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Martin Tygel from the Campinas WIT group receives the EAGEs “Conrad Schlumberger Award” in Flo-
rence on June 30, 2002 for his many contributions to unify thetheory of seismic true-amplitude reflection
imaging.

Yonghai Zhang from the Karlsruhe WIT group receives the EAGEs 2002 “EötvösLoránd Award” for the
best paper published in Geophysical Prospecting in 2001.

(photos by courtesy of Norman Bleistein)
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Claudia Vanellefrom the Hamburg WIT group receives the 2002 “Shell She-Study-Award” in appreciation
of her PhD thesis and her results in the final round of the competition. The award is presented to Claudia by
Christoph Matschie (right), State Secretary at the Ministry for Education and Research, and Kurt Döhmel,
CEO of the German Shell. (photo by courtesy of Shell, Germany)
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Preface

Through the help and the continuous support of our sponsors,the Wave Inversion Technology (WIT) con-
sortium has been successfully existing for six years now. During this time, many sophisticated imaging and
modeling methods were developed, implemented, and tested by the research groups in Berlin, Campinas,
Hamburg, and Karlsruhe. While one sponsor unfortunately left the consortium in 2002, we were able to
win WesternGeco and Petrobras as new members, thus our technology was available to a total of 12 spon-
sors in 2002.

The successful work within the WIT consortium was once againnoticed and honored in 2002 by the
EAGE at their annual international conference and exhibition in Florence (Italy): Martin Tygel received the
renowned “Conrad Schlumberger Award” for his many contributions to unify the theory of seismic true-
amplitude reflection imaging. Yonghai Zhang and his co-authors received the “Eötvös Loránd Award” for
the best paper published in Geophysical Prospecting, entitled “Common-Reflection-Surface (CRS) stack
for common offset”.

On November 26th 2002, the Shell She-Study-Award was presented to Dr. Claudia Vanelle from the
Hamburg WIT team in a ceremonial act at the Hyatt Hotel in Hamburg (Germany). The prize was awarded
to Claudia in recognition of her PhD thesis and her results inthe final round of the competition. After
successfully defending her thesis in April 2002, Dr. Vanelle was awarded a grant by the German Research
Foundation (DFG). This grant enables her to continue the research within the WIT consortium as a post-
doctoral researcher.

Dr. Tobias Müller from the Berlin WIT group was awarded the “Emmy-Noether Fellowship” of the
German Research Foundation (DFG). He continues his research on waves in random media at the Curtin
University in Perth (Australia) in close cooperation with the Berlin WIT group. In Perth he works together
with Prof. Boris Gurevich, one of the world experts on Rock Physics.

The WIT group from Hamburg has jointly organized the 10th International Workshop on Seismic
Anisotropy (10IWSA) in cooperation with Prof. Dr. Klaus Helbig (Hannover, Germany) and Prof. H. Igel
(Munich, Germany). The meeting took place from April 14th to April 19th 2002 in Tutzing (Germany). On
occasion of this well-attended workshop a special issue of the Journal of Applied Geophysics will appear—
the proceedings are currently being compiled by the HamburgWIT team with some strong support by Dr.
Ivan Pšeňcík (Prague, Czech Republic). Publication is scheduled forspring 2003. For further details on
the workshop including links to the workshop program, abstracts and workshop presentations, please see
the brief report on the workshop printed in this volume.

Professor Yu. Kravtsov (Institute of Space Research, Russian Academy of Sciences), an Alexander von
Humboldt-Prizewinner, continues his work with the Berlin WIT group. The Karlsruhe group is pleased
to have Professor Mikhail Popov (Steklov Mathematical Institute, St. Petersburg, Russia) as a guest pro-
fessor. Professor Hervé Perroud from IPRA Géophysique (Pau, France) is visiting the Campinas group at
the Computational Geophysics Laboratory at UNICAMP (Brazil). Professor Boris Kashtan (St. Petersburg
University, Russia) continued his close cooperation with the WIT group in Hamburg, where he spent four
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months in 2002. Peter Hubral and Jürgen Mann were invited to give presentations on CRS stack at the
annual meeting of the CNPC (Chinese National Petroleum Corporation) which took place during the start
of August in ZhangJiaJie (China). Peter Hubral is currentlyspending a sabbatical at Universidade Federal
do Pará at Belém (Brazil).

It is evident that international cooperation and the exchange of ideas are very important elements of
WIT. We will try to continue in the same way and hope that our supporters will keep believing in us, our
ideas and our research for the years to come. On behalf of all WIT colleagues we want to thank our spon-
sors for their support during the past six years.

Claudia Payne, Dr. Jürgen Mann, Thomas Hertweck, and Christoph Jäger
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IMAGING

Menyoli andGajewski present a workflow for estimating velocity/depth model for the DOBREflection
2000 line. We use the CRS software and classical software forprocessing, such as poststack and prestack
depth migration for obtaining an accurate depth model of theinverted Foldbelt structures.

Bergler et al. introduce the processing softwarecocrs which provides stacked common-offset sections
and wavefield attributes from multi-coverage prestack datain a data-driven manner. The processing pa-
rameters are explained in detail to make the use ofcocrs easier.

Mann andHöcht revisit the well-known pulse stretch phenomenon usually occuring during normal-moveout
correction. In contrast to conventional NMO, data-driven imaging methods based on multi-parameter trav-
eltime approximations like Multifocusing, delayed hyperbola approaches, or Common-Reflection-Surface
stack are not subject to such effects. This contribution discusses the adaptation of the stacking operator to
the actual reflection response and the behavior of the wavefield attributes along the seismic wavelet.

Chira-Oliva et al. discuss first comparisons between a new fourth-order traveltime expansion in terms
of the zero-offset CRS parameters and the more classical hyperbolic moveout. The numerical examples
suggest that the new fourth-order expression provides a better approximation to true traveltimes than the
hyperbolic one.

Menyoli et al. present poststack time migrated images of the Donbas Foldbelt data. The unmigrated
stacked section was generated after applying the CRS stack method. The results show that in complex
geology were CMP stacking and the subsequent poststack timeor depth migration fails, the CRS stack-
ing and the subsequent poststack time/depth migration gives high quality results which are easy to interpret.

Koglin andEwig give a short introduction to a new approach that uses the moveout corrected super gathers
obtained by means of CRS attributes for residual static corrections. The theoretical background and first
synthetic results are presented.

Perroud et al. describe the use of the Common Reflection Surface (CRS) method to estimate veloci-
ties from Ground Penetrating Radar (GPR) data. Combinationof the obtained depth-converted velocity
map with in situ measurements of electrical resistivity enables to estimate both water content and water
conductivity. These quantities are essential to delineateinfiltration of contaminants from the surface after
industrial or agriculture activities. The method has been applied to a real dataset and compared with the
classical NMO approach. The results show that the CRS methodprovides a much more detailed velocity
field, thus improving the potential of GPR as an investigation tool for environmental studies.

Duveneckpresents a tomographic velocity inversion method based on Common-Reflection-Surface (CRS)
attributes. The method constructs smooth laterally heterogeneous velocity models for depth imaging. It is
demonstrated on a 2D synthetic example.

Schleicher et al.discuss the consistency and stability of a finite-difference scheme for the image wave
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equation for remigration. Numerical tests demonstrate that at the boundary of satisfying the strictest stabil-
ity criterion, the implementational form of the chosen FD scheme is essential to obtain stable result with a
limited numerical error.

Goertz develops an extension to scalar true-amplitude imaging theory. It accounts for the vectorial proper-
ties of the elastic wavefield recorded with multicomponent receivers. With this approach, AVO curves for
all occurring wave modes can be obtained.

Hertweck andJäger investigate various aspects of Kirchhoff migration. They show examples of depth
migration with a macrovelocity model obtained by tomographic inversion based on CRS stack attributes,
and pre- and poststack migration directly from topography.A brief but general overview of advantages and
disadvantages of Kirchhoff migration is presented.

JägerandHertweck give a description ofUni3D, an imaging tool for Kirchhoff true-amplitude migration.
They concentrate on the technical aspects such as installation, compilation and explanation of all relevant
parameters.

ROCK PHYSICS AND WAVES IN RANDOM MEDIA

Shapiro andKaselowgive an extension of the piezosensitivty approach towards anisotropic porous rocks
and show its application to metamorphic rock samples from the KTB deep drill hole.

Müller et al. give an approximate formulation to describe scattering attenuation for plane waves prop-
agating in weakly inhomogeneous and statistically anisotropic random media. Their calculations are based
on the well-known Rytov approximation which is able to describe the log-amplitude variance of seismic
primaries. This log-amplitude variance is then directly linked with the attenuation coefficient. At last they
verified the analytic results by means of numerical experiments

Saenger et al.consider 3D isotropic fractured media with ellipsoidal inclusions. They have numerically
tested effective velocity predictions of different theoretical approaches: The theory for non-interacting
cracks, the Kuster-Toksöz approach, the self-consistent theory, the differential effective medium (DEM)
theory and the Gassmann-equation. Additionally, they havestudied scattering attenuation of the meanfield
predicted by the classical Hudson-approach.

Rothert et al. show the application and a new case study of the Seismicity Based Reservoir Character-
ization method (SBRC). Fluid induced microseismic events at the german KTB location are analysed in
terms of a diffusive pore pressure relaxation process in order to estimate hydraulic parameters of the rock.
For the first time, it is possible to study the depth-dependency of hydraulic parameters at one drilling site.
Hypocenters of the events are compared with results of 3D reflectivity measurements. Good correlation are
obtained with structural images which may explain the different spatio-temporal evolution features of the
microseismicity. We are able to observe indications of the depth-dependency of hydraulic diffusivity at the
KTB. We observe that rock volumes characterized by larger diffusivity also show larger reflectivity.

MODELING

Coman andGajewski present two approaches which increase the efficiency of 3-D wavefront construc-
tion (WFC) methods. First, for the estimation of traveltimes within cells, they propose a distance-weighted
averaging of extrapolated traveltimes. The extrapolationof traveltimes is performed under consideration
of the wavefront curvature. Second, they introduce an insertion criterion for new rays. This criterion uses
the difference in wavefront curvature between adjacent rays.

Kaschwich and Gajewski introduce a new implementation to compute traveltimes for 3D anisotropic
media. To demonstrate the method they give several numerical examples.

Saengershows that the rotated staggered grid (RSG) can be applied tothe velocity-stress formulation
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of the viscoelastic wave equation and to the displacement-stress formulation of the elastic wave equation
for anisotropic media. In both cases the implementation of the RSG expands the range of applications.

Soukina et al. present a joint inversion ofqP - andqS-waves in homogeneous weakly anisotropic me-
dia using a linear formalism for bothqP - andqS-waves. If the observedqS-wave polarisation vectors are
introduced into the inversion, the tomographic relations for qS-waves can be linearised and are thus for-
mally identical to those forqP -waves. Numerical results for a homogeneous transversely isotropic model
show that the full elastic tensor can be reconstructed.

Vanelle andGajewski are currently extending their traveltime based strategy for amplitude preserving
migration to anisotropic media. In this paper they describethe determination of geometrical spreading
from traveltimes in the anisotropic case. This method is based on a hyperbolic traveltime expansion that
also serves for the interpolation of traveltimes. They giveseveral examples to demonstrate the technique.

NovaisandSantosshow how the medium symmetry in the 2.5-D situation can be used to accelerate the
finite-difference computation of 3-D wave propagation by a repeated 2-D FD modeling in the out-of-plane
Fourier domain. They derive a criterion for the wavenumber summation that realizes the inverse Fourier
transform and demonstrate the quality of the process by numerical examples.

OTHER TOPICS

Gajewski andVanelle were co-organisers of the Tenth International Workshop on Seismic Anisotropy
(10IWSA) sponsored by the WIT consortium. They give a brief report on the workshop.

Vanelle summarises analytic expressions for properties of anisotropic media with elliptical symmetry.
Based on these formulae, computer codes for the calculationof traveltimes and geometrical spreading
in homogeneous elliptically anisotropic media, as well as for reflection and transmission coefficients be-
tween two half-spaces with elliptical anisotropy are available. These codes can be used for the evaluation
and verification of the results from other programs, e.g., for the computation of traveltimes or AVO curves.

SantosandTygel introduce the new concept of Reflection Impedance for elastic media, which generalizes
the Acoustic Impedance function, and show how to use it for approximate the P-P reflection coefficient and
AVO inversion purposes.

Biloti et al. present a new strategy to smooth plane curves, filtering out white noise as well as suppress-
ing outliers. The key idea is to optimally adjust a cubic spline to the data in a least-squares sense. Some
examples are provided to illustrate the wide applicabilityof the method to geophysical problems.
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A strategy to image tectonically complex areas using CRS stack and
prestack depth migration

E. Menyoli and D. Gajewski

email: menyoli@dkrz.de
keywords: velocity/depth model, prestack depth migration, Foldbelt, CRS

ABSTRACT

We produce depth images and an interval velocity/depth model for the DOBREflection 2000 line by
using a strategy which includes the model-independent CRS stacking and iterative prestack depth
migration and velocity analysis techniques. In imaging steeply dipping layers of thrust belt data,
it is apparent that Foldbelt geology can violate the conventional assumptions of common midpoint
(CMP) stacking thus, making velocity analysis to be tedious. To circumvent these problems, we first
use the velocity model-independent CRS stack method to produce high quality unmigrated stacked
images. Because the CRS results are purely data driven and nomacro-velocity model is explicitly
required, the use of a velocity model in the processing flow is“postponed” until later, when prestack
depth migration (PSDM) is performed. Main horizons in the CRS images are interpreted and used
for estimating the initial velocity/depth model. We couplePSDM with continuous adjustment of
velocity/depth models. Careful examination of the common reflection point gathers lead to precious
information about the local modifications to be made to the horizon velocities.

INTRODUCTION

A description of the DOBREflection 2000 dataset in terms of acquisition, geologic setting and seismic
data processing is given in Menyoli et al. (this volume). In such complex tectonic areas, the conventional
processing based on the concept of the common midpoint stackdoes not yield satisfactory results. This
is because usually the assumptions of common midpoint traces are violated. Therefore, conventional pro-
cessing up to poststack time migration is only used to obtainat an initial macro-velocity model (Fagin,
1998; Marschall and Thiersen, 1991). In this paper, in orderto estimate the initial velocity/depth model,
we follow a strategy which includes CRS stacking, poststacktime migration and coherency inversion. The
process of CRS stacking and time migration have been documented in Menyoli et al. (this volume). There-
fore, we will only briefly discuss coherency inversion and wewill emphasize on how to upgrade the initial
model. We will show two workflows which were used to achieve our objectives. The workflows are flexible
such that additional steps can be easily integrated.

IMAGING PROBLEMS IN THE FOLDBELT AREA

Figure 1 shows an example of a Foldbelt model which is typicalalong the DOBREflection 2000 line. In this
figure the layers are disrupted by major and minor faults, some of which appear on the earth’s surface. The
layers are back thrusted thus showing some inversion in the sedimentary layering. Steeply dipping layers
outcrop at the surface, thus producing strong lateral velocity variations and out of plane reflections. Such
steep dipping events and the lateral velocity variations are problematic for conventional CMP stacking and
poststack migration. First of all the assumption of having common reflection point (CRP) traces will be
violated and the picking of reflection events during stacking velocity analysis will be difficult and tedious.
The reflected waves from different reflection points will lead to a poorly interpreted stacking velocity field.

mailto:menyoli@dkrz.de
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10.0 km 

46.0 69.0 km 

Figure 1: An example of a thrust belt model showing thick faulted layers and inversion. Because of the
backthrust and inversion strong lateral and vertical velocity variation exist in the subsurface.

A poorly interpreted stacking velocity field will result in failure to optimally stack the data with loss of
valuable signal and subsequent mispositioning when the data are imaged later. Poorly stacked images will
eventually lead to poor poststack migration results since the success of poststack migration (time or depth)
strongly depends on the quality of the unmigrated stacked section rather than on the accuracy of the mi-
gration root mean square velocity. Figure 2 is an example of asection, alone the DOBREflection 2000
line, after applying conventional stacking and poststack time migration. We anticipate that the poor image
quality in this figure is partly due to the above mentioned problems. To obviate the above difficulties
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Figure 2: Poststack time migrated image after applying conventionalstacking. Apart of the major reflector
which is disrupted by a fault line, other reflectors are poorly imaged.
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in such areas, prestack depth migration (PSDM) is usually the preferred imaging tool. However, PSDM
requires a velocity/depth model and the success of PSDM strongly depends on the accuracy of this model.
We will show a strategy how we obtained the velocity/depth model for the DOBREflection 2000 line.

As an input to PSDM, two types of macro velocity models are generally in common place. They are
categorised as structural models and smooth models. Structural models are a set of surfaces that separate
geological macro-layers and major faults. As such, these surfaces coincide with the main vertical velocity
contrasts within the model. Because of the geological age ofthe sediments in the survey area, we preferred
to use structural models as input into PSDM for this data set.

METHODOLOGY

Our strategy for estimating the velocity depth model for theDOBREflection 2000 line was based on four
steps:

1. ) Poststack time migration of CRS stack images and interpretation of main horizons in the time
domain.

2. ) Prestack depth migration (PSDM) using an initial velocity model obtained from coherency inver-
sion and the interpreted time horizons.

3. ) Iterative and interpretive adjustment of the velocity/depth models for optimising prestack depth
migration.

4. ) Structural interpretation of the prestack migrations during the iterative process and constrained by
the surface structural geology model.

In Menyoli et al. (2002) (also see WIT report this volume) it was demonstrated that for the DOBREflection
2000 dataset, poststack time migration of CRS stack images gave superior results as compared to time
migration results after conventional CMP stacking. Therefore, in order to estimate the initial velocity
model, we interpret the main horizons on the high quality migrated CRS images. Figure 3 and 4 show
examples of this interpretation. Note that, using the CRS stacking tool in order to generate a coherently
stacked section avoids the problems of using wrong stackingvelocities and thus “pushes” the use of velocity
only for the depth conversion phase. The reflector continuity and high S/N-ratio simplify the horizon
interpretation. Figure 3 clearly shows in detail the orientation of reflector dips and the main backthrust
zone. The dipping reflectors and additional fault systems are easily interpretable. The interpretation show
a rifted Devonian basement, overlain by rifted and folded Carboniferous sediments. After interpreting the
time horizons, the velocities within the layers are estimated via coherency inversion (Landa et al., 1988)
and the layers in time domain are finally ray migrated to theirdepth positions. In this way an initial
velocity/depth model is estimated. The flow chart for estimating the initial model is shown in Figure 5.
It has been shown in the work of Landa et al. (1988) that coherency inversion is capable of producing a
model which is good enough as a starting model.

The initial velocity/depth model from coherency inversionand CRS stack was used as input into
prestack depth migration (PSDM). After the first run of PSDM,the by-products of PSDM, i.e. common
reflection point (CRP) gathers were analysed for the correctness of the velocity model. In general, if the
velocity model is correct then the depth images at a CRP should be independent of the source-receiver
offset (Strok, 1992). A variation in the depth estimates versus offset leads to velocity adjustment of the
model to eliminate “smiles” or “frowns” as a function of offset for the migrated CRP depth gathers. With
the correct velocity/depth model the CRP gathers should be “flat”, i.e. independent of offset. This approach
is similar to normal moveout analysis of CMP data.

With the new velocity model section, a new run of PSDM was performed and the layer geometry for
the corresponding layers was determined by picking new depth horizons from the migrated section. The
horizon interpretation was based on the migrated section and constrained by surface structural geology sec-
tion and the CRS stack sections. Figure 6 shows the flow chart used in estimating and upgrading the final
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Figure 3: Interpreted time horizons on the migrated CRS image. This figure shows details of the basement
involving thrust on the southern flank of the Foldbelt.
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Figure 4: Time horizons on a CRS stack migrated section showing three distinct stratigraphic units.



Annual WIT report 2002 21

velocity/depth model. The process of horizon interpretation was crucial because wrong interpretation of
horizon geometry could lead to a wrong depth model. Along thesurvey line there were no geologic infor-
mations from well log data. Therefore, only surface structural geologic information was used to constrain
the seismic interpretation. Layer velocity updating, re-migration and re-interpretation of layer geometry
were repeated until the velocity/depth model and the depth migrated section were fairly consistent. Figure 9
shows the final velocity/depth model of the DOBREflection 2000 line. In the crystalline part of the model,
we used a smooth gradient modelv(z) = vo +az, with the gradient,a, given as 0.038, andvo = 5.9 km/s
as the starting velocity from the surface. The depth model ranges from 0 - 21 km with velocities from
4.0 - 6.2 km/s. Figure 7a and 8b are two sections of the final depth migrated image. Generally, the depth
sections show detailed resolution of the basin sediments. The sedimentary cover is expressed as well-
defined package of reflectors. Figure 8b displays a fragment of the axial part of the section at the depth
of about 20 km. This figure displays a listric shear zone whichalso appeared on the surface and extends
through the crust. This process of adjusting the velocity model via CRP gathers is usually known as resid-
ual moveout correction. After flattening each CRP gathers, the events are stacked to give the final depth
section. Note that before stacking the CRP gathers, we first convert the CRP gathers to time domain and
applied other conventional processing techniques on the gathers such as mute and filter in order to improve
the appearance of the final migrated section. For this dataset it was possible to stack different offset ranges
to examine the possibility of undershooting.

Following the methodologies described above reveals that an integration of geology and new seismics
techniques is an important strategy for the success of the results. A direct advantage with this flow is that it
is easy to bring in a priori information about the model in theprocess. In this work we have used interpre-
tational information from the migrated CRS stack images andfrom surface structural geology. This shows
that PSDM can be regarded as both a processing and an interpretative tool. Because the process of migra-
tion velocity analysis was iterative and all the shot gathers had to be re-migrated each time, we used first
arrival prestack depth migration (Geoltrain and Brac, 1993). Therefore, a finite difference eikonal solver
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Figure 5: A scheme of the processing flow for estimating the initial interval velocity/depth model of the
Donbas Foldbelt data.
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Figure 6: Iterative flow steps for obtaining the final velocity/depth structure. PSDM begins with an initial
velocity/depth model from coherency inversion. If the CRP gathers are flat then the model was accurate. If
the gathers are not flat then the model needs to be updated and the migration is repeated. Reflector geometry
from migrated CRS stack images were used in areas where prestack depth migration produced poor results.
Informations from structural geology were incorporated tointerpret the depth migrated horizons after each
re-migration.

was an appropriate tool for the generation of traveltimes. To further reduce the run time, a layer-by-layer
model updating was applied. To obtain the final depth migrated section, we applied the maximum energy
arrival prestack depth migration.

CONCLUSIONS

We have introduced a new strategy for imaging in complex areas on the a dataset of the DOBREflection
2000. We believe that the best way to construct an accurate model in such complex areas is by incorporating
all information from model independent and model dependentmethods. The model independent CRS
stacking tool permitted the use of a macro-velocity model only during the PSDM phase. In estimating the
velocity model we believe that velocity/depth model adjustment should be carried out in an interpretive
setting with several tools when using PSDM on Foldbelt data.
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ABSTRACT

The Common-Offset Common-Reflection-Surface stack (CO CRS) has been developed in the last two
years as an extension to the established zero-offset (ZO) CRS stack. It provides CO sections from
multi-coverage data in a data-driven way. AC++ code for testing and processing on real data has
been developed. The CO CRS stack follows the philosophy of the ZO CRS stack and takes advantage
of a multi-parameter stacking surface. However, it is computational more expensive than the ZO CRS
stack. Therefore, the CO CRS stack is of interest in cases when target reflectors suffer from bad
illumination by normal rays and the acquired data do not contain the necessary information for the
simulation a good ZO section.

INTRODUCTION

The Finite-Offset (FO) CRS stack can provide any FO section from multi-coverage data in a data-driven
way as, e.g., CO, common-midpoint (CMP), or common-shot (CS) sections. For the stack into a FO section
a five-parameter stacking surface in the midpoint-offset-traveltime data volume is used where the five
stacking parameters are determined by means of coherence analysis. If a CO section is to be constructed
in this way, we call this approach the CO CRS stack.

Data-driven ZO simulation techniques have proven to be successful in many difficult situations. This
means they often yield better results in presence of complexsubsurface structures and noisy data compared
to conventional imaging methods like, for example, NMO/DMO/stack (see, e.g., Trappe et al., 2001).
However, in cases like, e.g., subsalt imaging a standard application of data-driven ZO simulation techniques
does not guarantee good imaging results of subsalt structures. Glogovsky et al. (2001) give an explanation
for this. They state that the ZO section suffers from bad subsalt illumination by normal rays and, therefore,
does not contain the necessary information for a good subsalt image. Bergler et al. (2002b) propose to
overcome the problem of lack of subsalt reflection energy in near ZO sections and complex moveouts
by the CO CRS stack. The CO CRS method does not rely on the illumination of a subsurface target by
normal rays but expects only in the vicinity of the selected point of CO section an approximately hyperbolic
moveout.

In this paper, we do not review the theory behind the CO CRS stack. The theoretical background can be
found in detail in Zhang et al. (2001) and Bergler (2001). Instead, it is the aim to show the practical realiza-
tion of the CO CRS stack. A sort of manual to the CO CRS processing softwarecocrs is given explaining
the requirements on hard- and software, the input/output format, and processing parameters. The latest ver-
sion of thecocrs is online available for sponsors of the WIT consortium onwww.wit-consortium.de
in the restricted area.

HARDWARE AND SOFTWARE REQUIREMENTS

The code should comply to the currentC++ standards. As far as we know, no platform specific features are
used. Despite the current standards, some environments might expect.h suffices for specificC++ header
files. So far, the code has been successfully installed on thesystems listed in Table 1.

mailto:Steffen.Bergler@gpi.uka.de
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Machine type Operating system C++ Compiler

Silicon Graphics Origin 3200 IRIX 6.5 MIPSpro 7.3.1.1m
Silicon Graphics O2 IRIX 6.5 MIPSpro 7.3.1.1m

Pentium IV PC SuSE Linux 8.0 GNU 2.95.3

Table 1: System configurations with successful installations. Please report other successful installations
(and possibly necessary changes of the code) to update this list.

Some efforts were made to reduce the memory resident amount of data—in most cases, only the data
in the current aperture are kept in memory.

Input and output are inSeismic Un*x format. We strongly recommend to install theSeismic Un*x
package for visualization, pre-processing etc. However, the CO CRS stack implementation itself does not
require theSeismic Un*x package or any of its libraries. TheSeismic Un*x package is freely available
athttp://www.cwp.mines.edu/cwpcodes/index.html.

INPUT/OUTPUT FORMAT

All input and output files are inSeismic Un*x format, a binary format consisting of records with 240 bytes
trace header and up to215 floats representing the samples of the current trace. Pleasenote that the CO CRS
stack implementation expects all data in the native representation of the used platform. For the conversion
from/to the native representation, refer to theSeismic Un*x utility suswapbytes. The conversion from
Seismic Un*x format toSEG-Y and vice versa is provided bysegywrite andsegyread, respectively.

PROCESSING PARAMETERS

For processing with thecocrs code several parameters are required, other parameters areoptional. For
an overview, all parameters with expected type, default value, and short description are listed in Table 2.
Parameters which are mandatory for processing and have to beuser defined are marked byrequiredas
default value in Table 2. Ifcocrs is typed on the command line of the terminal window, with no options or
redirects to files, the self-documentation is printed to standard error (the terminal). The self-documentation
looks similar as Table 2 with a slightly more detailed description.

In the following, each processing parameter is explained. The explanations are divided into subsec-
tions as they appear in the self-documentation. The processing parameters are given inboldfacewith the
expected data type in brackets.

Input/Ouput

The datapath and filename of the multi-coverage input data isread from the filedata (string). This param-
eter is required. The CO CRS stack uses the following trace header parameter from the input data:

• Shot and receiver coordinates (SX, GX, SY, GY)

• (Inverse) coordinate scaling factor (SCALCO)

• Temporal sampling and offset (DELRT, DT)

• CDP bin number (CDP).

• Field record number (FLDR)

The current implementation of the CO CRS stack is restrictedto 2D data sets, i.e. data are acquired along
one line on a plane surface. However, the program also supports quasi-2D data with shot and receivers
distributed in a certain vicinity of a straight profile line which must point in either the x- or y-direction of
a global coordinate system.

As mentioned before, the requested data format is inSeismic Un*x format. SomeSEG-Y formats used
in other seismic software differ only in a number of additional bytes at the beginning of the data file. In

http://www.cwp.mines.edu/cwpcodes/index.html
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Parameter=value Default value Description
Input/Output
data=string required Name of data file to be processed.
data_skip_bytes=int 0 Number of bytes skipped at beginning of data file
basename=string required Prefix of name of output files
check_data Check if data format is correct
Search strategy
action=int,int,int required Number of search parameters in CMP,CO,CRS
icoher=int 0 Width of time gate in coherence analysis
Target window
h=float required Offset of CO section to be simulated
tmin=float from data Lower time boundary of CO CRS stacked section
tmax=float from data Upper time boundary of CO CRS stacked section
dt=float from data Time sample spacing of CO CRS stacked section.
cdpmin=int from data Minimum CDP no. of CO CRS stacked section
cdpmax=int from data Maximum CDP no. of CO CRS stacked section
Velocities
vs=float required Velocity at shot
vg=float required Velocity at geophone
Aperture
ap_cmpcurv=float from data Aperture for curvature search in CMP
ap_cmpdip=float from data Aperture for dip search in CMP
ap_cocurv=float from data Aperture for curvature search in CO
ap_codip=float from data Aperture for dip search in CO
Including files
cmp=string Name of CMP files to include
co=string Name of CO files to include
cs=string Name of CS files to include

Table 2: Processing parameters with default values and short description.

order to process data sets different fromSeismic Un*x data, these number of bytes must be omitted which
can be specified bydata_skip_bytes (int). Default is zero. If the data are correctly read can be checked
by the optional parametercheck_data (no type). If set the correct input data dimensions are prompted. In
case check_data is set, the processing is aborted after reading the input data.

All files generated by the CO CRS stack have filenames of the kind prefixbasename (string)followed
by.suffix which uniquely describe their contents. All possible suffices together with the files’ contents
are listed in Table 3.

Target window

The target window at a selected (full) offseth (float) where a CO section is to be constructed can be
specified by:

• the midpoint range, wherecdpmin (int) is the minimum CDP no. andcdpmax (int) the maximum
cdp no. to be processed. Defaults are the smallest and largest CDP nos. of the input data.

• the time range, wheretmin (float) is the minimum time andtmax (float) the maximum time to be
processed.dt (float) specifies the time sampling rate. The number of samples per trace are therefore
given by the integer of (tmax-tmin)/dt. Defaults of these parameters are the respective properties of
the input data.

If the specified extremal values of CDP and time range exceed the extremal values of the input data, these
parameters will be automatically adapted to the input data.The above described quantities are illustrated
in Figure 1.
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Suffix Contents

cmp Stacked CO section of CMP stack
cmpcoher Coherence section of CMP stack
cmpnot Number of traces contributing to CMP stack
cmpdip Local dip of event in CMP gather
cmpcurv Local curvature of event in CMP gather

co Stacked CO section of CO stack
cocoher Coherence section of CO stack
conot Number of traces contributing to CO stack
codip Local dip of event in CO gather
cocurv Local curvature of event in CO gather

crs Stacked CO section of CRS stack
crscoher Coherence section of CRS stack
crsnot Number of traces contributing to CRS stack

csdip Local dip of event in CS gather
cscurv Local curvature of event in CS gather

bs Angle section
bg Angle section
k1 Wavefront curvature section
k2 Wavefront curvature section
k3 Wavefront curvature section

Table 3: Possible suffices of files generated by the CRS stack. Each group in the table is roughly related
to a specific procedure discussed in the subsection search strategy.

cdpmin cdpmax

tmin

tmax

cdp bin no.

t

dt

Figure 1: Target window specifications for the CO section to be constructed.
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Figure 2: Data volume with traveltime curves of primary reflections ofone reflector in depth, grid of CO
samples and best fitting stacking surface for one sample.

Velocities

The only velocity information which is required are the near-surface velocitiesvs (float) andvg (float)
at shot and receiver, respectively. They are necessary to derive the kinematic wavefield attributes (see
appendix A) and to constrain the maximal and minimal possible dip of an event (see next subsection).

Search strategy

In the prestack volume, where data are sorted with respect tomidpoint (xm), half-offset (h), and traveltime
(t), the implemented CO CRS stacking operator describes a five-parameter surface of the form

t2(∆xm, ∆h) = (t0 + a1 ∆xm + a2 ∆h)2 + b11 ∆x2
m + b22 ∆h2 + b12 ∆xm∆h , (1)

where
∆xm = xm − x0 and ∆h = h − h0 .

For each time sample (given byt0) along each trace (defined by its midpointx0) of a CO section to be
constructed (defined by its half-offseth0), the five-parametersa1, a2, b11, b22, andb12 have to be found
that make the CO CRS stacking operator fitting best to the respective reflection event of the data. An
example is depicted in Figure 2. There, the gray CO traveltime curves represent the traveltimes of primary
reflections with differentxm andh of one reflector in depth. The grid points, in a chosen CO section at half-
offseth0, are locations where the CO CRS stacking operator is searched for. For one point (x0,h0, t0), the
five-parameter surface best adjusted to the gray curves in the vicinity of this particular point is displayed.

Mathematically speaking, the search of the CO CRS stacking operator is a non-linear, global, five-
parameter optimization problem. Because of the large computation time necessary to perform a simultane-
ous five-parameter search, the parameter determination is split and conducted in subsets of the data volume.
In each gather (CMP, CO, CS, ...) the five-parameter CO CRS formula (1) reduces to a two-parameter hy-
perbola,

t2gat(y) = (t0 + agaty)2 + bgaty
2 , gat = CMP, CO, CS, ... , (2)

with the appropriate meaning of the variabley. The two parametersagat and bgat control the dip and
curvature of the CO CRS operator in the respective gather at the particular sample. A physical explanation
of the parameters in terms of wavefront attributes for different gathers is given in Bergler (2001). The
formulas relating the parameters to the wavefront attributes are represented in appendix A.

The principle search approach at a particular sample now is the following:

• find the dip and curvature in the offset direction to fit the CMPhyperbola best, i.e.aCMP andbCMP
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Figure 3: Two one-parameter searches: on the left side the dip determination, on the right side the curvature
determination with the found dip value (indicated by the bold line).
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Figure 4: One two-parameter search: a set of hyperbolic curves are tested for each dip value. The dots
indicate that many more curves associated with lower and higher dips are part of the search.

• find the dip and curvature in the midpoint direction (CO gather) to fit the CO hyperbola best, i.e.
aCO andbCO

• vary the last remaining parameter, which is chosen to bebCS, to fit the CO CRS stacking operator
best.

The best fit is determined by means of a coherence analysis with coherence measure semblance. The search
steps in the CMP and CO sections can be alternatively performed as two one-parameter searches or one
two-parameter search.

For the two one-parameter searches, we firstly determine thedip of the reflection event in the respective
gather with the formula

tgat(y) = t0 + agaty , gat = CMP, CO, CS, ... . (3)

Afterwards,bgat in formula (2) is determined with the found, now fixed, valueagat. Figure 3 shows the two
one-parameter searches for one sample located atx0=500m andt0=1.5s. Please note that the variablex
can in fact stand forxm andh or a linear combination of both. The dip determination is constrained by two
criteria. First, the extremal dip may not exceed±(1/vS + 1/vG). Larger or smaller dips are unphysical.
Second, all straight lines tested must completely pass through the search window around (x0, t0). This is
necessary to make the coherence values associated with different dip values comparable. The extensions
of the search window at a sample (x0, t0) are specified in lateral directions by the search aperture (see
subsection on apertures), and in time direction by either the extremal dip of the event or the extremal
time values of the input data. The tested curvature values are also constrained by two criteria. First, the
hyperbolic curves must lie inside the area constrained by the straight lines with dip±(1/vS + 1/vG).
Second, all hyperbolic curves must again completely pass through the search window around (x0, t0) for
the same reasons as stated above.

For the one two-parameter search, the values ofagat and bgat are varied simultaneously. Figure 4
illustrates the situation. For one dip value a set of curvature values are tested. The same procedure is
repeated for all possible dip values. The dip values and curvature values are thereby confined by the same
criteria as given above.

The selected search strategy can be set byaction ([0,1,2],[0,1,2],[0,1]). The first value given stands
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for the strategy in the CMP gather, the second for the strategy in the CO gather, and the last for the final
parameter search. The values have the following meaning forthe CMP and CO gather:

• 0: no search

• 1: two 1-parameter searches

• 2: one 2-parameter search .

The last value ofaction ([0,1,2],[0,1,2],[0,1])determines if either the search for the last parameter will
be performed or not. If one of the values ofaction ([0,1,2],[0,1,2],[0,1])are zero, sections containing the
respectiveagat andbgat can be included (see subsection on including files).

We recommend to use a search strategy defined byaction = 2, 1, 1 for real data. The search in the
CMP gather is performed with (noisy) prestack data, where a simple dip determination by tested straight
lines might fail. The CO dip and curvature values are, however, searched in the CMP stacked CO section.
This section normally has a strongly reduced noise level andthe two one-parameter searches are mostly
sufficient. Moreover, the two one-parameter is computational far less expensive than the one two-parameter
search.

The parameters that lead to the best fitting curves and surfaces are determined by coherence analysis
with the coherence measure semblance (Neidell and Taner, 1971). To account for the temporal extension
of the source wavelet, the coherence criterion is applied toa temporal band centered around the stacking
operator. The size of this band can be specified byicoher (int) and is given by 2 icoher+1. Default is 0.

With fi,j denoting sample no.j in trace no.i of M contributing traces, the stacking operator repre-
sented ask(i), and a symmetric temporal band of widthW + 1, the semblance coefficient can be written
as follows:

SC =

k(i)+W/2∑
j=k(i)−W/2

(
M∑
i=1

fi,j(i)

)2

M
k(i)+W/2∑

j=k(i)−W/2

M∑
i=1

f2
i,j(i)

. (4)

Therefore, semblance can be interpreted as the normalized ratio of output (stacked trace) to input energy
(prestack data).

Aperture

The CO CRS stacking operators are approximations of the kinematic reflection response of curved inter-
faces in a paraxial vicinity of the central CO ray under consideration. Therefore, it is necessary to define
an appropriate aperture inside of which the approximation is sufficiently accurate.

For the dip and curvature search in the CMP gather the apertures are defined byap_cmpdip (float)
andap_cmpcurv (float), respectively.ap_cmpdip (float) andap_cmpcurv (float) give the full aperture
with the center at the central point (x0, h0, t0). The same applies accordingly for the search in the CO
section where the apertures for the dip and curvature searchare defined byap_codip (float)andap_cocurv
(float). The aperture for the last parameter search which is also theCO CRS stacking aperture, has an
elliptical shape in the offset-midpoint domain with its center at (x0, h0). One half-axis is defined by
ap_cmpcurv (float) in the offset direction and byap_cocurv (float) in midpoint direction. Please note
that all aperture parameters are time-invariant in the current implementation. This will be improved in the
following versions.

Including files

If results of single search steps are already available, they can be included. For example, ifacmp andbcmp

are available, the corresponding sections can be considered by setting the parametercmp (string). In this
case,cmp = basename.cmp. The same applies if the CO and CS search parameters should beincluded,
which can be done by settingco (string) andcs (string), respectively.
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CONCLUSIONS AND FUTURE WORK

The current practical implementation of the CO CRS stack hasbeen shown and the processing parameters
explained. Various points of the code are yet expandable, mainly with respect to the choice of apertures.
Time-variant apertures will therefore be implemented in the next versions. Another topic which is currently
investigated is an AVO dependent coherence measure. Phase shifts and polarity reversals along events
are inadequately handled by semblance. These, however, occur when processing far-offset sections with
overcritical reflection events. Coherence measures which perform better in such situations are discussed
in the recent geophysical literature. These coherences measure will also enter into the next versions of the
code.

PUBLICATIONS

Consideration of the CO CRS stack and converted waves have been published in Bergler et al. (2002a).
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APPENDIX A

The parametersagat, bgat as well the variabley of equation (2) can be expressed as follows:

i) for the CMP gathery = ∆h and

aCMP =
sin βG

vG
− sin βS

vS
, (5a)

bCMP = t0

(
K3

cos 2βG

vG
− K2

cos 2βS

vS

)
, (5b)
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Figure 5: a): CS experiment, b): CMP experiment.

ii) for the CO gathery = ∆xm and

aCO =
sin βG

vG
+

sin βS

vS
, (6a)

bCO = t0

(
(4 K1 − 3 K3)

cos 2βG

vG
− K2

cos 2βS

vS

)
, (6b)

iii) and for the CS gathery = ∆xm + ∆h and

aCS =
sin βG

vG
, (7a)

bCS = t0

(
K1

cos 2βG

vG

)
. (7b)

The new quantities can be explained with Figure 5, where two experiments for a simple model are depicted.
The first experiment is the so-called common-shot experiment for which a point source is placed in the shot
point of the considered CO ray. The CS wavefront propagates along the down-going ray branch, is reflected
at the reflector segment, and propagates back to acquisitionsurface along the up-going ray branch. This
experiment defines three wavefield attributes, namely the curvature of the wavefrontK1 emerging at the
receiver and the propagation direction along the FO ray at the source and the receiver, respectively. The
propagation directions can be described by the anglesβS andβG between the CO ray branches and the
acquisition surface normal. The second experiment is the so-called CMP experiment: the initial curvature
of the wavefront starting at the source is now no longer zero (as in the CS experiment) but takes a finite
valueK2. This wavefront also propagates along the CO ray via the reflecting interface to the receiver and
emerges with the curvatureK3 . The propagation direction along the CO ray is the same as forthe CS
experiment.
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ABSTRACT

Moveout corrections based on hyperbolic traveltime approximations are usually expected to cause
distortions of the wavelet, especially for comparatively small traveltimes and large offsets. This kind
of pulse stretch effect is well known from the conventional NMO correction and requires appropri-
ate muting of the pre-stack data. However, data-driven imaging methods based on multi-parameter
traveltime approximations like Multifocusing, delayed hyperbola approaches, or Common-Reflection-
Surface stack do not expose such a stretch phenomenon. In this contribution, we briefly review the
origin of the pulse stretch effect and relate it to the artifical smoothness of typically applied NMO
velocity fields. Data-driven imaging methods introduce a systematic variation of the stacking velocity
to avoid the unwanted pulse stretch. In contrast, the associated kinematic CRS wavefield attributes
remain virtually constant and, thus, again turn out to provide a more appropriate parameterization of
the recorded wavefield.

INTRODUCTION

Conventional imaging methods often systematically distort the wavelet with respect to its length and its
shape. The former leads to a reduced frequency content in theresulting image and the latter bears the risk
of a misinterpretation. These inherent effects occur even if the stacking operators are kinematically correct:
they are due to the usually smooth parameterization of the model, irrespective if this model is explicitly
given (model-based imaging methods like Kirchhoff migration) or implicitly derived from the pre-stack
data (data-driven methods like NMO/DMO/stack).

This kind of unwanted changes of the wavelet do not occur during the CRS stack and similar data-
oriented imaging methods like Multifocusing (Berkovitch et al., 1994; Landa et al., 1999) or the delayed
hyperbola approaches by de Bazelaire (1988); Thore et al. (1994). To explain this fact, we will briefly
review the reasons for the pulse stretch in conventional imaging methods for a simple example where the
respective second-order operators are kinematically exact. We discuss different approximations for the
stacking trajectories for neighboring samples along the wavelet in band-limited data and compare them to
the stacking velocities determined by means of the Common-Reflection-Surface stack. It turns out that the
optimum stacking velocity model for an undistorted stackedwavelet is not smooth but contains a systematic
variation of the stacking velocity.

Reformulated in terms of kinematic wavefield attributes, namely emergence angles and radii of wave-
front curvatures, these variations can be removed to a largeextend and allow a more reliable extraction
of information for subsequent processing steps, e. g., for the tomographic inversion approach presented by
Duveneck in this issue. Furthermore, the kinematic wavefield attributes provide a description that always
has a sound physical meaning, even in cases where the stacking velocity is imaginary or tends to infinity,
i. e., in situations with negative or vanishing moveout.

mailto:Juergen.Mann@gpi.uka.de
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CMP TRAVELTIMES ALONG THE WAVELET

As already indicated above, pulse stretch even occurs for events with perfectly hyperbolic traveltime curves.
To focus on this effect, we will only consider such idealizedsituations in the following. The simplest situa-
tion that leads to perfectly hyperbolic events is, of course, a plane reflector with homogeneous overburden.
Without imposing any restrictions on the considerations, we can assume a horizontal reflector for the sake
of simplicity, as the dip only occurs as additional factor inthe stacking velocity. For a reflector at depthz0

and a velocityv0, the kinematic reflection response is simply given by

t(h) =
2

v0

√
h2 + z2

0 =

√
t20 +

4 h2

v2
0

, (1)

wheret0 = 2 z0/v0 denotes the ZO traveltime andh is the half-offset.
For a medium without attenuation, the pre-stack data can be represented as a temporal convolution of

the source wavelet with the temporal lengthT and the kinematic reflection response.1 In other words, the
pulse length is identical for all shot and receiver locations. An undistorted imaging result can be obtained
by stacking along the kinematic reflection response (1) vertically shifted to all locations in the time domain
within the temporal length of the wavelet:

t(h, ∆t) =

√
t20 +

4 h2

v2
0

+ ∆t with − T

2
≤ ∆t ≤ T

2
, (2)

where we assume that the wavelet is centered around the traveltime t, i. e. a zero-phase wavelet. Of course,
the same considerations can also be made for causal wavelets.

An NMO correction applied with the correct velocityv0 obviously yields the correct traveltimes (1)
and, thus, the correct operator for the center of the wavelet. However, the NMO operators attached to all
other ZO traveltimes differ from the iso-phase curves (2) inthe data: the moveout difference between the
two operators attached to the ZO traveltimest

(±)
0 = t0 ± T/2

∆tNMO =

√
t
(+)2
0 +

4 h2

v2
0

−
√

t
(−)2
0 +

4 h2

v2
0

≤ T (3)

is not constant, but decreases with increasing offset. Thisleads to the well known NMO pulse stretch.
Similar considerations also apply to other imaging methodsbased on hyperbolic operators (see, e. g., Mann,
2002). The pulse stretch is due to the fact that the shape of the operators not only depends on the velocity
v0, but also on the ZO traveltime. This is an inherent property of the hyperbolic traveltime expressions
used for NMO, CMP stack, and other imaging methods. Parabolic representations avoid the pulse stretch
as their shape remains unchanged for neighboring points. However, such representations are kinematically
less accurate, especially in the considered case where the hyperbolic representations are exact.

ALTERNATIVE APPROXIMATIONS OF THE STACKING VELOCITY

The application of a constant stacking velocity model is obviously not suited to describe the iso-phase
curves in the input data, not even in the simplest possible situation. Thus, we have to look for a better
description of the stacking velocity along the seismic wavelet. To address this task, we try to express the
shifted hyperbola (2) in the same form as the hyperbolic operator (1) and in terms of the ZO traveltimet0
and the velocityv0 defined at the center of the wavelet. Solving for the new stacking velocityvshift, we
obtain

v2
shift (∆t, h) =

2 h2 v2
0

2h2 + v2
0 ∆t

√
t20 + 4h2

v2
0
− v2

0 t0 ∆t
. (4)

This velocity explicitely depends on the half-offseth, in other words, the shifted hyperbola (2) cannot be
expressed by means of a single stacking velocity. If we fixh, the time shift∆t is the same for this offset

1For critical and super-critical reflection angles, an additional phase shift occurs. We will not consider this case here. For the
model presented later on, such situations do not occur at all.
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and offset zero, but not for arbitrary offsets. For an exact description of the iso-phase curves in the data, we
would have to allow an additional parameter, the time shift∆t itself. To avoid this additional parameter, a
reasonable approximation ofvshift is required.

In conventional processing,vshift is assumed to coincide withv0. Obviously, this is only true forh → ∞,
simply stating that the asymptotes of the considered hyperbolae are parallel and, thus, have a constant time
shift. For the simulation of ZO sections, this constitutes an inappropriate approximation that leads to pulse
stretch. As in NMO stacking velocity models velocity usually increases with increasing time, the actual
situation is even worse.

For a ZO simulation, a more reasonable approach is to requirea constant curvature at offset zero of all
stacking hyperbolae, i. e., all values of∆t. This ensures that the time shift is constant in a vicinity ofoffset
zero. With this approximation, the stacking velocity reads

v2
shift,c =

t0
t0 + ∆t

v2
0 , (5)

where the index c indicates constant ZO curvature. The same result can be obtained by means of an
expansion of the shifted hyperbola (2) if we keep only terms up to second order inh.

So far, we have two quite different approximations for the shifted hyperbolae: constant stacking velocity
(the conventional approach) and constant curvature at offset zero. Below, we will compare these approaches
to the stacking velocity found by means of coherence analysis in the pre-stack data.

NUMERICAL EXAMPLE FOR A 1-D MODEL

To analyze the behavior of the stacking velocity derived by means of the CRS stack method, we defined
a simple 1-D model consisting of three horizontal planar reflectors at depthszi = 1000, 1080, 1160m
with a constant velocityv0 = 1500m/s. The impedance contrasts are entirely due to density changes,
thus, neither refraction nor over-critical reflections occur at the interfaces, and all events are perfectly
hyperbolic. The wavelet is a Ricker wavelet with a peak frequency of 30 Hz. A CMP gather within a
half-offset range of0 . . . 500m was simulated with a fold of 31. We added some noise to the data to obtain
reasonable coherence values and to avoid artifacts. As reference, the modeled ZO trace is shown on the left-
hand side of Figure 1a. Note that for this model no significantpulse stretch will occur with conventional
NMO correction: the maximum stretch is≈ 10%, which is usually considered as acceptable. Our aim is
to demonstrate that the optimum varying stacking velocity can even be recovered in case of very subtle
variations.

This CMP gather served as input to the first step of the CRS stack processing scheme, the automatic
CMP stack. This process also uses the one-parameter operator (1). However, it determines the optimum
stacking velocity separately for each simulated ZO sample.Thus, no smoothness of the stacking velocity is
imposed. The resulting stacked trace is shown on the right-hand side of Figure 1a: as expected, the wavelet
is recovered without any stretch. The associated coherencevalues, namely semblance, calculated along the
stacking trajectories is depicted in Figure 1b. It easily allows to identify the events and tells us for which
traveltimes the stacking velocity is meaningful. The detected stacking velocity is shown as solid line in
Figures 1c and d. As expected from the considerations in the previous section, it is not constant along the
wavelet, but exposes a characteristic “jig saw” appearance: it decreasesalong the wavelet withincreasing
traveltime. This is in contrast to usually applied smooth NMO velocity models.

Let us now compare the detected velocity to the expected behavior for constant ZO curvature according
to Equation 5. The analytic values are displayed as dashed lines in Figure 1c, of course separately for each
event. We observe a very good fit to the semblance-based results extracted from the pre-stack data.

But now let us go a step further: the assumption of constant curvature only provides a constant time shift
close to offset zero. However, a finite half-offset range of0 . . . 500m contributes to the stack. Thus, one
might argue that Equation (4) might provide an even better fitfor a certain “average offset” such that the
deviation from the constant time shift is as small as possible for all offsets. We analyzed this by minimizing
the least square error between the shifted hyperbolae and its one-parameter approximation. Strikingly, the
optimum half-offset obtained in this way is a) virtually independent of the time shift∆t, b) the same for
all three events, and c) with≈ 830m located outside the modeled half-offset range. The stacking velocity
calculated in this way is depicted as dashed line in Figure 1d. The result is very similar to the constant
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Figure 1: Synthetic example: a) slightly noisy modeled ZO trace vs. the CMP stack result, b) coherence
measure semblance calculated along the stacking hyperbolae, c) detected stacking velocities (solid line)
vs. forward-calculated stacking velocities (dashed lines) for hyperbolae with the same curvature at offset
zero, and d) same as c) but for hyperbolae providing the best kinematic fit within the given offset range. e)
radius of the NIP wavefront. In contrast to the stacking velocity, RNIP is almost constant along the wavelet
and—for this simple model—represents the reflector depths.
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curvature approach shown in Figure 1d and fits the detected velocities even a little better.

BEHAVIOR OF THE KINEMATIC WAVEFIELD ATTRIBUTES

In the following, we will reformulate the preceeding sections in terms of the CRS wavefield attributes. The
CRS operator is also a hyperbolic representation and its shape also explicitly depends on the ZO traveltime
t0. Expressed in terms of midpoint coordinatexm and half-offseth, it reads

t2hyp (xm, h) =

[
t0 +

2 sinα (xm − x0)

v0

]2
+

2 t0 cos2 α

v0

[
(xm − x0)

2

RN
+

h2

RNIP

]
, (6)

wherev0 represents the near-surface velocity and(t0, x0) is the considered ZO location. The CRS operator
is parameterized by three kinematic wavefield attributes defined at the surface locationx0, namelyα,
the emergence angle of the normal ray,RNIP, the radius of the normal-incidence-point (NIP) wavefront,
andRN, the radius of the normal wavefront. The relation of these attributes to two so-called eigenwave
experiments can, e. g., be found in Mann et al. (1999) and Jäger et al. (2001).

For the considered 1-D model, it is obvious that all rays are vertical and all normal wavefronts are plane,
i. e.,α = 0 andRN = ±∞ for all three events. Accordingly, the CRS operator reducesto

t (xm, h) =

√
t20 +

2 t0 h2

v0 RNIP
(7)

for any midpoint locationxm. For the center of the wavelet, this represents the exact kinematic reflection
response of the reflector withRNIP = z = v0 t0/2. As a matter of fact, this is simply an alternative
formulation of the well known CMP moveout formula (1).

More general, the stacking velocityvstack is related to the wavefield attributes according to

v2
stack=

RNIP v0

2 t0 cosα
. (8)

If we reformulate Equation (5) in terms ofRNIP for t0 and RNIP,shift for t0 + ∆t, we readily observe
thatRNIP = RNIP,shift for any∆t: the angleα is determined by the linear term in the CRS operator (6),
such that it does not vary along the wavelet. In other words, the assumption of constant curvature of the
traveltime curves at offset zero is equivalent to constant radius of curvatureRNIP along the wavelet. As this
approximation provided a good fit to the detected stacking velocity, we can also expect the corresponding
behavior forRNIP. Indeed, the NIP wavefront radius shown in Figure 1e, calculated from the detected
stacking velocities according to Equation (8), is almost constant for each of the three events, for this 1-D
model simply representing the reflector depthszi. Thus, this radius appears to be a more natural parameter
for the traveltime curves as it does not vary along the wavelet. Furthermore, it is always well-defined even
in situations when the stacking velocity has no physical meaning.

So far, we only considered the CMP gather. As the CRS operatoris hyperbolic for any configuration
that includes the simulated ZO location, e. g., common-shotor common-receiver gather or the ZO section,
the same behavior is expected in any case. The additional linear term in any gather except the CMP gather
does not change the principal properties. The respective curvature, in general a linear combination of
1/RNIP and1/RN will remain almost constant along the wavelet and the pulse stretch will be avoided. This
allows a far more reliable extraction of attributes for subsequent applications than the stacking velocity
section.

CONCLUSIONS

We briefly reviewed the origin of pulse stretch in conventional time domain processing with constant or
smooth NMO velocity models. A stretch free imaging with optimally recovered wavelet is not possible
with such models: the limited bandwidth of the data is not considered even in case of kinematically exact
operators. We discussed an approximation of the stacking velocity variation along the wavelet that is better
suited for the simulation of ZO sections. A comparison with CRS stack results for a 1-D model demon-
strated that data-driven imaging methods automatically avoid the pulse stretch and introduce a systematic
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variation of the stacking velocity. Formulated in terms of the kinematic CRS wavefield attributes, this vari-
ation vanishes. Thus, the radii of wavefront curvatures involved in the CRS stack approach provide a more
natural parameterization of the reflection events.
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ABSTRACT

Traveltime moveout expressions that can well stack reflection and diffraction events are of prime
interest for the imaging and inversion of seismic data. In recent years, the classical hyperbolic single-
parameter NMO/DMO stacking formula applied to common-midpoint (CMP) data is being replaced
by new moveout expressions that make use of more parameters and allow for arbitrary measurement
configurations. The advantages of the new stacking formulasare twofold. Firstly, they can fully use
all the available multi-coverage data, as the source-receiver symmetry condition of the CMP configu-
ration is no longer required. Secondly, the various parameters that are obtained by coherence analysis
directly applied to the multi-coverage data are very usefulfor further imaging and inversion proce-
dures. We review a fourth-order traveltime formula and examine its ability to approximate reflections
and diffractions. This formula depends on the same three parameters as the hyperbolic traveltime
used in the Common-Reflection-Surface (CRS) method. Synthetic examples have shown a better per-
formance of the proposed expression compared to the second-order hyperbolic traveltime: it is more
accurate within a larger aperture size.

INTRODUCTION

A significant part of seismic processing is carried out by means of stacking of multi-coverage data. The
stacking is performed along traveltime moveout curves or surfaces that depend on one or more parameters.
The parameters (or attributes) of the selected traveltime expression are chosen such that a coherence analy-
sis performed on the multi-coverage data yields maximum values. As a result of the stacking process, one
obtains, besides a stacked section of improved image quality, also traveltime attributes that can be used for
further processing (e.g., true-amplitude attribute estimation or macro-velocity model inversion).

In the classical Common-midpoint (CMP) method, the data is organized into an ensemble of CMPs with
corresponding CMP gathers. For each CMP, the correspondingCMP gather consists of source-receiver
pairs symmetrically located with respect to the CMP. To stack the data along the CMP gather, one uses
the normal moveout (NMO) traveltime, namely a one-parameter expression of hyperbolic type. The only
attribute that is estimated in this way, is the stacking or NMO-velocity.

Over the years, methods have been designed to generalize theCMP method, so as allow the CMP gath-
ers to include, within appropriate apertures, arbitrarilylocated source-receiver pairs around the CMP. In
this more general situation, the CMP is called acentral point, since it is no longer a point of symmetry
within the gather. Referred in the literature as macro-model independent or data driven methods, these pro-
cedures retain the basic structure of stacking the data on appropriate gathers and along suitable traveltime
moveout expressions. A survey on macro-model independent methods is provided in Hubral (1999).

To allow for an arbitrary location of source and receiver pairs, it is necessary to consider traveltime
moveouts that depend on more than one parameter. In the present 2-D situation, in which multi-coverage
data are recorded on a single seismic line, it is shown, underzero-order ray theory, that the traveltime for an
arbitrary position of a source and a receiver around a fixed central point, depend on three parameters. The
most simple and natural extension of the classical NMO traveltime is the hyperbolic moveout, which can
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be readily derived as a second-order Taylor expansion of thetraveltime (squared) of a primary-reflected
ray around a fixed primary zero-offset reflection ray. A convenient hyperbolic traveltime expression is
represented as a function of midpoint and half-offset coordinates like, e.g., the one of Ursin (1982).

The Common-Reflection-Surface (CRS) method (Müller, 1999)is one of the mentioned macro-model
independent methods. Present implementations (see, e.g.,Jäger et al., 2001; Trappe et al., 2001) use the
hyperbolic traveltime in the form derived in Tygel et al. (1997). Thus, we call this formula the hyperbolic
CRS traveltime. In this expression, the three parameters are the emergence angle,α of the normal ray with
respect to the measurement surface normal at the coincidentsource-receiver point (called central point)
and two wavefront curvatures,KNIP andKN , also measured at the central point. These curvatures refer
to the normal-incident-point (NIP) wave and normal (N) wave, as introduced in Hubral (1983). A short
discussion on the concept of the N and NIP waves is provided inthe next section.

For the classical case of the common-midpoint (CMP) configuration, the three parameters reduce to a
single (combined) parameter, namely the normal-moveout (NMO) velocity.

In the search of a more accurate traveltime, Höcht et al. (1999) have considered a reflection interface
as a continuous ensemble of circular reflection elements that osculate the original reflector. The reflection
response of the reflector is formulated as the superpositionof the reflection responses of all the circular
reflection elements that constitute the reflector.

As a result of the investigation, a new, traveltime expression, given by means of a pair of parametric
equations has been has been derived. A particularly attractive feature of this representation is that it is
completely described in terms of the three parameters,α, KN , andKNIP that refer to a fixed zero-offset
primary reflection ray. From the system of parametric equations, a fourth-order Taylor approximation of
the solution could be obtained. As expected, the corresponding second-order Taylor expansion of that
solution recovers the hyperbolic CRS traveltime.

In this paper, we briefly review the derivation of the fourth-order traveltime expansion and discuss first
comparisons with the more classical hyperbolic moveout. Our synthetic examples, calculated by means
of ray tracing for different configurations (common midpoint and common offset), suggest that the new
fourth-order expression can provide a better approximation to true traveltimes of reflection and diffraction
events than the corresponding hyperbolic traveltime approximation.

THEORY

The derivation of the fourth-order CRS traveltime moveout proposed in Höcht et al. (1999) is based on
the construction of theexacttraveltime formula for the case of a circular reflector belowa homogeneous
overburden. As seen below, all quantities appearing in thatexpression can be substituted in a natural way
by combinations of the CRS parameters, namely emergence angle of the normal ray,α, and the wavefront
curvatures,KNIP andKN . Under this substitution, the obtained traveltime expression is expected to be
a valid approximation in any media, where the CRS parametersare well defined. For practical use in an
implementation of the CRS stack, Höcht et al. (1999) propose, as earlier indicated, a fourth-order Taylor
expansion of the moveout that is also fully represented in terms of the three zero-offset CRS parameters.

The circular reflector

We consider the exact parametric representation of the multi-coverage reflection response of a circular
reflector segment under a homogeneous overburden. The situation is depicted in Figure 1, which shows a
coincident source-receiver pair atX0. The (bold dashed) zero-offset ray fromX0 to the normal-incidence
point, NIP, is the central ray with two-way traveltimet0. The central ray emerges atX0 under an angle
α. Moreover, the (hypothetical) N and NIP waves are assumed toexhibit, atX0, circular wavefronts with
curvaturesKN andKNIP , respectively.

Figure 1 also shows an arbitrary source-receiver pair(S, G) with half-offseth in the vicinity of the
central pointX̃0. It determines the (bold) reflection raySÑIPG with traveltimet. Our aim is to find
an approximation of the traveltimet along raySÑIPG in terms of the given traveltimet0 and the CRS
parametersα, KNIP , andKN of the central ray atX0. Moreover, we wish that the moveout formula
provides theexactexpression in the case of a single circular reflector with a homogeneous overburden.

To simplify the constructions, we introduce the (bold dash-dotted) zero-offset reflection ray (see again
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Figure 1: Reflection at a circular reflector in a homogeneous medium.

Figure 1) that is reflected at the reflection point̃NIP of raySÑIPG. We denote its (unknown) emergence
angle at the (unknown) point̃X0 by α̃ and its (unknown) two-way traveltime bỹt0. To find the desired
expression for moveoutt− t0, we firstly investigate the auxiliary zero-offset moveoutt̃0 − t0 and the CMP
moveout atX̃0, t − t̃0, respectively.

The image space

One of the basic ideas of the CRS approach is the introductionof a fictitious medium, called theimage
space. This is a homogeneous medium of velocityv0, which is used to approximately compute the trav-
eltime moveouts in the vicinity of the central point,X0. In the image space, we construct the centers of
curvature,CN andCNIP , of the N and NIP wavefronts, respectively, atX0 (see Figure 2). We also con-
sider the N and NIP wavefronts at̃X0 with curvaturesK̃N andK̃NIP and centers of curvatureCN and
C̃NIP . Note that the N waves atX0 andX̃0 have the same center of curvatureCN . This is a consequence
of our assumption of circular wavefronts, because this implies that the reflector in the image space (i.e., the
segment that contains pointsCNIP andC̃NIP ) has to be circular. Its center of curvature is the same point
CN . Therefore, NIPCN = ÑIPCN and, thus,

RN − RNIP = R̃N − R̃NIP , (1)

whereRNIP = 1/KNIP andR̃NIP = 1/K̃NIP are the radii of curvature of the NIP wavefronts atX0

andX̃0 (short dashes in Figure 2), i.e., the distances NIPX0 andÑIPX̃0, respectively. Correspondingly,
RN = 1/KN andR̃N = 1/K̃N are the radii of curvature of the N wavefronts atX0 andX̃0 (long dashes
in Figure 2), i.e., the distancesCNX0 andCN X̃0, respectively.

The traveltime differencẽt0− t0 in the true medium corresponds to the distanceRN − R̃N between the
wavefronts of the N waves (long dashes in Figure 2). We approximatet̃0 − t0 by the equivalent traveltime
differencẽτ0 − τ0 in the image space. Here,τ0 andτ̃0 denote the traveltimes calculated in the image space
along raysX0CNIP X0 (dashed thin line) and̃X0C̃NIP X̃0 (dash-dotted thin line), respectively. Thus, we
may write the desired traveltime approximation as

τ̃0 − τ0 =
2

v0
(R̃NIP − RNIP ) ≈ t̃0 − t0 . (2)

Note that because of equation (1),R̃N −RN = R̃NIP −RNIP . This implies that equation (2) is exact for
truly circular N and NIP wavefronts even in inhomogeneous media (see again Figure 2). Therefore, it can
be expected to be a very good approximation in most seismic media.

In the same way, we approximate the (real-space) traveltimemoveout,t − t̃0, by its corresponding
(image space) moveout,τ − τ̃0, whereτ0 is defined as before and whereτ is the traveltime along the ray
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Figure 2: Centers of curvature of the N and NIP waves in the image space.

SC̃NIP G in the image space. Referring again to Figure 2, we have

τ − τ̃0 = τ − 2R̃NIP /v0 ≈ t − t̃0 . (3)

The combination of the above two moveout expressions (2) and(3) yields the following relationship be-
tween the searched-for traveltime,t, and the corresponding one in the image space,τ ,

t − (t0 − 2RNIP /v0) ≈ τ . (4)

Observe thatτ is the reflection traveltime of a circular reflector in a homogeneous medium. It can be
obtained from basic geometrical considerations (Höcht et al., 1999).

Traveltime for a circular reflector

As shown in Höcht et al. (1999), the traveltimeτ can be expressed as a function ofα̃, and the half-offset,
h, determined by the pair(S, G), by

τ2 =
4h2

v2
0

+
2R̃2

NIP

v2
0

(√
h2

r̃2
T

+ 1 − 1

)
, (5)

where

r̃T =
R̃NIP

2 sin α̃
. (6)

In the above expressions, the unknownR̃NIP geometrically relates to the givenRN andRNIP (see Fig-
ure 2) as

R̃NIP = R̃N − RN + RNIP = RN (cosα/ cos α̃ − 1) + RNIP . (7)
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Thus, squaring equation (4) and substitutingτ2 by expression (5), we obtain

[
t −
(

t0 −
2

v0
RNIP

)]2
=

4h2

v2
0

+
2R̃2

NIP

v2
0

(√
h2

r̃2
T

+ 1 − 1

)
. (8)

This result is an approximation for the traveltimet as a function of̃α andh, i.e.,t(α̃, h).
The last unknown in the above traveltime approximation is the emergence anglẽα of the zero-offset ray

at X̃0. For its determination, it needs to be related to the midpoint coordinate,xm, of the source-receiver
pair (S, G). Denoting the coordinates ofX0 andX̃0 by x0 andx̃0, respectively, Höcht et al. (1999) find

xm = x̃0 + r̃T

(√
h2

r̃2
T

+ 1 − 1

)
, where x̃0 = x0

tan α

tan α̃
. (9)

Thus, the searched-for traveltimet = t(xm, h) along raySÑIPG can be approximated by the above pair
of equationst = t(α̃, h) andxm = xm(α̃, h) parametrized bỹα.

The most important property of the traveltime approximation given by the parameterized equations (8)
and (9) is that it is completely described with the help of thezero-offset CRS parametersα, KNIP , and
KN at the central pointX0. This means it can be calculated once these parameters are given or, inversely,
these parameters can be determined by fitting such traveltime curves to the seismic data. It is the latter use
that we are looking for in the CRS method.

We stress once more that the parameterized traveltime givenby equations (8) and (9) is based on the
assumptions of circular wavefronts and a circular reflector. Therfore, it is, in principle, like the parabolic
and hyperbolic traveltimes, a second-order approximation. The expectation that it will be a more accurate
approximation than the latter ones is justified by the fact that underlying assumptions are more realistic,
i.e., more probable to be met in practice. Thus, in the same way as practice has shown that the hyperbolic
traveltime generally approximates true traveltimes better than the parabolic one, the new parameterized
traveltime is expected to provide even better approximations. The first numerical tests presented in the last
section of this paper confirm this expectation.

Taylor expansions

The above parametric form of the traveltimet(xm, h) cannot be conveniently used in an implementation of
the CRS method. For practical use, it is thus advantageous torewrite it as an explicit power series around
xm = x0 andh = 0. Up to second order, i.e., in hyperbolic approximation, thecorresponding Taylor
expansion reads

t22(xm, h) =

[
t0 +

2 sinα

v0
xm

]2
+

2t0 cos2 α

v0

[
KN x2

m + KNIP h2
]

, (10)

wherexm = (xm − x0). This is the expression that has been previously derived by Tygel et al. (1997).
The fourth-order expansion has the form

t24(xm, h) = t22 +
cos2 α

v2
0

[
Axmh2 + Bx3

m + Cx4
m + Dx2

mh2 + Eh4
]

, (11)

with the coefficients

A = 2KNIP sinα[2 − 2v0t0KN − v0t0KNIP ],
B = 2KN sinα[2 − v0t0KN ],
C = K2

N [5 cos2 α − 4][1 − v0t0KN/2],
D = KNIP{2v0t0[3 − 4 cos2 α]K2

N

−[KN(4 − 5 cos2 α) + 2KNIP sin2 α][2 − v0t0KNIP ]},
E = K2

NIP [2v0t0KN sin2 α − v0t0KNIP cos2 α/2 + cos2 α] .

(12)

CoefficientsA to E can be calculated for any given triplet of parametersα, KNIP , andKN . Therefore,
expression (11) can be as easily used in an implementation ofthe CRS stack as equation (10).
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Important configurations

For particular configurations, the above traveltime expressions reduce to simpler forms.
Common midpoint (CMP) configuration.—For the CMP configuration, we havexm = x0 or xm = 0.
As a consequence, we find for the CMP traveltime

t24,CMP (h) = t20 +
2t0 cos2 α

v0
KNIP h2 +

cos2 α

v2
0

E h4 , (13)

with E given above. Note that the second-order approximation, commonly known as the NMO moveout
formula, depends on a single (combined) parameter,

v2
NMO =

2v0

t0KNIP cos2 α
. (14)

The fourth-order CMP traveltime, on the other hand, dependson two coefficients that are combinations of
all three CRS parameters.
Zero-Offset configuration.—The zero-offset (ZO) configuration is characterized by the conditionh = 0.
The CRS traveltime expression reads then

t24,ZO(xm) =

[
t0 +

2 sinα

v0
xm

]2
+

2t0 cos2 α

v0
KNx2

m +
cos2 α

v2
0

(Bx3
m + Cx4

m). (15)

Note that the second, third, or fourth-order zero-offset traveltime depend on two, three, or four coefficients
that are combinations of only two CRS parameters (α andKN ).

Diffraction events

The N- and NIP-wave are fictitious waves that start at the reflection point NIP and propagate along the
normal ray to the central pointX0. The NIP-wave starts from a point source at NIP while the N-wave starts
from the exploding reflector at NIP.

