medium, we can see in Figure 3 (left) that again the sectorial fit for the P-wave is a much
better approximation to the real phase velocity than the global fit. In the slowness surface plot (right), we
have displayed two sectorial fits. First, we have averaged θ from [−30◦ . . . 30◦] and φ from [−15◦ . . . 15◦].
The second fit (denoted as 30◦ fit) results from averaging in θ over the interval [−30◦ . . . 30◦] while keep-
ing φ constant, i.e. φ = 0◦. Although in this case both sectorial fits are very close to each other, larger
differences can and do occur, for example if an azimuth angle of 60◦ is considered (not shown here). Both
are superior to the approximation that results from averaging over all azimuths within the 30◦ cone around
the vertical axis. For the shear wave we find again confirmed in Figure 4 that a single velocity value cannot
correctly describe both anisotropic shear velocities although the sectorial fit is still a better approximation
than the global one.

CONCLUSIONS AND OUTLOOK

We have presented expressions for sectorially best-fitting isotropic background media. These were obtained
from a generalisation of Fedorov’s (1968) method. Examples confirm that the sectorial approximation is
generally superior to the global one. This conclusion is of special interest for applications within seismic
exploration as here we are mainly concerned about a region restricted to inclinations below about 30◦. Par-
ticularly for the P-waves we find good agreement between the real and the best-fitting isotropic background
velocity resulting from the sectorial fit. But despite the fact that we cannot outwit physics by replacing two
different shear velocities in the anisotropic medium by one isotropic background shear velocity, the results
for the shear wave velocities are still very useful with regards to applications based on perturbation meth-
ods.

Possible applications are the second-order traveltime interpolation (Vanelle and Gajewski, 2002) in
anisotropic media when topography occurs and the determination of geometrical spreading from travel-
times (Vanelle and Gajewski, 2003). Here, the sectorially best-fitting background media can be combined
with perturbation method in an iterative procedure to determine the third, missing, slowness component.
The initial results are very promising and will be published in a follow-up paper. They are of particular
interest as the method can also be applied to shear waves. In a similar way, we can solve the reflec-
tion/transmission problem at an interface between two anisotropic media. Generally, the expressions for
sectorially best-fitting isotropic background media are of interest for any application associated with per-
turbation methods for anisotropic wave propagation.
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Figure 4: Shear wave phase velocities (left) and slowness surfaces (right) for a medium with triclinic
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APPENDIX A

In this appendix we provide the expressions for best-fitting isotropic background velocities, if the averaging
is carried out over the inclination (θ) and the azimuth (φ) in the intervals [θ1 . . . θ2] and [φ1 . . . φ2]. If
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−θ1 6= θ2, we find for the best-fitting P-velocity

V 2
P = V 2

P (θ1, θ2, φ1, φ2) = aijkl〈ninjnknl〉θ,φ

= A11

(
C1 − 2C3 + C5

C1

)(
3 ∆0 + ∆2 + ∆4

8 ∆0

)
+ A22

(
C1 − 2C3 + C5

C1

)(
3 ∆0 −∆2 + ∆4

8 ∆0

)

+ A33
C5

C1

+ (4A44 + 2A23)

(
C3 − C5

C1

)(
4 ∆0 −∆2

8 ∆0

)
+ (4A55 + 2A13)

(
C3 − C5

C1

)(
4 ∆0 + ∆2

8 ∆0

)

+ (4A66 + 2A12)

(
C1 − 2C3 + C5

C1

)(
∆0 −∆4

8 ∆0

)

− 4A16

(
C1 − 2C3 + C5

C1

)(
Γ4

8 ∆0

)
+ 4A26

(
C1 − 2C3 + C5

C1

)(
Σ4

8 ∆0

)

+ 4A24

(
S5

C1

)(
Γ1 − Γ3

8 ∆0

)
− 4A15

(
S5

C1

)(
Σ1 − Σ3

8 ∆0

)

+ 4A34

(
S3 − S5

C1

) (
Γ1

8 ∆0

)
− 4A35

(
S3 − S5

C1

)(
Σ1

8 ∆0

)

+ (4A14 + 8A56)

(
S5

C1

)(
Γ3

8 ∆0

)
− (4A25 + 8A46)

(
S5

C1

)(
Σ3

8 ∆0

)

− (4A36 + 8A45)

(
C3 − C5

C1

)(
Γ2

8 ∆0

)
, (16)

and for the best-fitting shear velocity

V 2
S = V 2

S (θ1, θ2, φ1, φ2) =
1

2

(
aijkl〈njnl〉θ,φ − V 2

P

)

= A11

(
C1 − C3

2C1

)(
4 ∆0 + ∆2

8 ∆0

)
+ A22

(
C1 − C3

2C1

)(
4 ∆0 −∆2

8 ∆0

)
+ A33

(
C3

2C1

)

+ A44

[(
C1 − C3

2C1

)(
4 ∆0 −∆2

8 ∆0

)
+

C3

2C1

]
+ A55

[(
C1 − C3

2C1

)(
4 ∆0 + ∆2

8 ∆0

)
+

C3

2C1

]

+ A66

(
C1 − C3

2C1

)
+ 2 (A16 +A26 +A45)

(
C1 − C3

2C1

)(
Σ2

8 ∆0

)

+ 2 (A24 +A34 +A56)

(
S3

2C1

)(
Γ1

8 ∆0

)
− 2 (A15 +A35 +A46)

(
S3

2C1

)(
Σ1

8 ∆0

)

− V 2
P

2
. (17)

The abbreviations Cn, Sn, Γn, Σn, and ∆n are introduced in Appendix D. In the special case that θ1 = 0,
θ2 = π, φ1 = 0, and φ2 = 2π, these expressions reduce to the global average of Fedorov (1968) given
by (12). For θ1 = 0, θ2 = θ, φ1 = 0, and φ2 = 2π, Equation (16) is equal to the sectorially best-fitting
isotropic P-velocity derived by Ettrich et al. (2001).

If −θ1 = θ2 = θ, Equations (16) and (17) must be used in a variant as C1 becomes zero: In (16) and
(17) we must replace Cn by C0

n and Sn by zero. The abbreviations C0
n can also be found in Appendix D.
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APPENDIX B

If the phase normals are averaged over the inclination (θ) only, we only integrate over θ in (7). As result
we find for the best-fitting P-velocity in the case that −θ1 6= θ2

V 2
P = V 2

P (θ1, θ2) = aijkl〈ninjnknl〉θ

= A11

(
C1 − 2C3 + C5

C1

)
cos4 φ + A22

(
C1 − 2C3 + C5

C1

)
sin4 φ + A33

C5

C1

+ (4A44 + 2A23)

(
C3 − C5

C1

)
sin2 φ + (4A55 + 2A13)

(
C3 − C5

C1

)
cos2 φ

+ (4A66 + 2A12)

(
C1 − 2C3 + C5

C1

)
sin2 φ cos2 φ

+ 4A16

(
C1 − 2C3 + C5

C1

)
sinφ cos3 φ + 4A26

(
C1 − 2C3 + C5

C1

)
cosφ sin3 φ

− 4A24

(
S5

C1

)
sin3 φ − 4A15

(
S5

C1

)
cos3 φ

− 4A34

(
S3 − S5

C1

)
sinφ − 4A35

(
S3 − S5

C1

)
cosφ

− (4A14 + 8A56)

(
S5

C1

)
sinφ cos2 φ − (4A25 + 8A46)

(
S5

C1

)
cosφ sin2 φ

+ (4A36 + 8A45)

(
C3 − C5

C1

)
sinφ cosφ , (18)

and for the best-fitting shear velocity

V 2
S = V 2

S (θ1, θ2) =
1

2

(
aijkl〈njnl〉θ − V 2

P

)

= A11

(
C1 − C3

2C1

)
cos2 φ + A22

(
C1 − C3

2C1

)
sin2 φ + A33

(
C3

2C1

)

+ A44

[(
C1 − C3

2C1

)
sin2 φ+

C3

2C1

]
+ A55

[(
C1 − C3

2C1

)
cos2 φ+

C3

2C1

]
+ A66

(
C1 − C3

2C1

)

+ 2 (A16 +A26 +A45)

(
C1 − C3

2C1

)
sinφ cosφ

− 2 (A24 +A34 +A56)

(
S3

2C1

)
sinφ + 2 (A15 +A35 +A46)

(
S3

2C1

)
cosφ

− V 2
P

2
. (19)

The abbreviations Cn and Sn are introduced in Appendix D.

If −θ1 = θ2 = θ, Equations (18) and (19) must be used in a variant as C1 becomes zero: In (18) and
(19) we must replace Cn by C0

n and Sn by zero. The abbreviations C0
n can also be found in Appendix D.

APPENDIX C

In this appendix we rewrite the expressions for the sectorially best-fitting velocities for the special case
of an anisotropic medium with polar symmetry in terms of Thomsen’s (1986) parameters. An anisotropic
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medium with polar symmetry, also commonly addressed as vertical transverse isotropic (VTI) symmetry,
is characterised by the elastic tensor

A =




A11 A11 − 2A66 A13 0 0 0
A11 A13 0 0 0

A33 0 0 0
A55 0 0

A55 0
A66



.

We use Thomsen’s parameters (Thomsen, 1986) and the weak anisotropy approximation for δ (Thomsen,
1993) to express the elastic parameters as

A11 = α2(1 + 2ε) , A33 = α2 ,

A55 = β2 , A66 = β2(1 + 2γ) ,

A13 = α2(1 + δ)− 2β2 .

Since the velocity is independent of the azimuth in this type of medium, Equations (16) and (17) lead to
the same result as Equations (18) and (19), namely for the best-fitting P-wave velocity we get

V 2
P = α2

[
1 + 2

C1 − 2C3 + C5

C1
ε+ 2

C3 − C5

C1
δ

]
, (20)

and for the best-fitting S-wave velocity

V 2
S = β2

[
1 +

C1 − C3

C1
γ

]
+ α2 C3 − C5

C1
(ε− δ) . (21)

The abbreviations C1, C3, and C5 are introduced in Appendix D.

APPENDIX D

In this appendix we introduce the abbreviations used in the results. The averaging process described by
Equation (7) leads to a set of integrals of trigonometric functions. In order to make the expressions for the
velocities more legible we introduce the abbreviations

C5 =
cos5θ2 − cos5θ1

5
, S5 =

sin5θ2 − sin5θ1

5
,

C3 =
cos3θ2 − cos3θ1

3
, S3 =

sin3θ2 − sin3θ1

3
,

C1 = cos θ2 − cos θ1 , ∆0 =
φ2 − φ1

8
,

∆2 =
sin 2φ2 − sin 2φ1

4
, ∆4 =

sin 4φ2 − sin 4φ1

32
,

Γ1 = cosφ2 − cosφ1 , Σ1 = sinφ2 − sinφ1 ,

Γ2 =
cos2φ2 − cos2φ1

2
, Σ2 =

sin2φ2 − sin2φ1

2
,

Γ3 =
cos3φ2 − cos3φ1

3
, Σ3 =

sin3φ2 − sin3φ1

3
,

Γ4 =
cos4φ2 − cos4φ1

4
, Σ4 =

sin4φ2 − sin4φ1

4

to express the results of these integrals. The abbreviations were chosen in a way that the angular de-
pendency can still be recognised, as Cn and Γn correspond to the n-th powers of the cosine of θ and φ,
respectively, and Sn and Σn indicate the n-th powers of the sine of θ and φ.
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For the results from averaging over the inclination from−θ to θ we use the abbreviations

C0
1 = cos θ − 1 , C0

3 =
cos3 θ − 1

3
, C0

5 =
cos5 θ − 1

5
.
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ABSTRACT

An inversion procedure for weakly anisotropic media with arbitrary symmetry is developed. The as-
sumption of weak anisotropy allows to simplify the solution of the forward modeling and to obtain
linear relations between perturbations of the elastic parameters with respect to an isotropic back-
ground medium and the corresponding traveltime perturbations. The relations are inherently linear
for qP -wave traveltimes, and can be linearized for qS-wave traveltimes using the qS-wave polariza-
tion vectors. These vectors are available from a seismic experiment as well as traveltimes. Based on
these linear relations the same linear inversion scheme is applied for qP - as well as for qS-wave data.
The joint inversion of qP - and qS-waves allows to determine the full elastic tensor of the anisotropic
medium. The inversion procedure can be applied to determine the elastic parameters of layered weakly
anisotropic media. The inversion is performed by a layer-by-layer manner. The inversion procedure
is tested using synthetic noise-free and noisy data for a layered model.

