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NMO/DMO is good!

PreSTM is much better!

CFP is (much)2 better!

CRS is (much)3 better!

— Oz Yilmaz —
(SEG meeting 2001, San Antonio)
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Preface by Peter Hubral

5 years of Wave Inversion Technology (WIT) — a special
event! This 5th annual report was compiled by the same
WIT research groups in Campinas, Berlin, Hamburg and
Karlsruhe with the same amount of researchers. This
WIT report is placed into the hands of almost the same
sponsors that we had when we started the consortium in
1997.

Through the support of our sponsors, many young, enthusiastic scientists were able to com-
plete their M.Sc. and Ph.D. studies and present their research at international meetings and con-
ventions. After all, that is really what WIT is all about. The idea is that the sponsor can tap
a “unique human resource” by supporting young talents full of wit and bringing them close to
industry-related research.

During the past five years, numerous international guest scientists have complemented our
WIT-research. Among them were Sven Treitel, Enders Robinson, Boris Gelchinsky, Mikhail
Popov and Lourenildo Leite, just to mention a few. Recently, the Hamburg group benefitted
from the visit of Professor Boris Kashtan; the Berlin group hosted the Alexander von Humboldt-
prizewinner Dr. Kravtsov. Both are renowned scientists from Russia. The Karlsruhe group is
proud to have Professor Norman Bleistein (USA) as an Alexander von Humboldt-prizewinner
join its current research activities.

Approximately 400 participants from all over the world have visited the “WIT-Workshop-
Series” during the last 5 years. Special workshop issues appeared so far in Journal of Seismic
Exploration and Journal of Applied Geophysics. A notable event in 2001 was the “2nd WIT
Workshop on Seismic True Amplitudes” which took place in Karlsruhe and was organized jointly
by the WIT groups of Martin Tygel and Peter Hubral. The event was again co-sponsored by the
EAGE and SEG. A special workshop issue is scheduled to appear in 2002 in the Journal of Seis-
mic Exploration.

For the years to come we hope to be able to keep the trust that our supporters have in our
research and desire to be of help to you. On behalf of my WIT colleagues I want to thank our
sponsors for their support during the past five years. We wish that you maintain your WIT as a
never-ending source of creativity, happiness and well-being.
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IMAGING

Höcht and Bergler present a traveltime formula that can be used to simulate a ZO volume by
means of the CRS stack from multi-coverage reflection data acquired with a 3-D survey.

Bergler et al. describe how the recently developed 2-D finite-offset Common-Reflection-Surface
(FO CRS) stack can be applied to multi-component seismic reflection data. They show that the
data-derived wavefield attributes obtained from the FO CRS stack are of use to separate uncon-
verted from converted primary reflections.

Chira and Hubral give a new analytic moveout formula for the CRS stack surface and a nor-
mal moveout velocity formula for a 2D curved measurement surface. These formulas are in fact
valid for 3D media with a curved measurement surface. This new NMO velocity can be used to
recover the interval velocities and the depths of reflectors with a generalized Dix-type inversion.

Grosfeld et al. propose a strategy to correct the CRS stacked section, as well as the CRS at-
tributes, for the topographic effects.

Biloti et al. propose a method, based on the well-established Hubral and Krey algorithm, to
obtain a velocity model from the CRS attributes. The major improvements are: a strategy to
represent interfaces as optimized cubic splines and the possibility of the layer velocities be re-
covered as gradients in depth. Two synthetic examples are presented.

Koglin shows the effects of several smoothing methods applied to extracted CRS attributes. The
smoothed CRS attributes are used for inversion purposes. A real data example shows the results
of a subsequent depth migration.

Schleicher and Santos investigate the resolution of Kirchhoff depth migration in dependence
on source-receiver offset and reflection angle. They find that, when the aperture is large enough,
resolution after migration is a function of angle rather than offset. Thus, in principle, achievable
resolution does not depend on reflector depth. In an AVO/AVA analysis of large-offset data, the
angle dependence must be taken into account as it may lead to degraded amplitudes at larger
angles.
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Hertweck et al. investigate aperture effects in 2.5D Kirchhoff migration. They relate the terms of
the Method of Stationary Phase, which mathematically describe the boundary effects, to simple
geometrical situations. This provides a more physical and intuitive interpretation of the artifacts
and helps to better understand methods to suppress them.

Santos et al. propose an approach called reflection impedance, which is based on constant ray
parameter and a power relationship between density and S-wave velocity. This new method
proved to be of better accuracy for angular impedance estimation and reflection coefficient re-
covery when compared with the elastic impedance approach.

Vanelle and Gajewski show how the optimum migration aperture can be determined from trav-
eltimes. They illustrate their method with examples and give estimates of possible savings in
computational time.

Vanelle and Gajewski show how their technique of traveltime-based true-amplitude migration
can be extended to converted waves. They illustrate their method with an example.

Buske et al. present a method for taking into account the amplitude losses due to scattering
in a statistically heterogeneous overburden during migration. The scheme is implemented as an
additional weighting term within the Kirchhoff integral formulation. The applicability is demon-
strated with the help of a synthetic deep seismic data set.

Jäger et al. show that the CRS Stack is a powerful tool to gain a clear image of the subsur-
face by comparing results with NMO/DMO/Stack. Furthermore, they present an application of
cascading true-amplitude Kirchhoff migration and demigration, namely trace interpolation for a
real data example.

Hertweck et al. give a short introduction to modeling by demigration. They show an application
of this method by means of simulating reservoir monitoring (time-lapse seismics). Seismograms
for different stages of production are simulated and changes in the reservoir are quantitatively
recovered.

ROCK PHYSICS AND WAVES IN RANDOM MEDIA

Shapiro uses the theory of poroelasticity to analyze stress dependences of seismic velocities. He
shows that elastic properties of saturated rocks and their porosity depend mainly on the differ-
ential stress. Separating the porosity into compliant and stiff parts he derives equations which
approximate well laboratory observations of seismic velocities under changing stresses.

Kravtsov et al. provide a detailed analysis of the statistical properties of seismic reflection trav-
eltimes in randomly inhomogeneous media in order to characterize the inhomogeneities of the
reflector overburden.
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Sick et al. propose a method to correct transmission losses due to scattering attenuation. They
show, by means of two examples, that the implementation of this procedure on synthetic data
yields more reliable estimates of reflection coefficients.

Müller et al. present a scattering attenuation model based on the statistical wave propagation
theory in random media. They present formulas to quantify scattering attenuation in complex
geological regions using simple statistical estimates from well-log data. To verify the theory
they perform numerical simulations of seismic wave propagation in 2-D random media using a
finite-difference solution of the elastodynamic wave equation and find a good agreement between
theoretical and numerical Q estimates.

Saenger et al. present the latest results of wave propagation in fractured media using the rotated
staggered finite-difference grid. Viscoelastic wave propagation, a numerical accuracy considera-
tion and a large-scale 3D FD simulation are shown.

Rothert et al. show the application of the SBRC approach to characterize reservoirs in terms
of hydraulic diffusivity or permeability in 3D on large spatial scales. Recently, methods were
developed using the spatio-temporal evolution of fluid-induced microseismicity for reconstruct-
ing rock properties in heterogeneous, anisotropic, fluid-saturated media. For the first time, case
studies on data from sedimentary environments are shown as well as numerical verifications of
the approach.

MODELING

Coman and Gajewski propose an efficient wavefront-oriented ray-tracing technique for the com-
putation of multivalued traveltimes in a smooth 2D velocity model. The technique starts with few
rays, which are propagated stepwise through the model, and inserts new rays if certain criteria are
satisfied. The authors suggest new approaches for the insertion of rays and for the estimation of
traveltimes at gridpoints. They also analyze the influence of the input parameters which control
the wavefront and ray densities on the accuracy of the proposed technique.

Novais and Santos show how a finite difference scheme can be adapted to the 2.5-D situation.
The full 3-D FD scheme can be reduced to a repeated 2-D FD scheme by applying the Fourier
transform with respect to the out-of-plane coordinate to the 3-D wave equation and using the
medium symmetry.

Soukina and Gajewski use the finite-difference perturbation method for traveltime computa-
tion in 3-D arbitrary anisotropic media.

Portugal shows how the Smirnov’s lemma can be applied in ray theory. It can be used to es-
tablish the connection between the traveltime and the amplitude along a ray, transforming the
transport equation into an ordinary differential equation, which is simply solved.
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OTHER TOPICS

Gajewski and Vanelle introduce an extension of the well-known T 2 − X2 method to 3-D het-
erogeneous media. They give an example of traveltime interpolation as one of the possible
applications of their method.



I

Imaging
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CRS stacking formula for 3-D acquisition

G. Höcht and S. Bergler

email: Steffen.Bergler@gpi.uni-karlsruhe.de

keywords: traveltime formula, CRS stack

ABSTRACT

To simulate a zero-offset (ZO) volume with a very improved signal-to-noise ratio from noisy
multi-coverage reflection data from a 3-D acquisition, the CRS stack uses an eight-parameter
traveltime formula. The parameters can be explained by means of the wavefronts of the
normal-incidence-point (NIP) and normal wave. In this paper we shortly present the travel-
time formula and its parameters without giving a derivation.

INTRODUCTION

In the last years, three- and five-parameter traveltime formulas have been formulated in terms
of kinematic wavefield attributes (see,e.g., Jäger et al., 2001; Zhang et al., 2001) that serve as
stacking operator for seismic reflection data from 2-D acquisition 1. We want to refer to these
traveltime formulas as 2-D traveltime formulas although they are valid for both, 2-D as well as
3-D subsurface media. The Common-Reflection-Surface (CRS) stack uses the traveltime formu-
las to construct stacked zero-offset (ZO) and common-offset (CO) sections with a very improved
signal-to-noise ratio from noisy multi-coverage pre-stack reflection data. As additional output to
the stacked sections, one obtains kinematic wavefield attributes—the propagation direction and
curvatures of wavefronts an detected at the measurement surface—which are useful for many
seismic applications. With these wavefield attributes it is possible to describe an approxima-
tion of the wavefronts at the measurement surface. The extension of the traveltime formulas to
use them to stack reflection data from 3-D acquisition is mainly the extension of the wavefront
description. In this paper, we present a traveltime formula which can be applied to simulate a
ZO volume from multi-coverage pre-stack data from 3-D acquisition. The traveltime formula
is given in terms of (now eight) kinematic wavefield attributes. In the following, we call this
formula the 3-D ZO traveltime formula.

1For a 2-D acquisition shots and receivers are aligned along a line.
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LOCAL DESCRIPTION OF A WAVEFRONT

A wavefront at an observation point on the ground surface is locally described by its orientation
and curvatures. The orientation of the wavefront is given by the propagation direction of the
wavefront, i.e. the ray direction along which the wave travels. The ray direction can, for instance,
be described by the azimuth and polar angle ϕ0 and ϕ1. By means of the ray direction we
can construct an orthogonal ray-centered coordinate system on the ground surface. Thereby, a
necessary condition for the ray-centered system is that its z-axis is defined by the ray direction
vector at the observation point. Its x- and y-axis lie in the plane perpendicular to the z-axis
but can be arbitrarily chosen. A suitable local second-order description of the wavefront is then
given in ray-centered coordinates (where the first order terms vanish) by means of the symmetric
curvature matrix Â:

ẑ = −1

2
x̂Âx̂ with x̂ =

(
x̂
ŷ

)
. (1)

x̂, ŷ, and ẑ denote the coordinates of the ray-centered coordinate (rcc) system. Although Equa-
tion (1) defines a paraboloid, this description only serves to determine the curvatures of the
wavefront.

For a 3-D acquisition it is in principle possible to extract the angles ϕ0 and ϕ1 and the
curvature matrix Â from traveltime measurements on the ground surface. For a 2-D acquisition,
however, one can only determine the wavefront description in an observation plane. This means,
it is only possible to extract the orientation (given by the angle α) and the curvature of the
wavefront within the observation plane (see Figures 1 and 2). The observation plane on the
ground surface is defined by the ray direction vector at the observation point and the direction
vector of the seismic line (indicated by si in Figure 2).

TRAVELTIME FORMULA

The parameters of the 3-D ZO traveltime formula are given by the local description of the NIP
and normal wave (Hubral, 1983) at the observation point (see Figure 3). A local description of
both wavefronts in a rcc system is given by Equation (1) substituting the curvature matrix M̂

(NIP wave) and N̂ (normal wave), respectively, for Â. With the curvature matrices of the two
wavefronts (2 × 3 parameters) and their coincident propagation direction (2 parameters) at the
ground surface, the eight parameters of the traveltime formula are described.

In a local observation coordinate (loc) system, in which the coordinates of the shot and re-
ceivers are specified, the equation for a local description of the wavefront gets more complicated.
The description in the loc system involves the introduction of transformation matrices between
the loc system and the rcc system. The loc system has its origin at the observation point where
the z-axis is perpendicular to the measurement plane. Its x- and y-axis lie in the measurement
plane and can be arbitrarily chosen.

In midpoint and half-offset coordinates (measured in the loc system) the so-called hyperbolic
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Central Ray

Observation Plane

y

x

z

Wavefront

Figure 1: A wavefront (light grey) emerging at the ground surface. The seismic line (black
line on the ground surface) and the direction of the central ray at the ground surface define the
observation plane. The intersection of the wavefront with the observation plane yields the bold
curve.

s i

α

Observation Plane

wavefront

central ray

α > 0 α < 0

Figure 2: Observation plane: the parameters observed in the 2D case describe the 3D wavefront
in the observation plane.
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Figure 3: NIP (grey) and normal wavefront (light grey) propagating through the medium along
a ray.

3-D ZO traveltime reads

t2hyp =

(
t0 +

2

v
wz · m

)2

+
2 t0
v

mT T N̂ T m +
2 t0
v

hT T M̂ T h (2)

where

• t0 is the two-way traveltime along a ZO ray,

• v is the near-surface propagation velocity in the vicinity of the observation point,

• m denotes the midpoint vector with respect to the observation point; h denotes the half-
offset vector between shot and receiver,

•

wz =




cos ϕ0 sin ϕ1

sin ϕ0 sin ϕ1

cos ϕ1


 , (3)

• T is the upper left 2 × 2 submatrix of the 3 × 3 transformation matrix which describes the
transformation from the loc system to the rcc system.

For a detailed derivation of the traveltime formula as well as the description of wavefronts in 3-D
media, we want to refer to Höcht (2001) .

The 3-D ZO traveltime formula can be used as CRS stacking operator for a 3-D data ac-
quisition to simulate a ZO volume from multi-coverage reflection pre-stack data. First tests to
determine the eight parameters from traveltime measurements and to construct a ZO volume by
means of the CRS stack have been carried out on synthetic data by Cristini et al. (2001).
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Common-Reflection-Surface stack for converted waves

S. Bergler, E. Duveneck, G. Höcht, Y. Zhang, and P. Hubral
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ABSTRACT

The finite-offset (FO) common-reflection-surface (CRS) stack has been shown to be able to
handle P-P, S-S and also P-S or S-P converted reflections to provide different stack sections
such as common-offset (CO), common-midpoint (CMP) and common-shot (CS) sections
from the multi-coverage pre-stack seismic data in a data-driven (model independent) way. It
is our purpose in this paper to investigate the performance of the FO CRS stack on data in-
volving converted waves in inhomogeneous layered media. We accomplish this by applying
the FO CRS stack for common-offset to a synthetic seismic data set involving P-P as well as
P-S converted primary reflections. We demonstrate that the FO CRS stack yields convincing
improvement of the image quality in the presence of noisy data and successfully extracts
kinematic wavefield attributes useful for further analyzes. The extracted emergence angle
information is used to achieve a complete separation of the wavefield into its P-P and P-S
wave components, given the FO CRS stacked horizontal and vertical component sections.

INTRODUCTION

To find a successful coherency-based stacking technique to enhance P-S or S-P reflections in pre-
stack (multi-coverage) seismic data as, for instance, by a common-midpoint (CMP) or common-
conversion point (Tessmer and Behle, 1990; Tessmer et al., 1990; Iverson et al., 1989) stack is
a more difficult task than to stack P-P or S-S reflections. Together with performing an optimal
stack one desires, of course, to extract from the P-P (or S-S) and P-S (or S-P) reflection data
the moveout parameters, which depend on the specific gathers as, e.g., the CMP or common-
reflection-point (CRP) gathers. The coherency-based data-derived moveout parameters may then
be used to separate different wave types, or to determine in a subsequent traveltime inversion the
vp (P-wave velocity) and/or vs (S-wave velocity) of a layered earth model.

With the introduction of the POLYSTACK (de Bazelaire, 1988), Multifocusing (Gelchinsky,
1989), and the Common-Reflection-Surface (CRS) stack (Jäger et al., 2001) three-parameter
moveout surfaces rather than one- or two-parameter moveout trajectories were introduced to
stack P-P reflections in 2-D pre-stack data into a simulated zero-offset section. These moveout
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surfaces depend on the near-surface velocity and the midpoint and offset coordinates (Hubral,
1999). To handle also converted reflections in the frame of the CRS stack, the ZO CRS stack has
recently been generalized to stack pre-stack data into a selected finite-offset (FO) section (Zhang
et al., 2001). In this case the moveout surfaces are described by five parameters, which have
to be searched-for in a coherency-based, data-driven (model independent) way. If the selected
FO section is a common-offset (CO) section, we refer to this method as CO CRS stack (Bergler
et al., 2001).

In this paper the problem is the following: Given a two-component registration (synthetic
data) of P-P and P-S reflections on a seismic line, we want to extract from noisy multi-coverage
pre-stack data a well enhanced P-P as well as a P-S finite-offset section by means of the CO CRS
stack. Our results demonstrate the convincing advantage of the CO CRS stack over conventional
stacks in improving the imaging quality, in the presence of a low signal-to-noise ratio, at the
same time allowing a complete separation of P-P and P-S reflections. In future it is planned to
apply this technique to real data.

BASIC THEORY

To handle converted reflections in the frame of the CO CRS stack, we make use of a five-
parameter moveout formula (Zhang et al., 2001). It reads

T 2 =

(
t0 +

sin βG

vG
∆xG − sin βS

vS
∆xS

)2

+2t0

(
−∆xSB−1∆xG +

1

2
∆xSB−1A∆xS +

1

2
∆xGDB−1∆xG

)
, (1)

where t0 is the traveltime along the central ray. ∆xS and ∆xG are the lateral displacement of the
paraxial ray with respect to the central ray at the source and receiver, respectively. In the work of
Červený (2001), the equation is presented in a different form and is called the two-point eikonal.
If we define the increment of the midpoint and the increment of the half-offset as

∆xm =
1

2
(∆xG + ∆xS) and ∆h =

1

2
(∆xG − ∆xS) , (2)

we can alter equation (1) into the moveout formula in terms of midpoint and half-offset

T 2 =

[
t0 +

(
sin βG

vG

− sin βS

vS

)
∆xm +

(
sin βG

vG

+
sin βS

vS

)
∆h

]2

+2t0

[
∆xm(DB−1 − B−1A)∆h +

1

2
∆xm(B−1A + DB−1 − 2B−1)∆xm (3)

+
1

2
∆h(B−1A + DB−1 + 2B−1)∆h

]
.

In both equations (1) and (3) the parameters βS and βG are the incidence angle and the emergence
angle of the central ray at the source and the receiver, respectively, vS and vG are the wave veloc-
ities at the source and at the receiver, respectively. The quantities A, B, and D in the equations
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are the scalar elements of the surface-to-surface ray propagator matrix given by Bortfeld (1989)

T =

(
A B
C D

)
, (4)

of a fixed central ray, which possesses the symplectic property (Červený, 2001)

AD − BC = 1 . (5)

For every sample of the finite-offset section to be reconstructed, we need to determine the move-
out surface, defined by five parameters βS , βG, A, B, and D, that best fits the pre-stack reflec-
tions. We do that by means of searches in the multi-coverage data volume, using coherency anal-
ysis, e.g., semblance (Taner and Koehler, 1969). In the upper part of figure 1 two five-parameter
moveout surfaces (or CRS stacking surfaces) are shown for two particular stack output samples
(for P-P and P-S indicated by arrows) in the midpoint–half-offset–traveltime pre-stack data vol-
ume. The moveout surfaces—depicted for one P-P and one P-S reflection—approximate the
kinematic reflection responses of the P-P and P-S reflections from the dome-like interface in the
vicinity of the respective output samples. The model is shown on the front-side of the lower part
in figure 1. The two output samples are associated with the two P-P and P-S reflected rays in this
2-D laterally inhomogeneous medium. If the horizontal and vertical-component geophone regis-
trations along the seismic line are available, we have two kinematically identical multi-coverage
data sets but with different amplitudes. Once the CRS stacking surfaces are determined from the
data for every stack output sample of an a priori specified finite-offset section, the CRS stack
along these surfaces can be carried out to get two CO CRS stack sections, one for each recorded
component. In this way, we make use of the full two-component multi-coverage data volume.
In one of the two obtained sections a P-P reflection event will be easier to identify than a P-S
reflection and vice versa. For various strategies of performing an accurate and efficient parameter
search and for uses of the five data-derived kinematic wave field attributes we want to refer to
Zhang et al. (2001). The inline geometrical spreading factor can, for instance, be computed from
the attributes (Zhang et al., 2001), which is of help for AVO analysis.

SEPARATION OF CONVERTED AND NON-CONVERTED WAVES

To actually separate P-P and P-S reflections the emergence angle section βG, which is an ad-
ditional output of the CO CRS stack, can be used. It gives the ray direction of emerging P-
or S-waves, depending on the velocity used for vG in equation (3) (in fact sin βG/vG is deter-
mined during the search (see Bergler et al., 2001) and βG can be calculated for any choice of vG

corresponding to the near-surface P- or S-wave velocity afterwards).
Assume an entire angle section βG, calculated using the near-surface propagation velocity of

P-waves. The direction of the ray at the receiver, given by βG defines the polarization direction
of a P-wave traveling along this ray at the same position (tangential to the ray, if free-surface
effects are neglected and an isotropic near-surface velocity is assumed). At the same time the
polarization direction defined by the relative amplitudes of the horizontal and vertical compo-
nents can be calculated directly from the two corresponding CO CRS stack sections. If a given
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Figure 1: Upper part: The kinematic reflection response of P-P and P-S waves (grey curves) from
the dome-like interface are depicted in the midpoint–half-offset–traveltime volume. At two stack
output samples the kinematic reflection response is approximated by the corresponding CRS
stacking surface which are found by coherency analysis. Lower part: The two rays associated
with the two stack output samples are depicted.
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event stems from an emerging P-wave, the polarization calculated directly from the two compo-
nents and the polarization defined by the ray emergence direction should coincide, while for an
emerging S-wave they should deviate significantly.

We denote the angle between the directly measured polarization and the polarization defined
by the direction of the emerging ray by γ. It serves as a criterion to distinguish P- and S-
waves. A weight function w(γ) that suppresses events with large γ and preserves events with
γ close to zero can then be applied to the amplitude computed from horizontal and vertical
components. Such a function could, for example, be of the form w(γ) = cos2n+1 γ where n > 0
is an arbitrary integer. A simple projection (n = 0) onto the ray tangent direction would not
suffice to completely suppress S-waves, because their polarization direction will not be exactly
normal to the ray direction, which was determined assuming P-wave velocity for vG.

An analogous procedure can be applied to enhance S-waves. In that case the angle section
βG obtained by the CO CRS stack is calculated using the near-surface propagation velocity of an
S-wave. The expected polarization direction of an S-wave traveling along that ray would then be
normal to the ray direction.

RESULTS ON SYNTHETIC DATA

For the 2-D medium shown in the lower part of Figure 1 we generated two synthetic multi-
coverage data sets, where the horizontal as well as the vertical component seismograms were
registered. For simplicity free-surface effects have been neglected. For the generation of the
pre-stack data we considered only primary P-P and P-S reflections from the two interfaces for
half-offsets from 0 km to 0.625 km in increments of 0.025 km. Thus, we have a maximum fold of
26. The midpoints ranged between 0.2 km and 2.5 km with an interval of 0.025 km. As seismic
signal we used a zero-phase Ricker wavelet of 30 Hz peak-frequency. The sampling interval
was 4 ms. The S-wave velocities of the three layers were defined by the constant vp/vs=

√
3

ratio. Finally, random noise was added to the traces so that every CO section looks similar to
those shown in Figures 2(a) and 2(b) with respect to the signal-to-noise ratio. Figure 2(a) shows
a CO section of the noisy vertical-component registration and Figure 2(b) a CO section of the
noisy horizontal-component registration. The half-offset for both sections is 0.5 km. Both CO
sections were then constructed from the pre-stack data by the CRS stack for finite-offsets. The
CRS stack for the vertical component is shown in Figure 3(a) and for the horizontal component
in Figure 3(b). In both CRS stack sections the signal-to-noise ratio increased more than in the
corresponding CMP stacks (not shown). In the CMP stack only the two-parameter CMP stacking
trajectories confined to the CMP gathers were used instead of the five-parameter CRS moveout
surfaces.

Next a wavefield separation as described in the previous section was performed. In this case
a weight function w(γ) = cos5 γ was applied to the amplitudes computed from the vertical and
horizontal component CRS stack sections. As can be seen in Figure 4(a) (P-P reflections) and
Figure 4(b) (P-S reflections), a complete separation is achieved.
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Figure 2: CO sections of pre-stack data set.
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Figure 3: CRS stacked CO sections.
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Figure 4: Reflections extracted from CRS stacked CO sections.

CONCLUSIONS

We demonstrated the applicability of the new Common-Offset (CO) CRS stack to seismic multi-
coverage data containing converted reflections. Our results on synthetic multi-component data
indicate that the CO CRS stack on converted reflections may prove on real data to be an attractive
alternative to conventional stacking methods. With the need of nothing more than the near-
surface velocity, the purely data-driven five-parameter CO CRS stack yields convincing imaging
results in the example considered in this paper. When applied to multi-component data the
emergence angle information provided by the CO CRS stack can be used to reliably separate
P-P from P-S reflections. The significantly improved signal-to-noise ratio on both, the horizontal
and vertical component sections and the ability to obtain separate P-P and P-S sections show the
great potential of the CO CRS stack in the processing and interpretation of converted waves. This
will be further investigated on real data involving converted waves, where also the five kinematic
wave field attributes will be considered for further use in inversion (e.g. macro-model inversion,
AVO analysis, etc).
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ABSTRACT

Analytic moveout formulas for primary near-zero-offset reflections in various types of gath-
ers play a significant role in the seismic reflection method. They are required in stacking
methods, e.g. the common midpoint (CMP) or the Common-Reflection-Surface (CRS) stack.
They also play a very important role in Dix-type traveltime inversions. They are particularly
attractive, if they can be given a “physical” or “quasi-physical” interpretation, involving for
instance the wavefront curvatures of specific waves. The formulas presented here have such
a form. They give particular attention to the influence that a curved measurement surface has
on the computation of the traveltime and the moveout in various gathers as well as on the
normal-moveout (NMO) velocity in the CMP gather. This influence should be accounted for
in the CMP or CRS stack as well as in the Dix-type inversion. In the computation of interval
velocities and the recovery of the depth of reflectors, this new NMO velocity formula is more
suited than the root-mean-square (rms) or NMO velocities for planar measurement surfaces.

INTRODUCTION

Analytic moveout formulas have a long tradition of being applied in the seismic reflection method
(Dürbaum, 1954; Dix, 1955; Shah, 1973; Fomel and Grechka, 1998). Particularly in the light of
“Macro-model-independent reflection imaging” (Hubral, 1999) analytic moveout formulas in
midpoint (m) and half-offset (h) coordinates have gained a new importance in such stacking
processes as the Polystack (de Bazelaire, 1988; de Bazelaire and Viallix, 1994) and Multifocus-
ing (Gelchinsky et al., 1999a,b). Here we generalize the so-called Zero-Offset (ZO) Common-
Reflection-Surface (CRS) stack formula, which is used to simulate zero-offset sections from
prestack data in a data-driven macrovelocity model independent way (Müller et al., 1998; Jäger
et al., 2001). The proposed generalized CRS stack moveout formula is formulated in such a way
that the influence of the curved measurement surface can be clearly recognized.
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THEORY

According to Schleicher et al. (1993), the hyperbolic traveltime approximation for a paraxial ray
from S ′ to R′ and from R′ to G′, both on a curved measurement surface, in the vicinity of a
normal (zero-offset) ray from SG to R and from R to SG (Figure 1a) is given by

t2hyp(m, h) = (t0 − 2 p0 m)2 + 2 t0 [(B−1 A − B−1) m2 + ( B−1 A + B−1) h2] (1)

with

p0 =
− sin βS

∗

v1
, m =

xS + xG

2
, h =

xG − xS

2
. (2)

A =
1

KNIP − KN

(
KNIP + KN − 2 KS

cos βS
∗

)
, (3a)

B =
1

KNIP − KN

(
2 v1

cos2 βS
∗

)
, (3b)

C =
1

KNIP − KN

(
2 KNIP KNcos2 βS

∗

v1
+

2 K2
S

v1

−2(KNIP + KN)
cos βS

∗KS

v1

)
, (3c)

D =
1

KNIP − KN

(
KNIP + KN − 2 KS

cos βS
∗

)
. (3d)

Formula (1) is valid for a 2D laterally inhomogeneous medium. v1 is the near-surface velocity at
the ZO location SG, t0 is the zero-offset (two-way) traveltime. xS and xG are the coordinates of
the projections of the source S ′ and receiver G′ measured along the x1-axis tangent to the curved
surface and with the origin at SG. m is the midpoint and h is the half-offset on that tangent. βS

∗

is the angle of incidence of the normal ray (emerging on the curved measurement surface at SG)
with the normal to the tangent at SG (see Figures 1b and 2).

A , B , C and D (Chira and Hubral, 2001) are the components of the so-called 2 × 2 surface-
to-surface propagator matrix T (Bortfeld, 1989; Červený, 2001) for the two-way normal ray. KS

is the surface curvature at the point SG. KNIP and KN are the curvatures of the emerging hy-
pothetical “Normal-Incidence-Point (NIP)-wave” and the “Normal (N) wave” observed at SG,
respectively (Hubral, 1983; Jäger et al., 2001). The NIP wave is associated with a point source
exploding at the normal incidence point (NIP) R. The N-wave results in an exploding reflector
experiment.