Let us now consider the case of a pure diffraction, that is, the situation where the reflector reduces to a
single diffraction point. Then, the N- and NIP-waves reduceto identical waves, both starting from a point
source at NIP. As a consequence, they have identical curvatures atX0, i.e., KN = KNIP . Therefore,
we can use the latter identity as adiffraction conditionin the above second- or fourth-order traveltime
expressions. Upon the substitution of this diffraction condition KN = KNIP = K, the second-order
(hyperbolic) diffraction traveltime reads

t22,dif (xm, h) =

[
t0 +

2 sinα

v0
xm

]2
+

4µ cos2 α

v2
0

[
x2

m + h2
]

, (16)

where we have introduced the notation

µ =
v0t0
2

K . (17)

Note that in a homogeneous medium with wave velocityv0, this factor reduces toµ = 1.
The fourth-order diffraction traveltime is again given by equation (11) witht22 replaced byt22,dif . The

coefficientsA to E reduce to

A = 4K sin α[1 − 3µ],
B = 4K sin α[1 − µ],
C = K2[5 cos2 α − 4][1 − µ],
D = 2K2[(7 cos2 α − 6) − 3µ(5 cos2 α − 4)],
E = K2[cos2 α − µ(5 cos2 α − 4)] .

(18)

The application of the CRS method to seismic data using any ofthe so-obtained diffraction traveltime
formulas will coherently stack the energy that belongs to diffraction events, thus resulting in a stacked
section of diffractions rather than reflections.
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It is interesting to observe the values of the above coefficients in a homogeneous medium, whereµ = 1,
as mentioned above. We immediately see that in this situation, the coefficients read

A = −8K sin α,
B = 0,
C = 0,
D = −4K2(4 cos2 α − 3),
E = 4K2 sin2 α .

(19)

These expressions can be readily verified from a fourth-order Taylor expansion of the square of the exact
diffraction traveltime of a diffractor in a homogeneous medium, which using the above variables, reads

tdif =
1

v0

(√
(xm − h + R sin α)2 + (R cosα)2 +

√
(xm + h + R sinα)2 + (R cosα)2

)
. (20)

Here,R = 1/K = v0t0/2 is the distance from the diffractor to the central pointX0.

Maximum aperture

The hyperbolic CRS moveout approximates the kinematic reflection response of a curved interface in a
paraxial vicinity of the central ray. To use it in a CRS stack,it is necessary to define an appropriate aperture
inside of which the approximation is sufficiently accurate.Ideally, the aperture for the CRS stack is an
elliptical surface in the offset-midpoint domain. One axisis defined in the CMP section and the other in
the zero-offset section (Mann et al., 2000).

The above fourth-order approximation can be used to define a practically feasible CRS aperture. Its
border is located where the difference between the second- and fourth-order traveltime approximations
reaches the tolerance∆t2 for the accuracy of the traveltime approximation. In the full data volume, this is
the solution of the equation

∆t2 =
cos2 α

v2
0

[
Axmh2 + Bx3

m + Cx4
m + Dx2

mh2 + Eh4
]

, (21)

where the coefficientsA to E are given by equations (12). However, the solution of equation (21) is rather
complicated. Instead, the half-axes of the aperture ellipse can be approximated in the CMP and zero-offset
sections.

In the CMP section, the situation is much simpler since the right-hand side of equation (21) reduces to
its last term. Solving forh, we find for the aperture half-axis

hap =

[
v2
0∆t2

E cos2 α

]1/4

, (22)

whereE is given by the last of equations (12). The same formula can beused to compute an aperture for
the stack along the diffraction traveltime in the CMP section, if E given by the last of equations (18) is
used.

In the zero-offset section, the terms ofx3
m andx4

m remain in equation (21). Thus, the determination of
the aperture would still require the solution of a fourth-order equation. However, since usuallyKN � 1,
which impliesC � B, the aperture half-axis can be determined using the third-order approximation as

xap
m =

[
v2
0∆t2

B cos2 α

]1/3

, (23)

whereB is given by the second of equations (12). Again, the same formula can be used to compute an
aperture for the stack along the diffraction traveltime in the zero-offset section, ifB given by the second of
equations (18) is used.
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Figure 3: 2-D Earth model.

SYNTHETIC EXPERIMENTS

To demonstrate the quality of the second and fourth-order traveltime approximations discussed above, we
present some simple numerical examples. They are based on the 2-D synthetic model consisting of three
homogeneous layers bounded by curved interfaces depicted in Figure 3. We have compared the capability
of the hyperbolic and fourth-order traveltime expansions to approximate reflections and diffraction travel-
times under different measurement configurations in the vicinity of several pointsX0 at the earth’s surface.
One of the chosen central pointsX0, together wit the corresponding zero-offset ray to the dome-like reflec-
tor, is also indicated in Figure 3. Both approximations are compared with the exact traveltimes as computed
by ray tracing.

Figure 4 illustrates the traveltime approximations for theCMP configuration at three different central
points. In Figure 4a, we see the exact common-midpoint reflection traveltime in the vicinity of point
X0 = 1.0 km (solid line) as computed by ray tracing, together with itssecond-order (plus signs) and
fourth-order (circles) approximations. Figure 4b compares the corresponding diffraction traveltime with its
approximations. As we can clearly see, the fourth-order approximation follows the true reflection traveltime
curve more closely over the whole range of offsets than the second-order approximation. More or less the
same behaviour can be observed in parts (e) and (f) of Figure 4, which depict common-midpoint reflection
and difraction traveltimes in the vicinity ofX0 = 1.8 km. At the central pointX0 = 1.4 km (parts (c) and
(d) of Figure 4), the traveltime approximations exhibit a slightly different behaviour. At this central point,
both the second and fourth order traveltimes provide good approximations up to large offsets. Differently
from the results of our numerical experiments at all other central points, the second order approximation is
here slightly superior to the fourth order approximation.

Corresponding experiments have been realized for common-offset reflection and diffraction traveltimes
for different central points and offsets. As in the case of CMP traveltimes (see again Figure 4), the diffrac-
tion traveltimes exhibit practically the same behaviour asthe reflection traveltimes. We therefore restrict
the following discussion to the latter.

We have calculated reflection traveltimes for four different values of the half-offseth, these being
h = 0.0 km,h = 0.2 km,h = 0.5 km, andh = 1.0 km. The results in the vicinity of the same three central
pointsX0 = 1.0 km, X0 = 1.4 km, andX0 = 1.8 km, are depicted in Figures 5, 6, and 7, respectively.
We see from parts (a) of these figures that in the chosen range of midpoints, the zero-offset traveltimes
are equally well approximated by the second and fourth orderformulas. At larger offsets, the fourth order
formula generally provides the better approximation. An exception is again observed at the central point at
x0 = 1.4 km. At this point, the second-order approximation is, for a certain range of midpoints, slightly
superior to the fourth-order one (see Figure 6c). Parts (d) of of Figures 5 to 7 demonstrate that neither
the second nor the fourth order formula provides an acceptable traveltime approximation for offsets of
h = 1.0 km or larger.
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Figure 4: CMP traveltime approximations. Exact (solid line) versus second-order (plus signs) and fourth-
order (circles) approximations. (a) Reflection traveltimes atXo = 1.0km. (b) Diffraction traveltimes at
Xo = 1.0km. (c) Reflection traveltimes atXo = 1.4km. (d) Diffraction traveltimes atXo = 1.4km. (e)
Reflection traveltimes atXo = 1.8km. (f) Diffraction traveltimes atXo = 1.8km.
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Figure 5: CO times forX0 = 1.0 km. (a)h = 0.0 km. (b)h = 0.2 km. (c)h = 0.5 km. (d)h = 1.0 km.
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Figure 6: CO times forX0 = 1.4 km. (a)h = 0.0 km. (b)h = 0.2 km. (c)h = 0.5 km. (d)h = 1.0 km.
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Figure 7: CO times forX0 = 1.8 km. (a)h = 0.0 km. (b)h = 0.2 km. (c)h = 0.5 km. (d)h = 1.0 km.

As a general remark, we observe that our numerical experiments show a significant improvement, both
in accuracy and in aperture range, of the fourth-order over the hyperbolic traveltime approximation for all
configurations. The behaviour observed in the examples shown in this paper has been typical for reflections
and diffractions in most of our numerical experiments. Thus, weighing in all our numerical results, we can
conclude that the fourth order formula (11) generally provides more reliable approximations to the exact
traveltimes than the hyperbolic traveltime (10).

CONCLUSIONS

The fourth-order traveltime moveout expression of Höcht etal. (1999) has been reviewed, implemented,
and tested on a simple synthetic model. For multi-coverage data acquired along a single seismic line, this
formula approximates reflection and diffraction traveltimes at coincident source-receiver pairs arbitrarily
located around a reference source-receiver pair at a fixed central point. The investigated moveout ex-
pression is useful to provide simulated zero-offset sections. An attractive feature of this formula is that its
coefficients depend on the same three parameters as its more conventional hyperbolic CRS traveltime coun-
terpart. Our first results indicate that the fourth-order formula provides better traveltime approximations
within a significantly larger aperture than the hyperbolic formula.

Although these result are only preliminary, we feel they arevery promising for the following reasons.
A CRS stack based on a better traveltime approximation, suchas the fourth-order expression seems to
provide, promises better stacking properties as it allows to use more data and thus more redundancy. As a
result, one can expect not only better stacked sections witha higher signal-to-noise ration, but also better
estimates of the CRS parametersα, KNIP , andKN . Since these parameters are the input to a velocity
model building in an analogous way as the NMO or stacking velocities in the standard CMP method, their
improvement should reflect in the achievable quality of the obtained velocity model.

As a second potential application for the higher-order traveltime approximation, we have seen that it
can be used to define the aperture range for a CRS stack with thehyperbolic traveltime approximation. In
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this way, the otherwise arbitrarily chosen aperture of the CRS stack can be replaced by one that is based on
the actual traveltimes under investigation.

ACKNOWLEDGEMENTS

This work was kindly supported by the sponsors of theWave Inversion Technology (WIT) Consortium,
Karlsruhe, Germany.

REFERENCES

Höcht, G., de Bazelaire, E., Majer, P., and Hubral, P. (1999). Seismics and optics: hyperbolae and curva-
tures.J. Appl. Geoph., 42(3/4):261–281. Special issue on "Macromodel independent reflection imaging".

Hubral, P. (1983). Computing true amplitude reflections in alaterally inhomogeneous earth.Geophysics,
48(8):1051–1062.

Hubral, P., editor (1999).Macro-Model-Independent Seismic Reflection Imaging, volume 105 ofJournal
of Applied Geophysics. Elsevier, Amsterdam.

Jäger, R., Mann, J., Höcht, G., and Hubral, P. (2001). Common- reflection-surface stack: Image and
attributes.Geophysics, 66:97–109.

Mann, J., Hubral, P., Traub, B., Gerst, A., and Meyer, H. (2000). Macro-model independent approximate
prestack time migration. InExpanded Abstracts, page B52, Glasgow. Ann. Internat. Mtg., Europ. Assoc.
Geosc. Eng.

Müller, T. (1999).The Common Reflection Surface Stack Method. Der Andere Verlag, Bad Iburg.

Trappe, H., Gierse, G., and Pruessmann, J. (2001). Case studies show potential of common reflection
surface stack - structural resolution in the time domain beyond the conventional nmo/dmo stack.First
Break, 19(11):625–633.

Tygel, M., Müller, T., Hubral, P., and Schleicher, J. (1997). Eigenwave based multiparameter traveltime
expansions. InExpanded Abstracts, pages 1770–1773, Dallas. Ann. Internat. Mtg., Soc. Expl. Geophys.

Ursin, B. (1982). Quadratic wavefront and traveltime approximations in inhomogeneous layered media
with curved interfaces.Geophysics, 47(7):1012–1021.



53

Time migrated CRS images of complex inverted basin structures

E. Menyoli, D. Gajewski, and Ch. Hübscher

email: menyoli@dkrz.de
keywords: CRS, time migration, thrustbelt

ABSTRACT

In this paper we present poststack time migrated images of the Donbas Foldbelt (Ukraine) data. The
unmigrated stacked section was generated after applying the common reflection surface (CRS) stack
method. For this data, interpretation of the poststack timemigrated section after conventional com-
mon midpoint stacking was difficult in certain areas of the line. The main fault zone which emerges at
the surface is not clearly delineated in the conventionallymigrated stacked section. We show that the
CRS method when correctly applied gives enhanced stacked images in these areas. The subsequent
poststack time migration of the CRS images reveals additional reflectors and improved reflector conti-
nuity. More steep dip events as well as deeper reflectors are recognized. This gives more information
about the continuity of the fault system and enhances the interpretation in the identified zones of the
profile.

INTRODUCTION

Seismic imaging in complex areas such as thrust belts and complex tectonics is hampered by several factors
that often lead to poor quality data. Usually thrust faulting and folding produces locally very steep dips
and strong lateral velocity variations, therefore violating the assumption of common reflection point traces
which is used in conventional common midpoint stacking. Because of this violation, stacking velocity
analysis and the subsequent stacking led to poorly unmigrated images. The data quality and the geology
of the Donbas Foldbelt led to difficulties in seismic interpretation after applying conventional processing
steps.

In some areas the interpretation of the poststack time migrated section was difficult. The imaging po-
tential of the poststack migration was limited by the quality of the stacked section. Reflectors suddenly
disappeared and in some areas their continuity was disrupted and it was difficult to interpret fault systems
up-to the subsurface. Likewise in the deeper areas low signal to noise ratio resulted in poor images. The
interpretation of the time section was essential for constructing layer boundaries and interval velocities.
In order to improve the image quality of the identified areas,we used the zero offset CRS stack method
(Mann et al., 1999) and later applied Kirchhoff poststack time migration. The improved quality and reflec-
tor continuity of the CRS stacked section is caused by the increased fold achieved by application of the
CRS stacking operator.

The CRS stack uses a general stacking operator that describes the reflection moveout response for
inhomogeneous media and no velocity analysis is required. Mann et al. (1999) demonstrated the strength
of the CRS method on synthetic examples and real data as compared to the results from conventional CMP
stacking after dip-moveout correction. The paper by Mann etal. (1999) gives a technical description of the
CRS stack method. Here, we present results of applying CRS method and poststack time migration on the
Donbas Foldbelt data which was acquired in 2000 in the framework of the DOBREflection 2000 project
(Donbas Reflection 2000 Project).

mailto:menyoli@dkrz.de
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GEOLOGIC SETTING AND PROCESSING

The Donbas Foldbelt (DF) is the eastern part of the Late Devonian Dniepr-Donets rift basin, located in
southeastern Ukraine, lying between the Ukrainian Shield and the Voronezh Massif in Ukraine and Belarus
(Figure 1). The basin is a Devonian rift basin with sediment thickness (comprising Late Devonian syn-rift
and Carboniferous-Palaogene post-rift successions) increasing from about 2 km in the northeast to about
22 km in the deepest segment of the basin (Stovba and Stephenson, 1999). The Dniepr-Donets basin de-
veloped and evolved as a result of rifting and lithospheric extension. Rapid syn-rift subsidence occurred
during lithospheric extension as the result of crystal thinning induced by lithospheric geothermic increase.
In Early Permian times the DF was highly uplifted compared tothe central and northeastern part of the
basin. Folding, thrusting and reverse faulting mainly occurred in Late Cretaceous times. To elucidate the
evolution of processes that occurred during rifting and rift reactivation, basin uplift and inversion, a seismic
profile was acquired.

Figure 1: Location map of the survey area with major tectonic zones of the Dniepr-Donets basin. The
yellow line shows the location of the profile.

The line was acquired in the framework of the DOBREflection 2000 project with the parameters il-
lustrated in Table 1. The acquisition started in June and ended in September 2000. Detailed QC on the
field was monitored by the University of Hamburg. Important considerations in the acquisition program in-
cluded high fold, long receiver array lengths, and an offsetrange that corresponds to an angle of incidence
from 0 to 45 according to the deepest target event. The area ofthe survey was 140 km and a total number
of 877 shots were acquired with uniform shot spacing of 140 m interval. Along the profile the shooting
interval was not always constant: in some areas there were shot point gaps, due to prohibition of shooting
operations within an extensive network of coal mining. Eachshot gather was made up of 680 traces with a
geophone spacing of 35 m. In order to increase the signal-to-noise ratio and to suppress coherent surface
waves the following standard processing steps were applied: trace editing and noise analysis, spherical
divergence correction, surface consistent deconvolution, spectral balancing and residual static corrections.



Annual WIT report 2002 55

Type                                     split spread
Number of stations                           681
Station interval                              35 m
Minimum offset                              35 m
Maximum offset                        12000 m

SPREAD

Record length
Sampling interval
Channels      

RECORDING DATA

Gephone−Frequency                                   10 Hz
Geophone/Group                                              12

                                                         681
                                             2 ms

                                                   30 s

Sweep type                                                  linear

Sweep frequency                                     8−80 Hz

Recording length                                           30 s

Number of vert. stack/V.P.                              20
Coverage                                                   85 fold
S.P. interval                                               140 m
S.P. position                                 on half station

Sweep length                                                  12 s

Number of vibrators                                           4

VIBROSEIS PATTERN

Recording length                                            99 s
Coverage                                                      4 fold
S.P. interval                                             variable
Average hole depth                                       30 m
Total charge size                                 80 kg TNT

DYNAMITE PATTERN

TR340 TR342

35 m

TR1 TR680

SPREAD DIAGRAM

35 m

Table 1: Seismic data acquisition parameters. The symbol S.P standsfor shot point.

The data had a maximum frequency of 60 Hz with a central frequency close to 30 Hz. Special attention
was given to preserving the large frequency bandwidth at allstages of processing. Figure 2 shows the first
3 s of two selected shot gathers before processing and Figure3 shows the same shot gathers after process-
ing. In Figure 3, the surface waves, high frequency signals at zero-offset and first arrival refractions are
all suppressed. This figure demonstrates that the objectiveof enhancing the genuine reflection signals by
suppressing coherent and random noise was well achieved. After processing the shot gathers were sorted
to CMP gathers and were input into conventional stacking andCRS stacking.

SOME ASPECTS OF THE CRS METHOD

The CRS stack method uses a stacking operator that describesthe reflection moveout response for inho-
mogeneous media. In contrast to CMP stacking, the CRS methoddoes not depend on the stacking velocity
model. The stacking curve is based on ray theory and for 2D it is given as (Mann et al., 1999):

t2 (xm, P ) =

(
t0 +

2 sin α

v0
(xm − x0)

)2

+

+
2t0 cos2 α

v0

(
(xm − x0)

2

RN
+

h2

RNIP

)
, (1)

wheret0 is the prestack zero-offset traveltime,x0 is the location of the zero-offset ray on the surface,
α is the angle of emergence of the normal incidence ray,RNIP andRN are the radii of curvature of
two hypothetical wavefronts (Hubral, 1983),h is the half-offset between source and receiver, andxm is
the midpoint coordinate.P abbreviates the dependence oft on h, α, RNIP andRN . Equation (1) is
equivalent to the conventional CMP stacking operator ifxm=x0. For each sample(t0, x0) in the CRS
section to be generated, the stacking parameter triplet(α, RNIP , RN ) that gives the optimal stacking
operator is determined. These parameters are automatically searched through coherency analysis (Birgin
et al., 1999). At first a preliminary zero-offset section is generated (automatic CMP stack). This section is
used to determine the parameter triplet (i.e. wavefront attributes). The quality of the automatic CMP stack
determines the quality of the estimated parameter triplets. With the optimum parameter triplet, the prestack
data are stacked according to Equation (1) to give the CRS stacked section.

From experience the CRS stack results frequently require readjustment and fine tuning of some
input control parameters like the range of possibleα. The only required model parameter is the near
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Shot 733

Figure 2: Two example shot gathers along the profile before processing. An automatic gain control (AGC)
of 1000 ms was applied for display purposes. For shot 732 the source is located between channel 340 and
341 and for shot 733 the source is located between channel 339and 340.

Shot 732 Shot 733 Trace NumberTrace Number

T
W

T

Figure 3: Same as in Figure 2 after processing. Almost all of the coherent noise are suppressed and
genuine reflection events are enhanced.
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surface velocityv0. For the survey area this velocity was estimated from field statics and it was assumed to
be constant along the line. Note that the image quality of theresult does not depend on this average near
surface velocity. We observed that using the constrained CRS strategy as described by Mann et al., (1999)
reduces the run time and allows for a better estimate of the wavefront attributes. Apart from the stacked
section, other by-products of the method are the coherency section, and wavefront attribute sections. The
latter sections can be used for new inversion methods (Biloti et al., 2001). The former is used to interpret
the consistency of the stacked result.

RESULTS

The CRS stack sections were migrated using the poststack Kirchhoff algorithm. The stacking velocities
used for the common midpoint (CMP) stacking were converted to root mean square (rms) velocities. The
rms-velocities were modified via rms-velocity analysis to give the optimum poststack time migrated sec-
tion. The CRS stack and the CMP stack sections were migrated with the same rms-velocities. Poststack
time migrated results of two zones are shown in Figures 4 and 5. Because the basin in-fill was inverted in
the Permian age followed by erosion of younger sediments most of the sedimentary succession that outcrop
right to the surface are of Carboniferous age. Figure 4a is the time migrated result after CMP stack and
Figure 4b is the result after CRS stack. Note that, generallythe imaging potential of poststack migration is
limited by the quality of the stacked section. Therefore, improving the unmigrated stacked data quality via
CRS stacking directly led to improved migration quality.

In Figure 4a only the main thrusted reflector is clearly imaged and the reflector continuity is disrupted.
The marginal fault with back thrust is clearer imaged in Figure 4b than in Figure 4a. Steep dipping events
(approximately40o) not clearly resolved in Figure 4a are enhanced. The change of reflector orientation
near the surface indicates the out crop of the fault line. Thesurface location of this fault line was also seen
in the structural geological section of the area. Also improved in the migrated section is the continuity of
the main reflector between two way time 1.5 - 2.2 s. Note the enhancement of the near surface structure
between TWT 0 - 0.7 s and trace numbers 0 - 210.

Figure 5a, b show the result of the main anticline in the northern part of the line. It is difficult to interpret
the top and flanks of the anticline using Figure 5a. In Figure 5b the top of the anticline and other reflectors
are better imaged. The improved quality of the CRS poststackmigrated section is due to the improved
quality of the CRS stack section. The improved quality and reflector continuity of the CRS stack section
is caused by the increased fold of the CRS stacking operator.The layer boundaries in the migrated CRS
images can be interpreted and used in an initial stage of prestack depth migration velocity analysis and
subsequent model building techniques.

CONCLUSIONS

Our conclusion from this study is that in complex geology where CMP stacking and the subsequent post-
stack time migration fails, the CRS stacking and poststack time migration is a better alternative. Due to a
better fit of the CRS stacking operator to the reflection events in the data, improved reflector continuities
are achieved. The increased fold which is a result of the CRS stacking operator leads to an increase of
the signal to noise ratio for shallow and deep reflectors. Theinformation gained from the migrated CRS
stacked section can be interpreted and incorporated in a velocity/depth model building flow.
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Figure 4: Poststack time migrated images of the main marginal fault zone after (a); conventional CMP
stack and (b); after CRS stack.
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Figure 5: Poststack time migrated images of the main anticline after (a); conventional CMP stack and (b);
after CRS stack.
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ABSTRACT

Residual static corrections are of great interest for onshore datasets. There, they are used to eliminate
the influence on reflection traveltimes of mostly the weathering layer or the errors of redatuming
methods. Thus, the results of stacking methods applied after residual static corrections should show
an improved signal-to-noise (S/N) ratio. We considered to make use of the common-reflection-surface
(CRS) stack which gives additional information about the subsurface by the CRS attributes. Here, the
CRS attributes serve as a basis for the moveout correction which is important for determining the
residual statics. The theoretical background introduces to the residual static correction problem and
the first results of a synthetic test show that our new approach is able to estimate residual statics
adequately.

INTRODUCTION

Onshore real data acquisition is often influenced by topography and irregularities in the near-surface, i. e.,
the weathering layer. The topographic effect on the reflection times is significantly removed by applying
so-called field static corrections. However, the rapid changes in elevation and in near-surface velocity or
thickness of the weathering layer still remain as reflectiontime distortions. To eliminate these remains
which the field static correction did not compensate, the residual static correction assigns every shot and
every receiver an additional static time shift. The time shifts of residual static corrections aim to enhance
the continuity of reflection events and to improve the signal-to-noise (S/N) ratio after stacking.

The 2D zero-offset (ZO) common-reflection-surface (CRS) stack method has shown its abilities to
improve the S/N ratio even for noisy data assuming a horizontal plane measurement surface (see Trappe
et al., 2001). Zhang and Hubral (2002) have introduced the topography into the CRS stack method which
can be seen as a kind of field static correction. But so far, the2D ZO CRS stack method does not yet
account for residual static corrections. Thus, a new approach of residual static correction based on the CRS
attributes is presented in the following.

BASICS OF STATIC CORRECTIONS

The main assumption for applying “static” corrections is the surface consistency. This means that the rays
propagate nearly vertical through the uppermost layer and,hence, independent from the raypaths in the
deeper layers. Thus, the time shifts become properties of the source or receiver locations, respectively.
Furthermore, the reflection time distortions do not depend on the traveltime of different reflection events,
i. e., are reflection time independent and, therefore, thesetime shifts are called “static” corrections. Another
assumption is that the uppermost layer, i. e., the weathering layer, has the same influence on the shape of
the wavelet of all emerging reflection events.
Under these assumptions, static corrections are divided into two parts:

• The field static correction which is a kind of redatuming introduces a “datum plane” as substitute
beneath the weathering layer (see Figure 1). For further explanation, please refer to Marsden (1993).

mailto:Ingo.Koglin@gpi.uka.de
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R

S’ R’

surface

datum plane
base of weathering

reflector

S

Figure 1: Raypath with a low velocity layer. Redatuming achieved by field static correction substitutes the
surface by a datum plane beneath the low velocity layer, i. e., source S and receiver R are moved to S’ and
R’ on the datum plane, respectively.

• The residual static correction is used to eliminate small variations of reflection traveltimes caused
by the weathering layer. Additionally, errors from redatuming by field static correction or other
methods can be removed. Even though, residual static corrections can be also applied without other
preceeding static corrections to enhance the imaging quality.

Conventional residual static correction methods

To achieve surface consistency, residual static correction techniques have to provide one exclusive time
shift for every source or receiver corresponding to one common-shot (CS) or common-receiver (CR) gather,
respectively. The first step of most conventional residual static correction techniques is to apply an approx-
imate NMO correction. Then, the reflection events in each gather are considered to be misaligned due to
a source static, a receiver static, and residual moveout. The calculated time shiftstij of every trace are
related according to

tij = ri + sj + Gk + MkX2
ij with k =

i + j

2
(1)

whereri is the receiver static of thei-th receiver location andsj is the source static for thej-th source
location. Gk, the structural term, is an arbitrary time shift for thek-th CMP gather and depends on the
subsurface structure,Mk is the residual moveout at thek-th CMP gather, andXij = sj − ri is the source
to receiver distance (see Taner et al., 1974; Wiggins et al.,1976; Cox, 1974). Figure 2 shows an example
of the improvements of residual static corrections for the stacking result. Figure 2(a) shows a reflection
event after NMO correction distorted by residual statics. Stacking these traces without any corrections
results in dislocated peaks for this reflection event and also a deformed wavelet (see Figure 2(b)), while
the stack with residual static correction clearly shows an undeformed wavelet with larger amplitudes due
to the coherent stack (see Figure 2(c)).

One technique to obtaintij is to cross correlate all traces of each CMP gather with its corresponding
CMP stacked trace as pilot trace. The window for correlationhas to be selected to cover more than one
dominant primary event (time invariance) and at reasonablylarge traveltimes (surface consistency). Thus,
a system of simultaneous equations oftij is given by one equation for each trace of the whole dataset.
This large system of linear equations is overdetermined, i.e., there are more equations than unknowns, and
underconstrained, i. e., there are more unknowns than independent equations. The solution is generally
obtained by least-square techniques.

Ronen and Claerbout (1985) introduced a stack power maximization technique based on cross correla-
tion. Here, the cross correlation is performed between so-called “super-traces”. A super-trace built from all
the traces of the shot profile in sequence (trace F in Figure 3)is cross correlated with another super-trace
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Figure 2: Example of residual static correction enhancement after anapproximate NMO correction was
applied.
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Figure 3: Example of super-traces for one moveout corrected shot gather. Super-trace F and super-trace G
are cross correlated to determine the corresponding sourcestatic. Figure taken from Ronen and Claerbout
(1985).
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CRS search and stack

CRS attributes

pilot trace

summing up correlation results for
common−source and common−receiver locations

residual static values

picking maxima

final stack

correcting prestack traces

CRS super gather
CRS moveout corrected

cross correlation of pilot trace

and all CRS super gather traces

Figure 4: Flowchart for the iterative residual static correction by means of CRS attributes. For the second
and further iterations, the CRS search for the attributes can be optionally performed again but this will need
more processing time. If not, the pilot trace has to be recalculated from the CRS moveout corrected CRS
super gather to take advantage of the enhancements of the first or previous iterations.

built of all traces in the relevant part of the stack in sequence without the contribution of that shot (trace G
in Figure 3). The source static of this shot is the picked maximum of the cross correlation. This procedure
is repeated for every shot and receiver profile, respectively. The resulting time shifts maximize the sum of
squares of the final stack, i. e., the stack power.

NEW APPROACH BY MEANS OF CRS ATTRIBUTES

The CRS stack method provides additional sections, one for each CRS attribute. These attributes (α, RNIP,
RN) are parameters of the stacking surface given by

t2hyp(x, h) =

[
t0 +

2

v0
(x − x0) sin α

]2
+

2

v0
t0 cos2 α

[
(x − x0)

2

RN
+

h2

RNIP

]
, (2)

with the ZO traveltimet0, the near-surface velocityv0, the emergence angleα of the ZO ray, the radius of
curvature of the NIP wavefrontRNIP measured atx0, and the radius of curvature of the normal wavefront
RN also measured atx0. This stacking surface from the CRS stack method improves the S/N ratio even
more than, e. g., the NMO/DMO/stack method (see Mann, 2002; Müller, 1999; Trappe et al., 2001).

Our new approach is based on cross correlations and is similar to the technique of Ronen and Claerbout
(1985). Figure 4 shows the principal steps of our method. Thevery first step is to perform at least the
initial 2D ZO CRS stack to obtain the CRS attribute sections and the simulated ZO section. Each trace of
the simulated ZO section will serve as a pilot trace for the necessary cross correlations. Additionally, the
optimized 2D ZO CRS stack can also be used for the following steps but this requires more processing time
due to the optimization. Then, the CRS moveout correction isrealized with the previously obtained CRS
attributes.
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CRS moveout correction

To correct for the CRS moveout, the half-offseth and midpointx dependency of equation (2) has to be
eliminated. Therefore, the CRS attributes of every time sample are required. These attributes are provided
by the initial or optimized search of the CRS stack method. With the knowledge of these attributes, the
common-reflection-surfacecan be transformed into a horizontal plane at timet0 by subtracting the moveout
given by

tmoveout(x, h) = thyp(x, h) − t0, (3)

wheret0 is given by the considered time sample of the simulated ZO section.
This correction is performed for allt0 given by each simulated ZO trace of the CRS stack. The result

for one ZO trace is called “CRS super gather” and contains allCRS moveout corrected prestack traces
which lie inside the corresponding CRS aperture. Thus, the prestack traces are multiply contained in the
CRS super gathers but with different moveout corrections.

Cross correlation

The difference to the super-trace cross correlation methodof Ronen and Claerbout (1985) is that the cross
correlations are not performed between the super-traces but as correlation of every single moveout corrected
trace with the pilot trace. Afterwards, all correlation results that belong to the same source or receiver
location are summed up. Finally, the residual static value is given by the time associated with the maximum
of the summed correlation results. The correlation of the super-traces accounts for the subsurface structure
because super-trace G of Figure 3 is a sequence of neighboring stacked traces and not of one stacked
trace repeated multiple times. Super-trace F consists of all traces belonging to the same source or receiver
location, respectively. The CRS stack accounts for the subsurface structure by means of the CRS attribute
RN which enters into the CRS moveout correction.RN is the radius of curvature of the normal wave
measured at the surface and can be associated with the hypothetical exploding reflector experiment.

Problems might occur at the boundary of the dataset because there only few correlation results will
contribute to source or receiver locations. Therefore, we implemented a limit for the maximum correlation
shift, i. e., a maximum residual static limit. In future, thepicking the maximum of the summed cross
correlations will also check the near neighborhood for local maxima to decide whether the global maxima
is reliable or not.

Iteration

After the residual static values are obtained from the crosscorrelation results, the prestack traces are time
shifted with the corresponding total time shifts. The totaltime shift is simply the sum of the corresponding
source and receiver static values of each prestack trace. Ifthe CRS stack of these corrected prestack traces
is not yet satisfactory, the entire procedure can be startedagain in two different ways. One way is to
perform the CRS search and all other steps as in the first iteration (see dashed line in Figure 4). The other
way is to assume that the CRS attributes found in the first iteration are the “true” attributes and therefore
the CRS search is omitted (illustrated by the dotted line in Figure 4). As the CRS search is time consuming,
it is attractive to omit this step. But on the other hand, it might be dangerous to rely on the CRS attributes:
if the time shifts between neighboring traces are too large,the CRS stack propably fails to detect actually
contigious events and the corresponding attributes.

SYNTHETIC MODEL AND FIRST RESULTS

We started with a very simple isotropic model with four layers separated by three reflectors (see Figure
5). The first reflector was chosen to be a horizontal plane, thesecond a dipping plane, and the third one
includes a syncline. The layer velocities are from top to bottom: v1 = 2.2 km/s,v2 = 2.5 km/s,v3 = 3.0
km/s, andv4 = 3.5 km/s. Figure 6 shows the result of the optimized 2D ZO CRS stack from the original
model without statics and, in contrast, the result with random but surface consistent residual statics. We
based our further calculations on the optimized CRS attributes as we have once calculated them to test the
reliability of the initial CRS attributes. The optimization did not show significant changes in the attribute
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Figure 5: Synthetic 2D model with four constant velocity layers.v1 = 2.2 km/s,v2 = 2.5 km/s,v3 = 3.0
km/s, andv4 = 3.5 km/s from top to bottom.

sections or the simulated ZO section due to the simple model.Thus, also the results of the initial CRS stack
can be used.

From the optimized CRS search, the CRS attributes served as input for the CRS moveout correction.
Figure 7 shows only a part of one moveout corrected CRS super gather at CMP 120 because in our case a
CRS super gather can contain up to 3499 traces. It is obvious that the CRS moveout correction has flattened
the reflection events and that they are dislocated due to the randomly added residual source and receiver
statics. Also the time invariance becomes clear if one compares the dislocation of the contained reflection
events.

Now, we are able to perform the cross correlations of the firstiteration. The CRS moveout corrected
traces of CRS super gathers are correlated with their corresponding pilot traces which are the simulated ZO
traces from the CRS stack. The results are summed up for common shot or receiver locations, respectively.
Then, the next CRS super gather is processed. In general, this yields more than one correlation result
for every shot or receiver from one CRS super gather. But alsofrom neighboring CRS super gathers,
correlation results will contribute to the total correlation sum as long as the shot or receiver is contained in
the CRS aperture. Thus, picking the maximum of the summed cross correlation results after all CRS super
gather are processed directly gives the separated source and receiver static values. Figures 8 show the added
random residual static values as solid lines for some sourceand receiver locations. The dashed/dotted lines
are the obtained residual static values after 10/40 CRS super gathers have contributed to the picking of
global maxima from the cross correlation sums. In some cases, the obtained residual static values became
worse but over all they improve the more CRS super gathers contribute. The total residual correction for
each trace is the sum of the corresponding source and receiver static values.

The last step for the first iteration is to shift the prestack traces by the just obtained total residual static
values. The improvements of the first iteration are illustrated in Figure 9. Figure 9(a) shows the original
CMP gather at CMP 120, Figure 9(b) is the same CMP gather but with random residual statics, and Figure
9(c) displays the CMP gather after the residual static correction was performed with the results of the first
iteration of our new approach. The residual static corrected CMP gather is close to the original one. There
are still some residual statics remaining which will be eliminated by further iterations as the pilot traces
will gain from the improved S/N ratio and the improved CRS attributes of the second CRS search.

CONCLUSIONS

Residual static corrections are, in general, based on crosscorrelations. We showed that the CRS stack
method can help to derive the residual statics. Here, the advantages of the CRS stack method, i. e., the
improved S/N ratio and the additional information about thesubsurface by the CRS attributes compared to,
e. g., the NMO/DMO/stack, is integrated into our new approach. The CRS attributes fit surfaces closer to
reflection events which is essential for a good moveout correction, and the traces of the simulated ZO sec-
tion are better pilot traces than simply CMP stacked traces.Our new approach combines the conventional
methods (cross correlation, picking maxima) with the improvements of the CRS stack. Here, the large
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Figure 6: Simulated ZO section of the optimized 2D ZO CRS stack from a) the original synthetic data set
and b) with random residual statics added.
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Figure 7: This is a part of the CRS moveout corrected CRS super gather for CMP 120. The CMPs within
the CRS aperture are shown one after the other and their traces are consecutively numbered. It is obvious
that the moveout correction did not correct the random residual statics. The reflection events are more or
less flattened.
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Figure 8: Residual static values. Added random statics are displayedas solid lines. The dashed lines are
the picked residual statics after 10 CRS super gathers have contributed to the correlation sum and the dotted
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Figure 9: Example of residual static correction enhancement after the first iteration of our new approach
displayed at CMP 120.
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spatial aperture of the CRS stack takes more traces into account than just correlating within CMP gathers.
As displayed in Figure 9, the results of the first synthetic test showed that this new approach is able to

enhance the simulated ZO section of datasets distorted by residual statics. Thus, more effort will be put in
the determination of the residual static values in the future. Despite of simply picking the global maximum
of the summed cross correlation results, also the neighboring maxima can be accounted for to evaluate the
reliability of the results.
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ABSTRACT

Perroud, Tygel and Bergler describe the use of the Common Reflection Surface (CRS) method to
estimate velocities from Ground Penetrating Radar (GPR) data. Applied to GPR multi-coverage data,
the CRS method provides, as one of its outputs, the time-domain rms-velocity map that is then con-
verted to depth by the familiar Dix algorithm. Combination of the obtained depth-converted velocity
map with in situ measurements of electrical resistivity enables to estimate both water content and water
conductivity. These quantities are essential to delineateinfiltration of contaminants from the surface
after industrial or agriculture activities. The method hasbeen applied to a real dataset and compared
with the classical NMO approach. The results show that the CRS method provides a much more de-
tailed velocity field, thus improving the potential of GPR asan investigation tool for environmental
studies.

INTRODUCTION

The CRS method is a novel seismic time-imaging technique that provides also attributes related to the
subsurface model. These attributes, expressed in terms of wavefront curvatures and emergence angle, can
be combined to estimate the RMS velocities within the illuminated part of the subsurface model. The
purpose of this paper is to investigate the ability of the CRSmethod to retrieve RMS velocities (together
with their corresponding interval velocities), as compared with the classical common-midpoint (CMP)
and normal moveout (NMO) approach. For the comparison, we use a real dataset obtained from a near-
surface GPR multi-offset survey. In this way, the ability ofthe CRS method to handle the specificities of
electro-magnetic waves can be assessed, such as unusual scaling and medium attenuation. Furthermore, the
interval velocities, obtained after conversion of the GPR velocities, are combined with parallel electrical
resistivity measurements to recover ground-water properties such as water-content or water conductivity.
This combination allows for a better understanding of the physical meaning of the original GPR velocities,
as obtained by the CMP/NMO and CRS procedures. Finally, as the GPR experiments were repeated in
time, we shall be able to monitor the stability of these velocity determinations.

There are three main factors that contribute to the bulk conductivity in a porous soil, namely the water
content, the water conductivity, and the clay content, provided that the matrix can be considered as insulat-
ing. For environmental issues such as the monitoring of contaminant infiltration, one important objective
is to evaluate the water conductivity, mainly in the vadose zone between the surface and the aquifer nappe,
where the water content is highly variable. As a consequence, we need independent measurements, so as
to separate the effect of these parameters. Following the strategy proposed in Garambois et al. (2002), we
use, as a first step, GPR velocity to estimate water content. As a next step, we combine the obtained results
with the electrical resistivity measurements to delineatewater conductivities anomalies. The anomalies that
remain stationary in time will be attributed to clay, while the ones that vary with time will be interpreted
as an evidence for the diffusion of a solution in the ground water. It is thus of primary importance to get
the most detailed and reliable GPR velocity field estimation. To make it feasible in an industrial context,
the whole procedure is required to be easily implemented andprocessed. This means that the experimental

mailto:Herve.Perroud@univ-pau.fr
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setup should be simple and the data processing should be as automated as possible.
In the first section, we give an overview of the CRS method and literature, so that the reader can find the

main concepts needed to understand the presented argumentsand results. In particular, we discuss various
important aspects related to the use of the CRS method (such as the selection of apertures) as well as the
interpretation of the CRS results, in contrast to the classical NMO process. For a detailed description of the
CRS method we refer to Mann (2002). We next present the GPR multi-offset experiment, and the dataset
used in this investigation. Using this dataset, we describe, in the following two sections, how both classical
NMO and CRS are used to estimate the RMS velocities. Finally,we evaluate the geophysical significance
of the obtained velocity fields, by combining them with electrical measurements and deriving the sought
for ground-water properties.

CRS TIME-IMAGING OVERVIEW

The classical common-midpoint (CMP) method is a routine step in seismic processing to obtain a (time-
domain) velocity distribution of the subsurface, as well asa simulated (stacked) zero-offset section. The
obtained time-domain velocities can be next converted to interval velocities in depth, thus providing a
subsurface velocity model that is needed for a number of applications. For the historic description of the
CMP method, as well as practical developments, the reader isreferred to Yilmaz (2000) and references
given there.

Considering a 2D-situation in which all source and receivers belong to a single seismic line, the CMP
method is based on two main steps. First, the data are sorted out into CMP gathers. Each CMP gather is
determined by the fixed CMP location,x0, and by the ensemble of source-receiver pairs(S, G), located
by the coordinates(x0 − h, x0 + h), whereh is the (variable) half-offset. Second, a coherence analysis
is carried out at each sample,t0, on the ZO trace that is to be constructed at the CMP location,x0. A
widely used coherence measure is semblance (Neidell and Taner, 1971) to which we refer to throughout
the paper. The coherence analysis is to be applied using the traveltime normal moveout (NMO), given by
the hyperbolic traveltime expression

t2CMP(h) = t20 +
4h2

v2
NMO

. (1)

In the above expression,vNMO is the velocity that yields the best coherence (semblance) to the data.
For this reason,vNMO = vNMO(t0, x0) is now referred to the NMO velocity associated to the ZO (cen-
tral) location point,x0 and time sample,t0. After the determination of the NMO velocity, the so-called
normal-moveout is applied to the data using the traveltime expression (1), and then the data are stacked to
constitute a simulated ZO section. In practice, particularly in the presence of significant reflector dips, the
procedure outlined above is further refined upon the introduction of dip moveout (DMO) together with the
previous NMO transformation. We refer once again to Yilmaz (2000) for a detailed discussion on these
topics. We also mention that the cascaded NMO/DMO transformations can be alternatively replaced by the
transformation called migration to zero-offset (MZO), see, e.g., Tygel et al. (1998).

As seen from the previous discussion, the CMP method, although widely used in practice, has two main
limitations: (a) It uses only CMP data for the coherency analysis. This means that much of the available
data (from source and receivers not symmetrically located around the CMP) are not being used and (b) The
only attribute that is extracted from the data is the NMO velocity. If the NMO correction, whose expression
is time-dependent, is carried out due to a NMO velocity distribution obtained on the basis of picks in the
semblance map, artifacts, known as NMO stretch, are introduced. This is, however, a commonly applied
approach and also discussed later on.

Due to the significant reduction of the costs for quality-data acquisition and computing power in the
recent years, geophysicists are being able to overcome the limitations of the CMP method, for example,
by the use of more general traveltime moveout expressions. These can account and stack the contributions
within an extended gather that consists of arbitrary source-receiver locations around a central point. The
central points can, of course, be taken at an old CMP location.

In the recent literature, those methods that are based on more general traveltime moveouts, together
with multi-parametric search strategies to estimate and apply the various traveltime attributes, are referred
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to as ”macro-model independent reflection imaging”. A collection of important contributions to the subject
is provided in Hubral (1999)1.

In the present 2D-situation, it can be shown that the second-order traveltime of a primary reflection for
a source and receiver pair whose midpoint is arbitrarily located in thevicinity of a central point, depend on
three parameters, all of them connected with the primary ZO ray that refers to that point2.

The dependence on more parameters implies that one has to usea more involved coherency method
to retrieve the required traveltime attributes, as opposedto the simple single-parameter semblance analy-
sis utilized in the CMP method. At first, this might be seen as adisadvantage because of the enhanced
computational effort that is implied when three attributes(instead of one) are to be estimated. A second
consideration, however, realizes that the new attributes provide more information that can be used for better
imaging, as well as for a better determination of the velocity model as needed, for example in migration.
Investigations are currently been made on the use of CRS attributes for the inversion of a macro-model.
Initial results are reported in Biloti et al. (2002) and Duveneck and Hubral (2002).

The Common Reflection Surface (CRS) method is one of the generalizations of the classical CMP
method in the sense described above3. It uses the hyperbolic traveltime moveout, here written inthe
appealing form

t2hyp(xm, h) =

[
t0 +

2 sinα

v0
(xm − x0)

]2
+ 4

[
h2

v2
NMO

+
(xm − x0)

2

v2
PST

]
. (2)

Formula (2) considers three fixed (central) quantities, namely, x0, t0 and v0. The coordinate,x0,
specifies the (central) pointx0 on the seismic line at which a coincident source and receiverpair, S0 =
G0 = x0, is located. The central traveltime,t0, represents the ZO primary-reflection traveltime that
pertains to the central point,x0. Finally, v0 denotes the velocity of the medium at the central point,x0.
Now, (xm, h) denote the midpoint and half-offset coordinates of an arbitrary source-receiver pair,(S, G),
in the vicinity of the central point,x0. In other words, the source and receiver distances to the central point
x0 are given by(xm −h−x0, xm +h−x0). For any given midpoint and half-offset co-ordinates,(xm, h),
that specify a source,S and a receiver,G, that are in the vicinity the central point,x0, thyp(xm, h) provides
the hyperbolic approximation of the traveltime along the primary-reflection ray that connectsS to G.

The hyperbolic traveltime (2) depend on three parameters orattributes,α, vNMO andvPST. Here,vNMO

is the familiar NMO velocity that appears in the CMP method. This is no surprise, since, for the situation
of a CMP gather, namely, source-receiver pairs,(xm, h), in which xm = x0, the general expression (2)
reduces to its CMP counterpart given by equation (1). The parameter,α, represents the emergence angle of
the ZO (central) ray atx0. To understand the last attribute,vPST, we consider the situation of a ZO gather,
namely, source and receiver pairs(xm, tm) in whichh = 0. In this case, the hyperbolic expression reduces
to

t2hyp(xm, h) =

[
t0 +

2 sinα

v0
(xm − x0)

]2
+

4(xm − x0)
2

v2
PST

. (3)

We see that, except for the time-shift,tshift = 2(sin α/v0)(xm − x0), inside the parenthesis, formula
(3) has the same form than the corresponding NMO traveltime.In this way, the velocity attribute,vPST,
referred to the ZO situation, plays the same role as the NMO velocity, as defined by the CMP situation.
Since, in practice, the (non-available) ZO section is derived (simulated) from the CMP traveltimes by stack-
ing, we find convenient it to refer the quantity,vPST, as the post-stack-velocity attribute of the hyperbolic
traveltime.

1The terminologymacro-model independent reflection imagingintends to indicate that the extraction of attributes and stacking
procedures are designed to be less dependent on an a priori given macro-velocity model. As a previous knowledge of the velocity
model is always welcome, many geophysicists prefer to use the alternative terminologydata-driven reflection imaging.

2Here, the termvicinity is not to be understood as ”very close”, but such as the zero-order ray theory description holds. The actual
aperture depends on various factors such as the main frequency of the source pulse and the ratio between the source-receiver offset
(aperture) and the reflector’s depth.

3In the literature of macro-velocity independent or data-driven seismic reflection imaging methods, the Multifocus method (in-
troduced by Gelchinsky and co-workers), the Polystack or shifted-hyperbola method (introduced by de Bazelaire and co-workers)
and the common-reflection (CRS) method (introduced by Hubral and co-workers and developed by the WIT Consortium) occupya
preeminent role. The reader is once again referred to Hubral(1999) for a brief survey and applications of these methods.



74 Annual WIT report 2002

0

0.05

0.10

0.15

T
im

e 
(m

ic
ro

se
c)

5 10 15 20 25 30 35 40 45 50 55
CMP position (m)

Common offset section 2h=1m

Figure 1: Example common offset section for offset 2h=1m

Please note, for a seismic line on a plane measurement surfacevNMO andvPST are expressible in terms
of wavefront characteristics, namely the angleα as well as the wavefront curvaturesKNIP andKN of
two hypothetical waves (Hubral, 1983). In this case, the hyperbolic traveltime formula (2) reads as given
in, e.g., Tygel et al. (1997) and Jäger et al. (2001). However, in the following sections these wavefront
characteristics are not explicitly used butvNMO. We therefore prefer the hyperbolic traveltime as given in
equation (2).

All fixed quantities,x0, t0 andv0 are supposed to be given for the application of the CRS process. Note
also that each central co-ordinate,x0, locates a trace of the simulated ZO section to be constructed. The
velocity,v0, is the surface velocity for that trace. Finally, each time,t0, can be consider as a time sample
in the construction of the trace atx0. The CRS stacking is done taking each time sample at a time.

As a result of the CRS method, one obtains the following functions (sections) defined on the grid
points,(x0, t0) of ZO trace locations (for example, CMPs) and ZO time samples: (a) The stacked value
(ZO simulated section); (b) the coherence value of the stack; (c) the NMO velocity section,vNMO(x0, t0);
(d) the angle section,α(x0, t0) and (e) the PST velocity,vPST(x0, t0). By means of the relationship

vrms = vNMO cosα ≈ vNMO(1 − α2/2) , (4)

between the root-mean-square (RMS) velocity,vrms and the NMO velocity,vNMO, we readily obtain, as a
simple additional product, the RMS-velocity section, namely, vrms(x0, t0). It can be easily seen that ifα
is small enough (say less than20◦), the two quantitiesvNMO andvrms can be identified within reasonable
precision. This situation holds in this case study and thevNMO/vrms section is of most importance for the
application we envisage in this work.

THE GPR DATASET

Multi-coverage GPR dataset is not common, since most acquisition systems have only one channel. GPR
investigation is therefore usually conducted in a single common-offset configuration. In the same way
as in seismics, the GPR method provides a time image of the subsurface (electromagnetic) reflectors and
diffractors. For migration or depth conversion purposes, afew CMP experiments are, in general, also
made, the obtained velocities being interpolated between them. Due to a new generation of multi-channel
instruments, GPR investigation practices are changing to use their improved capabilities. In this study,
we used a Ramac-2 4 channels control unit manufactured by Mala Geophysics, together with 2 pairs of
unshielded 200 Mhz antennas. The multi-offset coverage data were obtained by repeated profiling with the
4 antennas mounted on a PVC cart with varying spacings. Altogether, we obtained 28 different offsets,
every 0.2 m from 0.6 to 6 m, for each CMP spaced every 0.1 m on a 55m long profile. The traces were
sampled over 0.15 microseconds, what corresponds roughly to a 6 m penetration depth for a mean velocity
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Figure 2: Example common mid-point gather for position x=10m

of 0.75108 m/s. These procedures were repeated over time to monitor thechanges in the subsurface water
properties. In this on-going project, we plan to achieve a full-year coverage at a one-month time interval.

Standard processing was applied to the datasets, includingstatic shift for zero time, mean amplitude
removal, tapered bandpass filtering, mute of air wave, and amplitude balancing through a division of each
common-offset gather by the mean of its envelope traces. Thefinal datasets were then sorted in CMP
number for velocity estimation and stacking. As an example,one common-offset section is shown in
Figure 1. It presents clear reflection events but also artifacts (ringing) due to the interaction between
antennas in our multi-offset configuration. It can be noted that the time is given in microseconds, and
distance in meters. The scales that are used lead to a vertical exaggeration of apparent dips by a factor of
more than 3. Furthermore, the maximum CMP aperture reaches avalue of 5 for the uppermost reflections,
down to less than 1 for the lowermost ones. A typical common mid-point (CMP) gather is shown in Figure
2. It reveals a series of coherent hyperbolic reflection-time curves that should allow a precise determination
of the GPR velocity field. Note that the artifacts mentioned above appear uncorrelated from trace to trace.

On the same profile, an electrical resistivity section was obtained with a 64-electrodes Syscal-R2 system
from Iris Instruments, with electrode interval of 1 m. Measured apparent resistivities were converted into a
2D resistivity section using the inversion algorithm of Loke and Barker (1996), with random residuals less
than a few percents. The obtained resistivity section, shown in Figure 3, reveals both vertical and lateral
variations. As shown below, these provide interesting comparisons with our GPR velocity estimations.

RMS VELOCITY ESTIMATION WITH CLASSICAL NMO

The procedure followed here to derive the velocity field involves, in a first step, a classical NMO velocity
analysis, performed with the aid of the SU seismic processing software. Semblance maps were computed
for a selection of CMPs, spaced every 2m along the whole profile. For these, semblance maxima were,
then, manually picked for each reflection-time curve. In a second step, to overcome the imprecision of the
picking due to the elongation of the semblance maxima along the velocity axis, the previously obtained
velocities were refined by a means of visual adjustment of thecorresponding hyperbolae on the CMP data.
This is possible only when the signal-to-noise ratio of the analyzed event is significantly higher than 1, what
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Figure 5: vrms velocity field obtained by the classical NMO method
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is not achieved everywhere in the section. An example of sucha velocity estimation is given in Figure 4,
for the CMP located at the position 10m along the profile.

The final time-velocity law, shown as the black thick line on top of the semblance map, was obtained
after several iterations of hyperbolae fitting from the initial time-velocity law, shown as the thin black line.
It leads to the NMO corrected CMP gather, where all events appears quite horizontal, and the corresponding
stacked zero-offset trace. In this example, some peculiarities of the GPR data can be recognized. First,
we note the change of polarity along the third event, corresponding to a change of sign of the reflection
coefficient with increasing incidence angle. Second, due tothe large aperture, the NMO correction gives
rise to very severe stretches for the uppermost events, these being, for that reason, largely muted. In fact,
the implementation of the SU velocity analysis assumes a limit (upper bound) of the acceptable stretch
induced by the NMO. We fixed this limit to a factor of 1.5 (that is a 50% stretch), namely, samples with
larger stretch were simply muted. This implicitly generates a restriction to the number of traces to be
used in the procedure, since the NMO stretch is directly dependent upon the CMP aperture for fixed offset
and velocity (see details below). Finally, one can observe that a clear maximum in the lower part of the
semblance map (at time 0.13 microsec), although initially picked, was later rejected since it would lead to
a unacceptable low velocity, which, in turn, would convert into a physically impossible interval velocity.

From the set of recovered time-velocity laws spaced along the profile, a bilinear interpolation was ap-
plied to generate a complete velocity map, namely one that isdefined for all time samples and all midpoints.
The obtained RMS velocity field is shown in Figure 5, togetherwith the corresponding stacked section in
Figure 6, which provides already a much better subsurface image that the one shown in Figure 1. We shall
come back to this velocity field later, after the presentation of the corresponding one obtained by the CRS
method, as described in the following section.

RMS VELOCITY ESTIMATION WITH THE CRS METHOD

The CRS software used in this part corresponds to version 4.2, from the University of Karlsruhe. To
efficiently implement the three-parameter search, as required by the CRS method, it comprises four suc-
cessive steps, the first three being one parameter searches confined to specific gathers, followed by a final
optimization step:

• a first search, namedautomatic CMP stack, is made in the CMP gather. In a similar way as in the
NMO approach, it yields to a first estimation of parametervNMO. An important difference, however,
is that, as opposed to the NMO manual visual procedure, the CRS stack is made fully automatic for
every sample and every CMP that pertains to the zero-offset section to be constructed. The automatic
search requires the selection of a parameter value which maximizes the coherence criteria. To avoid a
bias on thevNMO parameter due to the the validity range of the second-order (hyperbolic) reflection-
time approximation, the offset aperture must be controlled(restricted) in the CMP gather. Namely,
offsets exceeding the chosen aperture are not included in the search. The choice of the aperture that
is used is selected by the user. As discussed below, an adequate choice of the offset aperture is crucial
for best parameter estimation and stack results. After the determination of thevrms parameter at each
CMP location and for every traveltime sample, an output stacked section is constructed. In the same
way as in the NMO procedure, this stacked section is considered as a simulated zero-offset section.

• The zero-offset section build in the first step is next used for a search of parameterα, the emergence
angle. It uses the first-order (linear) plane-wave approximation of the zero-offset traveltime in a
small mid-point aperture range.

• Onceα has been estimated, the search of the third parameter,vPST is conducted, also in the stacked
section. It uses, this time, the full second-order (hyperbolic) approximation of the zero-offset trav-
eltime within a mid-point aperture. This aperture is also user defined. After the above three steps, a
new section, called theinitial CRS stackis obtained by stacking all the input data, within an aperture
of elliptical shape in the midpoint-offset plane, using thefull 2D CRS stacking surface as given by
equation 2.

• Finally, three-parameter optimization scheme is applied to the full input data. The optimization
scheme uses the previous estimations of the parameters as initial values. The optimized parameters
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can then be seen as arefinementof the previous ones, that were obtained using three independent
one-parameter searches. Using the optimized attributes, anew stacked section, the calledoptimized
CRS stack, as well as the corresponding coherence (semblance) section, are obtained. As a further
result, a Kirchhoff-type time-migrated section can also bereadily constructed.

As can be seen from this short presentation, there is a recurrent need for the CRS application to limit the
extent of the data to be analyzed or stacked, so as to insure the good precision of measured parameters. In
the classical NMO approach, this is implicitly achieved by limiting the stretch effect induced by the NMO
correction to a chosen threshold (in our case study this value was taken to be 1.5). As the CRS method
suffers from no stretch, there should be some preliminary assessment of the apertures (both in offset and
mid-point axes) to be used before running the software.

CRS apertures

The first parameter to be estimated by the CRS method is thevNMO velocity. Similarly to the NMO method,
thevNMO parameter is obtained by a one-dimensional search applied to the CMP gather. More specifically,
for a fixed CMP location,x0, and each time sample,t0, the search is done in the offset, domain, namely, for
varyingh. A necessary requirement is then to define the maximum offsetthat will be used. Obviously, this
will depend upon the time sample itself. In the present implementation, CRS requires that two points are
given in the offset-time(x0, t0)-plane, to draw a linear offset limit between them. Furthermore, to avoid
strong edge effects, a tapered zone is also implemented within this limit.

To establish a fair comparison with the classical NMO approach, we try first to choose the CRS offset
aperture so that it corresponds to the previously chosen NMOstretch mute ratio (1.5), although the CRS
does not generate a stretch. To achieve this, we derive from expression (1) the following short formula,
in the horizontal and constant velocity case, between the offset aperture, defined as the tangent of the
reflection semi-angle, and the NMO stretch effect, for a given offset and velocity:

NMO_stretch =
dt0
dt

=

√
1 + aperture2 , (5)

We can thus estimate that the maximal stretch ratio of 1.5, used in the NMO processing above, cor-
responds to a maximal aperture of 1.12. The corresponding maximal offset can then be obtained for any
travel-timet with the linear expression:

offset_max =
v0.aperture√
1 + aperture2

t , (6)

For the exemplary CMP at 10m, the corresponding line is shownin blue on top of the reflection events
in the left part of Figure 7. Unhappily, the CRS software doesnot use this definition of aperture. To tell
CRS not to use the offsets beyond that line, we have to determine the two points which limit the CRS offset
aperture so that the same data samples will be kept for analysis. This is not straightforward, since these
two points are defined in the CRS code by ZO time and offset pairs, while the CMP gather axes are real
travel-time and offset. An initial guess ofvNMO (middle-left part of Figure 7) is therefore necessary to
adjust these two points as shown by the red line in Figure 7, fitted on top of the previous blue line. The
second red line inside the offset aperture range corresponds to the beginning of the tapered zone, chosen
here at 90% of the defined aperture. After applying the CRS moveout, we obtain the new gather shown
in the middle-right part of Figure 7. Finally, the corresponding stacked trace is shown on the right part of
Figure 7. It can be seen by comparison with the NMO corrected CMP gather shown in Figure 4 that the
CRS offset aperture so-defined is very similar to the NMO stretch mute ratio of 1.5 used above. Due to the
absence of stretch, the CRS CMP stacked trace appears less smooth, and has more contrasted amplitudes,
than the NMO stacked trace.

It should be well understood that we could have used in CRS a somewhat larger aperture than in NMO,
since it has no stretch effect. To verify this, we did run again the CRS with maximum apertures of 1.5
and 2 instead of 1.12, for the exemplary CMP at 10m. Results are shown after the first automatic CRS
moveout in Figure 8 and 9 respectively. It can be observed that, even for the bigger aperture, the flattening
of the reflection events is still quite good, and no clear signof inaccuracies in the traveltime approximation
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Figure 7: Left: offset aperture for the CMP at 10 m; the blue line corresponds to a maximum aperture of
1.12, while the red lines are the limits of the tapered zone for the CRS offset aperture. Middle-left: first
vNMO estimation (red line) leading to best coherency (blue line)in the CMP gather; Middle-right: same
gather after CRS moveout using the shownvNMO. Right: corresponding stacked trace
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Figure 8: same as Figure 7, for an offset maximum aperture of 1.5
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Figure 9: same as Figure 7, for an offset maximum aperture of 2
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appeared, due to higher-order terms. The absence of stretchallows therefore to use a larger part of the
reflection events, what should be specially significant for the uppermost events, or for those of low signal-
to-noise ratio (see around time 0.06 microsec for example).

The mid-point aperture used for the following steps of the CRS parameter searches implements a time-
variable Fresnel zone related search domain, within limitsthat have to be explicitly defined. The minimal
value has to be large enough to allow parameter searches for the uppermost events, it was chosen here to
1.5m, that corresponds to 15 CMP intervals. The aperture then increases with time, as would a Fresnel
zone width for increasing depth, until it reaches the maximal value of 3m. For the plane-wave angle
estimation, that aperture is reduced by a factor of 0.3. These mid-point aperture limits are superposed
on top of a zero-offset simulated section, here obtained by the classical NMO approach in the previous
section (Figure10). It should be noted that the CRS approximation assumes implicitly that the reflecting
interface can be locally represented by an arc of circle (Höcht et al., 1999), where the reflection points of
the analyzed source-receiver trajectories are allowed to spread. It seems thus worthwhile that the chosen
mid-point aperture is large enough to fully include such an arc of circle, but not much more. In our case,
the chosen mid-point aperture presents such a characteristic.

Automatic CMP attributes and stack

For all subsequent CRS calculations, we shall use the medianoffset aperture of 1.5, which appears above
as a good compromise between the acceptable stretch effect of the NMO and the inevitable large offset
inaccuracies of the second-order approximation used in thestretch-free CRS. Together with the parameters
estimations and simulated stack section, the CRS software provides also some indications of the quality of
these determinations. We shall use here two of them, first themeasure of the best coherence, and second
the number of traces used. As a matter of fact, attributes areestimated for all time samples, whether there
is a reflection event or not. It appears thus necessary tocleanthe CRS parameters estimations before using
them, that is to remove all values obtained with a coherence lower than a chosen threshold. By examining
Figures 7 to 9, which show the coherence measures for the exemplary CMP at 10m, a simple time-invariant
threshold does not seem adequate, since it would accept coherence troughs for short times, while rejecting
coherence peaks for long times. We therefore implement a variable threshold, linearly decreasing with time
between a high value (0.5) defined for a shortt0, and a low value (0.2) for a long one, and extrapolated over
the whole trace, as shown in Figure 11. The second adjustmentwe made is related to the number of traces
used in the parameter search, which is a function of the offset aperture discussed above. If the number of
traces is too low, what happens in the shorter times, the coherence measure is meaningless. We choose
here to reject all parameters obtained with less than 4 traces (for a maximum of 28 in each CMP gather in
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Figure 11: Left: CRS CMP autostack coherence measure for the exemplaryCMP at 10m, with the time-
variable threshold used to remove meaningless attribute values; Middle-left: Number of traces used and
its threshold; Middle-right: Mask corresponding to the combination of the two selection criteria; Right:
Cleaned CRS CMP autostackvNMO, compared to both initial (thin line) and final (thick line) NMO derived
stacking velocity laws

our dataset). After application of these two criteria, we obtained thecleanedvNMO velocity law displayed
in Figure 11, that can be compared with the classical NMO derived velocity laws obtained in the previous
sections (both initial and final). As expected due to the strong similarity between this first CRS step and
the classical NMO, the cleaned CRSvNMO velocity law is very similar to the initial NMO velocity law
obtained by manually picking maxima in the semblance map. Itcan be noted in particular that the anomaly
coherence maxima (at time 0.13 microsec) already seen in theNMO approach is also automatically picked
by the CRS in the CMP gather.

As stated above, the main difference up-to-now between the two approaches is that the CRS code picks
automatically the best stacking velocity, for all time samples and all CMPs. While this difference seems
at first glance secondary, or a matter of implementation, it is in fact a really important one since it leads
not to one velocity estimation for a given reflection event, but to a set of velocity estimations for all time
samples that constitute it. This effect can be clearly seen in the comparison of the NMO manually-picked
velocities and the CRS automatic ones, as shown in Figure 11 for our exemplary CMP at 10m. It will lead
us to include later a regularization process of the CRSvNMO velocity field, before conversion to interval
velocities.

According to the changing characteristics of the dataset between the left and right parts of the investi-
gated area, we had in fact to split the dataset in two parts that were cleaned with slightly different threshold
laws, and subsequently merged. This first CRS step leads to the cleanedvNMO and zero-offset (stacked)
sections that are shown in Figures 12 and 13. They are directly comparable to the ones obtained by the
classical NMO approach (Figures 5 and 6). However, they are intermediate output sections, that can be
used for on-going processes or quality control, but they do not include essential parts of the CRS approach,
and we therefore won’t interpret them. We shall see in the next section the corresponding final CRS images,
with much better quality.

Optimized attributes and stack

The same procedure as above was applied to clean the optimized attributes, but with different thresholds.
As can be seen in Figure 14, which shows the results obtained for our same exemplary CMP, the best
coherence is significantly lower, while the number of tracesis much greater, than in the first CRS step.
A convenient choice was to divide by a factor of 2 the previouscoherence threshold. While this seems
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Figure 12: Cleanedvrms velocity field obtained by the automatic CMP step of the CRS method
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Figure 14: Same as Figure 11, for the optimized CRS attributes. Note that the coherency level is lower
than for the automatic CMP attributes, so the threshold values are reduced by a factor 2

surprising since the parameters were optimized for best coherence, it should be recalled that the first CRS
step is restricted to the CMP gather, with much less traces than the CRS supergather, so a strict comparison
is not easy. However, the optimization step is improving coherence from the so-calledinitial stack CRS
step (see above). Concerning the number of traces, as the minimal mid-point aperture includes 15 CMP
on both sides of the center point, we fix at 90 the minimum number of traces within the semi-elliptical
aperture. It can be seen in Figure 14 that CRS is conducting search and stack operations with up to about
1000 traces, instead of 28 for the classical NMO method.

An interesting feature appears at the inspection of the cleaned optimizedvNMO law obtained for our
exemplary CMP (Figure 14, right). While both initial NMO manually picked or CRS automatically picked
CMP coherence maxima lead to a physically impossible low velocity for time 0.13 microsec, the optimized
vNMO reveal a much more reasonable velocity, with a much reduced coherence value. Thus, it appears that
for this event, the strong data coherence existing in the CMPgather for its small number of traces is not
confirmed in the supergather with its very large number of traces. The CRS was thus able to filter out this
anomaly event, which could otherwise has been mis-interpreted as a velocity anomaly. On the other hand,
the case of the polarity inversion along the third reflectionevent is not better handled by the different CRS
steps than by the NMO. The sole coherence/semblance criteria is clearly not adapted in this very special
situation.

The final cleaned and optimizedvNMO and zero-offset (stacked) sections are shown in Figures 15 and
16. They appear on one side much more regular that their first CRS automatic CMP counterparts (Figures
12 and 13), but also reveals details not easily seen in their classical NMO counterparts (Figures 5 and 6).
Although the CRS method is often thought as inducing a smoothing of the subsurface due to its use of
supergathers, it appears here that it can recover very small-scale features, in particular when considering
thevNMO velocity field. It is still more impressive when compared with the classical NMO velocity field,
which is over-smoothed due to its final interpolation step. However, it exists in the CRS velocity field too
much high frequency variations, so that a direct conversionto interval velocities through the familiar Dix
algorithm is not yet possible. We shall therefore conduct inthe next section a regularization process of this
velocity field.

CRSvNMO regularization

The familiar Dix algorithm for inverting measuredvrms velocities into interval velocitiesvint is long known
to be unstable. Any small change of thevrms value along the time axis can lead to a strong variation in
the vint value, so that physically impossible velocities are obtained. Therefore, this part of the work is
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Figure 15: Cleanedvrms velocity field obtained after the optimization step of the CRS method
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Figure 17: Smoothed CRSvrms velocity field

quite interesting to assess the quality of the CRS velocity determination. As already discussed above,
even with the classical NMO approach which involves sparse velocity determinations and a large amount
of interpolation, and which leads to a very smoothvrms velocity field (Figure 5), we encountered that
difficulty. For the CRS case, the situation could be much worse since for each CMP supergather, there is
an independentvrms attribute determination for each time sample. On the other hand, as there is a large
overlap between neighboring supergathers, we can expect that the velocity determinations are correlated
from trace to trace.

The regularization process we designed here includes several steps:

• Outliers elimination: the CRS coherence optimization leadin a few instances to anomalous velocity
values, which survive to the cleaning process described above. In our cases,vrms velocity lower than
5500 cm/microsec or higher than 9500 cm/microsec were considered as anomalous, and therefore
blanked out. It concerns less than 1% of the CRSvrms determinations.

• Interpolation of missing values: after the cleaning phase and the outliers elimination, there exists a
fair amount of time samples for which there are no velocity determination available. To overcome
this situation, it is a natural choice to interpolate along the time axis the missing values. We choose
a simple linear interpolation to avoid the generation of unwanted oscillations. The CRS constant
subsurface velocity was also affected to the upper part of each velocity trace (in the mute zone).
Furthermore, the last available velocity sample was extrapolated to the end of the time axis. In this
manner, we generate a velocity field which covers fully the investigated domain, as in the classical
NMO approach.

• Smoothing along the vertical time axis: This point is essential due to the instability of the inversion
process, as stated above. If we examine the optimizedvrms determinations for the exemplary CMP
(Figure 14), it appears that the values are somewhat dispersed around a slowly varying general trend.
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This high-frequency dispersion, although of moderate amplitude, cannot physically be associated
with interval velocity fluctuations, since thevrms definition by itself implies a too strong smoothing.
We believe that this dispersion is rather linked to the coherency optimization of the CRS method,
and that we have to get rid of it before going to a physical interpretation. To achieve this, we used
for each CMP position a moving time-window average, with a width of 20ns that we have adjusted
by trial and error, until we find that the high-frequency dispersion had vanished and the overall trend
was recovered.

• Smoothing along the horizontal mid-point axis: the final step was a slight smoothing along the mid-
point axis, within a radius of three mid-point interval, to improve the lateral consistency of thevrms

velocity field.

After the whole process, we obtained the smoothed CRS optimizedvrms section shown in Figure 17.
It presents most of the low-frequency characteristics of the cleaned section of 15, but with a full domain
coverage and a limited range of velocities. This is the section that will be converted to interval velocities
in the next section. Note however that the lower right part ofthe section is very poorly constrained by
available velocity determination.