INTRODUCTION

The goal of inversion in the presence of anisotropy is the determination of the elastic parameters from ob-
served seismograms. The perturbation method is used for the computation of traveltimes in the anisotropic
medium. The traveltime of each wave propagating in the anisotropic medium is represented as a sum of
the traveltime in the isotropic background medium and the traveltime perturbation due to the deviation of
the elastic parameters of the anisotropic medium from the isotropic ones. The basic relations for traveltime
perturbations in weakly anisotropic media were established in 1982 (see, e.g. Červený, 1982). In the homo-
geneous case the qP -wave traveltime perturbations ∆τqP due to the perturbations of the elastic parameters
∆aiklm read as follows (see, e.g., Jech and Pšenčík, 1989):

∆τqP = −τp
2

∆aiklm pi pm nk nl. (1)

Throughout this article summation over the repeated indices is assumed. Here, pi and τp are the compo-
nents of the slowness vector and the traveltime of the P -wave, respectively, in the isotropic background
medium, and nk are components of the P -wave normal vector. In isotropic media the normal vector n co-
incides with the P -wave polarization vector. With the known isotropic background medium, the traveltime
τp and the vectors p and n can be calculated by the standard isotropic ray method. As a result, equation (1)
provides a linear relation between the perturbations of the elastic parameters ∆aiklm and the traveltime
perturbations ∆τqP . Therefore, to determine ∆aiklm a conventional tomography scheme can be applied.

Application of equation (1) for inversion of the elastic parameters of an anisotropic medium was con-
sidered by Chapman and Pratt (1992). They inverted the elastic parameters of arbitrary anisotropic media
from qP -wave traveltime observations in a 2-D cross-borehole tomographic experiments (i.e., the rays re-
main in a 2-D plane containing the borehole). Of course, only a restricted number of the elastic parameters
can be determined in the 2-D experiments.
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For quasi-shear waves the relations between the traveltime perturbations ∆τqSM and the perturbations
∆aiklm of the elastic parameters

∆τqSM = −τs
2

∆aiklm pi pm g
(M)
k g

(M)
l , M = 1, 2 (2)

are intrinsically more complicated than for the quasi-compressional waves. First, there are two qS-waves:
indices M = 1 and 2 correspond to qS1- and qS2-waves. The structure of equations (1) and (2) is similar:
ts and pi are the traveltime and the slowness components of the S-wave, respectively, and g

(M)
k can be

considered as components of the polarization vector of the S-wave in the isotropic background medium
(similar to vector n which can be considered as the P -wave polarization vector). The second problem is
related to the components nk which are known in the isotropic background medium, whereas g

(M)
k are

not. The vectors g(M) depend on the perturbations of the elastic parameters ∆aiklm. Therefore, they
can not be obtained until the perturbations ∆aiklm are known. This leads to a non-linear behavior of
the qS-wave traveltime perturbations with respect to the perturbation of the elastic parameters. Červený
and Jech (1982) suggested linearized equations for quasi-shear waves based on an average value of the
traveltime corrections for both quasi-shear waves. Jech and Pšenčík (1992) performed a simultaneous
inversion for qP - and qS-waves, but the inversion scheme can only be applied to TI structure.

We suggest to use the observed qS-wave polarization vectors to estimate the unknown vectors g(M).
With the known vectors g(M) relations (2) is linear and formally identical to relation (1) for qP -waves.
This would allow to use the same inversion scheme for qP - as for qS-waves.

Observations of qS-wave polarization vectors are available from three-component seismograms as well
as traveltimes. The polarization data can be used to invert for medium parameters or to improve the resolu-
tion of the tomographic image. Several papers using the polarization for tomography have been published.
For instance, Le Bégat and Farra (1997) inverted qP -wave traveltimes and polarizations of synthetic ex-
amples simulating a VSP experiment. Horne and Leaney (2000) inverted qP - and qSV polarization and
slowness component measurements obtained from a walk-away VSP experiment using a global optimiza-
tion method. Horne and MacBeth (1994) developed a genetic algorithm to invert shear-wave observations
from VSP data. They used horizontal polarizations and time-delays between two qS-waves to invert for
hexagonal and orthorombic symmetry. Farra and Le Bégat (1995) investigated the sensitivity of qP -wave
traveltime and polarization vectors to heterogeneity, anisotropy and interfaces.

Borehole seismic data have traditionally been analyzed by inverting traveltimes for velocity structure.
The down-hole and cross-hole experiments are ideal for determining seismic anisotropy (see, e.g., Cliet
et al., 1991; Williamson, 1993). The angular coverage makes the seismic traveltimes sensitive to any type
of anisotropy. In this study, a vertical seismic profiling (VSP) experiment is considered. Wavefields from
sources distributed on the Earth’s surface are recorded at receivers within a vertical borehole. Traveltimes
of transmitted qP - and qS-waves are inverted to determine the elastic parameters of the anisotropic medium
between the sources and receivers. We present a joint inversion of qP - and qS-waves in piecewise homo-
geneous weakly anisotropic media using a linear inversion formalism for both qP - and qS-waves. Similar
to previous studies, we assume that each of the two propagating qS-waves are recorded separately, i.e., no
qS-wave coupling exists, and that the observations are not close to singular directions.

After this introduction a discussion of the linearized equations for the qS-waves follows. Special em-
phasis is given to the determination of the vectors g(M) for the inversion using the observed polarization
vectors of qS-waves. Following this, the tomographic system is presented. Then, a numerical case study
demonstrates the applicability of the inversion scheme for a layered model.

LINEARIZED EQUATIONS FOR qS-WAVE TRAVELTIME PERTURBATIONS

Since the qP - and qS-wave traveltimes in the weakly anisotropic medium are represented as τqP = τp +
∆τqP , τqS1 = τs + ∆τqS1 and τqS2 = τs + ∆τqS2, equations (1) and (2) can also be written in the form:

τqP − τp = −τp
2

∆aiklm pi pm nk nl,

τqSM − τs = −τs
2

∆aiklm pi pm g
(M)
k g

(M)
l , M = 1, 2. (3)
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The structure of all equations (3) is similar: τqP , τqS1 and τqS2 are the traveltimes of the qP - and qS-waves
in the weakly anisotropic medium, τp and τs are the traveltimes of P - and S-waves, pi are components the
P - or S-wave slowness, and nk are components of the wavefront normal vector in the isotropic background
medium. The wavefront normal vector can also be considered as the P -wave polarization vector. The
components g

(M)
k (M = 1 or 2) define the vectors g(M) introduced into the perturbation theory (see,

e.g., Jech and Pšenčík, 1989; Červený, 2001). They are situated into the plane perpendicular to the ray
in the isotropic background medium, and, therefore, can be considered as vectors determining S-wave
polarization vectors.

The traveltimes in the weakly anisotropic medium τqP , τqS1, and τqS2 are supposed to be obtained by
observations. With the known parameters of the isotropic background medium, the traveltimes τp and τs,
the slowness vectors of the P - and S-waves and the wavefront normal n can be calculated by standard
isotropic ray method. As a result, in the case of qP -waves, the traveltime perturbation τqP − τp and the
perturbations of the elastic parameters ∆aiklm are linearly related. In the case of qS-waves, the vectors g(1)

and g(2) depend on the perturbations ∆aiklm and, therefore, can not be determined until the perturbations
∆aiklm are known. This leads to a non-linear behavior of the qS-wave traveltime perturbation with respect
to the perturbation of the elastic parameters ∆aiklm. If the vectors g(1) and g(2) were known, the relations
between the traveltime perturbations τqS1 − τs or τqS2 − τs and the perturbations ∆aiklm of the elastic
parameters become linear and formally identical to the relations for qP -waves.

How can we find or estimate the vectors g(1) and g(2) without a priori knowledge about ∆aiklm? For
this purpose, let us consider the physical meaning of these vectors. The vectors g(1) and g(2) are mutually
orthogonal and situated in the plane orthogonal to the ray in the isotropic background medium. For brevity,
we will denote this ray reference ray. These vectors can be considered as polarization vectors of the shear-
waves propagating in the isotropic background medium along the reference ray. Since the isotropic medium
itself does not fix the polarization of the shear-wave, it can be described by any unit vector in the plane
orthogonal to the ray. In perturbation theory, however, the specification of the vectors g(1) and g(2) is
unique. It is controlled by the perturbations ∆aiklm. Thus, we get different vectors g(M) for different
∆aiklm. Contrary to isotropic media, any anisotropic medium uniquely fixes the qS-wave polarizations
(with exception of so-called singular directions). To provide a continuous and smooth transformation from
isotropy to anisotropy, the vectors g(1) and g(2) must also be close to the qS-wave polarization vectors in
the weakly anisotropic medium. Using this reasoning, we suggest to determine the unknown vectors g(1)

and g(2) from the observed qS-wave polarization vectors.
The qS-wave polarization vectors are available from the experiment as well as traveltimes. Usually,

to obtain traveltimes, the two qS-waves should be separated by some processing. For this separation the
difference in qS-wave polarizations is used (see, e.g., Alford, 1986; Li and Crampin, 1993; Dellinger et al.,
1998). Therefore, the qS-wave polarization vectors are automatically obtained as a by-product of the qS-
wave separation.

To determine the vectors g(1) and g(2) from the observed qS-wave polarization vectors, the following
procedure is performed (see Fig. 1a): Let us assume that at a receiver point observations of two polarization
vectors AqS1 and AqS2 are available. First, the reference ray in the isotropic background medium con-
necting the source and the receiver is calculated. The determination of the reference medium is discussed
below. Then, at the receiver point, a plane orthogonal to the reference ray is constructed. The observed

qS1

plane orthogonal to ray

A

AqS2

reference ray

g

g

(1)

(2)

g

g(1)~

~ (2)

a) b)

Figure 1: Estimation of the vec-
tors g(1) and g(2). The observed
qS-wave polarization vectors AqS1

and AqS2 are projected onto the
plane orthogonal to the reference
ray (a). The unit vectors corre-
sponding to the projections are de-
noted by g̃(1) and g̃(2) (b). These
vectors are used in eqs. (3) instead
of the unknown vectors g(1) and
g(2).
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polarization vectors AqS1 and AqS2 are projected onto this plane and their projections are normalized to
unit vectors. The normalized projections will be denoted as g̃(1) and g̃(2). Although these vectors g̃(1) and
g̃(2) are usually not orthogonal, we suggest to use them in equations (3) instead of the unknown vectors
g(1) and g(2) (see Fig. 1b). The accuracy of this approximation is investigated below.

As a result, the tomographic system is now composed by the following equations which contain the
vectors g̃(1) and g̃(2) instead of g(1) and g(2):

τqP
τp
− 1 = −1

2
pi pm nk nl ∆aiklm, (4)

τqSM
τs
− 1

︸ ︷︷ ︸
yi

= −1

2
pi pm g̃

(M)
k g̃

(M)
l

︸ ︷︷ ︸
Xik

∆aiklm
︸ ︷︷ ︸

ak

, M = 1, 2,

where the traveltimes τqP , τqS1, τqS2 and the vectors g̃(1) and g̃(2) are obtained by observations. The
brackets are explained in the next section. For the given isotropic background medium equations (4) pro-
vide linear relations between the traveltime perturbations and the perturbation of the elastic parameters for
both types of waves.

INVERSION

Let us assume that there are N observations of qP - and qS-wave traveltimes τ1, τ2, . . . , τN in a weakly
anisotropic medium. Each ti corresponds to τqP , τqS1 or τqS2. Based on these observations, the tomo-
graphic system is constructed from equations (4). Each traveltime τi for either qP - or qS-waves adds a
corresponding equation in the tomography system. The system can be written in the form (see also the
brackets in eqs. 4):

yi =
L∑

k=1

Xik ak (i = 1, . . .N, N > L), (5)

where the vector y is specified as yi =
τi

τ
(0)
i

− 1. The components yi are formed by the traveltimes τi

of the qP - and qS-waves and the corresponding traveltimes τ (0)
i of the P - and S-waves in the isotropic

background medium. The vector y has a dimension N of the total number of the qP - and qS-wave
traveltime observations for all receivers from all sources. The vector a of the perturbations ∆aiklm of the
elastic parameters has the dimension L. The maximum value of L is equal to 21. The value of L can be
reduced. For example, if the anisotropic medium under consideration is transversely isotropic, L is equal
to 5. The elements of the N × L matrix X are composed by components of the P - or S-wave slowness
vectors and the vectors n, g̃(1) or g̃(2). As soon as the reference ray connecting a source and a receiver is
constructed, the corresponding element of the matrix X can be obtained according to eqution (4).

The system of equations (5) is solved by the minimizing the misfit function η2 (Linnik, 1961)

η2 =

N∑

i=1

[
τ

(0)
i

]2
(
yi −

L∑

k=1

Xik ak

)2

. (6)

The singular value decomposition (SVD) method is used for the minimization (see e.g. Menke, 1984).