Inserting eqs. (2), (3a), and (3b) into eq. (1) we obtain

t2hyp(m, h) =

(
t0 + 2

sin βS
∗

v1
m

)2

+
2 t0
v1

(
KN cos2 β∗

S − cos β∗
S KS

)
m2

+
2 t0
v1

(
KNIP cos2 β∗

S − cos β∗
S KS

)
h2 . (4)
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Figure 1: a) Ray diagram for a paraxial ray in the vicinity of a normal (central) ray in a 2D
laterally inhomogeneous medium. b) Blow-up of Figure 1(a) showing the (x1, x3) 2D local and
(q1, q3) ray-centered (dashed) coordinate systems at SG.

Given P0(xSG = 0, t0), KS and v1 (xSG is the coordinate of the point SG in the x1 axis), the
triplet (β∗

S, KNIP , KN) can be looked upon as the searched-for kinematic parameters in the
prestack data. They help to solve a variety of stacking and inversion problems (Hubral, 1999).
They can be obtained by using the presently existing 2D CRS stack (Jäger et al., 2001) that
results from eq. (4) by substituting KS = 0.

Particular cases

We present three particular reductions of formula (4), which are part of the strategy to search the
three parameters at P0.

Common midpoint (CMP) gather

For this case (m = 0) the equation (4) reduces to

t2CMP (h) = t20 +
2 t0
v1

(
KNIP cos2 β∗

S − cos β∗
S KS

)
h2 . (5)

This expression is commonly written as (Shah, 1973)

t2CMP (h) = t20 +
4 h2

v2
NMO

, (6)

where the NMO velocity vNMO is given by

v2
NMO =

2 v1

t0 (KNIP cos2 β∗
S − cos β∗

S KS)
. (7)
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For KS = 0 this reduces to Shah’s formula. For a 1-D layered model with a planar horizontal
measurement surface, straight vertical normal ray and incidence angle β∗

S = 0 this expression
reduces to vNMO = vrms, where vrms is the familiar rms velocity (Dix, 1955).

Common shot (CS) gather

For this case (xS = 0) the equation (4) reduces to

t2CS(xG) =

(
t0 +

sin βS
∗

v1
xG

)2

+
t0

2 v1

(
KN cos2 β∗

S + KNIP cos2 β∗
S

−2 cos β∗
S KS) xG

2 , (8)

where according to Hubral (1983) and Chira and Hubral (2001), we have KNIP + KN = 2 K0,
with K0 being the wavefront curvature of the reflected wave that originated from a point source
at SG.

Zero-Offset (ZO) gather

Let us consider coincident shot-receiver pairs at the curved measurement surface and approxi-
mate the zero-offset reflections in the vicinity of SG. For this case (h = 0) the equation (4)
reduces to

t2ZO(m) =

(
t0 + 2

sin βS
∗

v1

m

)2

+
2 t0
v1

(
KN cos2 β∗

S − cos β∗
S KS

)
m2 . (9)
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All three formulas (7 to 9) should be considered in the 2D CRS stack according to Jäger et al.
(2001) for a curved measurement surface.

TRANSFORMED MEASUREMENT SURFACES

The moveout formula (4) can be simply transformed to that which would result if the curved
measurement surface at SG would be replaced by the tangent, i.e. the planar dipping surface
at point SG. This would be achieved by substituting KS = 0. It could be further reduced to a
formula, which would result for a horizontal measurement surface passing through SG by using
the dip angle α∗

S of the measurement surface at SG and replacing β∗
S by βS = β∗

S−α∗
S (Figure 2).

βS is the angle between the emerging normal ray and the normal to the horizontal surface.

APPLICATIONS

Let us assume that the coherency-based CRS stack search strategy, based on applying formula (4)
to P0(xSG = 0, t0), has provided for every primary reflection from each subsurface reflector the
three kinematic attributes (β∗

S, KNIP , KN). We can then consider their following applications.

Zero-offset CRS stack for a curved measurement surface

The attributes can be substituted into eq. (4) to perform a 3-parameter zero-offset CRS stack to
simulate from the prestack data a zero-offset trace at each point SG on the curved measurement
surface.

The Figure (3) shows a 2D model consisting of three constant velocity layers with curved
interfaces. The normal ray corresponding to X0 = 1.00 km, it passes through the medium and
reflects on the second (dome-like) interface.
In the Figure (3) the ZO CRS stack operator (black surface) approximates the primary reflection
events in the vicinity of the central point P0 which corresponds to the central (normal) ray. To
perform the ZO CRS stack, we stack along the ZO CRS stack operator (eq. 4) and assign the
stacked value to the point P0. For further details on the implementation of zero-offset CRS stack
see Jäger et al. (2001).

Dix-type traveltime inversions

Without making any assumptions on the velocity model or subsurface reflectors, we can easily
transform all kinematic attributes obtained for the curved measurement surface to those, which
would result for the planar dipping or horizontal surface (Figure 2). The NMO velocity (7) can
then be changed to that of the tangent dipping measurement surface at SG

v2
NMO,T =

2 v1

t0 KNIP cos2 β∗
S

. (10)

It can also be changed to that of the horizontal measurement surface at SG

v2
NMO,H =

2 v1

t0 KNIP cos2 βS

. (11)
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The subscripts T and H denote the tangent dipping and horizontal measurement surface respec-
tively. The latter transformation results from using βS = β∗

S − α∗
S .

SYNTHETIC DATA EXAMPLE

Let us consider the depth model of Figure 4 with four horizontal reflectors and a free measure-
ment surface given by a circular arc with radius rS = 1/KS = 10 km and the apex at x = 3.5 km.
The propagation velocities are for (P) compressional waves in every layer. At various points SG
on the curved measurement surface with an interval ∆x = 0.05 km, we calculated by ray tracing
t0, β∗

S and KNIP . They determined the hyperbolic moveout (eq. 5) for each primary reflection,
which provided the vNMO values given by formula (7). The NMO velocity vNMO (eq. 7) for each
reflector as a function of the horizontal coordinate x is shown as the dotted line in Figure 5.

The transformed velocities vNMO,T (eq. 10) and vNMO,H (eq. 11) for each reflector also are
shown in Figure 5. As they relate to planar measurement surfaces we can call upon existing al-
gorithms (Dürbaum, 1954; Dix, 1955; Shah, 1973; Hubral and Krey, 1980) to recover arbitrarily
layered constant-velocity 2D subsurface models provided the pair (vNMO,H, t0) is given along
the curved measurement surface with respect to each primary reflection.

In the following we have confined ourselves only to the indicated model of Figure 4 with
horizontal reflectors. In this case the inversion strategy for the curved measurement surface
reduces to the familiar standard Dix inversion. This results from transforming vNMO at SG on
the curved surface to vNMO,H as indicated above. It is obvious that for the i-th primary reflection
we have for v2

NMO,H the familiar expression (Dix, 1955)

v2
rms,i =

v2
1 ∆t1 + v2

2 ∆t2 + ... + v2
i ∆ti

t0,i
, i = 1, ..., N , (12)

vi is the velocity in layer i, t0,i is the two-way traveltime to interface below layer i and ∆ti =
t0,i − t0,i−1, is the two-way traveltime in layer i.

We can therefore compute the interval velocity of layer i from the well known formula

vi =

[
v2

rms,i t0,i − v2
rms,i−1 t0,i−1

t0,i − t0,i−1

]1/2

, (13)

and the thickness of layer i from

∆zi = vi
∆ti
2

. (14)

In this way we can recover the exact or true interval velocities shown in Figure 6 and the
exact depth model shown in Figure 4 and Figure 7 as denoted by the continuous lines. To be
more realistic, we computed however by ray tracing the stacking velocities from simulated CMP
gathers for primary reflections recorded on the curved measurement surface with the half-offset
hMAX = 1 km. This we did by fitting a straight line to the t2(h2) trajectory of the CMP gather.
We then assumed in the above Dix-type inversion the computed stacking velocities on the curved
measurement surface to be expressible by the analytic NMO-velocity (eq. 7). In this way we
recovered the model indicated by the dotted lines (Figure 7).
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Figure 4: 2D model constituted of five plane parallel horizontal isovelocity layers.

Would we have performed the inversion with the above standard Dix algorithm, however
assuming that the stacking velocities along the curved surface are equal to vrms then we would
have recovered the interval velocities and the depth model indicated by the crosses. Would we
have assumed that the stacking velocities can be analytically expressed by vNMO,T then we would
have recovered the model indicated by the circles. We can observe that there are significant errors
that result from neglecting the curvature and dip of the measurement surface.

CONCLUSIONS

In this paper we have formulated a new analytic moveout formula (4) for a 2D curved mea-
surement surface. It may find application, as indicated, in a number of modeling, inversion and
stacking problems. The formula was derived for a 2D laterally inhomogeneous velocity model.
It is in fact also valid for a 3D earth model with a curved measurement surface, provided all pa-
rameters in the 2D formula represent those in the plane defined by the tangent to the seismic line
and the emerging normal ray at SG. We also demonstrated that the new normal moveout velocity
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Figure 5: Three different NMO velocities for a)first reflector, b)second reflector, c)third reflector
and d)fourth reflector.
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Figure 6: Four recovered interval velocities for the model of Figure 4.

Figure 7: Recovered model obtained from stacking velocities and two-way times.
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(eq. 7), which considers the surface topography, is much more exact than the NMO velocities for
planar measurement surfaces if it comes to recover the interval velocities and the depths of the
reflectors with a Dix-type inversion.
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ABSTRACT

The Common Reflection Surface (CRS) is a stacking process that simulates a zero-offset
section and provides useful parameters sections. It can be applied to the real non horizontal
measurement surface and it is necessary to remove the topographic effect to obtain a more
accurate section to be interpreted. This work presents a new technique to remove the to-
pographic effect: continuation of the information to a chosen depth datum using the CRS
parameter. A synthetic example is provide to illustrate the approach.

INTRODUCTION

The CRS stack method simulates a zero-offset (ZO) section by summing along stacking surface
in bidimensional multicoverage data (Birgin et al. (1999)). This data is supposed to be collected
on the real earth surface. After CRS method is applied we obtain a stacked section simulated
on an irregular surface. This fact affects any further interpretation, and then, it is necessary to
remove the effect of the measurement surface.

We will show that, once we have already made an effort to estimate the CRS parameters to
construct a zero-offset section, we can use them to redatuming the stacked section (and also the
parameter sections too) to a chosen depth datum.

The moveout formula employed in the CRS method, known as hyperbolic traveltime (see, for
example, Tygel et al. (1997)), is given by

T 2(xm, h) =

(
t0 +

2xm sin β0

v0

)2

+
2t0 cos2 β0

v0
(KNx2

m + KNIPh2), (1)

where
xm =

xG + xS

2
− x0 and h =

xG − xS

2
,

xS and xG are the x coordinates of the source and receiver, respectively, t0 is the two-way zero-
offset traveltime, β0 is the emergence angle of the normal ray, and KNIP and KN are the NIP-
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and N-wavefront curvature measured at the central point, respectively, and v0 is the near surface
velocity. This formula does not take into account the curvature of the measurement surface.
After the application oh the CRS method we obtain four sections: one for the stack, one for the
emergence angle and two for the curvatures.

REDATUMING

In this section we discuss how to use the CRS parameters to remove the topographic effect. Once
we have the CRS sections on the measurement surface, z = Σ0(x), we select a horizontal datum,
z = zd, to “continue” the information, see Figure 1. To simplify the problem, the new measure-
ment surface is above the actual one. Furthermore, the velocity of this artificial homogeneous
layer is constant and equal to the near-surface velocity v0. In this way, we can propagate the
normal rays up to the datum, since we know the normal to the surface and the emergence angle
β0 for each point at measurement surface.

z = Σ0(x)

z = zd P ′

β′
0

P

β0γ

v0

datum

continuated ray

measurement surface

normal ray

Figure 1: Redatuming scheme. Continuation of a normal ray (red solid line) that hits the mea-
surement surface Σ0 at P up to P ′, on the datum at depth zd, as a straight segment (red dashed
line). β0 and β ′

0 are the emergence angle at P and P ′, respectively. γ is the angle between the
normal to the measurement surface at P and the vertical axis.

Referring to Figure 1, let us denote by P = (x0, Σ0(x0)) a point on the measurement surface
where we have simulated a zero-offset trace and by P ′ = (x′

0, zd) the point on the datum where
the normal ray arrives after redatuming. Therefore,

x′
0 = x0 + (zd − Σ0(x0)) tan(β0 + γ), (2a)

and the new CRS parameters are
β ′

0 = β0 + γ, (2b)

t′0 = t0 +
2|P − P ′|

v0
, (2c)
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1

K ′
NIP

=
1

KNIP

+ |P − P ′|, (2d)

1

K ′
N

=
1

KN
+ |P − P ′|, (2e)

where |P − P ′| is the distance between P and P ′ and γ is the angle between the normal to the
measurement surface on P and the vertical axis. Applying this formulas to the whole section
completes the redatuming.

RESAMPLING

In the previous section we have shown how to correct the information of a point P at the measure-
ment surface to a point P ′ at the depth datum. Although the central points at the measurement
surface were, in general, regularly sampled, the continuated points are irregularly spread at the
datum. Indeed, each CRS attribute and stacked amplitude, associated to a pair (x0, t0) on a regu-
lar grid, is mapped onto a new location (x′

0, t
′
0), defined by equations (2a) and (2c). The set of all

pairs (x′
0, t

′
0) is no longer a regular grid. For image purposes only, this is not a serious problem.

But if we aim to further process the continuated zero-offset section, it is necessary to interpolate
this information back to a regular grid.

X0

0
t

Figure 2: Resampling scheme. Solid lines: new regular grid. Dashed lines: vicinity around each
grid point of the regular grid.Colored bullets, continuated quantities. Black bullet, point where
the information are interpolated.

To resampling the information we employ a simple, strategy, depicted in Figure 2. The
colored bullets state for the continuated points at the plane (x0, t0). The solid lines represent the
regular grid where the information should be recast. To determine the amplitude of a point at the
new grid (depicted as a black bullet), we perform an average of all values associated to points
inside a certain vicinity of it. This vicinity is taken as rectangle centered at the desired point,
represented by dashed lines in Figure 2.
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SYNTHETIC EXAMPLE

The process was applied to the model shown in Figure 3, consisting of two interfaces, separating
three homogeneous layers. Note that the measurement surface has a sinusoidal shape. The bidi-
mensional elastic data was modeled with the dynamic ray tracing package by Červený (1985).
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)

V = 2.4 km/s

V = 3.0 km/s

V = 3.6 km/s

Figure 3: Synthetic model with three homogeneous layers.

Figure 4 clearly shows that the obtained CRS stacked section is affected by the topography.
In order to apply the proposed strategy, we have chosen a datum at z = −1 km. The continuated
stack is depicted in Figure 5(a). As we could expect, the reflections of the plane interfaces
become straight. As a verification, we have modeled the zero-offset section acquired at the
datum (Figure 5(b)). A very good kinematic agreement is observed.
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Figure 4: CRS stacked section.
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Figure 5: Zero-offset sections.

As a validation of the parameter values, we can observe Figure 6(a), where is depicted the
emergence angle section, showing the angle variation along the reflectors. On the other hand, in
Figure 6(b), we can seen that, along the reflection location, the parameter value is practically the
same. This behavior is in concordance with the fact that we have plane reflectors.

CONCLUSIONS

We have presented a strategy to correct the topographic effect after the naive application of the
CRS method. The corrections are carried out not only on the stacked section but also on the
attribute panels.

The results are encouraging concerning kinematic accuracy. The emergence angles were cor-
rectly recasted. Nevertheless, the eigenwave curvatures still presents some variations along the
reflection location that are not consistent with the theoretical values. This could be explained
by the physical derivation of the hyperbolic traveltime moveout formula, which does not take
into account the curvature of the measurement surface. Chira et al. (2001) have recently ad-
dressed this problem, proposing a new moveout formula to correct for non-planar measurement
surfaces. Anyway, it is necessary to remove the influence of topography. Since the proposed
strategy depends only on emergence angles, it can readily applied even with this new traveltime
approximation.Further tests in real data will be carried out.
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Figure 6: Emergence angle sections.
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ABSTRACT

In conventional seismic processing, the classical algorithm of Hubral and Krey is routinely
applied to extract an initial macrovelocity model that consists of a stack of homogeneous
layers bounded by curved interfaces. Input for the algorithm are identified primary reflec-
tions together with normal moveout (NMO) velocities, as derived from a previous velocity
analysis conducted on common midpoint (CMP) data. This work presents a modified ver-
sion of the Hubral and Krey algorithm that is designed to extend the original version in two
ways, namely (a) it makes an advantageous use of previously obtained common reflection
surface (CRS) attributes as its input and (b) it also allows for gradient layer velocities in
depth. A new strategy to recover interfaces as optimized cubic splines is also proposed.
Some synthetic examples are provided to illustrate and explain the implementation of the
method.

INTRODUCTION

The CRS stacking method (see, e.g., Müller et al. (1998)) is a recent technique that is establishing
itself as a better alternative to the conventional NMO/DMO stacking. As recently shown in
Trappe et al. (2001) (see also more references therein), the CRS stack is able to provide, in
a number of cases, significantly improved stacked sections that represent simulated zero-offset
sections. The CRS stacking method provides, in addition to a better stacking, a set of parameters
(called the CRS attributes) that convey more information of the propagating medium than the
single parameter, the NMO-velocity, that results from the NMO/DMO stack. The present paper
is concerned with the use of CRS attributes for velocity model inversion.

One of the important aims of seismic processing is the construction of a depth velocity model
that is consistent with the traveltimes of previously identified primary reflections. In this sense,
the classical algorithm of Hubral and Krey (1980), is routinely used to produce a layered ho-
mogeneous velocity model that makes use of NMO analysis of CMP data. The natural question
is, can the additional information provided by the CRS attributes, that naturally result from the
application of the CRS stacking, be advantageously used for model inversion purposes?
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Following earlier initial publications (Majer (2000) and Vieth (2001)), we provide a positive
answer to that question. As shown below (see also Bilot et al. (2001) and Biloti (2001)), we can
readily adapt the Hubral and Krey algorithm to use the CRS attributes, that naturally result from
the application of the CRS stacking method to the given multicoverage data, so as to also obtain
a layered model that is consistent with identified reflections. Because of the cleaner sections that
result from the CRS stack, the input reflections tend to be easier to identify and select, leading to
a more stable and reliable procedure.

An important feature of the proposed algorithm is that it allows for velocity gradients within
the layers, thus enlarging the application possibilities for subsequent imaging procedures. More-
over, special schemes designed for keeping track of the correct selection of attributes in the
presence of complicated regions, such as caustic triplications, guarantees the stable recovery of
the interfaces that define the layer model.

Hyperbolic Traveltime and CRS parameters. For a given fixed, reference ray, the hyperbolic
traveltime moveout expression (see, e.g., Schleicher et al. (1993);, Tygel et al. (1997)), relates
the (squared) traveltime of that ray with the (squared) traveltime of any other ray (of the same
code) in its vicinity. The denominations central ray and paraxial ray are commonly employed to
designate the reference and vicinity rays, respectively. The important property of the traveltime
moveout expression under consideration is that it is completely given in terms of (a) the initial
and end point relative positions of the paraxial with respect to the central ray and (b) the dynamic
properties of the central ray only. The latter are specified by means of the so-called surface-to-
surface propagator matrix of the central ray.

In the case the central ray zero-offset (or normal reflection) ray at X0, called the central point
(see Figure 1) and sources and receivers are distributed on a single, horizontal seismic line (2-D
situation), the hyperbolic moveout formula reads

T 2(x, h) =

(
t0 +

2x sin β0

v0

)2

+
2t0 cos2 β0

v0
(KN x2 + KNIP h2) . (1)

Here, x and h are the midpoint and half-offset coordinates of the source and receiver pair in the
vicinity of the normal ray. More specifically,

x = (xG + xS)/2 − x0 and h = (xG − xS)/2 ,

where xS and xG are the horizontal coordinate of the source and receiver pair (S, G) near X0.
Moreover, t0 is the zero-offset traveltime at X0 and β0 is the angle of emergence at the zero-
offset ray with respect to the surface normal at the central point X0. Finally, the quantities KNIP

and KN are the wavefront curvatures of the normal-incident-point wave (NIP-wave) and the nor-
mal wave (N-wave) (Hubral (1983)), respectively, measured at the central point X0. The travel-
time formula (1) is of fundamental use in the CRS method. Therefore, those three parameters,
β0, KN and KNIP are called CRS parameters.
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Σ

S GX0

NIP
R

β0

NIP-wavefront

N-wavefront

Figure 1: CRS Parameters for a normal central ray X0 NIP X0: the emergence angle β0 and the
NIP- and N-wavefront curvatures. Σ is the reflector, X0 is the central point coordinate, and S
and G are the source and receiver positions for a paraxial ray, reflecting at R.

THE HUBRAL AND KREY ALGORITHM

Our inversion method is based on the well-established algorithm described in Hubral and Krey
(1980). There, the velocity model to be inverted from the data is assumed to consist of a stack of
homogeneous layers bounded by smoothly curved interfaces. The unknowns are the velocity in
each layer and the shape of each interface. These unknowns are iteratively obtained from top to
bottom by means of a layer stripping process.

The main idea of the Hubral and Krey algorithm is to backpropagate the NIP-wave down
to the NIP located at the bottom interface of the layer to be determined (see Figure 2). This
means that the velocities and the reflectors above the layer under consideration have already
been determined. Since the NIP-wave is due to a point source at the NIP, the backpropagation
through this last layer gives us a focusing condition for the unknown layer velocity.

NIP

X0

Figure 2: NIP-wavefront associated to the central zero-offset ray X0 NIP X0.
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To describe the wavefront curvature along a ray path that propagates through the layered
medium, Hubral and Krey (1980) consider two distinct situations: (a) the propagation occurs
inside a homogeneous layer and (b) transmission occurs across an interface.

αj

βj+1

K+
j

K−
j+1

K+
j+1

layer j

interface j

interface j + 1

vj

vj+1

vj−1

Figure 3: Ray propagation through homogeneous layer j.

Figure 3 depicts a ray that traverses the j-th homogeneous layer (of velocity vj) being trans-
mitted (refracted) at the interface j + 1. Let us denote by K+

j the wavefront radius of curvature
at the initial point of the ray (that is, just below the j-th interface). The wavefront of curvature,
K−

j+1, just before transmission, satisfies the relationship

1

K−
j+1

=
1

K+
j

+ vj ∆tj , (2)

where ∆tj is the traveltime of the ray inside the layer. The change in wavefront curvature due to
transmission at the interface, as also shown in Hubral and Krey (1980), is given by

K+
j+1 =

vj+1

vj

cos2 αj

cos2 βj+1
K−

j+1 +

(
vj+1

vj
cos αj − cos βj+1

)
KI

j+1

cos2 βj+1
, (3)

where, αj and βj+1 are the incident and transmission angles of the ray, respectively, and K I
j+1 is

the interface of curvature, all these quantities being measured at the transmission point. Observe
that Snell’s law,

sin αj

vj
=

sin βj+1

vj+1
, (4)

is valid. Assume now that the NIP is located at the (N+1)-th interface. This leads to the focusing
conditions

1

K−
N+1

= 0 =
1

K+
N

+ vN ∆tN and ∆tN = t0 −
(

N−1∑

j=1

∆tj

)
, (5)

that determine the velocity vN . Here, K−
N+1 is the curvature of the wavefront at the NIP (it starts

as a point source) and K+
N is the curvature of the wavefront after transmission across the interface
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N . Note that K+
N , as given by setting j = N − 1 in equation (3), has an implicit dependence on

vN and βN . This is because, by Snell’s law,

sin βN =
sin αN−1

vN−1

vN . (6)

Once vN and βN were determined, the segment of the zero-offset ray inside the N -th layer can
be constructed. The sought-for NIP location is then such that its distance to that transmission
point is vN∆tN .

Summary of the Hubral and Krey algorithm

It is instructive to discuss the key ideas involved in the preceding strategy. This is done below.
We first present the main steps of the algorithm. Next we make some comments about the
implementation of the various steps.

The method aims to extract a model composed by homogeneous layers separated by smoothly
curved reflectors, corresponding to the well identified interfaces within the data only. This choice
is made a priori by the user.

Determination of the first layer: The input data is, for each zero-offset ray, the traveltime t0,
the emergence angle β0 and the wavefront curvature KNIP . The velocity of the first layer
is assumed to be known. Thus, only the reflector (the bottom of the first layer) should be
determined. As explained below, this can be achieved in many different ways.

Determination of the jth-layer: Suppose that the model has been already determined up to the
(j − 1)th-layer. The method will proceed to the determination of the next layer, that is, the
velocity of the jth-layer and the (j + 1)th-interface. The input data is again, for each zero-
offset ray reflecting at the interface (j + 1), the traveltime t0, the emergence angle β0 and
the wavefront curvature KNIP . Trace the zero-offset ray down to the j-th interface. Recall
that this ray makes the angle β0 with the surface normal at its initial point. Now, using
equations (2) and (3), back-propagate the NIP-wave from the surface to the j-th interface
along that ray. Now use the focusing conditions (5) to determine the layer velocity vj , the
angle βj and the NIP.

The above procedure can, in principle, be done to each zero-offset ray. However, under the
constraint that the layer velocity vj is constant, we obtain an over-determined system for
that unknown. How to deal with this problem will be discussed below.

BRIEF DISCUSSION OF THE ALGORITHM

We now comment on the above algorithm with regards to its accuracy and implementation. Our
aim is to identify those aspects that can be improved upon the introduction of the CRS method-
ology.

• The quantities needed by the method (emergence angles, normal traveltimes and NIP-
wavefront curvatures) are not directly available, but have to be extracted from the data. In
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the description in Hubral and Krey (1980), these quantities are obtained by conventional
processing on CMP data.

• Note that the main idea of the method, the back-propagation of the NIP-wavefront, is
carried out independently for each ray. Thus, in principle, each ray carries enough infor-
mation to recover the layer velocity, that can be translated into many equations depending
on the same unknown. Since we are assuming homogeneous layers, this implies an over-
determination of the velocity. Of course, this question was faced on the original algorithm,
but the methodology applied is not stated in the text. Hubral and Krey (1980) have pointed
out that this “excess” of information could be used to improve the velocity distribution
considered, for example, assuming a linear velocity variation.

• Note that the law of transmission for the wavefront curvatures depends on the curvature
of the interface (KI) at the transmission point, as we can see on formula (3). Hubral and
Krey (1980) state that this can be obtained by a normal ray migration.

• As stated in Hubral and Krey (1980), after the determination of the velocity, the location
of each NIP can be obtained by down propagating the last ray segment. Since each ray hits
the interface normally, the local dip can also be determined.

In the next section we show, with the help of the CRS attributes, how most of the difficulties
addressed above can be solved. In this way, a more accurate and efficient version of the algorithm
can be obtained and, moreover, preserving its elegant structure.

THE REVISED HUBRAL AND KREY ALGORITHM

In this section we discuss how the CRS parameters can be used to fully supply the requirements
of the Hubral and Krey algorithm and also how to address the involved numerical aspects. Then,
we present a revised version of the original algorithm.

The obvious advantage of having the CRS parameters is that emergence angles and NIP-
wavefront curvatures have been already determined. Thus, nor a velocity analysis neither a
traveltime gradient estimation are required to obtain the input data for the inversion process.
Moreover, with the help of the well-defined coherence section provided by the CRS method, it
becomes easier to select the horizons of interest. We now proceed to point out the main features
of the proposed algorithm.

Smoothing. Special care is to be taken when using estimated quantities as input data. We have
to try to avoid or, at least, reduce the effect of the estimation errors on the inversion process. The
strategy applied in our implementation is to smooth the parameter curves. This makes physical
meaning, since no abrupt variations on the parameters can in general occur. The method used
is stated in Leite (1998): For each five neighboring points on the curve, we fit a least-square
parabola and replace the middle point by the corresponding one that belongs to the parabola (see
Figure 4). This smoothing technique can be applied several times (we have used five times) to
each parameter curve.
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Figure 4: For each five points, the smoothing scheme fits a parabola and replaces the central
point to its corresponding value at the parabola.

Unfolding criterion. The above-described smoothing method can be applied to any curve on
the plane. All we need to know is how to follow the curve. In our case, the curves are parame-
terized by the central point coordinate. In caustic regions, more than one set of parameter values
are associated to the same central point. This could generate a problem to find out the correct
sequence. The reader could argue that perhaps the correct order is already known. However,
since the CRS parameters are extracted from the parameter sections by some picking process,
the method that we describe can be automatically built in the picking process. At the left side
of Figure 5 we can see a situation where the parameter values are sorted by their central-point
coordinates.

5.5 6.0 6.5 7.0 7.5 8.0

Central Point Coordinate

5.5 6.0 6.5 7.0 7.5 8.0

Central Point Coordinate

Figure 5: Both figures show a parameter curve within a caustic region. The small circles denote
the sampled values of the parameter. At left, the points on the curve are sorted by their central-
point coordinates. The arrows indicate the obtained sequence. At right, the same points were
resorted to the correct sequence by the application of the unfolding criterion.

We have formulated a criterion to unfold the parameter curve. When the curve has more than
one value for the same central point coordinate, the proposed criterion tries to keep the variations
of the CRS parameters between two neighboring points on the curve as small as possible. This is
a reasonable assumption since a smooth behavior of the CRS parameters is expected. The merit
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function which is to be minimized is

F (pj,pi) =
|tj0 − ti0|

ti0
+

|βj
0 − βi

0|
|βi

0|
. (7)

Here, pi = (ti0, β
i
0) is a vector with components ti

0 (traveltime) and βi
0 (emergence angle), that

refer to the central-point coordinate, xi
0. Also, i is the index of the current point and j varies

on the set of indices that specify their associated neighboring points. We calculate the function
above for each point in the vicinity of point i. Thereafter, we assign the point that has achieved
the minimum value of F to be the next one in the reordered sequence. We observe that we made
additional tests including, in the merit function F , two more terms, one for KNIP and one for
KN . However, we got worse results concerning the stability of the scheme. Recall that the above
unfolding criterion is to be applied before the smoothing process. So it should work even if there
is noise in the obtained parameter values. Several tests have confirmed the ability of the proposed
criterion to effectively unfold the parameter curve.

Model with vertical velocity gradients. As earlier described, the velocity determination is
carried out at each normal ray, leading to an over determination problem. To approach the veloc-
ity over-determination, we consider a solution in the sense of least squares as described below.