Other regularization processes are also investigated as, for example, the stochastic reconstruction using
a sequential Gaussian simulation (SGS) algorithm (see, e.g., Bleiner et al., 2000), based on correlation
length determination using semi-variograms. They have certainly the potential to better fill the holes of the
section, but they will not replace the smoothing part of the procedure, which will remain necessary.

VELOCITY MODELS EVALUATION

NMO-CRS comparison

Figures 5 and 17 are directly comparable, since they represent the same information, at the same level of the
processing. It can be observed that the values are in generalagreement, as well as the overall organization.
However, thanks to the automated computation, the last (CRS) presents much more detailed variations of
the velocity field, so we can hope that more useful geophysical information could be recovered. Once
again, this will hold only if the interval velocity inversion can be achieved.

Interval velocity fields

The interval velocity sections obtained from both NMO and CRS vrms sections are shown in Figures 18
and 19. Except for a few values which exceeds the shown velocity range, both sections present acceptable
velocity values, and a reasonable general organization. However, it appears some slight anomalies, in
yellow-red, with velocities lower than 5000 cm/microsec that can be considered as improbable. Otherwise,
most of both sections present middle to high velocity that can are physically meaningful, given the known
soil context. It should be noted that most unrealistic values from the CRS section are restricted in the lower
right area which is not well constrained by the available data.

The vertical and lateral consistency of the velocity fluctuations seems much better in the CRS section,
especially in the left part where the data are the most abundant and well determined. Furthermore, the
overall organization of this same section has much better relationships with the independent electrical
resistivity section (Figure 3), which also presents anomalies in the same depth range, and with local extrema
in the same mid-point position (10m, 33m, 51m). The same cannot be stated for the NMO velocity section.
It seems therefore that the CRS section can be much more easily correlated with other available geophysical
evidences, and that is precisely what we need to achieve the targeted ground-water characterizations.

Ground-water properties

From both NMO and CRS derived velocity fields and the electrical resistivity field described previously,
we have computed the water content and the fluid conductivity, following the method given in Garambois
et al. (2002). The corresponding images are shown in Figure 20. It should be noted that the lower right
parts of these images are very speculative, since no reliable velocity estimations have been possible here,
neither by the NMO or CRS methods.
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Figure 18: Final interval velocity field obtained by the NMO method
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Figure 19: Final interval velocity field obtained by the CRS method
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It can be seen form this figure that once again, the CRS ground-water properties seem much more
physically reasonnable than their NMO counterparts. This is specially true for the fluid conductivity that
show anomalously high values in a significant part of the section for NMO, while the CRS reveals well-
defined progressive high conductivity anomalies, which could correspond either to high clay content or
high solution concentration. Only the persistance in time of such anomalies could help in resolve that
final ambiguity, and it seems to us that the automated CRS approach will be much more helpful to obtain
comparables images for different acquisition dates.

CONCLUSIONS

By means of a GPR real data example, we have examined the ability of the CRS to estimate rms-velocities
that can be further inverted to a meaningful interval velocity field. Our results have shown that, apart
from simple adjustments concerning scales and units, the CRS method very well extends its original use
in seismics to the case of electromagnetic wave measurements. The comparison of the velocity analysis
on the GPR dataset, conducted on the one hand by means of the classical NMO method and on the other
hand by means of the CRS method, demonstrate that CRS method delivers a clearer and more detailed
rms-velocity field than the NMO method in most parts of the section. One reason for this is that the CRS
method uses much more traces during the velocity analysis asit takes advantage of the multi-parameter
moveout surfaces as opposed to the single-parameter moveout curves of the NMO method. The inherent
stretch effect of the NMO method, which does not occur in the CRS method, even enhance this.

The inverted interval velocity field of the CRS method looks in most parts physically more consistent
than the interval velocity field inverted from the NMO method. The correlation of anomalies of the CRS
interval velocity field and the electrical resistivity section confirms this fact. Therefore, the CRS velocity
field in combination with electrical measurement seems to bemore suitable for the evaluation of ground-
water properties than the conventional NMO velocity field.

The CRS method at its current stage of implementation can be used as a black box processing tool.
However, well-chosen input parameters, mainly with respect to the apertures, and right interpretation of
the obtained attributes to get good results are mandatory—such as in the NMO processing. Therefore, hints
for the determination of the best aperture values as well as further processing steps needed to receive the
presented results have been discussed in detail.
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ABSTRACT

Kinematic information for the construction of velocity models can be extracted in a robust way from
seismic prestack data with the Common-Reflection-Surface Stack. This data-driven process results in
a number of kinematic wavefield attributes – wavefront curvatures and normal ray emergence angles
– that parameterise moveout surfaces in the prestack data, associated with each sample in a simulated
zero-offset section. I present a tomographic inversion method that makes use of this kinematic infor-
mation to determine smooth, laterally heterogeneous subsurface velocity models for depth imaging.
The input for the inversion consists of kinematic wavefield attributes picked at a number of locations
in the simulated zero-offset section. An optimum model is found in an iterative way by minimisation
of the misfit between the picked data and the corresponding modelled values. The required forward
modelled quantities are obtained during each iteration by dynamic ray tracing along normal rays per-
taining to the input data points. Fréchet derivatives for the tomographic matrix are calculated by ray
perturbation theory. The algorithm is tested on 1D and 2D examples and the inversion is successfully
applied to a 2D synthetic prestack data set.

INTRODUCTION

The determination of a suitable velocity model is one of the crucial steps for seismic depth imaging in
laterally inhomogeneous media. It is important not only forcorrect positioning of reflection events in the
subsurface but also for obtaining an optimally focused image if prestack migration is used. A number of
approaches for the construction of velocity models exist, which differ in the criterion used for evaluating
the quality of the current model, in the way model updates aredetermined and in the assumptions made
about the velocity model (blocky, layered, smooth, etc.).

Commonly used migration velocity analysis methods are usually based on residual moveout analysis
in common image gathers. They make use of the criterion that in the correct velocity model reflector
image depths produced by prestack migration should be independent of offset (e.g. Deregowski, 1990; Liu,
1997). Another approach, depth focusing analysis (e.g. Jeannot and Faye, 1986; MacKay and Abma, 1992),
employs the fact that during downward continuation in the correct velocity model reflection events should
collapse to zero offset at zero traveltime. Both approachesrequire the repeated application of prestack
migration and are therefore expensive in terms of computation time.

An often used tool for the determination of velcity models isreflection tomography (e.g. Bishop et al.,
1985; Farra and Madariaga, 1988; Stork, 1992). In reflectiontomography rays are traced through a model
defined by a velocity distribution and a number of reflectors.Global model updates are computed to
minimise the misfit between the modelled traveltimes and thecorresponding values picked in the prestack
data. The drawback of reflection tomography is the tremendous amount of picking that is necessary to
obtain traveltimes from the prestack data and the assumption of continuous reflectors, often across the
entire section. Although many attempts to automatise the process have been made, the problem of picking
remains.

Recently, Billette and Lambaré (1998) have presented a tomographic velocity inversion method called
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Annual WIT report 2002 93

NRξ ξ

α α

RNIP

NIP NIP

(a) (b)

Figure 1: The two eigenwaves associated withRNIP andRN : (a) the NIP wave and (b) the normal wave.

Stereotomography which makes use of the slopes of locally coherent events in shot and receiver gathers
together with traveltimes to obtain a smooth velocity model. An advantage of that method lies in the fact
that, as only locally coherent events are considered, no interfaces need to be introduced in the model.
Consequently, no picking along continuous events is necessary.

In this paper I present a tomographic velocity inversion method that makes use of kinematic information
extracted from the entire prestack data volume in a data-driven way by an application of the Common-
Reflection-Surface Stack (e.g. Mann et al., 1999; Jäger et al., 2001). Input data for the velocity inversion
may then be picked in the resulting simulated zero-offset section of significantly improved signal-to-noise
ratio, thus considerably simplifying the picking. Each picked data point consits of a number of kinematic
wavefield attributes that can be used to describe an entire approximate kinematic multi-offset response of
a common reflection point. The velocity inversion is performed with a tomographic approach which is in
some respects similar to Stereotomography. While in that method source and receiver rays pertaining to
a reflection point are considered, I use properties calculated along normal rays by dynamic ray tracing to
approximate the kinematic multi-offset response of reflection points.

THE COMMON-REFLECTION-SURFACE STACK AND VELOCITY INVERSI ON

The recently developed Common-Reflection-Surface Stack (CRS Stack) (e.g. Mann et al., 1999; Jäger
et al., 2001) is a stacking technique that makes use of multi-parametric stacking surfaces to obtain optimum
simulated zero-offset sections from seismic multi-coverage data in a data-driven way.

One of the advantages of the method lies in the fact that, apart from the simulated zero-offset section,
one obtains a number of additional sections containing the values of so-called CRS attributes or kinematic
wavefield attributes. These attributes are parameters thatdetermine the shape of the CRS stacking surface.
Their optimum values are obtained with a coherence analysisin the prestack data during the CRS Stack.

The CRS attributes – in the 2D case the three attributes are namedα, RNIP, andRN – can be given
a clear physical meaning. Whileα is the normal ray emergence angle at the surface locationξ, RNIP and
RN can be interpreted as radii of curvature of two so-calledeigenwavesemerging atξ (Hubral, 1983),
associated with two hypothetical experiments. They are obtained from a point-source and an exploding
reflector element attached to the normal-incidence point (NIP) on a reflector, respectively (Figure 1). The
attribute sections contain physically meaningful information only where sufficiently high coherence values
were obtained along the CRS operator. These locations can beeasily identified with the help of a coherence
section, which is also part of the CRS output. Synthetic examples of CRS Stack results (simulated ZO
section and kinematic wavefield attribute sectionsRNIP andα) are displayed in Figure 6.

The significance of the kinematic wavefield attribute sections lies in the fact that these can be used for a
number of different applications (e.g. Bergler et al., 2002), such as the calculation of geometrical spreading
factors and approximate projected Fresnel zones, and the separation of reflections from diffractions. In
particular, the CRS attributes contain information on the subsurface distribution of seismic velocities. In
the following I will briefly discuss their role in velocity model inversion.

The approximate (second order in half-offset) common-reflection-point (CRP) trajectory, i.e. the ap-
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proximate kinematic response of a reflection point, lies completely within the CRS surface. For a given
point (t0, ξ) in the zero-offset plane and a given near-surface velocityv0 the CRP trajectory in time-
midpoint-offset space can approximately be described by the CRS attributesRNIP andα alone (Höcht
et al., 1999). Ifα 6= 0 it deviates from the CMP trajectory, which is by definition confined to a fixed mid-
point value. Restricting the CRS operator to a single midpoint, one finds that the normal moveout velocity
vNMO, as it is conventionally defined, can be written in terms of the CRS attributesRNIP andα:

v2
NMO =

2 v0RNIP

t0 cos2(α)
. (1)

RNIP andα can therefore also be found by stacking-velocity analysis and the determination of local dips
in a stacked zero-offset section. Their determination withthe CRS Stack should yield much more stable
results, though, especially in the presence of a high level of noise in the data.

The link between normal moveout velocity on the one hand and wavefront curvature and emergence
angle on the other hand has been recognized by a number of different authors. Shah (1973) used this
relation together with wavefront curvature propagation laws in a Dix-type inversion for 2D layered models
containing dipping reflectors. Conventional Dix inversion(Dix, 1955) is then just a special case for 1D
models andα = 0. Hubral and Krey (1980) generalized Dix-type inversion to the case of 3D curved
layered models. Recently, Biloti et al. (2002) presented a revised version of that algorithm in 2D based
directly on CRS Stack results. They also include vertical velocity gradients within each layer in their
inversion.

The concept of “having a NIP wavefront shrink back into its hypothetical source” (Hubral and Krey,
1980) for the determination of interval velocities can, in principle, be generalised to the case of arbitrary
smooth velocity distributions. As the NIP wavefront parameters completely describe the approximate
kinematic response of a common reflection point (see above),this concept is consistent with the well-
known criterion of depth focusing analysis in the determination of migration velocities. It states that a
migration velocity model is correct, if seismic reflections, when downward continuation is performed,
focus at zero traveltime (e.g. Jeannot and Faye, 1986; MacKay and Abma, 1992).

TOMOGRAPHY WITH CRS ATTRIBUTES

In this section I will introduce a tomographic velocity inversion method for 2D isotropic models, based
on the CRS attributesRNIP andα. In contrast to Dix-type inversion, a smooth velocity modeldescription
without any discontinuities is used. This allows the continuous reflector assumption to be dropped: in-
dependent data points are picked from the CRS Stack section (together with the correspondingRNIP and
α sections), each point corresponding to a CRP in the subsurface. The inversion method is based on the
above-mentioned criterion for a correct velocity model: ina correct model, all considered NIP waves, when
propagated back into the earth along the normal ray, focus atzero traveltime. A first test of the method has
been presented by Duveneck and Hubral (2002).

Data and model components

Each point (t0,ξ) on an event in a CRS Stack section with a sufficiently large value in the corresponding
coherence section can be associated with a common reflectionpoint in the subsurface. Its approximate
kinematic multi-offset response is defined through the corresponding CRS attributesRNIP andα. Instead
of RNIP, I will use

M =
1

v0 RNIP
, (2)

wherev0 is the near-surface velocity value that has been used duringthe CRS Stack. This has a number of
advantages: firstly, the dependence on the chosen value ofv0 is removed, asRNIP appears in the expression
for the CRS operator only in a product withv0. M is the second spatial derivative of the NIP wave
traveltime on the zero-offset ray in the direction normal tothe ray atξ. The second-order approximation in
half-offseth of the CRP-trajectory for a given point(t0, ξ) (Höcht et al., 1999) can be written entirely in
terms ofM andα. It is independent of the near-surface velocityv0. Secondly, the quantity M can be easily
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Figure 2: Definition of model and data components for the tomographic inversion.

calculated along a ray with dynamic ray tracing. When the raytracing is started at the NIP, it is given by

M =
P2

Q2
, (3)

whereP2 andQ2 are elements of the ray propagator matrixΠ in ray-centered coordinates (e.g.Červený,
2001, see also Appendix A). Thus, the approximate CRP response in the vicinity of a normal ray at any
location along the ray can be directly modelled by dynamic ray tracing.

The input for the velocity inversion consists of a number of points picked in the CRS Stack section,
defined by their values oft0 andξ, together with the associated values ofα andM , taken and calculated
from the corresponding CRS attribute sections. Theith data point is given by

(T, M, α, ξ)i , (4)

where the one-way traveltimeT = t0/2 is used for convenience andi = 1 . . . ndata, whenndata data
points are picked.

One might consider implementing the previously mentioned condition for a correct velocity model – the
focusing of the NIP wave – directly. This would imply fixingα andξ at their picked values and propagate
the NIP wavefronts, described by the picked values ofRNIP, or the corresponding values ofM , into the
subsurface to check if they focus atT = 0 (i.e. RNIP = 0 at T = 0). One would then need to find a
velocity model that effects this focusing for all considered data points.

On the other hand, all data(T, M, α, ξ) must be expected to be affected by noise or a certain mea-
surement error. An inversion that does not allow for that error can become unstable. This can be taken
into account if the dynamic ray tracing is started in the subsurface at the respective CRPs. As the true
subsurface positions of the CRPs and the ray starting directions of the corresponding normal rays are ini-
tially unknown, these have to be considered as part of the model to be inverted for, along with the velocity
distribution. The optimum model is found when the misfit between modelled and measured values of
(T, M, α, ξ) is minimised. This is the approach that will be followed here.

In two-dimensional depth models, each CRP is characterisedby its location in the subsurface (x, z) and
its local dip angleθ, which also gives the direction of the normal ray. The smoothvelocity model itself can
be described by two-dimensional B-splines:

v(x, z) =

nx∑

j=1

nz∑

k=1

vjk βj(x)βk(z) , (5)

wherenx andnz are the chosen numbers of knots in the horizontal and vertical direction, respectively.
βj(x) andβk(z) are B-spline basis functions inx andz for given knot sequences (e.g. de Boor, 1978). As
shown in Appendix A, smooth third derivatives of the velocity are needed, therefore, B-spline functions of
degree 4 will be used. Together with the coordinates and local dips of the reflection points the coefficients
vjk in equation (5) define the model. It is given by

(x, z, θ)i

vjk ,
(6)

wherei = 1 . . . ndata, j = 1 . . . nx andk = 1 . . . nz . Model and data components are illustrated in Fig. 2.
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Solution of the inverse problem

The inversion problem described in the previous section canbe formulated as follows: find a model vector
m consisting of the model components given in (6), that minimises the misfit between a data vectord

containing the picked data values given in (4) and the corresponding modelled valuesdmod = f(m). Here
the nonlinear operatorf symbolises the dynamic ray tracing in the given model.

If the least-squares norm (e.g. Tarantola, 1987) is used as ameasure of misfit, the inverse problem
becomes one of minimising a cost function

S(m) =
1

2
‖d− f(m)‖2

D =
1

2
∆dT (m)C−1

D ∆d(m), (7)

where∆d(m) = d− f(m). The matrixCD is sometimes called the data covariance matrix, here assumed
to be diagonal, which weights the different data components.

The nonlinear modelling operatorf is locally lineariseable, therefore an iterative application of least-
squares minimisation to the linearised problem can be used to find the minimum of the cost functionS.
Starting with a first guess modelm0, a sequence of model updates∆m is found, hoping that the process
converges to the global minimum ofS.

Around a given modelmn, corresponding to thenth iteration, the modelling operator can be approxi-
mated locally byf(mn + ∆m) ≈ f(mn) + F∆m, whereF is a matrix containing the Fréchet derivatives
of f at mn. The Fréchet derivatives can in the present case be obtainedduring forward modelling by ray
perturbation theory (Farra and Madariaga, 1987). Their calculation is detailed in Appendix A. Then

∇m S ≈ −FT C−1
D (∆d(mn) − F∆m) . (8)

Setting∇m S = 0 leads to the least-squares solution for∆m if the inverse ofFTC−1
D F exists.

In practice, however,F is usually ill-conditioned, as not all model components aresufficiently con-
strained by the data alone. Therefore, a stable inverse cannot be computed. Additional information has
to be introduced to further constrain the model parameters and regularise the problem. Constraining the
model vector to have minimum length, as is done in damped least squares (e.g. Lines and Treitel, 1984),
is not reasonable in the present case. Physically, it makes more sense to require the velocity model to be
smooth, as we are looking for the simplest model that explains the data. The smoothness requirement also
assures the applicability of dynamic ray tracing along single normal rays to model approximate kinematic
CRP responses by determining the required attributesRNIP andα. As shown in Appendix B, application
of the smoothness criterion (minimum second spatial derivatives) as an additional constraint, not on the
model update, but on the velocityv(x, z) itself, leads to a matrix equation of the following form:

F̂∆m = ∆d̂, (9)

where

F̂ =

(
C

− 1
2

D F

[0 ,B]

)
, ∆d̂ =

(
C

− 1
2

D ∆d(mn)
− [0 ,B]mn

)
. (10)

HereBTB = ε D′′, and the matrixD′′ is explained in Appendix B. The factorε weights the relative
contribution of the regularisation to the cost function. Solving equation (9) in the least-squares sense yields
the desired model update∆m, which minimises the cost function

S(m) =
1

2
∆dT (m)C−1

D ∆d(m) +
1

2
ε mT

(v)D
′′m(v). (11)

If the dimensions of̂F are not too large the least-squares solution of equation (9)can be found e.g. by
singular value decomposition (SVD) (e.g. Lines and Treitel, 1984). For larger matrices this becomes com-
putationally too expensive and we need to apply more efficient methods, that take advantage of the sparsity
of F̂ during the solution of (9). Here the LSQR algorithm (Paige and Saunders, 1982a,b) is used. It is an
iterative method, based on conjugate-gradients, which solves linear systems of the form of (9) in the least-
squares sense without explicitly performing any matrix inversion. The LSQR algorithm is well-known for
its favourable numerical properties and is frequently usedfor tomographic problems in seismology (e.g.
Nolet, 1987).
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Practical aspects

Before the inversion process can be started, input data points need to be picked in the simulated zero-offset
section produced by the CRS Stack. Picks are independent of each other and do not have to follow an
event over successive traces. Their lateral separation should be smaller than the horizontal knot interval,
though, and they should be well distributed over the entire section. The required values ofM andα are
then automatically extracted and calculated from the corresponding CRS attribute sections.

An initial velocity model is set up by defining B-spline knot sequences in the horizontal and vertical
directions and assigning initial values to the velocity coefficients, such that these describe a 1D velocity
distribution with some constant vertical velocity gradient.

For each of the picked data points(T, M, α, ξ), kinematic ray tracing in the downward direction is
performed in the initial velocity model to obtain initial coordinates and local dip values(x, z, θ) for the
corresponding CRPs. Starting with these values, dynamic ray tracing in the upward direction is performed
until the rays reach the measurement surface. Initially,∆d will consist solely of the discrepancy between
the measured and modelled values ofM .

During ray tracing the Fréchet derivatives are calculated with the help of equations (A1) to (A11) in
Appendix A. With these ingredients and a chosen value ofε equation (9) can be set up. Its least-squares
solution∆d is found in the 1D case by SVD or in the 2D case with the LSQR algorithm. The updated
model parametersmn+1 = mn + λ∆m, where0 < λ ≤ 1, are then determined and new modelled data
values are calculated by dynamic ray tracing. If the cost function (11) has increased,λ is decreased and the
cost function recalculated, otherwise the next iteration is started by calculating Fréchet derivatives in the
new model.

In the course of increasing iteration numbers the value ofε can be decreased as the model misfit de-
creases, allowing more and more details to be resolved. The inversion is stopped, if a given maximum
number of iterations has been reached, if the data misfit has fallen below a specified value, or if a minimum
of the cost function (11) has been reached, i.e. decreasingλ does not lead to a further decrease of the cost
function.

SYNTHETIC TESTS

To test the inversion algorithm introduced in the previous section it is firstly applied to two synthetic
examples, one in 1D and one in 2D, where the input data have been calculated directly by dynamic ray
tracing. They are thus exact, and any limitations of the method due to the assumption that measured CRP-
responses can be modelled by dynamic ray tracing along the zero-offset ray do not play a role here. An
application to an example where the input data really have been extracted from seismic prestack data with
the CRS Stack follows in the subsequent section.

1D test example

As a first simple test I consider the 1D case, i.e. no lateral velocity variation exists and all rays propagate
in the vertical direction (α = 0). Obviously, this significantly simplifies the forward modelling. Only two
different data comonents,M andT , remain:

M =

[∫ s1

s=s0

v(s) ds

]−1

, T =

∫ s1

s=s0

1

v(s)
ds. (12)

The Fréchet derivatives (see Appendix A) can be obtained from the following simple expressions (z is
defined positive upwards):

∆M =

[
v(s0)∆z −

∫ s1

s=s0

∆v(s) ds

] [∫ s1

s=s0

v(s) ds

]−2

∆T =
−∆z

v(s0)
−
∫ s1

s=s0

∆v(s)

v2(s)
ds

(13)

I apply the 1D tomographic inversion to data that have been calculated in a model with layers of constant
velocity (solid line in Fig. 3(a)). The 13 velocity discontinuities act as reflectors and the input data are
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Figure 3: 1D inversion test. (a) The solid line indicates the originallayered velocity model, while the
dotted line gives the smooth velocity inversion result. Seetext for details. (b) The absolute value of the
depth error between real and inverted reflector depths remains below 3 m. This is a relative depth error of
less than 0.1 % for the deepest reflector.
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Figure 4: 2D inversion test. (a) Original smooth velocity model described by 56 B-spline coefficients. For
this test 126 data points are modelled directly by dynamic ray tracing along the shown rays. The initial ray
direction (vertical) is the same for all rays. (b) Inverted velocity model. The velocity model and all rays
are well reconstructed. (c) Difference between the original and the inverted velocity models.

calculated with simple wavefront curvature propagation laws, as given ,e.g., in Hubral and Krey (1980).
The model is described by B-spline coefficients at 15 knot positions with a 200 m spacing in the vertical

direction (in 1D, cubic B-splines are used, as no third derivatives are needed). The problem is thus obvi-
ously underdetermined, therefore the regularisation termin the cost function (11) is essential andε must be
chosen accordingly.

The inversion is started with a velocity at the surface of 1500 m/s and a vertical gradient of 2 s−1. After
12 iterations the velocity distribution given by the dottedline in Fig. 3(a) is obtained (stopping after fewer
iterations gives a similar result). It agrees very well withthe exact, discontinuous velocity distribution.
A comparison of the true and inverted reflector depths (Fig. 3(b)) also shows very good agreement. The
maximum depth error amounts to less than 3 m at a depth of more than 3000 m.

2D test example

The ability of the inversion algorithm to handle laterally varying velocity distriubitons is demonstrated with
the model given in Fig. 4(a). It is described by7× 8 B-spline coefficients with a horizontal spacing of 500
m and a vertical spacing of 400 m. 126 data points are generated directly by dynamic ray tracing. For this
test the ray starting points are distributed regularly in the subsurface with a horizontal interval of 300 m
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Figure 5: Blocky velocity model used to produce prestack data by ray tracing modelling.

and a vertical interval of 400 m. The initial ray direction isvertical for all rays.
Of course, in a velocity model of this degree of high amplitude short-wavelength lateral variation, the

traveltimes associated with a common reflection point in thesubsurface can be described by the parameters
(T, M, α, ξ) only for small offsets. In general, the moveout curve is non-hyperbolic for larger offsets and
CRS Stack results obtained from prestack data in such a modelwould not be reliable for inversion. Still
the model presented here is useful to test the inversion algorithm itself, given perfect input data.

The data associated with the 126 modelled rays are directly used as input for the inversion. A start
model with a near-surface velocity of 2000 m/s and a verticalvelocity gradient of 0.5 s−1 is used. The
inversion result after 15 iterations is displayed in Fig. 4(b). Except for some differences in the lower left
part of the model, the velocity distribution and ray trajectories have been very well retrieved. Figure 4(c)
shows the difference section between the modelled and the inverted velocity distributions.

A 2D SYNTHETIC DATA EXAMPLE

Having demonstrated the applicability of the described inversion algorithm in 1D and 2D I will now present
a more realistic synthetic data example. Seismic prestack data have been modelled by ray tracing in the
blocky velocity model given in Fig. 5 in a marine acquisitiongeometry. The shot and receiver intervals
were 50 m and the maximum offset was 2000 m, which leads to a CMPfold of 20. Also, random noise was
added to the data. This multi-coverage seismic dataset served as the starting point for the construction of
a smooth velocity model based on the application of the CRS Stack and subsequent tomographic velocity
inversion using CRS attributes, as described in the previous sections.

As a first step, the CRS Stack was applied to the multi-coverage dataset, resulting in the sections
displayed in Figure 6, along with anRN section and a coherence section (not displayed). 505 data points
were then picked in the CRS Stack section, resulting in a set of values (T, M, α, ξ). These data served as
the input for the tomographic velocity inversion.

The velocity model is defined by 15× 13 B-spline coefficients on a grid with a spacing of 500 m in
the horizontal and 300 m in the vertical direction. The startmodel was chosen to consist of a near-surface
velocity of 2000 m/s and a vertical velocity gradient of 2/3 s−1, which is in fact relatively close to the
true average vertical velocity gradient (a useful simple start model can also be obtained by performing one
inversion iteration, starting with a constant initial velocity, and choosing a very high value ofε).

The inversion was stopped after 12 iterations. The result, consisting of the velocity model itself and the
reconstructed normal ray trajectories, is displayed in Figures 7(a) and (b). In most parts the reconstructed
model resembles a smoothed version of the true discontinuous velocity distribution. Locations where it
deviates from that, e.g. in the lower part of the model, especially around x = 3000 m, can be correlated
with low ray coverage. The inverted velocity model is kinematically correct, i.e. local reflector elements
or dip bars, which can be attached to the end points of reconstructed normal rays, are placed in the correct
subsurface positions. This is demonstrated in Figure 7(c),where the inverted dip bars are plotted into the
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Figure 6: 2D inversion test. (a) CRS Stack section obtained from synthetic multicoverage data modelled
by ray tracing in the velocity model shown in Fig. 5. A maximumoffset of 2000 m has been used and
random noise has been added to the prestack data. Diffractions have not been modelled. (b)RNIP section,
(c) emergence angleα section.

original velocity model. In particular, the lowermost horizontal reflector is well reconstructed.
In linear inversion problems the effects of errors or noise in the input data on the inversion result can

be determined by the calculation of the posterior model covariance matrix (e.g. Tarantola, 1987), given an
estimate of the data uncertainties in the data covariance matrix. In nonlinear problems the effect of data
errors on the solution is not as easy to determine. To examinethe sensitivity of the velocity inversion to
noise, Gaussian noise with the following standard deviations was added to the picked input data:

σT = 5 · 10−3 s (σt0 = 10−2 s) ,

σM = 10−8 s/m
2

(σt ≈ 10−2 s at 2000 m offset) ,
σα = 1◦ ,
σξ = 10 m .

(14)

The value ofσM was chosen based on the assumed standard deviation of traveltimes at 2000 m offset and
using a parabolic traveltime moveout approximation, whichdepends linearly onM . The inversion was then
performed with a number of different realisations of the Gaussian noise added to the data. The resulting
inverted CRP locations (end points of normal rays) for five realisations of noise are displayed together
in Fig. 8. As might be expected, the scatter of the inverted CRP positions increases with depth, but the
overall reflector structure is well reconstructed. For the examined example, I thus find that the tomographic
inversion is stable with respect to noise in the input data, assuming a suitable value for the regularisation
weightε has been chosen.

DISCUSSION

I will now briefly discuss some of the advantages and limitations of the tomographic velocity inversion in-
troduced and tested in the previous sections. Firstly, I would like to note that the required input, emergence
angles and NIP wave curvatures at different zero-offset locations, is a by-product of the CRS Stack, which
has originally been developed for the purpose of producing simulated zero-offset sections from prestack
multi-coverage data.

Picking of input data, which is the weak point in conventional reflection tomography, is simplified
significantly by a number of features of the inversion methodpresented here:

• As already pointed out, data points are picked in a simulatedzero-offset section, which has a much
higher S/N ratio than the original prestack data. Structures can be much better identified in a zero-
offset section and multiples, if present, avoided during picking.
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Figure 7: (a) Inverted smooth velocity model and inverted normal ray trajectories. (b) Inverted smooth ve-
locity model and local dip bars calculated from inverted rayendpoints. (c) Inverted dip bars superimposed
onto the original velocity model.
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Figure 8: Sensitivity of the inversion to noise. Plot of inverted CRP locations for different noisy input
data. Five realisations of Gaussian noise were added to the picked data prior to the inversion. See text for
details.
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• Each pick already represents the approximate traveltimes of a CRP for different offsets, therefore no
picking of data points for different offsets is necessary.

• In a smooth velocity model without discontinuities, as is used here, reflection points do not define
the position of velocity block or layer boundaries. Therefore it is not necessary to pick successive
samples along a reflector. In fact picked events may lie on a diffraction as well as on a reflection
event.

The approximations made during the CRS attribute-based tomographic inversion, namely the descrip-
tion of entire CRP responses with quantities calculated along the normal ray, result in some restrictions for
the applicability of the method to complex subsurface velocity distributions. While the method has been
designed for the inversion of laterally varying velocities, there is a limit on the minimum wavelength of
lateral variation to ensure approximately hyperbolic traveltime moveout within the CRS aperture. This is
in accordance with the smoothness criterion imposed on the data by the regularisation during the inversion.

The fulfilment of this requirement can be checked by inspection of a number of CMP gathers in the
prestack data. If necessary, the maximum offset used duringthe CRS Stack should be restricted. A too
small aperture, on the other hand, will result in a degraded resolution of the CRS attribute determination,
as is well known from conventional stacking velocity analysis.

During the CRS Stack the kinematic wavefield attributes are determined by coherence analysis from a
large number of traces with various offsets around the zero-offset trace atξ. If the subsurface properties
are laterally heterogeneous, the optimum determined CRS attributes represent spatial averages and cannot
strictly be attributed to the zero-offset ray alone. This may be taken into account in the inversion by using
locally averaged values of the higher derivatives of velocity during dynamic ray tracing and the application
of ray perturbation theory. Although such a procedure is heuristic, it may broaden the applicability of the
inversion to velocity distributions of stronger lateral variation.

The smooth velocity model obtained by the inversion is optimised for depth imaging. The velocities
between successive reflection events cannot necessarily beinterpreted as interval velocities in geological
terms.

CONCLUSIONS

I have presented a new tomographic velocity model inversionmethod based on kinematic wavefield at-
tributes extracted from the prestack seismic data with the CRS Stack. The method makes use of the CRS
attributesRNIP andα, which are suited to approximately describe the kinematic multi-offset response of a
common reflection point in the subsurface in the vicinity of the zero-offset ray. The model parametrisation
– smooth velocity and reflection point positions and angles corresponding to the input data points – allows
to consider each data point independently during picking, without having to follow continuous reflectors.
Picking of the input data is performed in a simulated zero-offset section obtained with the CRS Stack.

The inversion algorithm has been tested on 1D and 2D synthetic examples where the input data have
been calculated directly by exact forward modelling. The entire inversion procedure, starting with the
CRS Stack, followed by picking and the subsequent application of the tomographic inversion has been
demonstrated on a 2D synthetic data example involving prestack seismic data modelled in a laterally het-
erogeneous velocity model. The results are very encouraging, a kinematically correct smooth version of
the original velocity model can be reconstructed.

Although the subsurface velocity distribution may not be arbitrarily complex (e.g. complicated salt
bodies) the method should be applicable to a wide range of situations arising in seismic exploration. In
very complex environments the inversion results may provide a useful start model for detailed migration-
based velocity analysis.

A generalisation to the 3D case is possible, the input data for the inversion are then taken from the
results of the 3D CRS Stack.
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APPENDIX A

Calculation of the Fréchet derivatives

For the solution of the inverse problem the elements of the matrix F, the Fréchet derivatives∂(T,M,α,ξ)
∂(x,z,θ,v) , are

needed. For their calculation I make use of ray perturbationtheory as described by Farra and Madariaga
(1987). As the calculation of M and its derivatives is significantly simplified by the use of ray-centered
coordinates (in 2D:q, s) (e.g.Červený, 2001), ray perturbation theory will be applied in these coordinates
(s is the arclength along the ray andq is the coordinate normal to the ray direction). The results will then
be transformed into cartesian coordinates and angles at theray starting and end points. Perturbations of the
coordinateq and its corresponding slowness componentp at the positions1 along the ray can be related to
perturbations∆q and∆p ats0 and to perturbations of the velocity∆v along the ray by:

(
∆q1

∆p1

)
= Π(s1, s0)

(
∆q0

∆p0

)
+

∫ s1

s0

Π(s1, s)∆B(∆v, s) ds (A1)

where∆B = (0, vq∆v/v3 − ∆vq/v2)T , an indexq denotes a partial derivative with respect toq, ∆q1 :=
∆q(s1), etc., and

Π =

(
Q1 Q2

P1 P2

)
(A2)

is the ray propagator matrix. Its elements are solutions of the dynamic ray tracing system for normalised
plane wave (Q1, P1) and normalised point source (Q2, P2) initial conditions, respectively (̌Cervený, 2001):

d

ds
Π =

(
0 v

1
v2 vqq 0

)
Π . (A3)

Π(s1, s) = Π(s1, s0)Π
−1(s, s0), so that (A1) can easily be evaluated during ray tracing.M = P2/Q2,

therefore∆M is directly related to perturbations of the elements ofΠ:

∆M =
∆P2

Q2
− P2

Q2
2

∆Q2 . (A4)

These can be linearly related to perturbations∆q, ∆p and ∆v along the ray, as shown by Farra and
Madariaga (1987):

∆Π =

(
∆Q1 ∆Q2

∆P1 ∆P2

)
=

∫ s1

s0

Π(s1, s)∆S(s)Π(s, s0) ds , (A5)

where∆S is given by∆S = ∆S1(∆v) + ∆S2(∆q, ∆p). Evaluated in ray-centered coordinates in 2D,
their expressions for∆S1 and∆S2 become (see also: Nowack and Lutter, 1988):

∆S1(∆v) =

(
0 ∆v

2
v3 (vqq∆v + vq∆vq − ∆v

v v2
q − v

2∆vqq) 0

)
(A6)
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Figure 9: Geometrical relation between perturbations of the ray endpoints in ray-centered coordinates and
cartesian coordinates

and

∆S2(∆q, ∆p) =

(
2vq∆p 2vq∆q

( 3
v3 vqvqq − 1

v2 vqqq)∆q −2vq∆p

)
, (A7)

where∆q and∆p are related to∆q0 and∆p0 through the ray propagator matrix (A2). Obviously, smooth
third spatial derivatives of the velocity are needed in (A7). Also required is∆Π(∆s0), which can be
calculated from the dynamic ray tracing system:

∆Π(∆s0) = Π

(
0 −v∆s0

− vqq

v2 ∆s0 0

)
. (A8)

From geometrical considerations (Fig. 9) I find that:

∆q0 = cos(θ)∆x − sin(θ)∆z ∆ξ = 1
cos(α)∆q1

∆p0 ≈ 1
v(s0)∆θ ∆α ≈ v(s1)∆p1

∆s0 = sin(θ)∆x + cos(θ)∆z .

(A9)

Using the results (A1) to (A8) the quantities∂M
∂q0

, ∂M
∂p0

, ∂M
∂s0

, ∂M
∂v , ∂q1

∂v , and∂p1

∂v can be calculated. Together
with (A9), these can be used to obtain the required Fréchet derivatives involvingM , α andξ:

∂M
∂x = cos(θ)∂M

∂q0
+ sin(θ)∂M

∂s0

∂α
∂x = v(s1) cos(θ)P1

∂ξ
∂x = cos(θ)

cos(α)Q1

∂M
∂z = − sin(θ)∂M

∂q0
+ cos(θ)∂M

∂s0

∂α
∂z = −v(s1) sin(θ)P1

∂ξ
∂z = − sin(θ)

cos(α)Q1

∂M
∂θ = 1

v(s0)
∂M
∂p0

∂α
∂θ = v(s1)

v(s0)P2
∂ξ
∂θ = 1

v(s0) cos(θ)Q2

∂M
∂v = directly from (A4) - (A6) ∂α

∂v = v(s1)
∂p1

∂v
∂ξ
∂v = 1

cos(α)
∂q1

∂v .

(A10)

The Fréchet derivatives involvingT follow from:

∆T = − sin(θ)

v(s0)
∆x − cos(θ)

v(s0)
∆z −

∫ s1

s0

∆v(s)

v2(s)
ds . (A11)

These expressions need to be evaluated for each ray pertaining to the input data and each B-spline knot of
the velocity model. For a given B-spline knot(j, k) the velocity perturbation is∆v(x, z) = βj(x)βk(z).

APPENDIX B

Regularisation of the tomographic matrix

As the matrixF is in general ill-conditioned, the inversion problem needsto be regularised by introducing
additional constraints on the model parameters. A physically sensible way of doing this is to require the
velocity model to have minimum curvature, i.e. minimum second derivatives, as we are looking for a
smooth model with no artificial structure. This minimum curvature condition is often implemented with
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the use of second-derivative finite-difference operators applied to the model parameters. To ensure that
the solution of the inverse problem is as much as possible independent of the model discretisation (i.e. the
B-spline knot interval) I impose the minimum curvature condition not on the velocity model parameters
(the B-spline coefficients), but directly on the smooth model itself.

In the 1D case the second spatial derivative of the velocity,described by B-splines, is:

∂2v(z)

∂z2
=
∑

j

vj
∂2βj(z)

∂z2
. (B1)

Its norm can be given by
∥∥∥∥

∂2v

∂z2

∥∥∥∥
2

2

=

∫

z

(
∂2v(z)

∂z2

)2

dz =

∫

z

∑

ij

vivj
∂2βi(z)

∂z2

∂2βj(z)

∂z2
dz = vT D̃

zz
v , (B2)

where

D̃zz
ij =

∫

z

∂2βi(z)

∂z2

∂2βj(z)

∂z2
dz . (B3)

If for the regularisation not only second derivatives ofv are considered, but alsov itself, I obtain:
∫

z

ε1

(
∂2v(z)

∂z2

)2

+ ε2 v2(z) dz = vT D̃
′′
v (B4)

with D̃
′′

= ε1 D̃
zz

+ ε2 D̃ andD̃ij =
∫

z βi(z)βj(z)dz. (B4) may then be considered a norm squared for
v if ε2 6= 0 (otherwise it is a seminorm).ε2 6= 0 is necessary, as in the course of further calculations we

will need to find a matrix̃B with B̃
T
B̃ = D̃

′′
, which is only possible if̃D

′′
is positive definite;̃D

zz
alone

is not positive definite.
This can be generalised to the 2D case, where the following expression is included in the cost function:

∫

x

∫

z

ε1

(
∂2v(x, z)

∂z2

)2

+ ε2

(
∂2v(x, z)

∂x2

)2

+ ε3 v2(x, z) dz dx = mT
(v)D

′′m(v). (B5)

HereD′′ = ε1 Dxx + ε2 Dzz + ε3 D and the matricesDxx, Dzz , andD contain products of the elements
of D̃

zz
andD̃ given above and of the corresponding matrixD̃

xx
. m(v) is the part of the model parameter

vectorm that contains the B-spline coefficientsvjk. The factorsε1, ε2, andε3 are used for normalisation
and to balance the contributions of the different terms. Thetermε3 D should be much smaller than those
containing derivatives of velocity, as there is no physicalreason for minimising the velocity itself.

The minimum curvature constraints are to be applied to the model itself, not to the model update (e.g.
Ory and Pratt, 1995). The cost function is then given by:

2 S(m) = ∆dT (m)C−1
D ∆d(m) + ε mT

(v)D
′′m(v) , (B6)

where∆d(m) = (d − f (m)) and C−1
D is a diagonal matrix effectively weighting the different data

components (the data covariance matrix) (Tarantola, 1987), andε > 0. Assume that around the current
modelmn the forward modelling operatorf(m) can be approximated byf(m) ≈ f(mn) + F∆m, where
m = mn + ∆m andF contains the Fréchet derivatives off atmn, we obtain

∇m S = −FT C−1
D (d− f (m)) + εD′′m(v)

≈ −FT C−1
D ∆d(mn) + FTC−1

D F∆m + εD′′ (m(v) n + ∆m(v)

)
!
= 0 .

(B7)

It can be easily shown that

∇m S = 0 ⇔ F̂
T
F̂∆m = F̂

T
∆d̂ (B8)

with

F̂ =

(
C

− 1
2

D F

[0 ,B]

)
∆d̂ =

(
C

− 1
2

D ∆d(mn)
− [0 ,B]mn

)
, (B9)

whereBT B = ε D′′. The searched-for model update∆m is therefore the least-squares solution to
F̂∆m = ∆d̂. The updated model components are then given bymn+1 = mn +λ ∆m, where0 < λ ≤ 1.



107

Finite-difference solution of the image wave equation for depth
remigration: stability

Jörg Schleicher, Amélia Novais, and Fernando P. Munerato

email: js@ime.unicamp.br
keywords: Seismic imaging, image waves, remigration

ABSTRACT

The image wave equation for depth remigration is a partial differential equation that is similar to
the acoustic wave equation. In this work, we determine the stability conditions that have to be met
when solving the image wave equation by finite differences. The stability criterion exhibits a strong
wavenumber dependence. Where higher horizontal than vertical wavenumbers are present in the data
to be remigrated, stability may be difficult to achieve. Numerical tests demonstrate that the imple-
mentational form of the chosen FD scheme can be essential to obtain results with a limited numerical
error even in situations where stability cannot be theoretically guaranteed.

INTRODUCTION

Seismic remigration is an imaging technique that envisagesthe construction of an improved migrated
section for an updated macrovelocity model (e.g., one taking lateral velocity variations into account) on
the basis of a previously migrated section as obtained with adifferent initial macrovelocity model (e.g.,
one employing simple velocity laws where the migration can be very efficiently realized). If the two
macrovelocity models do not differ too much, one generally calls the imaging procedure that corrects the
image a “residual migration” (Rothman et al., 1985). Where significant differences between both models
are allowed, the process is referred to as remigration (Hubral et al., 1996a). In the seismic literature, it is
also known as velocity continuation (Fomel, 1994).

The sequence of images of a certain reflector as subsequentlymigrated with varying migration ve-
locities creates an impression of a propagating wavefront.This “propagating wavefront” was termed an
“image wave” by Hubral et al. (1996b). The propagation variable, however, is not time as is the case for
conventional physical waves as described, e.g., by the acoustic wave equation, but the migration velocity.

For homogeneous media, Hubral et al. (1996b) and Tygel et al.(1998) have studied the kinematic be-
haviour of these image waves as a function of the constant migration velocity. By treating them in a similar
way as conventional acoustic waves, they derived partial differential equations that describe the “propa-
gation” of the reflector image as a function of migration velocity for both, time and depth remigration.
Therefore, these partial differential equations have beentermed “image wave equations.” Both image wave
equations for time and depth remigration are equations similar to the acoustic wave equation (Fomel, 1994;
Hubral et al., 1996b).

The image wave equation for time remigration has already been theoretically studied and implemented
(Jaya et al., 1996; Jaya, 1997), as well as successfully applied to real data from ground-penetrating radar
(Jaya, 1997; Jaya et al., 1999). The topic of this paper is theimage wave equation for depth remigration.
Below, we will briefly review its derivation in 3-D, choose anFD scheme for its implementation, and study
its consistency, stability, and convergence. These studies consist of a theoretical investigation as well as
numerical testing.

mailto:js@ime.unicamp.br
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DERIVATION OF THE 3-D IMAGE WAVE EQUATION

As mentioned in the Introduction, the derivation of the image wave equation is based on the kinematic
behaviour of the image wavefront, i.e., the reflector image at different migration velocities. Since it has
been previously derived by Fomel (1994) and Hubral et al. (1996b) for a two-dimensional medium, we
briefly sketch the derivation in three dimensions.

We consider a reflector imageΣ0 to be given that was obtained from a migration of zero-offsetdata
using an incorrect migration velocity, say,v0. The aim is to construct fromΣ0 the correct reflector image
Σ that would have been obtained had the data been migrated using the correct velocityv.

In order to quantitatively understand the kinematics of the“image wave propagation,” the input re-
flector imageΣ0 is considered as a set of pointsP0. Each of these points in the input velocity model
is kinematically equivalent to a surface in the output velocity model, i.e., both generate the same zero-
offset reflection-time surface. The envelope of these equivalent surfaces provides the new reflector image,
very much in the same way as a physical wavefront can be thought of as the envelope of Huygens waves
that originate at secondary sources along the previous wavefront. Therefore, these equivalent surfaces are
referred to as “Huygens image waves” (Hubral et al., 1996b).

Let us now consider a zero-offset experiment with coincident sources and receivers at positions de-
scribed by coordinatesξ andη on the planar earth surface. Then each of these Huygens imagewaves is
the surface that in the output velocity modelv has the same traveltime surfacet(ξ, η) as the given point
P0 = (x0, y0, z0) in the input velocity modelv0. The traveltime of pointP0 is

t(ξ, η) =
2

v0

√
(ξ − x0)2 + (η − y0)2 + z2

0 . (1)

The Huygens image wave can be constructed as the envelope of the isochrons of all points on this traveltime
surface. For a given pair of coordinatesξ andη, the corresponding isochron is the set of pointsP = (x, y, z)
that satisfies

2

v

√
(ξ − x)2 + (η − y)2 + z2 = t(ξ, η) . (2)

Since the traveltimet(ξ, η) in equations (1) and (2) is, by definition, the same, the ensemble of isochrons
to this traveltime surface can be described by the function

F (ξ, η) =
v2

v2
0

[
(ξ − x0)

2 + (η − y0)
2 + z2

0

]
− (ξ − x)2 − (η − y)2 − z2 = 0 , (3)

parameterized by the coordinates of the zero-offset data space,ξ andη. To construct the desired Huygens
image wave, these parameters must be eliminated by the envelope conditions

∂F

∂ξ
= 0 and

∂F

∂η
= 0 . (4)

These conditions yield

ξ =
x − m2x0

1 − m2
and η =

y − m2y0

1 − m2
, where m = v/v0 . (5)

Substitution of these results in equation (3) and solution for z yields the following expression for the 3-D
Huygens image wave

z = m

√
z2
0 +

1

1 − m2
[(x − x0)2 + (y − y0)2] . (6)

Figure 1 shows a 2-D sketch of the ensemble of isochrons described by equation (3). The envelope formed
by all these isochrons is the Huygens image wave described byequation (6). In other words, a reflector
of the shape of this envelope would, in a medium with velocityv, create the same zero-offset traveltime
surface as pointP0 in a medium with velocityv0.

Solution of equation (6) forv yields an equation of the formv = V(x, y, z), whereV is the eikonal of the
image wave. For simplicity, we will work with the normalizedeikonalM(x, y, z) = V(x, y, z)/v0, which
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Figure 1: 2-D sketch of the ensemble of isochrons of all points on the traveltime surface in equation (1).
Their envelope is the Huygens image wave described by equation (6). The sketch represents a situation
wherev > v0.

is obtained from solving equation (6) form = v/v0 instead ofv. To find a differential equation for this
eikonal, the corresponding expression has to be differentiated with respect tox, y, andz and the derivatives
must be combined in such a way thatx0, y0, andz0 are eliminated. The resulting differential equation is the
eikonal equation for the image wave propagation. However, since equation (6) is a quadratic equation in
m, it is easier to substitute directlym = M(x, y, z) in that equation and differentiate implicitely. Denoting
the partial derivatives ofM byMx, My, andMz, respectively, we can write

0 = MxX +
M2

z

x − x0

1 −M2
, (7a)

0 = MyX +
M2

z

y − y0

1 −M2
, (7b)

1 = MzX , (7c)

where

X =
∂z

∂m

∣∣∣∣
m=M

=
z

M +
M3

z(1 −M2)2
[
(x − x0)

2 + (y − y0)
2
]

. (8)

Here we have used that, because of equation (6) withm = M,

√
z2
0 +

1

1 −M2
[(x − x0)2 + (y − y0)2] =

z

M . (9)

Now, we solve equations (7a) and (7b) forx − x0 andy − y0, respectively, and (7c) forX . Substitution of
the results in equation (8) results then in the desired imageeikonal equation

M2
x + M2

y + M2
z −

M
z
Mz = 0 . (10)

Remembering thatV is obtained fromM by a simple multiplication with the constantv0, we see that also
V obeys the same image eikonal equation (10).
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The last step is to find a second-order differential equationfor the “image wavefield”p(x, y, z) such
that a substitution of the ray ansatz

p(x, y, z) = p0(x, y, z)f(v − V(x, y, z)) , (11)

yields the above eikonal equation. Here,p0 is the amplitude of the migrated reflector image, i.e., the image
wave, andf(v) is the source wavelet as a function of velocity. The simplestdifferential equation that
fulfills the above requirement is

pxx + pyy + pzz +
v

z
pvz = 0 . (12)

Note that to arrive at the eikonal equation (10) upon substitution of ray ansatz (11) in equation (12), one
needs to substitutev by V(x, y, z). This substitution is, of course, valid on the image wavefront v = V
itself. However, if the waveletf in equation (11) is of nonzero duration, points off the wavefront are also
involved in the propagation of the image. As we will see in thenumerical example, this leads to a stretch
of the wavelet in the propagating image.

FINITE DIFFERENCES

We consider a grid of depth points and a discretized velocityaxis. The image wavefield at a given grid
point(x, y, z) = (k∆x, l∆y, m∆z), as calculated for a certain migration velocityv = n∆v, is denoted by
pn

k,l,m. On this grid, we approximate the derivatives in equation (12) by finite differences. For the spatial
derivatives, we use fourth-order approximations, i.e.,

pxx ≈ 1

12(∆x)2
[
−pn

k+2,l,m − pn
k−2,l,m + 16(pn

k+1,l,m + pn
k−1,l,m) − 30pn

k,l,m

]
(13)

and corresponding expressions forpyy andpzz. For the mixed derivative, we choose a scheme that is
forward inv andz, given by

pvz ≈ 1

∆v∆z

[
pn+1

k,l,m+1 − pn+1
k,l,m − pn

k,l,m+1 + pn
k,l,m

]
. (14)

Using these approximations for the derivatives in the imagewave equation (12) and isolatingpn+1
k,l,m+1,

we find the following FD scheme,

pn+1
k,l,m+1 = −zm∆v∆z

12vn

{−pn
k+2,l,m − pn

k−2,l,m + 16(pn
k+1,l,m + pn

k−1,l,m) − 30pn
k,l,m

(∆x)2

+
−pn

k,l+2,m − pn
k,l−2,m + 16(pn

k,l+1,m + pn
k,l−1,m) − 30pn

k,l,m

(∆y)2

+
−pn

k,l,m+2 − pn
k,l,m−2 + 16(pn

k,l,m+1 + pn
k,l,m−1) − 30pn

k,l,m

(∆z)2

}

+pn+1
k,l,m + pn

k,l,m+1 − pn
k,l,m . (15)

Here,vn andzm are the discretized values at the present level, i.e.vn = v0 + n∆v andzm = m∆z.
The initial condition for the propagation of the image wave is, of course, the original migrated section

for the velocityv0. Since the geophysical problem provides no explicit boundary conditions, we use that
the field outside the given target zone of the input section should be zero.

We observe from equation (15) that the computation of the wavefieldpn+1
k,l,m+1 at stepn+1 at gridpoint

(k, l, m + 1) requires the knowledge of the wavefieldpn+1
k,l,m at the same stepn + 1 at gridpoint(k, l, m),

in addition to the wavefield at the surrounding gridpoints atthe previous stepn. This fact makes the
FD scheme an implicit one. However, its computation would require the solution of a linear system of
equations in each step. Such a procedure would, of course, beexpensive to realize, particularly for large
migrated sections.

For this reason, we prefer to treat equation (15) as an explicit scheme. This is no major problem as
pn+1

k.l,m is just the value of the image wavefield at the neighboring gridpoint and has been calculated in the
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anterior step inz. However, this way of procedure requires an additional boundary condition to initialize
the loop inz. We choose again a homogeneous boundary condition.

In order to actually use the FD scheme (15), its consistency and stability need to be investigated, so as
to find conditions for the step size∆v as a function of the medium parameters and the grid intervals∆x,
∆y, and∆z. This is done in the next sections.

CONSISTENCY

A finite difference scheme is consistent with the corresponding partial differential equation, if for any
smooth functionφ(x, z, v), the difference between the differential operator,D, and the discretized operator,
D∆v

∆x,∆y,∆z, applied toφ, tends to zero when∆x, ∆y, ∆z, and∆v tend to zero (Strikwerda, 1989). In
symbols, the scheme is required to guarantee that

Dφ − D∆v
∆x,∆y,∆zφ → 0, for ∆x, ∆y, ∆z, ∆v → 0. (16)

We now apply this concept to the image wave equation (12) and its FD scheme (15). The differential
operator applied to a functionφ is

Dφ = φxx + φyy + φzz +
v

z
φvz . (17)

Application of the discretized operator according to scheme (15) to the same functionφ yields, under
consideration of the truncation errors of the approximations (13) and (14), after some straightforward
algebra,

D∆v
∆x,∆y∆zφ = φxx + O(∆x4) + φyy + O(∆y4) + φzz + O(∆z4)

+
vn

zm
(φvz + O(∆z) + O(∆v)) . (18)

The difference of equations (17) and (18) yields

Dφ −D∆v
∆x,∆zφ = O(∆x4) + O(∆y4) + O(∆z) + O(∆v) . (19)

We conclude that

Dφ −D∆v
∆x,∆y,∆zφ → 0, for ∆x, ∆y, ∆z, ∆v → 0 . (20)

i.e., the FD scheme (15) is unconditionally consistent withthe image wave equation (12).

STABILITY

According to Lax’s theorem (Thomas, 1995), an FD scheme is convergent, i.e., its solutions converges to
the solution of the original differential equation, if it isconsistent and stable. To determine the conditions
under which the FD scheme (15) is stable, we apply the von Neumann criterion (Strikwerda, 1989; Thomas,
1995), i.e., we substitute the wavefieldpn

k,l,m in equation (15) by a generic component of its discrete Fourier
transform. This reads

pn
k,l,m = ξneikκx∆xeilκy∆yeimκz∆z , (21)

whereκx, κy, andκz are the components of the wavenumber vector in thex-, y-, andz-directions. Ac-
cording to the von Neumann condition, an FD scheme is stable if pn

k,l,m as expressed in equation (21) does
not increase for increasingn. This is guaranteed by aξ the modulus of which satisfies|ξ| ≤ 1.

From substitution of the discrete Fourier transform (21) inequation (15) and solution of the resulting
equation forξ, we find the expression

ξ =
1

(eiκz∆z − 1)

{
16zm

12vn

∆v∆z

(∆x)2
sin2 κx∆x

2

[
3 + sin2 κx∆x

2

]

+
16zm

12vn

∆v∆z

(∆y)2
sin2 κy∆y

2

[
3 + sin2 κx∆y

2

]

+
16zm

12vn

∆v∆z

(∆z)2
sin2 κz∆z

2

[
3 + sin2 κz∆z

2

]}
+ 1. (22)
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Upon denoting the expression within curly brackets byΛ, equation (22) reduces to

ξ =
Λ

(eiκz∆z − 1)
+ 1 =

(
1 − Λ

2

)
− i

(
Λ

2

cos κz∆z
2

sin κz∆z
2

)
. (23)

We observe thatξ is not defined ifsin κz∆z
2 = 0. This is not a real restriction to the stability of scheme

(15) since it is not difficult to see from equation (23) that

lim
sin(κz∆z/2)→0

ξ = 1. (24)

This means that scheme (15) will be stable for wavenumbersκz for which sin(κz∆z/2) = 0 as long as it
is stable for all wavenumbers in its vicinity.

Application of the condition|ξ| ≤ 1 to equation (23) provides the inequation

Λ2

[
1

4 sin2 κz∆z
2

]
− Λ ≤ 0. (25)

Since the coefficient ofΛ2 in equation (25) is always positive, we conclude thatΛ must satisfy the condition

0 ≤ Λ ≤ 4 sin2 κz∆z

2
. (26)

Thus, the stability condition for the FD scheme (15) reads

0 ≤ zm

3vn

∆v∆z

(∆x)2
sin2 κx∆x

2

[
3 + sin2 κx∆x

2

]

+
zm

3vn

∆v∆z

(∆y)2
sin2 κy∆y

2

[
3 + sin2 κy∆y

2

]

+
zm

3vn

∆v∆z

(∆z)2
sin2 κz∆z

2

[
3 + sin2 κz∆z

2

]
≤ sin2 κz∆z

2
. (27)

Equation (27) represents the general stability condition for the FD scheme (15). It is, however, hard to
appreciate its meaning. Let us thus investigate it in more detail.

The caseΛ = 0 is not really meaningful since this requiressin2 κx∆x
2 = sin2 κy∆y

2 = sin2 κz∆z
2 = 0,

which can only be satisfied for certain selected values of thewavenumbersκx, κy, andκz .
Note that equation (27) must be satisfied for all wavenumbersκx, κy, andκz involved in the remigration

problem to be solved. This can be a difficult condition to meet. The simplest situation is the case where
wavenumbers and grid increments are of the same size, such that∆x = ∆y = ∆z andκx∆x ≈ κy∆y ≈
κz∆z. In this situation, the above condition can be divided bysin2 κz∆z

2 to yield

0 <
4zmax

3vmin

∆v

∆z
+

4zmax

3vmin

∆v

∆z
+

4zmax

3vmin

∆v

∆z
≤ 1 =⇒ ∆v ≤ 1

4

vmin

zmax
∆z, (28)

where we have used that3 + sin2 κz∆z
2 ≤ 4. Moreover, we have replacedzm andvn by their maximum

and minimum values,zmax andvmin, respectively.
If different wavenumbers are involved in different directions, the presence of the termsin2 κz∆z

2 on the
right-hand side of equation (27) has an important consequence for the stability of the FD scheme (15). If
there are vertical wavenumbersκz present in the data for which this term is very close to zero, it will be
very hard to make the scheme stable. Very small values of∆v might be needed to fulfill the requirements.
We will further comment on this observation below when discussing the numerical examples.

Finally, let us comment on the requirementΛ > 0. It means that for possitive∆z, only positive values
for ∆v are admitted. In other words, scheme (15)can onlybe used to propagate a reflector image from
smaller to larger velocities. For the inverse direction, a different FD scheme is needed. One can use, e.g., a
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Figure 2: Earth model for the remigration example. Also shown is a family of zero-offset rays.

scheme that is forward inv and backward inz, i.e., one which represents the mixed derivative in equation
(12) as

pvz =
1

∆v∆z

[
pn+1

k,l,m − pn+1
k,l,m−1 − pn

k,l,m + pn
k.l,m−1

]
. (29)

The stability condition for the corresponding FD scheme is given by equation (27) multiplied by minus
one. Therefore, this scheme requires a negative∆v, i.e., it allows only for image propagation from larger
to smaller velocities. Other FD schemes are currently underinvestigation.

NUMERICAL TESTS

In this section, we demonstrate the numerical realization of a remigration by means of the application of
FD scheme (15). Because of computational limitations, the numerical testing had to be restricted to the
corresponding 2-D scheme, which is obtained from equation (15) by eliminating the second line (i.e., the
y-derivative). For the remigration, we used migrated data from a simple earth model (see Figure 2). It
consists of two homogeneous halfspaces, separated by a horizontal reflector at a depth of 550 m. The
velocities above and below the reflector arec1 = 3 km/s andc2 = 3.5 km/s. The simulated seismic survey
is a zero-offset experiment with 401 source-receiver pairs, located at every 10 m between -2000 m and
2000 m along thex-axis.

The input data to the remigration where generated by migrating the so-obtained zero-offset data to depth
with a wrong migration velocity ofv0 = 2 km/s. The result of this depth migration is depicted in Figure 3a.
As we can see, the reflector is imaged at a wrong depth of about 370 m, because of the wrong migration
velocity. Note that the target region for migration was chosen quite large so as to include all boundary
effects from migration but to eliminate additional boundary reflections from the image wave propagation.
For the same reason, the depth axis was extended tozmax = 1.6 km.

This wrongly migrated depth section was then remigrated using FD scheme (15). The grid size of the
depth region was∆x = ∆z = 10 m. According to the 2-D version of stability condition (28) (where the
factor1/4 is replaced by3/8), this implies the use of a velocity increment smaller than3

8
2

1.610 ≈ 4.7 m/s.
We have chosen∆v = 4 m/s. Parts b and c of Figure 3 show two snapshots of this image wave propagation
for velocitiesv = 2.4 km/s andv = 3 km/s, the latter being the true medium velocity. We observe that the
reflector image in Figure 3c is remigrated to the correct depth of 550 m.

However, there are quite large regions of the remigrated image where the image is obscured by noise.
In fact, the noise is many orders of magnitude larger than theactual image. Therefore, to enable the
presentation of Figure 3, the error had to be zeroed out wherever it exceeds the amplitude of the reflector
image. In this way, one can see the borders of the regions thatare affected by the very large error.

What happened in this part of the image? Why is there so large numerical noise, although stability
condition (28) is satisfied? The reason is a violation of the stricter condition (27). Looking at the wrongly
migrated reflector image in Figure 3, we see that at the reflector image itself, the wavenumber content in
the horizontal direction is rather low. This means thatsin2 κx∆x

2 is a very small quantity in equation (27).
Therefore, the scheme (15) is stable as long as condition (28) is satisfied. At the tips of the migration
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Figure 3: Image wave propagation. Direct implementation. (a) Input data for the remigration example:
data after migration with a wrong migration velocity ofv0 = 2 km/s. (b) Remigrated image forv =
2.4 km/s. (c) Remigrated image forv = 3 km/s.

boundary effects (smiles), however, we have higher wavenumbers in the horizontal than in the vertical
direction. As commented before, this gives rise to a violation of condition (27). This causes the numerical
error.

The fact that the numerical error indeed originates at the tips of the boundary effect is illustrated in
Figure 4. It shows the image wave propagation at a very early stage for a migration velocity ofv =
2.04 km/s.

There is, however, a way to obtain a better remigration result with scheme (15). Figure 5 depicts the
results of an FD remigration using scheme (15) in reverse implementation. In other words, while Figure 3
represents the results of the FD scheme exactly in the way it is written in equation (15), the results in
Figure 5 where obtained by solving equation (15) forpn+1

k,l,m. In this way,pn+1
k,l,m is calculated at themth

level inz as a function ofpn+1
k,l,m+1 at the(m + 1)th level, together with the terms of stepn.

Why are the two results of Figures 3 and 5 are different, although they are obtained from implementa-
tions of the same FD scheme and are thus governed by the same stability conditions? The reason is that the
numerical error caused by the unstability affects the direct and reverse implementations in different ways.
Because of the factorz that multiplies the spatial difference terms in scheme (15), this error increases ex-
ponentially in the direct implementation, which is realized in the direction of increasingz. On the other
hand, it is damped in the reverse implementation, which is realized in the direction of decreasingz.
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Figure 4: Snapshot of image wave propagation with the direct implementation of scheme (15) atv =
2.04 km/s. The numerical error originates at the tips of the boundary effect.

As a final observation, let us comment on the pulse stretch that can be seen in both, Figures 3 and 5.
Note that the source pulse that represents the reflector image in Figure 5c is much longer than in Figure 5a.
This effect has two reasons. The first one is the conventionalpulse stretch due to depth migration, which
is proportional to the migration velocity (Tygel et al., 1994). Since the migration velocity has increased
from 2 km/s to 3 km/s, this implies a 1.5 times longer wavelet.However, the stretch that can be seen in
Figure 5 is much larger than that. The second reason that causes the additional stretch is the substitution of
V by v in the derivation of the image wave equation (12). This meansthat off the reflector, a slight error is
introduced into the kinematic behavior of the pulse. In effect, this causes the upper part of the pulse to be
moved to shallower depths than it should be, while at the sametime the lower part of the pulse is moved to
greater depths.

CONCLUSIONS

The image wave equation for depth remigration is a second-order partial differential equation that describes
the “propagation” of a migrated reflector image as a functionof a changing migration velocity (Hubral et al.,
1996b). In this paper, we have studied the consistency and stability of an FD scheme for this equation. The
theoretical stability condition obtained from the von Neumann criterion points towards general difficulties
of the process when remigrating data containing large wavenumbers in the horizontal directions. Numerical
tests have demonstrated that instabilities indeed arise insuch situations. They can, however, be controlled
by using an implementation of the FD scheme in the reverse vertical direction.

With the investigated FD schemes, reflector images can be remigrated only either to larger or to smaller
migration velocities. The scheme forward inv and forward inz allows only for an increase, the scheme
forward inv and backward inz only for a decrease of the migration velocity. Other FD schemes that may
be less restrictive are currently under investigation.

The remigrated images present an exaggerated pulse strech.This is a drawback of image wave remi-
gration as it degrades the vertical resolution of the remigrated image. The effect is inherent to the method
as it is introduced by the very image wave equation that describes the propagation. Further investigations
are necessary to evaluate whether this effect can be reducedby a modification of the image wave equation.
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Figure 5: Image wave propagation. Reverse implementation. (a) Inputdata for the remigration example:
data after migration with a wrong migration velocity ofv0 = 2 km/s. (b) Remigrated image forv =
2.4 km/s. (c) Remigrated image forv = 3 km/s.
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ABSTRACT

Kirchhoff depth migration is an imaging process that transforms reflection seismic data into the depth
domain in order to obtain a structural image of the subsurface. Mathematically, it can be formu-
lated as a weighted diffraction stack which is related to theKirchhoff integral representation of the
scalar acoustic wave equation and, hence, usually only formulated for imaging of compressional or,
more generally, monotypical waves. In this paper, the scalar approach to Kirchhoff imaging based
on zero-order ray theory is extended to handle the full elastic wavefield recorded with multicompo-
nent receivers by considering the polarization of respective wave modes scattered at an interface. The
weight functions that remove the effect of geometrical spreading from the recorded amplitude change
for each scattering mode and have thus to be extended for the case of an elastic multicomponent mi-
gration. The extended weight functions presented here are also valid for converted waves. It is shown,
that the method allows to retrieve the full elastic scattering matrix of target reflectors.

INTRODUCTION

The graphical migration scheme proposed by Hagedoorn (1954) can be formulated as a summation over
the Green’s function of the medium. This leads to the so-called Diffraction Stack Integral (DSI) as a
wave-equation related integral representation of the graphical image construction technique (Bleistein and
Gray, 2001). In the last two decades, several representations of the DSI were developed with slightly
different approaches to approximate the (unknown) Green’sfunction of the medium (see, e. g. Bleistein,
1987; Beylkin and Burridge, 1990). These approaches lead toa weighted diffraction stack in which a
weight function accounts for the amplitude loss due to geometrical spreading along the propagation path.
If other effects on the recorded amplitude can be neglected,this enables the recovery of the angle-dependent
reflection coefficient from the migrated image, and is thus called true-amplitude migration.

The approach presented by Schleicher et al. (1993) makes explicit use of zero-order ray theory in order
to describe reflections of smoothly-curved first-order discontinuities as the part of the wavefield relevant
for imaging. This approach can also be extended to the asymptotically inverse process of demigration,
which leads to the so-called unified approach theory to seismic imaging (Hubral et al., 1996; Tygel et al.,
1996).

In this paper, the work of the latter three authors, which hasso far been strictly formulated only for
monotypical reflections (i. e., it did not account for the possibility of mode conversions at an interface)
is extended to include the vectorial properties of the elastic wavefield, which can also be described by
zero-order ray-theory (̌Cervený, 2001). This approach can then also handle mode-converted reflections.

RAY-THEORETICAL DESCRIPTION OF ELASTIC AMPLITUDES

The correct treatment of the vectorial properties of an elastic wave within the framework of zero-order ray
theory requires a formulation of the problem in ray-centered coordinates. Assuming that the elastic wave-
field has been recorded in three Cartesian components on a (for simplicity) planar measurement surface, I

mailto:goertz@geophysik.fu-berlin.de
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can obtain the principle components in ray-centered coordinates by means of a rotation (Červený, 2001):

~U(~ξ, t) =




USV

USH

UP


 = HT




Ux

Uy

Uz


 . (1)

H denotes the local rotation matrix from the ray-centered coordinate system to the Cartesian measurement
coordinate system. The amplitude~U(~ξ, t) stands for the displacement field and subscriptP refers to
an incoming P-wave that is polarized perpendicular to the wavefront1 andSV andSH refer to the two
principal S wave components within the local tangent plane to the wavefront. The correct rotation of the
recorded seismograms into the ray-centered coordinate system will thus enable a separation of the wavefield
into its constituting wave modes. The rotation itself requires the knowledge of the local emergence angle of
a wavefront; a property which is, as we shall see, also necessary for the calculation of the weight function.

SMR

ray branch MRR

ray branch

reflector

z

S R

vertical

MR

β

vertical vertical

x

θR

θ−M

θ+
M

surface normal

θS

Figure 1: Sketch to explain the geometry of any seismic reflection experiment. Generally, waves are
considered that can be described by rays that travel from a source point S at the measurement surface to
a depth point M where they are (specularly) reflected by an interface and travel back to a receiver point
R at the surface where they are recorded over an aperture A which is densely covered with sources and
receivers. The depicted emergence angles are needed for thecalculation of the elastic weight function.
Note, that for the case of a converted wave, the anglesθ−M andθ+

M are not equal.

I assume that the recorded displacement amplitude has originated from a point source, was reflected
by a first-order discontinuity and may have transmitted a number of other reflectors in the overburden, see
Figure 1. It can be described by means of the continuation relation (Červený, 2001) as

~U(R) =
1

vRvS
√

ρRρS

1

L̂SR

(
N−1∏

k=1

T̂k

)
R̂ ~G(S) ei π

2 κ , (2)

with subscriptS andR denoting properties at the source and receiver, respectively. L̂SR denotes the nor-
malized point-source geometrical spreading that can be calculated from the ray JacobianJ as L̂SR =√

J
vrvs

. With this definition (which is due to Schleicher et al., 2002), the geometrical spreading becomes

1I will restrict myself to the isotropic case
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reciprocal2. In the following, all reciprocal properties are denoted bya hat.κ denotes the KMAH-index
which allows a proper description of the ray Jacobian through caustics.