DETERMINATION OF THE ISOTROPIC BACKGROUND MEDIUM

The inverse problem discussed is linear only if the isotropic background medium is known. With an
unknown background medium the inversion is non-linear for qP - as well as for qS-waves. In general, the
isotropic background medium is unknown as well. We can only make assumptions about the background
medium. To overcome this problem the inversion procedure is embedded into an iteration procedure for
the determination of the isotropic background medium. Properties of the isotropic background medium
are specified by the velocities vp and vs of the P - and S-waves propagating in the homogeneous isotropic

medium. First, the initial velocities v(0)
p and v(0)

s are defined. For example, they can be estimated for several
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source-receiver pairs as the distance divided by the corresponding traveltimes. In the next step the elastic
parameters of the anisotropic medium are determined by the inversion using the isotropic background
medium defined by v(0)

p and v(0)
s . Then, the inverted elastic parameters of the anisotropic medium are used

to construct an updated isotropic background model v(new)
p and v(new)

s using the formulae for the best-
fitting isotropic medium derived by Fedorov (1968). The inversion and update of the isotropic background
are repeated until the old velocities and the new velocities of the isotropic background differ only by a
small value (e.g., 0.01 km/s).

ACCURACY OF VECTORS g̃(1) AND g̃(2)

In this section we investigate how close the vectors g̃(1) and g̃(2) estimated from the qS-wave polarization
vectors, AqS1 and AqS2, are to the vectors g(1) and g(2) (we will call these vectors as exact vectors). For
this purpose, the angles, α̃1 and α̃2, between the exact and estimated vectors are calculated (see Fig. 1b):

α̃1 = ∠ (g̃(1),g(1)), α̃2 = ∠ (g̃(2),g(2)). (7)

For comparison also the angles between the vectors AqS1 and AqS2, and the corresponding vectors g(1)

and g(2) derived from the perturbation theory are computed:

α1 = ∠ (AqS1,g
(1)), α2 = ∠ (AqS2,g

(2)). (8)

Calculations of the angles (7) and (8) are carried out for three homogeneous anisotropic media: an
orthorombic medium with 10.6% relative mean square (RMS) deviation from isotropy and a VTI medium
with 11% RMS deviation from isotropy (Thomsen parameters: ε = 0.125, γ = 0.049 and δ = 0.045). The
elastic parameters of the orthorombic and VTI media are given in Table 1 (see columns with Atrue

ik ).
The angles are computed for different ray directions defined by an inclination angle θ and an azimuth

angle ϕ. Each pair (θ, ϕ) defines a ray connecting a source and a receiver. The qS1- and qS2-waves
propagating along this ray are considered. The qS-wave polarization vectors AqS1 and AqS2 at the receiver
are calculated by standard anisotropic ray theory.

The vectors AqS1 and AqS2 are considered as observed qS-wave polarization data and are used for the
estimation of the vectors g̃(1) and g̃(2). The background isotropic medium is constructed as a best-fitting
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Figure 2: Maps of angles α1,
α2, α̃1 and α̃2 (for determi-
nation of angles see text) in
the orthorombic medium from
Tab. 1a. The inclination an-
gle θ and azimuth angle ϕ de-
fine the ray direction. The two
upper maps, (a) and (b), rep-
resent the angles α1 and α2

between the vectors g(1) and
g(2) obtained from perturba-
tion theory and the polarization
vectors of the two qS-waves
AqS1 and AqS2 computed by
standard anisotropic ray theory.
The two lower maps, (c) and
(d), represent the angles α̃1 and
α̃2 between the vectors g(1)

and g(2) and the vectors g̃(1)

and g̃(2) estimated from AqS1

and AqS2. Note that the regions
with the largest angles (dark)
correspond to singular regions
in the orthorombic medium.
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Figure 3: Maps of angles
α1, α2, α̃1 and α̃2 in the VTI
medium from Tab. 1b. The in-
clination angle θ and azimuth
angle ϕ define the ray direction.
The two upper maps, (a) and
(b), represent the angles α1 and
α2 between the vectors g(1)

and g(2) obtained from per-
turbation theory and the polar-
ization vectors of the two qS-
waves AqSV and ASH com-
puted by standard anisotropic
ray theory. The two lower
maps, (c) and (d), represent
the angles α̃1 and α̃2 between
the vectors g(1) and g(2) and
the vectors g̃(1) and g̃(2) esti-
mated from AqSV and ASH .
Note that the regions with
the largest angles (dark) corre-
spond to singular regions in the
VTI medium.

isotropic medium. In the homogeneous case, the reference ray in the isotropic background medium is a
straight line connecting the source and the receiver. The vectors AqS1 and AqS2 are projected onto a plane
perpendicular to the reference ray. The exact vectors g(1) and g(2) are obtained by perturbation theory.

Figure 2 shows maps of the angles α1 (a), α2 (b), α̃1 (c) and α̃2 (d) for the orthorombic medium. Each
point on the maps represents a ray direction. The magnitude of the angles are shown by a grayscale: The
larger the magnitude of the angle, the darker it is presented. One can see that the angles do not exceed
15 degrees (white and light-gray) for most rays. The largest angles (nearly black) correspond to singular
directions of the orthorombic medium considered where the two shear wavefronts cross each other. In
these directions the perturbation theory fails as well as the standard anisotropic ray theory. Therefore, these
directions have to be excluded from our consideration. Comparison of the two upper (a,b) and the lower
(c,d) maps shows that the angles α̃1 and α̃2 between the vectors g̃(1) and g̃(2) obtained by projection of the
polarization vectors, AqS1 and AqS2, and the exact vectors g(1) and g(2) are smaller than the corresponding
angles α1 and α2 between the polarization vectors AqS1 and AqS2 and the vectors g(1) and g(2).

Figure 3 shows similar maps of the angles α1 (a), α2 (b), α̃1 (c) and α̃2 (d) for the VTI medium. As
in the previous case, the largest angles (dark) correspond to the singular directions of the VTI medium
considered. There, qSV - and SH-wavefronts are tangent to each other around θ ≈ 0◦ and cross each
other around θ ≈ 60◦. In the case of qSV -waves, the projections g̃(1) of the polarization vectors AqSV

provide a better approximation of g(1). The angles are smaller on map (c) in comparison with map (a).
The SH-wave polarization vectors, ASH , are already situated in the plane orthogonal to the reference ray.
Therefore, projection does not improve the approximation of g̃(2) (see maps (b) and (d)).

According to Figures 2 and 3 the angular deviations between g̃(1) and g̃(2) estimated from the qS-wave
polarization vectors and the exact g(1) and g(2) vary from 0 till 15 degrees for the regular (non-singular)
areas. The maximum deviation outside singular regions does not exceed 5 degrees for the VTI medium and
15 degrees for the orthorombic medium.

RECURRENT INVERSION SCHEME

In inhomogeneous anisotropic models the elastic parameters vary from one point in space to the other. The
isotropic background model also becomes inhomogeneous. As a result the vectors g(1) and g(2) rotate
along the reference ray due to two reasons: (1) inhomogeneity of the isotropic background medium, and
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Figure 4: Recurrent inversion scheme: The model consists of three layers. The inversion procedure is performed in
a layer-by-layer manner. (a) The perturbations ∆aiklm in the first layer are inverted using the observed data at the
receivers situated in the first layer. (b) Traveltimes along the rays in the first layer are subtracted from the traveltimes
observed at the receivers situated in the second layer. Then, these newly obtained traveltimes are used for inverting for
∆aiklm in the second layer. (c) To invert ∆aiklm in the third layer, traveltimes along the rays in the first and second
layers are subtracted from the observed traveltimes.

(2) changes of the anisotropic parameters along the reference ray. To estimate the vectors g(1) and g(2),
the observations of the polarization vectors AqS1 and AqS2 at each point along the reference ray would
be needed. But the information about the polarization vectors AqS1 and AqS2 is available only at the
receiver points. In the general case of inhomogeneity, this is not sufficient. But there are two types of
inhomogeneous models, where the suggested inversion procedure can be applied.

The first type concerns media, where the rotations of the vectors g(1) and g(2) along the ray are ini-
tiated only by inhomogeneities of the isotropic background medium. An example of a such medium is
the factorized anisotropic inhomogeneous (FAI) medium suggested by Červený and Simões-Filho (1991).
In the FAI media, the rotations of the vectors g(1) and g(2) along the ray in the background medium are
caused only by the inhomogeneity of the background medium. Therefore, the vectors g(1) and g(2) along
the reference ray can be obtained by the standard isotropic ray method.

The second type consists of piecewise homogeneous anisotropic media. Piecewise homogeneous media
are common in exploration seismics. For these media a recurrent inversion procedure can be suggested. To
obtain the elastic parameters of an anisotropic layered model the inversion procedure described above can
be applied recurrently. The model structure is supposed to be known, i.e., a VSP experiment is assumed.
This means that the number of the layers and their depths are known. All receivers are divided into K
groups, where K is the number of layers in the model considered. The inversion procedure is performed
in K steps in a layer-by-layer manner. Figure 4 explains the procedure for an example of a three-layers
model.

To estimate the elastic parameters of the first layer, only the observed data at the receivers situated in
the first layer is used (K = 1). Since the layer is homogeneous, its elastic parameters are determined as
described above. For the following steps the elastic parameters of the first layer and the corresponding
background isotropic medium are assumed to be known from the inversion.

In the second step, data observed at the receivers from the second layer is used (K = 2). The reference
ray paths in the isotropic background medium obtained for all waves recorded at these receivers consist of
two parts (see Fig. 4b) those in the first layer (SB) and in the second layer (BC). The traveltime τ of each
wave thus consists of two terms

τ = τ (I) + τ (II),

where τ (I) is the traveltime in the first layer and τ (II) is the traveltime in the second layer. With the
known elastic parameters of the first layer, the traveltimes τ (I) in the first layer can easily be calculated
by the equations (3) with the perturbation method. Then, the calculated traveltime τ (I) is subtracted from
the whole traveltime τ recorded at the receiver. As a result the traveltime τ (II) along the ray path BC in
the second layer is obtained. The second layer is homogeneous, therefore, the polarization vector at the
receiver can be used to estimate the corresponding vector g̃(M) along the ray path BC. With the traveltime
τ (II) and the vector g̃(M) as input data, the inversion of the perturbations ∆aiklm in the second layer can
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be performed in the same manner as in the first layer. Note that the parameters of the isotropic background
medium in the first layer are fixed, whereas the parameters of the isotropic background medium in the
second layer are searched with the help of the iteration procedure described above. Therefore, the reference
ray paths have to be recalculate as soon as the parameters of the isotropic background medium in the second
layer are changed.

In a similar way the elastic parameters of the third layer can be determined, see Fig. 4c. Now, the
elastic parameters of the first and second layer are assumed to be known. Therefore, the traveltimes along
the path in the first (SB) and second (BC) layers can be calculated. Then, the calculated traveltimes are
subtracted from the observed traveltimes at the receivers of the third layer. The newly obtained traveltimes
and polarization vectors at the receivers of the third layer are used to invert for the perturbations ∆aiklm
in the third layer. Note that the parameters of isotropic background media in the first and second layers
are known from the previous steps. Therefore, the iteration procedure for the construction of the isotropic
background medium is only applied for the third layer.

In conclusions, the elastic parameters of all layers can be determined in the layer-by-layer manner using
the already known elastic parameters of the upper layers and the observed traveltimes and polarization
vectors in the layers under consideration.

CASE STUDY FOR THE THREE LAYER MODEL

A layered model was used to test the suggested recurrent inversion procedure. The model consists of
three layers. The first layer is an anisotropic medium with orthorombic symmetry, the second layer is
a transversely isotropic medium with vertical axis of symmetry (VTI). The density-normalized elastic
parameters (in km2/s2) of the anisotropic layers are given in Table. 1 (see columns with Atrue

ik ). The
third layer is isotropic and the P - and S-wave velocities are Vp = 3.87 km/s and Vs = 2.24 km/s.

As observed data we used traveltimes and polarization vectors computed by the ANRAY package (see
Gajewski and Pšenčík, 1990) in a synthetic vertical seismic profiling (VSP) experiment. The scheme of the
VSP experiment is shown in Figure 5. A vertical borehole contains 25 aligned three-component receivers
with 30 m vertical spacing until a depth of 750 m. There are 10 receivers in the first layer, 11 receivers
in the second layer and 4 in the third isotropic layer. The receivers record the wavefields from 12 sources
situated around the borehole on the Earth surface. In Figure 5 these 12 source positions are denoted by
triangles. All sources are vertical forces.