Our proposed algorithm assumes that the layered velocity model to be constructed is such
that the velocity, in each layer, has a constant gradient in depth z-direction (an affine function on
the depth). In other words, the velocity of the jth-layer is

vj(z) = ajz + bj , (8)

with constant values of aj and bj . As previously indicated, this feature is a significant improve-
ment of the original Hubral and Krey algorithm in the sense that the latter admits only constant-
velocity layers. Use of more general velocity profiles as in equation (8), implies that the the
formulas (2) and (3), designed for homogeneous layers, are no longer valid. To account for
variations of velocity inside the layers, we have used standard ray-theoretical results (see, e.g.,
Červený (2001)), to derive the corresponding expressions for propagation and transmission of
wavefront curvatures in layered media with velocity as in (8). For the propagation of wavefront
curvatures from a point A to a point B we found

K(B) =
v(B)

v(A)

(
K(A)−1 +

σ(B, A)

v(A)

)−1

, (9)

where

σ(B, A) =
sign(cos γ)

ap2
0

(√
1 − p2

0v(A)2 −
√

1 − p2
0v(B)2

)
, (10)

γ is the angle between the tangent of the ray at A and the vertical axis, a is the angular coefficient
of v, and p0 is the ray parameter. The transmission law of curvatures across an interface is found
to be

K+ =
v+

v−

(
cos α

cos β

)2

K− +

(
v+

v− cos α − cos β

)
KI

cos2 β
+

2 cos α(sin α)2 sin γ−a−

v−(z)
, (11)
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where a− is the angular coefficient of v−. The superscripts - and + account for the quantities
before and after the transmission through the interface, respectively.

Interface construction. Concerning the construction of the layer interfaces, our approach is
to fit a cubic spline, in the sense of least squares, to a set of obtained NIPs. Remember that,
after the determination of the layer velocity, each zero-offset ray can be propagate down to its
correspondent NIP (see Figure 6). The optimization solver employed is the GENCAN, proposed

Figure 6: Several NIPs (crosses) obtained by propagation of the last ray segments.

by Birgin and Martínez (2001). GENCAN is an active-set method for smooth box-constrained
minimization. The algorithm combines an unconstrained method, including a line-search which
aims to add many constraints to the working set at a single iteration, with a recently introduced
technique (spectral projected gradient) for dropping constraints from the working set.

IMPLEMENTATION OF THE REVISED HUBRAL AND KREY ALGORITHM

In the following, we present and comment our implementation scheme of the algorithm of revised
Hubral and Krey as proposed in this work.

Input data. Recall that after the application of the CRS method, we obtain a simulated zero-
offset section in which the events of interest (selected primary reflections) are well identi-
fied. This means that the traveltimes t0 at each reflection are known. The identified primary
reflections will provide the interfaces of the layered model to be inverted. Also recall that,
attached to each point of the simulated zero-offset section, we have the three parameters
β0, KNIP and KN , that have been extracted from the multicoverage data. We finally note
that the velocity of the medium in the vicinity of each central point is assumed to be a
priori known.

Determination of the first layer. For a given central point, X0, let t0 be the zero-offset trav-
eltime of the primary reflection at the first interface. Also, let β0 be the corresponding
emergence angle. In the present form of the algorithm, we assume that the velocity of the
first layer is known and has the form given by equation (8). We trace from X0 a ray seg-
ment that makes an angle β0 with the surface normal at X0 and has length equals to v0t0/2.
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The extreme of that ray segment is the NIP. Do this for all central points that illuminate
the first interface. Finally, we fit a cubic spline to the obtained NIPs, in a least-squares
sense, to represent the interface. As a result of this process, the first layer is completely
determined.

Subsequent layers. Let us assume that the model has been already determined up to the layer
(j − 1). Note that this means that interface j has been already constructed. The input data
are now the CRS parameters that refer to the zero-offset rays that reflect at the interface
(j+1). Trace the rays down to the interface j and back-propagate the NIP-wavefront along
those rays. Applying the focusing conditions, estimate vj by least squares. Using Snell’s
law calculate βj and, knowing the remaining traveltimes, trace the last segment of each
ray. To fit the many obtained NIPs an optimized cubic spline is estimated, representing, in
this way, the interface (j + 1).

SYNTHETIC EXAMPLES

The algorithm was applied to the model depicted in Figure 7. That model consists of three inter-
faces separating four homogeneous layers. The second reflector has a synclinal region between
6.5km and 7.5km that generates caustics. The data was modeled by ray tracing, using the pack-
age Seis88, designed by Červený and Pšenčík (Červený (1985)). Noise was added to the data.
The CRS parameters were estimated by the strategy described in Birgin et al. (1999). Finally,
those parameters were inverted by the proposed method. The obtained model, depicted by solid
lines in Figure 7, shows a very good agreement with the input model.

As a second example, we consider the model depicted in Figure 8(a). It is composed by four
layers. The first and the fourth layers are homogeneous. The second and the third layers are
inhomogeneous, in the sense that the velocity varies both in vertical and in horizontal directions.
As before, the multicoverage data was modeled by ray tracing and noise was added to it. The
estimated CRS parameters were inverted by the method. The result is the model depicted in
Figure 8(b). Note that the resulting model has, of course vertical gradients. To better assess the
accuracy of the recovered model, Figure 8(c) shows the percentual error between the synthetic
and the inverted model. Note that the errors are, almost everywhere, below 5%. In fact, the
euclidian norm of the relative error is approximately 3.9.



Annual WIT report 2001 61

0 4 8 12 16

Distance (km)

0

2

4

6

D
ep

th
 (

km
)

real interface
recovered interfacev0 = 1.40 km/s

v1 = 2.00 km/s

v2 = 3.40 km/s

v1
e
 = 1.99 km/s

v2
e
 = 3.39 km/s

Figure 7: Synthetic model with four homogeneous layers separated by smooth interfaces (dashed
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Figure 8: (a) Synthetic model with four layers, two homogeneous and two inhomogeneous. (b)
Obtained model with gradients. (c) Percentual error, between the synthetic and the obtained
model.

SUMMARY AND CONCLUSIONS

The contribution of this work is an extension of the classical Hubral and Krey velocity-model
inversion algorithm. That extension uses CRS parameters, obtained from previous application of
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the CRS stacking method. A significant improvement of the proposed algorithm is that it allows
for (vertical) gradient velocity profiles inside each layer. The algorithm is also able to efficiently
and accurately consider caustic regions. Finally, the obtained interfaces are represented by opti-
mized cubic splines, leading to very stable results. A discussion on the important aspects of the
numerical implementation of the algorithm, as needed for an efficient application of the method,
is provided.

Two synthetic examples are shown, where the main features of the method can be illustrated.
The results are encouraging. Concerning more complex velocities profiles, we may consider the
application of algorithm on separated parts of the domain. Thus, each inverted model would be
composed by layers with gradient-type velocity profiles that could, in a next step, be put together
to form a complete inverted model. Research on these and other aspects of the algorithm are
under current investigation.

PUBLICATIONS

Detailed discussions on the various topics addressed in this paper are provided in Biloti (2001).
Some of the material of the present paper has been presented at 7th International Congress of the
Brazilian Geophysical Society (Bilot et al. (2001)).
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ABSTRACT

The aim of 2D inversion by means of traveltimes and common-reflection-surface stack at-
tributes is to finally provide a 2D macro-velocity model of the subsurface. Here, the inver-
sion is performed by a trace-by-trace and a layer-stripping method using common-reflection-
surface stack attributes along identified (primary) reflection events. High frequency and low
frequency fluctuations of the attributes along such events require a sophisticated smoothing
method. Thus, the inversion performed after the smoothing becomes more robust.

INTRODUCTION

The aim of this work is to provide a more stable 2D inversion which additionally uses common-
reflection-surface (CRS) stack attributes. Thus, the input for the inversion is smoothed with
several different statistical methods. The 2D layered velocity model obtained by such a “robust”
inversion serves, e. g., as macro-velocity model for a time or depth migration. I use a special
inversion algorithm implementation of Majer (2000) based on the Hubral and Krey (1980) algo-
rithm. This algorithm, namely the layer-stripping horizon inversion, takes as input traveltimes
and data-derived CRS stack attributes (Jäger et al., 2001). It is compared with the conventional
trace-by-trace Dix inversion algorithm (Dix, 1955). Each triplet of CRS stack attributes (α, RNIP,
RN) determines a stacking surface to simulate a zero-offset (ZO) sample at a point P (x0, t0) in
the ZO section. Here, x0 denotes the surface location in terms of the midpoint coordinate x where
the normal ray emerges, and t0 is the two-way ZO traveltime. The angle α is the emergence angle
of the normal ray measured versus the surface normal. Two theoretical eigenwave experiments
(Hubral, 1983) are associated with the radii of curvature RNIP and RN. RNIP is the radius of the
wavefront curvature at x0 originating from a point source at the normal incidence point (NIP).
This NIP is the endpoint of the normal ray in the depth domain. An exploding reflector exper-
iment in the vicinity of the NIP yields the so-called normal wave emerging with radius RN at
x0.
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Figure 1: A real data subset with the identified primary reflections events (shown as black lines)
which are used for the proposed inversion.

PICKING SEISMIC EVENTS

For the proposed inversion process, the CRS attributes have to be provided along identified (pri-
mary) reflection events. Thus, picking is necessary which was performed within the simulated
ZO section of the Initial Fresnel CRS stack (Vieth, 2001). The Initial Fresnel CRS stack makes
use of the first Fresnel zone. The first Fresnel zone is calculated by the CRS attributes and its
projection to the surface serves as ZO aperture size for the stack. The resolution and continu-
ity of reflection events within such a simulated ZO section is enhanced compared to the Initial
CRS stack with a user-defined ZO aperture size. Thus, the semi-automatic picker can follow
the maximum amplitudes from trace to trace easier. Interactive control is still necessary because
reflection events do not have to be recorded at every receiver, intersect each other, or sometimes
cannot be distinguished from noise by the picker. The semi-automatic picker follows the maxi-
mum amplitudes by centering a user-given window at the currently found maximum amplitude
to search the maximum amplitude within this window in the next trace. The picker in its cur-
rent implementation does not interpolate between samples to find the maximum which yields a
smaller error because this error is negligible compared to the error obtained by picking the max-
imum amplitude. The maximum amplitude does, in general, not represent the true ZO two-way
traveltime. However, picking the zero crossing is not as easy as picking the maximum amplitude
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because most source wavelets have one global maximum but many zero crossings. The CRS
stack attributes are obtained by coherency analysis which is also more reliable at the maximum
amplitudes than at the zero crossings. The error within the picked traveltimes will results in depth
shifts of the inverted interfaces. This can be corrected before the inversion is performed if the
source wavelet is known. An example of picked reflection events is shown in Figure 1 as black
lines. The directly extracted CRS attribute “radius of NIP wavefront curvature”, RNIP, along one
picked reflection event is shown in Figure 2(a).

SMOOTHING BY MEANS OF STATISTICAL METHODS

The obtained CRS attributes (α, RNIP, RN) extracted along the picked reflection events are not
necessarily smooth, see Figure 2(a). As the subsequent inversion procedure is very sensitive on
variations of the CRS attributes, smoothing the attributes prior to an inversion is required.

There are several filters available for smoothing purposes. For the following methods, the
smoothing can be performed firstly with a pre-defined window of length 2n+1 in time-direction
(index τ ) and secondly with a pre-defined window of length 2m + 1 in trace-direction (index ξ),
i. e., along the identified reflection event:

1. The arithmetic mean, x, is the normalized sum of all values (xτ ,ξ) within the pre-defined
window, see Figure 2(b).

2. The median sorts the data of the window in an increasing order and takes the value in the
middle of the sequence, see Figure 2(c).

3. A combination of the arithmetic mean and the median, called mean difference cut (MDC),
calculates at first the arithmetic mean for the entire window. Then, the deviation of the
values from the arithmetic mean is computed. If the deviation is greater than a given
percentage, the value is excluded from further calculations. If data remain in this interval,
the arithmetic mean is calculated again. In the case that no data are left in this interval. the
median is taken as output, see Figure 2(d).

4. The weighted arithmetic mean, xW , is also a sum over all values (xτ ,ξ) of the pre-defined
window. Before the values are summed up, they are multiplied with a triangular weight
function, see Figure 2(e).

Another smoothing algorithm is the robust locally weighted (RLW) regression of Cleveland
(1979). The first step is to choose a weight function with the following properties:

• W (x) > 0 for |x| < 1 ,

• W (−x) = W (x) ,

• W (x) is a monotonously decreasing function for x ≥ 0 , and

• W (x) = 0 for |x| ≥ 1 .
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(a) Original extracted RNIP.
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(b) Arithmetic mean smoothed RNIP.
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(c) Median smoothed RNIP.
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(d) MDC smoothed RNIP.
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(e) Weighted arithmetic mean smoothed RNIP.
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(f) RLW regression smoothed RNIP.

Figure 2: Smoothing results obtained with a time window length of 7 samples and a trace win-
dow length of 37 samples: (a) RNIP directly extracted at the picked ZO two-way traveltimes out
of the entire attribute section. (b) after smoothing in time- and trace-direction with the arithmetic
mean. (c) after smoothing in time- and trace-direction with the median. (d) after smoothing in
time- and trace-direction with the MDC and a threshold of 5 percent. (e) after smoothing in time-
and trace-direction with the weighted arithmetic mean and triangular weight function. (f) after
smoothing only in trace-direction with the RLW regression and three iterations.

Examples of such a weight function are a boxcar, a triangle, or the cosine function (within the
boundaries from −π to +π). The second step is to fit a polynomial of dth order to the points
(xi, yi) within the window using weighted least squares with weights wk(xi) . i = 1, . . . , n
denotes all points of one picked reflection event, where n is the maximum number of points.
k = 1, . . . , n represents the kth weight function corresponding to the ith point. This initial fit,
ŷi , is the locally weighted regression. Now, the residual (yi−ŷi) is calculated to get a new weight
function, δi , that has large weights for small residuals and small weights for large residuals. The
fitted values are calculated again with a new set of weights, δiwk(xi) , which are multiplied
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(a) Dix inversion result.
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(b) Horizon inversion result.

Figure 3: Inversion results using the RLW regression smoothed CRS attributes as input.

with the original data. The last step is repeated several times and the result is the robust locally
weighted regression. The number of iterations is given by the parameter nsteps . The length of
the smoothing window is obtained by r = fn , where r is rounded to the nearest integer neighbor
and f is a factor between zero and one. If f is close to zero, the window length for smoothing
is short. Thus, the curve of fitted points remains rough. If f gets closer to one, more points are
considered for the fit. That leads to a smoother curve. This filter was designed to gain the best fit
for data for which yi = g(xi)+ εi , where g is a smooth function and εi is a random variable with
mean zero and constant scale. As it is obvious by comparing Figures from 2(b) to 2(f) against
each other, the RLW regression is in favor.

INVERSION BY MEANS OF CRS ATTRIBUTES

The frequently used Dix inversion algorithm uses the CRS attribute RNIP to find the depth points
along the corresponding vertical depth line. RNIP is related to the stacking velocity as follows:

v2
stack =

2v0RNIP

t0 cos2 α
(1)

The Dix inversion assumes that the subsurface consists of horizontal interfaces. Thus, α = 0
and cos α = 1 . The interval velocities can be calculated with Equation 1 recursively from top to
bottom by

vi,j =

√
2v0

RNIP,i,j − RNIP,i,j−1

ti,j − ti,j−1
. (2)

This is done for all identified reflection events (index j) in one and the same trace (index i) and
then for each trace. Thus, the Dix inversion is a trace-by-trace inversion method. After all traces
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(a) Macro-velocity model from the horizon inver-
sion result.
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(b) Provided macro-velocity model.

Figure 4: Two velocity models: (a) Macro-velocity model after a Backus averaging of Fig-
ure 3(b). (b) Macro-velocity model obtained by interpolating between certain 1D interval veloc-
ities computed from several CMP stacks.

are processed, all interval velocities belonging to one layer are averaged to obtain the constant
interval velocity related to this layer.

The horizon inversion (Majer, 2000) is a layer-stripping inversion method which means that
all depth points of one interface are firstly inverted. Then, the next interface is inverted consider-
ing the results of the previously inverted interface. This inversion method uses the CRS attributes
α and RNIP to obtain the interface depth points of identified reflection events. Therefore, the CRS
attribute α represents the direction of the ZO ray at its starting point measured against the surface
normal. With the CRS attribute RNIP, the end point of the ZO ray is found by applying the prop-
agation law and the refraction law (Hubral and Krey, 1980) at shallower interfaces till the NIP
wavefront shrinks to a point, i. e., RNIP = 0. This point is the end point of the “back-propagated”
ray and belongs to the searched for interface. The entire interface is constructed by spline ap-
proximation between all points of one interface. The constant layer velocity is, as for the Dix
inversion, obtained by averaging all interval velocities of one layer. This constant layer velocity
and the approximated interface are used for the calculation of the next interface.

Comparing the results of both inversion methods (Figure 3), it is obvious that the horizon
inversion yields the smoother interfaces. Also the deviation of interval velocities from the calcu-
lated mean velocity of one layer is smaller for the horizon inversion than for the Dix inversion.

A DEPTH MIGRATION EXAMPLE

The horizon inversion provided an interval velocity model (Figure 3(b)) that must be transformed
into a macro-velocity model for a subsequent Kirchhoff depth migration. Therefore, a Backus
averaging (Backus, 1962) is performed to obtain the desired macro-velocity model (Figure 4(a)).
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(b) Migrated image using the provided macro-
velocity model.

Figure 5: Results of the Kirchhoff depth migration using the macro-velocity models obtained by
(a) the horizon inversion using input smoothed by the RLW regression or (b) the macro-velocity
model obtained by interpolating between certain 1D interval velocities computed from several
CMP stacks.

The corresponding macro-velocity model of the real data subset is shown in comparison (Fig-
ure 4(b)). It is clear from the construction of interfaces by the horizon inversion that the current
implementation of the horizon inversion algorithm cannot account for lateral velocity variations.
A proposed solution can be to separate the input in smaller target ranges and merge the resulting
velocity models. Or the layers should be build up by blocks of constant velocities or smoothly
varying gradients.

A Kirchhoff depth migration of the simulated ZO section (Figure 1) using the velocity models
of Figures 4(a) and 4(b) result in the migrated images of the subsurface shown in Figures 5(a)
and 5(b), respectively.

As I do not know the true image of the subsurface, it is in the responsibility of the inter-
preter to decide which resulting image (Figure 5(a) or 5(b)) is the better representation of the
subsurface. Please notice that I used more information of the subsurface to obtain directly a
data-derived velocity model. The conventional CMP stack only uses ZO traveltimes and stack-
ing velocities. The horizon inversion uses also ZO traveltimes but CRS attributes α and RNIP in
addition.

CONCLUSIONS

The presented processing steps (CRS stack – horizon inversion – Kirchhoff depth migration)
provided an interpretable image of the subsurface. This image (Figure 5(a)) is purely data-
derived. Especially, the velocity model is not obtained by iteratively improving an initial velocity
model. Compared to velocity model obtained by CMP stacks, more information of the subsurface
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have entered the inversion process. I presented a sophisticated smoothing algorithm, the robust
locally weighted regression. This algorithm is suited best to prepare the CRS stack attributes in
order to ensure a stable inversion.

PUBLICATIONS

Detailed results are presented and discussed in Koglin (2001).
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ABSTRACT

Amplitude anomalies imply strong amplitude variations over relatively short distances.
Thus, a question fundamental to their quantitative interpretation asks for the influence of
lower amplitudes on nearby higher amplitudes and vice versa, particularly in the context of
post-migration AVO analysis. This question is directly related to the resolving power of seis-
mic migration as a function of source-receiver offset. Horizontal resolution can be quantified
in the time domain by means of the region around the migrated reflection point that is influ-
enced by the migrated elementary wave. To obtain a numerical estimate for the mentioned
zone of horizontal influence after migration, we investigate the migration output at a chosen
depth point in the vicinity of the specular reflection point for a simple model of a horizontal
interface with a vertical fault. We find that the region of influence before migration is well
approximated by the projected Fresnel zone, where the half-period is replaced by an effec-
tive wavelet length. Spatial resolution after migration depends on the reflection angle rather
than source-receiver offset. Thus, in principle, achievable resolution does not depend on re-
flector depth. As expected, migration improves the resolution for the usual seismic range of
offsets. The achievable resolution remains almost the same for reflection angles up to about
30 degrees, but then strongly decreases. In consequence, a large-offset AVO/AVA analysis
may lead to wrong results.

INTRODUCTION

Amplitude anomalies along a seismic reflector are a principal hydrocarbon indicator. An amplitude-
variations-with-offset (AVO) analysis of the bright or dim spot can often increase the usefulness
of these indicators. By their very nature, amplitude anomalies are spatially localized. There-
fore, strong amplitude variations along the reflector occur at their boundaries, often over rather
short distances. Due to the limited frequency content of the seismic waves, this means that the
amplitudes within the anomaly are influenced by the different adjacent amplitudes. The ques-
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Figure 1: Horizontal resolution: influence of the migrated event at the specular reflection point
MR on the migration result at the neighboring point MR on the reflector.

tion of how much strong amplitude variations influence neighboring regions is directly related to
horizontal resolution.

Seismic resolution after depth migration has been theoretically discussed by various authors
(Berkhout, 1984; Beylkin, 1985a; Cohen et al., 1986; Bleistein, 1987). A recent comprehen-
sive study on the subject was carried out in Vermeer (1999), where additional references on the
subject can be found. When talking about horizontal resolution, a widely accepted notion among
geophysicists is that “depth migration reduces the Fresnel zone.” Although this is a very sloppy
expression, because the Fresnel zone is a fixed-size frequency-dependent quantity associated
with the reflected ray, we will see in this paper that there is a lot of truth in it. Firstly, horizontal
resolution can indeed be quantified using a Fresnel zone concept. Secondly, for usual seismic
reflection angles, seismic migration improves the horizontal resolution. It is, however, interest-
ing to observe that for higher reflection angles, migration may actually worsen the horizontal
resolution.

We find that horizontal resolution depends very much on the pulse stretch (see, e.g., Tygel
et al., 1994) that is closely related to vertical resolution. Note that this implies to define resolution
in a slightly different way from what is usually done in the literature. Conventionally, resolution
is quantified by the minimal distance of two objects such that their images can still be recognized
as two distinct ones. In this way, resolution is clearly a frequency-domain concept. For a more
practical, time-domain concept, we need a different definition. Guided by the pulse distortion,
we quantify horizontal resolution by means of the portion of the reflector around the specular
reflection point MR that is influenced by the migrated elementary wave at MR (see Figure 1).

As shown in last year’s report (Schleicher and Santos, 2000), the mentioned zone of “horizon-
tal influence” after Kirchhoff migration, i.e., the region of reflector points M Rthat are influenced
by the migration result at MR, is the time-domain Fresnel zone. However, migration resolution
is better than that. In this report, we study the improvement of resolution due to migration in
a more quantitative way. In particular, we study the horizontal resolution of seismic migration
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as a function of offset and angle. As shown by Tygel et al. (1994), the vertical resolution is
the worse the greater the offset becomes. For a horizontal reflector below a constant-velocity
overburden, it decreases proportionally to the cosine of the reflection angle. As we have seen last
year, horizontal resolution qualitatively exhibits a similar behavior.

FRESNEL ZONE

Seismic wave propagation in the high-frequency range is usually well-described by (zero-order)
ray theory. For finite frequencies, however, a ray can only be viewed as a mathematical concept.
In fact, there is a (frequency-dependent) spatial region in the vicinity of such a “mathematical
ray” that influences the time-harmonic wavefield received at the end of the ray. Consequently
a ray-theoretical investigation of the resolution of seismic methods must include a study of the
extension of this region. By transferring concepts from physical optics (see, e.g., Sommerfeld,
1964), one can show that the main influence stems from the so-called (first) Fresnel volume of
the ray, which is therfore often called the “physical ray”. An excellent explanation of Fresnel
volumes and their role in seismics is given in Hagedoorn (1954). Any cross-cut of the Fresnel
volume by an (arbitrarily curved) surface intersecting the ray (not necessarily an interface in the
medium) is called a (first) Fresnel zone at that surface (Sheriff, 1980; Gelchinsky, 1985; Knapp,
1991, see also references there).

Time-domain Fresnel zone

In the frequency domain, the first Fresnel zone is defined as follows. A point M is said to
be inside the Fresnel zone pertaining to a certain point P on the specular ray if the scattering
contributions from M constructively interfere with the monofrequency wavefield at the receiver.
Physically, this is expressed by the condition that the lengths of the rays to and from M must not
differ by more than half a wavelength from the length of the specular ray. Mathematically, this
condition translates to

|τ − τ0| ≤ T/2 , (1)

where T is the period of the monofrequency wave.
For an equivalent definition of the concept of a Fresnel zone in the time domain, the period

T in equation (1) must be replaced by some effective wavelet length τε of the source pulse under
consideration. Then, in the time domain, the above equation reads

|τ − τ0| ≤ τε . (2)

Hubral et al. (1992) proposed to use the total theoretical wavelet length τt for τε. However,
even for theoretical pulses like the Ricker wavelet where the pulse length exactly known, this
turns out not to be a good measure for the actual pulse length. To find a better one in the frame-
work of horizontal resolution, we have tested numerically several possible definitions for the
effective pulse length based on the concepts detailed below. They are indicated in Figure 2a for
a Ricker wavelet with a theoretical wavelet length of τt =64 ms.
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Figure 2: Left: Ricker wavelet with a theoretical wavelet length of τt = 64 ms and its effective
wavelet lengths. The dashed line is the cosine that best fits the main lobe, i.e., the cosine that has
the same zeros as the wavelet. Right: Amplitude spectrum of the Ricker wavelet together with
the upper and lower half-power frequencies ωu and ωl as well as the peak power frequency.

1. Time-domain second moment (Berkhout, 1982): τε = 2
√

M2,
where M2 is the second moment of the wavelet, viz.,

M2 =

∫ ∞

−∞
(t − t0)

2f(t)2dt

∫ ∞

−∞
f(t)2dt

with t0 =

∫ ∞

−∞
tf(t)2dt

∫ ∞

−∞
f(t)2dt

(3)

being the center of the wavelet.

2. Upper half-power frequency: τε = 2π/ωu,
where ωu is the upper frequency where the power spectrum |f(ω)| has half its peak value
(see Figure 2b).

3. Distance between minima: τε = tm2 − tm1,
where tm1 and tm2 are the positions of the (first) minima of the wavelet. Note that half
this distance is also called the “tuning distance” of the (zero-phase) wavelet (Kallweit and
Wood, 1982). For the Ricker wavelet, tm2 − tm1 = τt

√
6/2π.

4. Mean frequency: τε = 2π/ω,
where

ω =

∫ ∞

−∞
ω|f(ω)|dω

∫ ∞

−∞
|f(ω)|dω

. (4)
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5. Frequency-domain second moment: τε = 2π/
√

Ω2,
where

Ω2 =

∫ ∞

−∞
ω2|f(ω)|2dω

∫ ∞

−∞
|f(ω)|2dω

(5)

is the second moment of the wavelet in the frequency domain.

6. Best-fitting cosine or distance between zeros: τε = 2π/ωc,
where ωc is the frequency of the cosine that passes through zero at the same points as the
wavelet. In other words, this wavelet length is the period of that monofrequency wave that
best fits the actual wavelet. Thus, ωc is the smallest frequency that satisfies cos ωc(t02 −
t01) = 0, where t01 and t02 are the central zeros of the wavelet. Then, ωc = π/(t02 − t01),
and τε = 2(t02−t01). Note that half this distance is the half-period of cos ωct, which would
be used in equation (1). For the Ricker wavelet, (t02 − t01) = τt

√
2/2π, where τt is the

theoretical wavelet length.

7. Peak frequency τε = 2π/ωp,
where ωp is the frequency where the power spectrum |f(ω)| has its peak value (see Fig-
ure 2b). For the Ricker wavelet, ωp = 4π/τt.

8. Mean period: τε = T ,
where

T =

∫ ∞

−∞
T (ω)|f(ω)|dω

∫ ∞

−∞
|f(ω)|dω

=

∫ ∞

−∞

2π

ω
|f(ω)|dω

∫ ∞

−∞
|f(ω)|dω

, (6)

is the mean period of the wavelet. In this integral, T (ω) = 2π/ω is the period of the
monofrequency wave with frequency ω. Note that half this length is the mean half-period
of the wavelet.

9. 5% of peak amplitude: τε = t52 − t51,
where t51 and t52 are the outermost points where amplitude of the wavelet falls below 5%
of its peak value. This is a more practical measure of the wavelet length.

10. 0.1% of peak amplitude: τε = tt2 − tt1,
where tt1 and tt2 are the outermost points where amplitude of the wavelet falls below 0.1%
of its peak value. For most practical wavelets, this length is equal to the total theoretical
wavelet length τt.

11. Lower half-power frequency: τε = 2π/ωl,
where ωl is the lower frequency where the power spectrum |f(ω)| has half its peak value
(see Figure 2b).
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Figure 3: Earth model for a simple numerical experiment. Also shown is the ray family for a
common-offset experiment with a source-receiver offset of 3000 m.

The effective wavelet lengths as determined by the various definitions in the above (increasing)
order are indicated in Figure 2a by vertical bars. Figure 2b shows the power spectrum of the
same Ricker wavelet. Also indicated are the peak power frequency ωp as well as the upper and
lower half-power frequencies ωu and ωl. In view of equation (1), we have numerically tested not
only the full effective wavelet lengths as defined above, but also the corresponding half lengths.

NUMERICAL ANALYSIS

For the purpose of determining the best measure for the effective wavelet length in the context of
horizontal resolution, and to demonstrate the lateral resolution of the seismic image before and
after Kirchhoff depth migration, we have devised the following simple numerical experiment.
Consider a horizontal interface below a homogeneous halfspace with an acoustic wave velocity
of 6 km/s (see Figure 3). Below the interface, we consider a vertical fault at x = 0 km, separating
two homogeneous blocks with velocities of 5 km/s and 5.5 km/s on the left and right side of the
fault, respectively. In this model, we have simulated an ensemble of common-offset seismic
surveys with source-receiver offsets ranging from 0 m to 7000 m. To avoid the influence of
sampling and aperture on the final resolution, we have chosen midpoints at every 10 m from
-5000 m to 5000 m. The reflection angle for the largest offset is about 74◦.

Resolution before migration

The model was chosen to demonstrate the influence of the fault on the seismic data. The simple
fault model is ideal for this demonstration as it allows for a quantitative estimate of the transition
zone between the two (constant) amplitudes on both sides of the fault. The numerical modeling
was realized by an implementation of the 2.5-dimensional Kirchhoff integral. The source wavelet
is a symmetrical Ricker wavelet with a duration of 64 ms.