∏N−1
k=1 T̂k denotes the accumu-

lated effect of transmission loss through the overburden, usually called total transmission lossA. R̂ is a
(3×3) matrix of wave-mode specific reflection/conversion coefficients at the target reflector. It is obtained
by satisfying the boundary conditions across the interface, which lead to the well-known Zoeppritz equa-
tions (Zoeppritz, 1919). If the local ray-centered tripod is chosen in such a way that theSH component is
aligned parallel to the reflecting interface, these boundary conditions simplify, and one obtains a symmetric
matrix of reflection coefficients with 5 non-zero components. This results in the fact, that P-waves can only
convert inSV -waves and vice versa, whereasSH-waves cannot convert into a different propagation mode.
Consequently, I will obtain separate migration formulas for P − SV systems andSH-systems.

Finally, the factor~G(S) in equation (2) refers to a source term. It contains the source strength and the
radiation pattern of the seismic source. In case a P wave is generated atS, the source is omnidirectional and
thus ~G = (0, 0, f0)

T with f0 being the source strength. This would be the representationof an explosive
source. For an S wave generated at the source,~G can be much more complex. For the most general case,
it is represented by means of the Seismic Moment TensorM0 which expresses the source directivity in
terms of nine elementary force couples (see, e.g., Aki and Richards, 1980). For the purpose followed in
this paper, a moment tensor point source can be written in a high-frequency asymptotic sense according to
Červený et al. (1987) as

~G(S) =
1

4πρsvs
HT M0 ~p0 , (3)

where~p0 denotes the initial slowness vector at the source. SinceM0 and~p0 are expressed in a Cartesian
coordinate system at the source, the rotation matrixH introduced in equation (1) has to be employed again
to obtain an expression for~G in ray-centered coordinates.

Definition of elastic true-amplitude traces

It has to be noted that in reality there exist quite a few more processes that may affect the amplitude of
the recorded wavefield. Among these are attenuation effects, receiver array directivity, ground coupling of
geophones, just to name a few (Sheriff, 1975). In the following, I assume that all these effects can be either
neglected or corrected for. Likewise, the transmission loss A can be neglected as it is usually a slowly
varying quantity compared to the amplitude variation with offset (AVO) behavior. It could be corrected for
by a layer-stripping approach. As a summary, one can approximate the elementary reflection in equation
(2) in terms of a transient solution within the framework of zero-order ray theory as

~U(R(~ξ), t) ≈ 1

vRvS
√

ρRρS

R̂

L̂
~G 0 F [t − τR(~ξ)], (4)

where the source wavelet is specified by an analytic source pulseF [t], shifted to the arrival timeτR which
denotes the reflection traveltime along the rayS(~ξ)MRR(~ξ) (see Figure 1).~G 0 denotes the source direc-
tivity function normalized by the source strength.

A true-amplitude process aims at recovering the reflection coefficientR̂ from a seismic trace. Since
the reflection coefficient consists of five non-zero components (four forP − SV systems and one forSH
systems), we are able to define true-amplitude traces in a system of five equations by interchanging the
applicable components of each term in equation (4) for each ray code. Each true-amplitude trace consists
of the seismic source signal (at the correct reflection time for the specified ray code) multiplied only by the
respective component of the reflection MatrixR̂. Consequently, one may write

UTA
ij = R̂ijF [t − τij(~ξ)] ≈ vi,Svj,R

√
ρSρR

L̂
G 0

i

Uj(~ξ, t − τij) , (5)

2Also, defined in this manner,̂L equals the length of the ray between S and R for homogeneous media, which is according to our
physical intuition.
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where the indexi denotes eitherP , SV , or SH on the source side and indexj likewise the respective
component on the receiver side:

i, j =

{
P, SV for P − SV systems

i = j = SH for SH systems.
(6)

SubscriptsS andR in equation (5) refer now and in the following to properties at the source and receiver,
respectively, andτij refers to the reflection traveltime of the specified ray code.G 0

i denotes the component
of the source directivity function andUj stands for the respective component (in ray-centered coordinates)
of the recorded signal.

The true-amplitude migration introduced in the following section will perform exactly this operation,
i.e., applying a weight piecewise to the data and interchanging the relevant properties and components
for each ray code in such a way, that the resulting amplitude equals the respective reflection/conversion
coefficients at the migrated interface. This means also, that the migrated image will consist in the most
general case of five components for each of the five componentsof the reflectivity matrix.

TRUE-AMPLITUDE DIFFRACTION STACK

Mathematically, the Kirchhoff migration process is expressed as an integration over the recorded wavefield
and reads for scalar wavefields in 3-D (Tygel et al., 1996)

V (M) = − 1

2π

∫∫

A

dξ1 dξ2 WDS(~ξ, M)
∂U(~ξ, t)

∂t

∣∣∣∣∣
t=τD(~ξ,M)

. (7)

V (M) is the value assigned to one diffraction pointM in the depth domain after migration andU(~ξ, t)
denotes the (scalar) data in the time domain. These data are assumed to consist of analytic traces, i. e., the
actual trace recorded in the field as the real part and its Hilbert transform as the imaginary part. Sources
and receivers are grouped into pairs, whose locations are described as a function of~ξ. The actual form of
this function depends on the measurement configuration. Themigration apertureA is the area over which
~ξ varies to cover all source-receiver pairs used in the stack.The factorWDS(~ξ, M) is the true-amplitude
weight function which removes the effect of geometrical spreading from the migrated amplitude. The
stacking surfaceτD(~ξ, M) denotes the diffraction traveltime for point M (hence the name diffraction stack)
and is called Huygens surface. The time derivative is neededin order to correctly recover the source pulse
(Newman, 1975).

For the purpose followed in this paper, I assume an elastic wavefield recorded with an array of three-
component receivers. Furthermore, I require that at least one reflection event is present in the seismic data
~U(~ξ, t). A seismic trace with several (primary) events may be described by superposition of individual
seismic events of the type of equation (4). Thus, by applyinga Fourier transform to the integral of equa-
tion (7) and by inserting the ray-theoretical definition of atrue-amplitude trace (5), I obtain a system of
equations in the frequency domain

Ṽij(M, ω) = − iω

2π
F̃ (ω)

∫∫

A

dξ1 dξ2
Wi(~ξ, M)

vi,Svj,R
√

ρSρR L̂
R̂ijG

0
i eiωτdif,ij , (8)

where the indicesi andj are to be permutated as in equation (6).F̃ (ω) andṼij(M, ω) denote the Fourier
transforms ofF (t) andVij(M, t), respectively. The Migration resultVij(M) is obtained fromṼij(M, ω)

by an inverse Fourier transform together with the imaging condition t = 0. The termτdif,ij(~ξ, M) is the
difference between the diffraction and reflection traveltime for the specified ray code,τD − τR.

As is well known, integrals of the above type can be solved by means of the method of stationary phase
(see, e. g. Bleistein, 1984). An expression for the weight function is obtained by (a) expanding the phase
function τdif,ij into a Taylor series up to the second order at the stationary point and (b) comparing the
result of the method of stationary phase with the definition of a true-amplitude trace (5). The resulting
expression will be a function of the difference between diffraction and reflection traveltimeτdif,ij .
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ELASTIC WEIGHT FUNCTION

In the following, I will quickly review how an expression of the weight function can be obtained that con-
sists of the measurable properties along the ray depicted inFigure 1 as well as derivatives of the diffraction
traveltimeτD. This calculation involves mainly the following steps (a more complete compilation of the
matter that has been published in the references cited belowcan be found in Goertz, 2002):

• The geometrical spreading along the raySMRR can be decomposed into contributions from the
source branchSMR and the receiver branchMRR (Hubral et al., 1992a,b).

• Traveltime derivatives can be expressed by means of the so-called Beylkin determinanthB (Beylkin,
1985; Bleistein, 1987) which consists entirely of derivatives of the diffraction traveltimeτD and is
thus obtainable without the knowledge of a stationary pointξ∗.

• The pulse stretch factor (Tygel et al., 1994) has to be recasted in a more general form that takes into
account the fact that the incidence and emergence anglesθ−M andθ+

M at the depth pointM are not
equal for converted waves (see Figure 1),

mD(ξ∗, MR) =
∂τD(ξ∗, MR)

∂z

∣∣∣∣∣
z=ζ∗

= cosβ

(
cos θ+

M

v+
M

+
cos θ−M

v−M

)
. (9)

Superscript− denotes properties before and superscript+ refers to properties right after reflection
or conversion from an interface. For monotypical reflections, θ−M = θ+

M = θM as well asv−M =
v+

M = vM , and thusmD reduces to the formula published in Tygel et al. (1994).

By consequently considering the difference between incidence and emergence angles in the above outlined
points, I obtain the following expression for the weight function:

Wi(~ξ
∗, M) = vi,Svj,R

√
ρSρR OC

hB L̂SM L̂MR

G0
i

ei π
2 (κS+κR) , (10)

where the factorsκS andκR denote the KMAH-indices of the ray branchesSM andMR. The individual
weight function for each ray code is obtained by permutationof the indicesi andj for each of the two
ray branches according to equation (6). Furthermore, I haveintroduced a new factorOC in equation (10)
which reads

OC =

√
v+

Mv−M
cos θ+

M cos θ−M

(
cos θ+

M

v+
M

+
cos θ−M

v−M

)−1

. (11)

For the case of monotypical reflections,cos θ+
M = cos θ−M = cos θM andv+

M = v−M = vM . Thus, if
the factorvi,Svj,R

√
ρSρR and the normalized source directivity functionG0

i are neglected, equation (10)
reduces to the well-known formula of Jaramillo et al. (1998)

WDS(~ξ∗, M) =
v2

M

2 cos2 θM
hB L̂SM L̂MR . (12)

Equation (10) represents thus a generalization of the weight function for the case of mode-converted re-
flections. Note that the factorvi,Svj,R

√
ρSρR changes for different propagation modes and thus cannot be

neglected.
The factorOC defined in equation (11) can be reformulated in such a way, that it contains the sum of

the emergence angles of a diffracted ray atM measured towards the vertical instead of the actual reflec-
tion/conversion angles at a point of specular reflectionMR. It then reads

OC = v+
Mv−M

√
v−Mv+

M

(v+
M + v−M cos(αS

M + αR
M ))(v−M + v+

M cos(αS
M + αR

M ))
, (13)

whereαS
M andαR

M denote the angles the source and receiver segments make withthe vertical axis at the
depth pointM . These angles are independent of the reflector dip angleβ. The derivation of equation (13)
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can be found in Appendix A.

Equation (13) expresses the important fact, that the weightfunction of equation (10) is independent
of any reflector properties at pointM . The velocitiesv+

M andv−M are known from the (elastic) macro-
velocity model. The angle(αS

M + αR
M ) can be calculated for any diffracted ray in the subsurface atany

point M , irrespective of whether it is an actual reflection pointMR or not. The geometrical spreading
factors of the two ray branchesSM andMR can be determined by means of dynamic ray tracing. Finally,
the Beylkin determinant consists, as mentioned, only of derivatives of the diffraction traveltimeτD. This
means that, although all the derivations so far were made under the assumption of an actual reflection point
MR, equation (10) is generally valid foranydepth pointM in the macro-velocity model.

Let me finally mention, that the approach presented by Schleicher et al. (1993) results in a weight
function that does not involve the Beylkin determinant. Rather,hB can be further decomposed (Schleicher
et al., 2002)

hB =
mD

cosβ
| det (ΓSNSM + ΓRNMR) | , (14)

whereΓS andΓR are(2 × 2) configuration matrices describing the source and receiver positions with
respect to the chosen measurement configuration. They are either the zero matrixO or the identity matrix
I. For the case of, e.g., a common-shot experiment, the sourceposition does not vary, thusΓS = O and
ΓR = I. For a common-offset experiment (which is mainly considered in the following), both matrices
ΓS andΓR are unity, i.e., the identity matrix. The MatricesNSM andNMR are second-order mixed-
derivative Hessian matrices of traveltimes with respect tothe positions of the source and receiver. These
matrices relate to the geometrical spreading (Hubral et al., 1992a) as

L̂SM =

√
cos θS cos θ−M

vSv−M
(detNSM)

− 1
2 e−i π

2 κSM , (15)

L̂MR =

√
cos θR cos θ+

M

vRv+
M

(detNMR)
− 1

2 e−i π
2 κMR . (16)

Upon insertion of relation (15) and (14) into the weight function of equation 10, I obtain an expression
of the weight function which depends only on (mixed) traveltime derivatives and the properties at the
measurement surface

Wi(~ξ
∗, M) =

√
vi,Svj,RρSρR cos θS cos θR

G0
i

| det(ΓSNSM + ΓRNMR)|√
detNSM

√
detNMR

e−i π
2 (κS+κR) , (17)

which can be considered as a generalization of the weight function derived by Schleicher (1993). The only
difference, however, are the forefactors under the square root and the source termG0

i which cannot be
neglected for the case of mode-converted waves.

Special cases

One of the advantages of equation (17) is the fact that can be easily simplified for some special cases of the
measurement configuration. For the case of a common-shot or acommon-receiver configuration, the sum
in the determinant of equation (14) vanishes since one of theconfiguration matricesΓ becomes zero. For
these cases, the numerator of equation (17) simplifies, and by employing equation (15) again, I obtain

Wij,CS =
√

ρS,iρR,j vS,i cos θR,j OG
L̂SM

L̂MR

1

G0
i

for common shot, (18)

Wij,CR =
√

ρS,iρR,jvR,j cos θS,i

1

OG

L̂MR

L̂SM

1

G0
i

for common receiver (19)

configurations. Here, the factorOG contains the incidence and reflection angle at the depth point M which
can be formulated in terms of the diffraction angles measured towards the vertical according to equation
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(35):

OG =

√
v−M cos θ+

M

v+
M cos θ−M

(35)
=

√
(v−M )2 + v−Mv+

M cos(αS
M + αR

M )

(v+
M )2 + v−Mv+

M cos(αS
M + αR

M )
. (20)

For the case of monotypical reflections the factorOG vanishes, and by neglecting the forefactors again,
these weights reduce to the expressions published by Hanitzsch (1997).

Since the final aim of a true-amplitude migration is the extraction of the AVO behavior at a depth point
M, the actually desired measurement configuration is a common-offset (CO) geometry. For this measure-
ment configuration, both matricesΓ become the identity matrix and thus, the sum under the determinant in
equation (14) remains. Unfortunately, it is in general not possible to interchange a summation with taking
the determinant. Mathematically, this is only possible, ifat least one row of the two (2 × 2) matrices to be
summed is identical. This is the case for alaterally homogeneousmedium, i.e., when the velocity is only
a function of depth,v = v(z). Then, every raySMR in a 3-D acquisition geometry is confined to a plane,
and the derivatives perpendicular to this plane (and thus one row of the matricesN) are identical. For this
special case only, equation (17) can be simplified by employing again equations (15) and (35)

Wij,v(z) =

√
ρS,iρR,j

G0
i

(
vS,i cos θR,jOG

L̂SM

L̂MR

+ vR,j cos θS,i

1

OG

L̂MR

L̂SM

)
, (21)

where the factorOG is again given by equation (20). The validity of equation (21) for a laterally homo-
geneous medium only may seem as a strong restriction, but is justifiable in many practical applications.
For arbitrary 3-D media, however, the derivatives of eitherthe MatricesN in equation (17) or the Beylkin
determinant in equation (10) have to be calculated directly.

Wavefield separation

All the derivations so far were made under the assumption, that the data in the time domain was acquired
in ray-centered coordinates where the P and S wavefields are already separated. This separation of the P
and S wavefields can be done independently for each diffracted ray during migration by means of equation
(1). The rotation angles are the angle of emergenceθj,R that occur already in the weight function of
equation (17). I can therefore extend the diffraction stackintegral of equation (7) for the migration of
elastic wavefields as follows:

Vij(M) = − 1

2π

∫∫

A

dξ1 dξ2 Wi(~ξ, M)
∂

∂t

(
Hjk(R)Uk(~ξ(R), t)

) ∣∣∣∣∣
t=τ

D,ij
(~ξ,M)

, (22)

where the weight function (ortrue-amplitude kernel) Wi is given by either equation (10) or, alternatively,
equation (17).Hjk denotes the components of the rotation matrixHT introduced in equation (1).Uk then
refers to the recorded wavefield in Cartesian coordinates. The components of the rotation matrix consist of
direction cosines,

Uj(R) = Hjk(R)Uk(R) =
∂qj

∂xk
Uk

∣∣∣∣∣
R

. (23)

For practical use, the rotation into ray-centered coordinates is best performed during migration together
with the application of the weight function. Then, the direction cosines of the rotation matrix can easily be
combined with the ones of the source directivity functionG0

i . A table of direction cosines combined in this
manner can be found in Traub (1999) for the most commonly usedP and S wave sources. These direction
cosines contain not only the angle of emergenceθR towards the vertical at the receiver (see Figure 1), but
also the azimuthφR, i.e., the emergence angle within the (horizontal) measurement plane.

ELASTIC MIGRATION IN 2.5-D

In 2.5-D, i.e., when the medium does not vary with respect to the coordinate perpendicular to the seismic
line (crossline direction), the out-of-planeξ2-integration in equation (8) can be evaluated analytically. Since
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all data acquired on lines parallel to the actual seismic line would be identical, the migration apertureA
can be assumed to be infinite in theξ2-direction. Kirchhoff migration then reduces to an in-plane stack
over the aperture interval(a, b) in the ξ1-direction covered by the seismic line. Sinceξ1 is now the only
integration variable, we can drop the index 1 to write the 2.5-D Kirchhoff migration integral as

Ṽij(M, ω) =

√
−iω

2π
F̃ (ω)

b∫

a

dξ
1

vi,Svj,R
√

ρSρR L̂
W

(2.5)
i (ξ, M)R̂ijG

0
i eiωτdif,ij , (24)

whereW
(2.5)
i is the 2.5-D weight factor that guarantees true amplitudes in this 1-D stack. It is composed

of the 3-D weight factor and the result of the analytic solution of the out-of-plane integral. Since in the
2.5-D situation, the target model does not vary in theξ2-direction, it suffices to regard only one S wave
component. One may therefore skip the treatment ofSH systems and instead restrict the situation to only
two components recorded at the surface, a P component and oneS component aligned with the acquisition
line. However, we still consider a 3-dimensional wave propagation and thuŝL carries the full 3-D geomet-
rical spreading.

For the derivation of a 2.5-D weight function, the followingthree points have to be considered:

• The (3-D) geometrical spreadinĝL can be split into an in-plane part̄L and an out-of-plane partσ,
with L̂ = L̄√σ.

• According to equation (24), the migration integral reducesto an in-plane stack and the corresponding
stacking operators reduce to lines. The out-of-plane integration can be evaluated analytically and

yields (Bleistein et al., 1987) a factor
(

1
σ

S

+ 1
σ

R

)− 1
2

which has to be applied additionally to the

weight function.

• The Beylkin determinant, and, due to equation (14), also thedeterminant in the numerator of equa-

tion (17) simplify which allows to extract an additional factor
(

1
σ

S

+ 1
σ

R

)
. In the same manner as

described above, one may then interchange the summation with taking the determinant which allows
to give an expression for a 2.5-D common-offset weight function that does not contain traveltime
derivatives.

The out-of-plane spreading factorsσS andσR are defined by the path integralσ =
∫

v ds with s being the
arc length along the raysSM andMR. Altogether, I obtain for the 2.5-D common-offset case

Wij,2.5D =

√
ρS,iρR,j

G0
i

(
vS,i cos θR,jOG

L̄SM

L̄MR
+ vR,j cos θS,i

1

OG

L̄MR

L̄SM

)√
σS + σR , (25)

where the factorOG is defined in equation (20) and̄L denotes now the (2-D) in-plane geometrical spread-
ing. For the case of monotypical reflections, the factorOG vanishes again, and equation (25) reduces to
the formula published by Hanitzsch (1997), if constant factors are neglected again. Weight functions for
common-shot and common-receiver configurations can be derived accordingly. These are, however, of
less importance since a true-amplitude migration aims at recovering the AVO behavior of target reflectors
which implies a common-offset migration of multicoverage data.

Please note, that all the derivations so far were made for anormalized point-source geometrical spread-
ing as defined by Schleicher et al. (2002) . Many textbooks, however, use different notations for the ge-
ometrical spreading (includinǧCervený, 2001). Furthermore, the above formulae for the weight function
include the source directivity pattern in the denominator which may become zero for certain source types.
The problem can be circumvented in practical implementations through a simple case discrimination.

SIMPLE SYNTHETIC EXAMPLE

In the following, I will show a 2.5-D synthetic data example for a flat horizontal interface in a depth of
1 km. The P-wave velocity was chosen to be 2km/s above the interface and 2.5km/s below. The
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density of the model was kept constant at 2.0g/cm3 and the ratio between P- and S-wave velocity was
set to 2. A synthetic multicoverage dataset was shot, assuming a roll-along acquisition with an aperture
of 3 km in order to illuminate the target reflector well up to overcritical angles. Sources cover a line from
3.0 km to 7.0 km over the model with a spacing of 20 m and generate both P- and S-waves with (for
simplicity) a unidirectional radiation pattern for the S-wave. The dominant frequency of the source signal
was chosen at 10 Hz in order to safely exclude aliasing effects for all wave modes. The synthetic dataset
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Figure 2: Sketch showing the simple model of a horizontal interface and the chosen acquisition geometry
above it. On the right hand side, the prestack depth migration result of the target zone is shown for P to P
reflections. Only every second trace is plotted.

consists of 60501 traces that ensure an equal illumination for all offsets for a small target zone between
3.0 km and 4.0 km (see Figure 2). Figure 3 shows one example shot gather for the vertical component
(left) and the horizontal component (right). Both seismogram sections show the four principal scattering
modes generated at the interface. For this simple case, theP → S andS → P conversion arrive at the
same traveltime. Nevertheless, the contributions of the two wave modes can clearly be separated by the
multicomponent migration.

1
1.5

2
2.5

3
3.5

T
im

e [s]

0 0.4 0.8 1.2 1.6 2 2.4 2.8
Offset [km]

Vertical Component

PP

SS

PS and SP

1
1.5

2
2.5

3
3.5

T
im

e [s]

0 0.4 0.8 1.2 1.6 2 2.4 2.8
Offset [km]

Horizontal Component

PP

SS

PS and SP

Figure 3: Example shot gather of the vertical (left) and horizontal (right) component of the synthetic
multicoverage dataset for a flat layer. Only every 5th trace is shown.
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Amplitude evaluation

After a common-offset multicomponent migration employingthe weight function of equation (25), one
obtains separate migrated images for every offset as well asfor every ray code. Figure 4 shows the migrated
image gathers for the four principal wave modes contained inthe synthetic multicoverage dataset. As can
be seen, all four image gathers show a flat event at a depth of 1 km which corresponds to the respective
reflection or conversion event from the interface depicted in Figure 2. The reflectivity becomes complex-
valued for overcritical angles which results in a phase shift of the migrated signal that is observable at high
offsets.
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Figure 4: Image gathers of the migration result for the principal wavemodes: a) P to P reflection. b) P
to S conversion. c) S to P conversion. d) S to S reflection. Bluecolors behind the wiggle traces denote
positive amplitudes and red colors denote negative amplitudes. Only every 5th trace is shown as wiggle
line. Events with moveout stem from other wave modes that appear on the same principal component (see
text for discussion).

By picking the amplitudes along the flat events in the image gather, one obtains the desired AVO
behavior. If the correct weight function was applied, the picked values should directly yield the reflectivity
for the corresponding depth point on a reflector. Figure 5 shows a comparison of the complex magnitudes
picked from the migrated image gathers with the theoretically expected values from the Zoeppritz equations
for all of the four wave modes. Furthermore, Figure 6 shows a comparison of the phase of the complex
reflectivity with the phase shifts picked from the migrated image gathers. As can be seen, both Figure 5
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Figure 5: Comparison of amplitudes picked from the migrated image gathers with theoretical values from
Zoeppritz equations for every scattering mode: shown are complex magnitudes for P to P (upper left), P to
S (upper right), S to P (lower left), and S to S (lower right).

and Figure 6 show a very good agreement of the picked amplitudes with the expected theoretical values.
The synthetic time-domain data was generated by using a commercially available wavefront ray tracer that
unfortunately proved to calculate the phase of the S to P reflection incorrectly, which explains observable
differences in the lower left graph of Figure 6.

Offset stacking

Even after rotation into ray-centered coordinates, the respective input data for one (ray-centered) principal
component will contain more than one event since always two modes are arriving at the receiver on the
same principal component. In this case, P to P and S to P eventswill occur on the principal component
perpendicular to the wavefront and P to S and S to S events willoccur on the principal component tangent
to the wavefront. This implies, that the diffraction stack will find stationary points also for events that do
not belong to the respective wave mode considered. These events will be mapped incorrectly and thus occur
with a considerable moveout in the image gathers. Such events are visible below theP → S conversion in
Figure 4 (b) and above theS → P conversion in Figure 4 (c). These are remnants of the S to S reflection
and P to P reflection, respectively. The kinematically correct image for every wave mode is obtained, if all
image gathers are stacked in the offset direction. Then, only the correctly migrated (flat) events remain in
the final stacked image and all events with moveout in the image gathers will be summed up destructively
and thus yield zero.

However, care has to be taken when stacking events with phasechanges at overcritical angles (this is
the case especially for the conversion modes where the pulsepolarity is reversed at high offsets). In order
to avoid a destructive summation of such events, one usuallystacks the image gathers only for ranges of
offsets where phase changes can be neglected. If more than one reflector is present in the data (which is
usually the case), these phase changes occur at different offsets for every depth. If furthermore a laterally
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Figure 6: Comparison of the phase of the complex reflectivity picked from the migrated image gathers
with theoretical values from Zoeppritz equations for everyscattering mode: shown are values for P to P
(upper left), P to S (upper right), S to P (lower left), and S toS (lower right).

heterogeneous macro velocity model has to be taken into account, the suitable range for stacking would
either have to be chosen individually for every image point (which is impracticable), or the migrated image
would have to be sorted according to reflection angle (which implies the knowledge of the reflector dip).
In practice, and if the signal-to-noise ratio is sufficiently high, this problem is circumvented by applying
several stacks for small ranges of offsets, so-callednear-offsetandfar-offsetstacks.

CONCLUSIONS

The zero-order ray-theory approach to true-amplitude imaging has been restricted so far to the treatment
of monotypical reflections, i.e., it did not account for modeconversions at an interface. Here, an extension
to this approach is presented that account for the vectorialproperties of the elastic wavefield recorded with
multicomponent receivers. The resulting weight functionschange for every propagation mode and can
also be applied to converted waves. Therefore, the procedure allows to retrieve the full matrix of elastic
reflection coefficients for all wave modes.

An application of the proposed method to real data requires auniform and highly controlled coupling of
receivers. These requirements may be met for data acquisition within a borehole for vertical seismic profil-
ing (VSP) or on the seafloor for data acquisition with an OceanBottom Cable (OBC). The true-amplitude
multicomponent imaging method can then have an impact onto amplitude-versus-offset (AVO) inversion
which in current applications uses only two parameters:intercept(zero-offset reflection coefficient) and
gradient (near-offset slope of the reflection coefficient) of P to P reflections. If additional information
could be retrieved from mode-converted and S-wave reflections, much more parameters can be added to
the inversion and less effort needs to be put into calibration with borehole logs from the vicinity.
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Detailed results were published by Goertz (2002).
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APPENDIX A

In this appendix, I will proof that the factorOC introduced in equation (10) is independent of the reflector
properties at a point of specular reflectionMR, i.e., it is to proof that

OC =

√
v+

Mv−M
cos θ+

M cos θ−M

(
cos θ+

M

v+
M

+
cos θ−M

v−M

)−1

(26)

can be written in such a way that it is independent of the individual anglesθ−M andθ+
M . It will be shown in

the following that the factor (26) depends rather on the sum of the angles between the two ray segments (see
Figure 7). This sum can be also expressed as the sum of these angles measured towards the vertical which
can be calculated for every diffracted ray. As a consequence, the weight function (10) will be generally
valid for every subsurface pointM , whether or not it is an actual reflection point.

With the use of the trigonometrical addition theorem

cos(α + β) = cosα cosβ − sinα sin β , (27)

I may write for the inverse of the second term in in equation (26)

cos θ+
M

v+
M

+
cos θ−M

v−M
=

(
cos θ+

M

v+
M

+
cos θ−M

v−M

)
cos θ−M
cos θ−M

=
1

cos θ−M

(
cos θ−M cos θ+

M

v+
M

+
cos2 θ−M

v−M

)

=
1

cos θ−M

(
cos(θ−M + θ+

M ) + sin θ−M sin θ+
M

v+
M

+
cos2 θ−M

v−M

)
.

(28)

By using Snell’s law for the termsin θ+
M ,

sin θ+
M

v+
M

=
sin θ−M

v−M
(29)

and recalling the fact thatsin2 x + cos2 x = 1, I may write for the right hand side of equation (28)

· · · =
1

cos θ−M

(
cos(θ+

M + θ−M )

v+
M

+
1

v−M

)
. (30)

By inserting this preliminary result into equation (26), I obtain

OC =

√
v+

Mv−M
cos θ+

M cos θ−M

(
cos θ−Mv+

Mv−M
v−M cos(θ+

M + θ−M ) + v+
M

)

=
√

v+
Mv−M

√
cos θ−M
cos θ+

M

(
v+

Mv−M
v−M cos(θ+

M + θ−M ) + v+
M

)
.

(31)
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Figure 7: Slowness vectors of a wavefront impinging on an interface.

Now, I turn my attention to the cosines under the square root of equation (31). These can be expressed in
terms of the slowness vectors, according to Figure 7 as follows:

cos θ−M =
~p− · (~p− + ~p+)

|~p−||~p− + ~p+| . (32)

The numerator can be calculated by recalling that the lengthof the slowness vector equals (by definition)
the inverse of the velocity, and by expressing its components by means of the angles towards the vertical.
Since the two slowness vectors span up a plane, I can confine the calculation to a local (Cartesian) 2-D
coordinate system and obtain for the numerator

~p−(~p− + ~p+) = (p−x )2 + (p−z )2 + p−x p+
x + p−z p+

z =

(27)
=

sin2 αS
M

(v−M )2
+

cos2 αS
M

(v−M )2
+

cos(αS
M + αR

M )

v−Mv+
M

.
(33)

Therefore, I obtain for equation (32) by replacing only|~p−| = 1
v−

M

in the denominator

cos θ−M =
1

v−Mv+
M

v+
M + v−M cos(αS

M + αR
M )

|~p− + ~p+| . (34)

cos θ+
M can be calculated accordingly and I finally obtain for the ratio of cosines under the square root in

equation (31) √
cos θ−M
cos θ+

M

=

√
v+

M + v−M cos(αS
M + αR

M )

v−M + v+
M cos(αS

M + αR
M )

. (35)

From Figure 7, one sees immediately thatcos(θ+
M + θ−M ) = cos(αS

M + αR
M ) and I thus obtain by inserting

equation (35) into equation (31) the final result

OC = v+
Mv−M

√
v−Mv+

M

(v+
M + v−M cos(αS

M + αR
M ))(v−M + v+

M cos(αS
M + αR

M ))
, (36)

which is equation (13).
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ABSTRACT

In areas with topographic variations, acquisition and processing of seismic data impose a real chal-
lenge upon geophysicists. Although there exist methods to adjust the measured data to a flat datum, it
is sometimes necessary or favored to migrate the data directly from topography in order to get high-
quality migrated images. Kirchhoff migration is able to handle the irregular geometries and serves
therefore as a suitable tool to perform such a process. However, several important things must be
considered: Migration weights must refer to the actual topographic measurement surface and its local
dip and need to honor the local acquisition geometry. In addition, a careful estimation of the velocity
model and, thus, the traveltime tables is necessary. Then, prestack migration will not only produce
correct images but also enable further studies (e. g., AVO analysis). In combination with the CRS
stack (ZO and FO CRS stack, CRS stack for rugged topography) and the tomographic velocity model
inversion, flexible pre- and poststack processing strategies are available.

INTRODUCTION

Migration is an important step in the processing of seismic reflection data. It should not only move reflec-
tion events to their correct spatial location but also collapse diffractions into their corresponding scattering
points. While migration was often only an optional step in the early days of data processing, it is now
routinely applied and has become a central part in seismic imaging. In the course of the years, migration
algorithms have much improved and migrated data serve nowadays, in addition to providing a structural
image, also for the estimation of macrovelocity models and as input for further analyses, e. g., amplitude
versus offset (AVO) or amplitude versus angle (AVA) studies.

There exist several migration methods and a lot of implementations, 2D or 3D, time or depth, prestack
or poststack (see, e. g., Yilmaz, 2001). All methods have advantages and disadvantages—a rather complete
overview is given by Gray et al. (2001). Among the general methods are, for instance, finite-difference
migration, reverse-time migration, or frequency-wavenumber migration. One of the oldest but still most
frequently used methods is Kirchhoff migration.

The algorithmic framework of the latter has been laid by Hagedoorn (1954) who presented a graphical
migration scheme based on surfaces of maximum convexity. His work was later related to the wave equa-
tion and became familiar as “Kirchhoff migration” (Schneider, 1978). The name was chosen with regard to
the Kirchhoff integral which is used to describe the (forward) propagation of seismic waves within a given
depth model. Since the Kirchhoff integral by itself cannot be used to solve the inverse problem, i. e., to
describe backward propagation, Kirchhoff migration was introduced as its adjoint operation that describes
the forward propagation of the recorded wavefield in the reverse direction. This turns out to be a very good
approximation to backward propagation as long as evanescent waves can be neglected.

Kirchhoff depth migration treats each pointM on a sufficiently dense grid like a diffraction point. In
an a-priori given macrovelocity model, the relevant part ofthe Green’s function of a point source at any
single diffraction pointM in the depth domain is calculated. The kinematic part of thisGreen’s function
is the configuration-specific diffraction-traveltime surface, also called “Huygens surface”. The amplitudes

mailto:Thomas.Hertweck@gpi.uka.de
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of the (filtered) input seismograms are stacked along the Huygens surface and assigned to the depth point
M . This explains why the Kirchhoff migration scheme is also called a “diffraction stack”. If so desired,
the effect of geometrical spreading can be removed from the output amplitudes by multiplying the data
during the stack with a true-amplitude weight factor that iscalculated from the dynamic part of the Green’s
function.

Kirchhoff migration has a long tradition. Although a lot of different migration algorithms have been
developed in the last decades that might produce better images (at least in some scenarios), it is still a
competitive and widely investigated tool. The question is:why? To answer this question, let us briefly
summarize some advantages of Kirchhoff migration:

• The kinematics of the method are easy to describe. As there isa complete geometrical explanation
(see, e. g., Hagedoorn, 1954), we can gain an intuitive understanding of the method itself and its
pros and cons. Artifacts which might appear in limited-aperture Kirchhoff migration can also be
described in a geometrical way as shown by Hertweck et al. (2001).

• There exists a firm mathematical treatment which provides the basis for Kirchhoff migration. This
mathematical foundation was given by Schneider (1978) and further scientists in the following years.
The theory was later extended to provide not only kinematically but also dynamically correct images
of the subsurface. Bleistein (1987) was one of the first dealing with the theoretical formalism of what
is today know as true-amplitude migration. Hubral et al. (1996) and Tygel et al. (1996) provided a
complete unified theory to perform 3D true-amplitude seismic reflection imaging based on Kirchhoff
migration and its asymptotic inverse process called demigration.

• Kirchhoff migration is able to handle laterally inhomogeneous media and provides (in a lot of cases)
reliable and accurate results while being efficient at the same time.

• The method itself is very flexible and allows target-oriented processing of seismic data. Furthermore,
irregular datasets and data recorded on a varying topography can easily be handled by the algorithm.
The general principle allows to image dips in the subsurfacethat are greater than 90 degrees, i. e.,
it can handle turning rays—however, this is also a question of the method utilized to calculate the
relevant Green’s functions.

Kirchhoff migration has, of course, also some drawbacks:

• Most implementations use an asymptotic high-frequency approximation. Such an approximation
causes problems for the region that is within several wavelengths of the source or receiver position,
i. e., we may face problems when imaging near-surface reflectors. However, this is only a minor
problem in practice and even for very shallow reflectors, Kirchhoff migration is able to produce
reasonably good images.

• Multipathing may occur depending on the complexity of the macrovelocity model. Most Kirchhoff
migration implementations assume that there is only one possible path from a diffraction point in the
subsurface to a point at the measurement surface. There exist some extensions that can handle the
multipathing problem in Kirchhoff migration, at least for alimited amount of ray paths (usually up to
three). However, this comes along with a noticeable increase in computation time. The multipathing
problem may also be addressed by means of Gaussian beam migration (Hill, 1990, 2001) that uses a
different approach than standard Kirchhoff migration but with similar flexibility.

• Kirchhoff migration sometimes fails to image complex structures. This is closely related to the
traveltime tables used in the migration process. The accuracy and the quality of the migrated image
strongly depends on the method used to calculate the Greens’function. There exist a lot of methods
and even more implementations to generate the traveltime tables (e. g., simple eikonal solvers or
kinematic and dynamic ray tracers) which expose different speeds and accuracies. A summary and
an example based on the Marmousi model is presented by Audebert et al. (1997).

• The operator aliasing problem is significant in Kirchhoff migration as we sum up discrete data along
a diffraction surface without regarding the frequency content. It may happen that the steeper parts
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of the Huygens surface undersample the wavelet and, thus, the migrated image severely suffers from
aliasing effects. Abma et al. (1999) and Biondi (2001) give aprofound description of the problem
and its possible solutions.

• The computational costs for the estimation of true-amplitude weights in Kirchhoff migration are, in
general, high because several dynamic ray quantities are involved that must be computed in addition
to the traveltime itself. However, there exist some approaches to overcome this problem: they are
either based on simple approximations of the complete true-amplitude weight factor (Peres et al.,
2001) or on the determination of the weight function from traveltimes only (Vanelle and Gajewski,
2002).

As shown by Gray (1998), most migration methods are accuratewhen imaging regions of typical struc-
tural complexity. The differences are usually less than theuncertainty in estimating the velocity model.
Therefore, using much more expensive tools to increase the accuracy by a small factor is not justified from
an economical point of view. Because of its accuracy and relative cheapness, Kirchhoff migration is a
workhorse in seismic data processing, especially for handling data measured on a surface with topographic
variations or irregularities.

Acquisition
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Optimization of Preprocessing parameters

Conventional Processing

e.g. NMO/DMO etc.

Data−driven Processing

e.g. ZO or FO CRS stack

Prestack/Poststack time migration
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Figure 1: Seismic data processing flowchart. The different steps are usually carried out by different groups,
e. g., contractors, oil company processing groups, interpretation departments, or quality control teams [after
Farmer et al. (1993)].
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Strategies at Karlsruhe University

All data examples shown in the following section were processed withUni3D, a Kirchhoff true-amplitude
migration program developed at Karlsruhe University and presented in an article by Jäger and Hertweck in
this issue. Together with the ZO and FO CRS stack programs (see, e. g., Bergler et al. in this issue) and the
tomographic velocity model inversion method based on CRS stack attributes (see Duveneck et al. in this
issue), there exist flexible pre- and poststack processing strategies. A general overview of processing steps
is given in the flowchart (Figure 1).

In order to test all our algorithms, synthetic earth models as well as pre- and poststack datasets are
created. CRS stack results may be easily compared to the forward-modeled seismograms. The velocity
model obtained by tomographic inversion by means of CRS stack attributes can be compared to the original
earth model. Both, the CRS stack results and the estimated (or true) velocity model, enter into the depth
migration which should then be able to recover a correct image of the subsurface, either by pre- or poststack
migration. We are, thus, able to perform some of the main steps of seismic data processing in a controlled
environment that allows to check the results and our software. Real data impose, of course, many more
challenges upon geophysicists and software developers compared to synthetic data examples—however,
results cannot be checked and we need to know in advance aboutthe pros and cons and the reliability of
our algorithms. In the next section, special aspects of the migration process and various data examples are
presented.

SPECIAL ASPECTS AND DATA EXAMPLES

One can find a lot of papers about different migration methodsand various aspects concerning accuracy,
speed, or flexibility—however, one usually underestimatesthe important but fundamental problem of find-
ing the correct velocity model for migration. Developing extremely accurate migration algorithms makes
only sense if we are able to estimate the correct seismic velocities for migration. Duveneck (see his article
in this issue) presents a new way of estimating an initial macrovelocity model utilizing tomographic inver-
sion based on CRS stack attributes. In combination with the CRS stack itself, prestack (depth) migration
and, afterwards, the update of the velocity model, we might find the correct velocity model with only view
iterations.

To test our processing tools, a synthetic prestack dataset was created by means of dynamic ray tracing
for the model shown in Figure 3(a). The dataset consists of 60,000 traces: 600 shots ranging from -2000m
to 9980 m atz = 0, and each shot with 100 receivers (offset range from 0 up to 1980m). The time sampling
is 4 ms, shot and receiver increments are 20 m. Noise was addedin order to make the synthetic dataset more
realistic. This dataset entered into the ZO CRS stack that produced a ZO section with 1201 traces and a
trace increment of 10 m. The result is shown in Figure 2(b) andcompared to a forward-modeled ZO section
with the same noise level as the prestack dataset (Figure 2(a)). It can clearly be seen that the CRS stack
produced a kinematically correct image almost without noise.

In addition, several kinematic wavefield attributes (wavefront curvatures, normal ray emergence angles)
associated with each simulated zero-offset sample came outof the ZO CRS stack process. They entered
into the tomographic velocity model inversion (see the article by Duveneck in this issue) that produced the
smooth, laterally inhomogeneous, isotropic velocity model shown in Figure 3(b). This inverted velocity
model as well as the true velocity model shown in Figure 3(a) were used in the depth migration examples.

Poststack migration Figure 4 shows the results of poststack depth migration of the CRS stacked section
using the true (Figure 4(a)) and the inverted (Figure 4(b)) velocity model. Artifacts are mainly caused by
holes and missing diffraction events in the input seismograms—this is an effect of the ray tracing program
used to generate the input prestack data. The SEP eikonal solver was utilized to create the traveltime tables.
The target zone ranges fromx = −1500m tox = 8000m andz = 200m to z = 3700m. The increments
in the depth migrated images aredx = 10 m anddz = 5 m. The migration result obtained with the inverted
velocity model looks quite similar to the one obtained with the true velocity model.

Prestack migration Further studies of the velocity model are possible when checking the image gathers
after prestack migration. Figure 5 shows the results of prestack depth migration using the true (Figure 5(a))
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(a) Forward-modeled ZO section
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(b) CRS-simulated ZO section

Figure 2: Zero-offset sections a) forward modeled by dynamic ray tracing (without diffraction events) and
b) simulated by means of the ZO CRS stack from noisy prestack data.
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(a) True velocity model in m/s
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(b) Inverted velocity model in m/s

Figure 3: a) part of the true blocky velocity model corresponding to the inversion target zone; b) smooth
velocity model estimated by means of tomographic inversionusing CRS stack attributes. Colors denote
P-wave velocities in m/s.
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(a) Migration with true velocity model
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(b) Migration with inverted velocity model

Figure 4: Poststack migration from flat measurement surface using a) the true velocity model, and b)
the velocity model based on tomographic inversion. Artifacts are mainly caused by holes and missing
diffraction events in the input seismograms—this is an effect of the ray tracing program used to generate
the input prestack dataset.

and the inverted (Figure 5(b)) velocity model. Artifacts are mainly caused by holes and missing diffrac-
tion events in the input seismograms—this is an effect of theray tracing program used to generate the
input prestack dataset. The SEP eikonal solver was utilizedto create the traveltime tables. The target zone
ranges fromx = 0 m tox = 8000m andz = 200 m to z = 3700m. The increments in the depth migrated
images aredx = 20 m anddz = 10 m. All offsets up to 1000 m were stacked in order to produce the
pictures. The deeper reflectors would improve if all available offsets up to 2000m were stacked—however,
this procedure (without muting) would result in a distortedimage for shallow reflectors due to the pulse
stretch observed in the image gather (Figure 6).
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(b) Migration with inverted velocity model

Figure 5: Prestack depth migration for data measured atz = 0 using a) the true velocity model, and b) the
inverted velocity model. All offsets up to 1000 m were stacked after the migration process. The migration
artifacts are mainly caused by the missing diffraction events in the input dataset.
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(a) Locationx = 1200 m
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(b) Locationx = 4200 m

Figure 6: Image gather at a)x = 1200m and b)x = 4200m from the prestack depth-migrated image
using the inverted velocity model, see Figure 5(b). Most events are perfectly flat.

Most events in the image gathers are flat, i. e., the inverted smooth velocity model is a good approxima-
tion of the true velocity model. If such a model is used as a starting model in prestack migration, the best
detailed model can be found with only few iterations.

Migration from topography These examples are, of course, idealized compared to real data. The prob-
lems of crooked lines, topographic variations and irregular acquisition geometries have not been addressed
so far. To study some of these problems, a new prestack dataset was created for the model shown in Fig-
ure 3(a). However, the data was not simulated along the surfacez = 0 m but shots and receivers were placed
along a surface with topographic variations. The actual topography is shown in Figure 7(a), the modeled
zero-offset section in Figure 7(b). The prestack dataset isnot shown here—it has the same acquisition
parameters as the prestack dataset measured atz = 0 m.
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(b) Forward-modeled ZO section

Figure 7: a) topography of the measurement surface; b) zero-offset section forward modeled by dynamic
ray tracing (without diffraction events) on the measurement surface with topographic variations.
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Figure 8 shows the result of prestack depth migration directly from topography. As before, artifacts are
mainly caused by holes and missing diffraction events in theinput seismograms. The SEP eikonal solver
was utilized to create the traveltime tables. The target zone ranges fromx = −2000m tox = 10000m and
z = 200m toz = 3700m. The increments in the depth migrated images aredx = 20 m anddz = 10 m. All
offsets up to 1500 m were stacked in order to obtain this picture. The deepest reflector is flat and correctly
imaged, i. e., the handling of the topography in the migration itself and the creation of the traveltime tables
was successful.
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Migration from topography, stack of offsets 0-1500m

Figure 8: Prestack depth migration directly from topography. Offsets up to 1500 m were stacked after the
migration process. The deep reflector is correctly imaged.

Amplitude comparison True-amplitude migration should be able to recover the correct reflection coef-
ficients for reflectors in the migrated image, at least if we neglect transmission effects and other effects on
the amplitude. When working with topography, the question now is whether it is better to fix the distance
between receiver groups to be equally spaced along the topographic surface or along the horizontal axis.
If we fix them along the topography by∆g, then the horizontal increment∆ξ will be irregular but always
less or equal to∆g. For this reason, the depth migrated images will in general have less aliased noise
(Gray et al., 1999). To study the effect of irregularities, we created an irregular ZO section with 1006
traces for the model shown in Figure 3(a). The trace increments randomly vary between 9 m and 15 m
with an average increment of 11.9 m. This section was true-amplitude depth migrated using the true ve-
locity model; afterwards, the amplitude along the first reflector at a depth of aboutz = 400 m was picked.
Figure 9(a) shows the theoretical values and picked amplitudes for two specific cases: a) migration was
performed with an average (constant) trace spacing; it can clearly be observed that the overall amplitude
behavior is correct. However, fluctuations occur which makefurther analyses difficult. The same holds
for reflector amplitudes after true-amplitude prestack depth migration and might, thus, affect AVO or AVA
studies. b) migration was performed considering the actuallocal trace increments in the true-amplitude
weight function. This approach allows an almost perfect reconstruction of the true reflection coefficients.
When working with topographic variations and irregular acquisition geometries, it is essential to honor the
local trace increments and topographic variations in orderto get the best possible migration result.

CONCLUSIONS

Although established for a long time, the use of classical Kirchhoff migration is still justified and it consti-
tutes a workhorse in seismic data processing. Some of its main advantages and drawbacks were presented
in this paper. Especially when working with large datasets irregularly measured along surfaces with to-
pographic variations, the target-oriented Kirchhoff migration approach shows its productive efficiency. In
combination with our time-processing tools such as ZO and FOCRS stack (which, in future, are also
available for datasets with topographic variations) and the program to estimate the velocity model based
on tomographic inversion, we have flexible software solutions for the main processing steps in seismic
reflection data handling.
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(a) Constant average trace spacing
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Figure 9: Amplitude comparison for the first reflector after true-amplitude migration using a) an average
constant trace spacing and b) the local trace spacing in the weight function. The latter allows to reconstruct
the true reflection coefficient almost perfectly.
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ABSTRACT

Kirchhoff migration is a widely investigated and often utilized imaging tool. By applying suitable
weight functions in the migration process it is possible to compensate the spherical divergency effect
contained in the seismograms and, thus, to end up with so-called true-amplitude migrated images. If
a prestack migration has been performed, such images are suitable to retrieve AVO (amplitude versus
offset) or AVA (amplitude versus angle) information which can be helpful for a further characterization
of reflectivity contrasts in the subsurface.Uni3D is a program by which such imaging problems can
be addressed.

INTRODUCTION

In the past decades, 2D and 3D reflection imaging has become a familiar topic in the world of seismic
exploration. One of the oldest migration tools is Kirchhoffmigration which has its roots in the graphical
migration scheme of Hagedoorn (1954) that was later relatedto the wave equation by Schneider (1978).
Kirchhoff migration can compensate for the geometrical spreading effect of propagating waves and is thus
capable to produce so-called true-amplitude migrated images. Although newer migration techniques exist
that can under certain circumstances provide better images, the Kirchhoff method is still applied very
often. Reasons for this are, e.g., its flexibility which allows target-oriented processing and the handling of
irregular acquisition geometries and topographic variations and its relatively low computational costs (see
also the article by Hertweck et al. in this issue). In the Unified Approach Theory by Hubral et al. (1996),
Tygel et al. (1996), and Jaramillo et al. (1998) it is shown that by combining Kirchhoff true-amplitude
migration and its asymptotic inverse process, Kirchhoff true-amplitude demigration, it is possible to solve
various imaging problems.

To study possible applications of this theory, the imaging tool Uni3D consisting of Kirchhoff true-
amplitude migration and demigration algorithms was developed at the Geophysical Institute at Karlsruhe
University. In former versions ofUni3D, SEPlib was used as input and output data format. Unfortunately,
SEPlib cannot handle irregular trace increments or topographic variations in a proper way. The reason for
this is that SEPlib has only one global header, traces are addressed making use of constant increments.
For this we now make use of Seismic Un*x (SU) data format. Since every trace in an SU data set has
an individual header containing information such as shot- and receiver-position and elevation, there is no
restriction to a regular acquisition geometry. Traces recorded on a non-flat surfaces can easily be handled.

The change from SEPlib to SU input data entailed the necessity to rewrite major parts of the source
code ofUni3D. This work is still in progress. In the current version v0.23of the program the complete
demigration part is missing and migration is limited to the 2D case. But now we are able to migrate
directly from topography and are no longer restricted to handle data recorded on regular grids.Uni3D
v0.23 is able to perform 2D prestack and poststack true-amplitude migration for constant velocity models
as well as for laterally and vertically inhomogeneous mediaas is illustrated in Figure 1. We now also make
use of input/output routines that are very similar to the ones utilized by the CRS stack. This compatibility
of parts of the software is facilitated by C++ and its abilityto substitute object oriented programming.

mailto:Christoph.Jaeger@gpi.uka.de
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Figure 1: Migration tasks that can be addressed byUni3D v0.23. Constant velocity migration is performed
true-amplitude by default. Algorithms for migration of 3D data sets as well as for 2D demigration exist,
but are not yet adapted to handle SU data.

New releases of the code will be made available to our sponsors on the password protected area of the
WIT homepagewww.wit-consortium.de. Some migration results that were obtained usingUni3D
can be found in the article by Hertweck et al. in this issue.

In the following sections we will concentrate on the technical aspects of the developed program such
as its installation and compilation and give a detailed description of all parameters that can (or must) be
specified by the user.

REQUIREMENTS

The programUni3D is written in C++ and should comply with the current C++ language standard. We
tried to avoid platform specific features, but nevertheless, it can be necessary to make some minor changes
in the source code since some environments expect, e.g.,.h suffices for specific C++ header files. The
source code was up to now successfully compiled on the machine architectures and operating systems
shown in Table 1.

architecture system OS compiler

i686 PC, AMD Athlon SuSE Linux 8.1, 8.0 GNU gcc/g++ 3.2.1, 2.95.3
MIPS SGI O2 SGI IRIX 6.5 MIPSpro CC 7.3.1.1m
MIPS SGI Origin 3200 SGI IRIX 6.5 MIPSpro CC 7.3.1.1m

Table 1: System configurations with successful installations.

The input and output files are in the Seismic Un*x (SU) format,traveltime tables are stored in the
SEPlib data format. Both, SU and SEPlib, are complete and freely distributed seismic data process-
ing software packages. SU was developed by the Center for Wave Phenomena at the Colorado School
of Mines. It is freely available athttp://www.cwp.mines.edu/cwpcodes/. SEPlib was de-
veloped by the Stanford Exploration Project (SEP) at Stanford University and can be downloaded from
http://sepwww.stanford.edu/software/seplib/. Note, however, that the programUni3D
does not explicitly require these packages—all relevant I/O routines are included in the source code. Nev-
ertheless, we recommend to install them for visualization,pre-processing, etc.

INSTALLATION, COMPILATION

The programUni3D is distributed with a well-documentedMakefile in which you might have to adjust
the compiler and the compiler and linker flags according to your needs. Be sure to have the subdirectories
opt anddbg in the directory in which the source code and theMakefile is located. If necessary, all
source dependencies are updated by typingmake dep. Then, the program can be compiled viamake
all or make debug. The first yields the optimized executableUni3D while the latter produces the
debugging versionUni3Ddbg. For further applications of theMakefile, simply typemake.

http://www.cwp.mines.edu/cwpcodes/
http://sepwww.stanford.edu/software/seplib/
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PARAMETERS

Parameters common for all configurations are listed together with their default values and a short descrip-
tion in Table 2. If no default value is given, the corresponding parameter is mandatory unless it is marked
as optional. Additional parameters may have to be specified depending on the chosen configuration. They
are listed in Table 3. Again, if no default value is provided,they must be specified. In the following, all
parameters are explained in more detail, grouped thematically into subsections. The parameter names with
their expected values in brackets are marked asboldface.

Parameter=Type Default Description
Configuration
dim=int none input is 2.5D (0) or 3D (1)
task=int none perform migration (0) or demigration (1)
vel=int none assume const. velocity (0), use a dynamic GFT (1),

or use a kinematic GFT (2)
stack=int none input is prestack (0) or poststack (1)
Input/Output
in=string none name of input file
out=string none name of output file
Target zone
xmin=int none minimum x [unit] in target zone
xmax=int none maximum x [unit] in target zone
dx=int none x increment [unit] in target zone
zmin=int none minimum z [unit] in target zone
zmax=int none maximum z [unit] in target zone
dz=int none z increment [unit] in target zone
unit=int 1 unit for above values: m (1) or 0.1m (0)
Migration aperture, taper
aprad=int FZ based aperture radius [m]
aptap=int FZ based aprad + taper length [m]
intap=int FZ based input taper region [m]
tau=float 0.09 estimation of wavelet length [s]
theta=int 45 maximum dip to be imaged [deg]
Miscellaneous
verbose=int 0 show only warnings and errors (0) or show

additional information (1)
par=string optional name of parameter file
datapath=string optional common input/output datapath
logfile=string optional name for logfile

Table 2: Parameters which are common for all configurations

Input/Output

As was mentioned before, the input data is expected to be in SUformat. It is read from the filein (string) ,
which can contain a global path or a path relative to the directory in which the executableUni3D is
located. SU trace headers that are utilized byUni3D are the shot and receiver x-coordinates (SX, GX), the
coordinate scaling factor SCALCO, shot and receiver elevation (SELEV, GELEV), and the time sampling
and time offset (DT, DELRT). The shot/receiver elevation ispositive when the shot/receiver is located
above the plane z=0, negative below. Please note that in the current version ofUni3D the input is assumed
to be recorded on a straight line (namely the x-axis) and y-coordinates are ignored.

The output filename is specified by the parameterout (string), which can again contain a path. In the
output, the trace headers F1, D1, F2, and D2 are set to the minimum values and increments in [m] in the z-
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Parameter=Type Default Description
If vel=0
vconst=int none constant velocity [m/s]
If vel=1 or vel=2
v0=int none estimate of minimum velocity [m/s]
gft=string none name of greens function table
If stack=0
minoffset=int none minimum input offset to be considered
maxoffset=int none maximum input offset to be considered
outoff=char n keep offsets in output (y) or

stack output over offsets (n)
offbinsize=int from data size of output offset bin [m]

Table 3: Parameters which depend on the chosen configuration

and x-direction, respectively. Aditionally, the x-position [m] is stored also in SX. If a prestack migration
(stack ([0,1]) = 0) has been performed and offset stacking is omitted during migration (outoff ([y,n]) = y )
OFFSET is computed.

Target zone

The migration target zone has to be specified by the minimum and maximum values in x- and z-direction
together with the desired sampling of these axes. The relevant parameters arexmin (int) , xmax (int), dx
(int) , zmin (int) , zmax (int), anddz (int). We assume the z-axis pointing downwards, z-values are thus
positive. The unit of the above values is meter unless the parameterunit ([0,1]) is set to ‘1’—then, the unit
for the above parameters is set to 0.1m.

Constant velocity or arbitrary velocity field?

If the parametervel ([0,1,2]) is set to ‘0’, migration is performed assuming a constant wave-propagation
velocity. This velocity must be assigned in m/s to the parametervconst (int).

True-amplitude migration for arbitrary velocity models requires not only traveltime tables but tables
containing certain additional wavefield attributes as, e.g., the geometrical spreading or the KMAH index.
Theses quantities are normally retrieved by dynamic ray tracing. A different approach to obtain weights
needed in true-amplitude imaging, namely to express them purely in terms of traveltime, is investigated by
the WIT group in Hamburg (see, e.g., Vanelle and Gajewski (2002)). For situations in which a compensa-
tion for spherical divergence is not needed, we have implemented purely kinematic migration schemes that
require only kinematic traveltime tables. If the velocity model is simple so that the consideration of only
first-arrivals is sufficient, these tables can be computed very fast using, e.g., eikonal solvers. Migration for
constant velocity models is by default implemented in a true-amplitude way because the necessary weight
functions can be computed analytically without much additional computational effort.

For migration with arbitrary velocity models a traveltime table for kinematic migration (vel ([0,1,2])
= 2) or, if true-amplitude processing is desired (vel ([0,1,2]) = 1), a table containing further wavefield
attributes (see below) must exist. The respective filename has to be assigned to the parametergft (string) .
These traveltime tables, which we also call Green’s function tables (GFTs), have to be in the SEPlib data
format and must have the following “shape”: axis 1 = para, axis 2 = z, axis 3 = x and axis 4 = sx, where x
and z define the subsurface target zone and sx contains the shot positions at the surface. The values z, x,
and sx must be given in km. For a kinematic GFT, axis 1 containssimply the one-way traveltime from the
source at sx to a depth point defined by (x,z). In case of a dynamic GFT, additional wavefield attributes are
stored on axis 1 besides f1 = 0, which is again traveltime. They are: f1 = 1: ray take-off angle at the source,
f1 = 2: geometrical spreading, f1 = 3: KMAH index and f1 = 4: angle to vertical at depth point. That is, for
every shot position a three-dimensional cube has to be stored as is depicted in Figure 3. If such a dynamic
traveltime table is given, spherical divergency effects ofthe recorded input data are compensated by a
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Figure 3: Sketch of the 3-dimensional subset for one single shot position of the 4-dimensional dynamic
GFT.

weight function in the stacking process, that is, a true-amplitude migration is performed. Unfortunately,
the ray-tracer which we utilize for the construction of the dynamic GFT is not able to provide all quantities
needed for the computation of the 2.5D true-amplitude weight function as, e.g., the in-plane and out-of-
plane geometrical spreading. Therefore, the 3D weight is implemented even for migration of 2D data, the
correct weight is commented out. If a ray-tracer is available which can determine the required parameters,
the source code can easily be adapted.

In all tables, the shots must have a constant horizontal spacing dsx but may be located on a surface
with varying topography (see Figure 2). The GFT target zone remains fixed for every shot position. The
shot increment as well as the x- and z-spacing of the GFT can bechosen larger than the shot increment
of the input seismogram and the desired x- and z-spacing of the migration target zone. All parameters
are interpolated to the dense output grid during runtime. Please note that multi-pathing is currently not
considered in the program.

Prestack migration

If the input seismogram is prestack (stack ([0,1]) = 0), the migrated output section is by default stacked
over all offsets. If offsets are to be kept in the migrated image, e.g., in order to analyze image gathers, the
parameteroutoff ([y,n]) has to be set to ‘y’. The output offset bin size is then set by default to the average
offset increment found in the input data. If this is not desired, the bin size can be set to the user-defined
valueoffbinsize (int) [m].

Migration aperture, tapering

The size of the migration aperture is always limited by the region over which data have been acquired. A
further restriction of the migration aperture might be advantageous because (1) it leads to a speedup of the
migration, (2) a smaller operator excludes steeper dips, which helps to avoid operator aliasing (see, e.g.,
Abma et al., 1999), and (3) less summation of data away from the signal reduces the stacking of unwanted
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noise. For the best possible reduction of aliasing and noiseas well as the best computational efficiency,
one would like to use a model-based aperture restriction, i.e., one would like to make use of the (projected)
Fresnel zone (see, e.g., Schleicher et al., 1997; Sun, 1998;Sun and Bancroft, 2001). Sun suggests that the
stacking region should cover the first projected Fresnel zone and the taper region should extend over the
second projected Fresnel zone around the stationary point.(The stationary point is the point, where the
stacking operator has the same time dip as the reflection event.)

Because it is difficult to determine the center and size of theFresnel zone for each depth point prior to or
during migration, we restrict the aperture to a constant aperture radius which can be defined by setting the
parameteraprad (int) to the desired value [m]. Note that such a fixed aperture images smaller maximum
dips with increasing depth. The simple truncation of the migration operator would lead to artifacts. They
are avoided by tapering the operator smoothly to zero in the range betweenaprad (int) and the value
defined byaptap (int) [m]. To suppress migration artifacts which stem from the boundaries of the input,
the input is tapered at its margins over a region defined byintap (int) [m].

By default, these parameters are determined from the data: For the zero-offset configuration and a con-
stant velocity medium, the center and the radius of the projected Fresnel zones can be computed depending
on a measure of the wavelet length (parametertau (int) [s]) and the maximum dip to be imaged (parameter
theta (int) [deg]) (Hertweck et al., 2001). The utilized formula depends also on the depth of the considered
diffraction point. For the calculation of the default values, this z is set to the maximum depth in the target
zonezmax (int).

For prestack data and for arbitrary velocity fields the default values for the parametersaprad (int) ,
aptap (int), and intap (int) are computed by means of the same equation (making use of the minimum
velocityv0 (int) instead ofvconst (int)). In that cases, the obtained default values are of course only a rule
of thumb and might have to be adjusted by the user.

Miscellaneous parameters

By default, the running program writes only warning and error messages to standard error . To receive
further information during execution, set the parameterverbose ([0,1])to ‘1’. If desired, a log file (logfile
(string)) in which all these messages are stored can be specified.

Instead of assigning all input and output files with absoluteor relative path to the respective parameters,
it is possible to specify the parameterdatapath (string). This datapath is then applied to all files not
beginning with ‘/’ or ‘.’.

To reduce the amount of needed typing and to facilitate reproducible results, all parameter-value pairs
can be read from a text file which is then handed over to the program using the parameterpar (string) .

FUTURE WORK

Some of our developed algorithms as, e.g., the migration of 3D data sets or demigration, have not yet been
adapted to handle (the possibly irregular) SU input data andare, thus, not included in the current version
of Uni3D. Besides of that, the implemented algorithms can clearly still be improved. Our future plans
include the avoiding of operator aliasing, the consideringof multi-arrivals, the handling of crooked line
geometry, and the testing of more sophisticated methods to interpolate the Green’s function tables.
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ABSTRACT

In this work we present the extension of the piezosensitivity approach to anisotropic media. The
theoretical considerations show that the stress dependence of the seismic velocities and of all elastic
parameters depends mainly on one parameter. This parameteris equal for all velocities and elastic
parameters of a rock in all directions and independent from the differential stress.
We present first results from the application of the piezosensitivity approach for anisotropic media to
a set of ten metamorphic rock samples from the pilot hole of the German Continental Deep Drilling
Project. The laboratory data, three P- and six corresponding S-wave velocity measurements per sam-
ple, cover a differential pressure range up to 600 MPa. All velocities can be fitted well with our model.
As derived from our theoretical considerations the parameter D is constant for all observed velocities
of a sample in any direction. Its magnitude ranges from approx. 0.01 to 0.05 per MPa. A comparison
with data from the literature shows that D ranges in sandstones in general from 0.1 to 0.3 per MPa.
Furthermore, we suggest a strategy for the non-linear leastsquares fitting process.

INTRODUCTION

Stress dependences of seismic velocities are important forinterpretation of very different seismic data,
ranging from AVO and velocity analysis to overpressure prediction and 4D seismic monitoring of reser-
voirs. Some times, rather complex forms of these dependences based on specific models of porous space
geometry are used. For example, spherical contact models (Duffy and Mindlin, 1957 and Merkel et al,
2001) or crack contacts models (Gangi and Carlson, 1996) have been used in different studies. However,
usually, the pore pressure velocity dependence along with the velocity dependence on the differential stress
is phenomenologically described by the following simple relationship (Zimmerman et al, 1986; Eberhart-
Phillips et al., 1989; Freund, 1992; Jones, 1992; Prasad andManghnani, 1997; Kirstetter and MacBeth,
2001):

V (P ) = A + KP − B exp (−PD), (1)

whereP = Pc − Pp is the differential stress,Pc = −σii/3 is a confining pressure,σij is a component of
the total stress tensor (here, the compression stress is negative and the summation over repeating indices is
assumed) andPp is a pore pressure. The coefficientsA, K, B andD of equation (1) are fitting parameters
for a given set of measurements.

It is often observed that equation (1) or similar equations describing an exponential saturation to a linear
trend provide very good approximations for velocities and elastic moduli of dry as well as saturated rocks.
Moreover, it is also observed that this equation provides a very good approximation for elastic properties
of anisotropic rocks.

In our previous publication we considered this equation forisotropic rocks. In this paper we show
how equation (1) can be derived from a rather general consideration even in the case of anisotropic rocks.
Under several, quite natural assumptions the stress dependences of the stiff and compliant porosities can be
found from the theory of poroelasticity. These results can then be used to derive the seismic velocities as

mailto:shapiro@geophysik.fu-berlin.de
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functions of the differential stress. Our derivation will clarify the physical meaning of quantitiesA, K, B
andD which is quite similar in the isotropic and anisotropic cases.

DIFFERENTIAL STRESS AS A CONTROLLING FACTOR

For simplicity we consider a hydrostatic change of a stress state in a porous anisotropic rock. This means
that the pore pressure as well as the confining stress acting on the outer boundaries of the rock can be
changed. However, changes of the confining stress can be hydrostatic only. In a reservoir, such a hydrostatic
change of the state of stress could be induced by a pumping test or an injection test.

Let us introduce compressibilities of an anisotropic porous body. Following the classical paper of
Brown and Korringa (1975), there are 3 independent compressibilities characterizing changes of the com-
plete body volume and of the volume of the pore space in this body:

Cdr = − 1

V
(
∂V

∂P
)Pp

, (2)

Cmt = − 1

V
(
∂V

∂Pp
)P , (3)

Cp = − 1

Vp
(
∂Vp

∂Pp
)P , (4)

whereV is the volume of the porous body andVp is the volume of all its connected pores.
One more but not-independent compressibility can be introduced:

C′ = − 1

V
(
∂Vp

∂P
)Pp

. (5)

Using the reciprocity theorem Brown and Korringa (1975) showed that

C′ = Cdr − Cmt. (6)

A hydrostatic load introduces changes of the confining and pore pressures,δPc andδPp respectively.
Also the differential pressure will be changed:δP = δPc − δPp. The volume change of a porous body
will result from a volume change due toδPd by keeping a constant pore pressure plus an effect of applying
δPp from inside and outside (i.e.,P = const.):

δV = (
∂V

∂P
)Pp

δP + (
∂V

∂Pp
)P δPp. (7)

An analogous equation is valid for the volume of the connected porosity:

δVp = (
∂Vp

∂P
)Pp

δP + (
∂Vp

∂Pp
)P δPp. (8)

The porosity changes correspond to the following rules:

δφ ≡ δ(
Vp

V
) =

δVp

V
− φ

δV

V
. (9)

Taking into account these three equations and the above definitions of the compressibilities we obtain
the following differential equation for porosity changes:

dφ = (Cmt + (φ − 1)Cdr)dP + φ(Cmt − Cp)dPp. (10)

We see that ifCmt = Cp (this assumption is consistent with the Gassman’s equation) and/or the con-
nected porosity is very small then the porosity depends on the differential pressure only (see Zimmerman,
et al., 1986; Detournay and Cheng, 1993; Goulty, 1998; and Gurevich 2002).
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The differential equation for the porosity is then reduced to those one derived by Zimmerman, et al.,
(1986); and Detournay and Cheng, (1993):

dφ

dP
= Cmt − (1 − φ)Cdr . (11)

The compressibilitiesCmt andCp are practically independent ofP . Thus, in the equations (10) and
(11) two quantities are significantly stress dependent only: φ andCdr. Therefore, in order to obtain stress
dependencies of these two quantities at least one more equation relating them to the stress or just an
equation mutually relatingφ andCdr is required.

COMPRESSIBILITIES OF AN ANISOTROPIC MEDIUM

The compressibilityCdr characterizes the drained skeleton of the rock. Let us assume that the skeleton
under a reference stress state is a generally anisotropic medium characterized by the compliances tensor
with componentsSijkl . Taking into account the Hook’s law,

eij = Sijklσkl, (12)

and applying it to the dilatation
δV

V
= eii (13)

occurring due to the confining stressPcδij we arrive at the following equation for the skeleton’s compress-
ibility:

Cdr = S1111 + S2222 + S3333 + 2(S1122 + S1133 + S2233) ≡ Siikk . (14)

COMPLIANCES VERSUS STIFF AND COMPLIANT POROSITIES

We separate the total porosityφ into two parts

φ = φc + [φs0 + φs] , (15)

where the first part,φc, is a compliant porosity supported by thin cracks and grain contacts vicinities.
According to laboratory observations we expect that the compliant porosity will close up by a differential
stress of a few hundred megapascals. This corresponds to voids with an aspect ratioγ (a relationship
between the minimal and maximal dimensions of a pore) less than0, 01 (see Zimmerman et al., 1986). The
second part,[φs0 + φs] is a stiff porosity supported by more or less isometric pores(i.e., equidimensional
or equant pores, see also Hudson et al. (2001); Thomsen (1995)). The aspect ratio of such pores is typically
larger than0.1. Such a subdivision of the porosity to a compliant and stiff parts is very similar to the
definitions of stiff and soft porosity by Mavko and Jizba (1991).

In turn, we separate the stiff porosity into a partφs0, which is equal to the stiff porosity in the case of
P = 0, and to a partφs which is a change of the stiff porosity due to a deviation of the differential stress
from zero. We assume that the relative changes of the stiff porosity, φs/φs0, are small. In contrast, the
relative changes of the compliant porosity(φc − φc0)/φc0 can be very large, i.e., of the order of 1 (φc0

denotes the compliant porosity in the case ofP = 0). Note, however, thatφc andφc0 are usually very
small quantities. As a rule, (e.g., in porous sandstones) they are much smaller thanφs0 and even than the
absolute value ofφs. Thus, the following inequality is usually valid:

φs0 � |φs| � φc. (16)

For example, in porous sandstones typical orders of magnitude of these quantities areφs0 = 0.1, |φs| =
0.01 andφc = 0.001.