According to the anisotropic ray theory, three waves arrive at each receiver in the first layer: one qP
and two quasi-shear waves. Therefore, for each receiver in the first layer there are three traveltimes (qP ,
qS1 and qS2 waves). On the interface between two anisotropic layers each quasi-shear wave produces
two quasi-shear waves. One wave is the same type as the incident wave, the other is a converted wave.
Therefore, two incident quasi-shear waves produce four quasi-shear waves in the second layer (qS1-qS1,
qS2-qS2, qS1-qS2 and qS2-qS1). As a result for each receiver in the second layer there is one qP -
wave traveltime and four quasi-shear wave traveltimes. The converted qP − qS and qS − qP waves
are not considered. Since the third layer is isotropic, there is one qP -wave traveltime and four qS-wave
traveltimes.
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Figure 5: A vertical borehole contains 25 aligned three-
component receivers with 30 m vertical spacing until a
depth of 750 m. All sources are vertical forces. The 12
source positions are denoted by triangles.
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INVERSION FOR THE FIRST LAYER

Inversion of the elastic parameters of the first layer is performed just as it is performed in homogeneous
anisotropic media. The observed data from the first 10 receivers is used. There are 120 observations of
qP -wave traveltimes, 120 and 115 observations of traveltimes and polarization vectors of qS1- and qS2-
waves respectively. (Note that here and in the subsequent discussions the different number of observations
of qP - and qS-waves is due to the excluding of some observations from the inversion. No observations
were obtained for regions where the ray theory fails, e.g. for singular directions or for receivers situated
closely to an interface.) Noise is added to the synthetic traveltimes and qS-wave polarization vectors. The
noisy data have a standard deviation of 2 ms for the traveltimes and a standard deviation of 10◦ for the
inclination (α) and the azimuth (β) angles specifying the qS-wave polarization vectors. The final isotropic
background medium has vp = 3.14 and vs = 1.99 km/s.

Let us assume that there is no a priori knowledge on the type of anisotropy. Therefore, an inversion for
all 21 elastic parameters must be performed. The results of the inversion are given in the third column of
Table 1(a). The misfit function η2 is 0.0013 s2. Since the condition number (ration of the maximal singular
value to the minimal singular value) of the SVD was 28, the inversion problem for 21 parameters was well
conditioned. Therefore all inverted parameters are acceptable. The inverted parameters are close to the
exact ones. The RMSD of the inverted parameters,Aest

ik (21) from the exact parameters, Atrue
ik , is 2.46%.

For each inverted parameter, we obtained also a confidence interval with a probability coefficient of
99%. The non-orthorombic parameters of Aest

ik (21) are relatively small. The corresponding confidence
intervals show that these small parameters can not be distinguished from zero. Therefore, we can conclude
about the orthorombic symmetry of the considered medium. In this case we can restrict the inversion to
nine independent elastic parameters: A11, A12, A13, A22, A23, A33, A44, A55 and A66. The results of
the inversion for the 9 parameters are given in the fourth column of Table 1(a). The inverted parameters
Aest
ik (9) are given with the confidence intervals of 99% probability (I99%). The misfit function η2 equals

to 0.0013 s2. The RMSD of the inverted parameters Aest
ik (9) from the exact parameters, Atrue

ik , is 2.41%.
Note that the inversion problem for 9 parameters was well conditioned, because the condition number of
the SVD was 28.

What happens if we ignore that the medium under consideration is an anisotropic medium? Figure 6
shows traveltime residuals for the first layer obtained after the inversion of noise-free data for the 9 elastic
parameters (crosses) and after the inversion for only 2 parameters (isotropic P - and S-wave velocities)
(stars). The traveltime residuals are given in ms. One can see that the traveltimes for the inverted anisotropic
medium differ from the observed traveltimes by only 1-3 ms for the qP - as well as for the two quasi-shear
waves. The deviations of the isotropic traveltimes, however, are as big as 10-15 ms.

-15 -10 -5  0  5  10  15

residuals [ms]

qP wave(120)

-15 -10 -5  0  5  10  15

residuals [ms]

qS1-wave (120)

-15 -10 -5  0  5  10  15

residuals [ms]

qS2-wave (115)

Figure 6: Traveltime residuals after inver-
sion of noise-free data in the first orthorom-
bic layer. Crosses show traveltime residu-
als after inversion for 9 different elastic pa-
rameters defining the orthorombic medium,
stars show the traveltime residuals after in-
version for 2 isotropic parameters. 120 ob-
servations of the qP -wave traveltimes, 120
and 115 observations of qS1- and qS2-
waves, respectively, were used.

INVERSION FOR THE SECOND LAYER

In the second layer there are 11 receivers. The data includes 132 observations of qP -waves, 131 and 109
observations respectively of qS1− qS1- and qS1− qS2-waves, 128 and 117 observations respectively of
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a) First layer, σt=2ms, σα=10◦, σβ=10◦

Atrue
ik Aest

ik (21) I99% Aest
ik (9) I99%

A11 10.800 10.658 ±0.132 10.656 ±0.130
A12 2.200 2.152 ±0.102 2.153 ±0.101
A13 1.900 1.797 ±0.254 1.797 ±0.251
A14 0. 0.003 ±0.097 0.
A15 0. 0.009 ±0.066 0.
A16 0. 0.000 ±0.052 0.
A22 11.300 11.080 ±0.130 11.080 ±0.129
A23 1.700 1.722 ±0.255 1.722 ±0.252
A24 0. 0.023 ±0.067 0.
A25 0. -0.004 ±0.081 0.
A26 0. -0.001 ±0.050 0.
A33 8.500 8.050 ±0.571 8.052 ±0.563
A34 0. 0.029 ±0.071 0.
A35 0. 0.021 ±0.074 0.
A36 0. 0.008 ±0.084 0.
A44 3.600 3.550 ±0.040 3.550 ±0.040
A45 0. 0.006 ±0.032 0.
A46 0. -0.004 ±0.036 0.
A55 3.900 3.886 ±0.040 3.886 ±0.039
A56 0. 0.004 ±0.039 0.
A66 4.300 4.315 ±0.028 4.314 ±0.027

b) Second layer, σt=3ms, σα=15◦, σβ=15◦

Atrue
ik Aest

ik (21) I99% Aest
ik (9) I99% Aest

ik (5) I99%

A11 13.590 13.611 ±1.237 13.601 ±1.236 14.173 ±1.270
A12 6.800 6.836 ±1.155 6.844 ±1.153 5.919 ±0.247
A13 5.440 5.576 ±0.453 5.568 ±0.452 5.599 ±0.396
A14 0. 0.057 ±0.200 0. 0.
A15 0. -0.111 ±0.182 0. 0.
A16 0. -0.047 ±0.314 0. 0.
A22 13.590 13.657 ±1.240 13.643 ±1.238 14.173 ±1.270
A23 5.440 5.428 ±0.455 5.420 ±0.453 5.599 ±0.396
A24 0. 0.121 ±0.181 0. 0.
A25 0. -0.103 ±0.200 0. 0.
A26 0. 0.014 ±0.311 0. 0.
A33 10.870 10.436 ±1.306 10.421 ±1.303 10.338 ±1.538
A34 0. -0.036 ±0.184 0. 0.
A35 0. -0.076 ±0.185 0. 0.
A36 0. -0.065 ±0.315 0. 0.
A44 4.100 4.050 ±0.249 4.061 ±0.245 4.069 ±0.273
A45 0. -0.006 ±0.094 0. 0.
A46 0. -0.014 ±0.068 0. 0.
A55 4.100 4.107 ±0.247 4.117 ±0.245 4.069 ±0.273
A56 0. -0.006 ±0.061 0. 0.
A66 4.500 4.576 ±0.285 4.577 ±0.284 4.127 ±0.322

Table 1: Results of the inversion of two layers of the three layered model. The first layer is an orthorombic
medium (a); the second layer is a VTI medium (b). The true elastic parameters are given in the columns Atrue

ik .
Random noise with a normal probability distribution is added into the synthetic traveltimes and polarization vectors.
The standard deviation for the traveltimes is denoted as σt and for the inclination (α) and azimuth (β) angles defined
the qS-wave polarization vectors as σα and σβ . For the orthorombic medium the inversion of the noisy data was
performed for 21 and 9 parameters (see Aest

ik (21) and Aest
ik (9)). For the VTI medium the inversion of the noise data

was performed for 21, 9 and 5 parameters (see Aest
ik (21), Aest

ik (9) and Aest
ik (5)). For each estimated parameter the

confidence interval with 99% probability (denoted by I99%) is given.
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Figure 7: Traveltime residuals after the inversion of noise-free data in the second VTI layer. Crosses show traveltime
residuals after the inversion for 5 elastic parameters defining the VTI medium, stars show the traveltime residuals after
the inversion for 2 isotropic elastic parameters.

qS2−qS1- and qS2−qS2-waves. As in the previous examples, noise is added to the synthetic traveltimes
and qS-wave polarization vectors. The noisy data has a standard deviation of 3 ms for the traveltimes
and a standard deviation of 15◦ for the inclination (α) and azimuth (β) angles specifying the qS-wave
polarization vectors. The final isotropic background medium has vp = 3.65 km/s and vs = 1.97 km/s.

If there is no a priori knowledge on the type of anisotropy, the inversion must be performed for all
21 elastic parameters. The results of the inversion are given in Table 1(b). For each inverted parameter, a
confidence interval with a probability coefficient of 99% is given. The misfit function η2 is 0.0060 s2. Since
the condition number of the SVD was 37, the inversion problem for 21 parameters was well conditioned.
Therefore all inverted parameters are acceptable.

The confidence intervals show that the small non-orthorombic inverted parameters of Aest
ik (21) can

not be distinguished from zero. One can conclude that the considered medium possesses orthorombic
symmetry or VTI symmetry. The last two columns of Table 1(b) give the results of the inversion for 9
parameters, Aest

ik (9), and for 5 parameters, Aest
ik (5). The misfit function η2 is 0.0061 s2 in the first case

and 0.0086 s2 in the last case. Note that the condition numbers of the SVD was 35 for the inversion
for 9 parameters and 37 for the inversion for 5 parameters. Therefore, all 9 or 5 inverted parameters
are acceptable. For each inverted parameter the corresponding confidence interval is obtained. Analysis
of these confident interval shows that the inverted parameters Aest

ik (9) can not be distinguished from the
inverted parameters Aest

ik (5). Please note that among the inverted parameters Aest
ik (9), the parameter A11

can not be distinguished from the parameter A22, A44 from A55 and A13 from A23. This means that the
medium of the second layer possesses most likely VTI symmetry. The RMSD of the inverted parameters
Aest
ik (5) from the exact parameters Atrue

ik is 5.9%.
What happens if we ignore that the medium under consideration is anisotropic medium? Figure 7 shows

traveltime residuals obtained after the inversion of noise-free data for the 5 elastic parameters (crosses) and
after the inversion for only 2 parameters (isotropic P - and S-wave velocities) (stars). Traveltime residuals
are given in ms. One can see that the traveltimes for the inverted anisotropic medium differ from the
observed traveltimes by 1–3 ms for the qP - as well as for the two quasi-shear waves. The deviations of the
isotropic traveltimes, however, are as big as 10–15 ms.

INVERSION FOR THE THIRD LAYER

In the third layers 4 receivers are situated. There are 36 observations of the P -waves and 133 observa-
tions of S-waves. According to the discussion on page 337, the observations of the S-waves are separated
into four groups: qS1 − qS1 − S (35 observations), qS2 − qS2 − S (31), qS1 − qS2 − S (34) and
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qS2− qS1− S (33). Noise is added to the traveltimes and qS-wave polarization vectors. The noisy data
has a standared
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residuals [ms]

S-wave (133)

Figure 8: Traveltime residuals after the inver-
sion of noise-free data in the third isotropic layer.
Crosses show traveltime residuals after inversion
for the isotropic elastic parameters.

deviation of 3 ms for the traveltimes and standard
deviations of 15◦ for the inclination (α) and az-
imuth (β) angles specifying the qS-wave polar-
ization vectors. The inversion was performed for
2 parameters (the square of P - and S-wave ve-
locities, V 2

p and V 2
s ). The misfit function η2 was

0.0014 s2. The condition number of the SVD was
10. As a result the following P - and S-wave ve-
locities and their confidence intervals with a prob-
ability coefficient of 99% were obtained:

V 2
p = 4.03 km/s I99% = 1.30

V 2
s = 2.26 km/s I99% = 0.44

(The exact velocities of the third layer are
Vp = 3.87 km/s and Vs = 2.24 km/s.)
Figure 8 shows traveltime residuals in the third
isotropic layer after the inversion of noise-free
data for 2 parameters. The residuals are 1–3 ms

CONCLUSIONS

An inversion procedure for weakly anisotropic media using traveltimes of qP - and qS-waves as well as
qS-wave polarizations was suggested. The presented inversion procedure allows to use the same linear
inversion scheme for qP - as well as for qS-wave data. The joint inversion of qP - and qS-waves allows to
determine the full elastic tensor of the anisotropic medium.