The Kirchhoff data show how the information of the fault is distributed in the seismic ampli-
tudes over a projected Fresnel zone. To make this even more evident, we have picked the peak
amplitude along the seismic event. This amplitude was normalized so that the two constant am-
plitude values on both sides of the fault become minus one and one, respectively. The resulting
normalized amplitude is shown in Figure 4 as a function of midpoint coordinate. We observe
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Figure 4: Normalized peak amplitude along the seismic reflection event. Also indicated are the
boundaries of the time-domain projected Fresnel zone in the direction of the seismic line (solid
box) and the estimate of the transition zone (dashed box).

that the abrupt horizontal velocity contrast leads to a smooth amplitude increase along the seis-
mic reflection event across the fault. The estimated size of this transition zone (dashed box) is
also indicated in Figure 4. To eliminate the influence of possible numerical errors, the transition
was defined to end where the normalized amplitude differs by no more than 5% from the final
value that is not affected by the fault.

Also indicated in Figure 4 are the boundaries of the time-domain projected Fresnel zone (solid
box). For a common-offset experiment over a model with a horizontal reflector at depth z below
an overburden with a constant velocity v, the projected Fresnel zone is equal to the actual Fresnel
zone, i.e., an ellipse with semi-axes b =

√
vτεz and a = b/ cos3/2 θ, where θ is the reflection

angle. Indicated in Figure 4 is the size of the greater semi-axis a that quantifies the extension of
the Fresnel zone in the direction of the seismic line. The projected Fresnel zone in Figure 4 was
calculated using for the effective wavelet length τε the mean half-period, because this provides
the best estimate. The transition zone coincides almost perfectly with the so predicted projected
Fresnel zone.

The above experiment was repeated for all source-receiver offsets indicated above. Figure 5
shows the size of the estimated transition zone as a function of half-offset (plus signs), together
with the predictions using the different definitions of the wavelet length. Indicated are the sizes
of the projected Fresnel zone for entire (solid lines) and half wavelet lengths (dashed lines). The
numbers correspond to those in Figure 2. Lengths number 5, 6, and 11 have been omitted since
they are almost identical to number 4 and 10, respectively. The best prediction is achieved by
the dashed curve number 8 (see also the zoom in the top left corner). This was calculated using
half the mean period, which can also be interpreted as the mean half-period. This is a result that
seems to be justified, given the definitions (1) and (2) of the Fresnel zones in the frequency and
time domain, respectively.

Our first conclusion is that the effective wavelet length governs the horizontal resolution of
seismic data before migration is the mean-half period.
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Figure 5: Half-axis of the transition zone of seismic data amplitudes across the vertical fault
(plus signs). Also indicated are the predictions of the projected Fresnel zone using some of
the different definitions of the effective wavelet length (solid lines) and the corresponding half
lengths (dashed lines). Numbering is as before.

Resolution after migration

A seismic prestack Kirchhoff depth migration. has been performed on all synthetic common-
offset sections with source-receiver offsets between 0 m and 7000 m. After migration, the ampli-
tude change from one side of the fault to the other has become much steeper than in the original
data. This comes as no surprise since it is well-known that migration increases the lateral resolu-
tion. To better quantify this effect, Figure 6 shows the picked peak amplitudes along the migrated
seismic event. In this figure, it is much easily appreciated that the change in amplitudes between
the two values of the reflection coefficient at both sides of the fault is much more abrupt than
in Figure 4. Our theoretical prediction for the size of the Fresnel zone, based on the results of
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Figure 6: Normalized peak amplitudes of the migrated reflection event.
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Figure 7: Half-axis of the residual transition zone before (plus signs) and after Kirchhoff depth
migration (crosses). Also shown are the exact Fresnel zone and its paraxial (second-order) ap-
proximation, as well as the results of two common-shot experiments.

the previous section, is indicated by the solid box. The actual transition zone (dashed box) has
been estimated in the same way as before. As expected, it has indeed been strongly reduced by
Kirchhoff migration.

To put this investigation on a broader basis and make its results more conclusive, we have
repeated this numerical comparison for source-receiver offsets between 0 m and 7000 m. Figure 7
shows the size of the estimated transition zones before (plus signs) and after migration (crosses)
as a function of half-offset. We observe an improvement of resolution over the whole range of
offsets. Also indicated are the estimated transition zones after migration of two common-shot
datasets. They have been chosen such that the half-offset of the specular ray reflected at the
fault is 500 m and 1400 m, respectively. Their values coincide quite well with the corresponding
common-offset results. This suggests that the resolution after migration does not depend on the
acquisition geometry, provided the aperture is sufficiently large. Common-shot migration needs
a considerably larger aperture in order not to affect its resolution. It is, however, interesting
to observe that, contrary to expectation, migration does not necessarily improve the seismic
resolution. Figure 8 shows the results of the corresponding analysis for a reflector at a depth of
500 m. Under these circumstances the maximum reflection angle for the same offsets as before
is 81◦. For half-offsets beyond 2000 m, the transition zone is actually larger after migration than
it was before.

To better understand the resolution achieved by Kirchhoff migration, we have investigated
the transition zone as a function of the reflection angle θ (see Figure 9). Indicated are the sizes
of the migrated transition zones for three different reflector depths. All three curves coincide
almost perfectly. We immediately conclude from this figure that the horizontal resolution after
migration actually depends on the reflection angle rather than on the source-receiver offset. In
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Figure 8: Half-axis of the residual transition zone before (plus signs) and after Kirchhoff depth
migration (crosses) for a reflector at 500 m depth. Also shown are the exact Fresnel zone and its
paraxial (second-order) approximation.

particular, it does not depend on the reflector depth. This is important to observe since it implies
that deeper down reflectors can theoretically be imaged with the same resolution as shallower
ones, provided the aperture is sufficiently large.

For a more quantitative understanding of the residual transition zone, we have tried to fit
theoretical functions of the reflection angle to the data. Several functions, most of them with
very odd exponents of sine and cosine functions, fit the data equally well. Only one of these
curves presents exponents that seem to be theoretically explicable. It is given by

TZ(θ) = A
sin θ

cos2 θ
, (7)

where the proportionality factor has a value of A ' 90 m. Note, however, that this value is
strongly dependent on the chosen definition of the transition zone. For a 3% criterion, we have
already A ' 115 m. This curve described by equation (7) is indicated as a solid line in Figure 9.
It fits the observed values reasonably well for reflection angles larger than about 20◦. Below that
value, the size of the transition zone remains almost constant at a value of 30 m' vτε/4, which
is the value to be expected for zero offset and infinite aperture (Vermeer, 1999).

The offset dependence as described by the above formula, however, is in conflict with Ver-
meer’s formula. This is probably due to the fact that Vermeer studies the resolution of two
diffraction points at a short distance from each other rather than that of a reflector.

Attempt of a geometric explanation

How can we understand the sine-over-cosine-square behavior of the horizontal resolution? For
a possible explanation, consider Figure 10. We see the migrated reflector image symbolized by
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Figure 9: Half-axis of the residual transition zone after Kirchhoff depth migration (crosses) for
reflectors at depths of 500 m (circles), 700 m (plus signs) and 1000 m (crosses). Also indicated
is a fitting curve proportional to sin θ/ cos2 θ.

one migrated trace at x = −500 m. Its effective wavelet length zε in depth (horizontal bars)
is obtained from the effective wavelet length τε in time by applying the migration pulse stretch
(Tygel et al., 1994), viz.,

zε =
vτε

2 cos β cos θ
. (8)

Here, θ is the reflection angle and β is the dip angle, i.e., β = 0 for our example. Also depicted
are the two diffraction rays that image points M and M ′ at the top and the bottom of the effective
wavelet length. Considering the wavelet length to be short as compared to the distances to source
and receiver, we can assume these two rays to be parallel. Then, the dashed ray reflected at point
M ′ reaches the top of the wavelet at M at a distance to M of r = zε tan θ. Combined with
the above expression (8) for the wavelet length in depth, the distance of influence due to a finite
pulse length becomes

r =
vτε sin θ

2 cos2 θ
. (9)

In this way, we geometrically obtain a formula for the horizontal resolution that has the same
structure as the observed behavior. In particular, it does not depend on depth. Moreover, the
direct proportionality to the propagation velocity and the wavelet length has been confirmed
by additional experiments. However, when using the same effective wavelet length as before
migration, we obtain for the proportionality factor vτε/2 ' 55 m. This seems to suggest that
horizontal resolution after migration is governed by a larger effective wavelet length than before
migration.
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Figure 10: Geometrical situation at the reflector image. Shown is the migrated wavelet at x =
−500 m, together with its effective wavelet length zε in depth (horizontal bars). Also depicted
are the two diffraction rays that image the top and the bottom of the effective wavelet length.

Consequences for AVO/AVA analysis

Above, we have seen that the resolution achieved by Kirchhoff depth migration is strongly angle-
dependent. This may influence not only a post-migration stack but also an AVO/AVA analysis.
Stacking images of different resolution will, of course, result in a final image that will offer only
the lowest resolution achieved in one of the individual images. Therefore, the final stack will
exhibit the resolution of the image with the largest offset that was used in the stack.

Concerning AVO/AVA analysis, care has to be taken when analyzing amplitudes close to a
strong amplitude variation. The situation is illustrated in Figure 11. The left figure depicts the
migrated amplitudes across the vertical fault for several different offsets. Consider an AVO or
AVA analysis carried out at the position indicated by the vertical line. As we see, amplitudes
are correct at short offsets but incorrect at large offsets. Thus, an AVO analysis would recover a
wrong AVO trend.

How this affects the AVO trends at various distances from the fault can be seen on the right-
hand side of Figure 11. It depicts the error of the AVO curves as a function of offset. For
points relatively close to the fault, the AVO trend is strongly affected, although the amplitudes
at the shortest offsets are correctly imaged. The farther from the fault, the better the AVO trend.
However, only at very large distances from the fault, the AVO trend is really unaffected by the
amplitude variation across it.

CONCLUDING REMARKS

In this paper, we have discussed horizontal resolution of true-amplitude Kirchhoff depth migra-
tion in dependence on the source-receiver offset. By means of the present analysis, we have now
gained a much more quantitative understanding of what the common expression “depth migration
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Figure 11: Left: Migrated amplitudes at various offsets. Consider an AVO analysis along the
position indicated by the vertical line. Right: Errors of AVO trends at different distances from
the fault.

reduces the Fresnel zone” means in quantitative terms.
Speaking implicitly in time-domain concepts, the zone of influence around the specular ray

changes from the projected Fresnel zone to a residual zone that depends on the length of the seis-
mic wavelet and the reflection angle. For the usual seismic range of offsets and reflector depths,
we qualitatively observe the expected behavior of a decreasing horizontal resolving power with
increasing offset. However, for very large offsets and shallow reflectors, the resolution after
migration may actually even be worse than before.

The quantitative behavior of horizontal resolution as a function of offset is different from that
of vertical resolution. As shown by Tygel et al. (1994), for constant velocity and a horizontal
reflector, the vertical resolution decreases proportionally to the cosine of the reflection angle.
Horizontal resolving power, seems to follow a slightly more complicated function of that angle.
The best fitting curve is of the type r = A sin θ/ cos2 θ. Geometrical considerations can be found
that predict such a behavior. The proportionality factor A, however, is not directly explained in
this manner.

The observed behavior of seismic resolution after Kirchhoff depth migration must be con-
sidered when carrying out an AVO/AVA analysis close to strong amplitude variations. Since
amplitudes of images for different offsets may be differently affected by the presence of the
amplitude variations, the AVO behavior may be incorrect.

It is to be remarked, that the resolution as described in this paper is reached only with perfect,
that is, noise-free, correctly sampled, unbiased data and a sufficiently large migration aperture.
Any additional distortion due to the wave propagation in an inhomogeneous reflector overburden,
such as transmission losses, focusing and defocusing, caustics, etc., as well as acquisition effects
such as irregular source and receiver spacing, source and receiver coupling, uncalibrated traces,
small aperture, etc., will not only affect the recovery of the best possible amplitudes but will also
degrade the seismic resolution.



Annual WIT report 2001 85

ACKNOWLEDGMENTS

The research of this paper was supported in part by the National Research Council (CNPq –
Brazil), the São Paulo State Research Foundation (FAPESP – Brazil), and the sponsors of the
WIT Consortium.

REFERENCES

Berkhout, A. (1982). Seismic Migration – Imaging of Acoustic Energy by Wave Field Extrapo-
lation, volume 14A of Developments in Solid Earth Geophysics. Elsevier, Amsterdam.

Berkhout, A. (1984). Seismic Resolution, a Quantitative Analysis of Resolving Power of Acous-
tical Echo Techniques. Geophysical Press.

Beylkin, G. (1985a). Imaging of discontinuities in the inverse scattering problem by inversion of
a generalized Radon transform. Journal of Mathematical Physics, 26(1):99–108.

Bleistein, N. (1987). On the imaging of reflectors in the earth. Geophysics, 52(7):931–942.

Cohen, J., Hagin, F., and Bleistein, N. (1986). Three-dimensional Born inversion with an arbi-
trary reference. Geophysics, 51(8):1552–1558.

Gelchinsky, B. (1985). The formulae for the calculation of the Fresnel zones or volumes. Journal
of Geophysics, 57:33–42.

Hagedoorn, J. (1954). A process of seismic reflection interpretation. Geophysical Prospecting,
2(2):85–127.

Hubral, P., Schleicher, J., and Tygel, M. (1992). Three-dimensional paraxial ray properties – Part
I. Basic relations. Journal of Seismic Exploration, 1(3):265–279.

Kallweit, R. and Wood, L. (1982). The limits of resolution of zero-phase wavelets. Geophysics,
47(07):1035–1046.

Knapp, R. (1991). Fresnel zones in the light of broadband data. Geophysics, 56(3):354–359.

Schleicher, J. and Santos, L. (2000). Offset-dependent resolution of seismic migration. Annual
Report No. 4, WIT Consortium.

Sheriff, R. (1980). Nomogram for Fresnel-zone calculations. Geophysics, 45(5):968–972.

Sommerfeld, A. (1964). Optics, volume IV of Lectures on Theoretical Physics. Academic Press,
New York.

Tygel, M., Schleicher, J., and Hubral, P. (1994). Pulse distortion in depth migration. Geophysics,
59(10):1561–1569.

Vermeer, G. (1999). Factors affecting spatial resolution. Geophysics, 64(3):942–953.



86

Aperture effects in Kirchhoff migration

T. Hertweck, C. Jäger, A. Goertz, and J. Schleicher

email: Thomas.Hertweck@gpi.uni-karlsruhe.de

keywords: Kirchhoff migration, aperture, Method of Stationary Phase

ABSTRACT

Seismic images obtained by Kirchhoff time or depth migration are always accompanied by
some artifacts known as “migration noise”, “migration boundary effects”, or “diffraction
smiles”, which may severely affect the quality of the migration result. Most of these unde-
sirable effects are caused by a limited aperture if the algorithms make no special disposition
to avoid them. Likewise, strong amplitude variation along reflection events may also cause
similar artifacts. All these effects can be explained mathematically by means of the Method
of Stationary Phase. However, such a purely theoretical explication is not always easy to
understand for applied geophysicists. By relating the terms of the stationary-phase approx-
imation to simple geometrical situations, a more physical interpretation of the migration
artifacts can be obtained. A simple numerical experiment for poststack (zero-offset) data
indicates the problem and helps to develop an intuitive understanding of the effects and the
methods to avoid them.

INTRODUCTION

Since the early work of Hagedoorn (1954), migration concepts have strongly improved and are
now an important tool in the world of seismic imaging, either as prestack or poststack time
and depth migration. A frequently used method is Kirchhoff migration (Schneider, 1978) that
treats each depth point M on a sufficiently dense grid like a diffraction point. In an a-priori
given macrovelocity model, the relevant part of the Green’s function of a point source at any
single diffraction point M in the depth domain is calculated. The kinematic part of this Green’s
function is the configuration-specific diffraction-traveltime surface, also called “Huygens sur-
face”. The amplitudes of the input seismograms (or, to be more specific, of their derivatives)
are stacked along the Huygens surface and assigned to the depth point M . This explains why
the Kirchhoff migration scheme is also called a “diffraction stack”. If so desired, the effect of
geometrical spreading can be removed from the output amplitudes by multiplying the data dur-
ing the stack with a true-amplitude weight factor that is calculated from the dynamic part of the
Green’s function.
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Ideally, the extent of the Huygens surfaces, that is, the migration aperture, should be limitless
so that no contributions due to the abrupt truncation of the sum occur. In practice, of course, the
aperture is always limited by the region over which seismic data have been acquired. In other
words, because of the finiteness of the survey area, Kirchhoff migration will always be a “limited
aperture migration” (LAM) (Sun, 1998). This is, however, not the only reason why we have
to deal with the effects of a finite migration aperture. In practical migration implementations,
even ranges of source and receiver positions might be excluded where data actually have been
acquired. Such a procedure can be advantageous because

• less traces to sum leads to a speedup of the whole migration process,

• a smaller operator excludes steeper dips, which helps to avoid operator aliasing (see, e.g.,
Abma et al., 1999),

• less summation of data away from the signal reduces the stacking of unwanted noise.

For the best possible reduction of aliasing and noise as well as the best computational efficiency,
one would like to use a model-based aperture restriction, i.e., one would like to make use of the
(projected) Fresnel zone (see, e.g., Schleicher et al., 1997; Sun and Bancroft, 2001). Unfortu-
nately, it is difficult to determine the exact center and size of the Fresnel zone for each depth
point prior to or during migration. A reasonable compromise between accuracy and practicabil-
ity is to specify a common maximum migration aperture radius or a maximum stacking operator
dip. These aperture reductions lead to dip-restricted migration operators as, for example, a 45◦

migration. With these kinds of operators, higher dips cannot be imaged. In regions where dips
are known to be restricted, this is a very convenient way of reducing aliasing and improving
computational efficiency at the same time. It should, however, be kept in mind that close to the
maximum dip, these dip-restricted migration operators will achieve only kinematically correct
images (see, e.g., Schleicher et al., 1997; Sun, 1998). For true-amplitude migration, the maxi-
mum operator dip must always be chosen somewhat larger than the maximum reflector dip to be
imaged.

The fact that the migration aperture is limited causes artifacts known as migration noise,
boundary or aperture effects, or migration smiles. In this paper, we relate the mathematical
explanation of the migration artifacts by means of the Method of Stationary Phase (see, e.g.,
Bleistein, 1984; Sun, 1998; Bleistein et al., 2001) to simple geometrical situations. This more
physical interpretation leads to a more intuitive insight into these effects. Of course, since the
stacking operations are the same in Kirchhoff time and depth migration, the corresponding ar-
tifacts are conceptually identical in both processes. Thus, we restrict our present discussion to
Kirchhoff depth migration. It should, however, be kept in mind that everything said and shown
in this paper with respect to an image in depth holds in the same way for an image in time.

KIRCHHOFF MIGRATION

Mathematically, the Kirchhoff migration process is expressed as an integration over the recorded
wavefield and reads in 3D (Tygel et al., 1996)

V (M) = − 1

2π

∫∫

A

dξ1 dξ2 WDS(~ξ, M)
∂U(~ξ, t)

∂t

∣∣∣∣∣
t=τD(~ξ,M)

, (1)
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where V (M) is the value assigned to one diffraction point M in the depth domain after migration
and U(~ξ, t) denotes the data in the time domain (seismograms). These data are assumed to con-
sist of analytic traces which allows the handling of complex reflection coefficients (supercritical
reflections) and possible caustics along the ray paths. An analytic trace is formed by the actual
trace recorded in the field as the real part and its Hilbert transform as the imaginary part. The
vector ~ξ = (ξ1, ξ2) is the so-called configuration parameter vector and represents the trace posi-
tion. Sources and receivers are grouped into pairs, whose locations are described as a function
of ~ξ. The actual form of this function depends on the measurement configuration. The migration
aperture A is the area over which ~ξ varies to cover all source-receiver pairs used in the stack.

The factor WDS(~ξ, M) is a true-amplitude weight function which may (true-amplitude migra-
tion) or may not (purely kinematic migration) be included in the migration scheme. The stacking
surface τD(~ξ, M) is the above-mentioned Huygens surface. The time derivative is needed in
order to correctly recover the source pulse (Newman, 1975).

We assume that at least one reflection event is present in the seismic data U(~ξ, t). Then, these
data can be described by zero-order ray theory (see, e.g., Červený, 2001) as

U(~ξ, t) = Rc
B
L · F (t − τR) , (2)

where Rc denotes the angle-dependent reflectivity, L symbolizes the point-source geometrical
spreading factor, and B describes all other effects on the amplitude, such as source strength,
source and receiver coupling, transmission loss and attenuation in the reflector overburden, to
name a few. Moreover, F (t) is the analytic source wavelet which is shifted to the arrival time
τR (reflection traveltime). A seismic trace with several (primary) events may be described by
superposition of individual seismic events of the type of equation (2).

To enable a Fourier transform, we introduce the time t as an additional parameter in equation
(1). This is nothing but a mathematical trick that can be undone by setting t = 0. Then, we can
rewrite equation (1) in the frequency domain as

V̂ (M, ω) = − iω

2π
F̂ (ω)

∫∫

A

dξ1 dξ2 WDS(~ξ, M) Rc
B
L eiωτdif , (3)

where F̂ (ω) and V̂ (M, ω) denote the Fourier transforms of F (t) and V (M, t), respectively.
Moreover, τdif (~ξ, M) is the difference between the diffraction and reflection traveltimes, i.e.,
τdif = τD − τR.

In 2.5D, i.e., when the medium does not vary with respect to the coordinate perpendicular
to the seismic line (crossline direction), the out-of-plane ξ2-integration in equation (3) can be
evaluated analytically. Since all data acquired on lines parallel to the actual seismic line would
be identical, the migration aperture A can be assumed to be infinite in the ξ2-direction. Kirchhoff
migration then reduces to an in-plane stack over the aperture interval (a, b) in the ξ1-direction
covered by the seismic line. Since ξ1 is now the only integration variable, we can drop the index
1 to write the 2.5D Kirchhoff migration integral as

V̂ (M, ω) =

√
−iω

2π
F̂ (ω)

b∫

a

dξ W
(2.5)
DS (ξ, M) Rc

B
L eiωτdif , (4)
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where W
(2.5)
DS is the 2.5D weight factor that guarantees true amplitudes in this 1D stack. It is

composed of the 3D weight factor and the result of the analytic solution of the out-of-plane
integral.

THE METHOD OF STATIONARY PHASE

In general, the integrals in equation (3) and the remaining integral in equation (4) cannot be
solved analytically. The Method of Stationary Phase provides a way of analyzing their main
contributions. Although in principle a high-frequency approximation, the Method of Stationary
Phase yields highly accurate predictions of the migration results in the seismic frequency range.
Mathematically, the prerequisites for applying the Method of Stationary Phase are implicitly
fulfilled, since we perform all calculations within the framework of zero-order ray theory which
is strictly valid only for high frequencies.

For simplicity, we restrict the following analysis to the 2.5D case. Conceptually, there is
no difference in the application of the Method of Stationary Phase to the double integral for
3D migration. The qualitative discussion involves the same arguments and leads to the same
conclusions. The quantitative analysis is similar but slightly more complicated, mainly resulting
in a different amplitude behavior of the artifacts.

Reducing it to its basic structure, the integral in equation (4) can be written in the form

I(ω) =

b∫

a

f(ξ)eiωq(ξ)dξ . (5)

The Method of Stationary Phase is based on the observation that for high frequencies, i.e., for
large values of ω, the factor eiωq(ξ) oscillates very rapidly, thus covering full periods in very
small intervals of ξ. If f(ξ) is not itself an oscillating function, its values do not strongly vary
in any such interval. Thus, the integration over a full period of eiωq(ξ) yields approximately
zero and does not contribute to the overall value of the integral. The only regions where eiωq(ξ)

does not oscillate are those where the phase function q(ξ) remains approximately constant or
stationary. Mathematically, points of stationary phase are those where the phase function q(ξ)
has a horizontal tangent, i.e., a vanishing derivative. Non-negligible contributions to integral
(5) are, therefore, to be expected from the vicinity of these points. Further contributions to
integral (5) are to be expected from the boundaries of the integration interval because there, the
integration generally does not cover a full period of eiωq(ξ).

To illustrate the above observations, we consider the migration of zero-offset data from a
simple earth model with a horizontal reflector at a depth of 1 km. For a point M at x = 3 km
on the reflector and a frequency of 30 Hz, Figure 1(a) and (b) show the phase and amplitude
(dashed line) of the integrand in equation (4), respectively, as a function of ξ. Part (b) also
shows the real part of the full integrand function. Note that this function strongly oscillates
everywhere except in the vicinity of the point where the phase is stationary. It is evident that
the amplitude modulation does not alter the oscillatory character of the integrand function (if the
above mentioned assumptions for f(ξ) are fulfilled).

Let us now discuss integral (5) in a more quantitative way. In our case, the phase function q
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Figure 1: Illustration of the integrand in equation (4). (a) Phase function q(ξ). (b) Amplitude
function f(ξ) (dashed line) and real part of the complete integrand function f(ξ)·exp(iωq) (solid
line).

is the difference between the diffraction and reflection traveltime curves, τdif . Thus, the real part
of the integrand function (Figure 1(b)) has zeroes at

|τdif | = |τD − τR| = n
π

ω
= n

T

2
, (6)

where T = 2π/ω is the period of the monofrequency wave under consideration. Equation (6)
is equivalent to the definition of the boundary of the nth Fresnel zone (see, e.g., Červený and
Soares, 1992). Therefore, the alternating zones of negative and positive amplitude of the inte-
grand function are physically equivalent to the Fresnel zones1.

Now, consider an integration of the function f · exp(iωq) from the center (where τD = τR)
to the sides. At first, this sums up positive contributions from the first Fresnel zone, ending
at the first zero in either direction. Subsequent Fresnel zones, each ending at the next zero,
will add purely negative or positive contributions to integral (5). In other words, Fresnel zones
with odd numbers contribute positively to the integral while Fresnel zones with even numbers
contribute negatively. Because of the above observation that an integration over a full period,
i.e., over two consecutive Fresnel zones, yields approximately zero, it becomes clear why the
principal contribution to integral (5) will stem from the vicinity of the stationary point. Hence,
an integration over only the first Fresnel zone already provides a very good approximation of the
total integral. On the other hand, its full value cannot be recovered, if the integration interval
does not cover the first Fresnel zone completely.

1To be exact, what is involved in Kirchhoff migration is the projected Fresnel zone in the data space (Hubral
et al., 1993). The true Fresnel zone in depth can be observed in the Kirchhoff modeling integral. Conceptually,
however, there is no difference.
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It has to be noted, however, that the above discussion holds strictly only for a monofrequency
signal. For a transient, band-limited signal, one has to replace the half-period T/2 in equation (6)
by some estimate of the the wavelet length τW .

An analysis of the migration integral (5) by means of the Method of Stationary Phase under
the assumption of a single, simple and isolated point of stationary phase yields, up to second
order in 1/

√
ω,

I(ω) ' f(ξ∗)eiωq(ξ∗)

√
2π

−iωq′′(ξ∗)
+

1

iω




f(b)

dq

dξ
b

eiωq(b) − f(a)

dq

dξ
a

eiωq(a)


 . (7)

For high frequencies, these expressions describe the major contributions to the final migrated
image. The first term stems from the stationary point ξ∗ of the phase q = τD − τR, that is,
the tangency point between the Huygens and reflection traveltime curves, and forms the actual
migrated image of the reflector(s). In general, this contribution will be the dominant part of the
total migrated section. The second term comes from the endpoints of the integration/stacking
operator. It is this second contribution that describes the main migration artifacts. Because of the
higher order in 1/

√
ω, its amplitudes generally will be lower than those of the reflector image.

Note, however, that under certain circumstances these effects can be as strong as (or even stronger
than) a reflector image.

It is to be remarked that migration artifacts due to a limited aperture, illumination problems, or
missing traces are inherent to seismic migration, independently of the actual migration scheme
employed. Artifacts due to strong amplitude variations and focusing effects are, however, a
consequence of Kirchhoff migration and can be largely reduced with other migration schemes
such as, e.g., finite-difference wave-equation migration.

In contrast to the data boundaries, actually ending reflectors in the earth do not provoke
migration smiles. In this case, edge diffractions are present in the seismic data that are collapsed
by migration into the endpoint of the reflector. Because of the diffractions, the reflection event in
the data has no actual endpoint but dies off over a larger number of traces. In this way, endpoint
contributions are suppressed. The latter observation already points towards a well-known way of
suppressing migration artifacts: tapering. We will discuss this in a later section.

GEOMETRICAL EXPLANATION OF THE APERTURE EFFECTS

The migration aperture effects are most easily explained by means of a simple numerical ex-
periment for poststack data. The model consists of two half-spaces separated by a horizontal
interface. The velocities in the upper and lower half-spaces are v

(1)
p = 2 km/s and v

(2)
p = 3 km/s,

respectively, and the shear wave velocities are given by vs = vp/
√

3. The density is constant
in the whole model. The zero-offset seismogram was generated by dynamic ray tracing using
a zero-phase Ricker wavelet with 20 Hz, a time sampling of dt = 1 ms and a trace distance of
∆ξ = 5 m. It was migrated with a 2.5D Kirchhoff true-amplitude depth migration scheme on a
dense grid (dx = 10 m, dz = 2 m) using the true velocity.
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Figure 2: ZO seismogram and corresponding depth image after poststack migration. Several
characteristic depth points Mj and their pertinent stacking operators are shown. These are used
to give a simple geometrical explanation of the limited aperture migration effects.

For this simple model, the stacking operator is given by a hyperbola. We limited its spatial
extent to 800 m with respect to the horizontal coordinate of the apex. In this way, the number
of traces contributing to the stack for each depth point was 320. The migration target zone was
placed at the end of the survey line so as to show the boundary effects. The resulting migrated
image is depicted in Figure 2. Note that no effort was made to enhance or reduce the migration
artifacts.

By means of Figure 2, we are now going to discuss the boundary effects from a geometrical
point of view, which allows us to gain a more intuitive insight. We then relate them to the above
discussion of the interference in integral (5) and to the result of its stationary-phase evaluation as
given by equation (7). For this purpose, we discuss the position of the Huygens curves pertaining
to a series of characteristic depth points M1 to M8.