Under such circumstances it is logic to assume the first, linear approximations of the compliances as
functions of the porosities. The Taylor expansion gives:

Sijkl(φs0 + φs, φc) = S0ijkl + θsijklφs + θcijklφc, (17)
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whereS0ijkl is the drained compliancy of a hypothetical rock with a closed compliant porosity (i.e.,φc =
0) and the stiff porosity equal toφs0. Further,

θsijkl =
∂Sijkl

∂φs
, θcijkl =

∂Sijkl

∂φc
, (18)

where the derivatives are taken in pointsφs = 0 andφc = 0, respectively.
Approximation (17) implies that the both quantitiesθsijklφs/S0ijkl andθcijklφc/S0ijkl are smaller

than1. Numerous laboratory experiments and practical experience show that the drained compressibility
depends strongly on changes in the compliant porosity, and it depends much weaker on changes in the stiff
porosity. We will express this empirical observation by therestriction

|θsijklφs| � |θcijklφc|. (19)

In spite of a very small porosityφc the quantityθcijklφc/S0ijkl can be of the order of0.1 or even larger.
If so, approximation (17) is further simplified as follows:

Cdr(φs0 + φs, φc) = Cdrs [1 + θcφc] . (20)

Here, we introduced
Cdrs ≡ S0iikk (21)

and
θc ≡ θciikk/S0iikk (22)

Using approximation 20 and neglectingφ in comparison with1 we obtain the following relationship
instead of equation (11):

dφs + dφc = (Cmt − Cdrs − θcφcCdrs)dP + (φc + φs0 + φs)(Cmt − Cp)dPp. (23)

Again, if the porosity and/or pore pressure are small, the last term in this equation can be neglected.

STRESS DEPENDENCES OF THE STIFF AND COMPLIANT POROSITIES

We assume that stiff porosity changes with stress are independent of the changes of the compliant porosity.
This means also, that changes of the stiff porosity are independent of the fact if the compliant porosity is
closed or not. If the compliant porosity is closed thenφc = 0 and we obtain from (23)

dφs = (Cmt − Cdrs)dP + (φs0 + φs)(Cmt − Cp)dPp. (24)

However, if the assumption above is valid then this relationship will be valid also for an arbitrary (however,
because of other assumptions, small)φc. Therefore,

dφc = −θcφcCdrsdP + φc(Cmt − Cp)dPp. (25)

These two equations immediately provide us with the following approximations of the stress dependences
of the stiff and compliant porosities:

φs = (Cmt − Cdrs)P + φs0(Cmt − Cp)Pp (26)

(here we neglectedφs in comparison withφs0),

φc = φc0 exp (−θcPCdrs + (Cmt − Cp)dPp). (27)

Note that equation (26) is not valid for very largeP because in equation (20) we neglected the stiff-porosity
dependence of the compressibilityCdrs, which becomes equal toCmt if P −→ ∞. The validity of such
a simplification as well as the validity of equation (26) are restricted by the condition (19). For very high
stresses also the stiff porosity will obey an exponentiallysaturating decreasing behavior.
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STRESS DEPENDENCES OF ELASTIC PROPERTIES

Let us now consider an arbitrary elastic characteristicE (e.g., a seismic velocity, a stiffness or a compli-
ance) of a porous body. We will assume that the grain materialis isotropic and homogeneous. The first
consequence of this assumption is that in equation (23) the last term becomes zero due to the equivalence
Cmt = Cp. Correspondingly, equations (26) and (27) are simplified.

Another consequence of the isotropy and homogeneity of the matrix material is that the elastic anisotropy
of the porous body is only due to the geometry of the connectedporosity. This geometry does not change
under an isotropic homogeneous change of load. However, theelastic characteristicE will be a function of
the porosity. We assume that the characteristicE can be approximated by a Taylor series expansion at the
pointφ = φs0 relative to the stiff and the compliant porosity (this should be valid for all such characteristics
like seismic velocities and elastic moduli):

E(φs0 + φs, φc) = E0 + θsEφs + θcEφc, (28)

where we neglected higher order terms. Furthermore,

θsE =
∂E

∂φs
, θcE =

∂E

∂φc
, (29)

with the derivatives taken atφs = 0 andφc = 0, respectively. By substituting equation (26) and (27) into
equation (28) we obtain:

E(P ) = E(0) − θsE(Cdrs − Cgr)P + θcEφc0 exp (−θcPCdrs). (30)

In the case of the drained compressibility, substituting equations (26) and (27) into equation (17) gives:

Cdr(P ) = Cdrs [1 − θs(Cdrs − Cgr)P + θcφc0 exp (−θcPCdrs)] . (31)

In terms of the compliances this yields:

Sijkl(P ) = S0ijkl + θsijkl(Cdrs − Cgr)P − θcijklφc0 exp (−θcPCdrs). (32)

A comparison of these results with equation (1) shows that they all have the same form:A + KP −
B exp (−PD). Moreover, we should expect that for dry as well as for saturated rocks in the first approxi-
mation all coefficientsD are identic:

Dijkl = D. (33)

We call the non-dimensional quantityθc the piezosensitivity.

APPLICATION

We applied the piezosensitivity approach to a set of laboratory data measured at the Mineralogical-Geological
Institut of the University of Kiel, Germany. In a cubic pressure cell three P- and six corresponding S-wave
velocities were measured in three orthogonal directions atdifferent hydrostatic stress levels ranging from
25 MPa up to 600 MPa. All measurement were conducted on dry rock samples. These rocks were sampled
in the pilot hole of the German Continental Deep Drilling Project (KTB). Approximately 90 % of the rock
mass penetrated by the pilot hole consist of gneisses. Therefore, the cubic samples were cut from the cores
with respect to their macroscopically dominant texture in away that the bedding plane of the phyllosilli-
cates is oriented perpendicular to one of the measurement axes. Figure 1 illustrates the spatial orientation
of the samples and the symmetry plane with respect to the measured velocities. Here, for a velocityVij

index i denotes the direction of propagation and index j the direction of particle motion. Note, the used
notation here with axis 1 as the symmetry axis does not agree with the notation usually used when dealing
with VTI, where axes 3 denotes the symmetry axis.

In a first, quite natural assumption, one can treat the gneisses as intrinsically transversal isotropic (TI)
media due to the preferred orientation of the phyllosillicates. In such a TI medium, the velocities of waves
propagating within the symmetry plane are independent fromthe direction of propagation. Furthermore,
waves being polarized within the symmetry plane should alsoshow the same velocities. If the symmetry
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Figure 1: Illustration of the sample geometry and the orientation andnotation of the measured velocities.

axes corresponds to the 1 direction,V12 = V13 = V21 = V31, V23 = V32 andV22 = V33. To satisfy these
theoretical characteristics of a TI medium, we averaged themeasured velocities according to the mentioned
scheme.

As a consequence of the orthogonally aligned velocity measurements, we are limited to four indepen-
dent velocities. Therefore, we are not able to determine thecomplete compliance tensor of a TI medium
since such a tensor consists of five independent parameters.

We perform the fitting of equation 1 separately to every of thefour velocity vs. pressure relations
in terms of a least squares fit. The nonlinearity of equation 1requires the application of an iterative fit
procedure, like, e.g., the Levenberg-Marquardt algorithm.

The theoretical requirement of a constant parameter D imposes the necessity on the fitting process to
be conducted as a two step process. In a first step, the velocity-pressure data for all directions are fitted
separately using all four parameters A, K, B, and D. In other words, forn velocity stress relations one
obtains the fitting parametersAi, Ki, Bi, Di, with i = 1...n.

In the next step, we calculate the mean (Dmean) of the quantityDn. Then, the velocity-pressure
relations are fitted again, but only A, K, and B remain as fitting parameters andDmean is kept constant for
all velocities.

In general, a widely used measure for the quality of the fitting process is the deviationδi of the fitted
valueyf from the observationym at every pointxi, i.e.,

δi = yf(xi) − ym(xi) , (34)

and the sum of the squared deviationsχ, according to

χ =

n∑

i=1

δ2
i . (35)

The following example should illustrate the fitting processand gives results for this gneiss from the
KTB pilot hole. Four velocities were fitted:V11, V12, V22, andV23. As indicated aboveV12 represents the
mean of the measured velocitiesV12m

, V13m
, V21m

, andV31m
, andV22 the mean ofV22m

andV33m
.

From the first fitting we obtained for A, K, B, and D the values listed in tabular 1. Obviously, the
variation of the parameter D in the different directions is very small. Furthermore, the parameter K is much
smaller than the other parameters, as shown by Shapiro (2002).

As mentioned above we calculate the mean of the different D values gives (Dmean = 0.0262), repeat
the fitting and obtain the values listed in tab. 2.

The results of the second fit do not vary significantly from thefirst fit. This could be expected since
the deviations of the D values from the mean are very small. Figure 2 shows a comparison between the
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Figure 2: Comparison between measured (crosses and circles) and best-fit velocities (dashed and solid
lines) (fig. 2(a) and fig. 2(a)) and the corresponding deviations (fig. 2(c) and 2(d)) as obtained from the
second fit. The velocities are grouped as P- and S-wave pairs according to their direction of propagation.
Fitted velocities match well the observed with a mean deviation less than 0.01 (2(c)).
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Table 1: Resulting values of A, K, B, and D for the first fit.χ is the sum of the squared deviations.
Dir. A [km/s] K [km/s/MPa] B [km/s] D [1/MPa] χ[(km/s)2]
V11 5.425333 0.000526 0.377304 0.026736 2.27e-04
V12 3.233694 0.000162 0.267389 0.027460 1.68e-04
V22 6.426458 0.000294 0.229628 0.026842 1.86e-04
V23 3.899291 0.000079 0.266897 0.023923 2.60e-03

Table 2: Second fit results with D kept fixed.
D = Dmean = 0.0262[1/MPa]

Dir. A [km/s] K [km/s/MPa] B [km/s] χ[(km/s)2]
V11 5.423855 0.000530 0.369313 2.25e-04
V12 3.233357 0.000164 0.257072 1.81e-04
V22 6.428483 0.000290 0.230645 1.72e-04
V23 3.896205 0.000085 0.281312 2.60e-03

observed and best-fit velocities and the corresponding deviations at the observations points according to
equation 34.

The same procedure was applied to nine additional data sets from the KTB pilot hole. For all data
sets the best-fit velocities match the observations in a similar good manner as in the shown example.
Furthermore, a similar constance of the fitting parameter D was found for all data sets. Our fitting results
agree well with the theoretical prediction that the pressure dependence of elastic properties of porous and
fractured rocks is, indeed, mainly controlled by one singleparameter, D, for both, isotropic and anisotropic
media.

In order to investigate weather the parameter D shows a characteristic magnitude for different rock
types we plot Dp vs. Ds (the index denotes if a P- or a S-wave wasfitted) as obtained from the first fitting
step for the crystalline samples (circles) together with 80results from sandstones (Eberhart-Phillips et al.,
1989; Jones, 1995), indicated by crosses 3.
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Figure 3: Dp versus Ds for crystalline rocks (circles) and sandstones(crosses). The solid line indicates
Dp = Ds.

The distribution of the crystalline and sedimentary samples indicates a separation of both rock types
at approx. 0.1 per MPa. Obviously, the theoretical requirement that Dp is equal to Ds seems to be more
accomplished in crystalline rocks than in sedimentary. Thestrong difference between Dp and Ds for the
sandstones can be caused by such factors like pore shape, grain size distribution, the degree of cementa-
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Table 3: Resulting values of A, K, B, and D for the first fit. All nine measured velocities were fitted.
Again,χ is the sum of the squared deviations.

Dir. A [km/s] K [km/s/MPa] B [km/s] D [1/MPa] χ[(km/s)2]
V11 5.425333 0.000526 0.377304 0.026736 2.27e-4
V12 3.194678 0.000229 0.281762 0.043923 3.11e-4
V13 3.351793 0.000155 0.279077 0.025465 8.60e-5
V22 6.301271 0.000287 0.199504 0.020222 3.82e-4
V21 3.890744 0.000091 0.117543 0.025575 1.20e-5
V23 3.197202 0.000176 0.565104 0.044941 1.08e-4
V33 6.562397 0.000278 0.240769 0.027534 6.20e-5
V31 3.901571 0.000081 0.419581 0.024625 9.96e-3
V32 3.200580 0.000075 0.181381 0.011990 1.59e-4

Table 4: Second fit results with D kept fixed.
D = Dmean = 0.027890[1/MPa]

Dir. A [km/s] K [km/s/MPa] B [km/s] χ
V11 5.420879 0.000536 0.381853 2.00e-4
V12 3.202880 0.000211 0.189312 5.10e-4
V13 3.348246 0.000163 0.293835 1.02e-4
V22 6.291994 0.000306 0.236985 5.33e-4
V21 3.889407 0.000094 0.123500 1.80e-5
V23 3.213761 0.000140 0.368053 9.21e-4
V33 6.562336 0.000278 0.243958 6.10e-5
V31 3.898130 0.000088 0.458373 1.02e-2
V32 3.160713 0.000158 0.216346 7.80e-4

tion and the loading/unloading history, which are less important for the low porosity metamorphic rocks.
However, these interpretations have to be understood rather as a hint than a result since the amount of 10
crystalline samples does not represent a statistically representative base.

Since the piezosensitivity approach is valid for all isotropy classes we applied it also to the same data
set shown before but without averaging the velocities aheadof the fit.

Tabular 3 shows the resulting parameters as obtained from the first fit step. In general, the numerical
quality of both, the first and the second fit is as good as with averaged velocities. The first fit yields a mean
χ of 1.30e-3 (its median is 1.5917e-04), the second fit a meanχ of 1.50e-3 and a median of 5.10e-04. The
slight increase inχ is mainly caused by the relatively poor best-fit ofV31 (tab. 3 and 4). In comparison to the
fitting of the averaged velocities (tab. 1 and 2), the parameter D shows more distinct variations. However,
in comparison to the sandstone fits (fig. 3) the variations of Dare still very small and all observed velocities
can be fitted successfully, as shown in figure 4. The mean valueof D changes only slightly from 0.026 in
the TI case to 0.028 when fitting all nine velocities. This clearly indicates that the piezosensitivity approach
can deal with arbitrary symmetry classes.

CONCLUSIONS

In the first approximation elastic moduli, seismic velocities as well as the porosity depend on the differential
stress, i.e., the difference between the confining pressureand the pore pressure only. The stress dependence
of the porosity controls the elastic moduli and velocity changes with stress. Here, the most important
property is the compliant porosity which is usually a very small part of the total porosity. The closure of the
compliant porosity with increasing differential stress explains the experimentally observed exponentially
saturating increase of seismic velocities. Coefficients ofthis relationship are defined by the compliant
porosity dependence of the drained bulk modulus.

The dimensionless quantityθc defines the sensitivity of the elastic characteristics to the differential
stress. We propose to call it the elastic piezosensitivity.The piezosensitivity is an important property of
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Figure 4: Comparison between measured (crosses and circles) and best-fit velocities (dashed and solid
lines) (fig. 4(a), fig. 4(c), and fig. 4(e)) and the corresponding deviations (fig. 4(b), fig. 4(d) and 4(f) ) as
obtained from the second fit. All curves were fitted withD = Dmean = 0.027890/MPa.
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rocks. From the derivation above it is clear that it is definedby the compliant porosity of rocks. Moreover,
it is approximately proportional to an effective reciprocal aspect ratio of the compliant porosity.

The velocities of all 10 rock samples have been fitted successfully with a four parametric exponential
equation. The four parameters A, K, B, and D represent combinations of different rock physical parameters.
As derived from our theoretical considerations the parameter D is approx. constant for all observed veloci-
ties of a sample in any direction. Its magnitude ranges from approx. 0.01 to 0.05 per MPa. A comparison
with data from the literature shows that D ranges in sandstones in general from 0.1 to 0.3 per MPa.
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ABSTRACT

We calculate the variance of the log-amplitude within the Rytov approximation for plane waves prop-
agating in weakly inhomogeneous and statistically anisotropic random media. Since there is a simple
relation between the log-amplitude variance and the attenuation coefficient of seismic primaries in the
weak wavefield fluctuation regime, we also obtain scatteringattenuation estimates which additionally
depend on the aspect ratio of longitudinal and transverse correlation scales of the inhomogeneities.
These estimates can be useful for the statistical characterization of anisotropic, large-scale inhomo-
geneities (large compared to the wavelength of the probing pulse) in the Earth crust and mantle, such as
fault zones. With help of plane-wave-transmission numerical experiments using the finite-difference
method we compute the log-amplitude variance as a function of the propagation distance and observe
reasonable agreement with the analytical results. We discuss the implications of our results in the
context of seismic scattering attenuation estimations.

INTRODUCTION

In seismology it is common practice to analyze the amplitudeand phase fluctuations of transmitted and
reflected seismic signals in order to statistically characterize the subsurface heterogeneities. In particu-
lar, the Rytov approximation for the variance of the log-amplitude and phase fluctuations of diffracted
and refracted waves has been applied in several studies (Wu and Flatté, 1990, Sato and Fehler, 1998 and
references therein, Tripathi, 2001). For example, Wu and Flatté derived from seismograms of the NOR-
SAR array the log-amplitude and phase (and their cross-) correlation function and modeled them with the
corresponding correlation functions for isotropic randommedia. It is well-known that the diffraction and
refraction of waves atrandomlydistributed inhomogeneities results in a random focusing and defocusing
of wave energy and consequently results in an increase of theamplitude fluctuations with increasing prop-
agation distances (Rytov et al., 1989). Diffraction of seismic waves becomes noticeable if the size of an
inhomogeneity exceeds the wavelength. A measure that distinguishes the importance of diffraction and
refraction effects is the wave parameterD, which is defined as the ratio of the size of the Fresnel zone and
the characteristic length scale of the inhomogeneities (ifD � 1 refraction prevails, whereas forD � 1
both, diffraction and refraction effects occur). Shapiro and Kneib (1993) showed that the variance of the
log-amplitude fluctuations is directly related to the coefficient of scattering attenuation and thus to the scat-
tering quality factor, which is another important quantityin order to characterize the propagation medium.

All the above-mentioned works use the model of an isotropic random medium. There is, however, a
lot of evidence that at some sites the heterogeneities of thecrust are anisotropic. Indeed, from the analysis

mailto:tobias.mueller@geophy.curtin.edu.au
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of well-log data at the KTB deep borehole, Wu et al. (1994) suggested a model of randomly distributed
velocity inhomogeneities with a lateral characteristic scale of 3.6km and a vertical scale of2km. Also
parts of the lithospheric mantle are assumed to be composed of anisotropic heterogeneities. Ryberg et al.
(1995) deduced from short period wavefield data recorded on aprofile across Northern Eurasia that this
zone contains randomly distributed, spatially anisotropic velocity fluctuations, which are ’stretched’ in the
horizontal direction. Based on a modeling study of these data, Tittgemeyer et al. (1999) provide a generic
description of lower-crust and upper-mantle heterogeneities with a ratio of anisotropy (the aspect ratio
of vertical and horizontal correlation scale) of≈ 0.25. Analyzing the P-coda characteristics in seismo-
grams from local events at the San Jacinto fault zone, Wagner(1998) concluded that a model of a grossly
plane-layered structure statistically described by a spatially anisotropic correlation function would be most
consistent with the observations. He raised concern about the ’overlooked alternative’ to allow the hetero-
geneities to be spatially anisotropic. Thus, when analyzing the statistical properties of wavefields recorded
in such regions it is necessary to include the anisotropy of the inhomogeneities (this is also pointed out
in the book of Sato and Fehler, 1998. Estimates of the strength of the medium perturbations, their cor-
relation properties and of the quality factor will be strongly affected if the model of statically isotropic
inhomogeneities is generalized such that also anisotropicinhomogeneities are permitted. To our knowl-
edge, there exist no explicit results how large-scale, anisotropic inhomogeneities affect the amplitudes of
seismic primaries.

Kon (1994) presented a qualitative theory of amplitude and phase fluctuations due to diffraction in
anisotropic, turbulent media based on the consideration ofrandomly distributed, collecting and diverging
lenses (the isotropic case has been previously discussed inthis manner by Rytov et al., 1989. He showed
that waves propagating along the short axis of inhomogeneities exhibit decreasing amplitude and phase
fluctuations as compared to the isotropic case. Contrarily,waves propagating parallel to the long axis of
the inhomogeneities show stronger fluctuations (see Figure1). In order to describe the statistical moments
in weakly inhomogeneous media the Markov and the Rytov approximations are frequently employed (Ry-
tov et al., 1989). Both approximations are restricted by thesmall-angle scattering (or equivalently forward
scattering) assumption. Dashen (1979) argues that the Markov approximation can fail in anisotropic ran-
dom media because the scattering angles grow successively while the wave passes from one inhomogeneity
to the next (this effect is most pronounced when the wave initially propagates along the long axis of the
inhomogeneities). It may be suspected that the same argumentation holds for the Rytov approximation. By
solving the single scattering problem for anisotropic heterogeneities (with the corelation scalesax, ay and
az, whereax = az � ay), Beran and McCoy (1974) showed that for the casekax � 1 (k is the wavenum-
ber) the scattering angles in the directionsx, z andy are of the orderθx,z = O( 1

kax
) andθy = O( 1√

kax
),

respectively. They concluded that a more stringent condition for the validity of small-angle scattering
approximations must be imposed as compared with the isotropic scattering problem, whereθ = O( 1

ka ).

a) b)

Figure 1: Geometry for wave propagation in anisotropic random media.Two cases are of particular
interest: a) main direction of wave propagation parallel tothe short axis of the inhomogeneities and b)
main direction of wave propagation parallel to the long axisof the inhomogeneities. For both cases we
present explicit results of the log-amplitude variance if the inhomogeneities are Gaussian correlated.
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In spite of the possibility to treat anisotropic inhomogeneities within the Rytov approximation, usually
only final results and discussions for the isotropic case arefound (e.g. Ishimaru, 1978, Rytov et al., 1989.
Exceptionally, in the works of Komissarov (1964) and Knollman (1964) the anisotropic case is investi-
gated, however resulting in rather complicated expressions for the second order moments of the wavefield.
Moreover, Knollman considers the amplitude fluctuations instead of the log-amplitude fluctuations. More
recently, the variance of the phase fluctuations, which serves as a measure of the velocity shift, has been
analyzed in detail for anisotropic random media by Samuelides (1998). Tractable, explicit results for the
log-amplitude variance in the Rytov approximation valid for anisotropic random media are at present not
known. It is the purpose of this research note to fill this gap and to discuss its significance in the context
of seismic scattering attenuation. That is to say we do not re-derive the Rytov approximation, but on the
basis of explicit results (which we numerically verify) we focus on its applicability in anisotropic random
media.

The outline of our consideration is the following. First we briefly formulate the problem of seismic
scattering in randomly inhomogeneous media in the framework of the stochastic scalar wave equation and
provide the basic relations necessary for subsequent sections. Then, an expression of the log-amplitude
variance using the Rytov approximation is derived. After that, explicit results for Gaussian random media
are presented. The frequency and travel-distance dependency of the log-amplitude variance are analyzed.
The analytical results are numerically verified with the help of finite-difference simulations (section last but
one). In the last section we discuss our results in the context of seismic scattering attenuation estimates. The
results are also discussed in the light of previously obtained approximations for the scattering attenuation
coefficient in 3-D isotropic and 1-D random media.

ATTENUATION DUE TO DIFFRACTION AND REFRACTION

In order to study the propagation of waves in randomly inhomogeneous media we use the acoustic wave
equation

4u(t, ~r) − p2(~r)
∂2u(t, ~r)

∂t2
= 0 , (1)

where we defined the squared slowness asp2(~r) = 1
c2
0
(1 + 2n(~r)), wherec0 denotes the propagation

velocity in a homogeneous reference medium. The functionn(~r) is a realization of a stationary random
field with zero average, i.e.,〈n(~r)〉 = 0 and is characterized by a spatial correlation functionBn(~r) =
〈n(~r1)n(~r2)〉 that only depends on the difference vector~r = ~r1−~r2. A solution of equation (1) in the form
of time-harmonic wavefields can be presented using the Rytovtransformation

u(ω;~r) = A0e
Ψ(ω;~r) , (2)

where the complex functionΨ is composed of the so-called log-amplitude fluctuations

Re{Ψ} ≡ χ ≡ ln(A/A0), (3)

and the phase fluctuationsIm{Ψ} ≡ φ̃ ≡ φ − φ0. Here the quantitiesA andφ denote the current ampli-
tude and phase, respectively. The quantitiesA0 andφ0 define the incident wavefieldu0 = A0 exp(iφ0)
propagating through the homogeneous reference medium (n(~r) = 0).

It has been shown that the mean and the variance of the log-amplitude fluctuations are related through
(Rytov et al., 1989)

〈χ〉 = −σ2
χ , (4)

where the variance is defined asσ2
χ ≡ 〈(χ − 〈χ〉)2〉. Equation (4) is valid as long as the wavefield

fluctuations are weak and the waves are mainly scattered in the forward direction. Such a regime exists if

σ2
n(ka)2

L

a
< 1 (5)

and ka ≥ 1, whereka and L/a denote the normalized wavenumber and travel-distance, respectively
(normalized by the correlation lengtha). In order to obtain global scattering attenuation estimates, Shapiro
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and Kneib (1993) used the fact that the attenuation coefficient α of a plane wave can be expressed through
the mean of the log-amplitude fluctuations

α = −〈χ〉
L

=
σ2

χ

L
. (6)

Hence, the key to the description of attenuation due to random diffraction and refraction is the computation
of the log-amplitude varianceσ2

χ. For the case of statistically isotropic random media, in the second-order
Rytov approximation one obtains (Ishimaru, 1978)

σ2
χ = 2π2k2L

∫ ∞

0

dκ κ Φn(κ)

[
1 − sin(κ2L/k)

κ2L/k

]
, (7)

whereΦn(κ) denotes the fluctuation spectrum, i.e. the 3-D Fourier transform of the correlation function
Bn.

LOG-AMPLITUDE VARIANCE FOR ANISOTROPIC RANDOM MEDIA

The calculation of the variance of the log-amplitude fluctuations is based on that for the transverse correla-
tion functionBχ = 〈χχ?〉, because by definitionσ2

χ ≡ Bχ(~ρ = 0), where~ρ denote the spatial coordinates
transversal to the direction of the incident wave (x-direction). The log-amplitude correlation function at
zero lag is given by the following expression (Ishimaru, 1978, equation 17.44)

σ2
χ = k2

∫ L

0

dx′
∫ L

0

dx′′
∫ ∫

d~κ Fn(x′ − x′′, ~κ) sin

(
L − x′

2k
κ2

)
sin

(
L − x′′

2k
κ2

)
, (8)

whereFn denotes the 2-D Fourier transform of the correlation functionBn in the transverse coordinates~ρ

Fn(x′ − x′′, ~κ) =
1

4π2

∫ ∫
Bn(x′ − x′′, ~ρ) e−i~κ~ρd~ρ . (9)

Note that equation (8) and (9) are also valid in the general case when the direction of wave propagation
x does not coincide with the axes of the corelation lengths of the inhomogeneities. In this case the corre-
lation functionBn can be transformed such that the angle between planes transversal to the direction of
propagation and the planes spanned by the axes of the correlation lengths is included (see e.g. Samuelides,
1998.

In a next step, the difference and center-of-mass coordinatesxd = x′ − x′′ andη = x′+x′′

2 are in-
troduced and the ranges of integration are tranformed according to equation (17.46) of Ishimaru (1978):∫ L

0 dx′ ∫ L

0 dx′′(·) ≈
∫ L

0 η
∫∞
−∞ dxd(·). In the derivation ofσ2

χ for the isotropic case it is assumed that the
’sin’ terms in equation (8) are slowly varying functions ofx′ andx′′ becauseκ2a/k < 1/ka ≤ 1 and there-

fore these variables are replaced by the center-of-mass coordinateη, i.e. sin
(

L−x′

2k κ2
)

sin
(

L−x′′

2k κ2
)
≈

sin2
(

L−η
2k κ2

)
. However, this replacement means that local variations of the medium parameters in the

direction of wave propagation are not taken into account andconsequently the correlation length in the
direction of wave propagation,a|| becomes a redundant parameter. This is admissible in isotropic ran-
dom media, where it is known that the correlation length transverse to the direction of wave propaga-
tion, a⊥, mainly controls the strength of the wavefield fluctuation (Ishimaru, 1978, chapter 20). Con-
sidering anisotropic random media, more accurate results can be obtained when all terms inside the ’sin’
functions in equation (8) are retained when introducing thecenter-of-mass coordinateη. Thus, we have

sin
(

L−x′

2k κ2
)

sin
(

L−x′′

2k κ2
)

= cos2
(

xd

4k κ2
)
− cos2

(
L−η
2k κ2

)
. Performing now the integration with re-

spect toη, equation (8) modifies to

σ2
χ = k2L

∫ ∫
d~κ

∫ ∞

0

dxd Fn(xd, ~κ)

[
cos
(xd

2k
κ2
)
− sin(κ2L/k)

κ2L/k

]
. (10)
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This equation has a similar structure as compared with the isotropic result (7), however, involves an addi-
tional integration with respect to the difference coordinate xd, which can not be performed without spec-
ifying the correlation functionBn and henceFn. Equation (10) together with equation (6) provides an
estimate of the scattering attenuation coefficient of seismic primaries in anisotropic random media. A sim-
ilar equation can be obtained for 2-D random media. In particular, dividing equation (10) byπ, and using
the 1-D Fourier transform ofBn instead of equation (9) yields the 2-D result forσ2

χ. We note that the vari-
ance of the phase fluctuations, the crossvariance between log-amplitude and phase fluctuations and also the
transverse correlation functions can be treated in the samemanner. This is, however, not the topic of the
present study.

EXPLICIT RESULTS FOR GAUSSIAN RANDOM MEDIA

In order to obtain explicit results from equation (10) we have to specify the correlation functionBn. We

choose a Gaussian correlation functionBn(~r) = σ2
n exp

(
− x2

a2
x
− y2

a2
y
− z2

a2
z

)
. For simplicity, we consider

the case of wave propagation inx direction so that the correlation length parallel to this direction isa|| = ax

and assume also thatay = az = a⊥, i.e. isotropy in the transversal plane. Then, the correlation function is
of the form

Bn(~r) = σ2
n exp

(
−x2

a2
||
− ρ2

a2
⊥

)
(11)

and with help of equation (9), which in the given geometry degenerates to the Hankel transform, one obtains

Fn(xd, κ) = σ2
n

a2
⊥

4π
exp(−x2

d/a2
||) exp(−κ2a2

⊥/4) . (12)

Inserting equation (12) into (10) and performing the integrations with respect toxd andκ, we obtain

σ2
χ = σ2

n

√
π

16
k4a4

⊥

(√
πe1/A2

[1 − erf(1/A2)]2D − A arctan(2D)
)

, (13)

whereerf denote the error function and we introduced the dimensionless quantitiesD = 2L
ka2
⊥

(known as

the wave parameter) andA =
2a||
ka2
⊥

. For ka⊥ > 1, which is required in order to satisfy restriction (5),
equation (13) can be simplified

σ2
χ ≈ σ2

n

√
π

4

a||
a⊥

k3a3
⊥D

[
1 − arctan(2D)

2D

]
. (14)

An analogous calculation yields the 2-D result

σ2
χ ≈ σ2

n

√
π

4

a||
a⊥

k3a3
⊥D

[
1 − 1√

2D

√√
1 + 4D2 − 1

]
. (15)

It is interesting to note that in the casea|| = a⊥, formulas (14) and (15) exactly coincide with the formulas
of σ2

χ for the isotropic case (e.g. Müller et al., 2002). Therefore, the ratioγ =
a||
a⊥

additionally controls
the magnitude of the log-amplitude variance in anisotropicrandom media. Equations (14) and (15) for
the variance of the log-amplitude complement the corresponding equations for the variance of the phase
fluctuations (see equations (20) and (29) in Samuelides, 1998). Figure (2) shows the log amplitude vari-
ance according to equation (14) as a function of the wave parameter for a fixed value ofka⊥ but varying
parameterγ.

With increasing travel-distances the wavefield fluctuations also increase. Once reached the strong wave-
field fluctuations regime (the quantityσ2

n(ka)2 L
a is comparable or larger than unit), it is well-known that

the variance of the intensity fluctuationsm2 (the so-called scintillation index) saturates, i.e.,m2 → 1 if
σ2

n(ka)2 L
a = O(1) (Rytov et al., 1989). It is easy to show that the variance of the intensity fluctuations

and that of the log-amplitude fluctuations are related viam2 = exp (4σ2
χ) − 1 (Shapiro and Kneib, 1993).
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Figure 2: The normalized log-amplitude variance (14) as a function ofthe wave parameter for varyingγ
and fixedka⊥. Compared to the isotropic case (γ = 1), σ2

χ is increased forγ > 1 and decreased forγ < 1.
The characteristic dependence on the wave parameterD is the same for allγ. For D � 1, σ2

χ ∝ D3,
whereas forD � 1, σ2

χ ∝ D (see the discussion in Rytov et al., 1989).

Consequently, form2 → 1 the log-amplitude variance tends to the constant1
4 ln(2) = 0.173. This result

is true if the incident wave has unit intensity and backscattering can be neglected. A different constant is
obtained for anisotropic random media: Taking into accountthe results for isotropic and anisotropic ran-
dom media (denoted byisoσ2

χ andanisoσ2
χ, respectively), we roughly obtainanisoσ2

χ ≈ γ · isoσ2
χ and thus

the log-amplitude variance tends to the constant

σ2
χ
∼= 1

4γ
ln(2) . (16)

This constant depends on the correlation properties in longitudinal and transversal directions. Ifγ � 1,
this constant is much smaller than that of the isotropic caseindicating that a saturation of the log-amplitude
fluctuations occurs at shorter propagation distances. However, in such a case the neglect of backscattered
energy is not any more admissible (because the scattering angles will not be any more small) and the
total amount of wavefield energy received at geophones transverse to the direction of wave propagation
decreases with increasing propagation distances. Ifγ < 1 the constant value (16) is larger than that in
isotropic random media. This behavior is numerically verified in the section below. Note that in the case
γ � 1 equation (16) is again not any more valid because the Rytov approximation forσ2

χ in 3-D does not
take into account backscattered waves (see also the discussion in the next paragraph).

From equations (14) and (15) we can roughly estimate the range of applicability of equation (10). For
the isotropic case, i.e.γ = 1, inequality (5) must be satisfied. For the anisotropic case (γ 6= 1), it is natural
to assume that inequality (5) extends to

σ2
n

a||
a⊥

(ka⊥)2
L

a⊥
< 1 . (17)

As a consequence, ifγ < 1, the log-amplitude variance (10) can be applied for larger travel-distances
as compared with the isotropic case. The opposite is true ifγ > 1. Then, one should observe stronger
wavefield fluctuations as compared to the isotropic case. This is in agreement with the calculations of Kon
(1994) and Beran and McCoy (1974). Note that relation (17) infact does not depend on the transverse
correlation lengtha⊥ and thus the validity range is formally the same as in (5) provided that the correlation
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lengtha is replaced by the correlation length in the direction of wave propagationa||. Although the wave
apparently interacts with the transverse correlation scale, the strength of the log-amplitude fluctuations is
controlled by the longitudinal correlation scalea||. There is an additional restriction for the applicability
of equation (10), which results from the fact that backscattered waves are neglected within the Rytov
approximation in 2-D and 3-D random media. It can be formulated as

{
ka⊥γ > 1 if γ < 1
ka⊥ > 1 if γ > 1

(18)

and is analogous to the conditionka > 1 in the isotropic case. The meaning of this constraint is also
discussed in the last section. In conclusion, equations (17) and (18) define the validity range of formula
(10).

NUMERICAL VERIFICATION

In order to verify equations (14) and (15), we perform finite-difference simulations of wave propagation
in 2-D random media. Similar numerical experiments have been performed by Shapiro and Kneib (1993)
and Müller et al. (2002) for isotropic random media. Resultsof numerical simulations of seismic waves
in anisotropic random media are also presented in Ikelle et al. (1993). In this study, a plane wave (a
Ricker wavelet with a dominant frequency of43Hz) propagating in the homogeneous reference medium
(c0 = 3000m/s andn(~r) = 0) impinges on a slab of an anisotropic random medium realization, where the
inhomogeneities are Gaussian correlated (with a standard deviation of 5% and correlation scales specified
below). The long (short) axis of the inhomogeneities is perpendicular to the direction of wave propagation.
Inside the random medium the initially plane wave field becomes distorted and is recorded by 20 receiver
lines perpendicular to the main propagation direction. Each receiver line consists of 150 geophones sep-
arated by the distance of the horizontal correlation length. The log-amplitude variance is extracted from
the synthetic seismograms in the following way. 1) A box-carwindow is applied around the primary ar-
rivals. The window length increases with increasing travel-distance (this is in accordance with the results
of Müller and Shapiro, 2001), where it is shown that the broadening of the primaries is approximately
proportional to

√
L). 2) The amplitude spectrum of the windowed seismograms is calculated. 3) We take

the logarithm of the amplitude spectra and subtract the logarithm of the amplitude spectrum of the incident
pulse. 4) We average the resulting quantity over all geophones along one receiver line. Repeating this
procedure for all receiver lines yields the desired log-amplitude variance as a function of travel-distance
(using equation (4)).

The numerical results are displayed in Figure (3). To emphasize the differences with the isotropic case,
we performed a reference experiment (i.e.a|| = a⊥ = 45m) for which the evaluated log-amplitude vari-
ance is shown in the plot on the left hand side (Figure 3(a)). Up to travel-distances of500m the numerical
results (illustrated by crosses) closely follow the theoretical prediction (the solid line), i.e. equation (15)
with γ = 1. For travel-distances larger than500m the weak fluctuation regime is not any more valid
(restriction (17) yields forL = 500m a value ofσ2

χ ≈ 0.5), and theσ2
χ estimate for the strong fluctua-

tion regime roughly applies (the constant0.25 ln(2) is indicated by the dotted line). That the numerically
determined values slightly exceed this constant value is caused by numerical instabilities during the com-
putation ofσ2

χ and by the choice of the window length. Nevertheless, there is an indication of the saturating
behavior ofσ2

χ at the level≈ 0.2.

The numerical results for anisotropic media are displayed in Figure (3(b)). In a further experiment we
choosea|| = 90m anda⊥ = 45m so thatγ = 2 and as predicted by equation (15) theσ2

χ values grow
more rapidly with travel-distance (the dotted line and diamonds, respectively). It can be also observed that
the range of weak fluctuation regime is restricted by smallertravel-distances as compared to the isotropic
case (in agreement with restriction (17)). The strong fluctuation regime apparently begins atL ≈ 300m,
however there is no indication of a saturation of the log-amplitude variance. This is probably caused by
two reasons. First, as in the isotropic case the numerical evaluation ofσ2

χ becomes less accurate when
the wavefield fluctuations are too strong. Second, as mentioned in the introduction, for wave propagation
along the longer axis of the inhomogeneities it is known thatthe scattering angles are not any more small
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(a) Results for a reference experiment in isotropic random

media (the solid line denotesσ2
χ

according to equation (15),
the crosses denote the numerically determined values).
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(b) Here, the results forσ2
χ

in anisotropic random media for
two values ofγ = a||/a⊥ are presented (the lines corre-
spond to formula (15), the diamonds and rectangles denote
the corresponding numerical results).

Figure 3: The log-amplitude variance as a function of travel-distance. Apart from the correlation lengths,
the medium parameters are in all experiments the same:c0 = 3000m/s, σv = 0.05 and the value ofk is
derived from the dominant frequency of43Hz.

and thus there is a considerable amount of backscattering which is neglected in the consideration of the
strong-fluctuation-regime estimate ofσ2

χ (see also last paragraph of the section above). Further numerical
considerations (results are not shown) indicate that for even larger values ofγ the presented formulas
cannot be any more applied (in agreement with restriction (17). A common travel-distance gather for
L = 500m is displayed in Figure (5) (bottom) showing a strongly distorted primary wave, which is a
qualitative indication for these strong wavefield fluctuations.

The numerical results for wave propagation along the short axis of the inhomogeneities is also displayed
in the plot on the right hand side of Figure (3). Here, we choose a|| = 45m anda⊥ = 135m so that
γ = 1/3. The numerically determinedσ2

χ values (the filled squares) fit the theoretical result given by
equation (15) (the solid line) quite well over the whole travel-distance interval under consideration (L =
0..1000m). This is again in agreement with restriction (17), which predicts a increased range of validity
of the Rytov approximation for wave propagation along the shorter axis of the inhomogeneities (γ < 1).
In this case, the regime of strong wavefield fluctuations is beyond the domain of our numerical simulation.
That the numerical estimates ofσ2

χ fluctuate slightly stronger around the theoretical curve ascompared
to the isotropic case is a purely numerical effect because less statistically independent measurements are
made (i.e. the distance between two geophones is less than the horizontal correlation length).

In order to elucidate the increased range of applicability of the Rytov approximation forσ2
χ (and to

assess its limitations) we perform further experiments. First, we repeat the last experiment withγ = 1/3,
however, for a medium with stronger velocity fluctuations (σv = 10%). The extracted log-amplitude
variances are shown in Figure (4(a)) by the black squares. The theoretical prediction is shown by the
solid curve, which gives a good approximation for the numerically determined values up toL ≈ 500m.
For larger travel-distances we observe a saturating behavior of the log-amplitude variances, indicating the
beginning of the strong fluctuation regime. Comparing this result with that of the corresponding isotropic
case, whereσv = 5% (displayed at Figure (3(a))), we observe the same range of travel-distances, where
formula (15) gives a good approximation in spite of the fact thatσv is twice as large. This is in agreement
with equation (17): in anisotropic random media withγ < 1 we may increase the medium contrasts without
violating the range of applicability. There is however a significant difference for the two experiments
regarding the magnitude of the log-amplitude variances. Also the level of saturation has been increased for
the experiment withγ = 1/3 (nowσ2

χ ≈ 0.35 instead of0.2 for the experiment withγ = 1). This increase
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can be qualitatively explained using estimate (16) (the experiment shows that it is only a rough estimate
because we expectsatσ2

χ = 3
4 ln(2) ≈ 0.5).
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(b)

Figure 4: The log-amplitude variance as a function of travel-distance determined from experiments, where
the limits of applicability are reached (see main text for explanation).In a) and b) we usedc0 = 3000m/s
and a dominant frequency of43Hz. The strength of the perturbations and the ratio of spatial anisotropy
are indicated in the legend.

Decreasingγ, increases the range of applicability of the formulas forσ2
χ. However, arbitrary small

values ofγ are only admitted if, at the same time, the conditions (17) and (18) are satisfied. This is demon-
strated by the following examples. Choosingσv = 10%, a⊥ = 135m anda|| = 11.25m (we then have
γ = 1/12), the resulting values ofσ2

χ are displayed by the unfilled circles in Figure (4(b)). The theoretical
prediction is plotted as dashed line. Obviously, there is nomore agreement between theory and experi-
ment. The reason for this discrepancy is the violation of condition (18) (nowka|| ≤ 1). In such a model
we expect a significant contribution to the attenuation due to scattering at quasi 1-D inhomogeneities and
a reduced contribution due to random diffractions and refractions (see discussion in the next section). The
change in the significance of the physical mechanism which causes attenuation becomes also visible in the
spatial energy-redistribution of waves propagating in an inhomogeneous medium. The uppermost plot in
Figure(5) displays a common-travel-distance gather for the experiment under consideration. Apart from
random diffractions (visible through fluctuating amplitudes for a fixed time), the wave field behind the
primary wave is composed of ’multiples’ that are similar in shape (but reduced in amplitude) as compared
with the primary wave. A quite different picture gives the common-travel-distance gather for a reference
experiment, where condition (18) is satisfied (middle plot in Figure 5). Here the wavefield fluctuations are
concentrated in the vicinity of the wavefront which is, however, more distorted than that of the previous
experiment. Moreover, the randomly distributed diffractions and refractions are clearly visible. In such a
situation the presented formulas forσ2

χ can be applied. This is also demonstrated in an experiment with
σv = 15%, where condition (18) is met (a⊥ = 360m anda|| = 30m), however, due to the strong fluctu-
ations we reach the limit of condition (17) (nowσ2

v(ka||)
2L/a|| ≥ 1 for L ≥ 200m). As a consequence,

the numerically determined values ofσ2
χ slightly exceed the theoretical prediction (see the squares and the

dotted line in Figure (4(b)) and the corresponding seismogram section in Figure (5)).
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Figure 5: Simulated common-travel-distance gather (L = 500m) in anisotropic random media (c0 =
3000m/s) with varyingγ (indicated at the lower right corner of each plot) and fixed perturbation strength
(σv = 0.1). Top: Condition (18) is violated and the random diffractions and refractions are superim-
posed with spatially coherent ’multiple reflections’. Middle: Conditions (17) and (18) are satisfied and
the formulas for theσ2

χ work well. Bottom: Condition (17) is violated and the beginning of the strong
fluctuation regime becomes visible through the decomposition of the clearly distinguishable ballistic wave
(the primary wave) into random fluctuations.



DISCUSSION

That the log-amplitude variance calculated in the Rytov approximation serves as an estimate of attenuation
due to diffraction and refraction at randomly distributed velocity inhomogeneities (in connection with
equation (6)) becomes once more evident when we consider thelimit a⊥ → ∞ (while a|| remains finite),
which corresponds to a purely layered random medium. In sucha case, the log-amplitude variance vanishes
and resembles the fact that in 1-D random media no diffraction effects nor random foci due to refraction
(nor intersecting ’rays’) occur. Thus, in addition to the limits of applicability of the Rytov approximation
to estimate the amount of scattering attenuation (weak wavefield fluctuations), there is a further constraint
in anisotropic random media: For a certain ratio of anisotropy (γ � 1) and for wavelengths that exceed
the correlation distance in the direction of wave propagation those diffraction and refraction effects, which
cause amplitude fluctuations along the direction perpendicular to the direction of propagation, play a minor
role. Then, the attenuation of primary waves is mainly caused due to backscattering and primary amplitudes
are given by constructive interference of parts of the wavefield that are multiply reflected and refracted
(transmitted) at quasi 1-D impedance contrasts. This resembles the physics of scattering attenuation in 1-D
random media, which is maximal forka = 1 and is larger than in 2-D and 3-D random media ifka < 1
(because of the universal Rayleigh scattering frequency dependenceα ∝ ωd+1, whered denotes the spatial
dimension). That is why the description of scattering attenuation of primary waves within the Rytov theory
in 2-D and 3-D anisotropic random media is principally limited by the neglect of backscattering (constraint
18).

It is interesting to relate the above description of scattering attenuation of primaries in anisotropic
random media to existing full-frequency-range-valid approximations, which have been obtained for 3-D
isotropic random media on the one hand and 1-D random media onthe other. For 3-D (and also 2-D)
isotropic random media Müller et al. (2002) derived within the weak scattering regime a solution for the
scattering coefficientα, which is attached to the most probable primary pulse (note that in 3-D there is a
multitude of possible realizations of primary pulses). This dynamic solution ofα has been obtained by com-
bining the Rytov approximation (compare with equation (7) for the log-amplitude variance) with another
perturbation approximation that partially takes into account backscattering. In contrast to this, the present
results are only based on the Rytov approximation, which completely neglects backscattered waves and
thus restricts the validity ofα with respect to the frequency range as discussed in the previous paragraph.
For 1-D random media Shapiro and Hubral (1999) obtained approximations of the scattering attenuation
coefficient within the so-calledgeneralized O’Doherty-Anstey(ODA) approach. This is formally equiva-
lent to the second-order Rytov approximation for 1-D randommedia, which has the remarkable property to
account for backscattered waves. A general description of scattering attenuation in 3-D anisotropic random
media, which reduces in the layered-media-limit to the results of the ODA approach, has not been reported
so far. However, we think that the present results are a first step towards this goal.

The quantification of seismic scattering attenuation alongwith estimates of the correlation scales and
the spatial orientation of subsurface heterogeneities in the crust and mantle may contribute to the under-
standing of large-scale geoprocesses. Wrong estimates of scattering attenuation can lead to serious misin-
terpretations of rock properties and structural images. Ifthere is evidence for the presence of anisotropic
inhomogeneities (which in many geological settings is the case, see introduction), these information must
be taken into account in the calculation and interpretationof scattering attenuation. The above results can
also provide a useful correction to the scattering attenuation estimates obtained from seismo-stratigraphic
considerations when additionally the finite lateral extentof geological structures is taken into account. The
combination of the scattering attenuation descriptions for 1-D and 3-D random media is the topic of a
forthcoming paper.

In Müller and Shapiro (2001) scattering attenuation estimates for the German KTB area were obtained
with help of statistical estimates of velocity inhomogeneities deduced from the well-log data. With the
assumption of statistically isotropic inhomogeneities, they explained a large amount of the ’measured’
attenuation (extracted from the seismic data of the accompanying VSP experiment) in terms of scattering.
A previously reported hypothesis Lüschen et al. (1993) assumes that seismic reflectivity is mainly related to
scattering at hydraulically active fracture zones. We hypothesize that such fracture systems can effectively
act like an anisotropic random medium, where the largest correlation scale is associated with the average
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direction of the fractures and cracks. Moreover, to assume spatially anisotropy is necessary because in
fracture systems there is a preferred orientation of cracksthat is associated with the orientation of major
faults. Taking into account the steeply inclined major faults in the KTB region (for depths up to 10 km the
dip angle is typically30−70o, see e.g. Harjes et al., 1997), it is reasonable to assume that the seismic waves
in the VSP experiment traveled to some extent parallel to thecracks and thus along the long axis of the
anisotropic random medium such that the caseγ > 1 applies. For the evaluation of scattering attenuation
this has an important consequence. As shown above, forγ > 1 larger scattering attenuation estimates are
obtained as compared to the isotropic case. Taking into account this fact, we speculate that the amount of
scattering attenuation at the KTB area can be even larger than that evaluated in Müller and Shapiro (2001)).

CONCLUSIONS

In conclusion, we derived tractable results for the log-amplitude variance in anisotropic random media
based on the Rytov approximation. Assuming Gaussian correlated inhomogeneities we obtain explicit
results, which are confirmed by numerical simulations. For wave propagation along the large axis of
inhomogeneities, the Rytov approximation is not the best choice because of its limited range of validity.
The opposite is true for wave propagation along the short axis of the inhomogeneities. Then the Rytov
approximation for the log-amplitude variance (and also thevariance of the phase fluctuations) has a wider
range of applicability as compared with the isotropic case.Further, we formulate conditions that define
the range of applicability of the presented formulas. We discussed the use of the log-amplitude variance as
an estimate of scattering attenuation in anisotropic random media. Caution is required in the caseγ � 1,
because the attenuation of seismic primaries due to random diffraction and refraction in the presented
approximation may then be small compared with the attenuation which is caused due to backscattering.
It remains to be tested if a combination of 1-DQ-estimates which account for backscattering (such as
obtained from the ODA approach) and the presented results for Q in 3-D anisotropic random media is
more adequate to modelQ-measurements in layered structures with finite lateral extent.

ACKNOWLEDGMENTS

This work was kindly supported by the sponsors of theWave Inversion Technology (WIT) Consortiumand
by the Deutsche Forschungsgemeinschaft (contract SH55/2-2).

REFERENCES

Beran, M. J. and McCoy, J. J. (1974). Propagation through an anisotropic random medium.J. Math. Phys.,
15:1901–1912.

Dashen, R. (1979). Path integrals for waves in random media.J. Math. Phys., 20:894–920.

Harjes, H. P., Bram, K., Dürbaum, H. J., Gebrande, H., Hirschmann, G., Janik, M., Klöckner, M., Lüschen,
E., Rabbel, W., Simon, S., Thomas, R., Tormann, J., and Wenzel, F. (1997). Origin and nature of crustal
reflections: results from integrated seismic measurementsat the KTB superdeep drill hole.J. Geo-
phys. Res., 102:18267–18288.

Ikelle, L. T., Yung, S. K., and Daube, F. (1993). 2-d random media with ellipsoidal autocorrelation func-
tions. Geophysics, 58:1359–1371.

Ishimaru, A. (1978).Wave Propagation and Scattering in random media. Academic Press Inc., New York.

Knollman, G. C. (1964). Wave propagation in a medium with random, spheroidal inhomogeneities.
J. Acoust. Soc. Am., 36:681–688.

Komissarov, V. M. (1964). Amplitude and phase fluctuations and their correlation in the propagation of
waves in a medium with random, statistically anisotropic inhomogeneities.Soviet Physics-Acoustics,
10:143–152.



Annual WIT report 2002 177

Kon, A. I. (1994). Qualitative theory of amplitude and phasefluctuations in a medium with anisotropic
turbulent irregularities.Waves Random Media, 4:297–306.

Lüschen, E., Sobolev, S., Werner, U., Söllner, W., Fuchs, K., Gurevich, B., and Hubral, P. (1993). Fluid
reservoir (?) beneath the KTB drillbit indicated by seismicshear wave observations.Geophys. Res. Lett.,
20:923–926.

Müller, T. M. and Shapiro, S. A. (2001). Seismic scattering attenuation estimates for the German KTB area
derived from well-log statistics.Geophys. Res. Lett., 28:3761–3764.

Müller, T. M., Shapiro, S. A., and Sick, C. M. A. (2002). Most probable ballistic waves in random media:
a weak fluctuation approximation and numerical results.Waves Random Media, 12:223–245.

Ryberg, T., Fuchs, K., Egorkin, A. V., and Solodilov, L. (1995). Observation of high-frequency teleseismic
p-n on the long-range quartz profile across northern eurasia. J. Geophys. Res., 100:18151–18163.

Rytov, S. M., Kravtsov, Y. A., and Tatarskii, V. J. (1989).Principles of statistical radiophysics, Volume IV:
Wave Propagation Through Random Media. Springer Verlag, Berlin, Heidelberg.

Samuelides, Y. (1998). Velocity shift using the rytov approximation.J. Acoust. Soc. Am., 105:2596–2603.

Sato, H. and Fehler, M. (1998).Seismic wave propagation and scattering in the heterogeneous earth. AIP
press, New York.

Shapiro, S. A. and Hubral, P. (1999).Elastic waves in random media. Springer, Berlin.

Shapiro, S. A. and Kneib, G. (1993). Seismic attenuation by scattering: theory and numerical results.
Geophys. J. Int., 114:373–391.

Tittgemeyer, M., Wenzel, F., Ryberg, T., and Fuchs, K. (1999). Scales of heterogeneities in the continental
crust and upper mantle.PAGEOPH, 156:29–52.

Tripathi, J. N. (2001). Small-scale structure of lithosphere-asthenosphere beneath gauribidanur seismic
array deduced from amplitude and phase fluctuations.J. Geodynamics, 31:411–428.

Wagner, G. S. (1998). Local wave propagation near the san jacinto fault zone, southern california: Obser-
vations from a three-component seismic array.J. Geophys. Res., 103:7231–7246.

Wu, R. S. and Flatté, S. M. (1990). Transmission fluctuationsacross an array and heterogeneities in the
crust and upper mantle.PAGEOPH, 132:175–192.

Wu, R. S., Xu, Z., and Li, X. P. (1994). Heterogeneity spectrum and scale-anisotropy in the upper crust
revealed by the german continental deep-drilling (ktb) holes.Geophys. Res. Lett., 21:911–914.



178

Effective elastic properties of randomly fractured solids: 3D
numerical experiments

E.H. Saenger, O.S. Krüger, and S.A. Shapiro

email: saenger@geophysik.fu-berlin.de
keywords: effective velocities, scattering attenuation, finite differences, numerical rock physics

ABSTRACT

This paper is concerned with numerical tests of several rockphysical relationships. The focus is on
effective velocities and scattering attenuation in 3D fractured media. We apply the so-called rotated
staggered finite difference grid (RSG) technique for numerical experiments. Using this modified grid
it is possible to simulate the propagation of elastic waves in a 3D medium containing cracks, pores or
free surfaces without hard-coded boundary conditions. We simulate the propagation of plane waves
through a set of randomly cracked 3D media. In these numerical experiments we vary the number
and the distribution of cracks. The synthetic results are compared with several (most popular) theories
predicting the effective elastic properties of fractured materials. We find that for randomly distributed
and randomly oriented non-intersecting thin penny-shapeddry cracks the numerical simulations ofP-
andS- wave velocities are in good agreement with the predictionsof the self-consistent approxima-
tion. We observe similar results for fluid-filled cracks. Thestandard Gassmann-equation cannot be
applied to our 3D fractured media although we have a very low porosity in our models. This is well
explained by the absence of a connected porosity. There is only a slight difference of effective veloc-
ities between the case of intersecting and non-intersecting cracks. This can be clearly demonstrated
up to a crack density which is close to the connectivity percolation threshold. For crack densities be-
yond this threshold we observe that the differential effective medium (DEM) theory have the best fit
with numerical results for intersecting cracks. Additionally it is shown that the scattering attenuation
coefficient (of the meanfield) predicted by the classical Hudson-approach is in an excellent agreement
with our numerical results.

INTRODUCTION

Discovering accurate relationships between pore structure and elastic properties of porous rocks is a long
standing problem in geophysics, material science, and solid mechanics. Understanding the interaction be-
tween rock, pore space and fluids and how they control rock properties is crucial to a better understanding
of acoustic and seismic data.
A range of different effective-medium theories (see Mavko et al. (1998) and references therein) give ex-
pressions for the overall properties of fractured media if the wavelength is large compared with the size of
inclusions. There is a general agreement of those theories for a dilute concentration of inclusions. How-
ever, there are considerable differences for higher concentrations. Therefore, it is necessary to validate the
different analytical predictions with experimental (e.g.Hudson et al. (2001)) or numerical data.
With this in mind Saenger and Shapiro (2002) presented an efficient and accurate way of finite-difference
(FD) computer simulations of wave propagation and effective elastic properties in 2D fractured media. The
present paper is a continuation of this work to three dimensional fractured media.
Spring network techniques (e.g. Garboczi and Day (1995); Garboczi and Berryman (2001); Ursenbach
(2001)) are an alternative numerical method to study elastic moduli of porous media. All these methods
are currently restricted to isotropic materials where the Poisson ratio cannot be chosen arbitrary. Attenua-

mailto:saenger@geophysik.fu-berlin.de
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tion effects also cannot be described with these methods, because they treat the static case.
Finite difference (FD) methods discretize the wave equation on a grid. They replace spatial derivatives by
FD operators using neighboring points. This discretization causes instability problems on a staggered grid
(Virieux, 1986) when the medium contains high contrast discontinuities (strong heterogeneities). These dif-
ficulties can be avoided by using the rotated staggered grid (RSG) technique (Saenger et al., 2000). Since
the FD approach is based on the wave equation without physical approximations, the method accounts not
only for direct waves, primary reflected waves, and multiplyreflected waves, but also for surface waves,
head waves, converted reflected waves, and diffracted wavesobserved in ray-theoretical shadow zones
(Kelly et al., 1976). Additionally, it accounts for the proper relative amplitudes. Consequently, we use this
numerical method for our considerations of 3D fractured materials.
This paper is splitted in two main parts. First, we review several theoretical predictions of effective elastic
properties of fractured media. In the second part we numerically validate the predictions. We explain our
simulation setup with a detailed estimation of sources of errors and discuss the numerical results.

THEORIES OF EFFECTIVE PROPERTIES IN 3D FRACTURED MEDIA

In this paper we consider wave propagation through a well defined fractured region with thin penny-shaped
cracks of equal form and size. For penny-shaped cracks (ellipsoidals with two major axis of equal size) one
has to distinguish between cracks with non-zero aspect ratio α and an aspect ratio equal zero. The latter
are refered to as disks. The commonly used crack density parameterρ to characterize fractured materials
is (Kachanov, 1992):

ρ =
1

V0
Na3 (1)

whereN is the total number of cracks,V0 is the representative volume element anda is the radius of the
penny-shaped cracks. The porosity is:

φ =
4

3
π

N

V0
a2d (2)

with a andd as major axis (= radius) and minor axis of ellipsoid, respectively. If all cracks have the same
ellipsoidal shape the relation between porosityφ and crack densityρ is (Cheng, 1993):

φ =
4

3
παρ (3)

with α = d/a as the aspect ratio of penny-shaped ellipsoidal cracks.

Effective moduli of 3D fractured media with non-intersecting thin penny-shaped dry cracks

To describe wave propagation in fractured media we considerfour different theories for thin dry penny
shaped cracks in 3D-media, namely, the “Kuster-Toksöz formulation”, the “Self-Consistent approxima-
tion”, the “Differential Effective Medium (DEM) theory” and the “Theory for non-interacting cracks”.
They can be used to predict effective wave velocities in the long wavelength approximation in dependency
on porosityφ or crack densityρ. A detailed review of these rock physical relationships canbe found in
Mavko et al. (1998). Our goal is to investigate their limit ofapplicability for relatively high crack densities.
Therefore, in order to compare our numerical results with these four theories we give here their respective
effective bulk modulusK∗(φ) or effective Young’s modulusE∗(φ) and effective shear modulusµ∗(φ).
For the case of penny-shaped dry cracks with aspect-ratioα one can obtain the following formulae where
Km, Em andµm are the bulk modulus, Young’s modulus and the shear modulus,respectively, of the ho-
mogeneous embedding.
Kuster and Toksöz (1974) derived expressions for effectiveelastic properties using a long wavelength first
order scattering theory. They are formally limited to low porosity:

(K∗(φ) − Km)
Km + 4

3µm

K∗(φ) + 4
3µm

= −φKmPm, (4)

(µ∗(φ) − µm)
µm + ζm

µ∗(φ) + ζm
= −φµmQm. (5)
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with:

Pm =
Km

παβm
, (6)

Qm =
1

5
∗
[
1 +

8µm

πα(µm + 2βm)
+

4µm

3παβm

]
, (7)

and

β = µ
3K + µ

3K + 4µ
, (8)

ζ =
µ

6

9K + 8µ

K + 2µ
. (9)

In the self-consistent approximation (O’Connell and Budiansky, 1974) one still uses the mathematical
solution for the deformation of isolated inclusions, but the interaction of inclusions is approximated by
replacing the background medium with the a priori unknown effective medium (P andQ are given above):

K∗(φ) = Km (1 − φP ∗), (10)

µ∗(φ) = µm (1 − φQ∗), (11)

Note, the self-consistent approximation for randomly oriented inclusions agrees with the first order correc-
tions predicted by Hudson (1981).
The differential effective medium (DEM) theory models two-phase composites by incrementally adding
inclusions of one phase to the matrix phase. The predictionscan be expressed by two coupled linear dif-
ferential equations with initial conditionsK∗(0) = Km andµ∗(0) = µm which can be solved numerically
(Berryman, 1992):

(1 − φ)
d

dφ
[K∗(φ)] = −K∗(φ)P ∗, (12)

(1 − φ)
d

dφ
[µ∗(φ)] = −µ∗(φ)Q∗. (13)

Norris (1985) have shown that the DEM is realizable and therefore is always consistent with the Hashin-
Shtrikman upper and lower bounds (Hashin and Shtrikman, 1963).
The low aspect ratio of ellipsoidal cracks we used in our considerations makes it possible to compare the
results with effective medium theories constructed only for (flat) disks. The difference between low aspect
ratio ellipsoidal inclusions and disks does not significantly influence the predictions of the three theories
discussed above (compare with Douma (1988)). Hence, we include in our comparison of theories the
theory of non-interacting cracks (disks) of Kachanov (1992):

E∗(ρ) = Em

[
1 +

16(1 − ν2
m)(1 − 3νm/10)

9(1 − νm/2)
ρ

]−1

, (14)

µ∗(ρ) = µm

[
1 +

16(1 − νm)(1 − νm/5)

9(1 − νm/2)
ρ

]−1

, (15)

whereνm is the Poisson ratio of the background material.

Intersecting cracks

In the effective medium theories presented above the fractures are modeled as ellipsoidal cavities. As
mentioned by Schoenberg and Sayers (1995) real fractures donot resemble isolated voids in a solid matrix.
Borehole pictures, examination of outcrops, and rock fractured in the laboratory all indicate that fractures
have many points of contact along their length. Therefore weextend our numerical considerations to
intersecting cracks. This is beyond the validity of most effective media theories.
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For a random array of overlapping cracks it is possible to define a connectivity percolation thresholdρp.
At this crack density the crack-network allows fluid flow through the fractured rock. In the literature we
found two approaches with two substantially different predictions of this value for thin penny shaped cracks
(disks):

ρp = 1.8/π2 = 0.182 (Charlaix, 1986), (16)

ρp = 3.0/π2 = 0.304 (Garboczi et al., 1995). (17)

The authors of the later paper are puzzled by the reason for this disagreement because the study of Charlaix
(1986) does not reveal any obvious mistakes.
It is important to distinguish between the connectivity percolation threshold described above and the critical
porosity (e.g. Nur (1992); Mukerji et al. (1995); Saenger and Shapiro (2002)) at which rocks lose rigidity
and fall apart. The determination of the critical porosity (or critical crack densityρr) for randomly oriented
and randomly distributed thin penny-shaped cracks has not been documented in the literature so far to our
knowledge. But it is clear that the rigidity threshold characterized byρr is much larger than the connectivity
threshold (ρr >> ρp).

Fluid filled cracks

The “Kuster-Tuksöz formulation”, the “Self-Consistent approximation” and the “Differential Effective
Medium (DEM) theory” can be used also for fluid-filled cracks.For the exact analytical expressions we
refer to the references given in the previous sections. Note, since the cavities are isolated with respect to
flow, these approaches simulate the high frequency behaviorof saturated rocks (the high frequency limit
of the squirt model). This should not be confused with the fact that these theories are often termed low
frequency theories as inclusions dimensions are assumed tobe much smaller than a wavelength (Mavko
et al., 1998).
If all cracks were connected an alternative method to predict effective moduli of fluid-filled fractured media
would be the application of the Gassmann-equation (Gassmann, 1951):

Ksat
K0 − Ksat

=
Kdry

K0 − Kdry
+

Kfl
φ(K0 − Kfl)

(18)

µsat = µdry (19)

where

Kdry effective bulk modulus of dry rock

Ksat effective bulk modulus of the rock with pore fluid

K0 bulk modulus of mineral making up rock

Kfl effective bulk modulus of pore fluid

φ porosity

µdry effective shear modulus of dry rock

µsat effective shear modulus of rock with pore fluid

Again, in this equation both phases, the fluid and the mineral, are assumed to be continuous. This is not the
case for isolated penny-shaped cracks. However, we want to numerically clarify if the Gassmann-equation
can be used for such cracks in the low-porosity limit.

Scattering attenuation

Among other theories Hudson (1981) presents the attenuation coefficient (γp = ωQ−1/2vp, Q := quality
factor) for the mean field of elastic waves in fractured media. For randomly oriented cracks (isotropic
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distribution) the P-wave attenuation coefficient is given as:

γp =
ω

vs
ρ

(
ωa

vp

)3
4

225π

[
AU2

1 +
1

2

v5
p

v5
s

B(B − 2)U2
3

]
(20)

A =
3

2
+

v5
s

v5
p

(21)

B = 2 +
15
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− 10
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s

v3
p

+ 8
v5

s

v5
p

(22)

U1 =
16(λ + 2µ)

3(3λ + 4µ)
(23)

U3 =
4(λ + 2µ)

3(λ + µ)
(24)

The isotropic background elastic moduli areλ andµ (Lamé parameters) whilevp andvs denote the P- and
S-wave velocity, respectively. The fourth power dependence on angular frequencyω is characteristic of
Rayleigh scattering, which can only be observed if the wavelength is large compared to the dimension of
the scatterers.

NUMERICAL EXPERIMENTS

The propagation of elastic waves is described by the elastodynamic wave equation (e.g. Aki and Richards
(1980)):

ρg(r)üi(r) = (cijkl(r)uk,l(r)),j + fi(r). (25)

For modeling elastic waves at the positionr with finite-differences, it is necessary to discretize the stiffness
tensorcijkl, the (gravitational) densityρg, the displacement wave fieldui and the body forcefi on a grid.

Numerical setup

In order to test the different effective medium theories mentioned above we apply the so-called rotated stag-
gered FD scheme to model wave propagation in fractured media(Saenger et al., 2000). Before comparing
analytical predictions with numerical data it is necessaryto clarify how accurate the numerical calculations
are. After a detailed description of our modeling procedurewe will consider possible sources of numerical
errors.
We design a number of numerical elastic models (details can be found in Table 1) which include a re-
gion with a well known number of cracks and porosity. This fractured region (always from a depth of 173
gridpoints in the model) was filled at random with randomly oriented thin penny-shaped cracks. The imple-
mentation of the cracks on the 3D cubic FD grid is carried out by assigning crack properties to single neigh-
boring gridpoints. The best possible representation of a 3Dthin penny-shaped crack gives a rough disk-like
inclusion (due to discretization) with a thickness of one gridpoint. For models with non-intersecting cracks
the same procedure as in Davis and Knopoff (1995) and in Dahm and Becker (1998) is used: If two cracks
intersected during random selection, the more recent crackwas eliminated and a random choice was made
again. In Figure 1 we can see a typical model. All models are always discretized with an interval of
0.0002m. In the homogeneous regions we setvp = 5100 m/s, vs = 2944 m/s andρg = 2540 kg/m3.
For the dry penny-shaped cracks we setvp = 0 m/s, vs = 0 m/s andρg = 0.0001 kg/m3 which ap-
proximates vacuum. For the case of fluid-filled penny-shapedcracks we setvp = 1485 m/s, vs = 0 m/s
andρg = 1000 kg/m3 which approximates water. It is important to note that we perform our modeling
experiments with periodic boundary conditions in the two horizontal directions. For this reason our elastic
models are generated also with this periodicity. Hence, it is possible for a single crack to start at the right
side of the model and to end at its left side.

To obtain effective velocities in different models (with a different number of cracks) we apply a body
force plane source at the top of the model. The plane wave generated in this way propagates through the
fractured medium (see Figure 1). With two horizontal planesof receivers at the top and at the bottom,
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No. number crack size total porosity crack N
(allocation of radius of height φ density

number) cracks a cracked of of the ρ
[0.0002m] region model crack

[(0.0002m)3] [0.0002m] region

1 20 31.5 4003 805 0.0011 0.0098 1
2.1 - 2.3 40 31.5 4003 805 0.0023 0.0195 3
3.1 - 3.3 80 31.5 4003 805 0.0045 0.039 3
4.1 - 4.3 160 31.5 4003 805 0.0090 0.078 3

5 240 31.5 4003 805 0.0135 0.117 1
6.1 - 6.3 320 31.5 4003 805 0.0180 0.156 3
7.1 - 7.3 60 31.5 3002 × 400 1305 0.0060 0.052 3
8.1 - 8.3 30 41.5 2502 × 500 1305 0.0060 0.069 3

9.1x - 9.3x 40 31.5 4003 805 0.0023 0.0195 3
10.1x - 10.3x 80 31.5 4003 805 0.0044 0.039 3
11.1x - 11.3x 160 31.5 4003 805 0.0089 0.078 3
12.1x - 12.3x 320 31.5 4003 805 0.0179 0.156 3

13x 700 31.5 4003 805 0.038 0.342 1
14x 1000 31.5 4003 805 0.054 0.488 1
15x 1200 31.5 4003 805 0.065 0.585 1
16x 2000 31.5 4003 805 0.106 0.977 1

Table 1: Crack models for numerical calculations. The models with anx attached to its number have inter-
secting cracks. Note,0.0002m is the size of grid spacing and N denotes the number of model realizations.
The cracks can be fluid-filled or empty.

it is possible to measure the time-delay of the mean peak amplitude of the plane wave caused by the
inhomogeneous region. With the time-delay one can estimatethe effective velocity. Additionally, the
attenuation of the plane wave can be studied. The source wavelet in our experiments is always the first
derivative of a Gaussian with a dominant frequency of8 ∗ 105 1/s and with a time increment of∆t =
2.1 ∗ 10−8s. The resulting power spectrum of the plane P-wave is shown inFigure 8. Due to the size
of the models we have to use large-scale computers (e.g. CRAYT3E) with a MPI implementation of our
modeling software. In fact, the size-restriction of our models is mainly due to computational restrictions in
memory and CPU-time.
Similar to Garboczi and Berryman (2001), Ursenbach (2001) and Arns (2002) we detect three main sources
of error in our numerical calculations: (1) finite size effect, (2) digital resolution and (3) statistical variation.
Two other sources of error, specific for finite-difference solutions of the elastodynamic wave equation, are:
(4) numerical dispersion and (5) the general modeling accuracy for high-contrast inclusions.