The advantage of the presented inversion procedure is that no assumption about any special type of
anisotropic symmetry is needed. If there is no a priori information on the type of anisotropy, all 21 elastic
parameters can be inverted. Then, analysis of the 21 inverted elastic parameters can be carried out. Based
upon the significance and accuracy of each parameter, we can restrict the inversion to a smaller number of
the elastic parameters and determine the symmetry of the media under consideration.

The main restriction of the suggested inversion procedure is that it is based on perturbation theory
which provides a smooth transition from isotropic media to anisotropic media by small perturbations of the
elastic parameters. Therefore, the accuracy of the traveltime computations in the forward modeling problem
and, as a result, the quality of the inversion depend directly on the assumption of weak anisotropy. This
means that the inversion procedure allows to reconstruct the exact elastic parameters only if the anisotropic
medium is weakly anisotropic. In the case of the medium with more then 5% anisotropy, the inversion
does not reconstruct the exact elastic parameters, but only gives close estimates of these elastic parameters
even when the noise-free data are used. But note that because the inversion procedure can be performed
fast and has no restrictions on the types of anisotropic symmetry, it can be used to construct initial models
for non-linear inversion procedures.

In comparison to a conventional tomography scheme, the suggested inversion scheme requires not
only traveltime observations, but also the observed qS-wave polarization vectors. Although the observed
qS-wave polarizations are available from three component data, picking qS-wave polarization vectors from
real data can be a challenging task. However, to obtain traveltimes, the two qS-waves need to be separated
in any case. For this separation the difference in qS-wave polarizations is used (see, e.g., Alford, 1986; Li
and Crampin, 1993; Dellinger et al., 1998). Therefore, the qS-wave polarization vectors are automatically
obtained as a by-product of the qS-wave separation.

For layered models the inversion can be applied in a layer-by-layer manner (recurrently). The recurrent
inversion was tested on a model consisting of three layers: The first layer was an anisotropic medium
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with orthorombic symmetry (10.6% anisotropy), the second layer was a medium with VSP symmetry
(11% anisotropy) and the third layer was an isotropic medium. Synthetic qP - and qS-wave traveltimes
and qS-wave polarization vectors were generated for a VSP experiment by the ANRAY program package
(Gajewski and Pšenčík, 1987). Noisy data was used for the inversion. Errors were introduced in the qP -
and qS-wave traveltimes as well as in the qS-wave polarization vectors. The RMSD of the inverted elastic
parameters from the exact parameters were 2.41% for the first orthorombic layer, 5.9% for the second
VTI layer, and 10% for the third isotropic layer. For each inverted parameter a confidence interval with a
probability coefficient of 99% was constructed. The values of the traveltimes residuals varied from 1–3 ms.
These correspond to errors in picking of traveltimes of the different waves from real data.
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ABSTRACT

We investigate the estimation of fractures orientation, strike and dip, through multiazimuthal AVO
analysis of qP and its converted waves qS1 and qS2. We assume weak impedance contrast, weak
anisotropy and that the fractured medium behaves as an effective transversally isotropic (TI) medium.
Under these assumptions, the estimation of fractures orientation is reduced to the estimation of the
orientation of an axis of symmetry from qP reflectivity data. Linearized approximations of qP reflec-
tivity are used for inversion.

INTRODUCTION

Most hydrocarbon reservoirs occur in fractured formations. In this case, fractures mainly control the reser-
voir permeability. Since wave propagation in fractured media might be modelled through an effective
anisotropic medium (Hudson (1982); Schoenberg and Sayers (1995)), the characterization of the reservoir
elastic anisotropy from seismic data may help optimizing oil recovery. Previous works report fractures
characterization from AVO/AVD data. Rüger and Tsvankin (1997) show how to estimate vertical fractures
strike and fluid content information from qP reflection coefficients data. Perez et al. (1999) use shear wave
splitting and P wave reflection data to determine the strike of a vertical set of fractures. Beretta and Drufuca
(2002) use diffraction tomography to estimate the fractures density also for vertically fractured medium.
We formulate the problem of fractures characterization using the reflections coefficients of a qP incident
wave, including converted waves.

FORWARD PROBLEM

Consider weak impedance contrast and weak anisotropic media separated by a plane interface, x3 = 0.The
incident and reflected waves propagate at the upper medium and the transmitted waves propagate through
the lower medium. The linearized qP reflectivity across an interface was presented by Gomes et al. (2001).
The two anisotropic media are considered as small perturbations around an isotropic homogeneous back-
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ground. The linear approximations are:

RqPqP =
1

2 ρ◦ α2

{[
∆C11 cos4 ϕ+ ∆C22 sin4 ϕ+ 2 ∆ (C12 + 2C66) cos2 ϕ sin2 ϕ+

4 ∆C16 cos3 ϕ sinϕ+ 4 ∆C26 cosϕ sin3 ϕ

]
tan2 θ sin2 θ + 2

[
∆(C13 + 2C55)

cos2 ϕ+ ∆(C23 + 2C44) sin2 ϕ+ ∆(C36 + 2C45) sin 2ϕ− 4

(
∆C55 cos2 ϕ+ (1)

∆C44 sin2 ϕ+ ∆C45 sin 2ϕ

)]
sin2 θ + ∆C33 cos2 θ

}
+

(
1− 1

2 cos2 θ

)
∆ρ

ρ◦
;

RqS1qP =
1

2 ρ◦ α2 η(θ)

{
2

[
∆C11 cos4 ϕ+ ∆C22 sin4 ϕ+ 2∆(C12 + 2C66) cos2 ϕ sin2 ϕ+ 4

∆C16 cos3 ϕ sinϕ+ 4∆C26 cosϕ sin3 ϕ

]
sin3 θ + 2

[
∆(C13 + 2C55) cos2 ϕ+

∆(C23 + 2C44) sin2 ϕ+ 2∆(C36 + 2C45) sin 2ϕ− 4

(
∆C55 cos2 ϕ+ ∆C44 sin2 ϕ+

∆C45 sin 2ϕ

)]
sin θ cos 2 θ −∆C33 sin 2 θ cos θ +

1

κ K(θ)

{
2

[
∆C14 cos2 ϕ sinϕ+ (2)

∆C15 cos3 ϕ+ ∆C24 sin3 ϕ+ ∆C25 cosϕ sin2 ϕ+ ∆C46 sinϕ sin 2ϕ+ ∆C56 cosϕ

sin 2ϕ

]
sin2 θ

(
2κ ω(θ)− 1

)
+ 2

[
∆C35 cosϕ+ ∆C34 sinϕ

]
cos θ (cos θ − 2K(θ) ω(θ)) +

2

[
∆C55 cos2 ϕ+ ∆C44 sin2 ϕ+ ∆C45 sin 2ϕ

]
sin 2θ

(
κ2 sin2 θ −K2(θ)

)}}
−

(
sin θ

K(θ)

)
∆ρ

ρ◦
;

RqS2qP =
1

ρ◦ α2K(θ)

{
1

κ

{[
∆C14 cos3 ϕ−∆C25 sin3 ϕ+

(
∆C24 sinϕ−∆C15 cosϕ

)
cosϕ

sinϕ+

(
∆C46 cosϕ−∆C56 sinϕ

)
sin 2ϕ

]
sin2 θ +

[
∆C45 cos 2ϕ+ ∆C44 cosϕ

sinϕ−∆C55 cosϕ sinϕ

]
sin 2 θ +

[
∆C34 cosϕ−∆C35 sinϕ

]
cos2 θ

}
− 1

η(θ){[
∆C16 cos2 ϕ

(
cos2 ϕ− 3 sin2 ϕ

)
+ ∆C26 sin2 ϕ

(
3 cos2 ϕ− sin2 ϕ

)
+

(
∆C22

sin2 ϕ−∆C11 cos2 ϕ

)
cosϕ sinϕ+ ∆(C12 + 2C66) cosϕ sinϕ cos 2ϕ

]
sin3 θ + (3)

[
∆C14 cosϕ

(
cos2 ϕ− 2 sin2 ϕ

)
+ 3

(
∆C24 sinϕ−∆C15 cosϕ

)
sinϕ cosϕ+

2 ∆C46 sinϕ
(
2 cos2 ϕ− sin2 ϕ

)
+ ∆C25 sinϕ

(
2 cos2 ϕ− sin2 ϕ

)
+ 2 ∆C56 cosϕ

(
cos2 ϕ− 2 sin2 ϕ

)]
cos θ sin2 θ +

[
∆(C36 + 2C45) cos 2ϕ−∆(C13 + 2C55) sinϕ

cosϕ+ ∆(C23 + 2C44) sinϕ cosϕ

]
cos2 θ sin θ +

[
∆C34 cosϕ−∆C35 sinϕ

]
cos3 θ

}}
.

Where θ is the incidence angle; ϕ is the azimuth angle; κ = α/β is the ratio between S-wave and
P-wave velocities in the isotropic reference medium; ρ◦ is the background density; ∆ρ is the average

density contrast across the interface; K(θ) =
√

1− κ2 sin2 θ, ω(θ) = κ sin2 θ + K(θ) cos θ and η(θ) =
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κ cos θ +K(θ); ∆Cij is the average elastic constants contrast across the two media defined for

∆Cij =
C

(T )
ij − C

(I)
ij

2
. (4)

WhereC(T )
ij indicates the transmission medium elastic tensor andC (I)

ij is the elastic tensor in the medium of
incidence, i, j = 1, ..., 6, in the standard reduced notation(Helbig (1994)). The equations (1) was presented
previously by Vavrycuk and Psencik (1998) and the equations (2) and (3) where also derived in Jílek (2002)
in a somewhat different form. In order to derive the expression above, the polarization directions in the
background media were chosen to be the SV and SH direction, which makes them more suitable when the
medium of incidence has azimuthal symmetry. However, if degenerate perturbations theory can be used to
compute more suitable polarization directions for shear waves(Jech and Psencik (1989)).

INVERSION PROBLEM

Using the equation (1) - (3) the inversion problem is reduced to the solution of a linear system:

r = A(C0, ϕ, θ)p (5)

Where r is the vector containing the observations (RqPqP , RqS1qP , RqS2qP ), p is the vector containing
the density and elastic parameters contrasts and the matrix A(C0, ϕ, θ) depends only on the background
medium and the directions of the incident qP wave.Based on SVD analysis of A, multiazimuthal data is
required to produce stable estimates . 3-D VSP experiments (Leaney et al. (1999)) might provide this kind
of data. The vector p is organized as bellow:




p1 = ∆C11 p2 = ∆(C12 + 2C66) p3 = ∆(C13 + 2C55)
p4 = ∆C22 p5 = ∆(C23 + 2C44) p6 = ∆C33

p7 = ∆C44 p8 = ∆C55 p9 = ∆C14

p10 = ∆C15 p11 = ∆C16 p12 = ∆C24

p13 = ∆C25 p14 = ∆C26 p15 = ∆C34

p16 = ∆C35 p17 = ∆C36 p18 = ∆C45

p19 = ∆C46 p20 = ∆C56 p21 = ∆ρ/ρ◦




(6)

For estimate of the parameters p we assume:

• weak impedance contrast, weak anisotropy;

• the medium of incidence is isotropic and coincides with the background media used for linearization.

For the estimation of fractures orientation we assume that the fractured medium behaves as an effective TI
medium with its axis of symmetry perpendicular to the plane of fractures.
Under these assumptions, our goal is to estimate the orientation of the symmetry axis from the elastic
parameters estimated from inversion. If the axis of symmetry is not aligned with one of the coordinate axis
the plane of symmetry containing the axis forms an angle Ψ with the x3 (Figure 1). This angle can be
determined from the relation:

tan 2Ψ =
2
(
C16 + C26

)
(
C22 − C11

) (7)

Unfortunately two angles have the same tangent Ψ and Ψ +π/2. Rotating the elastic parameters estimated
by the negative of one of these angles aligns the symmetry plane containing the tilted axis along the x1

or x2 axis. We can always choose the rotation, which align the symmetry plane containing the tilted axis
along the x1 axis and use the expression below to determine the dip angle Θ

tan 2Θ =
2
(
C15 + C35

)
(
C11 − C33

) (8)

Under our assumptions, dip angle can be estimated from the inversion results except by the same ambiguity
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as before, i.e.,Θ or Θ+π/2. This ambiguity can be resolved rotating the parameter by the negative of these
values and observing the differences C11 − C22 and C33 − C22 . If the first difference is zero the axis of
symmetry is aligned along x3 and the dip angle is Θ + π/2 otherwise C33 − C22 is zero and the axis is
aligned along x1 and the dip angle is Θ. It is always possible to perform this rotation, all the combination
of elastic parameters required to perform this rotation are estimated from inversion. If the axis of symmetry
coincides with one of the coordinate axis the algorithm fails. In this case orientation can be determined
using the alternatives:

a) If C22 = C33 and C44 6= C55 the axis is along x1.

b) If C11 = C33 and C44 6= C55 the axis is along x2. (9)

c) If C11 = C22 and C44 = C55 the axis is along x3.