Points on the reflector: M1

The actual reflector (which is unknown prior to migration) is built up by depth points like M1.
The pertinent Huygens curve is tangent to the reflection traveltime curve. Thus, amplitudes gath-
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ered along such a curve sum up coherently and provide high stacking results that are assigned
to the corresponding depth point. Note that in general, for laterally inhomogeneous media, the
tangency point does not coincide with the apex of the stacking curve. To relate this physical
explanation to our earlier considerations of the Method of Stationary Phase, we identify these
tangency points with the “points of stationary phase”. The value assigned to M1 is mathemat-
ically described by the first term in equation (7). No boundary effects are present because the
input data at the endpoints of the stacking operator, which correspond to the limits of integration
a and b in equation (4), are zero. Of course, in practice there will always be some endpoint
contributions because of the noise inherent in the seismograms.

Points on the reflector boundary: M2

The point M2 represents the boundary of the migrated reflector image. The Huygens curve of this
point is, in principle, equivalent to the one of point M1. However, since the stationary point is
located directly at the margin of the ZO gather, only half the operator is within the data volume.
Thus, summing up along the stacking curve results in an amplitude value which is half of the
value assigned to M1. This coincides with the stationary-phase analysis for the case when the
stationary point falls on the boundary of the integration interval.

Points off the reflector: M3

Points like M3 represent the majority of diffraction points within the target zone. They have
Huygens curves which completely cross the reflection signal. Summing up amplitudes along
such operators leads to low values due to destructive interference. From a mathematical point of
view, the point of stationary phase (i.e., where the traveltime and Huygens curves have the same
time dip) as well as the endpoints of the operator are outside the signal. Therefore, both terms in
equation (7) are zero.

Migration artifacts caused by the finite stacking operator: M4, M5, and M6

For points like M4, the endpoints of the stacking operator lie within the reflection signal. Because
of the limited aperture, the stack does not sum up all the data necessary for complete destructive
interference in the same way as it does for point M3. Thus, the migration output at M4 is not as
low as that for point M3. In consequence, a migration artifact appears in parallel to the actual
reflector. With increasing size of aperture, the effect at M4 moves away from the actual reflector
and might be located outside of the target zone. Sun (1998) showed that this aperture effect
completely separates from the reflector image if the aperture is larger than one Fresnel zone (see
also Section “How to avoid aperture effects”).

The relationship of the above observations to the Method of Stationary Phase is straight-
forward. Like for point M3, the point of stationary phase is outside the signal. However, the
endpoints of the operator lie inside the signal. Therefore, the first term of equation (7) yields no
contribution, but its second term predicts a non-zero migration output at M4.
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The situation at point M5 is in principle equivalent to that at point M4. However, as only one
endpoint lies within the reflection signal (the other endpoint lies outside the data), the amplitude
at M5 is just half of that at M4.

Point M6 marks the transition between the two situations of points M4 and M5. The endpoint
of its pertinent Huygens curve coincides with the boundary point P in the data, where the survey
ends. It is for this reason that at M6 the migration artifact splits into two effects. Additionally to
the limited-operator effect described above, a limited-data effect appears in the migrated traces.

Migration artifacts caused by the finite survey area: M7 and M8

The most prominent migration artifact is the “migration smile” represented by points M7 and
M8. The pertinent Huygens curves cross the reflection signal exactly at the end of the survey
line. In this way, the destructive interference is incomplete at one of the endpoints, thus leading
to a non-negligible contribution.

It is worthwhile to observe that the position of the migration smile is given by the geometrical
location of all points of the type of M7 and M8 whose Huygens curves cut the border point P
of the reflection signal. Note that, because of the duality between the Huygens curve and the
isochron (see, e.g., Tygel et al., 1995), this is the isochron of P . The resulting migration artifact
follows this isochron, which is a half-circle for our constant-velocity zero-offset experiment as
shown on the left side of Figure 3.

Observe the inverted polarity of the artifact between points M7 and M8. This can be explained
with the help of the symmetry of the operator. The dashed part of the Huygens curve of M7 that
is outside the data is identical to the solid part of the Huygens curve of M8 that is inside the data.
Thus, the stack at M8 will contribute with exactly that part of the data that is missing at M7.
The actual values of the migration results at points M7 and M8 depend on the form of the source
wavelet as well as on the (half-)derivative applied in the migration process. However, the fact
that these values are complementary to each other is independent of these conditions. For a better
visualization of this complementarity, we have picked the peak amplitudes along both branches
of the migration smile corresponding to points M7 and M8. When adding the amplitude of two
opposite points from the two branches, we can verify in Figure 3 (right side) that the sum at M7

and M8 indeed yields zero (except, of course, for a numerical error).
Again, we can directly relate the above physical interpretation to the terms of the stationary-

phase evaluation of the Kirchhoff-migration integral. Of course, the migration outputs at points
M7 and M8 are described by the second term in equation (7). The first term yields a zero contri-
bution since the stationary point is outside the reflection signal as in the case of points M3, M4,
M5, and M6. At both points, M7 and M8, the actual contribution stems from the lower integral
limit, a = 2500 m. Since the Huygens curves of both points terminate at the same position, f(a)
is the same for both of them. So where is the inverted polarity? It’s in the sign of the derivative,
i.e., in our simple example the dip of the stacking curve, at the survey end. As we can easily
observe in Figure 2 this sign is positive for M8 but negative for M7.

The Method of Stationary Phase evaluation allows for a more quantitative analysis of the
migration smile. Using equation (7) and recalling the additional factor

√
ω in front of the integral

in equation (4) (which stems from the time half-derivative in the original Kirchhoff migration
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Figure 3: Analysis of the migration smile. Left side: Kinematically, it coincides with the
isochron of the border point P of the data. Right side: The sum of peak amplitudes of two
opposite points on the isochron branches [1] and [2] yields approximately zero.

integral), we see that the main contribution to the migration result will be frequency independent
while the boundary effects will decay proportionally to 1/

√
ω. Figure I shows the amplitude

of the migration output at points M4 (circles) and M7 (crosses) as a function of the dominant
frequency of the source wavelet used in the modeling. The actually observed amplitudes follow
almost exactly the predicted behavior (solid line).
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Figure 4: Frequency behavior of the boundary effects in 2.5D. The amplitude at M4 (circles)
and M7 (crosses) decays with 1/

√
ω as predicted by the Method of Stationary Phase.

HOW TO AVOID APERTURE EFFECTS

Above, we have already indicated that there is a well-known technique to reduce migration arti-
facts resulting from the limited migration aperture. All that has to be done is to avoid an abrupt
end of the operator but let it die off over a couple of traces, i.e., apply a taper. This has to be done
at two different places: Firstly, the input seismograms are tapered at the endpoints of the survey
area. Secondly, the finite operator is not just truncated but also tapered at its endpoints. In terms
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of the stationary-phase solution (7), the values of f(a) and f(b) are artificially set to zero. This
has to be done smoothly in order not to violate the underlying assumption of a slowly varying
function f(ξ). Then, this approach reduces the contributions of the operator endpoints and, thus,
helps to obtain a migrated image with less migration artifacts.

When applying a taper, the fundamental question is over how many traces it should extend.
On the one hand, the taper ought to be large enough not to violate the smoothness assumption so
as to effectively suppress the artifacts. On the other hand, it should not be too large so as not to
loose more information than necessary on the amplitudes at the survey ends or to stack unneces-
sary information at the operator ends. Sun (1998) suggests that in the same way as the stacking
region should cover the first (projected) Fresnel zone, the taper region should extend over the
second (projected) Fresnel zone around the stationary point. Unfortunately, this point cannot be
estimated prior to or during migration. Therefore, we have to use once again a compromise to
avoid the aperture effects.

To get an idea about the size of the taper region, we propose the following simple criterion
for zero-offset (poststack) migration. As is well-known, to kinematically migrate all reflectors
at depth z up to maximum dip angle θm, the stacking operator may be restricted to a radius of
r = z tan θm. If the same reflectors are to be migrated dynamically correctly, the radius must be
increased by the size FZ(1) of the projected first Fresnel zone, given in the frequency domain
by

FZ(n) =

√
vznT

2 cos θm
+
(

nvT
4

)2

cos θm
(8)

with n = 1, where v is the medium velocity and T the period of the considered monofrequency
wave. Like in equation (6), the half-period T/2 has to be replaced by some estimate of the
wavelet length τw, if formula (8) is to be applied in the time domain. According to Sun (1998),
the artifacts are suppressed as well as possible, while affecting the amplitudes as little as possible,
when the operator is increased by FZ(2) instead of FZ(1). The additional operator extension
FZ(2) − FZ(1) is the second projected Fresnel zone, over which the taper is to be applied. Of
course, the formulas given above are strictly valid for constant velocity only. For inhomogeneous
media, they can only be used as a “rule of thumb” to get a rough idea about the aperture size and
the taper region.

Formula (8) can also be used to obtain an estimate for the size of the end-of-survey taper. By
substituting z = vt cos θm/2 and setting n = 1, the size of the taper at two-way time t can be
estimated. If a constant taper size is preferred, t can be replaced by the maximum time value in
the data. Correspondingly, z in equation (8) can also be replaced by the maximum depth in the
desired migrated image.

Figure 5 demonstrates the effect of tapering the input data and the stacking operator for differ-
ent aperture and taper sizes. Figure 5(a) shows the migrated reflector image when stacked with
a dip-limited 0◦ migration operator using the optimal aperture of one projected Fresnel zone,
without applying a taper. Both the migration artifacts due to the limited operator and survey
area are present. As we can see, the optimal aperture guarantees the separation of the end effect
from the reflector image, the amplitudes of which are also correct. Figure 5(b) shows the same
migrated reflector image with the optimal taper applied. Both artifacts are almost completely
eliminated. In Figure 5(c), we see the effect of a too small taper. Although both migration arti-
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Figure 5: Effects of tapering. (a) Migration result without applying a taper function at all. (b)
Migration result with taper function applied according to eq. (8). (c) Migration result with a taper
function that is too small. (d) Amplitude comparison of different migration results with optimal
and smaller/larger aperture/taper region, respectively.

facts are reduced, they remain clearly visible. Finally, Figure 5(d) compares the amplitudes along
the reflector image for different combinations of aperture and taper sizes. When the aperture is
too small, not even the amplitudes far away from the data margins are correctly recovered (dot-
ted line), although the optimal taper is used. When the optimal (or a larger) aperture is applied,
all amplitude problems are restricted to the data margins. For too small a taper, the survey-
end artifact is not completely removed (dashed line). Too large a taper destroys the amplitudes
where they can be retrieved from the data (dash-dotted line). The optimal taper size is the one
that eliminates all artifacts but recovers the amplitudes as close to the margins as possible (solid
line).

The taper function used for the migration examples shown here is a two-sided Hanning win-
dow for both the operator and the end-of-survey taper. For comparison, we also tested a two-
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sided triangular window. The shapes of these functions are depicted in Sun (1998, 2000) for 2D
and 3D. Both types of taper functions yield nearly identical results. The optimal values for the
aperture and taper sizes were calculated by means of equation (8) with z = 1 km, v = 2 km/s,
τw = 50 ms, and θm = 0◦, resulting in FZ(1) = 320 m and FZ(2) = 458 m. To test the effect
of a too small and large aperture or taper size, respectively, the stacking region FZ(1) and the
taper region FZ(2) − FZ(1) were halved or doubled.

CONCLUSION

Artifacts known in Kirchhoff migration as “migration noise”, “migration boundary effects” or
“diffraction smiles” can be mathematically explained by means of the Method of Stationary
Phase. In this paper, we have provided a more physical explanation of these effects by discussing
the constructive and destructive interference of the stack in simple geometrical situations. This
helps to relate the terms of the stationary-phase approximation with the actually observed mi-
gration artifacts. It turned out that, for practical applications, one has to distinguish between
two principal types of artifacts. These are boundary effects due to a limited survey aperture, and
artifacts due to a limited migration operator. Both types of artifacts are mathematically equiva-
lent and can be explained by means of the boundary terms that result from the stationary-phase
analysis of the migration integral. As predicted by the Method of Stationary Phase, the principal
migration artifacts in 2.5D exhibit a 1/

√
ω decay as compared to the reflector image.

Based on our geometrical analysis, we had a closer look at a well-known way to avoid the
aperture effects: tapering. The most important question with respect to tapering is how to deter-
mine the taper region. Too small a region won’t suppress the effects while too large a region will
destroy more information than necessary. We have shown that the ideal taper region is closely
connected to the minimum aperture.

Schleicher et al. (1997) have derived the minimum aperture for a dynamically correct migra-
tion to be the first projected Fresnel zone (Hubral et al., 1993) around the specular point. Sun
(1998) has demonstrated that the same minimum aperture of the size of the first projected Fresnel
zone is sufficient to separate the operator-end effect from the desired image. We have confirmed
both observations numerically. Moreover, to get rid of the operator-end effect, a taper region
of the size of the second projected Fresnel zone should be added to the operator. In principle,
the projected Fresnel zone(s) can be determined during migration, even in inhomogeneous me-
dia, from dynamic ray quantities. However, to speed up the process, it is often useful to fix the
operator size beforehand. Then, the constant-velocity formula should help to get an idea of an
adequate aperture and taper region.

PUBLICATIONS

The mathematical derivations, some further explanations, and a comparison to Sun (2000) will
be published in a forthcoming paper.
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ABSTRACT

AVO is now an established technology and has been widely deployed as a lithology indica-
tor and also as a direct hydrocarbon indicator. In recent years this technology has become
a routine processing and its application to large 3D volumes has relied on the use of near-
and far-offset stack volumes. These volumes greatly reduce the amount of pre-stack infor-
mation that needs to be stored for standard AVO processing. Additionally, these volumes
are easily converted into usual AVO attributes, like intercept and gradient, which can then be
interpreted in terms of anomalies and calibrated with well logs. Reservoir characterization
studies make use not only of these traditional AVO attributes but also impedance volumes.
The near-offset, or the intercept, stack volume offers a natural way of obtaining acoustic
impedance volume through the use of post-stack inversion algorithms. However, to invert
far-stack volume one needs an approach capable of estimating impedances for a variable in-
cidence angle. This approach has been described in the elastic impedance function presented
by Connolly (1999). In this work we propose an approach called reflection impedance, which
is based on constant ray parameter and a power relationship between density and S-wave ve-
locity. This new method proved to be of better accuracy for angular impedance estimation
and reflection coefficient recovery when compared with the elastic impedance approach.

INTRODUCTION

In recent years there has been an enormous increase in the amount of 3D seismic data processed
with AVO purpose. The most economical form of processing large volumes of seismic data to
obtain AVO attributes involves obtaining near- and far-offset stacks. These stacks have been
intensively used not only to obtain traditional AVO attributes (e.g., intercept and gradient) but
also as input of post-stack inversion algorithms to yield acoustic impedance (AI) volumes that
help in reservoir characterization. The near-offset stack can be tied to synthetics obtained from
acoustic impedance changes derived from well logs. After calibration, the near-offset stacks can
then be inverted back to acoustic impedances using off-the- shelf post-stack inversion algorithms,
which use the well log impedances as constraints. The missing part of this process was how to
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invert the far-offset stacks? The answer to the question came from the elastic impedance (EI)
approach presented by Connolly (1999), which generalizes the acoustic impedance concept for
variable incidence angle. In other words, the EI provides a way to calibrate and invert nonzero-
offset seismic data just as AI does for zero-offset data. One advantage of the EI method is
that it correlates directly to rock properties, like α/β ratio (P- to S-wave velocity ratio), instead
of being an attribute that relates to contrasts of elastic properties of neighboring rocks (like
most AVO attributes). In this work we demonstrate a new approach to obtain nonzero-offset
impedance estimates to be used as calibration for nonzero-offset seismic data. We called this
approach reflection impedance (RI). Basically, RI is based on constant ray parameter, opposed
to constant incidence angles as proposed by Connolly (1999). Also, the new approach assumes a
power relation between density and S-wave velocity while the EI approach assumes a constant
K = β2/α2 . As a result, the new approach greatly improves the accuracy of the impedance
estimates, which can be critical in case of subtle amplitude anomalies.

NORMAL INCIDENCE: ACOUSTIC AND ELASTIC

For a given normal reflected ray, parameterized by the traveltime τ , the normal P-P reflection
coefficient is given by

R0(τ, ∆τ) =
AI(τ + ∆τ) − AI(τ)

AI(τ + ∆τ) + AI(τ)
, (1)

where
AI(τ) = ρ(τ)α(τ) (2)

is the acoustic impedance function, ρ(τ) is the density function, α(τ) is the P-velocity function,
and ∆τ is the traveltime increment, chosen to be sufficiently small. Observe that we also consider
that the elastic parameters are being parameterized by the traveltime.

We will also consider the P-P Reflectivity function,

R0(τ) = lim
∆τ→0

R(τ, ∆τ)

∆τ
=

1

2

AI ′(τ)

AI(τ)
, (3)

where the prime denotes derivative with respect to to τ .

NON-NORMAL INCIDENCE: ACOUSTIC

For a general reflection, not necessarily normal, the acoustic reflection coefficient can be written
as

RA(τ, ∆τ) =
I(τ + ∆τ) − I(τ)

I(τ + ∆τ) + I(τ)
, (4)

with
I(τ) = ρ(τ) α(τ) sec θ(τ) , (5)

where α(τ) now denotes the acoustic velocity, θ(τ) is the incidence angle and, as before, ρ(τ) is
the density. The quantity I(τ) will be called acoustic reflection impedance.
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Analogously to the case of normal incidence, we can use the above-defined acoustic reflec-
tion impedance, I(τ), to express the acoustic reflectivity function, RA(τ). Using the previous
equation (3), we find,

RA(τ) = lim
∆τ→0

RA(τ, ∆τ)

∆τ
=

1

2

I ′(τ)

I(τ)
. (6)

Once we have computed the acoustic reflectivity function, a first-order approximation for the
acoustic reflection coefficient can be readily expressed by

RA(τ, ∆τ) ≈ RA(τ) ∆τ . (7)

NON-NORMAL INCIDENCE: P-P ELASTIC

For elastic P-P reflection under general incidence angles, the reflection coefficient, R(τ, ∆τ), has
a much more complicated form than its acoustic counterpart, RA(τ, ∆τ) in equation (4). Note
that the classical expression for the P-P elastic reflection coefficient (see, e.g., Aki and Richards
(1980)) replace the parameters τ and τ + ∆τ by indices 1 and 2, respectively. For example, ρ1

replaces ρ(τ); α2 replaces α(τ + ∆τ), etc.
As recently proposed by Connolly (1999), it makes sense to look for a quantity E(τ) for

which the complicated P-P elastic reflection coefficient assumes the simple form of equation (4),
namely

R(τ, ∆τ) =
E(τ + ∆τ) − E(τ)

E(τ + ∆τ) + E(τ)
. (8)

As shown below, there exists no function E(τ) for which equation (8) exactly holds, for any
choice of velocities and densities. Connolly (1999) proposed one approximation called elastic
impedance. We find the term a little misleading because it has already a different meaning in the
literature, namely the product between the density and the shear wave (recall that the definition
of the acoustic impedance as the product between the density and the pressure velocity).

In this paper, we propose a new quantity, different from the one in Connolly (1999), that, at
least in a number of relevant cases, provides a better representation of the P-P reflection coeffi-
cient under the approximation (8). We call the new function P-P elastic reflection impedance.

To construct E(τ), we start by introducing the P-P elastic reflectivity function R(τ). Cor-
respondingly to the acoustic case, the P-P elastic reflectivity is determined from the P-P elastic
reflection coefficient, R(τ, ∆τ), by means of the limit

R(τ) = lim
∆τ→0

R(τ, ∆τ)

∆τ
. (9)

After some algebraic manipulations in the exact expression of R(τ, ∆τ), the reflectivity R(τ)
is exactly given by

R(τ) =
1

2

[
1 − 4β2p2

]ρ′

ρ
+

1

2

[ 1

1 − α2p2

]α′

α
−
[
4β2p2

]β ′

β
, (10)

where β is the S-velocity function, and p is the ray parameter, given by Snell’s law

p =
sin θ

α
=

sin φ

β
, (11)
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which is constant along the ray, and θ and φ are the P-P and P-S reflection angles, respectively.
In analogy with the acoustic case, the first-order approximation for R(τ) can be written as

(see equation (7))

R(τ, ∆τ) ≈ R(τ) ∆τ . (12)

Approximating the derivatives by their corresponding discrete differences, i.e., f ′ ≈ ∆f/∆τ ,
and using the incidence angle θ instead of the ray parameter p, we have the following first-order
approximation for R

R ≈ 1

2

[
1 − 4

β2

α2
sin2 θ

]∆ρ

ρ
+

1

2

[
sec2 θ

]∆α

α
−
[
4
β2

α2
sin2 θ

]∆β

β
, (13)

which is the well-known approximation of Aki and Richards (1980) and Shuey (1985).

REFLECTION IMPEDANCE

Let us now analyze the possibility of the existence of a function E(τ) satisfying equation (8) or,
equivalently,

R(τ) =
1

2

E ′(τ)

E(τ)
. (14)

Combining equations (10) and (14), we must search for a solution for the differential equation,

E ′

E
=
[
1 − 4β2p2

]ρ′

ρ
+
[ 1

1 − α2p2

]α′

α
−
[
8β2p2

]β ′

β
, (15)

for all possible choices of α, β and ρ. Clearly, the solution is not unique, since any multiple of a
solution is also a solution.

Particular cases

We consider the solution of equation (15) for some particular choices of p and β.

Normal Incidence: Acoustic and Elastic

For a normal reflection (p = 0) equation (15) reduces to

E ′

E
=

ρ′

ρ
+

α′

α
, (16)

whose solution is

E = C ρ α = C AI , (17)

where C is any real constant. Taking C = 1, we have that E = AI , as expected.
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Non-normal Incidence: Acoustic

In the acoustic case (β = 0) equation (15) reduces to

E ′

E
=

ρ′

ρ
+
[ 1

1 − α2p2

]α′

α
, (18)

whose solution is

E = ρ α
1√

1 − α2p2
= ρ α sec θ = I , (19)

where, again, we have taken the constant unitary.

Non-normal Incidence: P-P Elastic

Unfortunately, there is no general solution for E(τ) for any choice of the parameters. Indeed, it
is possible to show that equation (15) admits a solution only if ρ has a functional dependence on
β, i.e., ρ ≡ ρ(β). Under this assumption, a normalized solution for E(τ) is given by

E ≡ RI =
1√

1 − α2p2
exp

{
−4p2

[
β2 +

∫
β2

ρ
dρ

]}
, (20)

We see that the P-P elastic reflection impedance is a natural extension of the acoustic reflec-
tion impedance after the introduction of a correcting factor. One reasonable dependence between
ρ and β is the following

ρ = b βγ , or equivalently,
ρ′

ρ
= γ

β ′

β
, (21)

where b is some constant of proportionality and γ is a constant. With this assumption, equation
(20) reads

RI =
ρ α√

1 − α2p2
×
{

e−2[2 + γ]β2p2
, β ′ 6= 0

ρ−4β2p2
, β ′ = 0

(22)

We call the above function elastic reflection impedance. Observe that function RI automat-
ically reduces to the acoustic reflection impedance, I , in the case β = 0, or to the acoustic
impedance, AI , when θ = 0.

CONNOLLY’S APPROACH

The elastic impedance EI proposed by Connolly (1999) is derived by taking equation (13) equal
to ∆EI/2EI and applying difference calculus. The main assumption is that θ and the ratio
K = β2/α2 are constant. Such process is equivalent to solve equation (15) using the mentioned
assumption. The differential equation (15) takes the form

EI ′

EI
=
[
1 − 4K sin2 θ

]ρ′

ρ
+
[
sec2 θ

]α′

α
−
[
8K sin2 θ

]β ′

β
, (23)



Annual WIT report 2001 105

The normalized solution for the above equation is given by

EI = ρ1 − 4K sin2 θ αsec2 θ β−8K sin2 θ . (24)

It is important to observe that although function EI reduces to the acoustic impedance AI in
the case θ = 0, the same does not occur for more general non-normal acoustic reflection. Indeed,

lim
β→0

EI = ρ αsec2 θ 6= I = ρ α sec θ . (25)

Moreover, the reflection impedance has the same dimension as the acoustic impedance whereas
the elastic impedance has a dimension depending on the value of the angle θ.

APPROXIMATIONS FOR THE REFLECTION COEFFICIENT

By the use of formulas (8) and (22) or (24) we can construct approximations for the P-P reflection
coefficient. Given a P-P elastic reflection at a point between two media with local parameters
ρ1, α1, β1 and ρ2, α2, β2, RPP can be approximated by

RPP =
E2 − E1

E2 + E1

, (26)

where, for the reflection impedance approximation

Ej ≡ RIj =
ρj αj√
1 − α2

jp
2
×





e−2[2 + γ]β2
j p

2

, β1 6= β2

ρ
−4β2

j p
2

j , β1 = β2

j = 1, 2 , (27)

with

γ =
ln(ρ2/ρ1)

ln(β2/β1)
≈ ∆ρ/ρ

∆β/β
, if β1 6= β2 , (28)

and, for the elastic impedance approximation

Ej ≡ EIj = ρ1 − 4K sin2 θ
j αsec2 θ

j β−8K sin2 θ
j . (29)

with

K =

(
α1β1 + α2β2

α2
1 + α2

2

)2

. (30)

NUMERICAL EXPERIMENTS

In order to compare the accuracy of EI and RI functions presented above we use the approx-
imation of the P-P elastic reflection at a point between two media as indicated by equations
(26)–(30). Table 1 shows the parameters for the three models used in the computations. They
were chosen from a suite of 25 sets of α, β and ρ measurements in adjacent shales, gas sands and
brine sands given in Castagna and Smith (1994), and represent Class I, II and III. The results are
shown in Figures 1–3.



106 Annual WIT report 2001

0 10 20 30 40 50 60 70 80 90
−1

−0.5

0

0.5

1

R PP

Shale / Gas Sand

Exact
Shuey
Elastic Impedance
Reflection  Impedance

0 10 20 30 40 50 60 70 80 90
−1

−0.5

0

0.5

1

Incidence Angle (degrees)

R PP

Shale / Brine Sand

Exact
Shuey
Elastic Impedance
Reflection  Impedance

Figure 1: P-P reflection coefficient for Class I model given in Table 1: shale over gas sand (top)
and shale over brine sand (bottom).

Class Rock Type α [km/s] β [km/s] ρ [g/cm3]

Brine Sand 4.35 2.34 2.40
I Shale 2.77 1.52 2.30

Gas Sand 4.05 2.38 2.32

Brine Sand 3.05 1.56 2.40
II Shale 2.77 1.27 2.45

Gas Sand 2.69 1.59 2.25

Brine Sand 2.13 0.67 1.90
III Shale 1.83 0.40 2.02

Gas Sand 1.44 0.58 1.53

Table 1: P- and S-wave velocities and densities for shale over brine sand and shale over gas
sand, representing classes I, II and III.

The response computed based on the elastic impedance method deviates from the exact Zoep-
pritz formula for reflection coefficients as the linearized approximation (Shuey (1985)) for Rpp.
The response computed from the reflection impedance method agrees with the exact Zoeppritz
formula for Rpp. Therefore there is a significant gain in accuracy provided by the reflection
impedance method compared to the elastic impedance method.

Figure 4 depicts the well log data of an oil sand reservoir (dashed box) encased in marine
shales. In Figure 5 we show the comparison of the AI curve with EI(30o) and RI(30o) curves.
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Figure 2: P-P reflection coefficient for Class II model given in Table 1: shale over gas sand (top)
and shale over brine sand (bottom).
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Figure 3: P-P reflection coefficient for Class III model given in Table 1: shale over gas sand
(top) and shale over brine sand (bottom).
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Figure 4: Well log data of an oil sand reservoir (dashed box) encased in marine shales.
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Figure 5: Comparison of the AI curve with the 30o EI and RI curves for the well log data given
in Figure 4. The values were normalized so that at the first simple AI = EI = RI = 1.
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The values were normalized so that at the first simple AI = EI = RI = 1. The EI and RI
curves are very similar outside the reservoir zone, but disagree in the reservoir zone, possibly
because the RI method senses more the changes in the β/α ratio. Therefore, the observed dif-
ferences are in part related to the higher degree of accuracy obtained by the RI method compared
to the EI method. The apparent improved discrimination of the reservoir zone in the RI curve
can be a key for the use of this method instead of the EI .

CONCLUSIONS

The RI method proved that it recovers back the exact reflection coefficient curve from a simple
form of approximation. Additionally, when used to produce angle dependent impedances, the
proposed RI method showed greater accuracy and improved degree of discrimination compared
to the EI method.
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ABSTRACT

True-amplitude migration based on a weighted diffraction stack is a task of high computa-
tional costs. These can be significantly reduced if the involved summation is carried out only
over traces which really contribute to the stack result, i.e., a limited aperture instead of the
whole aperture of the experiment. We introduce a technique to determine an optimum mi-
gration aperture that needs only traveltime tables as input information. These are also used
for the “on the fly computation” of the true-amplitude weight functions and for an efficient
and highly accurate traveltime interpolation. The new strategy leads to considerable savings
in computational time and storage. A synthetic example illustrates the method.

INTRODUCTION

True-amplitude migration is a particular form of Kirchhoff-type migration. It is based on a
weighted summation stack along diffraction time surfaces. If the summation is carried out over
the whole aperture of the experiment, this becomes a very time consuming process, not only be-
cause of the summation itself, but also for the computation of proper weight functions. Although
this latter problem can be overcome by determining weights from traveltimes directly (Vanelle
and Gajewski, 2001c), the requirements in computational time are not the only difficulty: traces,
where the diffraction time and the traveltime of the associated reflected event differ by more than
the duration of the source pulse (this criterion defines the minimum migration aperture), do not
contribute to the desired migration result. Including them in the summation leads to an increase
in migration noise. Thus, a restriction to the minimum aperture as an optimized migration aper-
ture can significantly enhance the image quality as well as the computational efficiency. Also,
once the minimum aperture is determined, boundary effects can be recognized as such.