(1) Finite size errors result from having a sample (fractured region) of finite size, where the largest
length scales of inclusions are of the order of the sample size. Samples at this scale can be not representative
any more, and the numerical data becomes noisy. Experience with many previous results (Garboczi and
Berryman, 2001; Saenger and Shapiro, 2002) has shown that having the ratio of the sample size to the
diameter of the penny-shaped crack to be about 7 makes finite size errors negligible.

(2) The digital resolution error comes from using a rectangular finite-difference grid. The crack geome-
tries have to be represented on this given grid-structure. We observe only very small variations among the
different crack sizes we have used (shown below). An important argument, that the digital resolution error
is below an acceptable level, is the fact that for low crack densities all theories and numerical results are in
a good agreement. However, this error is the most critical error in our numerical measurements (and in the
similar studies of Garboczi and Berryman (2001), Ursenbach(2001) and Arns (2002)).

(3) The statistical variation error comes about because themodels under consideration are random
ones. For a given crack density, there are many ways in which the cracks might be randomly arranged.
Each arrangement will have somewhat different effective elastic moduli, in general. The error bar in our
numerical results denotes the standard deviation for different model realizations. It can be observed that
this deviation is always very small.

(4) In order to reduce the dispersion error of the FD simulations we use only 54% of the allowed
maximum time increment (γ = 0.54 γmax; see Saenger et al. (2000)). All computations are performed
with second order spatial FD operators and with a second order time update. The number of grid points
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Figure 1: Left : A typical 3D fractured model with non-intersecting penny-shaped cracks (with radiusr =
31.5 grid points) used for the numerical experiments. We introduce a cracked region (400× 400× 400 grid
points) in a homogeneous material. At the top we place a smallstrip of vacuum. This is advantageous for
applying a body force plane source with the rotated staggered grid. Right: A z-displacement-snapshot of
a planeP-wave propagating through the fractured 3D model. We use a non-linear color scale to emphasize
the scattered wavefield. The visible discontinuities of thewavefield correspond to the crack locations
(compare with Figure on the left).

per wavelengthNλ is equal or greater than 100. Therefore, with this configuration our measurements are
for a homogeneous model with a crack density ofρ = 0 a velocity ofvp = 5102.91ms−1 (relative error:
0.057%) andvs = 2943.62ms−1 (relative error: 0.004%).

(5) Krüger et al. (2002) studied the numerical accuracy of the rotated staggered grid (RSG) for high con-
trast inclusions. They compared the analytically and numerically derived power spectra and seismograms
of SH-wave diffraction by a finite plane crack. Both approaches, the analytical solution of Sánchez-Sesma
and Iturrarán-Viveros (2001) and the numerical solution using the RSG, show an excellent correspondence.
A remarkable aspect is that for inclined cracks the numerical solution is still correct, even though the crack
is discretisized on a grid and does not have a perfect plane surface.

Numerical results for effectiveP- and S-wave velocities for non-intersecting dry penny-shaped cracks

Our numerical results for penny-shaped dry cracks are depicted by dots in Figure 2 and Figure 3. We
show the relative decrease of the normalized effectiveP- andS-wave velocity in dependence of the crack
densityρ. For the case of non-intersecting cracks we use models No. 1,2.1-2.3, 3.1-3.3, 4.1-4.3, 6.1-6.3,
7.1-7.3, 8.1-8.3 forP-waves and models No. 3.1, 4.1, 5, 6.1-6.2 forS-waves (Table 1). For comparison,
the predictions of the four theories described in previous Section are also shown. Note, it is not useful to
study higher crack densities than the connectivity percolation threshold (Eq. 16 and 17) for non-intersecting
cracks. For those high crack densities it is problematic to generate high order statistical independent crack
models (one has to remove too many cracks in the model build-up process).
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Figure 2: Normalized effective velocity of compressional (P-) waves versus crack densityρ of penny-
shaped cracks. Dots: Numerical results of this study. The error bars denote the standard deviation for
different model realizations (see Table 1). The dotted and the dashed-dotted line are predicted by the
theory of non-interacting cracks and the differential effective medium (DEM) theory, respectively. The
solid line is the prediction by the Kuster-Toksöz approach and the dashed line is due to the self consistent
approximation.
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Figure 3: Same as Fig. 2 for shear (S-) waves

The first conclusion is that none of the theories provides precise results for relatively high crack den-
sities. Overall, they tend to underestimate the effect of velocity-reduction by empty cracks. This can be
particularly observed for the theory of non-interacting cracks by Kachanov (1992). The best match to
the numerical estimates gives the self-consistent approximation (O’Connell and Budiansky, 1974). This is
most significant for the effectiveP-wave velocities. A comparison with experimental data described in a
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recent review of Hudson’s model for cracked media (Hudson etal., 2001) provides a similar conclusion.
As mentioned above the self-consistent approximation for randomly oriented inclusions agrees with the
first order corrections predicted by Hudson (1981).
At a first glance our 3D results seem to be in conflict with the numerical results of 2D fractured media
presented in Saenger and Shapiro (2002). They support in contrast to the 3D results themodified self-
consistent theory(similar to DEM) for relative high crack densities. However, a closer look to the 2D
results (Fig. 2 of Saenger and Shapiro (2002)) shows that at slightly higher crack densities (in a middle
range) the self-consistent theory and the numerical results have also a good agreement. A general underes-
timation of velocity-reduction by empty cracks by the 2D theory for non-interacting cracks by Kachanov
(1992) can be observed, too. Therefore, we assert that the 2Dand 3D results complement each other.

Numerical results for effectiveP-wave velocities for intersecting dry penny-shaped cracks

For intersecting cracks it is unproblematic to generate statistically independent models with high crack
densities because it is not necessary to eliminate intersecting cracks in the random generation process. The
details of the used models No. 9.1x-9.3x, 10.1x-10.3x, 11.1x-11.3x, 12.1x-12.3x, 13x, 14x, 15x, 16x with
intersecting cracks can be found in Table 1. The 3D numericalresults for the normalized effectiveP-wave
velocities for thin penny-shaped dry cracks are shown in Figure 4.
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Figure 4: Normalized effective velocity of compressional (P-) waves versus crack densityρ of intersect-
ing and non-intersecting penny-shaped cracks.Dots: Numerical results forintersecting cracks. Crosses:
Numerical results for non-intersecting cracks. The dottedand the dashed-dotted lines are predicted by the
theory of non-interacting cracks and the differential effective medium (DEM) theory, respectively. The
solid line is the prediction by the Kuster-Toksöz approach and the dashed line represents the self consis-
tent approximation. The cut-off crack density of the self-consistent approximation and the Kuster-Toksöz
approach isρcf = 0.56 andρcf = 0.93, respectively. The arrow displays the range of the connectivity
percolation threshold (see Section II).

It is interesting to observe that the connectivity percolation threshold (Eq. 16 and 17) cannot be clearly
detected in the seismic signatures of the numerical experiments. The difference of effective velocities for
intersecting or non-intersecting cracks is not significantfor crack densities below this range. Although the
effective medium theories described above are not derived for intersecting cracks we test their applicability
for such media. Therefore, for comparison the predictions of this theories are also depicted in Figure 4. For
the self-consistent approximation and the Kuster-Toksöz approach one can estimate an unphysical cut-off
crack densityρcf . At this crack density the theories predict an effective velocity of zero forP- andS-waves.
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This cut-off crack density is not related to the rigidity percolation thresholdρr.
Again, as for non-intersecting cracks, none of the theoriesprovide precise results for high crack densities.
However, the best fit between numerical results for high crack densities and the theoretical predictions
gives the DEM theory. Along with the assumptionρr >> ρp this is again consistent with the findings of
Saenger and Shapiro (2002).

Numerical results for effectiveP- and S-wave velocities for non-intersecting fluid-filled penny-shaped
cracks

For the calculations of effects of penny-shaped fluid-filledcracks we have used models No. 3.1-3.3, 4.1,
6.1-6.3 forP-waves and No. 3.1, 4.1, 5, 6.1-6.2 forS-waves (Table 1). The relative decrease of the normal-
ized effectiveP- andS-wave velocity in dependence of the crack densityρ is shown in Figure 5 and 6. For
comparison, the three effective medium theories for isolated fluid-filled cracks discussed in Section II are
also displayed.
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Figure 5: Normalized effective velocity of compressional (P-) waves versus crack densityρ of fluid-filled
non-intersecting penny-shaped cracks. Dots: Numerical results of this study. The error bar denotes the
standard deviation for different model realizations (see Table 1). The dashed-dotted line is predicted by
the differential effective medium (DEM) theory. The solid line is the prediction by the Kuster-Toksöz
approach and the dashed line is due to the self consistent approximation. The dotted line is found by taking
the self-consistent effective moduli for dry cracks, and saturating them with the Gassman-equation.

From the numerical point of view it is not possible to distinguish non-ambiguous which effective medium
theory gives the best prediction. The differences of the theoretical approaches for the investigated crack
densities are very low. Once again, as for empty cracks, one can detect the trend that the theories underes-
timate the effect of velocity-reduction caused by the inclusions. There is only a slight indication that the
self-consistent approach is superior to other theories.
Additionally, another interesting fact can be observed: Ifone combines the self-consistent theory to esti-
mate the dry rock moduli with the Gassmann-equation it is possible to predict the low-frequency behavior
of the Squirt-model for fluid saturated rocks (Mavko et al., 1998). As discussed in section II this is not
a valid assumption for our models used for the numerical considerations. This mismatch can clearly be
detected in the numericalS-wave data (Figure 6). This is an additional indication for the sensitivity of our
numerical validation of effective medium theories.
Our numerical setup enables us to study 3D fractured media with exact the same crack positions for fluid-
filled and for empty cracks (i.e. the dry rock frame is exactlythe same in both simulations). Therefore we
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Figure 6: Same as Fig. 5 for shear (S-) waves.

can test the applicability of the Gassmann-equation for our3D fractured materials without any additional
effective medium theory. The calculated normalized effective shear moduliµ∗ for fluid-filled and for empty
cracks are compared in Figure 7. There is a significant difference between both moduli below the range of
the connectivity percolation threshold. This bring us to the conclusion that the Gassmann-equation cannot
be applied to isolated fluid-filled cracks even with a low porosity in the used models. From a practical point
of view this has the following consequence: If one applies the Gassmann-equation one has to distinguish
between the isolated fraction and the continuous fraction of the fluid. The isolated fluid fraction should be
considered as a part of the ’dry’ rock frame.
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Figure 7: Normalized effective shear moduliµ∗ calculated from the effective shear wave velocities de-
picted in Figure 3 and Figure 6. The dry rock frame is exactly the same for the used models with empty
(depicted with dots) and fluid-filled cracks (depicted with crosses).
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Scattering attenuation for non-intersecting dry penny-shaped cracks

In this section we consider the scattering attenuation coefficient (Eq. 20) predicted by Hudson (1981). In
contrast to the velocity considerations we are interested to record the complete transmitted plane wave.
From the numerical point of view it is necessary to modify thestandard model size used so far. Therefore
we use the models 7.1-7.3 with an extended total height (Table 1).
The frequency-depended relative attenuationA is calculated by dividing the Fourier transform of the trans-
mitted meanfield of the plane wave through the power spectrumof the incident plane wave. Additionally,
the attenuation coefficientγ is estimated by usingγ = −(lnA)/L (L denotes the length of the travel path).
A comparison of the results of the Hudson-approach and our numerical results is shown in Figure 8. We
observe a very good agreement. The systematic oscillationsin the numerical results can be explained with
the relatively short travel path through the fractured media and internal oscillations. Note, the observed
typical Rayleigh scattering is an additional indication that our simulations represent the long wavelength
limit.
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Figure 8: Top: The solid line displays the relation between power spectra of transmitted (through the
region with empty penny-shaped cracks) and incident signalof the P-wave. The dashed line shows the
same quantity predicted by Hudson (1981) using Eq. 20. The dotted line is the normalized power spectrum
of the generated plane P-wave of the simulation. The frequency corresponding to the diameter of the cracks
is f = vp/(2a) = 425000Hz. The crack density of the corresponding three models isρ = 0.045. Bottom:
Same as Top, but now the attenuation coefficientγp is depicted. The fourth power dependence on frequency
f of Rayleigh scattering can be clearly observed.
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CONCLUSIONS

Finite-difference modeling of the elastodynamic wave equation is very fast and accurate. We use the ro-
tated staggered FD grid to calculate elastic wave propagation in fractured media. Our numerical modeling
of elastic properties of dry and fluid-saturated rock skeletons can be considered as an efficient and well
controlled computer experiment. In this paper we consider 3D isotropic fractured media with ellipsoidal
inclusions.
We have numerically tested effective velocity predictionsof different theoretical approaches: The theory
for non-interacting cracks, the Kuster-Toksöz approach, the self-consistent theory, the differential effec-
tive medium (DEM) theory and the Gassmann-equation. For non-intersecting dry and fluid-filled penny-
shaped cracks at slightly higher crack densities (below theconnectivity percolation threshold for inter-
secting cracks) the self consistent theory is most successful in predicting effective velocities forP- and
S-waves. The Gassmann-equation cannot be applied to isolated fluid-filled cracks, even not in the case of
a low porosity.
The more realistic assumption (with respect to natural rocks) of intersecting cracks is not included in the
effective medium theories described above. However, belowthe range of the connectivity percolation
threshold the difference of effective velocities for intersecting and non-intersecting cracks is negligible.
For crack densities beyond this range the DEM (not derived for intersecting cracks) is superior to apply.
Additionally, we have studied scattering attenuation of the meanfield. The attenuation coefficient predicted
by Hudson (1981) can be used for ellipsoidal high contrast inclusions.
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ABSTRACT

An approach for the interpretation of microseismic data wasproposed to provide in-situ estimates
of the hydraulic diffusivity characterizing a geothermal or hydrocarbon reservoir on the large spatial
scale (on the order of103m). This approach is called "Seismicity Based Reservoir Characteriza-
tion" (SBRC, Shapiro et al. (1997-2002)). The SBRC is based on the hypothesis that the spatial
propagation of hydraulically induced seismicity is causedmainly by the pore pressure relaxation
process. According to this hypothesis the SBRC uses a spatio-temporal analysis of fluid-injection
induced microseismicity to reconstruct the tensor of hydraulic diffusivity and to estimate the tensor
of permeability in 3D. However, processes that can lead to triggering of microseismicity are not yet
fully understood. A correlation of microseismic hypocenters with structural images obtained from
reflection seismics can help to better understand the physics of microseismicity triggering and thus to
test the main assumption of the SBRC.

The SBRC approach was successfully applied to real data several times. Recently, fluid injection
induced microseismicity at the KTB site was analysed in terms of the SBRC method to reconstruct
the tensor of permeability at the open hole section at 9.1 km depth. Using new data sets acquired in
2000 we are able to observe indications of the depth-dependency of hydraulic diffusivity at the KTB
for the first time. The analysis of fluid-induced microseismicity leads to an estimation of the hydraulic
diffusivity at the KTB at different depths. A lower value of hydraulic diffusivity was found in upper
parts of the subsurface compared with the values at the open-hole section. Correlations with structural
images were obtained. For example, we observe that rock volumes characterized by larger diffusivity
also show larger reflectivity.

INTRODUCTION

The attention to microseismic monitoring during operationof geothermal or hydrocarbon reservoirs has
grown considerably over the last several years. The observation of microseismicity occurring during bore-
hole fluid injections or extractions has a large potential incharacterizing rocks in terms of their hydraulic
parameters at locations up to several kilometers from boreholes (Talwani and Acree (1985); Adushkin
et al. (2000); Fehler et al. (2001)). The most common application has been hydraulic fracture imaging
and growth characterization (e.g. Phillips et al., 1997; Urbancic et al., 1999). Longer-term microseismic
monitoring has been used to map oil-producing, natural fractures (e.g., Rutledge et al., 1998) and also
shows promise in tracking flood fronts in the case of enhancedoil recovery (e.g., Maxwell et al.,1998).
Beyond delineating conductive fracture geometry and inferring fluid-flow paths, microseismic data could
potentially be used to measure in-situ hydraulic properties of rocks at interwell scales, providing informa-
tion that could further guide operations to optimize field production.

mailto:rothert@geophysik.fu-berlin.de


Annual WIT report 2002 193

Recently, an approach for the interpretation of microseismic data was proposed to provide in-situ esti-
mates of the hydraulic diffusivity characterizing a geothermal or hydrocarbon reservoir on the large spa-
tial scale (of the order of103m). This approach is called “Seismicity Based Reservoir Characterization“
(SBRC). It uses a spatio-temporal analysis of fluid-injection induced microseismicity to reconstruct the ten-
sor of hydraulic diffusivity and to estimate the tensor of permeability (see Shapiro et al., 1997, 1999, 2000,
2002 and the discussion of the method in Cornet 2000). The approach assumes the following main hypoth-
esis: Fluid injection in a borehole causes perturbations ofthe pore pressure in rocks. Such perturbations
cause a change of the effective stress, which, if large enough, can trigger earthquakes along pre-existing
zones of weakness. The SBRC approach considers that most of the seismicity is triggered along critically
stressed, pre-existing fractures.

Furthermore, it assumes that the spatio-temporal evolution of the hydraulically-induced microseismic-
ity is completely defined by the diffusion-like process of pore-pressure relaxation. The analysis of spatio-
temporal features of the microseismicity then provides a possibility to invert for hydraulic diffusivity distri-
butions in fluid-saturated rocks. The approach was successfully applied to real data several times (Shapiro
et al. (2000); Rothert et al. (2001); Shapiro et al. (2002); Audigane et al. (2002)) and numerically verified
(Rothert and Shapiro (2002a,b)).

In this paper, we present a case study from the German continental deep drilling site (KTB) where
microseismic events were induced by fluid injection within various depth ranges. This enables us to analyse
the depth-dependency of hydraulic parameters at one location for the first time. The results obtained are
correlated with structural images. Spatio-temporal features of the evolution of microseismic clouds as well
as the differences in the estimations of depth-dependent hydraulic diffusivity are quite well supported by
reflection seismic results.

A SUMMARY OF THE CONCEPT OF SBRC

In the low-frequency limit of the Biot equations of poroelasticity (Biot 1962) the pore-pressure perturbation
p can be approximately described by the following differential equation of diffusion:

∂p

∂t
=

∂

∂xi

[
Dij

∂

∂xj
p

]
. (1)

Here,Dij are the components of the tensor of hydraulic diffusivity,xj (j = 1, 2, 3) are the components
of the radius vector from the injection point to an observation point andt is the time. Equation (1) corre-
sponds to the second-type Biot wave (the slow P-wave) in the limit of the frequency being extremely low
in comparison with the global-flow critical frequency (Biot1962). The tensor of hydraulic diffusivity is
directly proportional to the tensor of permeability (see Shapiro et al., 2002).

Considering the power spectrum of a step function injectionsignal, which can roughly approximate
a real pore pressure perturbation, Shapiro et al. (1997) andShapiro et al. (2000) introduced a heuristic
concept of themicroseismic triggering front. This front is regarded as a spatial surface which separatesthe
regions of the relaxed and unrelaxed pore pressure perturbation. For example, in the case of a homogeneous
and isotropic medium, Shapiro et al. (1997) obtained the following equation describing the spatial position
of the triggering front in an effective isotropic homogeneous poroelastic medium with the scalar hydraulic
diffusivity D:

r =
√

4πDt. (2)

Equation (2) is able to provide scalar, homogeneous estimates of the hydraulic diffusivity only. It does
not provide orientations of the tensor. In order to obtain these orientations, an alternative method was
proposed by Rindschwentner (2001). The transition to a new coordinate system by scaling the original
data points by
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xsi =
xj√
4πt

(3)

yields the triggering front as an equation of an ellipsoid:

x2
s1

D11
+

x2
s2

D22
+

x2
s3

D33
= 1. (4)

In order to determine the triggering front one needs to find anenvelope ellipsoid for the majority of events.
The main axes of such an ellipsoid are directly proportionalto the square roots of hydraulic diffusivity.
Details of the method can be found in Rindschwentner (2001).

For the case of heterogeneously distributedD and a step-function pressure perturbation, an eikonal-like
equation has been derived which describes the triggering timet(r) (see Shapiro et al., 2002) :

|∇t|2 =
t

πD
. (5)

This equation was derived using an approximation based on geometrical optics, which is a heuristic treat-
ment of the diffusion equation with a heterogeneous diffusion coefficient. Equation (5) serves as a basis
for the inversion procedure to reconstruct spatial distributions of the hydraulic diffusivity in heterogeneous
media.

Because both equations (2) and (5) were derived in a quasi-heuristical way, a quantitative approach is
required to verify the inversion algorithms based on them. Apossible way of verification is to apply the
inversion algorithm to numerically simulated microseismic data. For this approach a numerical simulation
of microseismicity during borehole fluid injections is required. We developed numerical procedures to
simulate the triggering of microseismicity due to boreholefluid injections. For details we refer to Rothert
and Shapiro (2001) and Rothert and Shapiro (2002b).

CASE STUDY: GERMAN KTB SITE

The KTB is located in SE Germany at the contact zone of the Saxothuringian and the Moldanubian. The
area encompasses parts of these units of the Variscan fold belt. A NW-SE trending system of reverse faults,
the Frankonian Lineament, separates this fold belt from up to 3 km thick Permo-Mesozoic foreland sedi-
ments. The KTB project was designed to study the properties and processes of the deeper continental crust
by means of a superdeep borehole (Emmermann and Lauterjung (1997)). The two main areas of interest
were the investigation of the crustal stress field and the brittle-ductile transition zone as well as crustal flu-
ids and transport processes. The drill site itself lies within the zone of Erbendorf-Vohenstrauss, a smaller
crustal segment, mainly composed of metabasites and gneisses (Pechnig et al. (1997)).

Until 1994, two boreholes were drilled at the KTB site. The main borehole has reached a final depth of
9101m and temperatures of about 270◦ C. Two prominent seismic reflectors (SE1 and SE2) were drilled
at approx. 4000m and 7000m depth by the main borehole. The SE1reflector was met at approximately
3500m depth by the pilot hole, which reached a final depth of 4100m and is located 185m NE of the main
hole. For details of the drilling site see Harjes et al. (1997).

3D reflectivity

During the pre-drilling phase, intensive seismic reflection surveys were carried out in the vicinity of the
KTB region (Fig. 1(a)). From 2-D surveys which were orientated perpendicular to the strike of the Fran-
conian Lineament (FL), images of relatively sharp northeast-dipping seismic reflectors were obtained. The
FL continues through the whole upper crust as the so-called SE1 reflector. In Figure 1(b) a part of the 2-D
pre-stack migration of the profile KTB8502 is shown (Buske (1999b)). From this image, the dip angle of
the SE1 reflector can be estimated to about 55◦.
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(a) Map of the german KTB region with main
geological units and seismic surveys carried out
during the pre-drilling phase. Picture taken from
Harjes et al. (1997).

(b) Part of the 2D pre-stack Kirchhoff depth migration
of the profile KTB8502. The profile is perpendicular to
the strike of the Franconian Lineament (FL, compare Fig.
1(a)) and passes through the KTB location. The SE1 re-
flector is clearly visible as a steeply dipping event, the
EB appears with strong reflectivity at a depth of 12-13
km. Taken from Buske (1999b).

Figure 1: KTB drilling location, seismic surveys and 2D migration results.

In 1989, a 3-D deep seismic reflection survey (ISO89-3D) was carried out in the vicinity of the KTB
drill hole (black rectangle in Fig. 1(a)). This experiment was part of the program ’Integrated Seismics
Oberpfalz (ISO)’. An area of about 21 km× 21 km was investigated using reflection seismics. The main
borehole is located in the center of this region. At a depth of12 to 14 km, directly beneath the SE1 reflector,
a highly reflective zone known as the Erbendorf body (EB) can be observed (see Fig. 2). The ISO89-3D
data set was processed by Buske (1999b) in terms of 3D pre-stack Kirchhoff depth migration (Fig. 2(a)).
For details we refer to this publication. In spite of the low coverage, the migration of the ISO89-3D data
set clearly shows the geometry and the shape of the dominant structures (SE1, EB) in the subsurface (see
Fig. 2(b)).

Fluid induced microseismicity, injection experiments in 1994

In order to study the brittle ductile transition zone as wellas crustal fluids and transport processes at the
KTB, a fluid injection experiment was carried out at the end ofthe drilling. The injection experiment was
designed with the following objectives: to obtain knowledge of crustal stress based on borehole measure-
ments to the open hole section in 9.1 km depth, of in situ temperatures more closely approaching 300◦

and to test the hypothesis that the lithosphere is in failureequilibrium with respect to the state of stress.
To test this hypothesis it was intended to inject fluids at theopen hole section and to determine if small
perturbations of pore pressure could lead to the triggeringof microearthquakes at this particular depth and
high temperature.
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(a) Geometry of 3D migrated volume. The col-
ors denote reflectivity, blue colors correspond to
low reflectivity, red ones to higher reflectivity,
respectively.

(b) Result of 3D migration, view from SE. Light colors cor-
respond to higher, dark to lower reflectivity. The steeply dip-
ping SE1 reflector is clearly visible as well as the high reflec-
tivity of the EB.

Figure 2: left: Geometry of 3D migration, right: 3D Kirchhoff migration of ISO89-3D data set (Buske
(1999b))

During the fluid injection experiment in 1994 about 200 m3 of KBr/KCl brine was injected in the open
hole section between 9.03-9.1 km depth for a duration of 24 hours (Fig. 3(a) top). 73 surface seismome-
ters and one borehole seismometer recorded approximately 400 microearthquakes within 60 hours (Fig.
3(a) bottom). 94 events were localized with precision high enough to analyse them in terms of the SBRC
method (Fig. 4). The seismically active rock comprised a volume of approx. 0.35 km3. Moreover, because
of the small changes in injected pressure in this experiment, the seismically active volume of rock was not
fractured at all (Zoback and Harjes (1997)).

All recorded events were considered to be induced by the injection. Only a small increase in pore
pressure (< 1 MPa) was sufficient to trigger the earthquakes. Events onlyoccurred above the bottom of
the well 4(a)). Possible explanations were given by Zoback and Harjes (1997): either the encounter of the
brittle-ductile transition zone at this depth (impermeable half-space) or, alternatively, a decreased stress
level much smaller than the rock’s frictional strength.

Fluid induced microseismicity, injection experiments in 2000

In order to further investigate whether the limitation of hypocentral depth to the upper 9.1 km during the
injection experiments in 1994 reflects a rheological boundary or simply the limited range of pore pressure
increase, a long-term fluid injection experiment was performed in 2000. The experiment was designed to
enable fluid migration away from the injection interval and to cause pore pressure increase also at larger
distances. Starting August 21st, 2000, the injection of 4000 m3 of water into the wellhead of the main
borehole started and lasted for 60 days (Baisch et al. (2002), see Fig. 3(b) top). Monitoring took place
from a surface network and a downhole seismometer in the pilot hole. Since preceding hydraulic tests
did not indicate any leaks in the casing, it was assumed that the main borehole was hydraulically closed
at least down to 6 km depth. However, due to several leakages in the borhehole casing which were not
known fluid loss into the rock occurred within various depth intervals. This was confirmed by the differ-
ence of phase traveltimes (Ts − Tp) of the recorded microseismic events (Fig. 3(b) bottom). About 2800
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(a) Short term fluid injection experiment at the
KTB 1994. The upper image shows the time-
dependent pressures during the injection. In the
lower part the microseismic event rate during the
experiment is shown.

(b) Long term fluid injection experiment at the KTB
2000. In the upper part, the measured microseismic event
rate during 70 days of the experiment is shown. The
lower plot shows the measuredTs − Tp times of the
2799 events and the corresponding depths where micro-
seismicity occurred.

Figure 3: Fluid injection experiments at the KTB 1994 and 2000 (Baischet al. (2002)).

microearthquakes were recorded during the experiment. Themain depth domains where microseismicity
occurred were around 5.4 km and 9 km depth.

The events were processed by Baisch et al. (2002). Approximately 240 events were localized with
precision high enough to analyse them in terms of the SBRC method. Unfortunately, only very few events
could be used for the estimation of hydraulic diffusivity for a specific depth interval. In spite of the small
event number the results (see following section) are significant in our opinion.

Analysis of fluid induced microseismicity at KTB, results ofdepth dependent hydraulic diffusivity

Rindschwentner (2001) already processed data of fluid injection induced microseismicity at the KTB from
1994. He obtained estimations of scalar hydraulic diffusivity based on equation (2) as well as magnitudes
and orientations of the anisotropic diffusivity tensor based on equation (4). He found isotropic estimates
of hydraulic diffusivity which ranges from 0.5 to 2.0 m2/s for the open hole section at 9.1 km depth. A
diffusivity tensor was found, whose orientation of the maximum component agrees well with the orienta-
tion of foliations which trend NW-SE and dip between 50◦ and 80◦. This is also confirmed by the resulting
stress orientations which are composed by a maximum horizontal stress orientation of N160◦ and a verti-
cal stress of about the same magnitude (Emmermann and Lauterjung (1997)). Furthermore, the two major
tensor components span a plane which is quasi-parallel to the seismic reflector SE1, which is regarded as
the subsurface extension of the Franconian Lineament (Fig.5).

Of course, one has to mention that the SBRC method requires a preferably large number of events for
the estimation of hydraulic diffusivity. The event numer for the estimation of the tensor components from
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(a) KTB-boreholes together with the hypocenters of the microseismic
events of 1994 (red squares) and 2000 (green dots). During 1994 events
occurred only at the open hole section at 9.1 km depth and up toapprox.
8 km. Due to leakages in the borhehole casing, events in 2000 occurred
mainly at 5.4 and 9 km depth.

(b) Estimation of scalar hydraulic diffusiv-
ity for the two main depth domains where
microseismicity occurred. The plot at the
top shows the estimation for the depth do-
main around 5.4 km, the middle and lower
plot the estimation for 9.1 km from 1994
and 2000 data, respectively. In spite of
the small event number, the magnitude of
hydraulic diffusivity is found to be much
lower in the upper part compared with the
lower depth domain.

Figure 4: Fluid injection experiments at the KTB 1994 and 2000 and estimation of depth dependent scalar
hydraulic diffusivity

the 1994 data set alone is not very high. Only 94 events were localized precisely enough in 1994 to use
them for our analysis. In spite of the small event number, it is evident that the cloud of microseismicity in
the lower part of the borehole coincides with the distribution of the hypocenters. However, the assumption
that the orientations of pre-existing fracture systems mayexplain the feature of spatial evolution of event
coordinates has to be proven in more detail.
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Figure 5: Estimation of the tensor of hydraulic diffusivity from the 1994 data set (Rindschwentner (2001)).
The hypocenters are shown as crosses, the tensor is shown together with the schematical dipping of the SE1
reflector. The estimated main direction of the tensor is found to be quasi-parallel to the seismic reflector.

The aim of the analysis of the new data set created during the fluid injection experiments in 2000 were
twofold: first, it should be tested if the values of hydraulicdiffusivity/permeability found previously could
be reconstructed for the depth domain around 9 km. Secondly,because microseismic events occurred
within various depth intervals due to the unknown leakages in the borehole casing, the depth-dependency
of hydraulic parameters should be studied. Therefore it is possible for the first time to obtain more insight
into the depth-dependent behaviour of diffusivity at one single injection site.

We mainly analysed two major depth intervals where microseismicity occurred in the year 2000: the
domain around 5.4 km depth where 193 events were used for the analysis and around the open hole sec-
tion at 9.1 km depth where 42 localized events occurred. Two main results turned out from the analysis
of hypocenter locations (see Fig. 4(a)): the upper cloud induced in 2000 seems to be characterized by a
completely different evolution signature compared with the lower one: the seismically active volume is
smaller compared with the volume where microseismicity occurred in 9.1 km depth. Moreover, the spatial
shape of the cloud in the upper part of the borehole is more spherical whereas the lower one seems to show
preferred directions of hypocenter locations and is more scattered.

The second result turns out by applying the SBRC algorithms in terms of equation (2). As coordinates
for the injection source points for the two different cloudsthe known positions of the leakages were used.
The estimation of scalar hydraulic diffusivity yields values in the order of0.004 m2/s < D < 0.01 m2/s
for the upper part of the rock. From the lower microseismicity cloud we obtained values of0.05 m2/s
< D < 1 m2/s which confirm the previous estimations of Rindschwentner(2001) and Shapiro et al. (1998)
(Fig. 4(b)). Therefore we conclude, that the diffusivitiesfound for the upper domain of the rock are by a
factor of at least 100 smaller than those for the lower domain. A 3D reconstruction as well as an estimation
of the hydraulic diffusivity tensor from the 2000 data set was not meaningful due to the small number of
events.

In order to better understand the different signatures observed in the spatial-temporal evolution of the
two main clouds induced in 2000 mentioned above, we compare the hypocenter locations with 3D migra-
tion results (Buske (1999b,a)). This could also help in understanding and the interpreting the great variance
of magnitude of hydraulic diffusivity for the two differentdepth domains.
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Figure 6: 3D migration together with the microseismic hypocenters of1994 (red) and 2000 (green).

Correlation of microseismicity with reflectivity

The hypocenter locations of microseismicity of 1994 and 2000 together with the migration results are
shown in Fig. (6). The prominent seismic reflector SE1 is clearly visible as well as the Erbendorf Body
at 12-14 km depth. Again, in Fig. (7) the hypocenters of the events are shown together with the tensor of
permeability estimated for the lower part of the borehole. The hypothesis that the tensor is quasi-parallel to
the pre-existing fracture systems is confirmed by this result. Therefore, we conclude that the orientations
of pre-existing fault structures and fractures affect the hydraulic diffusivity and spatial distributions of the
microseismicity clouds. The horizontal as well as the vertical slices included in the migration image also
show that the upper part of the rock is characterized by a lower reflectivity than the lower part. It is clearly
seen that the upper cloud occurred within a depth domain which shows less reflectivity (and therefore
less pre-existing natural fracture systems). The lower cloud occurred in a domain which is characterized
by higher reflectivity (and therefore occurred in a more fractured part of the rock). This observation is
in agreement with the previous estimates of hydraulic diffusivity: it is smaller in the upper part of the
considered rock volume and it is higher in its lower part.

CONCLUSIONS

By analysing two data sets from the German continental deep drilling site (KTB) it was possible to estimate
values of diffusivities for two different depth intervals at the same horizontal location for the first time.
Moreover, we compared our results with a 3D pre-stack Kirchhoff depth migration. This has shown that
the influence of the orientations of pre-existing natural fracture systems on the triggering of microseismicity
is obvious. Event clouds in the upper part of the rock under consideration show more compact shapes which
can be correlated with a medium showing less reflectivity. Also, the magnitude of hydraulic diffusivity is
by a factor of 100 smaller than that at the lower depth level. Here, the hypocenters of the events are aligned
along preferred orientations of natural fracture systems.The medium at this depth is characterized by a
much higher diffusivity, correlating with larger reflectivity.
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Figure 7: 3D migration (view from NW) together with the microseismic hypocenters (1994=red,
2000=yellow) and the tensor of permeability estimated fromthe 1994 data set. The volume of rock where
the more spherical upper cloud occurred is characterized bylower reflectivity. The lower cloud of events
seems to be preferentially orientated along the directionsof the high-reflective (SE1) zone. The reflectivity
in this domain is found to be much higher.
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ABSTRACT

Wavefront construction (WFC) methods permit the computation of multi-valued traveltimes for Kirch-
hoff migration. We present two approaches which increase the efficiency and accuracy of 3-D WFC
methods. First, we apply three criteria for the insertion ofnew rays. In addition to the standard
distance criterion we evaluate the possible crossing of rays, and introduce a criterion based on the
difference in wavefront curvature between adjacent rays. Second, for the estimation of traveltimes
within cells, we suggest a distance-weighted averaging of extrapolated traveltimes. The traveltimes
are extrapolated under consideration of the wavefront curvature. Examples illustrate the high accuracy
of the method.

INTRODUCTION

During the last years several papers have shown the importance of multivalued traveltime tables for the
quality of migrated prestack Kirchhoff depth images. Multivalued traveltime tables are usually computed
by WFC methods (Figure 1). In these methods adjacent rays aregrouped into ray tubes, the ray density
of the ray field is checked at wavefronts, and if necessary, new rays are inserted. The wavefront-oriented
ray-tracing (WRT) technique (Coman and Gajewski, 2001) belongs to the larger group of WFC methods.

Usually in WFC methods, a new ray is inserted by interpolation on the wavefront between two adjacent
rays (parent rays). To avoid interpolation, the WRT technique inserts a new ray by tracing it from the
source. The accuracy of an interpolated ray is always less than the accuracy of the parent rays, while the
accuracy of a traced ray is the same as the accuracy of the parent rays. Moreover, the accuracy of the ray
inserted by tracing does not depend on the distance between the parent rays. The insertion of a new ray
by tracing it from the source leads to higher accuracy and permits a lower ray density than the insertion by
interpolation.

The WFC methods start with few rays which are propagated stepwise through the velocity model. A
new wavefront is constructed from the old one by propagatingthe ray field with a constant traveltime step
(time step of wavefronts). After the construction of a new wavefront, the traveltimes are estimated in the
region between this wavefront and the previous one.

In the following sections, we present a new approach for the estimation of traveltimes within cells and
a new set of criteria for the insertion of new rays. We implement both innovations in the WRT technique.

ESTIMATION OF TRAVELTIMES WITHIN CELLS

The ray tracing procedure computes the traveltimes at nodes, but for Kirchhoff depth migration the travel-
times are needed on a rectangular grid. The node-traveltimes are used to estimate the gridpoint-traveltimes.
The estimation is carried out within cells. Figure 1 shows a 2-D sketch for simplicity. In 3-D, a cell is de-
fined by six nodes (Figure 3). These nodes are the intersection of three adjacent rays and two adjacent
wavefronts.

mailto:coman@dkrz.de
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Figure 1: Graphical description of a 2-D WFC method. The traveltimes at nodes (large dots) are computed
by ray tracing. The traveltimes at gridpoints (small dots) are estimated within a ray cell. PointS denotes
the source point.

For the estimation of traveltimes within cells, Vinje et al.(1996) project the gridpoint on the old wave-
front (for the old wavefront see Figure 1) and trace a ray backto the gridpoint. Lucio et al. (1996) split the
cell into three tetrahedra and perform linear interpolation within the tetrahedra, while Bulant and Klimeš
(1999) suggested a bicubic interpolation of traveltimes.

In this paper, we propose a distance-weighted averaging of extrapolated traveltimes. The extrapolation
is performed from nodes to gridpoints under consideration of the wavefront curvature. The traveltimes are
estimated and stored on a coarse grid, while the interpolation from the coarse grid to the fine migration
grid is performed during the migration process (e.g., Vanelle and Gajewski, 2002). Our procedure for the
estimation of traveltimes within cells can be split in four steps:

1. Estimation of the wavefront curvature

2. Decision whether a gridpoint belongs to the cell

3. Extrapolation of traveltimes

4. Distance-weighted averaging of extrapolated traveltimes

At a given node, e.g., nodeA1 (Figure 3), the two principal wavefront curvatures are usually computed
by dynamic ray tracing. Because the WRT technique does not apply dynamic ray tracing, we approximate
the wavefront curvature using the sphere connecting the nodesA1 andB1 or A1 andC1 (Figure 3). Figure
2 illustrates the estimation of the wavefront curvature using the segmentA1B1. For this estimation we use
the position of the two nodes and the slowness vector at nodeA1 to construct a sphere. We approximate
the radius of the wavefront curvature at nodeA1 by the radius of the sphere connectingA1B1. The same
procedure is used forA1C1, i.e., two wavefront curvatures at pointA1 are obtained.

The second step is performed for each gridpoint within the rectangular box which bounds the cell. To
determine whether a gridpoint is within a cell, we split the cell into three tetrahedra and use the approach
proposed by Lucio et al. (1996). A slight modification of thisapproach permits the computation of the
distances of the gridpoint to the sides of the tetrahedra. These distances are used for the computation of
distance-weights. The last two steps are performed only forgridpoints within the cell.

We have mentioned above that at each node we know two wavefront curvatures. We extrapolate the
traveltime from the node to a gridpoint considering each curvature separately. Because a cell is defined by
six nodes, we have twelve extrapolated traveltimes at the gridpoint.

The traveltimetG at gridpointG (Figure 3) is estimated by a weighted average of the extrapolated
traveltimes:

tG = wa1βta1β + wa1γta1γ + wb1αtb1α + . . . ,

whereta1β is the extrapolated traveltime from nodeA1 to gridpointG using the wavefront curvature for
the segmentA1C1. The weight functionwa1β for the extrapolated traveltimeta1β satisfy the relation

wa1β ∼
(

1

d1

1

da

1

dβ

)2

,

where the meaning of the distancesd1, da, dβ is shown in (Figure 3). The relations for other distance
weights are similar.
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Figure 3: 3-D ray cell and the distances which are used for the computation of the distance weightwa1β .
d1 is the distance between gridpointG and the upper triangular side,da is the distance betweenG and the
ray segmentA1A2, anddβ is the distance betweenG and the sideβ.
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Figure 4: The geometry of the model is a cube with the side length of 4 km.The source S is located at
the coordinates (0 km, 2 km, 0 km). The results of the computations are shown for two vertical slices at
y=2 km, respectively at x=2 km.

CRITERIA FOR INSERTION OF NEW RAYS

We insert a new ray between two adjacent rays if one of the following criteria is satisfied: (1) the distance
between the adjacent nodes exceeds a predefined node-distance threshold; (2) the difference in wavefront
curvature between the rays exceeds a predefined threshold (time-difference threshold, see below).

Note that we prefer to express the difference in wavefront curvature in time units (milliseconds). For
this reason we divide the difference between the radii of curvature by the velocity at the midpoint between
the adjacent nodes.

The first insertion criterion is used in most WFC methods (e.g., Sun, 1992; Vinje et al., 1996; Ettrich
and Gajewski, 1996; Coman and Gajewski, 2001). The second insertion criterion is new and replaces
the insertion criterion which uses the difference in direction between adjacent rays. Using the difference
in wavefront curvature as an insertion criterion permits a better control of the accuracy of the traveltime
estimation within ray cells.

NUMERICAL EXAMPLES

To show the accuracy of the distance-weighted averaging of extrapolated traveltimes, we use two models
which permit analytical computation of traveltimes. The first example is a homogeneous velocity model,
the second one is a constant velocity gradient model. The geometry of the model in both cases is the same
(Figure 4). The velocity in the homogeneous model is2000 m/s. The velocity distribution in the constant
velocity gradient model is given byv(z) =2000 [m/s]+0.5 [1/s]z, wherev(z) is the velocity at depthz. We
show the results for two vertical slices aty = 2 km, and atx = 2 km respectively (Figure 4).

In the first example (homogeneous model), we compare the distance-weighted averaging of extrapo-
lated traveltimes to the linear interpolation between plane triangular sides. These sides approximate the
wavefronts. For the propagation of the wavefront in the WRT technique, we use a time step of wavefronts
of 0.1 s. A new ray is inserted if the distance between adjacent raysgets larger than 500 m.

The wavefronts constructed from analytical traveltimes are shown in Figure 5a and 5b. The traveltime
errors due to the linear interpolation are shown in Figure 5cand 5d, and the errors due to the distance-
weighted averaging of extrapolated traveltimes are shown in Figure 5e and 5f. Note that even in this ho-
mogeneous velocity model, the linear interpolation leads to errors up to10 ms. The traveltime errors when
using the distance-weighted averaging of extrapolated traveltimes are much smaller (less than10−3 ms).

In the second example (constant velocity gradient model) weshow the influence of the distance depen-
dent weights on the accuracy of computed traveltimes. To analyze this influence we compute the traveltimes
with and without distance weights. For the computation of traveltimes with the WRT technique, we use a
time step of wavefronts of70 ms, a node-distance threshold of300 m and a time-difference threshold of
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Figure 5: Results of the computation in the homogeneous velocity model in two vertical slices: (a), (c)
and (e) for the vertical slice aty = 2 km; (b), (d) and (f) for the vertical slice atx = 2 km. (a) and (b)
Wavefronts constructed from analytically computed traveltimes. (c) and (d) Traveltime errors due to the
linear interpolation. (e) and (f) Traveltime errors due to the distance-weighted averaging of extrapolated
traveltimes. Note the different error scales.
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1 ms.
The wavefronts constructed from analytical traveltimes are shown in Figure 6a and 6b. The traveltime

errors due to the the non-weighted averaging of extrapolated traveltimes (Figure 6c and 6d) are small along
the rays and along the wavefronts, but the errors are large within the cells. The errors can be substantially
reduced when using the distance dependent weights (Figure 6e and 6f). In this example, the maximal
traveltime error has been reduced by a factor20 (from 0.3 ms to0.015 ms)

The distribution of the errors for traveltimes computed by the distance-weighted averaging of extrapo-
lated traveltimes in the vertical slice defined byy = 2 km (Figure 6e) leads to two observations. First, the
traveltime error increases with the increase of the difference in the wavefront curvature between adjacent
ray. In the second numerical example, this difference is large at small traveltimes. In these regions the
traveltime error is controlled by the time-difference threshold. Second, the insertion of a new ray reduces
the traveltime errors. Note that this is true only if the new ray is traced from the source.

CONCLUSIONS

The insertion of a new ray by tracing it directly from the source increases the accuracy of traveltimes and
permits a lower ray density, i.e., larger cells, than in other WFC methods. For an efficient estimation of
traveltimes within large cells, we have presented the distance-weighted averaging of extrapolated travel-
times. The extrapolation of traveltimes uses the wavefrontcurvature. We have shown that not only the
extrapolation of traveltimes but also the distance dependent weights are important for the accuracy of the
traveltime estimation. Because the accuracy of the estimation depends on the difference in wavefront cur-
vature, we use this difference as an insertion criterion fornew rays. This criterion permits a better control
of the traveltime errors and of the ray density.
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Figure 6: Results of the computation in the constant velocity gradient model in two vertical slices: (a),
(c) and (e) for the vertical slice aty = 2 km; (b), (d) and (f) for the vertical slice atx = 2 km. (a) and
(b) Wavefronts constructed from analytically computed traveltimes. (c) and (d) Traveltime errors due to
the non-weighted averaging of extrapolated traveltimes. (e) and (f) Traveltime errors due to the distance-
weighted averaging of extrapolated traveltimes.
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ABSTRACT

Seismic traveltimes are required for a variety of applications. We present a wavefront-oriented ray-
tracing technique for the computation of traveltimes in a smooth3D anisotropic model. In this method,
we propagate a wavefront stepwise through the model and interpolate output quantities (e.g., travel-
time, slowness) from rays to gridpoints. In contrast to isotropic media, where the input is a velocity
model, the model for an anisotropic medium is defined by21 elastic parameters at each gridpoint. To
interpolate the elastic parameters to arbitrary points we use the Cardinal spline interpolation. For a
homogeneous transversely isotropic medium a comparison with reference traveltimes for qP-waves
shows that the maximum absolute errors do not exceed0.04 ms. In addition we compute traveltimes
for an inhomogeneous triclinic model. While we have no analytical solutions to verify the computed
traveltimes, we compared our results to traveltimes computed by an FD perturbation method.

INTRODUCTION

Seismic traveltimes are used in many processing techniques, such as Kirchhoff migration and traveltime
tomography. There are two major approaches for the computation of traveltimes in anisotropic media:
ray-tracing methods (see, e.g.,Červený, 1972; Gajewski and Pšenčik, 1987) and methods which are based
on a numerical solution of the eikonal equation using finite differences and perturbation (see, e.g., Ettrich
and Gajewski, 1998; Lecomte, 1993). The main criteria to compare these methods are the accuracy and the
efficiency (Leidenfrost et al., 1999).
Unfortunately, the traditional, i.e. two-point ray-tracing method is computationally expensive when travel-
times are required for an entire2D or 3D grid. During the last years several authors have introduced new
ray-tracing based methods, so called wavefront construction methods (Vinje et al., 1993; Lambaré et al.,
1996). The basic idea of wavefront construction is to propagate a ray field rather than a single ray. For
anisotropic media the propagation is performed by solving the kinematic ray-tracing system introduced by
Červený (1972).
In the last year Coman and Gajewski (2001) presented an implementation to compute traveltimes by
wavefront-oriented ray tracing in inhomogeneous isotropic media. Based on this efficient and accurate
technique for isotropic media, we now extended the wavefront-oriented ray-tracing technique to compute
qP-wave traveltimes in smooth3D anisotropic media. Since we wish to consider arbitrary types of sym-
metry the3D model for an anisotropic medium is defined by21 elastic parameters and the density for
every gridpoint. This leads to a more complicated formalismfor the kinematic ray-tracing system than for
isotropic media. Therefore we had to change the representation of the model: Instead of using trilinear
interpolation, we compute the elastic parameters and the derivatives at arbitrary points by Cardinal spline
interpolation. This makes the algorithm more efficient in terms of computational storage and CPU time.
After an introduction to the method we give several numerical examples. We demonstrate the accuracy
of the method by comparing the traveltimes computed for a homogeneous transversely isotropic model
to exact traveltimes. While we have no analytical solutionsfor an inhomogeneous anisotropic model, we
compare our results with an alternative method for traveltime computation, the FD perturbation method

mailto:kaschwich@dkrz.de
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(Soukina and Gajewski, 2001).

THE METHOD

The wavefront-oriented ray-tracing technique presented by Coman and Gajewski (2002) for a smooth 3D
isotropic medium is based on the idea of wavefront construction (WFC). Our implementation is an exten-
sion of this method to3D smooth anisotropic media. In this part, we give a short overview of the theoretical
background, i.e. the formalism of the kinematic ray-tracing system and the definition of the initial con-
ditions in anisotropic media. Also, we explain some implementation details of the algorithm, e.g., the
interpolation of the elastic parameters.

The kinematic ray-tracing system

The ray field is propagated by kinematic ray tracing (KRT). For the 3D anisotropic case the KRT-system is
given by, e.g.,̌Cervený (2001),

dxi

dτ
= aijklplDjk/D,

dpi

dτ
= −1

2

∂ajkln

∂xi
pkpnDjl/D. (1)

The Einstein summation convention applies over all repeated lower indices andaijkl represents the density-
normalised elastic tensor,xi are the Cartesian coordinates;pi are the components of the slowness vector~p,
andτ is the traveltime along the ray. TheDjk andD are given by (see, e.g.,Červený, 2001):

D11 = (Γ22 − Gm)(Γ33 − Gm) − Γ2
23,

D22 = (Γ11 − Gm)(Γ33 − Gm) − Γ2
13,

D33 = (Γ11 − Gm)(Γ22 − Gm) − Γ2
12,

D12 = D21 = Γ13Γ23 − Γ12(Γ33 − Gm),

D13 = D31 = Γ12Γ23 − Γ13(Γ22 − Gm),

D23 = D32 = Γ12Γ13 − Γ23(Γ11 − Gm),

D = D11 + D22 + D33.

(2)

The quantityGm is them-th eigenvalue of the Christoffel matrixΓik, wherem denotes the type of ele-
mentary wave we wish to compute (e.g., qP- or qS-wave). The Christoffel matrix is given by the relation

Γik = aijklpjpl. (3)

Furthermore, the eikonal equation

Gm = ΓikDik/D = aijklpjplDik/D = 1 for m = 1, 2, 3 (4)

is satisfied along the ray. Therefore, Equation (4) should betaken into account in Equation (2).
The ray-tracing system (1) is identical for all types of waves (e.g., qP-wave or qS-wave) that can propagate
in an anisotropic smooth inhomogeneous medium. Therefore,the type of wave is specified by the initial
conditions, which are introduced in the next section.

Initial conditions

In contrast to the isotropic case the directions of the slowness vector~p and the ray velocity vector~U are
different in an anisotropic medium. The direction of propagation of the wavefront is specified by the unit
vector ~N , given by the direction of the slowness vector~p = ~N/C, and of the phase velocityC, where
C = [pipi]

−1/2.
The initial conditions for a single ray of one particular selected wave passing through a pointS, the source
position, can be most easily expressed by defining the initial direction of slowness vector~p at the pointS.
The initial conditions for the ray tracing system (1) may then be expressed by

atS : x
(m)
i = x

(m)
i0 , p

(m)
i = p

(m)
i0 , m = 1, 2, 3, (5)
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S

new ray

t + Dtt ii

Figure 1: Graphical description of the WFC methods: the propagation of the ray field with a constant
traveltime step∆τ . If necessary, we insert a new ray by tracing it directly fromthe source

wherep
(m)
i0 satisfy the eikonal equation (4) at the source locationS corresponding to the particular wave

denoted bym. To express the slownessp(m)
i0 , we define the components of the phase normal vector~N0

using the take-off angles,i0 andφ0 at the source

N10 = sin i0 cosφ0, N20 = sin i0 sin φ0, N30 = cos i0. (6)

After solving the eigenvalue problem to compute the phase velocity at the sourceC(m)
0 , the components of

the slowness vector~p(m) atS are given by

p
(m)
10 = N10/C

(m)
0 , p

(m)
20 = N20/C

(m)
0 , p

(m)
30 = N30/C

(m)
0 . (7)

Propagation of wavefronts

The first step is the definition of a single ray by its initial conditions (5). To increase the efficiency the
wavefront construction methods propagate a ray field ratherthan a single ray (see also Figure 1). To prop-
agate the wavefront stepwise through the model we solve the KRT-system (1) for every timestep∆τ using
a fourth-order Runge-Kutta method. To provide a high accuracy the ray density is evaluated after every
timestep and, if necessary, new rays are inserted. The insertion of a new ray is performed by tracing it from
the source (see Coman and Gajewski, 2001). To decide if a new ray has to be inserted three criteria are
applied: (1) the distance between two adjacent rays exceedsa predefined threshold, (2) the difference in
wavefront curvature between two adjacent rays exceeds a predefined threshold, (3) two adjacent rays cross
each other. If one of the insertion criteria is satisfied, we insert a new ray by tracing it directly from the
source. The initial conditions for the inserted ray are defined by halving of intervals of the initial conditions
of the parent rays at the sourceS.
Using the KRT-system (1) we get the traveltime along the ray,but for Kirchhoff depth migration the travel-
times are needed on a rectangular grid. Therefore, we interpolate the output quantities on a Cartesian grid
(for details see Coman and Gajewski, 2001). The wavefront curvature is needed for the interpolation to
the grid. To make the method more efficient we use the positionand the direction of the slowness for two
adjacent rays and then approximate the wavefront curvature, instead of using dynamic ray tracing.
For Kirchhoff migration traveltimes on fine grids are needed. From the point of computational effiency it
is advisable to calculate traveltimes on a coarse grid and then interpolate onto the fine grid, using, e.g., the
hyperbolic interpolation by Vanelle and Gajewski (2002).
Following Vinje et al. (1996), we start with12 rays from the source point which pass through the vertices of
an icosahedron. To increase the ray density leaving from thesource vicinity additional rays are introduced
by interpolation on the surfaces of the icosahedron. Usually we start with320 rays, which corresponds to
two repeated interpolation steps.
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Representation of the model

For our implementation we need the model defined on a discreteregular grid. In a complex inhomogeneous
medium21 elastic parameters and the density are required for each gridpoint. For the evaluation of the
elastic parameters at arbitrary points, we used the Cardinal spline interpolation (Thomson and Gubbins,
1982).
To use the Cardinal spline interpolation instead of, for example, the cubic splines has significant advantages
in terms of computational storage and time. If we used cubic splines (Späth, 1973) we would have to
calculate four coeffients for each grid increment in each dimension. For a model defined on a101× 101×
101 grid cube, we would thus have to compute and store64.000.000 coefficients. Using the Cardinal spline
interpolation we have to calculate and store only about400 values (depends on the chosen accuracy of the
interpolation). The elastic parameters at an arbitrary point are interpolated from the nearest gridpoint where
the parameters are known, using the distance between the points as weighting term.
Also, using Cardinal splines instead of, e.g., linear interpolation, we can compute the first spatial derivatives
of the elastic parameters, which are needed to solve the KRT-system, without storing them on the regular
grid.

NUMERICAL RESULTS

To illustrate the accuracy of the traveltime computation bywavefront-oriented ray tracing in 3D anisotropic
media we chose two types of models. To estimate the accuracy we considered a homogeneous transversely
isotropic model, because here we know the exact solutions. We use the Voigt-notationAmn for the density-
normalised tensoraijkl with the usual correspondencem → i, j andn → k, l: 1 → 1, 1; 2 → 2, 2;
3 → 3, 3; 4 → 2, 3; 5 → 1, 3; 6 → 1, 2. The density-normalised elastic parameters of the example
medium are given by

A =




15.96 6.99 6.06 0.00 0.00 0.00
15.96 6.06 0.00 0.00 0.00

11.40 0.00 0.00 0.00
2.22 0.00 0.00

2.22 0.00
4.48




[km2/s2]. (8)

A model cube of100 × 100 × 100 is considered. The grid spacing is10 m in each direction. The source
point is located in the center of thex-y plane and in a depth of60m at the position (0.5, 0.5, 0.06km). The
results of the comparison between exact traveltimes and traveltimes computed by wavefront-oriented ray
tracing are shown in Figure 2. Usually, we have the highest wavefront curvature near the source. Therefore,
the maximum relative error of0.11% is located in this region. The relative errors near the source appear
exaggerated since there the traveltimes themselves are very small. The observed average relative error is
only 1.15 ·10−3%. In addition, we show the absolute traveltime error (see Figure 3(a)). The maximal abso-
lute error4 · 10−2ms is located in the source region. We observed an average absolute error of1 · 10−3ms.
Figure 2(b) visualises that we have for the most part of the model only random numerical errors. For this
homogeneous anisotropic model the traveltimes computed with our implementation are nearly exact.

Since we have no exact traveltimes for a heterogeneous anisotropic medium, we compare traveltimes
calculated by wavefront-oriented ray tracing with traveltimes obtained by the FD perturbation method
(Soukina and Gajewski, 2001). To estimate the error distribution for both methods, we calculate the abso-
lute traveltime error for the homogeneous anisotropic model and use this knowledge for a heterogeneous
anisotropic model.
In Figure 3 the absolute traveltime errors in comparison to the FD perturbation method (Soukina and
Gajewski, 2001) are shown. The FD perturbation method accumulates absolute traveltime errors with in-
creasing distance from the source location (see Figure 3(b)). The wavefront-oriented ray tracing has only
small errors in the source region, and the absolute error distribution in the rest of the model is nearly ho-
mogeneous. We use this knowledge about the error distribution for both methods to assess the quality of
our implementation for traveltimes in a heterogeneous anisotropic model.
As an inhomogeneous anisotropic example we used a factorised anisotropic medium (FAM). FAM were
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Figure 2: Wavefronts in a homogeneous transversely isotropic model.The upper figures shows slices with
different distances in depth from the source location (0.5, 0.5, 0.06 km). The figures below shows vertical
slices through the source position. The underlying greyscale images show the relative errors. Please note
the different error scales.



Annual WIT report 2002 217

0

0.2

0.4

0.6

0.8

1.0

de
pt

h 
[k

m
]

0 0.2 0.4 0.6 0.8 1.0
X [km]

abs. traveltime error [ms]

0 0.02 0.04

(a) Wavefront-oriented ray tracing

0

0.2

0.4

0.6

0.8

1.0

de
pt

h 
[k

m
]

0 0.2 0.4 0.6 0.8 1.0
X [km]

abs. traveltime error [ms]

0 1 2 3

(b) FD perturbation method

Figure 3: Absolute traveltime errors for the homogeneous transversely isotropic model, both figures shows
ax–z slice to represent the error distribution for the differentmethods; left: wavefront-oriented ray tracing;
right: FD perturbation method. Please note the different error scales.

introduced byČervený (1989). To construct FAM we multiplied the same elastic parameters by an individ-
ual factor for each gridpoint.
The elastic parameters for the triclinic sandstone are (Mensch and Rasolofosaon, 1997):

A =




6.77 0.62 1.0 −0.48 0.00 −0.24
4.95 0.43 0.38 0.67 0.52

5.09 −0.28 0.09 −0.09
2.35 0.09 0.00

2.45 0.00
2.88




[km2/s2]. (9)

For the uppermost100m the factor has the constant value3.0, underneath the factor increased linearly
with depth up to a value of3.4 at the bottom of the model. The size of the model and the location of the
source are as in the first example. Figure (4) shows the calculated differences between traveltimes from
the FD perturbation method and the traveltimes obtained by wavefront-oriented ray tracing. The solid lines
display the wavefronts calculated by our method, whereas the dotted lines visualise the results from the FD
perturbation method. The maximum absolut traveltime difference is2.3 ms and we observed an average
absolute traveltime difference of0.6 ms. It can be seen, that the behaviour and the order of traveltime
differences are similar to the observed errors in the previous model.
In conclusions of these observations, the accuracy of the anisotropic wavefront-oriented ray tracing is
nearly constant over the whole3D model. Although the FD perturbation method is faster, its accuracy
decreases with growing distance from the source.

CONCLUSIONS

We have presented a new implementation to compute traveltimes in 3D heterogeneous anisotropic media
with arbitrary symmetry based on wavefront-oriented ray tracing. We have shown the representation of
the model, which is defined by the elastic parameters. The elastic parameters on arbitrary positions are
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Figure 4: Wavefronts for the factorised triclinic anisotropic model. The solid lines show the wavefronts
calculated by wavefront-oriented ray tracing, whereas thedotted lines represent the traveltimes obtained
by the FD perturbation method. The underlying greyscale illustrates the absolute traveltime error between
both methods in ms.
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computed by Cardinal spline interpolation. A first numerical example illustrates the accuracy of our method
for the computation of traveltimes of qP-waves in a homogeneous transversely isotropic model. We have
also evaluated the computation of traveltimes in a heterogeneous anisotropic model. There we compared
the traveltimes calculated by wavefront-oriented ray tracing to traveltimes obtained by a FD perturbation
method.
In general, the method is valid for qS-waves also, if we assume that we have two well-separated qS waves.
That means we have strongly anisotropic media and no shear wave singularities. Therefore, future work
must be devoted to calculate numerical examples for qS-waves in inhomogeneous anisotropic models.
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INTRODUCTION

Numerical modeling of seismic wave propagation in realistic (complex) media is an important tool used in
earthquake and exploration seismology. It has been used to support interpretations of field data, to provide
synthetic data for testing processing techniques and acquisition parameters, and to improve seismologists’
understanding of seismic wave propagation. Since the widely used finite-difference (FD) approaches are
based on the wave equation without physical approximations, the methods account not only for direct
waves, primary reflected waves, and multiply reflected waves, but also for surface waves, head waves, con-
verted reflected waves, and waves observed in ray-theoretical shadow zones (Kelly et al., 1976).
Staggered grid FD operators are commonly applied to computethe derivatives occurring in the wave equa-
tions for elastic, viscoelastic, and anisotropic media (e.g. (Virieux, 1986; Levander, 1988; Robertsson et al.,
1994; Igel et al., 1995)). However, the standard FD operators cause instabilities when the medium possesses
high contrasts in material properties. Boundary conditions of the elastic wavefield at high contrast discon-
tinuities have to be defined explicitely in the FD algorithm (e.g. (Robertsson, 1996)). Instability problems
can be avoided by using the so-called rotated staggered grid(RSG) technique (Saenger et al., 2000): the
boundary conditions at high contrast discontinuities are implicitly fulfilled by the distribution of material
parameters.
The numerical accuracy of the RSG for modeling scattering atempty fractures was successfully verified by
comparison with an analytical solution (Krüger et al., 2002). Therefore, this grid is for example a powerful
tool to study effective velocities in fractured media (Saenger and Shapiro, 2002; Saenger et al., 2002).
The RSG has been so far applied to displacement-stress formulations of the wave equations (Saenger et al.
2000). The first objective of this paper is to show that the RSGtechnique can also be adopted to velocity-
stress formulations of the wave equations. Velocity-stress formulations are advantageous to model seismic
wave absorption (Carcione et al., 1988; Robertsson et al., 1994; Bohlen, 2002). By applying the RSG to
the 3-D viscoelastic wave equation it becomes possible to simulate the propagation of seismic waves in a
viscoelastic medium containing voids or free surface topography without applying explicit boundary con-
ditions.
The second objective of this paper is the application of the RSG-technique to the anisotropic elastic wave
equation. Many papers (e.g. (Komatitsch et al., 2000; Carcione et al., 2002)) report that there is a dis-
advantage in using standard staggered grids for anisotropic media of symmetry lower than orthorhombic.
Standard staggering implies that off-diagonal stress and strain components are not defined at the same lo-
cation. When evaluating the stress-strain relation, it is necessary to sum over a linear combination of the
elastic constants multiplied by the strain components. Hence some terms of the stress components have to
be interpolated to the locations where the diagonal components are defined. This fact leads to an additional
error in the dispersion analysis (Igel et al., 1995). For therotated staggered grid such an interpolation is
not necessary. We show with an accuracy analysis that the RSGcan be advantageous for modeling gen-
eral anisotropic media. The modeling of anisotropic elastic waves using the RSG is demonstrated with a
simulation example.

mailto:saenger@geophysik.fu-berlin.de


222 Annual WIT report 2002

(a)

g
h x

z

i i

i i

i

i

i

ii jj λ µ
σxx σzz

µ σxz vz ρ

vx
ρ

vz ρ

vx
ρ

(b)

kkl
mmn

x̃

z̃

i i

i

i

i

j j

jj

λ µ (cIJ)
σxxσxzσzz
(τσl , τp, τs)

ρ
vx vz

ρ
vx vz

ρ
vx vz

ρ
vx vz

(c)

g
h x

z

i i

i i

i

i

i

ii jρ λ µ
εxx εzz

µ εxz uz

ux

uz

ux

(d)

kkl
mmn

x̃

z̃

i i

i

i

i

j j

jj

λ µ (cIJ)
εxxεxzεzz

ρ
ux uz

ρ
ux uz

ρ
ux uz

ρ
ux uz

ij gridpoints i staggered gridpoints

cIJ : stiffness ρ : density εik : strain σik : stress vzo vx : z-, x-velocity

τσl o τp o τs : absorbtion parameters uzoux : z-, x-displacement λ o µ : Lamé parameters

Figure 1: Elementary cells of different staggered grids. Locations where strains, displacements, velocities
and elastic parameters are defined.(a) velocity-stress FD technique using a standard staggered grid. (b)
velocity-stress FD technique using the rotated staggered grid. (c) displacement-stress FD technique using
a standard staggered grid.(d) displacement-stress FD technique using the rotated staggered grid. Please
note that for the RSG all components of one physical propertyare placed only at one location ((b) and(d)).
This fact is the main reason for the enhanced (high-contrast) stability.

THE PRINCIPLE OF THE ROTATED STAGGERED GRID: DISCRETIZATIO N

The differential equations and the basic numerical procedures for displacement-stress and velocity-stress
FD schemes are well known and can be found in the papers mentioned above. Viscoelasticity can be imple-
mented in velocity-stress schemes in a very efficient way. The parametersτσl, τp andτs can be optimized
for the desired frequency independent Q (Blanch et al., 1995; Bohlen, 2002). The differential equations for
the velocity-stress and the displacement-stress FD schemewere recast into discretized equivalents using
staggered-grid approaches. As a result all modeling parameters are distributed at different (staggered and
non-staggered) positions within the FD grid. The main idea of the rotated staggered grid is to change the
directions of the derivatives to obtain a new distribution of modeling parameters. The necessary FD opera-
tors for the rotated and the standard staggered grid are discussed in detail in (Saenger et al., 2000).
For the sake of simplicity, we consider here an isotropic elastic medium in two dimensions with equal grid
spacing inz- andx-direction. However, the results shown in Fig. 1 are also transferable to rectangular cells
in three dimensions and all kinds of anisotropic elastic media.
The most important point is that for the RSG all components ofone physical property are placed only at
one single location (Fig. 1(b) and (d)). This fact is e.g. themain reason for the enhanced (high-contrast)
stability. For the viscoelastic case in Fig. 1(b) the parametersτσl, τp andτs have the same position asσij .
For the rotated staggered grid in the case of anisotropic elastic media all elements of the elastic stiffness
tensorcij have the same position as for the isotropic caseλ andµ (see Fig. 1(b) and (d)). Therefore,
the new distribution of elastic parameters is also advantageous for modeling in general anisotropic media,
because no interpolation is necessary to calculate the Hooksum in the modeling algorithm.
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NUMERICAL STABILITY AND DISPERSION

In Saenger et al. (2000) numerical stability and grid dispersion of the RSG for isotropic elastic media are
investigated. Though only the displacement-stress schemeis explicitly treated in this paper, all results also
apply to the velocity-stress scheme (see also Moczo et al. (2000)). This can be reviewed by taking the dif-
ference of the finite-difference solution for the velocity components of the velocity-stress scheme at times
l + 1 andl and substituting the constitutive laws into the equation ofmotion. This provides a second-order
system of difference equations in velocities only (Eq.(5) of Levander (1988)). The analogous equation of
displacement-stress schemes for the derivation of the dispersion relation is Eq.(34) of Saenger et al. (2000).
In this paper we extend the dispersion relation found by Igelet al. (1995) for general anisotropic 3D media
using aO(∆tNtime , ∆xNspace) standard staggered grid to the rotated staggered grid. As for the isotropic
case the results are valid for displacement-stress and velocity-stress FD schemes. A general recipe how to
extend the elastic dispersion analysis to the viscoelasticcase can be found in Robertsson et al. (1994).
The general dispersion equation for the RSG and the standardstaggered grid FD scheme express the fre-
quencyω̃ as a function of the numerical wavenumberk̃, the eigenvaluesλl(k̃, cIJ , ρ, d→

ij
, d←

ji
) of the matrix

M̂ (l = 1, 2, 3 for qP-, qS1- and qS2-waves), and the order of the time extrapolationNtime as (Eq.(45) of
Igel et al. (1995)):

ω̃l(k, ∆t) =
2

∆t
arcsin

√√√√−1

2

Ntime/2∑

n=1

(−1)nλn
l (k̃, cIJ , ρ, d→

ij
, d←

ji
)
∆t2n

(2n)!
, (1)

where∆t is the time increment of the used FD scheme,cIJ are the elements of the elastic stiffness tensor,
ρ denotes the density, andd→

ij
, d←

ji
are interpolation operators. The definition of the matrixM̂ is given with

Eq.(44) of Igel et al. (1995).
For the standard staggered grid one has to use (in Eq.(1)) thefollowing numerical wavenumber̃kj and the
interpolation operatorsd→

ij
andd←

ji
:

k̃j =
2

∆xj

Nspace/2∑

m=1

[
pm sin(kj

2m − 1

2
∆xj)

]
(2)

(Eq.(5) of Crase (1990) and Eq.(35) of Igel et al. (1995)),

d→
ij

= d←
ji

= 2

Nspace/2∑

m=1

[
dm cos(ki

2m − 1

2
∆xi) cos(kj

2m − 1

2
∆xj)

]
(3)

(Eq.(22) of Igel et al. (1995) and text below), where∆xj is the grid spacing in thej-direction,kj is the
jth component of the wavenumberk, pm are the finite-difference coefficients (e.g. (Holberg, 1987)) and
dm are the coefficients of the interpolation operator.