The resolution and stability of the inversion was evaluated using SVD analysis and numerical simulations.
For the simulations several synthetic data sets were computed using the exact expressions for the reflection
coefficients. Each synthetic data set was contaminated by Gaussian noise using 100 random seeds to
initialize the random number generator. These data were inverted and the mean and standard deviations of
the parameters used to evaluate stability.

EXAMPLES

The elastic parameters and the orientation the axis symmetry was estimated the of inversion from (1), (2)
and (3) joins for two models. The synthetic data set was generated solving the Zoeppritz equations (Gomes
(1999)). The azimuth range is from 0◦ to 360◦ with 15◦ intervals and the incidence angle varies from 0◦

to 30◦ with 1◦ intervals. This data set was contaminated with different level Gaussian random noise of
amplitude of 5% to 20% of the mean absolute value of the observations. The 100 data sets, each with a
different noise contamination, were inverted. Both models have weak contrast ∆ρ/ρ◦,∆α/α,∆β/β are
smaller than 10% and weak anisotropy.
In the first model the top medium is an isotropic ρ = 2.65g/cm3 α = 4.00 km/s e β = 2.31km/s. The
bottom medium is TI with horizontal axis and its density is ρ = 2.5g/cm3 and its elastic tensor is:

Cij =




31.10 10.37 10.37 0.00 0.00 0.00
40.43 12.69 0.00 0.00 0.00

40.43 0.00 0.00 0.00
13.86 0.00 0.00

12.38 0.00
12.38




(10)

Table 1 presents the average and standard deviations of the numerical simulation results,

(p) Extac Mean Error Cij Exact Mean Error
∆C11 -0.0682 -0.0632 1.75% C11 31.10 31.93 0.65%

∆(C12 + 2C66) -0.0439 -0.0423 4.38% C12 + 2C66 35.13 35.60 0.5%
∆(C13 + 2C55) -0.0439 -0.04261 1.17% C13 + 2C55 35.13 34.55 0.74%

∆C22 -0.0119 -0.0095 14.23% C22 40.43 40.73 0.54%
∆(C23 + 2C44) -0.0120 -0.0121 3.59% C23 + 2C44 40.41 39.71 0.65%

∆C33 -0.0119 -0.01273 1.57% C33 40.43 39.90 0.07%
∆C44 -0.0017 -0.0017 3.39% C44 13.86 13.69 0.35%
∆C55 -0.0107 -0.0107 1.35% C55 12.38 12.17 0.39%
∆ρ/ρ◦ -0.01 -0.008 4.9% ρ 2.60 2.61 0.079%

Table 1: Numerical simulation results. Exact value, mean and the relative error of the estimated values for
p1 − p8, p21 and elastic parameters (in GPa) in the transmitted medium. The data noise level is 10% of the
observations maximum value.

The parameters ∆C11, ∆(C12 + 2C66), ∆(C13 + 2C55), ∆C22, ∆(C23 + 2C44), ∆C33, ∆C44, ∆C55

and ∆ρ/ρ◦ presented a relative error lower then 15% which characterizes a stable estimation. The remain-
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ing parameters, p9 − p20, have very small mean (10−4) and the relative error cannot be computed. These
results holds for data noise level lower than 20%. We must use (9) in order to estimate the orientation
of the symmetry axis. The difference between C22 and C33 is smaller than the difference between these
parameter and C11. Noticing also the difference betweenC44 and C55, we conclude the medium is TI with
horizontal axis.The results are the same for 20% noise level.
In the second model the top medium is isotropic ρ = 2.60 gcm3, α = 4.600 km/s and β = 2.810 km/s.
The bottom medium is a sandstone, its elastic tensor is TI with vertical axis and its Thomsen parameters
(Thomsen (1986)) are ρ = 2.50 g/cm3, α = 4.476 km/s and β = 2.841 km/s, ε = 0.097, δ = 0.091,
γ = 0.051. This medium was rotated of 60◦ anticlockwise around x3 axis and after that rotated of 30◦

anticlockwise around the new x2 axis (see Figure 1).

 

x 2 

x 3 

Θ 

Ψ x 1 

 

Figure 1: Coordinate axis. The angle Ψ is the azimuthal and the angle Θ is the incidence.

The Figures 2(a), 3(a), 4(a) present the stereogram of the exact synthetic data for each wave type. Fig-
ures 2(b), 3(b), 4(b) present the corresponding stereogram computed from the mean of the parameters esti-
mated from 100 numerical simulations.
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(a) Exact RqPqP .
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(b) RqPqP of the inverted model.

Figure 2: Stereogram for the RqPqP
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(b) RqS1qP of the inverted model.

Figure 3: Stereogram for the RqS1qP
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(a) Exact RqS2qP .
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(b) RqS2qP of the inverted model.

Figure 4: Stereogram for the RqS2qP

The symmetry of the RPP stereogram indicates its insensitivity to the dip of fractures. However, the
SVD shows thatRqPqP data is required to estimate the fractures dip. The estimated models fit the data with
maximum residual of the order of 10−3 for every data set. The results of the numerical simulations for this
model for 10% noise level are presented in Table 2 which shows for the exact value of the p, its the average
of the estimated, the ratio of the of the standard deviations. The results of the numerical simulations for this
model for several noise levels are presented in Table 3 the of the average of the estimates of the symmetry
axis azimuth and dip and the ratio of the standard deviation of the estimation over their average value.
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Param (p) Extac Value Mean Error
∆C11 0.019 0.021 9.42%

∆(C12 + 2C66) 0.016 0.017 11.22%
∆(C13 + 2C55) 0.002 0.003 32.49%

∆C22 0.013 0.013 13.63%
∆(C23 + 2C44) 0.001 0.001 88.11%

∆C33 -0.013 -0.013 2.26%
∆C44 -0.002 -0.002 10.85%
∆C55 -0.001 -0.001 18.76%
∆C14 -0.002 -0.002 49.74%
∆C15 0.005 0.005 37.23%
∆C16 0.003 0.003 23.48%
∆C24 -0.009 -0.008 19.66%
∆C25 0.001 0.001 77.69%
∆C26 0.003 0.003 26.72%
∆C34 -0.008 -0.008 0.38%
∆C35 0.005 0.005 0.65%
∆C36 0.0003 0.001 81.68%
∆C45 0.0006 0.0007 21.46%
∆C46 0.002 0.002 50.86%
∆C56 -0.003 -0.003 30.85%
∆ρ/ρ◦ -0.02 -0.02 2.55%

Table 2: Numerical simulation results. Exact value, estimated mean value and relative error of the param-
eters . The data noise level is 10% of the observations maximum value.

Noise Level Fract. Azimuth Deviation Fract. Dip Deviation
(Exact Ψ = 60◦) (Exact Θ = 30◦)

5% 60.05◦ ±2.51◦ 29.43◦ ±1◦

10% 60.79◦ ±5.38◦ 29.31◦ ±1.42◦

20% 58.89◦ ±10◦ 28.48◦ ±7.35◦

Table 3: Numerical simulation results for different noise levels. The ratio of the standard deviation of the
estimates over the mean value is also presented to indicate the stability.

The SVD analysis and the relative error of the estimated parameters in numerical simulations show
that, although parameters ∆C14, ∆C15, ∆C16, ∆C24, ∆C25, ∆C26, ∆C36, ∆C45, ∆C46, ∆C56 present
instability, the estimates of the symmetry axis orientation is stable. Since the recovery of the orientation
depends on nonlinear functions of the parameters SVD analysis can not be applied to determine stability.

CONCLUSIONS

Several tests were performed with models with weak impedance contrast and weak anisotropy and also
with models that violated some of these assumptions. Also different azimuth rages and incidence angles
were used. From these test we drew the following:

1. RqPqP , RqS1qP and RqS2qP are required to recover the orientation from multiazimuthal AVO data
only.

2. The minimum azimuth interval to recover stable estimates of orientations is ϕ = 30◦

3. The minimum incidence angle range is θ = 30◦.

4. Though the estimates of elastic parameters contrasts vary during the simulations, the estimates of the
orientation angles are reliable for moderate noise levels (< 10%).
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5. The estimates of fractures strike is more sensitive to noise than the fractures dip.

6. The estimates are accurate only for models with weak impedance contrast and weak anisotropy.

We presented an algorithm to estimate fractures orientation using multiazimuthal AVO analysis. Reflection
coefficients ofRqPqP ,RqS1qP andRqS2qP are needed to determine the fractures dip . Though the assump-
tion of an effective TI behavior for fractures is restrictive, its validity can be checked from the symmetries
of the elastic tensor derived from the inverted parameters . For a weak TI medium and weak impedance
contrast, the estimates of fractures orientation are unique and stable for moderate noise levels.
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The Wave Inversion Technology (WIT)
Consortium

W I T

The Wave Inversion Technology (WIT) Consortium was established in
1997 and is organized by the Geophysical Institute, Karlsruhe Univer-
sity, Germany. It consists of four fully integrated working groups, one
at Karlsruhe University and three at other universities, being the Mathe-
matical Geophysics Group at Campinas University (UNICAMP), Brazil,
the Seismics / Seismology Group at the Free University (FU) in Berlin,
Germany, and the Applied Geophysics Group (AGG) of the Hamburg Uni-
versity, Germany. In 2003, the Geoscience Center at the University of Pará,
Belém, Brazil joined the WIT Consortium as an affiliated working group.
The WIT Consortium offers the following services to its sponsors: a) re-
search as described in the topic “Research aims” below; b) deliverables; c)
technology transfer and training.

RESEARCH AIMS

The ultimate goal of the WIT Consortium is a most accurate and efficient target-oriented seismic mod-
eling, imaging, and inversion using elastic and acustic methods. Traditionally, exploration and reservoir
seismics aims at the delineation of geological structures that constrain and confine reservoirs. It involves
true-amplitude imaging and the extrapolation of the coarse structural features of logs onto space. To-
day, an understanding is emerging on how sub-wavelength features such as small-scale disorder, porosity,
permeability, fluid saturation, etc. influence elastic wave propagation and how these properties can be re-
covered in the sense of true-amplitude imaging, inversion, and effective media. The WIT Consortium has
the following main research directions which aim at characterizing structural and stratigraphic subsurface
characteristics and extrapolating fine grained properties of targets:

1. data-driven multicoverage zero-offset and finite-offset simulations

2. macromodel determination

3. seismic image and configuration transformations (data mapping)

4. true-amplitude imaging, migration, and inversion

5. seismic and acoustic methods in porous media

6. passive monitoring of fluid injection

7. fast and accurate seismic forward modeling

8. modeling and imaging in anisotropic media
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WIT PUBLIC RELATIONS COMMITTEE

Name University Area

Peter Hubral Karlsruhe WIT headquarter
Claudia Payne Karlsruhe WIT headquarter
Jürgen Mann Karlsruhe WIT headquarter & WIT report
Thomas Hertweck Karlsruhe WIT headquarter, WIT report & WIT CD-R
Ingo Koglin Karlsruhe WIT report & WIT CD-R
Christoph Jäger Karlsruhe WIT homepage manager
Axel Kaselow Berlin WIT homepage manager

STEERING COMMITTEES

Internal External
Name University Name Sponsor

Dirk Gajewski Hamburg Paolo Marchetti ENI
Thomas Hertweck Karlsruhe Buzz Davis Landmark
Peter Hubral Karlsruhe Jurandyr Schmidt Petrobras
Christoph Jäger Karlsruhe Paul Krajewski Gaz de France
Axel Kaselow Berlin Leon Hu Saudi Aramco
Jürgen Mann Karlsruhe Pierre-Alain Delaittre Total
Claudia Payne Karlsruhe Henning Trappe TEEC
Jörg Schleicher Campinas Alfonso Gonzalez WesternGeco
Sergei Shapiro Berlin
Ekkehart Tessmer Hamburg
Martin Tygel Campinas

COMPUTING FACILITIES

In Karlsruhe, the research project uses computer facilities that consist of mainly Hewlett-Packard (HP),
Silicon Graphics (SGI), and Linux workstations. These are networked with a local compute server, a SGI
Origin 3200 (6 processors, 4GB shared memory). For large-scale computational tasks, an IBM RS/6000
SP-SMP (256 nodes + 52 nodes) and a Fujitsu VPP 5000 are available on campus. If there is still a request
for more computing power, a Cray T3e (512 nodes), a NEC SX-4/32, and a Hitachi SR8000 (16 nodes) can
be used via ATM networks at the nearby German National Supercomputing Center (HLRS) in Stuttgart.