Although it is a different physical concept, the definition of the optimized (minimum) aper-
ture bears a strong formal relationship to the (first) Fresnel zone, the intersection surface of the
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Fresnel volume with the reflector surface. In 1992, Červený and Soares propose an algorithm
for Fresnel volume ray tracing. They “believe that Fresnel volume ray tracing will find [. . . ]
applications [. . . ] in the inversion of seismic data in the near future”. Hubral et al. (1993a)
describe the Fresnel zone in paraxial approximation in terms of second-order derivative matrices
of traveltimes. For the zero-offset situation the projection of this paraxial Fresnel zone onto the
earth’s surface is given in Hubral et al. (1993b). Schleicher et al. (1997) derive an expression
for the projected Fresnel zone for arbitrary measurement configurations. They also introduce
an expression for the size of the optimum migration aperture, which is again derived using the
paraxial approximation. They further show that in this approximation both, projected Fresnel
zone and optimum migration aperture, coincide.

Schleicher et al. (1997) compute the optimum migration aperture by means of dynamic ray
tracing. We suggest to determine the optimum aperture from coarse-gridded traveltime tables.
These traveltime tables are needed in any event for the diffraction stack. We apply a fast and
accurate traveltime interpolation from the coarse input grid onto a fine migration grid to compute
the stacking surface. At the same time we use the interpolation coefficients to compute migration
weight functions and to determine the migration aperture. This strategy highly improves the
computational efficiency of true-amplitude migration. Since only traveltime tables on coarse
grids are required, the amount of storage is also considerably reduced.

METHOD

A diffraction stack of the form (Schleicher et al., 1993a)

V (M) = − 1

2π

∫

A

∫
dξ1 dξ2 W (ξ1, ξ2, M)

∂U(ξ1, ξ2, t)

∂t

∣∣∣∣
τD(ξ1,ξ2,M)

(1)

yields a true-amplitude migrated trace for a 3-D medium if proper weight functions W (ξ1, ξ2, M)
are applied. In Equation (1), V (M) represents the migration output at a selected depth image
point M , A is the aperture of the experiment (assumed to provide sufficient illumination). Also,
∂U(ξ1, ξ2, t)/∂t is the time derivative of the input seismic trace in terms of its trace coordinates
(ξ1, ξ2), which describe the source and receiver location according to the given configuration.
That derivative is evaluated at the diffraction traveltime surface, t = τD(ξ1, ξ2, M), that cor-
responds to the fixed image point, M , and varying source and receiver locations described by
(ξ1, ξ2), within the aperture A. Since it is required for all Kirchhoff migration methods, we
assume that an a priori velocity model exists. As described in Schleicher et al. (1993a), the
weight function, W (ξ1, ξ2, M), can be expressed in terms of dynamical quantities that refer to
the ray segments SM and GM , which connect the source at S = S(ξ1, ξ2) and the receiver at
G = G(ξ1, ξ2). We use the weight function

W (ξ1, ξ2, M) =

√
cos αs cos αg

vs

∣∣det[N1
>Σ + N2

>Γ]
∣∣

√
|detN1 detN2 |

e−i π
2
(κ1+κ2) , (2)

which is equivalent to the one derived by Schleicher et al. (1993a), but uses a different notation.
In Equation (2), vs is the velocity at the source. The angles αs and αg are the emergence angle at
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Figure 1: Schematic seismic section for a single reflector and traveltime curve for a diffraction
point on the reflector. Dashed lines: reflection traveltime τR (coinciding with the events) and
τR + τL. Solid line: diffraction traveltime τD. Traces outside the optimum aperture, which is
given by the intersection points between the diffraction curve and the “end” of the signal, do not
contribute to the diffraction stack.

the source and the incidence angle at the receiver. The matrices N1 and N2 contain second-order
traveltime derivatives and are explained further below. The quantities κn are KMAH indices,
where the index 1 in κn and Nn refers to the ray segment SM , and index 2 to GM . The matrices
Σ and Γ are configuration matrices associated with the trace coordinates, e.g., for a Common-
Shot configuration Σ = 0 (zero) and Γ = 1 (the unit matrix). Please refer to Schleicher et al.
(1993a) for details.

Depth migration using Equation (1) leads to high computational costs. For each subsurface
point under consideration the diffraction time surface must be computed and for each combi-
nation of source-subsurface-receiver points the individual weight function is required. We have
shown that the necessary amount of computational time and storage can be significantly reduced
if migration weights are determined “on the fly” (i. e. not kept in the computer memory) from
traveltimes (Vanelle and Gajewski, 2001c). These traveltimes need only be given on coarse grids
and can at the same time be used as input data for an efficient interpolation onto the required fine
migration grid (Vanelle and Gajewski, 2001b).

A further reduction of the computational effort is possible, if only those traces are summed
up that really contribute to the stack (1). Figure 1 shows an extract of a seismic section for a
single reflector and a diffraction traveltime curve for a point on the reflector. One can easily see
that only those traces contribute to the stack where the diffraction traveltime curve τD is within
the reflection traveltime τR and τR plus the duration of the signal, τL. Schleicher et al. (1997) use
this criterion to define the minimum aperture which is also the optimum aperture:

|τF | = |τD − τR| ≤ τL , (3)

where τF is the difference between diffraction and reflection traveltime.
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To find an expression for the optimum aperture as it is given by Equation (3), we expand
τF into a second-order Taylor series with respect to the 2-D source-receiver location coordinates
ξ = (ξ1, ξ2). The expansion is centered at the stationary point ξ∗, where τD = τR and ~∇τF = 0:

τF =
1

2
(ξ − ξ∗) >

HF (ξ − ξ∗) , (4)

in which HF is the Hessian matrix of the traveltime difference τF . With this equation and Equa-
tion (3), the optimum aperture in paraxial approximation is given by (Schleicher et al., 1997):

1

2
|(ξ − ξ∗)>HF (ξ − ξ∗)| = τL . (5)

The matrix HF in Equation (5) can be written in terms of second-order spatial derivatives
of traveltimes. To find an appropriate expression for HF we introduce specific 2-D Cartesian
coordinate systems. These are located on the tangent planes to the recording surface at the
source and the receiver, as well as on the tangent plane to the reflector at the reflection point.
Details can be found in Vanelle and Gajewski (2001a). Using these coordinate systems, we split
up reflection and diffraction traveltimes into the traveltime τ1 of the ray segment from an initial
source at s to the subsurface point at the position r (we denote this ray segment by the index
1), and the traveltime τ2 from a receiver at the coordinate g to r (denoted by the index 2). The
traveltimes τ1 and τ2 are in the paraxial approximation given by

τn(xn, r) = τ0n
+ q0n

∆r − p0n
∆xn −∆xn

>
Nn ∆r +

1

2
∆r>Gn ∆r − 1

2
∆xn

>
Sn ∆xn , (6)

where for n=1 the vector x1=s, and for n=2 the vector x2=g. The traveltime τ0n
is τ(x0n

, r0).
The slowness vectors p0n

at x0n
and q0n

at r0 correspond to the first order derivatives (the index
n for the considered ray branch is omitted in the following equations (7) and (8)):

p0I
= − ∂τ

∂xI

∣∣∣∣
x0,r0

q0I
=

∂τ

∂rI

∣∣∣∣
x0,r0

. (7)

The second order derivatives are given by the matrices Si, Gi and Ni with

SIJ =− ∂2τ

∂xI∂xJ

∣∣∣∣
x0,r0

= SJI

GIJ =
∂2τ

∂rI∂rJ

∣∣∣∣
x0,r0

= GJI

NIJ =− ∂2τ

∂xI∂rJ

∣∣∣∣
x0,r0

6= NJI . (8)

Vectors and matrices have dimension two and represent a suitable projection onto the registration
surface at x0n

, and the assumed reflector at r0. Suitable in this context means that the curvature
of the registration surface and the reflector are also taken into consideration.
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The matrices introduced in Equation (8) are ingredients of a propagator matrix that is used
in surface-to-surface propagation (Schleicher et al., 1993b). One result of the application of the
propagator formalism is the following expression for the matrix HF :

HF =
(
N1

>
Σ + N2

>
Γ
)> (G1 + G2)

−1 (
N1

>
Σ + N2

>
Γ
)

. (9)

The matrix HF , more precisely the matrices Gn depend on the curvature of the reflector under
consideration. Therefore, the determination of HF is possible for reflection points M , where
the inclination and curvature of the reflector have been estimated from the a priori information,
e.g., the velocity model or an image which results from a previous migration step. If the depth
point M is such that these properties can not be determined, e.g., if no identified reflector surface
exists, we may nevertheless consider it, because the migration described by Equation (1) yields
non-negligible results only if the depth point M is on, or in the near vicinity of a reflector. There-
fore we treat each depth point M , meaning each candidate for a reflection point as if it were a
reflection point. It is in this sense that the term “reflector candidate” and the reflection traveltime
τR are to be understood.

Schleicher et al. (1997) apply dynamic ray tracing for the computation of the second order
derivative matrices that form HF . We suggest to determine these matrices directly from the
traveltimes that are in any event required for the diffraction time surface and the weight functions.
As we will show in the following section, they can also be employed for an efficient traveltime
interpolation onto the fine migration grid and to compute the true-amplitude weight functions.

IMPLEMENTATION

In this section we will explain how the migration weight functions and the optimum migration
aperture are determined. Both can be expressed in terms of traveltime derivatives that are also
used for traveltime interpolation. A three-dimensional variant of Equation (6) can be used for the
traveltime interpolation. We have, however, shown, that a hyperbolic form of (6) yields higher
accuracy than (6) (Vanelle and Gajewski, 2001b). Therefore we use a hyperbolic expansion of
the traveltimes instead of (6). It is obtained by expanding τ 2 into a Taylor series of second order:

τ 2(x̂, r̂) = (τ0 + q̂0 ∆r̂− p̂0 ∆x̂)2 − 2 τ0∆x̂>
N̂ ∆r̂ + τ0∆r̂>Ĝ ∆r̂ − τ0∆x̂>

Ŝ ∆x̂ . (10)

The vectors and matrices in this equation are not the same as in Equation (6) as they have di-
mension three (denoted by the hat) in an arbitrary Cartesian coordinate system. Since multi-fold
traveltime tables are required for the stack anyway, we will use these to determine the coeffi-
cients of (10): Traveltimes for certain source-receiver combinations are inserted into (10). The
resulting equations can then be solved for the slownesses and matrices. The procedure can be
found in detail in Vanelle and Gajewski (2001b). Please note that Equation (10) also allows for
the interpolation of sources, not only receivers.

The matrices Nn and Gn which are needed for the computation of HF (matrix Nn is also
needed for the weight functions) can be determined from N̂n and Ĝn by rotating the latter onto
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the tangent planes of the recording surface and the reflector candidate. Moreover, the curvature
of the recording surface and the reflector has to be considered. The procedure is described in
the Appendix. To do this, we assume that a priori information on the velocity model is avail-
able. For simple models the inclination of a reflector can be computed from the gradient of the
velocity model. More generally, for example if the velocity model is smooth, it can be extracted
from a previous migration. The determination of the reflector curvature follows similar lines.
For image points that are not located on a reflector, this information will not be available. For
these cases, however, the inclination and curvature are irrelevant, because the migration output
will be negligible, regardless of inclination and curvature. For simplicity, we assume both to be
zero for those points. If the reflector’s inclination but not its curvature can be determined for
a point which is located on the reflector, we expect that the approximation of the reflector by a
locally plane surface will yield satisfactory results in many cases. This assumption appears to be
acceptable since applicability of the ray method requires that the radius of reflector curvature is
large compared to the wavelength. Moreover, the recovered reflection coefficient is a plane wave
reflection coefficient.

The migration weight functions as well as the size of the optimum migration aperture can
now be computed. We must, however, still determine the center of the aperture, that corresponds
to the stationary ray. For this we can also use the coefficients of Equation (10), more precisely
the slowness vectors. Again, we assume that the inclination angle of the reflector candidate be
known and the slownesses are given accordingly. The incidence angle αinc on the reflector is
then given by

cos αinc =
√

1 − v2
inc q01 ·q01 , (11)

where q01 is the (2-D) slowness vector at the candidate reflector of the ray from the source to the
reflector. Similarly, q02 is the slowness vector of a ray from a geophone to the candidate reflector.
The reflection angle αref is expressed by an equivalent of (11) but using q02 instead. Since the
stationary ray obeys Snell’s law, the center of the aperture is the geophone position where the
difference between αinc and αref is minimal.

EXAMPLE

We have applied our algorithm to simple generic models. These have the advantage of known
analytic solutions for the involved quantities. Therefore they are very useful for the validation
of the method. The example we give here is a two-layer model with an inclined interface. The
inclination angle is 63◦ and the model has a velocity of 5km/s above and 6km/s below the re-
flector. A ray-synthetic common-shot section was computed using a Gabor wavelet with a signal
length of 25ms. The migration was carried out first using the original noise-free data, and then
for the same dataset with white (random) noise added, having a signal-to-noise ratio of 2. The
noisy input section is shown in Figure 2. In both cases we have applied the optimum aperture as
well as the complete aperture for comparison. In limiting the aperture we must, however, take
into account that boxcar filtering produces undesirable effects like ringing or overshooting in the
migrated image. Therefore a taper was applied at the endpoints of the aperture.
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Figure 2: Synthetic common-shot section for a 63◦ inclined reflector: The receiver spacing is
10m but only every fifth trace is shown here. The signal-to-noise ratio is 2.

Figure 3 shows the recovered reflection coefficients from the noise-free section and analytic
values. Compared to the whole aperture result, application of the optimum aperture leads to
slightly overestimated reflection coefficients. This effect is more pronounced if the taper is omit-
ted. For example, at 2.7 km distance the error of the recovered reflection coefficient is 1.3% if
the whole aperture is used, it is 1.7% for the tapered optimum aperture and 3.0% for the opti-
mum aperture without taper. The reason for the overestimation of the reflection coefficients is
that the paraxial optimum aperture given by Equation (5) represents an approximation for the
optimum aperture. Figure 4 demonstrates the difference between the exact optimum aperture
(which can be computed for this type of model, but closed form solutions do not exist for arbi-
trary models) and the optimum aperture in paraxial approximation. Please observe in Figure 4
that traces within the required aperture, but not within the paraxial aperture would give negative
contributions to the stack. This is why the reflection coefficients are overestimated. By apply-
ing the taper, additional traces outside of the paraxial aperture are allowed to contribute. This
leads to a partial compensation of the overestimation caused by the errors of the paraxial aperture.

The AVO behavior, however, by which we signify the gradient or the general shape of the
AVO is of more interest for interpretation than the absolute value of the reflection coefficients.
It is less affected by the effect described above than the absolute value: Figure 3 shows that the
AVO trend is preserved for all three cases, whether the whole aperture is used or the optimum
aperture, with or without taper. For reflectors with moderate or no inclination the effect takes
place on a smaller scale.

The reflection coefficients that result from the noisy input data on the 63◦ reflector are shown
in Figure 5 together with the analytic values. Please keep in mind that in this example the quality
of the input section is very poor. For a better signal-to-noise ratio the scatter in the recovered re-
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Figure 3: Recovered reflection coefficients from noise-free data for a 63◦ inclined reflector:
Dashed line: analytic reflection coefficients. Dotted line: recovered coefficients if the whole
aperture is used. Solid lines: recovered coefficients if the optimum aperture is used. The black
line results from applying a taper to the aperture, the gray line follows without tapering. The
reflection coefficients from the optimized aperture migration are overestimated (see text). The
peak near 2.5km is a boundary effect caused by insufficient illumination of the reflector due to
the limited extent of the receiver line.
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Figure 4: Exact and paraxial optimum migration aperture for a point on the 63◦ inclined reflector.
Dashed line: reflection traveltime plus signal length τR + τL. Solid line: diffraction traveltime
curve τD. The center of the paraxial aperture that corresponds to the stationary ray is located at
ξ∗.
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Figure 5: Results from noisy data for a 63◦ inclined reflector: Dashed line: analytic reflection
coefficients. Solid line: recovered reflection coefficients if the optimum aperture is used. Dotted
line: recovered coefficients if the whole aperture is used.

flection coefficients is significantly smaller. The migrated depth sections of the noisy data using
the optimum aperture and the whole aperture are shown in Figure 6. In both cases the reflector
has been migrated to the correct position but the image quality is improved if the optimum aper-
ture is used. This effect may be more apparent if more than one arrival is present in the input
section. If e.g., another reflection event in the data would cut through the one under consider-
ation, it would add unwanted contributions to the stack, thus increasing the noise. By limiting
the aperture, this higher noise can at least be averted for unwanted events that lie outside of the
aperture.

We have shown that the application of our method to simple types of models yields good
results in terms of image quality and recovered amplitude. The goal of our strategy is to pro-
vide these good results and at the same time reduce the requirements in computational time and
storage. The storage problem can be overcome by using coarse gridded traveltimes as only input
data. For example, a ratio of coarse grid spacing to fine grid spacing of ten leads to a factor of
10−5 less traveltime data that must be computed and held in storage. This high figure comes
from the possibility of interpolating also sources, not only receivers.

The savings in computational time that result from the reduction of the migration aperture
alone are difficult to estimate because of the various factors involved in the size of the required
aperture. To give an idea about possible savings, we have compared the optimum aperture to the
complete aperture for the case of a single, horizontal reflector. The results are shown for 2-D and
3-D in Figure 7. We have varied three parameters to demonstrate their influence on the aperture:
the velocity in the upper part of the model, the reflector depth, and the signal length. For small
cable lengths, the savings are moderate because the required apertures are not much smaller than
the total cable length. If the cable length is increased, the ratio of required aperture to complete
aperture decreases. The effect of the velocity and signal length are similar since both are closely
related to the wavelength. For varying reflector depth we find a more pronounced change in
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Figure 6: Migrated depth sections of noisy data for the 63◦ inclined reflector. Left: the whole
aperture was used; right: only traces within the optimum aperture were used.

the behavior of the required aperture. The shallower the reflector is, the higher is the incidence
angle of the wave with the normal to the registration surface, leading to an increase in apparent
wavelength. This requires a larger aperture.

CONCLUSIONS

We have presented a new strategy for limited-aperture true-amplitude migration. Use of a lim-
ited aperture in migration can significantly reduce the computational time and at the same time
enhance the image quality. The optimum migration aperture is determined from coarse gridded
traveltime information only. These data are also the only input for the computation of migration
weights, as well as for a fast and accurate traveltime interpolation onto the fine migration grid.
The strategy of employing only coarse gridded traveltime data for the determination of all re-
quired quantities leads to considerable savings in computational time and, particularly, storage.
A simple numerical example illustrates the applicability of the method and confirms the high
potential savings in computational time.

PUBLICATIONS

The method of traveltime-based true-amplitude migration was introduced by Vanelle and Gajew-
ski (2001c). More details on the traveltime interpolation and the determination of the coefficients
can be found in Vanelle and Gajewski (2001c). In Vanelle and Gajewski (2001a) the authors de-
scribe how the optimum migration aperture can be obtained from traveltimes.
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Figure 7: Possible savings in percent of computational time by using the optimum migration
aperture (100% corresponds to the complete aperture). The velocity model considered here has
a horizontal reflector between two layers of constant velocity. The parameters that were varied
in these plots are the velocity in the upper layer (top), the reflector depth (middle) and the length
of the source pulse (bottom), on the left for 2-D and right for 3-D.
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APPENDIX A

In this appendix we will explain how the second-order derivative matrices Nn and Gn are com-
puted, if the surface under consideration is curved and its orientation does not coincide with the
coordinate system in which the traveltime tables are given. In the traveltime system, denoted by
a hat ,̂ the parabolic 3-D traveltime expansion is given by

τ(x̂, r̂) = τ0 + q̂0 ∆r̂ − p̂0 ∆x̂ −∆x̂>
N̂ ∆r̂ +

1

2
∆r̂>Ĝ ∆r̂ − 1

2
∆x̂>

Ŝ ∆x̂ . (12)
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In the coordinate system associated with the surfaces, e.g., the reflector, which we denote by a
tilde ,̃ the traveltime expansion reads

τ(x̃, r̃) = τ0 + q̃0 ∆r̃ − p̃0 ∆x̃ −∆x̃>
Ñ ∆r̃ +

1

2
∆r̃>G̃ ∆r̃ − 1

2
∆x̃>

S̃ ∆x̃ . (13)

The reflector coordinate system has the 1- and 2-axes in the reflector’s tangent plane at r̃0 = r̂0

and the 3-axis perpendicular to it. The vector ∆r̃ = (∆r,∆r3)
> = (∆r1,∆r2,∆r3)

> describes a
point on the reflector. Its 3-component is given by

∆r3 =
1

2
∆r>Fr∆r , (14)

where the 2×2 matrix Fr is the curvature matrix of the reflector. It is zero for a plane reflector,
therefore the 3-component vanishes in this case. The 2-D vector ∆r is computed by

∆r = 12×3 R̂r ∆r̂ , (15)

where the matrix 12×3 = 1
>
3×2 is

12×3 =

(
1 0 0
0 1 0

)
. (16)

The matrix R̂r in Equation (15) describes the rotation into the tangent plane of the reflector. It is
given by

R̂r =




cos θr cos φr − cos θr sin φr sin θr

sin φr cos φr 0
− sin θr cos φr sin θr sin φr cos θr


 . (17)

(see Figure 8). Equations (14) and (17) also apply to the recording surface with the appropriate
subscript x instead of r. The vectors ∆r and ∆x are the same as in Equation (6), the traveltime
expansion into the reflector and recording surface.

Since the traveltime must not depend on the coordinate system, expressions (12) and (13)
must be equal for a point on the reflector. Applying Equations (14) and (15) for both recording
and reflector surface, and retaining only terms up to second order yields

τ(x, r) = τ0 + q0 ∆r − p0 ∆x −∆x>
N ∆r +

1

2
∆r>G ∆r − 1

2
∆x>

S ∆x . (18)

The 2×2 matrices N, G, and S are the same as in Equation (6) and are computed from the matrices
N̂, Ĝ, and Ŝ as follows:

N = 12×3 R̂x
>
N̂ R̂r 13×2 ,

S = 12×3 R̂x
>
Ŝ R̂x 13×2 +

cos αx

vx
Fx ,

G = 12×3 R̂r
>
Ĝ R̂r 13×2 +

cos αinc

vr

Fr . (19)

The angle αinc is the incidence angle on the reflector and αx is the angle between the ray and
the recording surface. The quantity cos αinc/vr is the 3-component of the slowness vector in
the reflector coordinate system (accordingly for cos αx/vx). Similar results were also derived by
Hubral et al. (1992) using a different notation.
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Figure 8: Rotation of 3-D second-order derivative matrices into the reflector tangent plane:
the coordinate system of the reflector (gray) is denoted by a tilde .̃ The Cartesian system that
coincides with the system in which the traveltime tables are given is indicated by a hat .̂ The
angle θr is the angle between the 3-axes in both systems. In this plot the angle φr is zero, as well
as the curvature of the reflector.
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ABSTRACT

We propose a new strategy for true-amplitude migration of PS converted waves. Supple-
mentary to PP imaging for AVO analysis this provides additional constraints for the shear
properties of the target layer. Our method needs only coarse gridded traveltime information
as input data. The coefficients for a fast and accurate traveltime interpolation algorithm and
the weight functions are computed on-the-fly. This makes the method highly efficient in
terms of computational time, and particularly storage. A synthetic example illustrates the
method.

INTRODUCTION

One of the main goals of true-amplitude migration is the study of AVO behavior to investigate
shear properties. PP imaging, however, fails in the presence of gas clouds. Also, to examine, e.g.
the saturation of gas sands, it does not yield sufficient information (Castagna and Backus, 1993).
Therefore processing of PS data has become a tool for looking through gas clouds. The use of
techniques like weighted stacking inversion (Smith and Gidlow, 1987) leads to approximated
PP and PS reflection amplitudes. We introduce a new strategy for true-amplitude migration of
PS waves, that is an extension of Schleicher et al.’s (1993) method to converted waves. As we
have shown previously for amplitude preserving migration of PP waves (Vanelle and Gajewski,
2001c), all required quantities can be determined from traveltimes on coarse grids. This makes
the algorithm highly efficient in terms of computational time and storage.

METHOD

A diffraction stack of the form (Schleicher et al., 1993)

V (M) = − 1

2π

∫

A

∫
dξ1 dξ2 W (ξ1, ξ2, M)

∂U(ξ1, ξ2, t)

∂t

∣∣∣∣
τD(ξ1,ξ2,M)

(1)
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yields a true-amplitude migrated trace if proper weight functions W (ξ1, ξ2, M) are applied. In
equation (1) A is the aperture of the experiment (assumed to provide sufficient illumination).
∂U(ξ1, ξ2, t)/∂t|τD(ξ1,ξ2,M) is the time derivative of the magnitude of the displacement vector U

in trace coordinates (ξ1, ξ2), that describe the source and receiver location, taken at the diffrac-
tion traveltime τD for a diffractor at a subsurface point M . Schleicher et al. (1993) derive the
following expression for the weight functions:

W (ξ1, ξ2, M) = L
√
|detHF | e

i π
2

�
1− sgnHF

2 � . (2)

In equation (2) the quantity L is the geometrical spreading. The matrix HF is the Hessian matrix
of the difference τF = τD − τR between diffraction and reflection traveltime at the stationary
point ξ∗1 , ξ

∗
2 , where ~∇τF = 0. This means that in this point the diffraction and reflection travel-

time curves are tangent to each other. HF and L can be expressed in terms of second-order spatial
derivatives of traveltimes. Please note, that equation (2) is a generic formulation of the weight
functions applicable to monotypic waves and converted waves. It even holds for anisotropic me-
dia if appropriate expressions for L and HF are used. For PS and SS waves in anisotropic media,
however, the situation is more complicated, because shear wave coupling has to be considered.

Provided that a traveltime curve is locally smooth and single-valued, τ can be expanded into
a Taylor series. This corresponds to the paraxial approximation

τ(s, g) = τ0 + q0 ∆g − p0 ∆s −∆s>N ∆g +
1

2
∆g>

G ∆g − 1

2
∆s>S ∆s . (3)

The approach is the same for multi-valued traveltimes, but the different branches of the trav-
eltime curve have to be treated separately. In equation (3) p0 and q0 are the slowness vectors
at the source (s0 = s(τ0)) and receiver coordinates (g0 = g(τ0)). The matrices G, S and N

are the second-order derivatives of the traveltime with respect to receiver, source and mixed co-
ordinates. Vectors and matrices have dimension two and represent a projection onto reference
surfaces, e.g., the reflector (for further details, see Bortfeld 1989). Multi-fold traveltime tables
are available, since they are required for the diffraction time surface anyway. Traveltimes for
certain source-receiver combinations are inserted into (3), which can then be solved for the cor-
responding slowness components and matrix elements. If traveltime data is not directly available
in the reflector surface, the coefficients can nevertheless be determined by using a form of (3)
that is not restricted to a projection surface (Vanelle and Gajewski, 2001c).

Diffraction traveltimes can be decomposed into the downgoing and upgoing ray segments,
each of them written in terms of (3) using appropriate labels to distinguish between both seg-
ments, e.g., by the indices 1 for the downgoing and 2 for the upgoing raypath. Expressing also
the reflection traveltimes by equation (3) leads to the following result for HF (Schleicher et al.,
1993):

HF =
(
N1

>
Σ + N2

>
Γ
)> (G1 + G2)

−1 ×
(
N1

>
Σ + N2

>
Γ
)

. (4)

In the case of a PS converted wave, the downgoing ray (index 1) corresponds to the P wave
and the upgoing ray (index 2) is an S wave. Therefore matrices N1 and G1 are determined from
traveltimes for the P wave, and N2 and G2 from S-traveltimes. The matrices Σ and Γ are con-
figuration matrices associated with the trace coordinates, e.g., for a common-shot configuration
Σ = 0 (zero) and Γ = 1 (the unit matrix) (Schleicher et al., 1993).
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That the diffraction traveltime can be constructed from two segments means that the diffrac-
tion time surface along which the summation stack is carried out can be obtained by interpolation
using (3) from the coarse input traveltime grid onto the fine migration grid. We have, however,
shown (Vanelle and Gajewski, 2001b), that a hyperbolic variant of equation (3) yields better re-
sults than the parabolic approximation (3) itself. It is obtained by expanding τ 2 into a Taylor
series, that reads

τ 2(s, g) = (τ0 + q0 ∆g − p0 ∆s)2 − 2 τ0∆s>N ∆g + τ0∆g>
G ∆g − τ0∆s>S ∆s . (5)

The vectors and matrices are the same as in equation (3) and can be determined from traveltimes
in a similar fashion as for the parabolic variant (Vanelle and Gajewski, 2001b).

The geometrical spreading can also be written in terms of second-order traveltime derivatives
as shown by Hubral et al. (1992). Their results were, however, derived for monotypic waves.
For a converted wave we must include an additional factor to allow for the discontinuity of the
spreading at the interface (Červený et al., 1977). This leads to

L =
1

vs

√
cos ϑs cos ϑg

√
cos ϑ1

cos ϑ2

1√
|detN|

e−i π
2
κ . (6)

where the matrix N is given by

N = N1 (G1 + G2)
−1

N2
> . (7)

The angles ϑs and ϑg in (6) are the emergence and incidence angles at the source and receiver.
ϑ1 is the incidence angle at the interface and ϑ2 the reflection angle. vs is the velocity of the
downgoing wave at the source. In the case of a PS converted wave this will be the P-velocity.
Equation (6) is also valid for monotypic waves, where ϑ1 = ϑ2, and thus the discontinuity factor√

cos ϑ1/ cosϑ2 equals 1. All angles can be computed from the slownesses, and therefore from
traveltimes, e.g., for ϑs:

cos ϑs =
√

1 − v2
s p01 ·p01 . (8)

The expression for the weight function resulting from (6) is

W (ξ1, ξ2, M) =
1

vs

√
cos ϑs cos ϑg

√
cos ϑ1

cos ϑ2

|det(N1
>Σ + N2

>Γ)|√
|detN1 detN2

>|
e−i π

2
(κ1+κ2) , (9)

where κi are the KMAH indices of the down- and upgoing ray branches. These need not be
computed, if a suitable traveltime generation tool is used, as, e.g., the technique by Coman and
Gajewski (2001), which outputs multi-valued traveltimes sorted for the KMAH index. Equation
(9) for monotypic waves results in the equations given by Schleicher et al. (1993).

APPLICATION

A 2-D example is given: ray synthetic seismograms (Figure 1) were obtained for a two-layers
model with a horizontal interface in a common-shot configuration. The P-velocity is α1=5km/s
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Figure 1: Synthetic common-shot section: The receiver spacing is 10m but only every fifth trace
is shown here.

in the upper layer and α2=6km/s in the lower layer that lies at a depth of 2km below the source.
The S-velocity is βi = αi/

√
3 and the density is given by ρ = 1.7 + 0.2α (ρ in g/cm3 and α

in km/s). 300 receivers with a spacing of 10m were distributed starting 10m away from a line
source. Only PS reflections were considered in this example. Note that in two dimensions the
analytic trace U must be (iω)1/2-filtered. This corresponds to the time derivation in equation (1)
in three dimensions.