For the rotated staggered grid one has to use (in Eq.(1)) the numerical wavenumber̃kj
rot

. The interpolation
operatorsd→

ij

rot andd←
ji

rot are simply equal one because this kind of interpolation is not necessary for the

RSG:

k̃j
rot

=
2

∆xj

Nspace/2∑

m=1


pm sin(kj

2m − 1

2
∆xj)

3∏

i=1

i6=j

cos(ki
2m − 1

2
∆xi)


 , (4)

d→
ij

rot = d←
ji

rot = 1. (5)

The stability criterion for aO(∆tNtime , ∆xNspace) FD scheme can be found by analyzing the following
inequality (Crase, 1990):

0 ≤ −1

2

Ntime/2∑

n=1

(−1)nλn
l (k̃, cIJ , ρ, d→

ij
, d←

ji
)
∆t2n

(2n)!
≤ 1 (6)
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Figure 2: A comparison of the relative error of the phase velocity (Arel = |ω(k)/(vph(k)|k|) − 1|) of the
qS2-wave in the xz-plane between the standard staggered grid and the rotated staggered grid is shown. The
medium has triclinic symmetry. The dashed line represents the results for the standard staggered grid, and
the solid line shows the results for the rotated staggered grid with exactly the same modeling parameters.
The dotted line is obtained for the rotated staggered grid with an increased timestep by a factor of

√
3 (The

RSG is in general more stable than the standard staggered grid).

For a general anisotropic medium this is not easily calculated. However, the stability criterion for velocity-
stress and displacement-stress RSG schemes (2nd order time, i.e. Ntime = 2) for isotropic media can be
found in Saenger et al. (2000):

∆tvp

∆h
≤ 1/(

Nspace∑

k=1

|pk|). (7)

In this equationvp denotes the compressional wave velocity and∆h the grid spacing. For the 3D case
this is more stable by a factor of

√
3 than for the standard staggered grid (Saenger et al., 2000).In the

anisotropic case, a good first approximation can be made by replacingvp in Eq.(7) by the maximum phase
velocity of the anisotropic media (Igel et al., 1995).
For a comparison of both finite-difference schemes (i.e. theRSG and the standard staggered grid) we
consider exactly the same triclinic media as defined in Eq.(47) of Igel et al. (1995). We focus on the qS2-
wave case because there one can observe the maximum relativeerror of the phase velocity (see e.g. Fig. 6
of Igel et al. (1995)). Here we compare both schemes with a relative accuracy ofO(∆t2, ∆x2) at 20%
Nyquist (dispersion parameterH = |k|∆h/(2π) = 0.1) with ∆t = 0.146(s/m)∆x. This is about 20%
of the stability limit for the standard staggered grid. The used coefficients of the FD and the interpolation
operators arep1 = 1 andd1 = 0.5, respectively. The results in Fig. 3 can qualitatively compared with the
qS2-case of Fig. 7 of Igel et al. (1995). The conclusion of ourdispersion analysis between the two different
FD schemes is obvious: For this specific triclinic medium theapplication of the rotated staggered grid is
advantageous. However, for any triclinic medium one has to repeat the analysis described above because:
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• The error of the wave properties in the general anisotropic case for staggered finite difference grids
depends on the length of the used operators, the symmetry system of the anisotropic medium, the
orientation of the symmetry axis with respect to the coordinate axis and, this is very important, the
degree of anisotropy (Igel et al., 1995).

• The ratio of the maximum relative error of the phase velocitybetween the RSG and the standard
staggered grid depends for general anisotropic media on thedispersion parameterH = |k|∆h/(2π).

ANISOTROPIC MODELING EXAMPLE

The RSG has been applied to a displacement-stress formulation of the 2D elastic wave equation for
anisotropic media. In the example we demonstrate that the RSG allows for modeling anisotropic wave prop-
agation in media with a strong contrast in elastic parameters. We built a 2D-model with two different half-
spaces surrounded by a thin (0.5cm) vacuum layer (cIJ = 0, ρ = 0.00001kg/m3). The two half-spaces
have a total size of68cm × 64cm using a grid spacing of0.5mm. The left-hand side is a transversely
isotropic zinc crystal which is characterized byc11 = 16.5 × 1010 N/m2, c13 = 5 × 1010 N/m2, c33 =
6.2 × 1010 N/m2, c55 = 3.96 × 1010 N/m2 and a density ofρ = 7100 kg/m3. For the isotropic
media (an ’isotropic’ version of zinc) on the right-hand side we usec11 = 16.5 × 1010 N/m2, c55 =
3.96 × 1010 N/m2 andρ = 7100kg/m3. The source is a vertical point force (with a Gaussian taper)
located2cm to the left of the interface in the anisotropic half-space. The source time function is a Ricker
wavelet with dominant frequencyf0 = 170KHz. The simulation uses 4000 timesteps of∆t = 25ns. To
interpret the different phases in the first snapshot shown inFig. 3 we refer to Carcione et al. (1992) and
Komatitsch et al. (2000). They have studied previously a (very) similar problem.
As mentioned by Hestholm (2002) high-order FD methods will not decrease the numerical dispersion of
Rg (fundamental mode Rayleigh) waves, only closer spatial sampling will, so second-order FDs may as
well be used along a free surface topography. Consequently,below the vacuum (the three ’free’ surfaces of
our model), the FD order is gradually increased via 4 and 6 up to 8, which is the order in the interior of the
medium. In the second snapshot of the simulation (Fig. 3) theinteraction of the different waves with the
’free’ surfaces is shown.

CONCLUSIONS

We have shown that the rotated staggered grid can be applied to the velocity-stress formulation of the
viscoelastic wave equation and to the displacement-stressformulation of the elastic wave equation for
anisotropic media. In both cases implementation of the RSG expands the range of applications. The new
FD algorithm allows modeling of absorbing media with high contrast in material properties. Additionally,
wave propagation in 3D anisotropic media can be modeled veryaccurately, because in contrast to standard
staggered grid schemes no interpolation is necessary to calculate the Hook sum. The method is efficient
and flexible and has a broad range of practical use, for example modeling of small-scale cracks (e.g. filled
with viscous fluid) or topography of the earth surface.
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Carcione et al. (1992) and Komatitsch et al. (2000).
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ABSTRACT

Tomographic simultaneous inversion of quasiP - andS-waves in anisotropic media is a powerful
tool to determine the elastic properties of the medium. Applying tomographic inversion in weakly
anisotropic media for eitherqP - or qS-wave traveltimes alone allows to determine a limited number
of elastic parameters. Only ifqP - andqS-wave traveltimes are jointly inverted, the whole elastic
tensor of the weakly anisotropic medium can be determined. The inversion ofqS-wave traveltimes,
however, leads to non-linear inversion relations. If also the observedqS-wave polarisation vectors
are introduced into the inversion, the tomographic relations forqS-waves linearise and are formally
identical to those forqP -waves. Numerical results for a homogeneous transversely isotropic (TI)
model show that the full elastic tensor can be reconstructedand the elastic parameters of this tensor
are in good accordance with the TI-medium under consideration. Inverting the full tensor of elastic
parameters is useful if no a priori information on the symmetry and/or the orientation of the anisotropy
system is available. If such information is available, a constrained inversion with a limited number of
elastic parameters can be performed. An investigation of the sensitivity of the inversion with respect
to errors in the orientation of theqS-wave polarisation vectors revealed that the inversion results are
only slightly affected if errors of up to25o are introduced.

INTRODUCTION

Anisotropic model building from surface seismic reflectiondata is a very challenging task since one has to
deal with variations of the elastic parameters and the reflector depth simultaneously. If down-hole or cross-
hole data are available, the inversion is less complicated since transmission data are considered. The basic
relations for traveltime perturbations in weakly anisotropic media were established in 1982 (Červený, 1982;
Hanyga, 1982). First applications of these formulae in an inversion scheme forqP -waves were published,
e.g. byČervený and Jech (1982), who investigated transversely isotropic (TI) media with a non-vertical
symmetry axis, or by Chapman and Pratt (1992) who consideredarbitrary anisotropy, but restricted the
inversion to 2-D wave propagation (i.e., rays remain in a plane containing the borehole). Most of the
investigations published so far considerqP -waves. Jech and Pšenčík (1992) performed a joint inversion
for qP - andqS-waves in TI media. For quasi-shear waves the relations for traveltime perturbations are
intrinsically more complicated than for the quasi-compressional waves. In the homogeneous case the
traveltime perturbations∆τ (M) due to the perturbations of the elastic parameters∆aiklm read as follows
(see e.g. Jech and Pšenčík, 1989;Červený, 2001):

∆τ (M) = −τ0

2
∆aiklm p

(M)
i p(M)

m g
(M)
k g

(M)
l .

Here,p(M)
i andτ0 are components of the slowness vector and traveltime of theS-wave in the isotropic

background medium. IndicesM = 1 and2 correspond toqS1- andqS2-waves. The traveltime perturba-
tions∆τ (M) depends on the polarisation vectorsg(M) in the background medium, which, in turn depend

mailto:soukina@dkrz.de
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on the perturbations of the elastic parameters∆aiklm. This leads to a non-linear behaviour of theqS-wave
traveltime perturbations with respect to the perturbationof the elastic parameters. The polarisation ofP -
waves in the background medium corresponds to the phase normal which is known and, therefore, leads to
linear perturbation relations.

Polarisation data provide additional information on the structure. The polarisation data can be used to
invert for medium parameters as well as to improve the resolution of the tomographic image. Several papers
using the polarisation tomography have been published. Forinstance, Le Bégat and Farra (1997) inverted
qP -wave traveltimes and polarisations of synthetic examplessimulating a VSP experiment. Horne and
Leaney (2000) invertedqP - andqSV polarisation and slowness component measurements obtained from
a walk-away VSP experiment using a global optimisation method. Horne and MacBeth (1994) developed
a genetic algorithm to invert shear-wave observations fromVSP data. They used horizontal polarisations
and time-delays to invert for hexagonal and orthorombic symmetry. The polarisation data were also used
by Hu and Menke (1992), Farra and Le Bégat (1995), Holmes et al. (2000).

In this paper we will present a joint inversion ofqP - andqS-waves in homogeneous weakly anisotropic
media using a linear inversion formalism for bothqP - andqS-waves. The observedqS-wave polarisation
vectors are used to approximate vectorsg(M), (M = 1, 2). With the known vectorsg(M) the relations
between the traveltime perturbations and the perturbations of elastic parameters become linear and formally
identical to the relations forqP -waves. This allows to use the same inversion scheme forqP - as forqS-
waves. We assume that each of the two propagatingqS-waves are recorded separately, i.e., noqS-wave
coupling, and that the observations are not close to singular directions. The traveltimes and polarisations
of qS-waves on three-component seismic records can usually be determined by Alford rotation (see e.g
Alford, 1986; Li and Crampin, 1993; Dellinger et al., 1998).

After this introduction we briefly review the required basicperturbation formulae, followed by the
inversion scheme used in this study. Special emphasis is given to the determination of the vectorsg(M) for
the inversion using the polarisation vectors ofqS-waves. Numerical inversion examples demonstrate the
applicability of the scheme where also the sensitivity to errors in the polarisation vector is discussed.

BASIC PERTURBATION FORMULAE

We consider homogeneous weakly anisotropic media and use the high-frequency approximation of the
wave field. In the case of weak anisotropy the tensor of the elastic parameters is represented by a sum
of the tensor of the density-normalised elastic parametersin an isotropic background medium,a

(iso)
iklm, and

small perturbations∆aiklm describing the deviations from isotropy:

aiklm = a
(iso)
iklm + ∆aiklm. (1)

It is furthermore assumed that the perturbations∆aiklm are formally considered to be of the same order as
ω−1, whereω is the circular frequency.

For media of weak anisotropy the zeroeth-order solution forthe wave field ofqP - andqS-waves is
written in the following form (seěCervený, 2001; Zillmer et al., 1998; Pšenčík, 1998):

uqP =
e−iωτp

√
ρJp(τ, γ1, γ2)

D(γ1, γ2) eiω∆τqP n(γ1, γ2) (2)

uqS =
e−iωτs

√
ρJs(τ, γ1, γ2)

[
A(γ1, γ2) eiω∆τqS1 g(1)(γ1, γ2) + C(γ1, γ2) eiω∆τqS2 g(2)(γ1, γ2)

]
.

Here,uqP anduqS are displacement vectors ofqP - andqS-waves, andτp andτs are traveltimes of the
P - andS-waves in the isotropic background medium, respectively (bold letters denote vectors);Jp andJs

are Jacobians of the transformation from ray coordinates(τ, γ1, γ2) to Cartesian coordinates. The scalar
amplitudesA, C and D are defined by the initial conditions, e.g., by the type of thesource (see e.g.
Gajewski, 1993).

In equation (2), the traveltime perturbation∆τqP is:

∆τqP = −τp

2
∆aiklmpipmnknl, (3)
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wherep is the slowness vector andn = v2
p p is the unit vector tangent to the reference ray of theP -wave

in the isotropic background medium.
In equation (3), the traveltime perturbations∆τqS1 and∆τqS2 are obtained by the formulae

∆τqS1 = −τs

2
λ1, (4)

∆τqS2 = −τs

2
λ2, (5)

whereλ1 andλ2 are eigenvalues of the weak-anisotropy matrix

BIM = ∆aiklmpkpme
(I)
i e

(M)
l , (I, M = 1, 2). (6)

Also in equation (3,) the mutually orthogonal unit vectorsg(1) andg(2) are linear combinations of the
arbitrary mutually orthogonal unit vectorse(1) ande(2) situated in a plane perpendicular to the reference
S-wave ray in the isotropic background medium, i.e.,

g
(1)
i = e

(1)
i cosφ + e

(2)
i sin φ, g

(2)
i = −e

(1)
i sin φ + e

(2)
i cosφ. (7)

The linear combinations (7) are constructed from the eigenvectors(cosφ,− sinφ)T and(sin φ, cos φ)T

corresponding to the eigenvaluesλ1 andλ2 of the weak-anisotropy matrix (6). For more details seeČervený
(2001), Jech and Pšenčík (1989), Zillmer et al. (1998), Pšenčík (1998). For the inversion we will use
equations (4) and (5) for the traveltime perturbations in the form

∆τqS1 = −τs

2
∆aiklm pi pm g

(1)
k g

(1)
l , (8)

∆τqS2 = −τs

2
∆aiklm pi pm g

(2)
k g

(2)
l . (9)

SYNTHETIC VSP EXPERIMENT

We computed three-component seismograms for the followingobservation scheme (see Figure 1). A bore-
hole is situated at the pointX = 0.5 km andY = 0 km of a Cartesian coordinate system with horizontal
X− andY −axes and a verticalZ−axis which is parallel to the borehole. 25 receivers are distributed along
the borehole with a spacing of 30 m. Three types of waves propagating in a homogeneous transversely
isotropic medium with a vertical axis of symmetry (VTI) are recorded at the receivers. The wave fields
are generated at nine different source positions on the surfaceZ = 0, where tilted unit forces are used as
sources. The tilted forces have a fixed orientationF for all source positions such that the orientation is
given by

F = (sin θ cosϕ, sin θ sinϕ, cos θ), where θ = 45◦, ϕ = 45◦. (10)

Synthetic seismograms at the receivers were computed usingstandard anisotropic ray tracing (see e.g.
Gajewski and Pšenčík, 1988). We consider two homogeneous VTI models which differ only in the strength
of anisotropy. The density-normalised elastic parametersare given in Table 1. The corresponding isotropic
background models are obtained from an iteration proceduredescribed below using the formulae for the
best-fitting isotropic medium derived by Fedorov (1968). The orientation of the receivers in the borehole
coincides with the general Cartesian coordinate system, i.e., the two horizontal components are aligned
with theX− andY −axes and the vertical component points along theZ−axis. Examples of the three-
component seismograms for the source positions 1, 3 and 6 (see Figure 1) are shown in Figure 2.

The traveltimesτqP , τqS1 andτqS2 and the unit polarisation vectorsAqP , AqS1 andAqS2 computed
using standard anisotropic ray tracing for each receiver serve as observed data. Using these data we want
to recover the perturbations of the elastic parameters∆aiklm, where we assume that an initial isotropic
background model,a(iso)

iklm, is known.

SCHEME OF INVERSION

For the inversion we use a system of equations formed by the equations (3), (8) and (9) corresponding to
the different source–receiver combinations, where the traveltime perturbations, the slowness vectors and
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Weak Anisotropy (WA), 5% Weak Anisotropy (WA), 10%
p
qqqqqqr

13.59 6.79 6.12 0. 0. 0.

13.59 6.12 0. 0. 0.

12.23 0. 0. 0.

3.06 0. 0.

3.06 0.

3.40

s
ttttttu

p
qqqqqqr

13.59 6.80 5.44 0. 0. 0.

13.59 5.44 0. 0. 0.

10.87 0. 0. 0.

2.72 0. 0.

2.72 0.

3.40

s
ttttttu

Best-fitting isotropic media:

v
(iso)
p = 3.59 km/s v

(iso)
p = 3.48 km/s

v
(iso)
s = 1.80 km/s v

(iso)
s = 1.75 km/s

Table 1: Density-normalised elastic parameters of two homogeneousVTI models (in km2/s2). The models
differ only in the strength of anisotropy.v(iso)

p andv
(iso)
s are the velocities of the compressional and shear

waves in the corresponding isotropic background media.

vectorsg(M), (M = 1, 2) are determined from the observed data. Key issue is the determination of vectors
g(M) to obtain a linear perturbation formula.

For each source–receiver combination in the background isotropic medium traveltimesτp andτs and
the slowness vectors of the compressional and shear waves are computed. The traveltime perturbations
∆τqP , ∆τqS1 and∆τqS2 are the differences between the observed traveltimesτqP , τqS1, τqS2 and the
corresponding traveltimesτp andτs computed in the background medium. The vectorn in equation (4)
is the unit vector along the ray (slowness) in the isotropic background medium at the receiver. The polar-
isationsAqS1 andAqS2 of the two quasi-shear waves are used to estimate the unknownvectorsg(1) and
g(2) needed in the perturbation formulae (8) and (9) by the following procedure. The observed polarisa-
tion vectorsAqS1 andAqS2 are projected onto a plane orthogonal to the reference ray, i.e., orthogonal to
n. Although these projections̃AqS1 andÃqS2 are usually not mutually orthogonal, we can use them to
estimate the vectorsg(1) andg(2). The unit vectors corresponding tõAqS1 andÃqS2 are denoted bỹg(1)

andg̃(2). We now use these vectorsg̃(1) andg̃(2) instead of the unknown vectorsg(1) andg(2) to solve the
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Figure 1: The observation scheme of the numerical experiment. A vertical borehole contains 25 aligned
three-component receivers with 30 m spacing until a depth of750 m. The source positions on the surface
denoted by reference numbers are indicated by triangles. Sources represent a tilted unit force with fixed
orientation for all shots (see eq. 10).
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Figure 2: Synthetic three-component data for the source positions 1,3 and 6 (see Fig. 1) for the model
with 10% anisotropy. The vertical component isZ (right), the horizontal components areX andY (left
and center). Orientations ofX , Y andZ are along the axis of the general cartesian coordinate sytem. The
traveltime is given on the vertical axis against the receiver number on the horizontal axis. Both split shear
waves are visible for the sources at 3 and 6.

inverse problem, i.e, instead of (8) and (9) we use the relations:

∆τqS1 = −τs

2
∆aiklm pi pm g̃

(1)
k g̃

(1)
l , (11)

∆τqS2 = −τs

2
∆aiklm pi pm g̃

(2)
k g̃

(2)
l . (12)

The accuracy of this approximation is investigated below.
The tomographic system is constructed from the equations (3), (11) and (12) corresponding the different

source-receiver combinations. The system can be written ina compact form:

δT = F δm, (13)
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where the vectorδT is formed by the traveltime perturbations∆τqP , ∆τqS1 and∆τqS2. The vectorδT
has a dimensionN of the total number of theqP - andqS-wave observations for all recevers from all
sources. The vectorδm of the perturbations of the elastic parameters∆aiklm has a dimensionL. HereL
is equal to 21 if the full elastic tensor is inverted, andL equal 5 if only five elastic parameters determinig
the VTI medium are inverted (see Appendix). TheL × N matrixF is constructed from the corresponding
components of the slowness vectors, the vectorsg̃(M) or n and the traveltimes in the background medium
(see eqs. 3, 11 and 12). The matrixF is a large, sparse matrix. Since number of the observationsN is
greater then the number of seeked parametersL the system (13) is overdetermined. To find the perturbations
of the elastic parametersδm the singular value decomposition (SVD) technique is used. SVD produces a
solution of system (13) that is the best approximation in theleast-squares sence. SVD searches forδm that
minimiseχ2 such that:

χ2 = |F δm − δT|2.

ACCURACY OF VECTORS g̃(M)

Under the assumption of weak anisotropy the orientations ofall vectorsAqSM , g(M) andg̃(M) (M = 1, 2)
are close to each other (see e.g. Jech and Pšenčík, 1989). The accuracy of this assumption is investigated
in this section. To show how close these vectors are, the following test is carried out for the two models
under consideration (see Table 1). For the construction of matrix B used in equation (6) we choose two
arbitrary mutually orthogonal unit vectorse(1) ande(2) in the plane perpendicular to the reference ray in
the following way:

e(1) =
1√

n2
3 + n2

1




n3

0
−n1


 ; e(2) = n× e(1), (14)

where× denotes the vectorial product andn is the unit vector tangent to the reference ray. These base
vectorsn, e(1) ande(2) vary for each receiver position. For each receiver we compute the vectorsg(M),
(M = 1, 2) using the eigenvectors of matrixB (see eqs. 6 and 7) by solving the eigenvalue problem.

Here we will compare the components of the vectorsg(M) and the polarisation vectorsAqSM from the
observed data with respect to the same coordinate system. This coordinate system is determined by the
base vectorsn, e(1) ande(2). The components ofg(M) with respect to the base vectorse(1) ande(2) are
known from equations (7). Since the vectorsg(M) are located in a plane perpendicular to the reference ray,
they have no components alongn. Then, we compute the components of the polarisation vectors AqSM

with respect to the base vectorsn, e(1) ande(2). The components ofAqSM with respect toe(1) ande(2)

are also the components of the projectionsÃqSM of AqSM onto a plane orthogonal to the reference ray
with respect to the same base vectors. The unit normalized projectionsÃqSM produce the vectors̃g(M)

Figure 3 shows the components of the vectorsg(M) (dotted lines) and the vectorsAqSM (solid lines)
with respect to base vectorsn, e(1) ande(2). Those components are shown for all receivers in the model
with 10% anisotropy for the sources 1, 3, and 6. Because the vectorsg(M) are perpendicular ton, only the
components ofg(M) with respect to base vectorse(1) ande(2) are displayed (i.e., two dotted lines in each
plot). The three solid lines in each plot show the componentsof the vectorAqSM with respect to the base
vectors. The solid lines without dots close to them are the components of the polarisation vectorsAqSM

with respect to base vectorn. Due to the type of symmetry considered (i.e., VTI) one of theqS-waves has
a pureSH polarisation, therefore, its component inn-direction vanishes (see plots on the left of Figure 3).

According to Figure 3 the components ofAqSM and the components of the vectorsg(M) with respect
to base vectorse(1) ande(2) are very close to each other. It is means that the vectorsg̃(M) are close to
the vectorsg(M). We conclude from this numerical test, that the normalised projections of the polarisation
vectorsAqSM onto the plane perpendicular to the ray in the background medium provide good approxima-
tions for the vectorsg(M) (M = 1, 2) needed in the perturbation formulae (8) and (9), i.e., the numerical
test justifies the applicability of relations (11) and (12) instead of (8) and (9). Therefore, relations (11) and
(12) will be used to invert the synthetic data.
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Figure 3: Components of the vectorsg(M) and the polarisation vectorsAqSM (M = 1, 2) for the model
with 10% anisotropy (see Tab. 1) estimated from the synthetic data with respect to the base vectorsn, e(1)

ande(2). The vectorsg(M) andAqSM are shown for all 25 receivers and sources 1, 3, and 6 (see Fig.1).
Solid lines represent components ofAqSM . The components ofg(M) with respect to base vectorse(1) and
e(2) are displayed by dots (for details, see the text).

INVERSION OF SYNTHETIC VSP DATA

The inversion procedure is applied to two VTI models which differ in strength of the anisotropy (see
Table 1). The isotropic reference models are constructed using the following iteration procedure. First,
the velocitiesvp andvs estimated for several source-receiver pairs (i.e. as the distance divided by the
corresponding traveltime) are used as parameters for the isotropic background medium. In the next step the
elastic parameters determined by the inversion are used to construct an updated isotropic reference model
using the formulae for the best-fitting isotropic medium derived by Fedorov (1968) (see also the Appendix).
The inversion is repeated with the updated isotropic background model. The inversion and update of the
isotropic background are repeated until the old velocitiesand the new velocities of the isotropic background
differ only by a small valueε (e.g., 0.01 km/s).

At the receivers the traveltimes of the three types of waves as well as the polarisation vectorsAqS1,
AqS2 are considered. First we assume that there are no errors in these data. To determine the elastic
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Inversion for 21 elastic parameters: Inversion for 5 elastic parameters:
p
qqqqqqr

13.441 6.666 5.436 0.008 0.0111 −0.004

13.402 5.408 −0.022 −0.010 −0.001

10.769 0.057 −0.145 0.

2.625 −0.022 0.016

2.664 0.

3.372

s
ttttttu

p
qqqqqqr

13.432 6.653 5.372 0. 0. 0.

13.432 5.372 0. 0. 0.

10.624 0. 0. 0.

2.627 0. 0.

2.627 0.

3.390

s
ttttttu

Table 2: Inversion results for the model with 10% anisotropy. The elastic parameters were determined
using the inversion procedure for 21 parameters (left) and for 5 parameters (right). These parameters were
used to compute the phase velocities shown in Figure 4 and 5.

Inversion for 21 elastic parameters: Inversion for 5 elastic parameters:
p
qqqqqqr

13.55 6.765 6.060 0.002 0.006 −0.001

13.544 6.054 −0.006 −0.004 0.

12.220 0.015 −0.042 0.001

3.034 −0.006 0.006

3.047 0.

3.393

s
ttttttu

p
qqqqqqr

13.554 6.759 6.044 0. 0. 0.

13.554 6.044 0. 0. 0.

12.179 0. 0. 0.

3.035 0. 0.

3.035 0.

3.397

s
ttttttu

Table 3: Inversion results for the model with 5% anisotropy. The elastic parameters were recovered using
the inversion procedure for 21 parameters (left) and for 5 parameters (right). These parameters were used
to compute the phase velocities shown in Figure 6 and 7.

parameters defining the weakly anisotropic medium we useqP -wave data as well asqS-wave data simul-
taneously. In weakly anisotropic media use ofqP -wave data orqS-wave data alone allows to determine
only 15 of the 21 elastic parameters (see, e.g., Pšenčík and Gajewski (1998) forqP -waves, and equations
(16) and (17) of the Appendix forqS-waves). Only the joint inversion allows to determine the full elastic
tensor of the medium.

For each source–receiver pair and each type of wave the traveltime differences∆τqS1, ∆τqS2 and
∆τqP between observed traveltimes and computed traveltimes in the isotropic background medium are
considered. The vectors̃g(1), g̃(2) are obtained from the synthetic data as described above.

First, for both models the inversion for 21 parameters is performed, meaning that no a priori knowledge
on the type and orientation of the anisotropy is assumed. Thedetermined elastic parameters are shown in
Tables 2 and 3 (left side). The parameters are close to the exact ones, but the type of symmetry is slightly
different from VTI. However, the values of the “non-VTI” parameters, i.e., the off-diagonal elements except
A12, A13 andA23 are very small;A11 is close toA22 andA44 is close toA55 andA13 is close toA23,
which indicates a medium of VTI symmetry. Figures 4 and 6 showthe phase velocities computed from the
inverted 21 elastic parameters and the exact model parameters.

Let us now assume that a priori information on the type and orientation of the anisotropy is available,
i.e., we know that a VTI medium is under investigation. In this case we can restrict the inversion to
five independent elastic parameters. The system of equations (3), (11) and (12) are specified under the
assumptions of a VTI medium for the inversion. The results are presented in Tables 2 and 3 (right, see
also Figure 5 and 7). The inversion results are close to the results of the inversion for 21 parameters. It is
interesting to note that the phase velocities computed fromthe inverted 21 parameters for theqP - waves
are even closer to the exact velocities than in the case of theinversion for 5 parameters. For theqS wave
phase velocities, the inversion of 5 parameters provides results which are slightly closer to the exact ones
(Figure 8).

In the examples described above noise-free data were used. Because the exact vectorsg(M) and vectors
g̃(M) estimated from the synthetic polarisations almost coincide (see Figure 3), only negligable errors are
introduced by this approximation in the examples shown. Since data from a VTI model are considered
the illumination of the observation scheme used is sufficient to determine 21 parameters (where many of
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lines forSH- andqSV -waves, respectively (right).
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them are almost zero). The quality of the inversion results thus mainly depends on the assumption of weak
anisotropy. Therefore, the model with 5% anisotropy was recovered with higher accuracy than the model
with 10% anisotropy (see Figure 8).

So far the data were considered to be free of errors. Now we examine the sensitivity of the inversion
results to errors of the polarisation vectors. The unit polarisation vectorA can be described by two angles:
the inclination angleα and the azimuthal angleβ:

A = (sin α cosβ, sin α sinβ, cosα). (15)

In the following examples we introduce errors into these twoanglesα andβ to perturb the orientation of
the polarisation vector at each receiver position and for every shot. The errors are random with a normal
(Gaussian) probability distribution and a mean value equalto zero and varianceσ. To generate synthetic
datas set with different noise levels the values of the varianceσ were altered from10◦ to 25◦. Then, for
each set of noisy polarisation data the inversion was performed. Figure 9 shows the results of inversions
for all types of waves. According to these results the inversion procedure is not very sensitive with respect
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to errors in the polarisation vectors of the order used in these examples. The results of the inversions of
noisy polarisation data are close to the result of the inversion of noise-free data, even though the introduced
errors are significant (a variance ofσ = 25◦).

CONCLUSIONS

An inversion procedure for weakly anisotropic homogeneouselastic media using traveltimes ofqP - and
qS-waves as well asqS-wave polarisations was suggested. The presented inversion procedure allows to
use the same linear inversion scheme forqP - as well as forqS-wave data. The joint inversion ofqP - and
qS-waves allows to determine the full elastic tensor if no a priory information on the type of symmetry and
the orientation of the anisotropic medium is available.

The suggested procedure was tested on two homogeneous transversely isotropic models with a vertical
axis of symmetry which differ in strength of the anisotropy (5% and 10%). Noisy and noise-free synthetic
data were considered. For the considered models the full elastic tensor (21 elastic parameters) was deter-
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Figure 9: The results of the inversion for 5 parameters in the model with 10% anisotropy using noisy
polarisation data. Noise was introduced into the polar angles defining the unit polarisation vectors (see
text). Exact phase velocities are represented by solid lines. Long dashed lines display phase velocities after
inversion of noise-free data, remaining lines represent phase velocities after inversions of noisy data with
different variances ofσ = 10◦, 15◦ and25◦.

mined with a sufficient accuracy. For the model with 5% of anisotropy the maximum deviations between
the exact phase velosities and and phase velocites calculated from the inverted elastic parameters were
below 1%. For the model with 10% of anisotropy the maximum relative errors of the phase velocites rise
up to 3.5% for some directions. A constrained inversion (i.e., including a priori information) for 5 elastic
parameters only slightly improved the results. For the numerical examples used in this investigation, the
illumination of the observation scheme used was sufficient.In case of models with a lower symmetry (e.g.,
orthorhombic or triclinic) the issue of illumination is much more crucial and will require better walk away
and azimuthal coverage and may even need crosshole observations to recover the full elastic tensor. This
needs to be further studied. Tests of the sensitivity of the inversion results on errors in the polarisation
vectors used in the inversion reveal an almost negligable influence. This results applies to the investigated
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models and error magnitudes of up to25◦ in orientation.
The extension of the proposed method to heterogeneous mediais not straight forward since the vec-

tors g(M) (M = 1, 2) along the reference ray rotate because of two reasons: inhomogeneities of the
isotropic background medium and changes of anisotropic parameters along the ray. The trade-off between
anisotropy and inhomogeneities is a complicated problem. Therefore, the next step is the inversion of the
elastic parameters of factorized anisotropic (FA) media (seeČervený and Simões-Filho, 1991), where the
rotations of the vectorsg(M) only depend on the inhomogeneities of the isotropic background medium.
The rotation (or torsion) angle can be computed by established techniques (see, e.g.,Červený, 2001). The
described procedure would be applied for every segment of the ray starting at the receiver, and ending at
the source where the rotation of the vectorsg(M) is taken into account by applying the proper rotation to
the polarisation vector. Final results are then obtained byan integration along the ray. This will be the
subject of future investigations.
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APPENDIX A

In this Appendix we give explicit expressions for the perturbation equations forqP - andqS-waves as well
as Fedorov’s 1968 results on the best fitting isotropic approximations to abitrary anisotropic media.

The weakly anisotropic medium is given here in the compressed Voigt-notationAαβ for the density
normalised tensoraiklm with the usual correspondence:11 → 1, 22 → 2, 33 → 3, 23 → 4, 13 → 5,
12 → 6:

Aαβ = A
(iso)
αβ + ∆Aαβ , α, β = 1, . . . , 6 ,

whereA(iso)
αβ are the elastic parameters of the isotropic reference medium, and∆Aαβ characterise the small

deviations from the isotropic background medium.
The perturbation formula forqP -waves contains only 15 independent elastic parameters (orcombina-

tions of them). Equation (16) is analogous to the result fromPšeňcík and Gajewski (1998) (their equation
17a), however, for a better correspondence with the resultsin equation (17) ofqS-waves below we rewrite
it here in the following form:

∆τqP = − τp

2v2
p

[
n4

1∆A11 + 2n2
1n

2
2ε1 + 2n2

1n
2
3ε2 + 4n2

1n2n3ε3 + 4n3
1n3∆A15

+4n3
1n2∆A16 + n4

2∆A22 + 2n2
2n

2
3ε4 + 4n3

2n3∆A24 + 4n1n
2
2n3ε5 (16)

+4n1n
3
2∆A26 + n4

3∆A33 + 4n2n
3
3∆A34 + 4n1n

3
3∆A35 + 4n1n2n

2
3ε6

]
,

wherevp is theP -wave velocity,τp is the traveltime of theP -wave andn is the unit vector tangent to
the reference ray in the isotropic background medium;∆τ(qP ) is the traveltime perturbation with respect
to the traveltimeτp caused by the perturbations in the elastic parameters∆Aαβ . In equation (16) the
following notations are used:

ε1 = ∆A12 + 2∆A66, ε2 = ∆A13 + 2∆A55, ε3 = ∆A14 + 2∆A56,



Annual WIT report 2002 241

ε4 = ∆A23 + 2∆A44, ε5 = ∆A25 + 2∆A46, ε6 = ∆A36 + 2∆A45.

Similarly, also the perturbation formula forqS-waves depends only on 15 elastic parameters (or com-
binations of them), we obtain from equations (8) and (9):

τqSM
= −τs

2

[
p2
2g

2
2δ1 + 2p2g2p3g3δ2 + 2p2g2(p2g3 + p3g2)δ3 +

+2p2g2(p1g3 + p3g1)δ4 + 2p2g2(p1g2 + p2g1)δ5 + p2
3g

2
3δ6 +

+2p3g3(p2g3 + p3g2)δ7 + 2p3g3(p1g3 + p3g1)δ8 +

+2p3g3(p1g2 + p2g1)δ9 + (p2g3 + p3g2)
2∆A44 +

+2(p2g3 + p3g2)(p1g3 + p3g1)∆A45 + (17)

+2(p2g3 + p3g2)(p1g2 + p2g1)∆A46 +

+2(p1g3 + p3g1)(p1g2 + p2g1)∆A56 +

+(p1g3 + p3g1)
2∆A55 + (p1g2 + p2g1)

2∆A66

]
, M = 1, 2.

Here,τs is the traveltime of theS-wave in the isotropic background medium,∆τ(qSM ) is the traveltime
perturbation with respect to the traveltimeτs caused by the perturbations in the elastic parameters∆Aαβ ,
gi is thei-component of the polarisation vectorg(M) of theqSM wave, see equation (7). For simplicity we
omit the indexM in the following. In equation (17) the following notations are used:

δ1 = ∆A22 + ∆A11 − 2∆A12, δ2 = ∆A23 + ∆A11 − ∆A12 − ∆A13,

δ3 = ∆A24 − ∆A14, δ4 = ∆A25 − ∆A15, δ5 = ∆A26 − ∆A16,

δ6 = ∆A33 + ∆A11 − 2∆A13, δ7 = ∆A34 − ∆A14,

δ8 = ∆A35 − ∆A15, δ9 = ∆A36 − ∆A16.

In the case of a VTI medium formulae (16) and (17) take the following form:

τqP = − τp

2v2
p

[
(n4

1 + n4
2)∆A11 + n4

3∆A33 + 2(n2
2n

2
3 + n2

1n
2
3)(∆A13 + 2∆A44)

]

τqS = −τs

2

{ [
(p2g3 + p3g2)

2 + (p1g3 + p3g1)
2
]
∆A44 +

+p2
3g

2
3(∆A11 + ∆A33 − 2∆A13) + +(p1g2 + p2g1)

2∆A66

}
, M = 1, 2,

whereτp andτs are the traveltimes of theP - andS-waves in the isotropic background medium;vp is the
P -wave velocity in the isotropic background;∆τ(qP ) and∆τ(qS) are the traveltime perturbations with
respect to the corresponding traveltimeτp or τs caused by the perturbations in the VTI elastic parameters.
These results show that for the VTI medium only three of the 5 independent parameters are present in the
perturbation formula if eitherqP - or qS-waves are considered alone (i.e., in an inversion only 3 parameters
can be recovered if onlyqP - or qS-waves are considered).

APPENDIX B

For the construction of reference isotropic models the formulae for the best-fitting isotropic medium derived
by Fedorov (1968) were used:

v2
s =

1

30

(
3aikik − aiikk

)
, v2

p =
1

30

(
3aiikk − aikik

)
+ v2

s . (18)

Herevp andvs are the velocities of theP - andS-waves in the isotropic medium,aiklm are the density
normalized elastic parameters of the anisotropic medium under consideration.
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ABSTRACT

Geometrical spreading plays an important role for amplitude preserving migration, which is a very
time-consuming process. In order to achieve efficiency in terms of computational time and, particu-
larly, storage space, we propose a method to determine geometrical spreading for any wave type in
anisotropic media from coarsely-gridded traveltime tables. The method is based on a hyperbolic tra-
veltime expansion and provides also a fast and accurate algorithm for the interpolation of traveltimes,
including the interpolation of complete shots. Examples demonstrate the applicability of the method
to arbitrary 3D anisotropic media.

INTRODUCTION

Geometrical spreading, together with traveltimes, plays an important role in many applications of reflection
seismology, such as migration, inversion, and modelling. The traditional method of computing geometrical
spreading in anisotropic media is to perform dynamic ray tracing (Gajewski and Pšenčík, 1990). Other fast
methods based on finite-difference eikonal solvers (e.g. Pusey and Vidale, 1991) or a direct solution of the
transport equation with finite differences (Buske, 2000) were proposed for isotropic media only. Methods
to determine the spreading directly from traveltimes were presented by Vidale and Houston (1990) and
Vanelle and Gajewski (1999), but again, only for isotropic media.

In this paper we introduce a technique for the determinationof geometrical spreading from traveltimes
in media with arbitrary anisotropy. Like the method presented in Vanelle and Gajewski (1999) it is based
on the coefficients of a hyperbolic traveltime expansion. Regarding application to amplitude preserving mi-
gration the new technique has a strong advantage compared todynamic ray tracing: whereas with dynamic
ray tracing the spreading has to be stored for the computation of the weight functions (in addition to the
traveltimes required for the diffraction time surfaces andseveral other quantities like, e.g, the ray angles),
this is not necessary if the spreading, angles, etc. can be determined directly from traveltimes. At the same
time, our method allows the reduction of storage space because the hyperbolic traveltime equation also
provides a technique for the fast and accurate traveltime interpolation from coarse grids onto the required
fine migration grids, including the possibility to interpolate between sources.

The method is particularly useful in combination with a procedure for the computation of coarsely-
gridded traveltimes (Gajewski et al., 2002), as, e.g., the wave front construction techniques introduced by
Vinje et al. (1993). In contrast to methods based on finite-difference eikonal solvers these techniques also
yield later arrival traveltimes, that are required for imaging of complex structures (Geoltrain and Brac,
1993).

After a brief introduction to the hyperbolic traveltime formula, we establish the relationship between
the coefficients of the hyperbolic formula and the geometrical spreading in arbitrary anisotropic media,

mailto:vanelle@dkrz.de
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including a description of our implementation. This is followed by several examples, first on the interpola-
tion of anisotropic traveltimes, and then for the determination of spreading from traveltimes in anisotropic
media. To estimate the accuracy of the method, it is also applied to a model where an analytic solution
exists. Finally, we will conclude our results.

METHOD

The General Move-out Relation

The method is based on the hyperbolic traveltime equation introduced in Vanelle and Gajewski (2002a). It
follows from a Taylor expansion of the squared traveltimeT 2. The expansion is carried out in the three
components of the source position vector,ŝ = (s1, s2, s3) and those of the receiver position,ĝ = (g1, g2, g3).
The expansion point is denoted by(̂s0, ĝ0). The hyperbolic equation reads

T 2(̂s, ĝ) = (T0 − p̂0∆ŝ + q̂0∆ĝ)
2

+ T0

(
−∆ŝ>Ŝ∆ŝ +∆ĝ>Ĝ∆ĝ − 2∆ŝ>N̂∆ĝ

)
, (1)

whereT0 is the traveltime in the expansion point. The vectors∆ŝ = ŝ− ŝ0 and ∆ĝ = ĝ − ĝ0 are the
deviations of the source and receiver positions (ŝ andĝ) from the location of the expansion point (ŝ0 and
ĝ0). The first-order derivatives

p0i
= − ∂T

∂si
and q0i

=
∂T

∂gi
(2)

are the slowness vectors at the source and the receiver, and the matrices

Sij = − ∂2T

∂si∂sj
, Gij =

∂2T

∂gi∂gj
, and Nij = − ∂2T

∂si∂gj
, (3)

(i, j = 1, 2, 3) are the second-order derivatives of the traveltimes, which are closely related to the curvature
of the wavefront.

The hyperbolic traveltime approximation given by Equation(1) is a universal expression. During the
last years the authors have shown its usefulness for a variety of applications: In Vanelle and Gajewski
(2002a) it is applied to the interpolation of traveltimes inarbitrary 3-D isotropic media including the inter-
polation of the source position. The coefficients from Equation (1) were further used for the computation
of geometrical spreading from traveltimes in isotropic media (Vanelle and Gajewski, 1999). In Vanelle and
Gajewski (2002b), the hyperbolic formula is applied to determine weight functions for amplitude preserv-
ing Kirchhoff migration in isotropic media, and for the optimisation of the migration aperture (Vanelle and
Gajewski, 2001). Equation (1) is also valid for reflected events and poses an extension of the well-known
T 2 − X2 method to arbitrary 3-D media (Gajewski and Vanelle, 2001).Therefore it can be considered to
be a move-out relation of second order in the most general form (Gajewski and Vanelle, 2002).

Since no assumptions on the model were made for the derivation of Equation (1) it is equally valid in
isotropic as in anisotropic media for any wave type (i.e. quasi shear and quasi compressional waves). If
suitable traveltime tables (i.e. for different source and receiver combinations) are available, the coefficients
of Equation (1) can be directly determined from these traveltimes, which need only be given on coarse
grids. In this case of coarsely-sampled input traveltimes,the locations of the coarse grid-points correspond
to the expansion points. Although the method is equally valid for reflection traveltimes, we suggest here to
apply it to migration. In that case, diffraction traveltimetables must exist in any event for the determination
of the Huygens surface, along which the traces are stacked. Therefore, we will from now on focus on
diffraction traveltimes. We give an example for the determination of the coefficients: the coefficients
q01 andG11 can be computed from the three traveltime valuesT0 = T (̂s0, ĝ0), T1 = T (̂s0, ĝ0 −∆g1),
andT2 = T (̂s0, ĝ0 +∆g1), where∆g1 is the coarse grid-spacing in the direction of theg1 component.
The traveltimesT1 andT2 are inserted into the hyperbolic equation (1), leading to two equations for two
unknowns, which can be solved forq01 andG11. The result is

q01 =
T 2

2 − T 2
1

4T0∆g1
and G11 =

T 2
2 + T 2

1 − 2T 2
0

2T0∆g2
1

− q2
01

T0
. (4)
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The remaining coefficients can be determined in the same way by using the appropriate traveltime combi-
nations. This is explained in more detail in Vanelle and Gajewski (2002a).

For the determination of derivatives with respect to the third (z) component of the source coordinates
from traveltimes, however, additional traveltime tables are required for source positions buried in the sub-
surface, below the registration surface. If such tables areavailable, these coefficients can be determined in
the same fashion as by Equation (4). An alternative to the generation of these traveltime tables is to assume
that the source is located in an isotropic layer. In that case, the isotropic eikonal equation can be used to
express thez derivatives of the traveltimes without further need for additional traveltime tables. Please
refer to Vanelle and Gajewski (2002a) for the resulting equations for these coefficients.

If all coefficients are determined, Equation (1) can be directly applied for the traveltime interpolation
onto fine grids. It is even possible to interpolate finely-gridded traveltime tables between sources, i.e.
∆ŝ 6= 0, because the derivatives with respect to the source position are also known. Since the curvature of
the wavefront is accounted for by the second-order traveltime derivatives, the hyperbolic interpolation is
superior to the commonly-used trilinear interpolation (Vanelle and Gajewski, 2002a). An example on the
hyperbolic traveltime interpolation in an anisotropic medium will be given below.

Geometrical Spreading

A wavefront is described by a surface withT = const.This means that the traveltime equation (1) translates
into an expression for the local wavefront in the vicinity ofthe expansion point, where the wavefront
is approximated with a surface of second order. The curvature of the wavefront determines the relative
geometrical spreadingL. Since the curvature of a surface can be described by its second-order derivatives
it is possible to establish a relationship between the geometrical spreading and the mixed second-order
derivative matrixN̂ (cf. Equation (3)). Following standard ray theory (e.g.Červený, 2001), the geometrical
spreading for a point source is evaluated in terms of the 2×2 matrixQ

2
which describes the divergence of

the ray tube for point source initial conditions. For details, please refer tǒCervený (2001). The modulus of
the relative geometrical spreading is given by (Červený, 2001)

L =
√
|detQ

2
| (5)

The matrixQ
2
, and hence the geometrical spreadingL, are usually computed by dynamic ray tracing. In

this paper, however, we do not apply dynamic ray tracing, butuse the relationship between the matrixQ
2

and the matrixN, which is the upper left 2×2 sub-matrix ofN̂, (to distinguish between 2×2 and 3×3
matrices, the latter carry a hat symbol). This relationshipwas derived by Schleicher et al. (2001) and leads
to

|detQ
2
| =

cosαs cosαg

cos χs cosχg
|detN|−1 . (6)

In Equation (6),αs (αg) is the angle between the ray or group velocity vectorv̂s (v̂g) and thes3 (g3)
direction. The angleχs (χg) is made by the ray velocity vector and the slowness vectorp̂ (q̂). It is given
by the relationship

cosχs =
Vs

vs
, (7)

and forcosχg accordingly, whereVs (Vg) is the phase velocity at the source (receiver), which can be
determined from the slowness components byV −2

s = p̂ · p̂ (V −2
g = q̂ · q̂). Thus, the relative geometrical

spreading becomes

L =

√
cosαs cosαg

|detN|
vs

Vs

vg

Vg
. (8)

In isotropic media,V = v, and Equation (8) reduces to the result derived by Hubral et al. (1992), and ap-
plied in Vanelle and Gajewski (1999) and Vanelle (2002).
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The componentsvsi
(i=1,2,3) of the ray velocity vector for an arbitrary anisotropic medium can be

computed from the slowness vectorp̂ and the values of density normalised elasticity tensoraijkl at the
source position (̌Cervený, 2001):

vsi
= aijkl pl

Djk

D
. (9)

In Equation (9) thepl are the components of the slowness vector. The matrix elements Djk are given by
(Červený, 2001)

Djk =
1

2
εjlmεkno(Γln − δln)(Γmo − δmo) , (10)

where
Γjk = aijkl pj pl (11)

is the Christoffel matrix. Furthermore,
D = Dii . (12)

In Equations (9) to (12) summation convention is applied. The symbolεjlm denotes the Levi-Civitta ten-
sor, andδjk is Kronecker’s delta. Application of Equation (9) using theslowness vector and the elasticity
tensor at the source and the receiver, respectively, leads to both ray velocities,vs andvg, as well as to the
ray angles,αs andαg.

Equation (9) is following from the solution of the eigenvalue problem for the Christoffel matrixΓjk. If
the Christoffel matrix is degenerate, Equation (9) cannot be applied since thenD=0. This happens globally
in isotropic media (where, however, the velocity is known) and can also occur locally in anisotropic media
for quasi shear waves. The problems with the resulting singularities are inherent to standard anisotropic
high frequency methods and not a deficiency of our method in particular.

Equation (5) gives themodulusof the geometrical spreading. For the computation of propermigration
weights, however, the phase shift due to caustics must also be considered. This is only possible, if later
arrival traveltimes are available. These are important formigration in complex media (Geoltrain and Brac,
1993). Our method can also be applied to later arrivals (for an outline, see Vanelle, 2002). It has the advan-
tage that it does not require continuous second-order derivatives of the elastic parameters, as, e.g., dynamic
ray tracing does (̌Cervený, 2001).

Using the coefficients from Equation (1) and the elasticity tensor we can now compute geometrical
spreading for any wave type from coarsely-gridded traveltimes. This is a key ingredient for the computa-
tion of true-amplitude migration weight functions. For this application the determination of the spreading
from traveltimes has a large advantage in storage space compared to computing geometrical spreading via
dynamic ray tracing: Additional quantities like the ray angles are also required for the weight functions.
These can also be computed with ray tracing, but need additional storage space, which can, for a large
survey, by far exceed the existing storage capabilities. This is not necessary with the traveltime-based ap-
proach, where the complete Greens function can be determined on the fly from the traveltime coefficients.
Therefore this approach is particularly suited for the application to amplitude preserving migration. An-
other major improvement for any type of Kirchhoff migrationis the application of the hyperbolic traveltime
interpolation for computing the stacking surface. This is especially valid for anisotropic media, where the
computation of the Greens functions is even more time-consuming than in isotropic media. To demonstrate
the capability of the method, we will now give an example on the traveltime interpolation, followed by
examples on the determination of geometrical spreading in anisotropic media.

APPLICATIONS

Traveltime Interpolation

Since the hyperbolic equation does not depend on the type of model under consideration, the traveltime
interpolation using Equation (1) is expected to yield results of the same order of accuracy for anisotropic
media as for isotropic media. A thorough investigation of the accuracy was already carried out for isotropic
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Figure 1: Traveltime errors from the hyperbolic interpolation for the velocity lens model. Values are
given in milliseconds. Left: traveltime errors for the original source position at (0 m, 0 m, 0m). Right:
traveltime errors for an interpolated source at (50 m, 50 m, 0m). Isochrones illustrate the un-interpolated
wavefronts. The cross-shaped error distribution centred at the distances of 0 km is caused by errors in the
finely-gridded reference traveltimes due to the Vidale scheme. The pattern near the edges of both cubes at
higher depths are caused by ripples in the reference traveltimes.

media in Vanelle and Gajewski (2002a). Therefore we restrict ourselves to one example for the interpola-
tion of traveltimes in anisotropic media here. Our model is afactorised medium consisting of a velocity
lens. It is embedded in a medium with triclinic symmetry thatcorresponds to Vosges sandstone (Mensch
and Rasolofosaon, 1997). The elasticity tensor of that medium is (values are given in km2/s2):

A =




6.77 0.62 1.00 −0.48 0.00 −0.24
4.95 0.43 0.38 0.67 0.52

5.09 −0.28 0.09 −0.09
2.35 0.09 0.00

2.45 0.00
2.88




. (13)

P-wave transmission traveltime tables were computed on a 10m fine grid using a finite-difference
eikonal solver in the implementation of Soukina et al. (2001). Their technique combines a Vidale scheme
(Vidale, 1990) with perturbation method. Traveltimes weregenerated for sources in the top surface (see
also Figure 1). The original traveltimes were resampled to input traveltime tables on a 100 m coarse grid.
The distances between the source positions for the individual traveltime tables were also 100 m in either
direction. The coefficients in Equation (1) were computed from these coarsely-gridded traveltimes and
used for the interpolation onto a 10 m fine grid. The interpolated values were then compared to the original
finely-gridded traveltimes and an error analysis was performed. We have considered two cases. In the
first experiment, traveltimes from a source fixed at the original source position (̂s = ŝ0) were interpolated
using the coefficientŝq0 andĜ. In a second experiment, we have interpolated traveltimes for a source at
the position̂s = ŝ0+ (50 m, 50 m, 0 m). This second experiment required the complete set of coefficients
from Equation (1) except for the derivatives with respect tothez-component of the source position since
the depth location of the source remained unchanged. The resulting traveltime errors for these two cases
are displayed in Figure 1.

The median of the relative error for the interpolation to receivers only is 0.015 %, corresponding to
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Figure 2: Traveltime errors from hyperbolic interpolation for a section through the lens model, on the left
for the original source position, on the right the source position was also interpolated. The sections were
extracted at the distancex = 0 km. The isochrones indicate the positions of triplications of the wavefront,
leading to errors in the traveltime interpolation if only first-arrival traveltimes are considered. The shape of
the triplicated wavefront at higher depth in the right figureis caused by artifacts in the reference traveltimes.

0.044 ms. If the position of the source is also interpolated,the median of the relative error becomes 0.041 %
(0.119 ms). Owing to numerical artifacts in the reference traveltime tables (e.g. grid-points with zero tra-
veltime), we do not give maximum errors here since these would not correctly reflect the accuracy of the
method. Also, we have chosen the median instead of the average error because it is more stable concerning
outliers. As we show in the next figure, Figure 2, the higher errors in some regions are not due to the method
itself. Figure 2 displays the traveltime errors for both experiments in a section through the centre of the
model. It illustrates that high errors occur only in the vicinity of “kinks” in the isochrones. In these regions,
the assumption of continuous first- and second-order derivatives (the condition for a Taylor expansion) is
not fulfilled. The “kinks” are manifestations of triplications of the wavefront. If later-arrival traveltimes
are available, it is possible to interpolate the left and right branches of the traveltime curve individually
(Vanelle, 2002). Then the errors in these regions reduce to the same magnitude as in the rest of the model.
Since a finite-difference scheme was used for the generationof the input traveltimes, later arrivals were not
available. Apart from these regions high accuracy is achieved.

If the ratio of the coarse grid spacing to fine grid spacing is 10, as in our example, the size of each
traveltime table can be reduced by a factor of 103 (compared to no interpolation at all) if only receiver
interpolation is considered. If we also take the interpolation of sources into account, the savings rise to a
factor of 105 (assuming that the sources lie in thex-y-surface only), because less traveltime tables need
to be stored. At the same time, the method has high potential savings in CPU time. In isotropic media,
the interpolation of one shot in a 3D model required less than15 % of the time needed by a fast finite-
difference eikonal solver (Vanelle and Gajewski, 2002a). In anisotropic media we cannot quantify the time
savings because the algorithm of Soukina et al. (2001) was used in a version which needs a large amount
of time for the preparation of the model, that will be done in aseparate stage in the future (Soukina,
personal communication). Since traveltime generation in anisotropic media is, however, generally more
time-consuming than in isotropic media, we are confident that the efficiency of our technique will be even
better for anisotropic media.
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Figure 3: Geometrical spreading determined from traveltimes for a homogeneous model with elliptical
symmetry (left) and errors of the geometrical spreading forthis model. Relative errors are higher in the
near-source vicinity because of the stronger local curvature and the trilinear interpolation onto the fine grid.
Please note that the major contributions to the errors come from the trilinear interpolation, whereas at the
coarse grid-points the errors are of a smaller magnitude.

Geometrical Spreading

In this section we give examples for two models, a homogeneous model with elliptical anisotropy where
an analytic solution exists, and the triclinic velocity lens model already used to demonstrate the traveltime
interpolation.

Our first example is a homogeneous model with elliptical anisotropy. We considered P-waves with
the relevant density-normalised elastic coefficientsA11 = A22 = 15.96 km2/s2 and A33 = 11.4 km2/s2.
Coarsely-gridded traveltime tables were computed analytically on a 100 m coarse grid. The geometri-
cal spreading was computed on the coarse grid using Equation(8) and the coefficients from Equation (1).
Subsequent trilinear interpolation was then carried out toobtain the spreading on a 10 m fine grid. The
results were compared to the analytical solution (e.g. after Pšeňcík and Teles, 1996). Figure 3 shows both
the spreading itself and its relative errors. The median of the relative errors is 0.23 % and its maximum is
9.2 %. Please note in Figure 3, that the main contributions tothe errors come from the trilinear interpola-
tion. This is especially true in the region near the source where the wavefront curvature is strongest. This
region is, however, of minor interest for migration.

In the next example we show the geometrical spreading resulting from the coarsely-gridded traveltimes
for the triclinic lens model already used for the traveltimeinterpolation in the previous section. Again, the
spreading was computed from the traveltime coefficients andthe elasticity tensor at the coarse grid points
with the 100 m spacing and tri-linearly interpolated onto the 10 m fine grid. Since no analytical solution
exists for this model, and a suitable tool for the computation of geometrical spreading on a densely sampled
3-D grid is not available to us, the errors can not be quantified. As for the traveltimes we expect errors near
the triplications of the wavefront in the centre of the model. Figure 4 shows the geometrical spreading for
the whole model as well as a section through the triplicated wavefront region. Again, to obtain the correct
coefficients in these regions, later-arrival traveltimes are required.

Numerous examples of the determination of geometrical spreading from traveltimes in isotropic media
ranging from simple constant velocity gradient media to thehighly complex Marmousi model are shown in
Vanelle (2002) and illustrate the high accuracy of our technique in isotropic media. Since the coefficients
that enter the spreading computation are formally the same for isotropic media as for anisotropic media,
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Figure 4: Geometrical spreading determined from traveltimes for a velocity lens model with a triclinic
symmetry. The section on the right side cuts through a triplicated wavefront. In the blue centre region near
the triplication the spreading values are wrong. To correctly determine the traveltime coefficients in these
regions, later-arrivals are required. The shape of the isochrones in the centre of the model is caused by
artifacts in the reference traveltimes.

the good performance of the method in isotropic models confirms its potential for anisotropic media.

CONCLUSIONS

We have presented a method for the determination of geometrical spreading for any wave type from
coarsely-gridded traveltimes in 3D media with arbitrary anisotropy. The method is based on a second-
order hyperbolic traveltime expression, the general NMO equation. The coefficients in this equation are
directly linked to the geometrical spreading. The method isparticularly suited for applications regarding
amplitude preserving migration because the geometrical spreading is a key feature for this task. Since all
required quantities can be computed on the fly from traveltime tables on coarse grids, the requirements in
computer storage can be significantly reduced in comparisonto amplitude preserving migration based on
dynamic ray tracing. At the same time, the general NMO equation is a tool for the accurate and efficient
interpolation of the stacking surface, including the interpolation between source positions.

A numerical example on the traveltime interpolation shows that the storage requirements can be reduced
by a factor of 105 without significant loss in accuracy. Also, the interpolation is faster than traveltime
generation using finite-difference eikonal solvers. The determination of geometrical spreading alone from
coarsely-gridded traveltime tables was also demonstratedby examples. The reliability of the technique was
proved with an example where an analytical solution exists.An additional example verifies the applicability
of the method to more complex models.

PUBLICATIONS

Detailed results on the interpolation of traveltimes in isotropic media were published in Vanelle and Gajew-
ski (2002a). The determination of geometrical spreading from traveltimes was introduced for isotropic
media in Vanelle and Gajewski (1999). Gajewski et al. (2002)describe the traveltime-based strategy for
amplitude preserving migration in isotropic media. More details are given in Vanelle and Gajewski (2001),
Vanelle and Gajewski (2002b), and Vanelle (2002). Vanelle (2002) also discusses the extension of the
method to anisotropy. Finally, Gajewski and Vanelle (2001)and Gajewski and Vanelle (2002) analyse the
hyperbolic traveltime equation in terms of a generalised moveout formula.
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ABSTRACT

Finite differences applied to the full 3-D wave equation is arather time consuming process. However,
in the 2.5-D situation, we can take advantage of the medium symmetry. By taking the Fourier trans-
form with respect to the out-of-plane direction (symmetry axis), the 3-D problem can be reduced to a
repeated 2-D one. The third dimension is taken in to account by a sum over the corresponding wave
vector component. A criterion where to end this theoretically infinite sum derives from stability con-
ditions of the employed FD schemes. In this way, the finite differences calculations can be accelerated
by a factor that increases with the size of the model. Even forrelatively small models, this procedure
reduces the computation time by a factor of about ten. The modeling results obtained by this 2.5-D
finite-difference scheme are of comparable quality to a standard 3-D finite-difference scheme.

INTRODUCTION

Finite Difference (FD) modeling of wave propagation in heterogeneous media is a useful technique in a
number of disciplines, including seismology and ocean acoustics, among others. However, the size of the
models that can be treated by finite difference methods in three spatial dimensions has been rather limited,
except possibly, on supercomputers.

In other forward modeling schemes, the medium symmetry in the so-called 2.5-D situation has been
made use of in order to reduce the computational costs. The attribute 2.5-D designates a situation where
the medium depends on two spatial coordinates only, and the seismic line is orthogonal to the symmetry
axis.

In Song & Williamson (1995) the authors have shown how a finitedifference scheme can be adapted
to the 2.5-D situation. They reduce the full 3-D finite-difference scheme to a repeated 2-D FD scheme by
applying the Fourier transform with respect to the out-of-plane coordinate to the 3-D wave equation and
using the medium symmetry. The resulting 2-D equation in thefrequency domain is then solved by a finite
difference scheme. The full 3-D wavefield is finally reconstructed by realizing a inverse Fourier transform
as a sum from 0 to the critical wavenumber. To validate the method, they compare the numerical solution
with the analytic solution for a homogeneous medium. For an inhomogeneous medium, the comparison
was with the 2.5-D FD solution and the Born approximation (which is know to underestimate amplitudes).

Zhou & Greenhalgh (1998) presented a similar approach, using, however, a finite element method in the
frequency domain to compute the numerical solution for the resulting 2-D equation, with 2.5-D boundary
conditions. The frequency domain solution has a small errorin the neighborhood of the source. They
suspected that possible reasons for the error are the finite sampling of the wavenumber and the exclusion
of the evanescent field (post-critical reflection).

An idea similar to Song & Williamson’s was present by Cao & Greenhalgh (1998). They compute the
stability condition for the resulting 2-D equation to control the size in time. Again, the sum for the inverse
Fourier transform is carried out up to the critical wavenumber. The numerical comparison is done only for
homogeneous media.

mailto:amelia@ime.unicamp.br
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In this work, we apply the 2.5-D FD method in the time domain rather than in the frequency domain. In
this way, the numerical errors due to the wrapping of the temporal Fourier transform reported by Song &
Williamson (1995) are avoided. Moreover, the inverse Fourier transform is realized by a simple sum over
all 2-D finite-difference results in order to obtain the full3-D wavefield. Of course, it is computationally
impossible to realize an infinite sum. We apply the von Neumann criterion for stability of the 2-D equa-
tion and use the stability condition of the 3-D finite difference scheme of Mufty (1990). In this way, we
obtain a criterion where to stop the summation. We validate our approach for inhomogeneous media by a
comparison with 3-D finite difference modeling.

THE 2.5-D SOLUTION

We assume that the 3-D seismic wave propagation is governed by the acoustic wave equation with constant
density

uxx + uyy + uzz =
1

v2
utt − f(t)δ(x − xs)δ(y − ys)δ(z − zs) , (1)

whereu ≡ u(x, y, z, t) is the acoustic wavefield,v ≡ v(x, y, z) is the velocity field,f(t) is a band-limited
source, and(xs, ys, zs) is the source location.

We assume that the velocity field is a function ofx andz only, i.e.,v ≡ v(x, z), and that the source
is located in the symmetry plane (ys = 0). This is the so-called 2.5-D situation. Applying the Fourier
transform in the out-of-plane direction (y-coordinate), the 3-D wave equation (1) can be reduced to the
following one

Uxx − κ2U + Uzz =
1

v2
Utt − f(t)δ(x − xs)δ(z − zs) , (2)

where

U ≡ U(x, κ, z, t) =

∫ ∞

−∞
dy u(x, y, z, t) e−iκy , (3)

andκ is the wavenumber for they-direction. Solving the 2-D equation (2) using a finite-difference scheme
for a discrete set of equally spacedκ’s, κj = j∆κ, the solution aty = 0 is then obtained by an inverse
Fourier transform, which can be approximated by

u(x, 0, z, t) =
1

2π

∫ ∞

−∞
dκ U(x, κ, z, t) eiκ0 ≈ ∆κ

π

∑

kj≥0

U(x, κj , z, t) , (4)

where we have used the fact thatU(x, κ, z, t) is an even function inκ. Equation (4) means that the field
u(x, 0, z, t) can be obtained by summing the contributions for allκj ≥ 0.

FINITE-DIFFERENCE FORMULAS

A set of indicesm, n andl is chosen to establish a finite-difference scheme with uniform grid spacing∆x,
∆z and∆t in x, z andt, respectively:xm = xmin + m ∆x, zn = zmin + n ∆z andtl = tmin + l ∆t.
Consequently, we denote, for a fixedκ, U(xm, κ, zn, tl) = U l

m,n.
The finite-difference scheme for solving equation (2) was chosen to be fourth-order in space and second-

order in time (Strikwerda, 1989), and is given by

U l+1
m,n = −αm,n

[
U l

m−2,n + U l
m+2,n − 16

(
U l

m−1,n + U l
m+1,n

)
+ 30U l

m,n

]

−βm,n

[
U l

m,n−2 + U l
m,n+2 − 16

(
U l

m,n−1 + U l
m,n+1

)
+ 30U l

m,n

]

−v2∆t2κ2U l
m,n + 2U l

m,n − U l−1
m,n + f l

m,n , (5)

where

αm,n =
v2

m,n

12

∆t2

∆x2
, βm,n =

v2
m,n

12

∆t2

∆z2
, (6)

vm,n denotes the velocity at(xm, zn), and

f l
m,n =

{
f(tl) , xm = xs andzn = zs,
0 , otherwise.

(7)
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For initiating the propagation process, we set

U0
m,n = 0, for all m, n , (8)

and define the boundary conditions

U l
m,0 = U l

0,n = 0, for all m, n, l . (9)

We will consider a uniform grid spacing, i.e.,∆x = ∆z = h. For the scheme (5) to be stable (see
Appendix A), we should have

κ2 +
32

3 h2
≤
(

2

v ∆t

)2

, (10)

and, sinceκ must be real, equation (10) provides a condition between∆t andh, viz.,

∆t ≤
√

3

8

h

vmax
, (11)

wherevmax represents the maximum value of the velocity field.
We compare the numerical solution obtained by the process described above with the one obtained by

a scheme of fourth-order in space and second-order in time for the full wave 3-D equation (1). For the 3-D
scheme, we have that the maximum value ofh, that can be used without causing excessive dispersion of
energy, is determined by the following condition (Mufti, 1990)

h ≤ vmin

ϑfmax
. (12)

Here,vmin is the minimum value of the velocity field,fmax is the maximum frequency of the source pulse,
andϑ is the number of samples per minimum wavelength (to be chosen). Moreover, for a given value of
the grid spacing, the process becomes numerically unstableunless the time sampling interval satisfies the
condition

∆t ≤ γ h

vmax
, (13)

whereγ is a constant. According to Mufti et al. (1996), the optimal values for the above parameters for
3-D FD areγ = 0.5 andϑ = 3.5.

Now, if we use the 3-D condition (13), which is slightly stronger than the 2.5-D condition (11), in
equation (10), we obtain

κmax ≤ 4
√

3

3h
. (14)

Condition (14) can be used as a stop criterion for the summation in equation (4). Note that condition (14)
is stronger than a condition based on the Nyquist criterion (see, e.g., Brigham, 1988) that would require
κmax ≤ π/h. To determine the sampling rate for the wavenumber (∆κ), we have used the property of the
discrete Fourier transform that∆κ = π/(ymax − ymin), where[ymin, ymax] is the range in the out-of-plane
direction to be covered.

NUMERICAL EXPERIMENTS

We illustrate the 2.5-D finite-difference process discussed above by means of two numerical experiments.
The first model consists of a homogeneous layer between two homogeneous half-spaces (see Figure 1).
The velocities, from top to bottom, are 3 m/ms, 3.5 m/ms, and 4m/ms, respectively. For this model, we
have simulated a split-spread experiment with a omnidirectional point source located atx = 800 m and 41
receivers equally spaced at every 40 m betweenx = 0 m andx = 1600 m.

Figure 2 shows the simulated seismic common-shot section resulting from the 2.5-D finite-difference
scheme, together with the corresponding section obtained using a 3-D finite-difference scheme. In both
schemes we have used a uniform spatial grid,∆x = ∆y = ∆z = 10 m, with time sampling interval
∆t = 1 ms. The source wavelet was chosen to be a Küpper wavelet (Fuchs and Müller, 1971) with
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Figure 1: First model: Two interfaces, separating three homogeneouslayers

fmax =35 Hz. For the summation indicated in equation (4) for the inverse Fourier transform, we take
∆κ = 0.0005 m−1 andκmax = 0.22 m−1. All parameters used are clearly in accordance with the criteria
described in the previous section. We observe in Figure 2 that both FD schemes yield the expected two
reflection events with apparently identical kinematics (arrival time) and dynamics (amplitude). Note that
the numerical noise reported by Song and Williamson (1995) for their frequency-domain scheme cannot
be observed in the data in Figure 2, modeled by our time-domain scheme.

Since the two modeled sections in Figure 2 obtained by the 2.5-D and 3-D schemes look almost iden-
tical, we proceed with a comparison of some selected traces.Due to the symmetry of the model, the
simulated seismic section is symmetric with respect to the source position. Therefore, we choose only
traces recorded to the left of the source, at the positionsx = 0 m, x = 250 m, x = 550 m, andx = 800 m.
In the trace-by-trace comparison depicted in Figure 3, it isalmost impossible to distinguish between the
two modeling results. In Figure 4 we show the differences between the respective traces. Observe that the
percentage error is smaller than 2.5%. So, for all practicalpurposes, the 2.5-D FD scheme is as accurate as
the 3-D scheme.

The second model has also two interfaces (see Figure 5), and the velocities of the layers, from top to
bottom, are 2.5 m/ms, 3 m/ms, and 3.5 m/ms, respectively.

As before, we have simulated a split-spread experiment witha omnidirectional point source located at
x = 0 m and 61 receivers equally spaced at every 25 m betweenx = −750 m andx = 750 m. We have
used the same discretization and wavelet as in the first experiment. In this situation, the recorded wavefield
has encountered a caustic and a diffraction. In Figure 6 we show the common-shot section for both finite-
difference schemes (2.5-D and 3-D). As for the first model, the simulated seismic sections are practically
identical (kinematics and dynamicly).

For a better visualization, we compare in Figures 7 and 8 the modeled traces atx = −750m, x =
−550m,x = −350m,x = −150m,x = 75m,x = 300m,x = 525m, andx = 750m. From this trace-by-
trace comparison, we can observe that both the 2.5-D and 3-D FD schemes yield almost the same results
for both the reflection and diffraction events (see, e.g., the trace atx = 300 m). Figures 9 and 10 show the
differences between traces, where we observe that, again, the percentage error is always less the 2.5%.