The Hamburg group has access to a 16 nodes (8 CPUs and 8 GB each) NEC SX-6 supercomputer at the
German Computer Center for Climate Research (Deutsches Klimarechenzentrum, DKRZ) for numerically
intensive calculations. Additional computer facilities consist of several SUN workstations and Linux PCs.

The Geophysical Department of the Free University of Berlin has excellent computer facilities based
on Sun- and DEC-Alpha workstations and Linux PCs. Moreover, there exists access to the parallel super-
computer Cray T3m (256 proc.) of ZIB, Berlin.

The research activities of the Campinas Group are carried out in the Mathematical Geophysics Labora-
tory. The Lab has many PC Linux workstations and Sun Ultra 60/80 workstations connected by a dedicated
network, suitable for parallel processing. For large-scale applications, the Lab has full access to the Na-
tional Center for High Performance Computing of São Paulo, that maintains, among other machines, an
IBM RS/6000 9076-308 SP (43 nodes) with 120GB of RAM. Also available are seismic processing soft-
ware packages from Paradigm and CGG.

The main computing facility at the Geophysics Graduation Program in Belém is the Seismic Processing
Lab (ProSis). The hardware resources include: workstations (RS3600) from IBM and a SUN SparkStation
20, all networked to a local server SUN Enterprise-3500 with 2 processors; several networked Linux-
PCs; for large-scale applications, a cluster of PCs with 20 dual-processor nodes. The proprietary software
packages available for seismic applications are ProMAX, Disco-Focus, and Gocad.



WIT research personnel

Steffen Bergler received his diploma in geophysics from Karlsruhe University in February 2001. Cur-
rently, he is working as a research associate at Karlsruhe University on the implementation of the CRS
stack for finite offset and the 3D CRS stack. He is a member of DGG, EAGE, and SEG.

Ricardo Biloti received his BSc (1995), MSc (1998) as well as PhD (2001) in Applied Mathematics from
the State University of Campinas (UNICAMP), Brazil. Since May 2002, he has been working for Federal
University of Paraná (UFPR), Brazil, as an Adjoint Professor at the Department of Mathematics. Never-
theless he is still a collaborator of the Campinas Group. His research areas are multiparametric imaging
methods, like CRS for instance. He has been working on estimating kinematic traveltime attributes and on
inverting them to construct velocity models. He is also interested in Numerical Analysis, Numerical Linear
Algebra, and Fractals. He is a member of SBMAC, SIAM, and SEG.

Stefan Buske received his diploma in geophysics (1994) from Frankfurt University. From 1994 until 1998,
he worked as research associate at Frankfurt University, and from 1998 until 1999 he was with Ensign Geo-
physics Ltd. (Depth Imaging Department) in London. Since 1999 he is a university staff member at the
Free University of Berlin. His research interests include seismic modeling and inversion, deep seismic
sounding and parallel programming. He is a member of DGG and EAGE.

Klaus Mairan Laurido do Carmo received his BSc (2001) in Mathematics from the Federal University
of Pará (Brazil). Presently, he is finishing his master’s thesis entitled “Global Optimization methods ap-
plied in the search of the 2-D CRS stack parameters” at Federal University of Pará. His research interest is
Applied Mathematics.

Pedro Chira-Oliva received his MSc in 2000 and PhD in 2003 from Federal University of Pará (Brazil),
both in Geophysics. His research interests are macro-model independent imaging methods, seismic image
wave methods and 3D modeling. He is a member of SBGf and SEG.

Jessé Carvalho Costa received his diploma in Physics in 1983 from the Physics Department, Federal Uni-
versity of Pará (UFPA) and a Doctor degree in Geophysics in 1993 from the Geophysics Department at the
same University. He was a Summer Student at Schlumberger Cambridge Research in 1991 and 1992. He
spent 1994 and 1995 as a post-doc in the Stanford Tomography Project at Stanford University. He held a
faculty position the Physics Department at UFPA from 1989 to 2003. Currently his is Associate Professor
in the Geophysics Department, UFPA. His fields of interest include seismic anisotropy, traveltime tomog-
raphy and seismic modeling.

João Carlos Ribeiro Cruz received a BSc (1986) in geology, a MSc (1989), and a PhD (1994) in geo-
physics from the Federal University of Pará (UFPA), Brazil. From 1991 to 1993 he was with the reflection
seismic research group of the University of Karlsruhe, Germany, while developing his PhD thesis. Since
1996 he has been full professor at the geophysical department of the UFPA. His current research interests
include velocity estimation, seismic imaging, and application of inverse theory to seismic problems. He
is a member of SEG, EAGE, and SBGF. Actually, he is the Director of the National Department of the
Mineral Production of the Pará Province.
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Eric Duveneck received his diploma in Geophysics from the University of Kiel, Germany, in 2000. Since
March 2001 he has been a PhD student at the Geophysical Institute, Karlsruhe University. His research
interests include seismic imaging and velocity model determination. He is a member of SEG and EAGE.

Jaime Fernandes Eiras received his diploma in geology in 1975 from the Pará University, Brazil. He
joined Petrobrás in 1976, where he worked as a wellsite geologist until 1983, and as an exploration geol-
ogist until 2001. Since March 2002, he has been a visiting professor at the Geophysics Department of the
ParÚniversity. As a basin interpreter, he has studied many of Brazil’s offshore and onshore areas, such as
Atlantic-type, paleozoic, rift, and multicyclic basins. His fields of interest are structural, stratigraphic, and
seismic interpretation, especially seismic stratigraphy. He is a member of the Brazilian Geological Society.

Erik Ewig received his diploma in Geophysics in August 2003 from Karlsruhe University, Germany. His
thesis dealt with residual static corrections by means of CRS attributes. He is a member of EAGE and SEG.

Carlos A.S. Ferreira received a BSc (1996) and a MSc (2000), both in physics, at Federal University of
Pará. From 1997 to 2001, he spent some time studying geology, where he had the opportunity of working
with some geophysical methods, such as vertical electric sounding and well logging, both as a geology
graduate student. Presently, he is working towards his PhD in geophysics at Federal University of Pará,
where the main topic of his thesis is prestack depth migration using Gaussian beams. His main research
interests are quantum description via Ermakov invariants (in physics) and all forward and inverse seismic
imaging techniques. He is member of SEG, SBPC and SBGf.

Dirk Gajewski received a diploma in geophysics in 1981 from Clausthal Technical University and a PhD
from Karlsruhe University in 1987. Since 1993, he has been associate Professor (Applied Geophysics)
at Hamburg University. After his PhD, he spent two years at Stanford University and at the Center for
Computational Seismology at the Lawrence Berkeley Lab in Berkeley, California. From 1990 until 1992,
he worked as an assistant professor at Clausthal Technical University. His research interests include high-
frequency assymptotics, seismic modeling, and processing of seismic data from isotropic and anisotropic
media. Together with Ivan Psencîk, he developed the ANRAY program package. He is a member of
AGU, DGG, EAGE, and SEG, and serves as an Associate Editor for Geophysical Prospecting (section
anisotropy).

German Garabito received his BSc (1986) in Geology from University Tomás Frias (UTF), Bolivia, his
MSc in 1997 and PhD in 2001 both in Geophysics from the Federal University of Pará (UFPA), Brazil.
Since 2002 he has been full professor at the geophysical department of UFPA. His research interests are
data-driven seismic imaging methods such as the Common-Refection-Surface (CRS) method and velocity
model inversion. He is a member of SEG, EAGE and SBGF.

Ellen de Nazaré Souza Gomes received her diploma in Mathematics in 1990 from University of Amazô-
nia. She received her Master degree in Applied Mathematics in 1999 from the Mathematics Departament,
Federal University of Pará. In 2003, she received her Doctor degree in Geophysics from Geophysics De-
partment at the same University. Her fields of interest are anisotropy and seismic modeling. She has been
professor at the Federal University of Pará since 1997.

Zeno Heilmann received his diploma in Geophysics from the University of Karlsruhe (TH) in October
2002. Since November 2002 he has been a research associate at the Geophysical Institute, Karlsruhe Uni-
versity. Currently he works on the development of the common-reflection-surface (CRS) stack, focusing
on the influence of the top surface topography.

Thomas Hertweck received his diploma in Geophysics in May 2000 from Karlsruhe University, Germany,
where he passed the exams with distinction. His thesis dealt with true-amplitude migration, demigration,
and modeling by demigration. Since August 2000, he has been a research associate, computer system ad-
ministrator, mentor, and teaching assistant at the Geophysical Institute, Karlsruhe University. He is part of
the WIT headquarter and responsible for the WIT report and the WIT software CD. His fields of interest
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are numerical analyses, development of seismic software (especially on Linux systems and parallel shared-
memory machines), seismic ray theory, and seismic (true-amplitude) imaging. Currently, he focuses on
the implementation of true-amplitude migration software in the context of a data-driven seismic imaging
workflow based on the common-reflection-surface stack and the application on real data. He is a member
of EAGE and SEG.

Peter Hubral received an M.Sc. in 1967 in geophysics from Clausthal Technical University and a Ph.D.
in 1969 from Imperial College, London University. Since 1986, he has been a full Professor of Applied
Geophysics at Karlsruhe University specialising in Seismic Wave Field Inversion. During 1970-73 he was
with Burmah Oil of Australia and from 1974 to 1985 he was with the German Geological Survey in Han-
nover. He was a consultant in 1979 with AMOCO Research and, during 1983-1984, a Petrobras-sponsored
visiting professor in the PPPG project at the Universidade Federal da Bahia in Brazil. In 1995-1996 he
was an ELF- and IFP-sponsored visiting professor at the University of Pau, France. He received EAEG’s
Conrad Schlumberger Award in 1978, the SEG’s Reginald Fessenden Award in 1979, and the EAGE’s
Erasmus Award in 2003. He is a regular member of DGG and an honorary member of the EAEG/EAGE
and SEG. Peter Hubral is involved in most of WIT’s activities, in particular those including research on
image resolution, image refinement, image attributes, multiple suppression, incoherent noise suppression,
true-amplitude imaging, interpretative processing, and image animation.

Christoph Jäger received his diploma (with distinction) in Geophysics in February 2002 from Karlsruhe
University. His thesis was about true-amplitude (de)migration and its implementation. Since March 2002,
he has been a research associate at the Geophysical Institute in Karlsruhe. He is currently working on the
efficient implementation and the application of true-amplitude (de)migration software. Christoph is also
responsible for the maintenance of the WIT homepage. He is a member of EAGE and SEG.

Florian Karpfinger is a diploma student. Presently, he is working at the reservoir characterization group
at the Free University Berlin. He is a member of the SEG, DGG, and EAGE.

Tina Kaschwich received her diploma in 2000 in geophysics from Hamburg University. Since 2001 she
has been a Ph.D. student at the University of Hamburg. Her research interests are ray method and migration
in anisotropic media. She is a member of EAGE.

Axel Kaselow received his diploma (M.Sc. equivalent) in Geology from Karlsruhe University in April
1999. Since then, he has been a research associate at the Geophysical Institute, Karlsruhe University, and
became a member of WIT’s internal steering committee. In January 2002 he joined WIT’s rock physics
group in Berlin. His research interests are 4D modeling and rock physics, and the development of rock
physical software. He is currently working on seismic properties of porous and fractured rocks under
stress, especially on the dependence of seismic velocities on pore fluid pressure. He is a member of the
SEG and EAGE.

Tilman Klüver is currently writing his diploma thesis at the Geophysical Institute, Karlsruhe University.
He works on tomographic inversion schemes using CRS attributes to determine smooth macrovelocity
models for depth imaging.

Ingo Koglin received his diploma in geophysics in 2002 from Karlsruhe University. Since 2002 he has
been a research associate at Karlsruhe University. His research interests include preparation and applica-
tion of seismic wavefield attributes obtained by the CRS stack. He uses the attributes for inversion and to
improve imaging. A second field of interest is the improvement of the CRS stack by means of residual
static correction. He is a member of EAGE and SEG.

Oliver Krüger received his diploma in geophysics in 2002 from Freie Universität Berlin and is currently a
PhD student at Freie Universität Berlin. His research interests focus on finite difference modeling, imaging
and property prediction of fractured materials.
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L.W.B. Leite is a professor of geophysics at the Graduate Course in Geophysics, and member of the De-
partment of Geophysics of the Federal University of Pará (Belem, Brazil). His main emphasis at the present
time is seismic wave propagation in thin layers for deconvolution and inversion problems.

Rômulo Correa Lima received his diploma in geophysics in 2002 from Geophysical Department of the
Federal University of Pará, Brazil, with a thesis on Seismic Migration. In 2002 and 2003, he was a re-
searcher in the seismic group of that university. Currently he is working on 3D modeling.