Traveltimes were computed analytically on a 10m grid. They were the only input data for
the determination of the migration weights in a 2-D variant of equation (2) as well as for the
(hyperbolic) traveltime interpolation. All coefficients were computed from the hyperbolic ap-
proximation (5).

The migrated depth section is shown in Figure 2. Reflection coefficients were picked from
the section and are compared to analytical results. Figure 3 shows good accordance between
the two curves. The (negative) peak at a distance of 1.8km is a boundary effect caused by the
limited extent of the receiver line, which provides sufficient illumination of the reflector only for
distances smaller than 1.8km. This also causes the diffraction that shows in the migrated section
(Figure 2).

CONCLUSIONS

We have presented a new strategy for true-amplitude migration of PS converted waves. It is
based on the determination of all required properties alone from traveltime data. The traveltime
tables need only be sampled on coarse grids, leading to considerable savings in storage. The on-
the-fly computation of migration weight functions as well as a fast and highly accurate traveltime
interpolation scheme reduce the necessary amount of computational time. A numerical example
shows good accordance between the reconstructed reflector and theoretical values in terms of
position as well as in reflection coefficients.
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Figure 2: Migrated depth section: The reflector was migrated to the correct position. The
amplitude matches the reflection coefficient. The diffraction is a boundary effect (see text).
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Figure 3: Recovered reflection coefficients from the common-shot gather in Figure 1: Solid
line: picked reflection coefficients from the migrated section in figure 2. The peak at 1.8km is a
boundary effect (see text). Dashed line: analytical values for the reflection coefficients.
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PUBLICATIONS

The method of traveltime-based true-amplitude migration was introduced by Vanelle and Gajew-
ski (2001c). More details on the traveltime interpolation and the determination of the coefficients
can be found in Vanelle and Gajewski (2001c). In Vanelle and Gajewski (2001a) the authors de-
scribe how the optimum migration aperture can be obtained from traveltimes.
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ABSTRACT

This paper describes an extension to true amplitude prestack Kirchhoff migration which takes
into account scattering losses due to the propagation through a statistically heterogeneous
overburden. An additional weighting factor is introduced which is a function of the length of
the travel path between source and receiver and the statistical parameters of the overburden
(standard deviation and correlation length of the velocity heterogeneities). The practical
aspects of the implementation are described and the method is tested on a synthetic data set.
This example shows that it is important, simple and efficient to account for scattering losses
during migration.

INTRODUCTION

The analysis of amplitudes of seismic sections is becoming increasingly important in the explo-
ration industry as well as in crustal seismology. Impedance contrasts at a reflector and amplitude
variations along it are used to quantify the physical and geological causes for reflections. For
exploration issues the inference on reflector properties allows for instance to make a decision
on possible oil/gas/water-contacts. In crustal seismology the characterization of bright-spots and
their fluid or melt based origin is one example of the application of amplitude studies.

A widely accepted observation in exploration or crustal seismology is that in general the
complexity of the reflected signal increases with the depth of the corresponding reflector. One
possible reason is that the reflectors themselves exhibit an increased complexity due to their on-
going breakup on their way down to greater depths. Another reason might be that for instance
a statistically heterogeneous overburden affects the wave to a large extent on its way from the
source to the reflector and back to the receiver. In the latter case the wave ’accumulates complex-
ity’ and loses energy due to scattering on its way even if the structure of the actual reflector itself
is simple. If one attempts to use such a recorded signal for amplitude studies one will therefore
underestimate the true reflection coefficient and will misinterpret the migrated section in terms
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of the internal structure of the reflector. In this paper a method is given that describes how to
estimate the amount of scattering loss for given statistical parameters of the overburden. With
this information one can correct for the amplitude loss due to scattering which in turn allows a
for more reliable estimation of reflection coefficients and AVO trends.

True amplitude prestack Kirchhoff depth imaging is the state-of-the-art technique for gen-
erating sections on which amplitude interpretations are based. The usual weight function used
within the Kirchhoff integral accounts only for geometrical spreading losses between source and
receiver. Some attempts have been made to incorporate effects such as absorption and disper-
sion (Mittet et al., 1995; Toutou, 1997), or the effect of a thinly layered medium (Wapenaar and
Herrmann, 1996; Widmaier et al., 1996). Furthermore, the effect of a statistically heterogeneous
overburden on the amplitudes of reflections has been recognized (Henstock and Levander, 2000)
but no attempts have been made to correct for the corresponding amplitude loss. Here, the effect
of a statistically heterogeneous medium on the amplitudes is described in terms of the general-
ized O’Doherty-Anstey theory in 2-D and a procedure is proposed which accounts for the above
mentioned scattering losses in the form of an additional weighting function in the Kirchhoff
integral. In the following the derivation of this weighting function, its incorporation into the
true-amplitude imaging concept and some details regarding the implementation are described.

METHODOLOGY

Scattering losses in random media

Fundamental properties of seismic waves in rocks are attenuation and dispersion. Theoretical
methods developed in order to describe the pulse propagation and to quantify scattering atten-
uation include the meanfield theory using the Born approximation or the traveltime-corrected
meanfield formalism (Sato and Fehler, 1998). The meanfield theory overestimates the scat-
tering attenuation, whereas the traveltime-corrected meanfield excludes large wavenumbers so
that scattering on large-scale heterogeneities is not taken into account. Moreover, it requires
a heuristically chosen cut-off wavenumber which can only be determined by numerical tests.
Shapiro and Hubral (1999) developed the generalized O’Doherty-Anstey theory to describe pri-
mary wavefields in single realizations of 1-D random media.

Based on the Rytov and Bourret approximations Müller and Shapiro (2001) described the
seismic pulse propagation in 2-D and 3-D random media. This work was extended using the
causality principle in order to derive Green’s functions for transient plane waves propagating in
randomly heterogeneous elastic solids (Müller et al., 2001). It can be understood as an extension
of the O’Doherty-Anstey theory to 2-D and 3-D random media. In the case of a point source in
2-D we find the following approximation for the Green’s function by analogy

G(t, L) =
1

2π

∫ ∞

−∞
dω e−αL+iϕLe−iωt , (1)

where α is the scattering attenuation coefficient

α ≈ 2πk2

∫ ∞

0

dκ Φ2D(κ)
[
H(2k − κ) − cos(π/2A2) C(A) + sin(π/2A2) S(A)

A

]
, (2)
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Figure 1: 1/Q as a function of ka for fixed L/a = 50 for waves radiated from a point-source in
2-D random media with different fluctuation spectra.

and ϕ denotes the phase increment

ϕ ≈ k + 2πk2

∫ ∞

0

dκ Φ2D(κ)

[
2kH(2k − κ)√

κ2 − 4k2
− sin(π/2A2) C(A) + cos(π/2A2) S(A)

A

]
.(3)

In equations (1)-(3) we use A =
√

κ2L/2πk, where k = ω
c0

denotes the wavenumber, c0 is the
constant background velocity and L is the travel distance. Φ2D(κ) is the fluctuation spectrum
which contains the second-order statistics of the medium’s fluctuations i.e., the variance σ2 of
the P-wave (S-wave) velocity in rocks and the correlation length a. Moreover, H denotes the
Heaviside step function, and functions C and S denote the Fresnel cosine and sine integrals,
respectively. The validity range of the Green’s function (1) in terms of the wave parameter
D = 2L/(ka2) is 1

πL/λ
≤ D ≤

(
L
a

)2
if L > max{λ, a}, where λ denotes the wavelength. Note

that equation (1) is also restricted to the weak wavefield fluctuation regime.

The transmission losses are characterized by the scattering attenuation coefficient (2). Figure
1 depicts the reciprocal quality factor 1/Q = 2α/k as a function of the dimensionless wavenum-
ber ka according to equation (2) using different fluctuation spectra. The reciprocal quality factor
in Figure 1 is normalized by σ2.
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True amplitude prestack Kirchhoff migration

Kirchhoff prestack depth migration is usually formulated as a weighted integral of the observed
wavefield U over all receivers along the earth’s surface along the corresponding diffraction curves
tdif :

M(~x) =

∫

~xrcv

W (~x, ~xrcv) U(~xrcv , tdif) (4)

The weighting function W depends on the subsurface coordinate ~x and the receiver coordinate
~xrcv and accounts primarily for the geometrical spreading loss between source and receiver.

In order to correct for the scattering effect one has to simply deconvolve the observed wave-
field with the inverse Green’s function derived above. Then, the extended migration formula
reads:

Mext(~x) =

∫

~xrcv

W (~x, ~xrcv)
[
G−1(t, L) ∗ U(~xrcv, tdif )

]
(5)

The Green’s function depends on the length of the travel path L and therefore is a function of the
coordinates of the source, the receiver and the subsurface point. This implies that in principle
one has to compute the Green’s function and to perform the deconvolution for each source,
receiver and subsurface location. This would lead to an enormous increase in computing time. In
the following subsection some approximations are introduced which finally lead to a practically
applicable formula with only negligible increase in computing overhead.

Implementation

The first approximation is to avoid the integration over frequency in the computation of the
Green’s function. From the observed wavefield we instead select a dominant frequency ω0,
neglect the phase increment and compute a time-independent inverse Green’s function factor:

G−1(t, L) → G−1(L) ≈ eα(ω0,L)L (6)

This means that within the Kirchhoff integral the original deconvolution with the inverse Green’s
function becomes a multiplication with this factor:

Mext(~x) ≈
∫

~xrcv

W (~x, ~xrcv)
[
G−1(L) U(~xrcv, tdif)

]
(7)

The most time-consuming part is now the computation of the scattering attenuation coefficient
α, which depends directly on the length of the travel path L. Fortunately, the dependence is
quasilinear so that it is not necessary to compute α for each subsurface location but rather use a
precomputed coarse look-up table and to interpolate linearly during migration.

This finally leads to an efficient and relatively simple scheme and only small overhead during
migration. The remaining question is which macro model to use during migration - a single re-
alization of the statistically heterogeneous medium or a homogeneous background model. From
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the physical point of view it is clear that the latter is more reasonable as we will never be able to
estimate a single realization of the medium. By determining a homogeneous background model
one has to assure that the background velocity already incorporates the ’velocity-shift’ account-
ing for the fact that waves propagating in an heterogeneous medium are slightly faster than waves
in a averaged-velocity medium (Gold et al., 2000).

SYNTHETIC EXAMPLE

The procedure described above is tested on a synthetic data set designed for use within the frame-
work of the ANCORP96 profile, a deep seismic reflection survey across the central Andes, South
America. The main purpose of this profile was to image the Nazca plate which is subducting un-
der Chile. The model consists of a statistically heterogeneous overburden with an exponential
autocorrelation function, a standard deviation of 1.5%, a correlation length of 1 km and a back-
ground velocity of 6 km/s (Figure 2). The Nazca plate is modeled as a dipping plane reflector
between 60km and 72 km depth. The medium below this reflector is homogeneous.

For this medium a synthetic shot gather consisting of 251 receivers with a receiver spacing
of 100 m was computed using a finite difference scheme. The reflection of the Nazca reflector
appears between 21s and 23s two-way travel time (Figure 3). The complexity of the reflected
signal itself increases with offset.

The result of a prestack Kirchhoff migration is shown in Figure 4. In the upper part a homo-
geneous medium is used for computing the shot gather as well as for the migration. In the lower
part the shot gather of Figure 3 together with a homogeneous macro model has been used for the
migration.

Finally, Figure 5 shows the amplitude along the reflector for the cases considered here. The
black line shows the homogeneous medium, the dashed red line the uncorrected heterogeneous
case and the solid red line the corrected heterogeneous case, respectively. Amplitude losses for
this example are on the order of 15 % although standard deviation is only 1.5 %. The length of
the travel path is about 120 km and is responsible for this relatively large effect. The correction
is obviously able to recover the true amplitude level and to allow further reliable estimates of
reflection coefficients.

Beside this the covered part of the reflector seems to shrink and appears shifted to the left. The
former is due to the increased complexity of the signal and the resulting incoherent summation
within the Kirchhoff integral, the latter is probably due to some difference of the travel paths in
the homogeneous and heterogeneous medium, respectively. However, the detailed investigation
of both effects is subject of further studies.

CONCLUSIONS

A method has been presented which combines the theory of wave propagation in random media
with the true amplitude imaging concept. The described technique accounts for amplitude losses
due to scattering in a statistically heterogeneous overburden by introducing an additional weight
function into the Kirchhoff integral. The weight function depends on the statistical parameters
of the overburden, the dominant frequency of the signal and the length of its travel path. The
implementation is straightforward and simple resulting in only a small computing overhead. The
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Figure 2: Model setup for the synthetic example. The red box marks the part of the model which
is shown later in the migration result.
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Figure 3: Synthetic shot gather for the statistically heterogeneous medium. Only every tenth
trace is plotted. The reflection from the Nazca reflector appears between 21s and 23 s two-way
travel time.

method has been successfully tested on a synthetic example designed for crustal seismology
where scattering losses are on the order of 15 %. These scattering effects have to be taken into
account in order to allow for a reliable estimation of reflection coefficients.

The method described here is not restricted to a homogeneous background medium. A lat-
erally varying macro model containing varying statistical parameters can be used as long as the
travel path through this medium and its length are known (which is possible by employing ray
tracing techniques). Further investigations will include stronger fluctuations and the extension
to 3-D. Within the framework of the ANCORP project studies of travel time fluctuations are
planned in order to determine the statistical parameters of the medium above the Nazca plate.
With the help of these parameters an estimation of the reflection coefficient of the Nazca plate
becomes possible. Furthermore we intend to apply this method to exploration-type data sets (for
instance sub-basalt). For this type of data the travel paths are shorter but the standard deviations
are expected to be larger than in the example shown above resulting in comparable or even larger
effects on the amplitudes of reflections.

PUBLICATIONS

Detailed results were published by Buske et al. (2002).
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Figure 4: The result of the prestack migration. Upper part: modeling and migration performed
for homogeneous background velocity macro model. Lower part: shot gather computed for
heterogeneous model, migration using homogeneous background velocity macro model.
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ABSTRACT

Kirchhoff depth migration is a frequently used method to transform measured seismic reflec-
tion data from the time into the depth domain. The results of migrating seismic ZO sections
obtained by the CRS Stack method reveal a clearer image of the subsurface compared to
the depth-migrated seismograms obtained by the conventional NMO/DMO/Stack approach.
Demigration is the asymptotic inverse process to migration and aims at reconstructing a
seismic time section from a depth-migrated image. By combining Kirchhoff migration and
demigration, several imaging problems can be solved. One application of cascading these
processes is the interpolation of missing traces in seismic sections.

INTRODUCTION

Kirchhoff depth migration is a widely investigated and frequently used tool in the world of
seismic exploration to transform measured reflection data from the time into the depth domain.
Kirchhoff migration assumes the subsurface to be built up by potential diffraction points. The
migration result for such a point is obtained by a summation of seismogram amplitudes along
the diffraction traveltime surface (Huygens surface) of the considered depth point. In the last
decades, the originally purely kinematic migration schemes were extended in order to relate the
amplitudes in the migrated images to physical subsurface properties. This is achieved by com-
pensating for the geometrical spreading effects by means of applying suitable weight functions
during the stacking process. Amplitudes in a depth image that are free of spherical divergence
effects are called “true” amplitudes. If other effects on the reflection amplitudes (as, e.g., trans-
mission loss, scattering, or source and receiver effects) are negligible or corrected for, these true
amplitudes in the migrated images are a measure of the angle dependent reflection coefficient.
Therefore, true-amplitude prestack depth migration allows to extract AVO/AVA (amplitude ver-
sus offset/angle) information which can be of great use in the search for hydrocarbon reservoirs.

The asymptotic inverse process to migration is demigration. That is, demigration means the
transformation of a migrated image into a seismic section in the time domain. The principle of
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Kirchhoff demigration is analog to Kirchhoff migration: the value that is assigned to a point in
the time domain is obtained by a stack of amplitudes in the migrated image which lie on the
isochron of the point under consideration. While a true-amplitude migration compensates the
geometrical spreading loss of the seismograms, true-amplitude demigration as its asymptotic in-
verse process has to re-introduce this effect back into the data. This can again be realized by
applying an appropriate weight function during the stack. Defined in this way, true-amplitude
demigration results in seismograms that are close to the actual recorded ones. True-amplitude
migration and demigration can thus be applied one after the other without altering the amplitude
information of the result.

The basic idea of the Unified Approach Theory presented by Hubral et al. (1996) (basic con-
cepts) and Tygel et al. (1996) (theory) is to combine Kirchhoff migration and demigration. If the
macro-velocity model, the considered ray code (e.g., PP, SS, PS) or the measurement configu-
ration is changed in between these processes, a multitude of imaging problems can be solved.
Migration and demigration can either be applied in sequence (cascaded solution) or they can be
analytically chained which leads to a single-stack solution for each specific imaging problem.
Tasks that can be addressed in this way include

• remigration, i.e., the updating of a migrated image according to a better velocity model or
taking anisotropy information into account,

• ray-code transformations, e.g., the simulation of S-wave seismograms from a given P-wave
data set,

• configuration transformations, i.e., the simulation of seismograms pertaining to certain
measurement configurations,

• redatuming, i.e., the simulation of seismograms that would be recorded on a chosen (hori-
zontal) datum plane using data recorded on a given topography.

Based on the Unified Approach Theory an imaging tool named “Uni3D” was developed by
a working group at the Geophysical Institute, Karlsruhe University (see, e.g., Hertweck et al.,
2001; Jäger, 2001). This program is currently able to handle 2.5D and 3D zero-offset data sets,
and 2.5D multicoverage data. Due to the amount of data that would have to be processed and the
limited computing resources, 3D prestack algorithms are not yet implemented. The main com-
ponents of Uni3D are true-amplitude Kirchhoff migration and demigration for arbitrary macro-
velocity models in 3D and 2.5D. By cascading these processes, we are able to address further
imaging tasks. Due to practical reasons (Hertweck et al., 2001) the chained solution is, up to now,
not considered. Kirchhoff (de)migration algorithms allow the computation of (de)migration re-
sults independently for all output- or input sample points. Thus, they are very suitable for parallel
computation on multi-processor systems.

MIGRATION OF NMO/DMO/STACK AND CRS STACK RESULTS

Kirchhoff migration was applied to a real data set provided by the Federal Institute for Geo-
sciences and Natural Resources (BGR), Hannover, Germany. These data were acquired over the
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Figure 1: ZO section obtained by the CRS Stack

Chile Trench near 22◦S during the CINCA (Crustal Investigations on- and offshore Nazca/Central
Andes) program in 1995. The sampling rate of the data is 4 ms and the total record length is 15 s.
The streamer consisted of 120 receivers placed in intervals of 25 m. Thus, the largest acquired
offset is about 3 km. This is relatively small compared with the water depth of around 7 km.

Figure 1 shows the simulated zero-offset (ZO) section obtained by the Common-Reflection-
Surface (CRS) Stack method (see, e.g. Mann et al., 1999; Jäger et al., 2001). The sampling rate
is 4 ms and the CMP spacing is 12.5 m. A subsurface structure beneath the clearly visible ocean
bottom is hardly observable in the seismograms. The only strong event below the seafloor can be
identified as a water multiple, its two-way traveltime is exactly twice the traveltime to the ocean
bottom. It was attempted to attenuate this multiple during the CRS Stack, with more success on
the right than on the left part of the image, as can be seen in the result. The entire seismic section
is strongly dominated by diffraction patterns stemming from the rugged seafloor.

For a subsequent poststack migration a velocity model had to be created. We used a macro-
velocity model constructed by C. Ranero from Geomar (Kiel, Germany). It covers the right part
of the data set starting at x = 58 km and reaches down to a depth of 20 km. Figure 2 shows the
smoothed version of the original model, and is the one that was actually used to calculate the
relevant part of the Green’s functions. The simulated zero-offset section was depth-migrated by
means of a 2.5D weighted Kirchhoff migration to a target zone identical to the size of the macro-
velocity model. To speed up the migration process and to avoid operator aliasing, the size of
the stacking operator was restricted by limiting its maximum dip to 35◦. To attenuate boundary
effects due to this limited aperture the operator was not truncated but tapered smoothly to zero
over an additional range of 10◦ using a two-sided Hanning window.
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Figure 2: Macro-velocity model used for migration (after C. Ranero).

Figure 3 shows the upper part of the depth-migrated image. Below z = 11 km no coherent
events are visible. For displaying purpose, an AGC (window length: 750 samples =̂ 4500 m) was
applied to the migrated image. Visible events can be identified with corresponding subsurface
structures of an interpreted time section provided by the BGR (see Figure 4). When comparing
the depth-migrated image with Figure 4 one has to take into account that the interpreted section
is displayed in the time domain. The water velocity is (nearly) constant and thus the bathymetry
of the ocean bottom is directly comparable between the interpreted time domain image and the
depth-migrated image. Below the sea bottom there is no such one to one relationship. Position
and slope of events differ in the images but they can, nevertheless, be associated to each other.
On the lower right border of the depth-migrated image a migration smile resulting from an iso-
lated high amplitude value of the water multiple is visible.

In addition to the prestack data that served as input for the CRS Stack, the BGR also pro-
vided us with a simulated ZO section obtained by means of the conventional processing sequence
NMO/DMO/Stack. This section was depth-migrated using the same 2.5D Kirchhoff migration
scheme and the same velocity model. The result is depicted in Figure 5. The ZO section sim-
ulated by NMO/DMO/Stack does only cover the left part of the section obtained by the CRS
Stack. Thus, an optimized CRS Stack result for this smaller target zone was depth-migrated
using again the same migration parameters for comparison. The result is displayed in Figure 6.
In this CRS-based result the oceanic crust is better defined compared to Figure 5. Further areas
showing significant difference between both results are marked by boxes.
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TRACE INTERPOLATION BY CASCADING MIGRATION AND DEMIGRATION

True-amplitude Kirchhoff migration and demigration can be combined in order to address vari-
ous imaging problems. A simple application of cascading migration/demigration is the interpo-
lation of missing traces in seismic sections. Such missing traces can result from, e.g., “dead”
receivers. In a similar way, poor receiver coupling can cause traces with very low amplitudes
compared to neighboring ones. These could be balanced in the same physically sound way.

In order to investigate the possibility of trace interpolation by cascading migration and demi-
gration, a simple experiment for a single plane reflector was carried out (10 Hz zero-phase Ricker
wavelet, ZO seismic section with a CMP spacing of 5 m and a time sampling of 4 ms). One trace
was zeroed in the original seismic section, and then a constant-velocity migration and demigra-
tion process was applied to the data. After the complete cycle, the gap in the seismic section
is closed. Figure 7 shows the interpolated trace (dashed line) and the trace that was zeroed out
(solid line) for comparison. Despite of a small amplitude error (that is explained below) the
wavelets match perfectly.
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Figure 7: Interpolated (dashed line) and original (solid line) trace of the synthetic data example.

Due to these encouraging results, a similar experiment was performed for the real data set
provided by the BGR. We zeroed a trace near CMP location 69 km in the simulated ZO seis-
mograms (Figure 1). A zoom of the region around the zeroed trace is shown in Figure 8(a).
Our aim was to interpolate this missing trace. Since migration and demigration are asymptotic
inverse processes and we do not have to change any parameters in between these steps for the
purpose of trace interpolation, the subsequent migration/demigration process should be insen-
sitive to the used macro-velocity model. Therefore we assumed also for the real data example
a constant-velocity background model for both transformations which leads to a considerable
speedup of the (de)migration algorithms. The region around CMP location 69 km after the mi-
gration/demigration cycle is shown in Figure 8(b). Of course, it would have been possible to
demigrate the depth image only to one single trace which leads to an additional speedup of the
whole process.
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Figure 8: (a) Zoom of the CRS Stack result around CMP 69 km. One trace was zeroed out.
(b) The same seismic section after applying a true-amplitude migration and demigration. The
missing trace was interpolated.

A detailed comparison of the resulting trace after migration/demigration and the original
trace (that was zeroed out) is shown in Figure 9. The waveform of the missing trace could be
estimated very well and also the amplitudes of the interpolated trace are a good approximation
of the original ones.
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Figure 9: Comparison of the original trace (which was zeroed in the initial section, depicted as
solid curve) and the interpolated trace after applying a constant-velocity migration and demigra-
tion (dashed curve).
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Figure 10: Sketch showing the aim of redatuming, namely the simulation of data recorded on
one of the indicated reference planes, using data measured on a topography. The triangles denote
sources/receivers.

Why does the interpolation work? The migration process is performed by stacking along
Huygens curves which is implicitly a smoothing process. Hence, although there are some miss-
ing traces in the time domain, the reflectors in the depth domain will be continuous because
several traces within the migration aperture contribute to the value assigned to one depth point.
However, the amplitude of the reflector element formed by depth points that have Huygens curves
with stationary points in the region of the missing trace will not be correct. This effect propa-
gates into the demigrated section. Therefore, amplitudes of the interpolated traces in the seismic
section are usually smaller than the original ones. Nevertheless, the method of trace interpolation
outlined above provides a more physical and illustrative way than other frequently used methods.

Similar to the described trace interpolation, we plan to realize the important process of reda-
tuming by means of subsequent migration and demigration. Redatuming is the simulation of data
that would be recorded on a (horizontal) datum plane using data acquired on a given topography.
This situation is illustrated in Figure 10. Redatuming is often required in practice because most
algorithms are optimized for regularly-sampled data referenced to a flat datum. Under certain
conditions the rugged topography problem can be compensated for by redatuming with static
shift. However, if the underlying assumptions are violated, subsequent processing and imaging
is degraded. Our idea is to address the problem by applying migration and demigration in se-
quence or—after implementing a ray tracer in our imaging program—by chaining migration and
demigration to obtain one single process.

CONCLUSIONS

We presented the two imaging processes (true-amplitude) Kirchhoff migration and demigration
and their application to real offshore data. By depth-migrating ZO sections simulated by means
of the CRS Stack as well as by the conventional NMO/DMO/Stack we could show that the CRS
Stack method helps to obtain a clearer image of the subsurface. Furthermore, we have shown that
cascading constant velocity Kirchhoff migration and demigration is an efficient and physically
sound method for trace interpolation. In a similar way, we propose to investigate the potential of
cascaded migration/demigration for redatuming.
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ABSTRACT

Seismic forward modeling is a frequently used technique to produce seismic time sections
(seismograms) for inhomogeneous earth models and arbitrary measurement configurations.
However, there exist another method to obtain seismograms based on the imaging process
“true-amplitude demigration”. Starting with a model, an artificial migrated section (AMS)
is created and subsequently demigrated to obtain a seismic section which is similar (but not
identical) to the forward calculated one. This procedure is called “modeling by demigration”
and its application is sometimes advantageous in seismic imaging, e.g., in the simulation of
time-lapse seismics (reservoir monitoring). It can be completely integrated in the standard
seismic processing chain and, thus, existing (de)migration programs can be readily modified
to perform modeling by demigration. The method is able to generate kinematically and
dynamically correct seismic sections by using already existing Green’s function tables.

INTRODUCTION

True-amplitude (sometimes also called “amplitude-preserving”) depth migration is a widely in-
vestigated and frequently used process in the world of seismic exploration. However, transform-
ing data from time to depth is only one direction, and one might think about the inverse process,
i.e., a concept which transforms data from the depth domain back to the time domain. Many peo-
ple think that seismic (forward) modeling is such a process, but as Santos et al. (2000a) pointed
out this is strictly speaking not correct. Whereas modeling is the inverse operation to migra-
tion/inversion, demigration is the real asymptotic inverse operation to true-amplitude migration
and aims at reconstructing a seismic time section (primary reflection events) from a depth mi-
grated image. Both processes were intensively studied by Hubral et al. (1996) and Tygel et al.
(1996) who established an integral pair to perform the above mentioned transformations from the
time to the depth domain and vice versa. This integral pair forms the fundamental key of what
they called the Unified Approach Theory. The correct treatment of geometrical spreading effects
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is taken into account by weight functions which are applied during the Kirchhoff-type stacking
operations. That means, reflection coefficients are preserved in the processes while ray theo-
retical geometrical spreading effects of a reflector and the reflector overburden are transformed
from those in the input domain to those in the output domain. As a consequence, images con-
tain quantitative information about physical properties of the subsurface. On the one hand, these
quantities are useful for reservoir characterization by means of amplitude-versus-offset (AVO)
or amplitude-versus-angle (AVA) analyzes in depth migrated sections. On the other hand, they
permit to use true-amplitude demigration for modeling purposes. The latter concept is called
“modeling by demigration” and was firstly presented by Santos et al. (2000b). This application
indicates once again that by means of the Unified Approach Theory a fundamental tool is estab-
lished to perform arbitrary target-oriented seismic transformations and, thus, allows to address a
multitude of imaging problems. We will here focus on the principle of “modeling by demigra-
tion” and an application in time-lapse seismics. Although the examples presented in this paper
are quite simple, they show that the fundamental concept works.

MODELING VERSUS DEMIGRATION

The fact that forward modeling and demigration produce similar time sections leads directly to
the question whether both processes are equivalent. As already mentioned, this is not the case.
Even though they are closely related, they are in fact two different processes. In general, the
term “modeling” means the simulation of a physical process (namely, the wave propagation)
given all equations (the elastic or acoustic wave equation) and parameters, e. g., the velocity and
density distributions of the underlying earth model and proper initial and boundary conditions,
for its complete description. The resulting modeled seismograms should be equivalent (at least
in parts) to the recorded data if the same experiment had actually been carried out in the field.
Demigration aims at reconstructing a seismic time section from a corresponding depth migrated
section, i.e., it inverts the process of migration. As opposed to direct forward modeling, we do
not have to know all the true model parameters precisely to actually perform the demigration pro-
cess. Neither the true velocity distribution in the earth, nor the source wavelet, nor the position
of reflecting interfaces have to be known in order to apply a demigration. All that is required,
apart from the input depth migrated section, is the macro-velocity model that has been used for
the migration process. Even if this velocity model was very poor and, thus, the depth migrated
images were not correct, a subsequent demigration would correctly reconstruct the original time
sections.