CONCLUSIONS

We have used a similar approach of Song and Williamson (1995)to take advantage of the medium symme-
try in the 2.5-D situation to accelerate the finite-difference computation of 3-D wave propagation. The full
3-D solution can be recovered as a summation of 2-D solutionsof 2-D differential equations that are ob-
tained from the original 3-D wave equation after the application of the Fourier transform in they-direction.
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Figure 2: Synthetic seismograms (First Model): (a) 2.5-D FD. (b) 3-D FD.

In this way, the finite differences calculations can be accelerated by a factor that increases with the size of
the model.

The numerical solutions of the wave equation have been computed by finite difference schemes of
fourth-order in space and second-order in time. Our approach is developed in the time domain, unlike
Song and Williamson (1995) who work in the frequency domain.

For simple models consisting of smooth reflectors between homogeneous acoustic media, we have
compared the developed 2.5-D finite-difference scheme withthe corresponding solution using a 3-D finite-
difference scheme. We observed in all cases (two typical examples are shown in this paper) that the wave-
field modeled by 2.5-D finite differences agrees very well with the 3-D results.

We have also derived a criterion about where to terminate thewavenumber summation that realizes the
inverse Fourier transform of the modeled wavefield.
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APPENDIX A

STABILITY CONDITIONS

In a similar way to Mufti (1990), we use the von Neumann criterion to obtain the stability condition for
the FD scheme given by equation (5). That is, we substituteUm,n = ξlei κx ∆xei κy ∆y in equation (5)
and obtain the amplification factorξ ≡ ξ(κx∆x, κz∆z), which is given by the solution of the following
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Figure 4: First model: Differences of traces modeled by 2.5-D FD (dashed line) and 3-D FD (dotted line).
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quadratic equation

ξ2 = −ξ
{
α
[
(e−2iκx∆x + e2iκx∆x) − 16(e−iκx∆x + eiκx∆x) + 30

]

+β
[
(e−2iκz∆z + e2iκz∆z) − 16(e−iκz∆z + eiκz∆z) + 30

]}

+(v κ ∆t)2ξ + 2ξ − 1 . (15)

Here, for simplicity,α = αm,n, β = βm,n andv = vm,n. The solution is easily computed as

ξ = γ ±
√

γ2 − 1 , (16)

where

γ = 1 − (v κ ∆t)2

2
− 8α sin2 κx∆x

2

(
3 + sin2 κx∆x

2

)
− 8β sin2 κz∆z

2

(
3 + sin2 κz∆z

2

)
. (17)

For stability, we must have|ξ| ≤ 1 (Strikwerda, 1989), which implies|γ| ≤ 1. If we use a uniform
grid, i.e.,∆x = ∆z = h, this condition reduces to

0 ≤ (v κ ∆t)2

2
+

2

3

v2 ∆t2

h2
[(3 + sin2 θ) sin2 θ + (3 + sin2 φ) sin2 φ] ≤ 2 , (18)

where

θ =
κx∆x

2
, and φ =

κz∆z

2
. (19)

The left-hand side of inequality (18) is clearly satisfied. The maximum of the above expression occurs
whensin2 θ = sin2 φ = 1. Using these values in the right-hand-side of inequality (18), we obtain the
following condition forκ, ∆t andh,

κ2 +
32

3h2
≤
(

2

v∆t

)2

. (20)
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Figure 6: Synthetic seismograms (Second Model): (a) 2.5-D FD. (b) 3-DFD.
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Figure 7: Second model: Comparison of traces modeled by 2.5-D FD (dashed line)and 3-D FD (dotted
line). Trace at (a)x = −750m, (b)x = −550m, (c)x = −350m and (d)x = −150m.

400 600 800
−2

−1

0

1

2

x 10
−5 (a)

Am
pl

itu
de

400 600 800
−2

−1

0

1

2

x 10
−5 (b)

400 600 800
−2

−1

0

1

2

x 10
−5 (c)

Time [ms]

Am
pl

itu
de

400 600 800
−2

−1

0

1

2

x 10
−5 (d)

Time [ms]

Figure 8: Second model: Comparison of traces modeled by 2.5-D FD (dashed line)and 3-D FD (dotted
line). Trace at (a)x = 75m, (b)x = 300m, (c)x = 525m and (d)x = 750m.
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Figure 9: Second model: Difference of traces modeled by 2.5-D FD and 3-D FD. Trace at (a)x = −750m,
(b) x = −550m, (c)x = −350m and (d)x = −150m.
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Figure 10: Second model: Difference of traces modeled by 2.5-D FD and 3-D FD. Trace at (a)x = 75m,
(b) x = 300m, (c)x = 525m and (d)x = 750m.
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The Tenth International Workshop on Seismic Anisotropy

Dirk Gajewski and Claudia Vanelle

email: gajewski@dkrz.de
keywords: Anisotropy

When the First International Workshops on Seismic Anisotropy (1 IWSA) was held in Suzdal in the
former USSR twenty years ago, research of anisotropy was still considered an academic playground – an
interesting topic without too many possible fields of application. This situation has changed considerably
during the past two decades. The technical concepts and ideas of the beginning have been transferred to
successful case studies long ago. Anisotropy has become a major concern in the exploration industry. The
vision has found its way to the EAGE and SEG conferences and anisotropy is now everywhere: in model
building, imaging, rock physics, converted waves, and so on. In contrast to this evolution, theIWSAs
have always led their own, independent life without being associated with a formal organisation or in-
stitution. TheIWSAs are organised by groups volunteering from the global community of anisotropists;
since3 IWSA the workshop locations have alternated between Europe and North America (an anisotropists
meeting in Australia is still pending). The Tenth International Workshop on Seismic Anisotropy,10 IWSA,
took place from April, 14th to 18th 2002 in Tutzing, near Munich, in Germany.

Seventy-two anisotropists from sixteen different countries followed the invitation of the German and
Czech organisers (Dirk Gajewski, Claudia Vanelle, Klaus Helbig, Ivan Pšeňcík, and Heiner Igel). The
workshop venue, the Evangelical Academy in Tutzing, was particularly suited for the closed shop form
of the meeting that led to vibrant discussions also outside the lecture room, and established new – as well
as revived old – contacts. The meeting began with an opening address by Walt Lynn, the president of the
SEG, who spoke about the “Technology Race” and wished the “anisotroopers” a fruitful workshop. Nearly
seventy papers were presented in the oral and poster sessions in succession. Papers on theoretical and
technical aspects were given as well as work on rock physics,modelling and inversion, case studies, and
seismology. The complete program of the workshop – including all abstracts and many of the presentations
– is available from the homepage of the10 IWSA atwww.10iwsa.dkrz.de.

Although10 IWSA was concluded in April, the quest continues. Twenty-eight manuscripts have been
submitted for the workshop proceedings that are currently under review. The proceedings will be published
in a special issue of the Journal of Applied Geophysics, intended to appear in print in the beginning of the
year 2003. The next workshop,11 IWSA, will most likely be held in Newfoundland in 2004.

At this point we would like to thank our sponsors. We could nothave made the workshop possible
without the generous support of these organisations: TotalFina Elf, the Wave Inversion Technology Con-
sortium, PGS, Statoil, RWE-DEA, BP, Veritas, the EAGE, and IASPEI. Thank you for your support!

If you are interested in further information, please visit our website atwww.10iwsa.dkrz.de. You can
also contact us by sending an email toabstracts@10iwsa.dkrz.de.

mailto:gajewski@dkrz.de
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Figure 1: Happy anisotropists from 16 countries enjoying isotropic point source radiation on a sunny day
at the Evangelical Academy in Tutzing.
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A Tutorial on Elliptical Anisotropy

Claudia Vanelle

email: vanelle@dkrz.de
keywords: elliptical anisotropy, reflection coefficients, traveltimes, geometrical spreading

ABSTRACT

This paper gives a short summary of the properties of anisotropic media with elliptical symmetry. It
was motivated by the need for analytic expressions for the evaluation and verification of related com-
puter algorithms. After a brief introduction and derivation of the phase and ray (group) velocities and
the polarisation vectors I give expressions for the plane wave reflection and transmission coefficients
at a boundary between two elliptically anisotropic half-spaces. These are followed by expressions
for the traveltimes and the geometrical spreading for homogeneous media with elliptical anisotropy.
Please note, that the resulting expressions are equally valid for isotropic media if the elastic coeffi-
cients are chosen accordingly. A final short description of my computer codes for the calculation of
these quantities concludes the paper.

INTRODUCTION

A medium with elliptical anisotropy and a vertical symmetryaxis is characterised by the density-normalised
elasticity tensor (Aik = Cik/ρ)

A =




A11 A12 A13

A11 A13

A33

A44

A44

A66




(1)

with the additional constraints

A12 = A11 − 2 A66

(A13 + A44)
2 = (A11 − A44)(A33 − A44) . (2)

Let the slowness vector be denoted byp. SinceA displays rotational symmetry with respect to the vertical
(z- or 3-) axis I choosep in a way thatpy = p2 = 0 and

p =

(
sin φ

V
, 0,

cosφ

V

)
, (3)

whereφ is the phase angle made byp and the vertical (z- or 3-) axis, andV is the phase velocity. I
introduce the abbreviationsd11 andd33 with

d11 = A11 − A44 and d33 = A33 − A44 . (4)

mailto:vanelle@dkrz.de
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This leads to the following non-vanishing elements of the Christoffel matrixΓik = aijklpjpl:

Γ11 = A11 p2
1 + A44 p2

3 = A11
sin2 φ

V 2
+ A44

cos2 φ

V 2
,

Γ22 = A66 p2
1 + A44 p2

3 = A66
sin2 φ

V 2
+ A44

cos2 φ

V 2
,

Γ33 = A44 p2
1 + A33 p2

3 = A44
sin2 φ

V 2
+ A33

cos2 φ

V 2
,

Γ13 = (A13 + A44) p1 p3 =
√

d11d33
sin φ cosφ

V 2
. (5)

PHASE VELOCITIES

The solution of the Christoffel equation for the displacement vectoru,

(Γik − δik)uk = 0 , (6)

whereδik is Kronecker’s delta, requires that
∣∣∣Γik − G(n)δik

∣∣∣ = 0 . (7)

This determinant leads to the characteristic polynome of third order, whose three solutions are the eigenval-
uesG(n) = 1, with n = 1, 2, 3. I define the index1 to be aqSV wave,2 an SH wave, and3 aqP wave. The
physical meaning of these definitions will become apparent in the next section on the polarisation vectors.
For simplicity, the indices are abbreviated by SV, SH, and P,omitting theq.

Insertion ofΓik for the elliptic case yields three phase velocitiesV (n):

V SV =
√

A44 ,

V SH =

√
A66 sin2 φSH + A44 cos2 φSH ,

V P =

√
A11 sin2 φP + A33 cos2 φP . (8)

POLARISATION

The three eigenvectorsg(n) that obey
(Γik − δik)g

(n)
k = 0 (9)

are the polarisation vectors of the three waves with the phase velocitiesV (n). The polarisations are given
by

gSV =
(
mSV cosφSV , 0, −lSV sin φSV

)
,

gSH = (0, 1, 0) ,

gP =
(
lP sinφP , 0, mP cosφP

)
, (10)

where the abbreviationsl(n) andm(n) are introduced:

l(n) =

√
d11

d11 sin2 φ(n) + d33 cos2 φ(n)
,

m(n) =

√
d33

d11 sin2 φ(n) + d33 cos2 φ(n)
. (11)

The signs of the polarisation vectors are chosen in a way thattheg(n) form an orthonormal system, see
Figure 1. The wave associated with index 3 is aqP wave, which I have abbreviated withP for shortness.
The index 1 corresponds to a quasi shear wave, abbreviated with SV . The SH wave has index 2.
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xSH wave,y

z
qP wave

qSV wave

Figure 1: Polarisation vectors in a medium with elliptical anisotropy. TheqP andqSV waves propagate in
thex-z plane, the SH wave polarisation vector is oriented along they axis, pointing to the reader.

RAY (GROUP) VELOCITIES

The components of the ray or group velocity vectors for the three wave types,v(n) (denoted by lower case
letters to distinguish the group velocities from the phase velocitiesV (n)) are given by

v
(n)
i = aijkl g

(n)
j g

(n)
k p

(n)
l , (12)

leading to

vSV =
(√

A44 sin φSV , 0,
√

A44 cosφSV
)

,

vSH =

(
A66

V SH
sin φSH , 0,

A44

V SH
cosφSH

)
,

vP =

(
A11

V P
sin φP , 0,

A33

V P
cosφP

)
. (13)

Introducing the ray angleθ(n) with tan θ(n) = v
(n)
x /v

(n)
z yields

tan θSV = tanφSV ,

tan θSH =
A66

A44
tan φSH ,

tan θP =
A11

A33
tan φP , (14)

and

vSV =
√

A44 = V SV ,

vSH =

√
A2

66 sin2 φSH + A2
44 cos2 φSH

V SH
=

[
sin2 θSH

A66
+

cos2 θSH

A44

]− 1
2

,

vP =

√
A2

11 sin2 φP + A2
33 cos2 φP

V P
=

[
sin2 θP

A11
+

cos2 θP

A33

]− 1
2

. (15)

REFLECTION AND TRANSMISSION COEFFICIENTS

The displacement vector for a plane wave of typen is expressed by

u(n) = U (n) g(n) e−iω(t−τ (n)) . (16)

whereU (n) is the scalar amplitude associated with the wavetypen. The eikonal or phase functionτ (n) is

τ (n) = ∇τ (n) · r = p(n) · r . (17)
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Consider now a plane boundary between two homogeneous elliptically anisotropic half spaces at the
depthz = 0 (see Figure 2). Depending on the type of the incident wave, reflected and transmitted waves of
different types are generated. An incident SH wave leads to reflected and transmitted SH waves, whereas in
the cases of incidentqSV orqP waves conversion fromqSV toqP and vice versa can also occur. Therefore,
an incidentqSV wave will generate not only reflected and transmittedqSV waves, but also reflected and
transmittedqP waves. The same applies to an incidentqP wave which will lead to reflected and transmitted
qSV andqP waves. Each of these waves can be written in terms of Equation (16). In addition to the upper
indexn for the wavetype, the individual displacement vectors willbe denoted with the lower index0 for
the incident wave,R for the reflected wave, andT for the transmitted wave.

To determine the reflection and transmission coefficients ofthe displacement, the following boundary
conditions must be fulfilled:

Continuity of displacement : ux, uy, uz ,

Continuity of shear stress : σxz = ρA44(
∂ux

∂z
+

∂uz

∂x
) ,

σyz = ρA44
∂uy

∂z
,

Continuity of normal stress : σzz = ρ(A13
∂ux

∂x
+ A33

∂uz

∂z
) .

The spatial derivatives of the displacement components are

∂ui

∂xj
= iω e−iω(t−p·r) ui pj . (18)

The slowness vectors of the incident, reflected, and transmitted waves are given by

incident wave : p
(n)
0 =

1

V
(n)
0

(sin φ
(n)
0 , 0, cosφ

(n)
0 ) ,

reflected wave : p
(n)
R =

1

V
(n)
R

(sin φ
(n)
R , 0, − cosφ

(n)
R ) ,

transmitted wave : p
(n)
T =

1

V
(n)
T

(sin φ
(n)
T , 0, cosφ

(n)
T ) . (19)

Snell’s law requires that the horizontal slownessp = sinφ/V remains constant. This can lead to imaginary
anglesφ. In that case the displacement given by Equation (16) will show exponential behaviour alongz.
To avoid an increase in amplitude, the cosine of the angleφ must be either a real or a positive imaginary
number.

Application of the boundary conditions and phase matching leads to equations for the reflection and
transmission coefficients. Since the SH wave is decoupled from theqP andqSV waves, the SH andqP/qSV
cases can be treated separately.

SH waves

Continuity of they component of the displacement,uy, and the shear stressσyz leads to

RSH−SH =
USH

R

USH
0

=
ρ(1) A

(1)
44 V2 cosφ1 − ρ(2) A

(2)
44 V1 cosφ2

ρ(1) A
(1)
44 V2 cosφ1 + ρ(2) A

(2)
44 V1 cosφ2

,

TSH−SH =
USH

T

USH
0

=
2 ρ(1) A

(1)
44 V2 cosφ1

ρ(1) A
(1)
44 V2 cosφ1 + ρ(2) A

(2)
44 V1 cosφ2

, (20)
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z

Reflected wave

Medium 2

Medium 1

Transmitted wave

Incident wave

z=0
SH wave
q

qSV wave

P wave

Figure 2: Boundary between two homogeneous elliptical media and orientation of the polarisation vectors
of the incident, reflected, and transmitted waves.

where index 1 describes the properties of medium 1 (with the incident/reflected wave) and index 2 those of
medium 2 with the transmitted wave. The reflection angle,φSH

R is equal to the incidence angleφSH
0 = φ1,

and the transmission angleφSH
T = φ2 can be computed from Snell’s law, leading to

φSH
T = arctan

[
A

(2)
44

1
p2 − A

(2)
66

] 1
2

, (21)

wherep can be computed from the quantities of the incident wave, i.e. p = sin φSH
0 /V SH

0 .

qP-qSV waves

Continuity of thex andz components of the displacement vectors, the shear stressσxz and the normal
stressσzz leads to two linear system of equations with four unknowns, one system for an incident SV
wave,




X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44







RSV −P

TSV −P

RSV −SV

TSV −SV


 =




Y SV
1

Y SV
2

Y SV
3

Y SV
4


 , (22)

and a second for an incident P wave:




X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44







RP−P

TP−P

RP−SV

TP−SV


 =




Y P
1

Y P
2

Y P
3

Y P
4


 . (23)

As for the SH case, the reflection coefficientsRnn′ and transmission coefficientsTnn′ of the displacement
are given by the amplitude ratio between the reflected/transmitted wave (of typen) and the incident wave
(of typen′):

Rnn′ =
Un

R

Un′
0

and Tnn′ =
Un

T

Un′
0

. (24)
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The 4×4 matrixX is the same in both Equations, (22) and (23). Its elements are

X11 = UP
R lPR sin φP

R ,

X12 = − UP
T lPT sin φP

T ,

X13 = − USV
R mSV

R cosφSV
R ,

X14 = − USV
T mSV

T cosφSV
T ,

X21 = − UP
R mP

R cosφP
R ,

X22 = − UP
T mP

T cosφP
T ,

X23 = − USV
R lSV

R sinφSV
R ,

X24 = USV
T lSV

T sinφSV
T ,

X31 = − UP
R

V P
R

C
(1)
55 sin φP

R cosφP
R (lPR + mP

R) ,

X32 = − UP
T

V P
T

C
(2)
55 sin φP

T cosφP
T (lPT + mP

T ) ,

X33 = − USV
R

V SV
R

C
(1)
55 (lSV

R sin2 φSV
R − mSV

R cos2 φSV
R ) ,

X34 =
USV

T

V SV
T

C
(2)
55 (lSV

T sin2 φSV
T − mSV

T cos2 φSV
T ) ,

X41 =
UP

R

V P
R

(C
(1)
13

P
R sin2 φP

R + C
(1)
33 mP

R cos2 φP
R) ,

X42 = − UP
T

V P
T

(C
(2)
13

P
T sin2 φP

T + C
(2)
33 mP

T cos2 φP
T ) ,

X43 = − USV
R

V SV
R

sin φSV
R cosφSV

R (C
(1)
13 mSV

R − C
(1)
33 lSV

R ) ,

X44 = − USV
T

V SV
T

sin φSV
T cosφSV

T (C
(2)
13 mSV

T − C
(2)
33 lSV

T ) . (25)

The right hand sides of Equations (22) and (23) are given by

Y SV
1 = − USV

0 mSV
0 cosφSV

0 ,

Y SV
2 = USV

0 lSV
0 sin φSV

0 ,

Y SV
3 =

USV
0

V SV
0

C
(1)
55 (lSV

0 sin2 φSV
0 − mSV

0 cos2 φSV
0 ) ,

Y SV
4 = − USV

0

V SV
0

sinφSV
0 cosφSV

0 (C
(1)
13 mSV

0 − C
(1)
33 lSV

0 ) . (26)

and

Y P
1 = − UP

0 lP0 sin φP
0 ,

Y P
2 = − UP

0 mP
0 cosφP

0 ,

Y P
3 = − UP

0

V P
0

C
(1)
55 sin φP

0 cosφP
0 (lP0 + mP

0 ) ,

Y P
4 = − UP

0

V P
0

(C
(1)
13

P
0 sin2 φP

0 + C
(1)
33 mP

0 cos2 φP
0 ) . (27)
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The reflection and transmission angles are again determinedfrom Snell’s law:

φP
R = arctan

[
A

(1)
33

1
p2 − A

(1)
11

] 1
2

,

φP
T = arctan

[
A

(2)
33

1
p2 − A

(2)
11

] 1
2

,

φSV
R = arcsin(p V SV

R ) ,

φSV
T = arcsin(p V SV

T ) , (28)

where again,p = sin φ
(n)
0 /V

(n)
0 is computed from the incident wave withn equal to P or SV.

Equations (22) and (23) can be solved for the individual coefficients by the usual methods for systems
of linear equations.

Normalised R/T coefficients

Another possibility is to express the coefficients normalised with respect to the energy flux perpendicular
to the interface. The normalised reflection and transmission coefficientsRnn′ andTnn′ are obtained from
the standard coefficientsRnn′ andTnn′ by

Rnn′ =

∣∣∣∣∣
ρR vn′

R cosφn′

R

ρ0 vn
0 cosφn

0

∣∣∣∣∣

1
2

Rnn′ ,

Tnn′ =

∣∣∣∣∣
ρT vn′

T cosφn′

T

ρ0 vn
0 cosφn

0

∣∣∣∣∣

1
2

Tnn′ . (29)

The wavetype denoted byn′ is again that of the incident wave, indexn corresponds to the reflected or
transmitted wave.

TRAVELTIMES

Consider a homogeneous medium with the vectorr = (x, y, z) = (gx − sx, gy − sy, gz − sz) describing
the distance between the source (s) and receiver (g) positions, and its modulus,r =

√
x2 + y2 + z2. The

traveltimeτ (n) of a wave of typen propagating from the source to the receiver is given byτ (n) = r/v(n).
This results in the following traveltimes:

τSV =

√
x2 + y2 + z2

A44
,

τSH =

√
x2 + y2

A66
+

z2

A44
,

τP =

√
x2 + y2

A11
+

z2

A33
. (30)

GEOMETRICAL SPREADING

The relative geometrical spreadingL(n) that a wave of typen undergoes in a homogeneous medium can
be expressed by

L(n) =
cos θ(n)

√∣∣∣detN(n)
∣∣∣

v(n)

V (n)
, (31)
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where the 2×2 matrixN(n) is the second-order mixed derivative matrix of the traveltimesτ (n) with respect
to the source and receiver positions:

N
(n)
IJ = − ∂2τ (n)

∂sI ∂gJ
. (32)

(IndicesI andJ take the values 1 and 2.) Differentiation of Equation (30) leads to the following expressions
for the relative geometrical spreading:

LSV =
√

A44 r ,

LSH =

√
A44 A66

v V
r ,

LP =
A11

√
A33

v V
r . (33)

COMPUTER PROGRAMS

This section gives a short description of the computer codesthat make use of the results from the previous
sections. The programs are free software under the GNU public license and can be obtained from the
author.

Reflection and Transmission Coefficients

The programelli_coef.f computes the elastic standard reflection and transmission coefficients as de-
scribed above. The linear systems (22) and (23) are solved with Kramer’s method, where the determinants
are computed analytically. This program comes with the graphical user interface (GUI)elli_coef.pl.
After entering the elastic parameters of the two media and specifying the incident and outgoing wavetypes,
the program computes (theApply button) or computes and displays (thePlot button) the desired reflec-
tion or transmission coefficient. The SU (seismic unix) routinesftnstrip andxgraph are required to
display the coefficients.

Traveltimes and Spreading

The programelli_ttl.c computes traveltimes and geometrical spreading in three dimensions for a
homogeneous elliptical medium. The required elastic parametersA11, A33, A44, andA66 are given in the
input coordinate system with rotational symmetry around the vertical axis. Three angles can be specified
to transform the elasticity tensor to a system with arbitrary orientation of the symmetry axis. To do so, the
input coordinate system is first rotated around thex axis by the angler_x, then around they axis byr_y,
and, finally, around thez axis byr_z.

The program computes spreading and traveltimes from Equations (30) and (33) for arbitrary wave type,
grid sizes and spacings, and source positions (within the specified volume). The user is prompted for all
of these informations after starting the program. Of course, it is also possible to apply I/O-redirect with an
input file.
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ABSTRACT

The normal-incidence elastic compressional reflection coefficient admits an exact, simple expression
in terms of the acoustic impedance, namely, the product of the P-wave velocity and density, at both
sides of the interface. With slight modifications a similar expression can, also exactly, express the
oblique-incidence acoustic reflection coefficient. A severe limitation on the use of the above two
reflection coefficients in analyzing seismic reflection datais that they provide no information on shear-
wave velocities that refer to the interface. In this paper, we address the natural question of whether
a suitable impedance concept can be introduced for which arbitrary P-P reflection coefficients can
be expressed in an analogous form as their counterpart acoustic ones. We formulate this problem
by considering the mathematical conditions to be satisfied by such a general impedance function.
Although no closed-form exact solution exists, our analysis provides a general framework for which,
under suitable restrictions of the medium parameters, possible impedance functions can be derived.
In particular, the well-established concept of elastic impedance and the recently introduced concept of
reflection impedance can be better understood. Concerning these two impedances, we examine their
potential for modelling and for the estimation of the AVO indicators of intercept and gradient. For
typical synthetical examples, we show that the reflection impedance formulation provides consistently
better results than those obtained using the elastic impedance.

INTRODUCTION

Estimation of reflection coefficients from primary reflections is one of the key objectives of seismic
amplitude analysis. In elastic media, reflection coefficients have a rather complicated dependence to the
medium parameters (P- and S- wave velocities and density) atboth sides of the interface. As a conse-
quence, even if the reflection coefficients are correctly estimated from the seismic data, inversion of the
medium parameters using the full formulas is to avoided. To overcome these difficulties, geophysicists
have tried to express reflection coefficients in terms of quantities that, on one side, can be estimated from
the data and, on the other hand, provide a better access to themedium parameters. Following the simple
cases of normal-incidence in elastic media or generally oblique incidence in acoustic media, the reflection
coefficient can be easily expressed by simple formulas involving the acoustic impedance, namely the prod-
uct between the P-wave velocity and the density. The acoustic impedance fulfills both previously indicated
requirements, namely, it carries direct information aboutthe medium parameters and, moreover, provides
a simple expression for the reflection coefficient. As shown below, the attractive simplicity of the above
expressions cannot, unfortunately, be fully extended to elastic oblique-incidence. Nevertheless, under suit-
able restrictions of the medium parameters, convenient impedance definitions can be introduced to provide
useful approximations of the elastic reflection coefficients.

The first of these impedance concepts is that ofelastic impedanceas introduced by Connolly (1999),
under the assumption of a constant ratio,K = β2/α2, between the square of the S- and P-wave velocities
of the media. A discussion on the formulation and practical use of the elastic impedance concept is given

mailto:lucio@ime.unicamp.br
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in Whitcombe (2002). A second impedance concept, calledreflection impedance, has been recently intro-
duced in Santos et al. (2002). It is based on the alternative condition that the shear-wave velocity is related
to the density asρ = bβγ . In other words, a ”Gardner’s type” law, generally considered for compressional
velocities, is also assumed for shear velocities.

In this work, we analyze the problem of finding an impedance function for the general elastic P-P
reflection coefficient. In the framework of the analysis, we review the concepts of elastic and reflection
impedance available in the literature. We finally consider the potential of the two impedance concepts for
modelling the reflection coefficient, as well as on the extraction of AVO indicators such as the intercept and
gradient. Based on simple, but typical, synthetic experiments, we conclude that the reflection impedance
is able to more accurately perform both tasks, as compared tothe elastic impedance.

SIMPLE CASES

We start by considering the simple cases of normal incidencein elastic/acoustic media and oblique-
incidence in acoustic media, in which the reflection coefficient has an attractive simple expression in terms
of an impedance function.

Normal incidence in elastic/acoustic media

The compressional wave reflection coefficient for normal incidence is given by

R0(ρi, αi) =
ρ2α2 − ρ1α1

ρ2α2 + ρ1α1
, (1)

whereρi andαi denote the density and P-velocity, respectively, at the incident side(i = 1) and at the
opposite side(i = 2) of the reflecting interface. Note that the normal-incidencereflection coefficient
given by equation (1) is independent of the S-wave velocities of the two media. Introducing theacoustic
impedance

AI = ρ α , (2)

namely the product of the density,ρ, with the P-wave velocity,α, the reflection coefficient,R0, can be
recast in the simple form

R0(ρi, αi) =
AI2 − AI1

AI2 + AI1
. (3)

Oblique incidence in acoustic media

In the case of non-normal incidence in acoustic media (S-wave velocityβ = 0), the corresponding
reflection coefficient is given by

Ra(ρi, αi, θ) =
AI2 sec θ2 − AI1 sec θ1

AI2 sec θ2 + AI1 sec θ1
, (4)

whereAIi is the acoustic impedance as in equation (3), together with the additional requirements (Snell’s
law)

θ1 = θ and
sin θ1

α1
=

sin θ2

α2
. (5)

Defining theangular acoustic impedance

AI(θ) = ρα sec θ = AI sec θ , (6)

the expression for the oblique-incidence acoustic reflection coefficient is given by an expression similar to
equation (3), namely,

Ra(ρi, αi, θ) =
AI2(θ2) − AI1(θ1)

AI2(θ2) + AI1(θ1)
. (7)

Note that
AI(θ = 0) = AI and Ra(ρi, αi, θ = 0) = R(ρi, αi) , (8)

as expected.
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GENERAL CASE

For the general oblique incidence in elastic media (S-wave velocity β 6= 0), the expression for the
P-P reflection coefficient is also the ratio between two quantities,

R =
P [ρi, αi, βi, θ]

Q[ρi, αi, βi, θ]
. (9)

However, the numerator,P , and denominator,Q, do not have the simple form as the previous ones (see,
e.g., Aki and Richards (1980)).

As seen by the recent literature (see, e.g., Connolly (1999); Mallick (2001)), it makes sense to look
for a quantity (impedance)I ≡ I(ρ, α, β, θ) for which the reflection coefficient can be given, at least
approximately, by an expression of the form

R =
I2 − I1

I2 + I1
. (10)

To examine this interesting question, we find useful to introduce the concept of thereflectivity function, as
defined below.

The reflectivity function

Roughly speaking, the reflectivity function is a measure of the variation of the reflection coefficient
as we move along a ray within a layered media. To quantitatively express this variation, we consider that
the elastic characteristics,ρ, α andβ, as well as the incident angle,θ, are functions of a single variable,
σ, that parameterize the ray. This variable can be, e.g., depth or time. In other words, we consider, along
the ray, the vector quantityη(σ) = (ρ(σ), α(σ), β(σ), θ(σ)). With this understanding, we can recast the
reflection coefficient, as given by equation (9), in the form

R ≡ R(σ, ∆σ) =
P [η(σ), η(σ + ∆σ)]

Q[η(σ), η(σ + ∆σ)]
. (11)

where∆σ is the parameter increment, chosen to be sufficiently small.In the above formulaσ andσ + ∆σ
replace indices 1 and 2, respectively. For example,ρ(σ) replacesρ1, α(σ + ∆σ) replacesα2, etc.

The P-Pelastic reflectivityfunctionR can be defined as the limit,

R(σ) = lim
∆σ→0

R(σ, ∆σ)

∆σ
. (12)

Using theexactformula for the P-P elastic coefficient (see Aki and Richards(1980)), we readily obtain the
expression

R(σ) =
1

2

[
1 − 4β2p2

]ρ′
ρ

+
1

2

[ 1

1 − α2p2

]α′

α
−
[
4β2p2

]β′

β
, (13)

where the prime denotes derivative with respect to toσ andp is the ray parameter given by Snell’s law

p =
sin θ(σ)

α(σ)
=

sin θ(σ + ∆σ)

α(σ + ∆σ)
. (14)

Under the assumption of a flat-layered medium, the ray parameter, is assumed to be constant along the ray.
Recall, however, that the angle,θ, is dependent on the parameterσ.

Using the reflectivity function definition (12), and approximating the derivatives in equation (13)
by their corresponding discrete differences, i.e.,f ′ ≈ ∆f/∆σ, we arrive at the well-known first-order
approximation forR (Aki and Richards (1980)),

R ≈ R(σ) ∆σ ≈ 1

2

[
1 − 4

β2

α2
sin2 θ

]∆ρ

ρ
+

1

2

[
sec2 θ

]∆α

α
−
[
4
β2

α2
sin2 θ

]∆β

β
. (15)
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The attributes intercept and gradient

For sufficiently small incidence angles,tan2 θ ≈ sin2 θ, and then we may rewrite equation (15) as
the well-known Intercept and Gradient formula given in Shuey (1985), namely

R ≈ A + B sin2 θ , (16)

where

A =
1

2

[∆ρ

ρ
+

∆α

α

]
, andB =

1

2

∆α

α
− 2

β2

α2

[∆ρ

ρ
+ 2

∆β

β

]
. (17)

The impedance equation

The problem of finding a functionI satisfying equation (10)exactlyis equivalent to that of determin-
ing a solution of the differential equation resulting from the computation of the limit in (12), assuming the
desired form (10):

R(σ) = lim
∆σ→0

[
1

∆σ

I(σ + ∆σ) − I(σ)

I(σ + ∆σ) + I(σ)

]
=

1

2

I ′(σ)

I(σ)
. (18)

In other words, our original problem was reduced to the existence of solutions of the differential equation

I ′(σ)

I(σ)
=
[
1 − 4β2p2

]ρ′
ρ

+
[ 1

1 − α2p2

]α′

α
−
[
8β2p2

]β′

β
. (19)

ELASTIC IMPEDANCE

The Elastic Impedancefunction EI proposed by Connolly (1999) is obtained by equalling equa-
tion (15) to∆EI/2EI (the discrete version ofEI ′/2EI) and applying difference calculus, with the addi-
tional assumption thatθ and the ratioK = β2/α2 are constant. The same result can be found directly from
equation (19), resulting in the following differential equation for the elastic impedance functionEI,

EI ′

EI
=
[
1 − 4K sin2 θ

]ρ′
ρ

+
[
sec2 θ

]α′

α
−
[
8K sin2 θ

]β′

β
. (20)

The general solution for the above equation, under the mentioned assumptions, is given by

EI = EI0 ρ1 − 4K sin2 θ αsec2 θ β−8K sin2 θ , (21)

whereEI0 is a normalization constant (see Whitcombe (2002)).

REFLECTION IMPEDANCE

We are interested on the existence of a general solution of equation (19), i.e., if there is aReflection
ImpedancefunctionRI, such that

RI ′

RI
=
[
1 − 4β2p2

]ρ′
ρ

+
[ 1

1 − α2p2

]α′

α
−
[
8β2p2

]β′

β
, (22)

for all possible choices ofα, β andρ. Clearly, the solution is not unique, since any multiple of it is also a
solution.

As shown in Appendix A, equation (22) admits a closed-form solution only if β has a functional
dependence onρ, i.e.,β ≡ β(ρ). Under this assumption, the solution forRI is given by

RI = RI0
ρ α√

1 − α2p2
exp

{
−4p2

[
β2 +

∫
β2

ρ
dρ

]}
, (23)

whereRI0 is a constant. A particularly simple formula is obtained by assuming a relationship of the form

ρ = b βγ , or equivalently,
ρ′

ρ
= γ

β′

β
, (24)
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whereb is some constant of proportionality andγ is a constant. In this case, solution (23) reduces to

RI = RI0
ρ α√

1 − α2p2
·
{

exp{−2[2 + γ]β2p2} , β′ 6= 0

ρ−4β2p2
, β′ = 0

. (25)

REDUCTION TO THE SIMPLE CASES

In the case of a normal incidence, both elastic (EI) and the reflection (RI) impedance functions
reduce to a multiple of the acoustic impedance (AI), so the approximation for the reflection coefficient
remains exact. Indeed,

lim
θ→0

EI2 − EI1

EI2 + EI1
= lim

p→0

RI2 − RI1

RI2 + RI1
=

AI2 − AI1

AI2 + AI1
= R0 . (26)

However, for the case of non-normal incidence in acoustic media (β = 0), the elastic impedance approxi-
mation forR does not reduceto the exact one given by equation (7), as opposite to the reflection impedance
approximation, where the exact expression is maintained. More explicitly,

lim
β→0

EI2 − EI1

EI2 + EI1
=

AI2 αtan2 θ
2 − AI1 αtan2 θ

1

AI2 αtan2 θ
2 + AI1 αtan2 θ

1

6= Ra , (27)

and

lim
β→0

RI2 − RI1

RI2 + RI1
=

AI2 sec θ2 − AI1 sec θ1

AI2 sec θ2 + AI1 sec θ1
= Ra . (28)

APPLICATIONS

In this session, we use simple, but typical synthetic examples to examine the approximation for
the P-P elastic reflection coefficient in terms of the elasticand reflection impedances. We discuss the
approximations both for modelling and inversion purposes.

Modelling

In order to analyse the accuracy ofEI andRI functions presented above, we consider a simple two-
layer model in three different situations: weak, medium andlarge contrasts of the parameters. Table 1
summarizes the data.

We compare the exact reflection coefficient with its first-order approximation (see equation (15), as
well as the impedance-type approximations of equation (10)under the use of the elastic impedance of
equation (21) and reflection impedance of equation (25), respectively.

Model Medium α [km/s] β [km/s] ρ [g/cm3]

Layer 1 3.20 1.50 2.30
Weak Layer 2 3.00 1.40 2.20

Contrast 0.06 0.06 0.04

Layer 1 3.50 1.80 2.50
Medium Layer 2 3.00 1.40 2.20

Contrast 0.15 0.25 0.13

Layer 1 4.50 2.10 2.70
Large Layer 2 3.00 1.40 2.20

Contrast 0.40 0.40 0.20

Table 1: P- and S-wave velocities and densities for the numerical experiments.
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For the elastic impedance approximation we have chosen, as usual in the literature,

K =
(β1/α1)

2 + (β2/α2)
2

2
. (29)

Observe that in the large-constrast model the ratioβ/α was made constant (K = 0.218) in order to offer
the best conditions for the elastic impedance approximation. For the reflection impedance approximation
(taking into account thatβ1 6= β2) we set

γ =
ln(ρ2/ρ1)

ln(β2/β1)
. (30)

The values for the constantsEI0 andRI0 are irrelevant: any choice will produce the same value for the
approximation ofR.

For each situation we consider the complete range of reflection angles (0 ≤ θ ≤ 90o). This includes,
of course, both pre- and post-critical reflections. The resulting approximations for the reflection coefficient
are shown in Figures 1–3.

From the experiments, we conclude that the reflection impedance approximation has the best perfor-
mance in all cases. In the case of post-critical reflections,the results are far better: all other approximations
do not follow the correct shape of the exact curve. Therefore, there is a significant gain in accuracy provided
by the reflection impedance approximation, as compared to the one that uses the elastic impedance.
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Figure 1: P-P reflection coefficient for the weak-contrast model givenin Table 1: without (top) and with
(bottom) post-critical reflections.
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Figure 2: P-P reflection coefficient for the medium-contrast model given in Table 1: without (top) and
with (bottom) post-critical reflections.
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Figure 3: P-P reflection coefficient for the large-contrast model given in Table 1: without (top) and with
(bottom) post-critical reflections.

AVO Inversion

We have also compared the performance of the three differentapproximations ofR for the estimation
of the intercept,A, and gradient,B, attributes, according to equation (16). The model parameters are the
same as in the previous experiments. We have added a white noise of ratio 1:3 to the exact reflection
coefficient’s curve and then apply least-squares techniques to recoverA andB. The details of the used
numerical procedure are shown in Appendix B.

Tables 2 and 3 summarize the inversion results, where, again, we can observe that the inverted
attributes using the reflection impedance approximation are of better accuracy than all the others. In Fig-
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ures 4–6 we show the approximation forR using the inverted parameters and the corresponding approxi-
mation formulas.

Contrast Reflection Exact Linear EI RI

Weak Noncritical – 0.0544 0.0360 0.0723 – 0.0345
Critical 0.0544 0.1353 0.1111 0.0442

Medium Noncritical – 0.1401 – 0.0549 – 0.0398 – 0.1120
Critical 0.1401 0.3141 0.2830 0.1372

Large Noncritical – 0.2960 – 0.2293 – 0.2099 – 0.2767
Critical 0.2960 0.5724 0.5305 0.3318

Table 2: Results for the least-squares estimation of the Intercept parameterA.

Contrast Reflection Exact Linear EI RI

Weak Noncritical 0.0475 – 0.3266 – 0.4468 0.0559
Critical – 0.0475 – 0.3578 – 0.2563 – 0.0862

Medium Noncritical 0.2273 – 0.2412 – 0.3125 0.1139
Critical – 0.2273 – 0.8563 – 0.6302 – 0.2952

Large Noncritical 0.2373 – 0.1822 – 0.3084 0.1181
Critical – 0.2373 – 1.4034 – 0.8847 – 0.4690

Table 3: Results for the least-squares estimation of the Gradient parameterB.
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Figure 4: AVO curves for the weak-contrast model inverted parametersin Tables 2 and 3: without (top)
and with (bottom) post-critical reflections.
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Figure 5: AVO curves for the medium-contrast model inverted parameters in Tables 2 and 3: without (top)
and with (bottom) post-critical reflections.
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Figure 6: AVO curves for the large-contrast model inverted parameters in Tables 2 and 3: without (top)
and with (bottom) post-critical reflections.

CONCLUSIONS

We have discussed the problem of determination and use of impedance functions generalizing the
simple expression of the P-P reflection coefficient under normal incidence in acoustic/elastic media under
oblique incidence in acoustic media, to oblique-incidencein elastic media. We have shown that for arbi-
trary selection of densities and P- and S-velocities, thereis no closed-form impedance function fulfills the
required task. Under additional, ad hoc, assumptions, impedance functions can be defined that provide use-
ful approximations to the P-P reflection coefficients. We have examined two of such impedance functions
available in the literature, namely, the elastic and reflection impedances, and discussed their potential for
approximating the P-P reflection coefficient for modelling and inversion purposes. Our simple, but typical,
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numerical experiments have shown that the reflection impedance provide significantly better results, both
for modelling and AVO inversion.

The elastic impedance has shown to provide good insight and results on calibration of seismic data
for inversion purposes from well data (see Connolly (1999);Whitcombe (2002); Mallick (2001)). Current
research is being done to employ a similar approach using, however the reflection impedance function.
Furst results in this direction are shown in Santos et al. (2002).
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APPENDIX A

Let us assume that the differential equation (22) has a solution RI ≡ RI(ρ, α, β, σ) for any choice of
the density and velocity functions. Under a vertically inhomogeneous assumption, as previously indicated,
the rayparameter,p, has a constant value (that is, it does not depend on the medium parameters and also
does not depend onσ). Therefore, the total differential for the functionRI is

RI ′ =
∂RI

∂ρ
ρ′ +

∂RI

∂α
α′ +

∂RI

∂β
β′ +

∂RI

∂σ
, (31)

Hence, to satisfy equation (22), we must have

1

RI

∂RI

∂ρ
=

1 − 4β2p2

ρ
,

1

RI

∂RI

∂α
=

1

α(1 − α2p2)
,

1

RI

∂RI

∂β
= −8βp2 and

1

RI

∂RI

∂σ
= 0 . (32)

From the last condition, we conclude thatRI does not depend onσ. Using the condition for theβ-term, it
follows thatRI has the form

RI = G(ρ, α) exp{−4β2p2} , (33)

whereG is some function to be determined. Substituting the above expression in theρ-term in equation
(32) we arrive at

1

G

∂G

∂ρ
=

1 − 4β2p2

ρ
, (34)

which is impossible sinceG does not depend onβ. This shows thatRI cannot have a closed-form expres-
sion that is valid for all medium parameters,ρ, α andβ.

This can be overcome, for example, by considering thatβ has a functional dependence onρ, i.e.,
β ≡ β(ρ). With such an assumption, relations (32) turn out to be

1

G

∂G

∂ρ
=

1 − 4β2p2

ρ
, and

1

G

∂G

∂α
=

1

α(1 − α2p2)
. (35)
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The differential equation forα is easily solved giving

G = H(ρ)
α√

1 − α2p2
, (36)

with H being some function. Substituting the above solution into the differential equation inρ yields

1

H

∂H

∂ρ
=

1 − 4β2p2

ρ
(37)

and so,

H = RI0 ρ exp

{
−4p2

∫
β2

ρ
dρ

}
, (38)

whereRI0 is a constant. Collecting results, we finally conclude that

RI = RI0
ρ α√

1 − α2p2
exp

{
−4p2

[
β2 +

∫
β2

ρ
dρ

]}
, (39)

APPENDIX B

The P–wave reflection coefficient can be approximated by Shuey’s two-term approximation (Shuey
(1985)),

R ≈ A + B sin2 θ , (40)

whereA is theAVO intercept, namely the normal incidence P-wave reflection coefficient,

A = R0 ≈ 1

2

[∆ρ

ρ
+

∆α

α

]
, (41)

andB is the AVO gradient (or slope),

B =
1

2

∆α

α
− 2

β2

α2

[∆ρ

ρ
+ 2

∆β

β

]
. (42)

Using simple least-squares procedures, the AVO indicatorsA andB can be directly estimated from
amplitudesversusangle of incidence data. The expression of the reflection coefficient in terms of elastic
(EI) and reflection (RI) impedances can also be used to estimate the same indicators. The procedure is
described as follows.

First, from the impedance concept, formula (10), we define a new quantityF as the ratio of the
impedances,F = I2/I1. Therefore,

R =
I2 − I1

I2 + I1
=

I2/I1 − 1

I2/I1 + 1
=

F − 1

F + 1
, (43)

and

F =
1 + R

1 − R
. (44)

From the elastic impedance function (21), and using the sameapproximation to obtain (40), i.e.,
tan2 θ ≈ sin2 θ, we arrive at

lnF = ln

[
EI2

EI1

]
= ln

[
ρ2α2

ρ1α1

]
+ ln

[
α2

α1

(
ρ2β

2
2

ρ1β2
1

)−4K
]

sin2 θ = Λ1 + Λ2 sin2 θ . (45)

After a simple application of a linear least-squares approximation to obtain the bestΛ1 andΛ2 that fitslnF
andsin2 θ, the AVO indicatorsA andB are given by

A =
exp{Λ1} − 1

exp{Λ1} + 1
, andB =

exp{Λ2} − 1

exp{Λ2} + 1
. (46)
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Now, from the reflection impedance function (25), and assumingβ1 6= β2, we have

F =
RI2

RI1
=

ρ2α2

ρ1α1

cos θ√
1 − α2

2p
2

exp{−2[2+γ][β2
2−β2

1 ]p
2} = Λ1

cos θ√
1 − Λ2

2 sin2 θ
exp{Λ3 sin2 θ} . (47)

Again, we can findΛ1, Λ2 andΛ3 in a least-squares sense. It is important to note that here itis not possible
to “linearize” the expression to apply linear least-squares: a nonlinear solver must be used. Nevertheless,
since there are only three unknowns, the procedure is easilyimplemented. After some algebraic manipula-
tions, the AVO indicatorsA andB can be recast as functions of theΛ’s

A =
Λ1 − 1

Λ1 + 1
, andB =

Λ2 − 1

Λ2 + 1
+

Λ3

2
. (48)
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Automatic smoothing by optimal splines
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ABSTRACT

We propose a method that is capable to filter out noise as well as suppress outliers of sampled real
functions under fairly general conditions. From ana priori selection of the number of knots that
define the adjusting spline, but not their location in that curve, the method automatically determines
the adjusting cubic spline in a least-squares optimal sense. The method is fast and easily allows for
selection of various possible number of knots, adding a desirable flexibility to the procedure. As an
illustration, we apply the method to some typical situations found in geophysical problems.

INTRODUCTION

In experimental sciences we are often required to representa set of measured data in the form of a smooth
curve from which desirable parameters or attributes are to be extracted. A common problem is the presence
of noise in the data. In the literature we find several methodsthat try to filter and/or smooth the data. Many
of them provide us, after application, a different sampled dataset that, following some criteria, can be seen
as smoother than the original one. We can also think of an interpolation approach, where the noisy data is
replaced by corresponding points that belong to an interpolating function.

The natural question is how should we choose the “interpolating points” from the data so as to construct
the desired smoothing function. Normally, these points areextracted from the data, in a regular fashion or
manually selected.

We propose a method that optimally selects points to define a cubic spline that best represents the data
in the least-squares sense. An interesting feature of the method is that the knot points are no longer required
to belong to the original data set. As we will see below, the method is suitable, not only for smoothing,
but also for discarding outliers. The method is designed to handle datasets composed by samples of rather
complicated real functions. It is to be stressed that, by construction, the obtained function is naturally
smooth up to second-order derivative.

The proposed method is applied to two important problems in geophysics. The first problem is to
recover horizons as part of a macro-velocity model inversion from multi-coverage seismic data and to
smooth seismic traveltime attributes (see Biloti et al. (2002)). The second application refers to smoothing
well-log data for anomaly detection and inversion purposes.

FORMULATION

Consider a noisy dataΩ = {(xj , yj) ∈ IR2 | j = 1, . . . , M}. Let N be the number of interpolating points
andΓ = {(Xi, Yi) ∈ IR2 |Xi−1 < Xi, i = 1, . . . , N} be the set of these points that defines the sought-for
cubic spline. To obtain the best setΓ, in the least-squares sense, we must solve the2N -variable problem

min
Γ

M∑

j=1

|yj − s(xj)|2 , s. t.





s is the cubic spline defined byΓ
X1 ≥ minj xj

XN ≤ maxj xj

. (1)

mailto:biloti@mat.ufpr.br
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To solve this problem, we have employed the optimization solver called GENCAN proposed by Birgin
and Martínez (2002). GENCAN is an active-set method for smooth box-constrained minimization. The
algorithm combines an unconstrained method, including a line search which aims to add many constraints
to the working set at a single iteration, with a recently introduced technique (spectral projected gradient) for
dropping constraints from the working set. As usual, the optimization process needs an initial approxima-
tion. For this purpose, we chose the initial set as composed by N regularly sampled pairs on the originally
given setΩ, that is,(Xi, Yi) = (xj , yj), with j = b1 + (i − 1) · (M − 1)/(N − 1)c, for i = 1, . . . , N ,
wherebxc denotes the greater integer less than or equal tox.

Note that we have not made any consideration on how to choose the number,N , of interpolating points.
The method is designed to automatically find, in the least-squares sense, the best cubic spline for the
specified number of knotsN . Of course, for a small number of pointsN , the obtained spline will not be
able to represent more than the general trend of the curve. Onthe other extreme, for large values ofN , the
spline will tend to fit even the outliers. Since the method is fast, it is reasonable to estimate the cubic spline
for several choices ofN . This flexibility can be very useful to the user or interpreter, in the sense that a
number of inexpensive trials can be implemented before a final decision on which level of smoothness is
the best choice for the problem.

APPLICATIONS

We now illustrate the application of the proposed method to some common practical situations. We start by
testing the ability of the method to smooth a sequence of the four datasets of increasing difficulty, shown
in Figure 1. We next apply the procedure to two problems related to seismic imaging and inversion, shown
if Figures 2 and 3, respectively.

General situations

Figure 1(a) shows that the method efficiently handles and removes white noise. In the next example (Fig-
ure 1(b)), besides the noise, some outliers were added. Again, the optimized cubic spline represents the
data very well. In Figure 1(c), we see that the obtained curveis able to well describe abrupt variations of
the data. Finally, in Figure 1(d), we see that the method is robust enough to provide good results even in
the presence of discontinuities. Note that, in particular,there are no Runge effects near the discontinuities.

Horizon reconstruction

We present the results of an algorithm for reconstruction ofinterfaces and inversion of attributes from
2D-multi-coverage seismic data. As reported in Biloti et al. (2001), the procedure has been successfully
applied to invert a layered macro-velocity model from the data. Figure 2(a) depicts the inverted model,
where the estimated interfaces (solid lines) were approximated byconventionalcubic splines (constructed
by selection of knots among the sampled set). In Figure 2(b),we can see the improvement of the inverted
model, when the interfaces where constructed upon the application of the proposed technique.

Well-log analysis

Well logs play the important role of linking rock parametersto seismic data. As an example, impedance
functions derived from well logs are generally used for identification and characterization of reservoir
anomalies. Well data (e.g., P-and S-velocities and density) are, in general, very noisy, so it may be desirable
to consider the parameters as smooth functions of depth (or time). Figure 3 shows the application of the
method to smooth a couple real data well logs. On the top of thefigure, the new method was used with
N = 20 knots. On the bottom of the figure, the number of knots wasN = 30.

CONCLUSIONS

We presented an automatic method for smoothing and outlier suppression of data sets that consist of sam-
pled real function points. After ana priori selection of the number of knots, the procedure automatically
finds the location of the interpolating points, in such a way that the resulting smoothing function (a cubic
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Figure 1: Examples of cubic spline optimal adjust. In all graphs the black line represent the noisy data
(linearly interpolated), the blue line states for the initial approximation for the optimization solver, the red
line is the optimized cubic spline obtained, and the red dotsare the knots that define that spline.
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spline) is optimal in the least-squares sense. As the methodis fast, it allows the user to apply the procedure
to different numbers of knots, so as to choose the degree of smoothness that best fits the data. A particular
feature of the method is its ability to adjust to abrupt discontinuities on the data.

The few illustrations presented in the text show a wide applicability of the method. As further applica-
tions, the method could be useful for purposes such as tomographic inversion and automatic picking.
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The Wave Inversion Technology (WIT)
Consortium

W I T

The Wave Inversion Technology (WIT) Consortium was established in
1997 and is organized by the Geophysical Institute, Karlsruhe University,
Germany. It consists of four working groups, one at Karlsruhe University
and three at other universities, being the Mathematical Geophysics Group
at Campinas University (UNICAMP), Brazil, the Seismics / Seismology
Group at the Free University (FU) in Berlin, Germany, and theApplied
Geophysics Group (AGG) of the Hamburg University, Germany.The WIT
Consortium offers the following services to its sponsors: a) Research as de-
scribed in the topic “Research aims” below; b) Deliverables; c) Technology
transfer and training.

RESEARCH AIMS

The ultimate goal of the WIT Consortium is a most accurate andefficient target-oriented seismic modeling,
imaging, and inversion using elastic and acustic methods.
Traditionally, exploration and reservoir seismics aims atthe delineation of geological structures that con-
strain and confine reservoirs. It involves true-amplitude imaging and the extrapolation of the coarse struc-
tural features of logs onto space. Today, an understanding is emerging on how sub-wavelength features
such as small-scale disorder, porosity, permeability, fluid saturation, etc. influence elastic wave propaga-
tion and how these properties can be recovered in the sense oftrue-amplitude imaging, inversion, and
effective media.
The WIT Consortium has the following main research directions which aim at characterizing structural and
stratigraphic subsurface characteristics and extrapolating fine grained properties of targets:

1. Macromodel-independent multicoverage zero and finite offset simulations.

2. Macromodel determination.

3. Seismic image and configuration transformations (data mapping).

4. True-amplitude imaging, migration, and inversion.

5. Seismic and acoustic methods in porous media.

6. Passive monitoring of fluid injection.

7. Fast and accurate seismic forward moelding.

8. Modeling and imaging in anisotropic media.

COMPUTING FACILITIES

In Karlsruhe, the research project uses computer facilities that consist of mainly Hewlett-Packard (HP),
Silicon Graphics (SGI), and Linux workstations. These are networked with a local compute server, a SGI

http://www.wit-consortium.de/
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Origin 3200 (6 processors, 4GB shared memory). For large-scale computational tasks, an IBM RS/6000
SP-SMP (256 nodes + 52 nodes) and a Fujitsu VPP 5000 are available on campus. If there is still a request
for more computing power, a Cray T3e (512 nodes), a NEC SX-4/32, and a Hitachi SR8000 (16 nodes)
can be used via ATM networks at the nearby German National Supercomputing Center (HLRS) in Stuttgart.

The Hamburg group has access to a 16 nodes (8 CPUs and 8 GB each)NEC SX-6 supercomputer at the
German Computer Center for Climate Research (Deutsches Klimarechenzentrum, DKRZ) for numerically
intensive calculations. Additional computer facilities consist of several SUN workstations and Linux PCs.

The Geophysical Department of the Free University of Berlinhas excellent computer facilities based
on Sun- and DEC-Alpha workstations and Linux PCs. Moreover,there exists access to the parallel super-
computer Cray T3m (256 proc.) of ZIB, Berlin.

The research activities of the Campinas Group are carried out in the Mathematical Geophysics Labora-
tory. The Lab has many PC Linux workstations and Sun Ultra 60/80 workstations connected by a dedicated
network, suitable for parallel processing. For large-scale applications, the Lab has full access to the Na-
tional Center for High Performance Computing of São Paulo, that maintains, among other machines, an
IBM RS/6000 9076-308 SP (43 nodes) with 120GB of RAM. Also available are seismic processing soft-
ware packages from Paradigm and CGG.

WIT PUBLIC RELATIONS COMMITTEE

Name University Area

Peter Hubral Karlsruhe WIT headquarter
Claudia Payne Karlsruhe WIT headquarter
Thomas Hertweck Karlsruhe WIT report & WIT CD-R
Ingo Koglin Karlsruhe WIT report & WIT CD-R
Christoph Jäger Karlsruhe WIT homepage manager
Yonghai Zhang Karlsruhe WIT seminar organizer
Jürgen Mann Karlsruhe WIT poster organizer

STEERING COMMITTEES

Internal External
Name University Name Sponsor

Steffen Bergler Karlsruhe Jürgen Meister BEB
Dirk Gajewski Hamburg Glyn M. Jones Chevron
Thomas Hertweck Karlsruhe Paolo Marchetti ENI/AGIP
Peter Hubral Karlsruhe Buzz Davis Landmark
Christoph Jäger Karlsruhe Jurandyr Schmidt Petrobras
Axel Kaselow Berlin Paul Krajewski Preussag
Jürgen Mann Karlsruhe Walter Soellner PGS Geophysical
Claudia Payne Karlsruhe Christian Henke RWE-DEA
Jörg Schleicher Campinas Leon Hu Saudi Aramco
Sergei Shapiro Berlin Paul Williamson TotalFinaElf
Ekkehart Tessmer Hamburg Henning Trappe TEEC
Martin Tygel Campinas Alfonso Gonzalez WesternGeco



WIT research personnel

Steffen Bergler received his diploma in geophysics from Karlsruhe University in February 2001. Cur-
rently, he is working as a research associate at Karlsruhe University on the the implementation of the CRS
stack for finite offset and the 3D CRS stack. He is a member of DGG, EAGE, and SEG.

Ricardo Biloti received his B.Sc. (1995) and M.Sc. (1998) in Applied Mathematics from the State Univer-
sity of Campinas (UNICAMP), Brazil, where he is a PhD studentsince 1998. In his PhD thesis he has been
developing a macro-model velocity independent inversion method. He has worked with CRS (Common
Reflection Surface) type methods and developed a technique to estimate some seismic attributes without
the knowledge of macro-model velocity. He is also interested in fractals. He is a member of SIAM and
SEG.

Stefan Buskereceived his diploma in geophysics (1994) from Frankfurt University. From 1994 until 1998,
he worked as research associate at Frankfurt University, and from 1998 until 1999 he was with Ensign Geo-
physics Ltd. (Depth Imaging Department) in London. Since 1999 he is a university staff member at the
Free University of Berlin. His research interests include seismic modeling and inversion, deep seismic
sounding and parallel programming. He is a member of DGG and EAGE.

Pedro Chira-Oliva obtained a master degree of Geophysics in Seismic Methods from Federal University
of Pará (Belem, Brazil). He started his PhD studies at the Geophysical Institute, Karlsruhe University.
Currently, he is working on 3D CRS stack. His interests are macro velocity model independent imaging
and seismic image wave methods.

Radu-Aurel Coman (now with TEEC) received his Diploma (1995) in geophysics from the University
of Bucharest. From 1995 until 1996, he worked as research assistant at Geoecomar Bucharest and also
specialized in geology at the University of Bucharest. After this, he spent two years at the Westfälische
Wilhelms-Universität Münster. Since 1999 he is a Ph.D. student at the University of Hamburg. His inter-
ests are traveltime computation and Kirchhoff migration. He is a member of EAGE and SEG.

Erik Ewig is currently writing his diploma thesis at the Gephysical Institute, Karlsruhe University. He
works on the improvement of the CRS stack by means of residualstatic corrections.

Dirk Gajewski received a diploma in geophysics in 1981 from Clausthal Technical University and a PhD
from Karlsruhe University in 1987. Since 1993, he has been associate Professor (Applied Geophysics)
at Hamburg University. After his PhD, he spent two years at Stanford University and at the Center for
Computational Seismology at the Lawrence Berkeley Lab in Berkeley, California. From 1990 until 1992,
he worked as an assistant professor at Clausthal Technical University. His research interests include high-
frequency assymptotics, seismic modeling, and processingof seismic data from isotropic and anisotropic
media. Together with Ivan Psencîk, he developed the ANRAY program package. He is a member of
AGU, DGG, EAGE, and SEG, and serves as an Associate Editor forGeophysical Prospecting (section
anisotropy).

Alexander Goertzreceived his diploma in Geophysics in 1998 and his Ph.D. in 2002 from Karlsruhe Uni-
versity. His research interests include true-amplitude seismic imaging of multicomponent data and AVO
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inversion. He is currently a research fellow with Free University Berlin where he focuses on predictive
imaging in large-diameter long-distance tunneling. He is amember of SEG and AGU.

Zeno Heilmann received his diploma in Geophysics from the University of Karlsruhe (TH) in October
2002. Since November 2002 he has been a research associate atthe Geophysical Institute, Karlsruhe Uni-
versity. Currently he works on the development of the common-reflection-surface (CRS) stack, focusing
on the influence of the top surface topography.

Thomas Hertweckreceived his diploma in Geophysics in May 2000 from Karlsruhe University, Germany,
where he passed the exams with distinction. His thesis dealtwith true-amplitude migration, demigration,
and modeling by demigration. Since August 2000, he has been aresearch associate and teaching assistant
at the Geophysical Institute, Karlsruhe University. Since2001, he is jointly responsible for the adminis-
tration of the computer systems at the Geophysical Institute. His fields of interest are numerical analyses,
development of seismic software (especially on Linux systems and parallel shared-memory machines),
seismic ray theory, and seismic (true-amplitude) imaging.Currently, he focuses on the implementation of
true-amplitude (de)migration software and the application on real data with rugged topography. He is a
member of EAGE and SEG.

German Höcht received his diploma in geophysics in 1998 from Karlsruhe University. Since 1998 he
has been a research associate at Karlsruhe University. His interests are macro velocity model independent
imaging methods. He is member of the SEG.

Peter Hubral received an M.Sc. in 1967 in geophysics from Clausthal Technical University and a Ph.D. in
1969 from Imperial College, London University. Since 1986,he has been a full Professor of Applied Geo-
physics at Karlsruhe University specialising in Seismic Wave Field Inversion. During 1970-73 he was with
Burmah Oil of Australia and from 1974 to 1985 he was with the German Geological Survey in Hannover.
He was a consultant in 1979 with AMOCO Research and, during 1983-1984, a PETROBRAS-sponsored
visiting professor in the PPPG project at the Universidade Federal da Bahia in Brazil. In 1995-1996 he
was an ELF- and IFP-sponsored visiting professor at the University of Pau, France. He received EAEG’s
Conrad Schlumberger Award in 1978 and SEG’s Reginald Fessenden Award in 1979. He is a member of
DGG, EAEG and an honorary member of the SEG. Peter Hubral is involved in most of WIT’s activities,
in particular those including research on image resolution, image refinement, image attributes, multiple
suppression, incoherent noise suppression, true-amplitude imaging, interpretative processing, and image
animation.

Christoph Jäger received his diploma (with distinction) in Geophysics in February 2002 from Karlsruhe
University. His thesis was about true-amplitude migrationand demigration and its implementation. Since
March 2002, he has been a research associate at the Geophysical Institute in Karlsruhe. He is currently
working on the efficient implementation and the applicationof true-amplitude (de)migration software.
Christoph is also responsible for the maintenance of the WIThomepage. He is a member of EAGE and
SEG.

Tina Kaschwich received her diploma in 2000 in geophysics from Hamburg University. Since 2001 she
is a Ph.D. student at the University of Hamburg. Her researchinterests are ray method and migration in
anisotropic media. She is a member of EAGE.

Axel Kaselow received his diploma (M.Sc. equivalent) in Geology from Karlsruhe University in April
1999. Since then, he has been a research associate at the Geophysical Institute, Karlsruhe University, and
became a member of WIT’s internal steering committee. In January 2002 he joined WIT’s rock physics
group in Berlin. His research interests are 4D modeling and rock physics, and the development of rock
physical software. He is currently working on seismic properties of porous and fractured rocks under
stress, especially on the dependence of seismic velocitieson pore fluid pressure. He is a member of the
SEG and EAGE.



Annual WIT report 2002 297

Ingo Koglin received his diploma in geophysics in 2002 from Karlsruhe University. Since 2002 he has
been a research associate at Karlsruhe University. His research interests include preparation and applica-
tion of seismic wave field attributes obtained by the CRS stack. He uses the attributes for inversion and
to improve imaging. A second field of interest is the improvement of the CRS stack by means of residual
static correction. He is a member of SEG.

Oliver Krüger is a diploma student. Presently, he is working in the modeling group at the Freie Universität
Berlin. His thesis is about accuracy of numerical modeling methods.

L.W.B. Leite: Professor of Geophysics at the Graduate Course in Geophysics, and member of the Depart-
ment of Geophysics of the Federal University of Pará (Belem,Brazil). His main emphasis at the present
time is seismic wave propagation in thin layers for deconvolution and inversion problems.

Stefan Lueth received his Diploma in geophysics from the TU Clausthal in August 1996. His thesis was
on numerical and methodical investigations on diving wave tomography. In 2000 he received his Ph.D.
from the FU Berlin. His research interests include refraction seismic data interpretation, seismic process-
ing and integration of geophysical and geodynamic data.

Jürgen Mann received his diploma in geophysics in 1998 from the Faculty of Physics, Karlsruhe Uni-
versity, with a thesis on Seismic Image Waves. In 2002, he received a doctorate in natural sciences (with
distinction), again from the Faculty of Physics in Karlsruhe, with a thesis on the Common-Reflection-
Surface Stack method. Since 1998 he has been a research associate at Karlsruhe University, since 2001 he
is assistant to Prof. Peter Hubral. His fields of interest areseismic reflection imaging methods, especially
data-driven approaches based on kinematic wavefield attributes. He is member of the EAGE and the SEG.

Elive M. Menyoli received his diploma in Physics with specialization in Geophysics in 1998 at the Univer-
sity of Göttingen. From April 1998 until November 1998, he was with the German Geological Survey in
Hannover. Since December 1998 he is a Ph.D. student at the University of Hamburg. His research interest
is in Kirchhoff migration of P-SV converted waves.

Alex Müller is a graduate student currently working on the implementation of the 3D CRS stack. His main
task is the development of efficient search strategies for the eight-parameter moveout surface used in the
3D CRS stack.

Tobias M. Müller received a diploma in geophysics in 1998 from Karlsruhe University and his Ph.D. in
2001 from Freie Universität Berlin. His research interestsinclude the theoretical and numerical description
of seismic wave fields in randomly inhomogeneous (poro-)elastic media.

M. Amélia Novais received her M.Sc. in Mathematics from the Brazilian Institute of Pure and Applied
Mathematics (IMPA) in 1993 and her PhD in Applied Mathematics from State University of Campinas
(Unicamp) in 1998. Since 1996, she has been a professor for Mathematics at the Federal University of Sao
Carlos (UFSCar), Brasil. She has joined Unicamp in April 2002. Her research interests focus on partial
differential equations and include seismic forward imaging. In particular, she works with finite differences
to obtain the solution of the acoustic and elastic wave equation, as well as with the Born and Kirchhoff ap-
proximations. Presently, she also studies image-wave equations. She is a member of SEG, EAGE, SBGf,
SBMAC, and SBM.

Robert Patzig received his diploma in geophysics from Braunschweig. In the dipoma thesis he developed
a digital filter for the detection of the Stoneley-wave (borehole seismics) by combination of a prediction
filter and the envelope of the wave. 1999 he received his Ph.D.for "Local earthquake tomography in the re-
gion of Antofagasta (Chile)". Next he applied CRS stacking to a seismic profile from the northern Chilean
coast. His actual research interest is localizing acousticemissions with respect to the influence of seismic
anisotropy and poor recording conditions (i.e., only on string of receivers in a single borehole).
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Claudia Payne has been Peter Hubral’s secretary for 11 years. She is in charge of all WIT admin-
istrative tasks, including advertising, arranging meetings, etc. Phone: ++49-(0)721-608-4443, email:
Claudia.Payne@gpi.uni-karlsruhe.de

Carlos Piedrahita received a B.Sc. in mathematics from UNAL of Colombia, and the M.Sc. in mathe-
matics from SUNY at Buffalo in 1986. He has worked in the laboratory of geophysics and the material
science group of ICP, the research group of ECOPETROL since 1988. Currently he is working toward
his Ph.D. at the State University of Campinas, Brasil. His thesis subject is ray tracing using continuation
procedures trying to extend these methods to complex structures. His interests are in numerical methods
and continuum mechanics.

Rodrigo Portugal received his B.Sc. (1995), M.Sc. (1998), and PhD (2002) in Applied Mathematics from
the State University of Campinas (UNICAMP), Brasil. In his thesis he studied wavefront construction
in the 2.5D situation and its application to the four Kirchhoff operations, namely: modeling, migration,
demigration and demodeling. Currently he is an associate researcher of the Department of Geology and
Natural Resources (DGRN) at UNICAMP. His research interests include wavefront propagation, numerical
analysis, seismic imaging and inversion.

Jan Rindschwentneris a diploma student. Presently, he is working in the reservoir characterization group
at the Freie Universität Berlin. His thesis deals with estimating the global permeability tensor.

Elmar Rothert received his diploma in Geophysics in 1999 from the University of Göttingen. In his
diploma thesis he studied the scattering of teleseismic waves at small-scale heterogeneities in the crust and
lithosphere below the seismic receiver array GRF in Germany. Since January 2000 he is a Ph.D. student of
Prof. Shapiro at the Freie Universität Berlin. Currently, he focuses on the reconstruction of permeability in
heterogeneous, anisotropic, fluid-saturated media from induced microseismicity. He is a member of AGU,
EAGE, and SEG.

Erik Saenger received his diploma in Physics in March 1998 and his Ph.D. inNovember 2000 from the
University of Karlsruhe. Since January 2001 he has been a research associate at the Freie Universität
Berlin. Currently, he focuses on Finite Difference modeling of fractured materials at the Geophysical In-
stitute, Free University Berlin. He is member of the DGG, DPG, SEG, and EAGE.

Lúcio Tunes Santosreceived his B.Sc. (1982) and M.Sc. (1985) in Applied Mathematics from the State
University of Campinas (UNICAMP), Brazil. In 1991 he earnedhis PhD in Electrical Engineering also
from UNICAMP. From 1985 to 1988 he was employed as a Teaching Assistant at the University of Sao
Paulo (USP). Since 1988 he has been working for UNICAMP, firstas an Assistant Professor and after 1999
as an Associate Professor. From 1994 to 1995 he visited Rice University as a postdoc researcher and in
1998, 1999 and 2001 he was a visiting professor at the Geophysical Institute of Karlsruhe University (Ger-
many). His professional interests include seismic modeling and imaging as well as nonlinear optimization
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