Stefan Lüth received his diploma in geophysics from the Technical University Clausthal in August 1996.
His thesis was on numerical and methodical investigations on diving wave tomography. He then moved
to Free University Berlin in order to work on a PhD project within the SFB 267 (Deformation Processes
in the Andes). He processed and interpreted Wide-Angle and Seismic Refraction Data from the Andes.
He defended his thesis at the FU Berlin in February 2000. Currently, he is a post-doc researcher working
on imaging three-component seismic recordings along a tunnel or a VSP-configuration using 3D prestack
migration. He is a member of DGG, AGU, and EAGE.

Jürgen Mann received his diploma in geophysics in 1998 from the Faculty of Physics, Karlsruhe Uni-
versity, with a thesis on Seismic Image Waves. In 2002, he received a doctorate in natural sciences (with
distinction), again from the Faculty of Physics in Karlsruhe, with a thesis on the Common-Reflection-
Surface Stack method. Since 1998 he has been a research associate at Karlsruhe University, since 2001 he
is assistant to Prof. Peter Hubral. His fields of interest are seismic reflection imaging methods, especially
data-driven approaches based on kinematic wavefield attributes. He is member of the EAGE and the SEG.

Alex Müller received his diploma in geophysics in December 2003 from Karlsruhe University, Germany.
His thesis dealt with the implementation of the 3D CRS stack. He will continue his work as a PhD student.

Tobias M. Müller received a diploma in geophysics in 1998 from Karlsruhe University and his PhD
in 2001 from Free University Berlin. Since 2002 he has been a post-doctoral fellow of the Deutsche
Forschungsgemeinschaft at Curtin University of Technology in Perth. His research interests include seis-
mic waves in random media and rock physics. He is a member of DGG, EAGE, and SEG.

M. Amélia Novais received her M.Sc. in Mathematics from the Brazilian Institute of Pure and Applied
Mathematics (IMPA) in 1993 and her PhD in Applied Mathematics from State University of Campinas
(Unicamp) in 1998. Since 1996, she has been a professor for Mathematics at the Federal University of Sao
Carlos (UFSCar), Brasil. She has joined Unicamp in April 2002. Her research interests focus on partial
differential equations and include seismic forward imaging. In particular, she works with finite differences
to obtain the solution of the acoustic and elastic wave equation, as well as with the Born and Kirchhoff ap-
proximations. Presently, she also studies image-wave equations. She is a member of SEG, EAGE, SBGf,
SBMAC, and SBM.

Miltiadis Parotidis received his diploma in geodesy and geophysics (Diplom-Ingenieur) in January 1997,
and his PhD (Doctor techn.) in June 2001, both from the Vienna University of Technology, Austria. Since
November 2002 he has been a post-doc researcher at the Geophysics Department of the Freie Universität
Berlin. His main research interests are hydraulic characterization of reservoirs, triggered seismicity by
fluid injections, earthquake triggering mechanisms and signatures. He is a member of AGU, DGG, EAGE,
EGU, and SEG.

Robert Patzig received his diploma in geophysics from Braunschweig. In the dipoma thesis he developed
a digital filter for the detection of the Stoneley-wave (borehole seismics) by combination of a prediction
filter and the envelope of the wave. 1999 he received his Ph.D. for "Local earthquake tomography in the re-
gion of Antofagasta (Chile)". Next he applied CRS stacking to a seismic profile from the northern Chilean
coast. His actual research interest is localizing acoustic emissions with respect to the influence of seismic
anisotropy and poor recording conditions (i.e., only on string of receivers in a single borehole).
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Claudia Payne has been Peter Hubral’s secretary since 1990. She is in charge of all WIT administrative
tasks, including advertising, arranging meetings, etc. Email: Claudia.Payne@gpi.uka.de; phone: +49-721-
608-4443, fax: +49-721-71173

Rodrigo Portugal received his B.Sc. (1995), M.Sc. (1998), and PhD (2002) in Applied Mathematics from
the State University of Campinas (UNICAMP), Brasil. In his thesis he studied wavefront construction
in the 2.5D situation and its application to the four Kirchhoff operations, namely: modeling, migration,
demigration and demodeling. Currently he is an associate researcher of the Department of Geology and
Natural Resources (DGRN) at UNICAMP. His research interests include wavefront propagation, numerical
analysis, seismic imaging and inversion.

Lasse Rabenstein is a diploma student. He is currently working as a teaching assistant for the department
of Geophysics at the FU Berlin. His interests are seismic imaging and wave phenomena in random media.

Susanne Rentsch received her diploma in geophysics from the Free University Berlin in July 2003. Her
diploma thesis was about “Hydraulic characterization of rocks using density of microseismicity”. Since
August 2003 she has been working as a PhD student on location of seismic events using imaging tech-
niques.

Elmar Rothert received his diploma in Geophysics in 1999 from the University of Göttingen. In his
diploma thesis he studied the scattering of teleseismic waves at small-scale heterogeneities in the crust and
lithosphere below the seismic receiver array GRF in Germany. Since January 2000 he is a Ph.D. student of
Prof. Shapiro at the Freie Universität Berlin. Currently, he focuses on the reconstruction of permeability in
heterogeneous, anisotropic, fluid-saturated media from induced microseismicity. He is a member of AGU,
EAGE, and SEG.

Erik Saenger received his diploma in Physics in March 1998 and his Ph.D. in November 2000 from the
University of Karlsruhe. Since January 2001 he has been a research associate at the Freie Universität
Berlin. Currently, he focuses on Finite Difference modeling of fractured materials at the Geophysical In-
stitute, Free University Berlin. He is member of the DGG, DPG, SEG, and EAGE.

Lúcio Tunes Santos received his B.Sc. (1982) and M.Sc. (1985) in Applied Mathematics from the State
University of Campinas (UNICAMP), Brazil. In 1991 he earned his PhD in Electrical Engineering also
from UNICAMP. From 1985 to 1988 he was employed as a Teaching Assistant at the University of Sao
Paulo (USP). Since 1988 he has been working for UNICAMP, first as an Assistant Professor and after 1999
as an Associate Professor. From 1994 to 1995 he visited Rice University as a postdoc researcher and in
1998, 1999 and 2001 he was a visiting professor at the Geophysical Institute of Karlsruhe University (Ger-
many). His professional interests include seismic modeling and imaging as well as nonlinear optimization
and fractals. He is a member of SBMAC (Brazilian Society of Computaional and Applied Mathematics)
and SEG. His present activities include the development of new approximations for the P-P reflection coef-
ficient, alternative attributes for AVO analysis, and finite-difference methods for the eikonal and transport
equations.

Jörg Schleicher received a BSc (1985) in physics, an MSc (1990) in physics, and a PhD (1993) in geo-
physics from Karlsruhe University (KU), Germany. From 1990 to 1995, he was employed as a research
fellow at KU’s Geophysical Institute. From September 1995 to September 1996, he was a visiting scien-
tist at the Institute for Mathematics, Statistics, and Scientific Computing of State University of Campinas
(IMECC/UNICAMP) in Brazil with joint grants from the Brazilian Research Council CNPq and Alexan-
der von Humboldt foundation. Since October 1996, he has been employed as an Associate Professor for
Applied Mathematics at IMECC/UNICAMP. In 1998, he received SEG’s J. Clarence Karcher Award. His
research interests include all forward and inverse seismic methods, in particular Kirchhoff modeling and
imaging, amplitude-preserving imaging methods, ray tracing, and model-independent stacking. He is a
member of SEG, EAGE, DGG, SBGf, and SBMAC.
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Uwe Schlifkowitz has just finished his diploma thesis at the Geophysical Institute, Karlsruhe University.
His thesis dealt with the improvement of the Common-Reflection-Surface (CRS) stack method by devel-
oping a formula for an approximate time migration in the common-offset CRS stack.

Sergei Shapiro received his M.Sc. in 1982 from Moscow University and the Ph.D. in 1987 from All
Union Research Institute of Geoinformsystem (AURIG) in Moscow, both in Geophysics. During 1982-
90 he worked for AURIG as a research geophysicist. In 1991-1997 he was a senior research scientist at
the Geophysical Institute of Karlsruhe University, Germany. The first two years of this time he was an
Alexander von Humboldt fellow. From January to August 1997, he was a Heisenberg associate-research
professor. Since September 1997 till January 1999, he was a full professor in Applied Geophysics at the
Nancy School of Geology, France, where he was cooperating with GOCAD consortium. Since February
1999 he has been a full professor of Geophysics at the Free University of Berlin, where he leads a research
group in Seismology. His interests include exploration seismology, rock physics, and forward and inverse
scattering problems. He is a member of SEG, EAGE, AGU, and DGG.

Christof Sick is a Ph.D. student and research associate at the Freie Universität Berlin. Presently, he is
working in the random media group and the SFB267. His diploma thesis was about the analysis and mod-
eling of the dynamics of spatio-temporal signals.

Svetlana Soukina received her diploma in geophysics in 1995 from St. Petersburg State University, Russia.
Until 1999 she had been a research scientist in the Institute of Physics at St. Petersburg State University.
Since 1999 she has been a Ph.D. student at the University of Hamburg. Her research interest is the compu-
tation of traveltimes in anisotropic media.

Miriam Spinner received her diploma in geophysics in December 2003 from Karlsruhe University, Ger-
many. Her thesis dealt with an extension of true-amplitude (TA) Kirchhoff migration to handle data ac-
quired on a measurement surface with topographic variations. She will continue her work as a PhD student
at the Geophysical Institute in Karlsruhe. At the moment she studies the calculation of TA weights from
traveltimes only in cooperation with the Hamburg WIT group.

Ekkehart Tessmer received an MSc in 1983 in geophysics from Hamburg University and a PhD in 1990
from Hamburg University. Since 1990, he has been senior research scientist at the Institute of Geophysics
at Hamburg University. Since 1994, he has a university staff position. His research interests include ex-
ploration seismology, seismic and electromagnetic wave propagation simulation, and migration. He is a
member of DGG, EAGE, and SEG.

Martin Tygel received his B.Sc. in physics from Rio de Janeiro State University in 1969, his M.Sc. in
1976 and Ph.D. in 1979 from Stanford University, both in Mathematics. He was a visiting professor at the
Federal University of Bahia (PPPG/UFBa), Brazil, from 1981 to 1983 and at the Geophysical Institute of
Karlsruhe University, Germany, in 1990. In 1984, he joined Campinas State University (UNICAMP) as an
associate professor and since 1992 as a full professor in Applied Mathematics. Professor Tygel has been an
Alexander von Humboldt fellow from 1985 to 1987. In that period, he conducted research at the German
Geological Survey (BGR) in Hannover. From 1995 to 1999, he was the president of the Brazilian Society of
Applied Mathematics (SBMAC). In 2002, he received EAGE’s Conrad Schlumberger Award. Prof. Tygel’s
research interests are in seismic processing, imaging and inversion. Emphasis is aimed on methods and
algorithms that have a sound wave-theoretical basis and also find significant practical application. These
include, for example, the unified approach of seismic reflection imaging (problem-specific combinations
of true-amplitude migration and demigration) and, more recently, data-driven seismic imaging approaches
such as the Common Refection Surface (CRS) method. Prof. Tygel is a member of SEG, EAGE, SBGf,
and SBMAC.

Claudia Vanelle received her diploma in physics in 1997 and her Ph.D. in 2002, both from the University
of Hamburg. Since 1997 she has been a research associate at the University of Hamburg and since 1998
at the Institute of Geophysics in Hamburg. In 2002 the Shell She-Study-Award was bestowed upon her in
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appreciation of her Ph.D. thesis. Her scientific interests focus on true-amplitude migration and anisotropy.
She is a member of EAGE and SEG.

Markus von Steht is currently working on his diploma thesis at the Geophysical Institute, University of
Karlsruhe. His field of study focuses on the handling of rugged topography in the CRS stack and the appli-
cation to synthetic and real data. He is a member of the SEG.

Mi-Kyung Yoon receeived her diploma from the TU/FU Berlin in 2001. Since 2001 she has been working
as a Ph.D. student within the imaging group of the FU Berlin on imaging in random media. She is member
of DGG, EAGE, and AGU.

Paola Chávez Zander is currently writing her diploma thesis at the Geophysical Institute, Karlsruhe Uni-
versity. Her thesis deals with the CRS stack, the velocity model determination from CRS attributes, and
pre- and poststack migration. In particular, she is going to test the combination of the available imaging
tools on several real datasets.

Yonghai Zhang received the Master Degree of Science in Theoretical Physics from Lanzhou University
in P.R.China in June 1991. Until October 1993, he had been working as teaching assistant in the Physics
Department of Lanzhou University. From November 1993 until September 1999, he had been working as
lecturer. In May 2002, he received with his co-authors the EAGE “Eötvös Loránd Award” for the best paper
published in Geophysical Prospecting in 2001. In 2003, he received a Ph.D. from Karlsruhe University. He
is a member of EAGE and SEG.
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