Comparing the modeling integral (see, e.g., Frazer and Sen, 1985) and the demigration in-
tegral (see, e.g., Tygel et al., 1996) shows the similarities between both processes. But besides
the different stacking surfaces two conceptual differences can be observed: Firstly, there exist a
difference between the weight functions. This difference, however, is not a fundamental one as
both factors are identical at the specular reflection point. The reason is that the factor in modeling
is calculated with respect to the reflector normal whereas the one of the Kirchhoff demigration
integral is calculated with respect to the isochron normal. Secondly, there exist a more basic
difference between both processes: Kirchhoff demigration needs a stretch factor which appears
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in the input (migrated image) of the process. Kirchhoff forward modeling does not need to in-
corporate a stretch factor because it is not an inverse operation to migration but an independent
solution of the wave equation.

To illustrate the above statement, let us look at the processes in the context of inverse opera-
tions. If Kirchhoff modeling is applied to a certain model containing a target reflector, and then
a subsequent Kirchhoff migration is applied to the resulting synthetic reflection data using the
same velocity model for both operations, then the migration result will approximate the reflector.
Kirchhoff migration only reconstructs the source wavelet along the reflector position. The peak
amplitude of the migrated pulse, which is stretched by a certain factor, represents the reflection
coefficient (of course, only if the process has been carried out as true-amplitude and the source
strength is known). In this sense, migration does not reconstruct the original model. Even though
Kirchhoff migration is often understood as the inverse to Kirchhoff modeling, we need to add
another process to rebuild the initial model, namely seismic inversion. This additional step is
necessary to extract the model parameters and the reflector locations from the migrated image.
In other words, only migration with a subsequent inversion is a complete inverse process to mod-
eling. Now, let us apply Kirchhoff true-amplitude migration to some field data and afterwards a
demigration to the resulting migrated image. If the same macro-velocity model is used for both
operations, then the demigration result can be expected to closely reconstruct the original field
data. Thus, Kirchhoff demigration can be understood as the true (asymptotic) inverse operation
to Kirchhoff migration.

Hence, we can recapitulate that Kirchhoff modeling and demigration are two processes that
are strongly related but not identical. Whereas demigration is the inverse process to migration,
modeling is the inverse operation to migration/inversion.

THE CONCEPT OF MODELING BY DEMIGRATION

The above mentioned relationship between Kirchhoff migration, demigration, and modeling
makes it obvious how to use true-amplitude demigration for modeling purposes: we have to
add another process which has to be an inverse operation to the approach of seismic inversion.
That means nothing else than the simulation of a corresponding depth migrated section for a
given subsurface model. The section should be equivalent to the one obtained from a previously
applied migration. The time section obtained by demigration of this artifical migrated section
(AMS) will then be a counterpart of the seismic time section calculated by direct forward mod-
eling in the original subsurface model.

To simulate a true-amplitude depth migrated reflector image, we have to correctly scale and
stretch the source wavelet and place it along the reflector in the subsurface model. Mathemati-
cally, we can write

AMS(x, y, z) = Rc · F [mD(z − ΣR)] , (1)

where Rc is the (plane-wave) reflection coefficient, mD is the stretch factor, ΣR the representa-
tion of the reflector under consideration, and F is the source wavelet. Figure 1 shows graphically
the way from the initial model to the final seismograms using modeling by demigration.
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Figure 1: The working scheme of modeling by demigration (solid arrows) and the inverse oper-
ations (dashed arrows).

A question which is still unanswered is: Why should we use Kirchhoff demigration for mod-
eling purposes instead of the conventional Kirchhoff modeling integral or other seismic mod-
eling schemes? There exist indeed several reasons why modeling by demigration represents a
profitable alternative to generate synthetic seismograms. Due to the similarity between Kirch-
hoff migration and demigration, highly developed and very efficient, already existing migration
programs can be readily modified to include the demigration as well as the modeling part. There-
fore, seismic modeling can be performed with a software that is also useful for reflection-imaging
purposes. Moreover, the Green’s functions needed for migration and demigration are identical.
Thus, when applying demigration (either for modeling or imaging purposes) using a velocity
model for which some time-domain data have been previously migrated, the Green’s functions
are already available. A circumstance which is important with regard to the costs of this pro-
cessing step. Modeling by demigration turns out to be a particularly advantageous process when
effects of reservoir changes have to be investigated as is the case for time-lapse imaging. As
only the reflector properties change but not the overburden with its propagation effects, the same
Green’s functions can be used several times for subsequent modeling. In this context, modeling
by demigration is superior compared to other schemes that have to start all over again. However,
Kirchhoff demigration keeps to be a process as expensive as migration—a disadvantage espe-
cially when considering an isolated demigration process or a model with only a few reflectors.
In such cases, forward modeling might be preferable.

In the case of using modeling by demigration for the simulation of a seismic zero offset (ZO)
section, the idea of constructing an AMS can be directly applied. All necessary quantities (i.e.,
the stretch factor and the reflection coefficient) are physical parameters directly available from
the a-priori specified earth model. For a ZO measurement configuration, the stretch factor is
given by mD = 2 cos β/v and the reflection coefficient by Rc = (ρ2v2 − ρ1v1)/(ρ2v2 + ρ1v1),
where β is the local dip of the reflector under consideration, and ρ1,2 and v1,2 are the densities
and velocities above and below the interface at the reflection point.
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In the case of finite offset configurations, however, the stretch factor as well as the reflection
coefficient depend on the reflection angle of the specular reflected ray between the source and
the receiver. That means, for each different source-receiver pair a differently scaled and stretched
wavelet has to be used because the reflection angle varies. As this angle is not available before
doing the actual modeling step, it seems that the strategy of modeling by demigration fails for
finite offsets. The problems, however, can be circumvented by constructing the AMS not explic-
itly but implicitly during the demigration procedure using information of the reflector location
and curvature. This strategy can, of course, not be followed for a true demigration but is a rea-
sonable procedure for modeling by demigration. The specular reflection angle is estimated at
each summation step from the Green’s function to determine the isochron stacking surfaces and
weight functions. Then, the stretch factor mD and the reflection coefficient are computed during
the demigration process. In this way, the AMS is implicitly simulated during the stack at each
point of the isochrone. For further details, the reader is referred to Santos et al. (2000b).

NUMERICAL EXPERIMENT

To illustrate the method, we consider a simple model. It consists of one reflector which separates
two homogeneous half spaces. The velocities are given by v1 = 2.0 km/s and v2 = 2.4 km/s,
respectively. The density was chosen to be constant and equal to unity. Figure 2 shows the model
and the ZO ray family used in this experiment.

As mentioned in the sections above, the modeling process using demigration consists of (1)
transforming the given subsurface model into a fictitious, true-amplitude migrated image (AMS),
and (2) applying a demigration to this AMS. Figure 3 shows the artificially constructed migrated
reflector image obtained from the model parameters according to equation (1).
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Figure 2: Simple model used for a numerical experiment. The shadings denote the P-wave
velocities. For simplicity, the density is constant in the whole model. The lines denote the ZO
ray family.
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Figure 3: The artificial migrated section valid for ZO modeling, constructed from the model
shown in the Figure 2. This section was built according to equation (1) with v1 = 2.0 km/s,
v1 = 2.4 km/s, and ρ = 1 g/cm3.

Using the AMS, Figure 3, as input for the demigration process yields the zero offset seismo-
grams shown in Figure 4(a). This seismic section has 57 shots/receivers (CMP locations) with an
aperture of 2.85 km from 2.15 km up to 5 km and a trace distance of 50 m. Remember, because
demigration is the (asymptotic) inverse process to migration, the wavelet stretch is removed,
i.e., the resulting seismograms contain the unstretched zero-phase Ricker wavelet. For reasons
of comparison, the same experiment has been simulated using a conventional seismic forward
modeling scheme (based on ray theory). Figure 4(b) shows the corresponding seismic section.
It is hard to recognize any difference between both seismograms, besides the boundary effects
which occur using modeling by Kirchhoff demigration. These effects can be easily suppressed
by taper functions applied during the stacking operation. However, we made no special disposi-
tion to avoid the effects to emphasize that modeling by demigration uses a conceptually different
approach than conventional modeling by ray tracing.

A closer inspection of the results is provided in Figures 5(a) and 5(b). The comparison of
the traveltimes clearly shows that there is no difference concerning kinematic aspects of the
demigrated and modeled seismograms. The traveltimes picked at the peak amplitudes coincide
in every trace. The comparison of the amplitudes shows some discrepancy, especially in regions
where the amplitude changes quickly. Modeling by demigration smooths the amplitude behavior
which is due to the fact that—as opposed to ray tracing—modeling by demigration is based on
a stacking process which always entails smoothing of the data. However, this smoothing effect
might also be desired because it provides a more “natural” behavior of the amplitude compared
to ray tracing. This aspect needs further investigations.



156 Annual WIT report 2001

1.6
1.8

2
2.2

2.4
2.6

Tim
e[s]

2.4 2.8 3.2 3.6 4 4.4 4.8
CMP[km]

ZO seismogram (Modeling by Demigration)

(a) Demigrated seismogram

1.6
1.8

2
2.2

2.4
2.6

Tim
e[s]

2.4 2.8 3.2 3.6 4 4.4 4.8
CMP[km]

ZO seismogram (Ray Tracing)

(b) Modeled seismogram

Figure 4: Comparison of seismograms resulting from (a) modeling by true-amplitude Kirchhoff
demigration and (b) conventional seismic (forward) modeling (based on ray tracing). The seismic
sections consist of 57 CMP locations within an aperture of 2.85 km, resulting in a trace distance
of 50 m. Please note that no taper function was used in the demigration process to point out the
different approaches.
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and forward modeling. Both pictures show that kinematic as well as dynamic quantities are
(nearly) identical. Modeling by demigration, however, smooths the amplitude behavior.
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THE PRINCIPLE OF TIME-LAPSE SEISMICS

A seismic survey over a hydrocarbon reservoir is repeated at different stages of the production
process. Production-induced changes of the reservoir properties modify the seismic response.
Information about the progress of the production program can be extracted from these data sets
by means of suitable processing. So-called difference seismograms can be created by subtracting
the seismic data from two subsequent seismic surveys. Difference seismograms are very useful
for interpretation because production effects should be associated with amplitude changes in the
difference sections. The repeatability of seismic surveys is a critical issue for time-lapse exper-
iments because random variations of the source signal, recording geometry, weather conditions,
etc., tend to obscure the desired effects. The availability of special adaptive time-lapse process-
ing techniques like cross-equalization was a prerequisite for the feasibility of seismic reservoir
monitoring. Actual time-lapse seismics suffers from a lot of problems and is a real challenge
for geophysicists. Entering into this business goes beyond the scope of this paper. Of course,
repeatability is not a problem for seismic modeling. Apart from their computational costs, the
generation of synthetic difference seismograms is straightforward.

For a hydrocarbon reservoir under development, a detailed geological reservoir model is built.
It integrates all available information, including seismic data, well logs, and the production his-
tory, to name a few. By accumulating data over time, the reservoir description is continually
updated and refined. The main purpose of such a reservoir model is to support development
decisions, e.g., concerning the location of new wells. For this task, fluid transport is simulated in
the reservoir model for possible production scenarios. By means of relations from rock physics,
the results of fluid flow simulations are converted into elastic moduli or seismic velocities. Thus,
a set of earth models is generated. The challenge is now the fast generation of synthetic seis-
mograms for all of these models. The most obvious solution would be to choose one of the
standard modeling techniques and to do full simulations of seismic wave propagation for all
configurations of interest. Generally, both the reservoir and the overburden may have a fine and
complex geological structure. Hence, accurate modeling of the complete wave field is required
and typically, finite-difference (FD) modeling is the method of choice. Unfortunately, detailed
FD calculations consume large amounts of computational resources. Consequently, the more
scenarios to be modeled the more expensive and difficult becomes time-lapse modeling. A pos-
sible remedy is the usage of modeling by demigration—it represents the link between seismic
(forward) modeling and seismic reflection imaging and, therefore, it can use information already
available from a previously carried out reflection imaging process.

In order to demonstrate how modeling by demigration can be used to simulate time-lapse
experiments, we have applied the technique to the model depicted in Figure 6. It is built up
by homogeneous layers whose P-wave velocities are also shown in the picture. Although quite
simple compared to actual reservoir scenarios, the 2.5D model suits the requirements to test
the applicability of the method presented in this paper. As migration and demigration are target-
oriented processes, we have to define a target zone. This target zone includes the “reservoir”, i.e.,
the region of interest with the reference and target reflectors, see Figures 6 and 7(a). In order to
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simulate a reservoir change, the velocity in the dark gray region (Figure 7(a)) has been changed.
As a consequence, the reflectivity at the borders of the “reservoir“ changes. Ten different stages
of production were simulated by successively changing the velocity below the target reflector;
all other velocities were kept constant. The resulting reflection coefficient of the target reflector
is depicted in Figure 7(b).
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2.0
2.5

2.3

2.1

1.9

1.7

1.5

2km/s

2.3km/s

2.8km/s
3km/s

2.5 3.0 3.5 4.0 4.5

x [km]

D
ep

th
 [k

m
]

2.5km/s

target zone

(a) Target zone

1 2 3 4 5 6 7 8 9 10
0

0.01

0.02

0.03

0.04

0.05

R
ef

le
ct

io
n

 C
o

ef
fi

ci
en

t

Time Step

(b) Change of reflectivity
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is depicted in dark gray (within the target zone). The upper reflector of the reservoir is denoted
the “target reflector”. The change in reflectivity of the target reflector due to velocity changes in
the reservoir is shown in (b).
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Figure 8 shows the artificial migrated sections for the different simulated stages of produc-
tion. All AMS are displayed in parallel planes to the front face of the data cube. The front face
itself shows the AMS that corresponds to the initial velocity model shown in Figure 6. The line
at x = 3.14 km denotes the location of the panel which is shown at the right side of the cube.
One can clearly observe that the reflectivity of the target reflector is decreasing.

In order to demonstrate that the proposed method is able to correctly recover the reflectivity
change of the target reflector, ten different seismograms (corresponding to the ten different AMS
simulating different production stages) were “modeled by demigration”. Figure 9 shows one
of the demigrated seismic sections. Diffraction events are automatically produced when using
modeling by demigration as opposed to standard ray tracing. Furthermore, Figure 9 illustrates
the subsequent processing. Difference seismograms were created in the following way: seismic
section no. 1 (obtained with the initial velocity distribution) minus seismic section no. 2 (obtained
with a reservoir velocity slightly below the original one); seismic section no. 1 minus seismic
section no. 3 (obtained with a reservoir velocity slightly below that of model no. 2), and so on. In
the next step, these difference seismograms were transformed to depth by means of a Kirchhoff
true-amplitude migration scheme using the same macro-velocity model as for the modeling by
demigration step. The result is presented in Figure 10. The data cube contains the nine migrated
difference sections which are displayed in parallel planes to the front face of the cube. The line at
x = 2.7 km denotes the location of the panel shown on the right side of the cube. The front face
shows the first migrated difference section. As expected, all reflectors not altered in the AMS
disappeared because their reflection response was identical in all seismograms. The amplitude of
remaining “reflectors” are directly related to the changes in the reservoir. Note that the different
sign of the events at the top and the bottom of the reservoir is due to the fact that the reflectivity
contrast for the top reflector decreases in the same way as it is increasing at the bottom of the
reservoir.
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Figure 9: Ten different seismic sections (according to ten different AMS) were “modeled by
demigration”. They were subtracted to generate difference seismograms. Finally, these different
seismograms were migrated.
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Figure 10: Depth-migrated difference seismograms for every stage of the time-lapse scenario.
As only actual changes in reflectivity remain in the difference seismograms, the migrated images
show only reflectors around the region where changes occurred. The amplitudes are directly
related to the changes in the reservoir.
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A quantitative analysis of the migrated difference sections is presented in Figure 11. It shows
the picked peak amplitude of the target reflector for every stage of the time-lapse scenario at
x = 2.7 km (crosses). For comparison, theoretical values that were analytically calculated are
plotted as circles. The x-axis denotes the different stages of production. Please note that stage
no. 1 in this picture corresponds to the experiment that no changes in the reservoir took place.
Therefore, the resulting amplitudes in the migrated difference section are zero. The comparison
reveals the accuracy of the method, i.e., changes in the reservoir could be recovered.
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Figure 11: Picked peak amplitudes (crosses) of the target reflector at x = 2.7 km for all migrated
difference sections. Theoretical values are shown as circles. The amplitudes correctly represent
the changes in the reservoir.

CONCLUSIONS

We have shortly presented the theory of modeling by demigration and its relationship to for-
ward modeling. Although both operations produce similar time sections, they are not identical.
However, from our considerations we were able to outline the steps which are necessary to use
demigration for modeling purposes. Using a simple model with one reflector we have shown that
modeling by demigration is able to produce kinematically and dynamically correct images. It is,
however, to be kept in mind that the amplitude behavior is smoothed (compared to standard ray
tracing results) using modeling by demigration.

Finally, we presented an application of modeling by demigration: the simulation of time-
lapse seismics. Reservoir perturbations were investigated by means of simulating synthetic seis-
mograms, calculating seismic difference sections in the time domain, and subsequently migrating
the difference sections to depth. In the depth domain, we were able to quantitatively recover the
simulated changes in the reservoir. This points out that the Unified Approach Theory merges the
processes of migration and demigration into one class of target-oriented seismic reflection imag-
ing operations. Due to its origin, “modeling by demigration” readily integrates into this class and
can be seen as a link between forward modeling and imaging techniques.
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PUBLICATIONS

The application of modeling by true-amplitude Kirchhoff demigration for time-lapse seismics
was presented by Riede et al. (2000b, 2001). Detailed results concerning true-amplitude migra-
tion and demigration in 2.5D and 3D were published by Riede et al. (2000a), Hertweck et al.
(2001a,b), and Jäger (2001).
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ABSTRACT

Using quite general results of the theory of poroelasticity we attempt to analyze the influence
of the confining pressure and of the pore pressure on seismic velocities in rocks. In the first
approximation the seismic velocities as well as the porosity depend on the differential stress,
i.e., the difference between the confining pressure and the pore pressure only. The stress de-
pendence of the porosity controls the elastic moduli and velocity changes with stress. Here,
the most important role plays the compliant porosity which can be just a very small part
of the total porosity. The stress dependence of the compliant porosity can be derived from
the theory of poroelasticity under several, quite natural assumptions. This result provides
the seismic velocities as functions of the differential stress. Corresponding equations coin-
cide with experimentally observed exponentially saturating seismic velocities for increasing
differential stresses.

INTRODUCTION

The pore pressure dependence of seismic velocities has an importance for interpretation of very
different seismic data, ranging from AVO and velocity analysis to overpressure prediction and
4D seismic monitoring of reservoirs. Usually, this dependence along with the velocity depen-
dence on confining stress is phenomenologically modeled by the following simple relationship
(Zimmerman et al, 1986, Prasad and Manghnani, 1997, Khaksar et al, 1999, and Carcione and
Tinivella, 2001):

V (P ) = A + KP − B exp (−PD), (1)

where P is the differential pressure and coefficients A, K and D are fitting parameters for a
given set of measurements. Equation (1) describes well the reality. However, some times
more complex models related to attempts to define a type of the geometry of the porous space
are used. E.g., spherical contacts Mindlin’s theory based models (Duffy and Mindlin, 1957 and
Merkel et al, 2001) or crack contacts Gangi’s theory based models (Gangi and Carlson, 1996
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and Carcione and Tinivella, 2001) have been used in different publications. In this paper we
will show how equation of the form of (1) can be derived from a rather general consideration as
well as clarify the physical meaning of its coefficients.

DIFFERENTIAL STRESS AS A CONTROLLING FACTOR

For simplicity we consider isotropic porous or fractured rocks with connected porosity and a
homogeneous dry skeleton material (i.e., the grain material). It is very well known that in
the reflection seismic frequency range the Gassmann’s formula (Gassmann 1951, Mavko et al,
1998) describes well the seismic velocities dependences on fluids saturating porous rocks. The
Gassmann’s formula provides us with an explicit rule how to compute the bulk elastic modulus
of rocks Kr using the porosity φ, the fluid bulk modulus Kf , the bulk modulus of the dry rock
skeleton Kdr (also called the drained bulk modulus) and the bulk modulus of the grain material
Kgr:

Kr = Kdr + α2

[
φ

Kf
+

α − φ

Kgr

]−1

, (2)

where the quantity α is

α = 1 − Kdr

Kgr

. (3)

All the input parameters of the Gassman’s formula to some extend depend on the confining or
fluid pressure. However, the stress dependence of the Kgr is weak in the range of stresses less
than several hundreds of MPa. A pressure dependence of the Kf can be relatively easy computed
using state equations or empiric relationships (Batzle and Wang, 1992) and thus, taken into ac-
count. Further, in the case of a pure water or brine saturation this dependence is weak. Moreover,
the influence of the stress dependence of Kf is strongly reduced in the case of small porosities.
However, in all these situations the stress dependence of K remains significant. Therefore, the
most important factors controlling the bulk modulus stress dependence are the modulus Kdr and
the porosity of rocks.

A general result of the poroelasticity theory is that if the rock strain is a single valued (i.e.,
non-hysteresis) function of the confining pressure Pc and of the pore pressure Pp then the bulk
compressibility Cdr = 1/Kdr of the dry rock skeleton must be a function of the differential stress
P = Pc − Pp only (see Zimmerman, et al., 1986; Detournay and Chang, 1993; Gurevich 2001).
Therefore, at least in the first approximation of the non-hysteresis character of rock deformations
the differential pressure controls the stress dependence of the drained bulk modulus.

The stress dependence of the porosity can be characterized using another very general result
of the poroelastic theory, which follows from definitions of porous rock compressibilities and the
Betti reciprocal theorem. This is a differential equation directly relating porosity changes with
the changes of the differential stress (Zimmerman, et al., 1986; Detournay and Chang, 1993):

dφ

dP
=

1

Kgr
− (1 − φ)Cdr. (4)

Again we note that the stress dependence is reduced to the dependence on the differential stress
only. We have already intimated that the bulk modulus Kgr is practically independent of P .



Annual WIT report 2001 167

Thus, in the equation above two quantities are stress dependent only: φ and Cdr. Therefore, in
order to obtain a stress dependence of these two quantities one more equation relating them to
the stress or just one mutually relating them is required.

COMPRESSIBILITY VERSUS STIFF AND COMPLIANT POROSITIES

Let us separate the porosity φ in two parts

φ = φc + [φs0 + φs] , (5)

where the first part, φc, is a compliant porosity supported by thin cracks, channels and grain
contacts vicinities. The second part, φs0 + φs is a stiff porosity supported by isomorphic pores.
This porosity is in turn separated into a part φs0, which is equal to the stiff porosity in the case of
a zero differential stress, and to a part φs expressing changes of the stiff porosity due to changes
in the differential stress. We assume that the relative changes of the stiff porosity, φs/φs0, are
small. In contrast, the relative changes of the compliant porosity (φc − φc0)/φc0 can be very
large, i.e., of the order of 1 (here we denoted by φc0 the compliant porosity in the case of P = 0).
Note, however, that φc and φc0 are usually very small quantities. As a rule, (e.g., in porous
sandstones) they are much smaller than the φs0 and even than the absolute value of φs. Under
such assumptions it is logic to assume the first, linear approximations of the compressibility Cdr

as a function of the porosities:

Cdr(φs0 + φs, φc) = Cdrs [1 + θsφs + θcφc] , (6)

where Cdrs is the drained compressibility of a rock in the case of a closed compliant porosity
(i.e., φc = 0) and the stiff porosity equal to φs0. The coefficients

θs =
1

Cdr

∂Cdr

∂φs

, θc =
1

Cdr

∂Cdr

∂φc

(7)

are assumed to be independent physical properties of rocks.
Approximation (6) implies that the both quantities θsφs and θcφc are smaller than 1. Further,

numerous laboratory experiments and the practical experience show that the drained compress-
ibility depends strongly on changes in the compliant porosity, and it depends much weaker on
changes in the stiff porosity. We will express this empirical observation by the restriction

θsφs � θcφc. (8)

If so, the approximation (6) is further simplified as follows:

Cdr(φs0 + φs, φc) = Cdrs [1 + θcφc] . (9)

Using this approximation, neglecting φ in comparison with 1 and neglecting 1/Kgr in compari-
son with 1/Kdrs we obtain the following relationship instead of equation (4):

dφs

dP
+

dφc

dP
= −Cdrs − θcφcCdrs. (10)
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STRESS DEPENDENCES OF THE STIFF AND COMPLIANT POROSITIES

We assume that stiff porosity changes with stress are independent on the changes of the compliant
porosity. This means also, that changes of the stiff porosity are independent on the fact if the
compliant porosity is closed or not. If the compliant porosity is closed then φc = 0 and we
obtain from (10)

dφs

dP
= −Cdrs. (11)

However, if the assumption above is valid than this relationship will be valid also for an arbitrary
(however, because of other assumptions, small) φc. Therefore,

dφc

dP
= −θcφcCdrs. (12)

These two equations immediately provide us with the following approximations of the stress
dependences of the stiff and compliant porosities:

φs = −PCdrs. (13)

φc = φc0 exp (−θcPCdrs). (14)

Note that equation (13) is not valid for very large P . This is explained by the fact that in previous
steps we neglected the stiff-porosity dependence of the drained compressibility. The validity of
this assumption as well as the validity of equation (13) are restricted by the condition (8). For
very high P stresses also the stiff porosity will obey an exponentially saturating behavior.

STRESS DEPENDENCES OF ELASTIC PROPERTIES

Substituting equations (13) and (14) into equation (6) we obtain:

Cdr(P ) = Cdrs [1 + θsφs0 − θsCdrsP + θcφc0 exp (−θcPCdrs)] . (15)

For the bulk modulus this gives:

Kdr(P ) = Kdrs [1 − θsφs0 + θsCdrsP − θcφc0 exp (−θcPCdrs)] . (16)

Using for the skeleton shear modulus µdr an expansion similar to the expansion (6) we obtain

µdr(P ) = µdrs [1 − θsµφs0 + θsµCdrsP − θcµφc0 exp (−θcPCdrs)] , (17)

where

θsµ =
1

µdr

∂µdr

∂φs
, θcµ =

1

µdr

∂µdr

∂φc
(18)

General form of stress functions (16) and (17) coincides with equation (1). It is clear also, that
if the differential stress is smaller or of the order of 102 MPa we can neglect the terms θsµCdrsP
and θsCdrsP because Cdrs is of the order of 10−4 MPa−1. Finally, neglecting the φs- and φc-
dependences of the density we obtain for the drained velocities

VSdr ≈ VSdrs0 −
1

2
VSdrs0θcµφc0 exp (−θcPCdrs), (19)
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VPdr ≈ VPdrs0 −
1

2
VPdrs0Hθcµφc0 exp (−θcPCdrs), (20)

where

H =
Kdrsθc/θcµ + 4µdrs/3

Kdrs + 4µdrs/3
. (21)

CONCLUSIONS

Let us draw preliminary conclusions of this consideration. In the first approximation the seismic
velocities as well as the porosity depend on the differential stress, i.e., the difference between
the confining pressure and the pore pressure only. The stress dependence of the porosity controls
the elastic moduli and velocity changes with stress. Here, the most important role plays the
compliant porosity which can be just a very small part of the total porosity. Closing compliant
porosity with increasing differential stress explains the experimentally observed exponentially
saturating increase of seismic velocities. Coefficients of this relationship are defined by the
compliant porosity dependence of the drained bulk modulus.

In the first approximation, the coefficient K in the empiric equation (1) can be neglected. The
modified such equations have similar forms for the both, P- and S- wave velocities:

VPdr(P ) = AP − BP exp (−PDP ), (22)

VSdr(P ) = AS − BS exp (−PDS). (23)

They exactly coincide with the empiric equation (3) of Khaksar et al, (1999). Moreover, we
should expect that

DP ≈ DS. (24)

This is also in a good agreement with the data of table 2 of Khaksar et al, (1999).
The dimensionless quantity θc can be then estimated as

θc = D/Cdrs = ρ(A2
P − 4A2

S/3)D, (25)

where ρ is the density of the dry rock. This coefficient defines the sensitivity of the elastic
moduli to the differential stress. We propose to call it the piezosensitivity. The piezosensitivity
is an important property of rocks. From the derivation above it is clear that it is defined by the
compliant porosity of rocks. It can be related to the poroelastic coefficient α. Moreover, it can
be also related to non-linear elastic moduli of rocks.
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ABSTRACT

In this paper we study the statistical properties of seismic reflection traveltimes in order
to characterize the inhomogeneities of the reflector overburden. Detailed analysis of these
statistical properties is presented for 3-D geometry, quasi-homogeneous fluctuations of the
medium parameters, anisomeric (anisotropic) fluctuations, curved rays and other. Of special
importance is the double passage effect, which takes place when the pulse passes twice
through one and the same inhomogeneities of the random medium, first time on its way from
the source to the reflecting interface and, second time, on its way from the interface to the
receiver. The effect manifests itself in doubling of traveltime variance near the source as
compared to the variance at offsets larger than the horizontal correlation radius.

INTRODUCTION

Statistical characterization of rocks is of significant interest for many purposes and plays an im-
portant role in exploration seismology. Firstly, it has been recognized that large parts of the
lithosphere show spatial heterogeneities on several length scales (Sato and Fehler, 1998) and
therefore, deterministic Earth models have to be supplemented with statistical information on
rock heterogeneity in order to describe correctly the propagation of seismic waves. Secondly,
statistical information on rock heterogeneity can be helpful for petrophysical interpretations. For
example, when estimating the quality factor of rocks from seismic data, it is of interest to know
whether seismic attenuation has been caused either by lithological contrasts, leading to scatter-
ing attenuation, or by viscoelastic properties of rocks, leading to intrinsic attenuation. Thirdly,
in combination with usual macro-model based imaging techniques, the statistical characteriza-
tion of small scale heterogeneities can be used in order to retrieve ’true’ reflection coefficients
of large scale heterogeneities from seismic data. Moreover, the statistical characterization of
rocks can contribute to the geostatistical modeling of reservoirs, to estimates of uncertainties of
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seismic images, to a better understanding of different features of structures and geoprocesses.
The statistical characterization implies estimates for two main parameters of rocks: horizontal
scale of inhomogeneities and variation of elastic wave velocity v (or its inverse value – slowness
µ = 1/v).

A quite promising method for estimating the characteristic horizontal length of small-scale
inhomogeneities lhor from traveltime fluctuations t̃ of a pulse signal, reflected backward to the
source was suggested by Touati (1996) and analyzed by Iooss (1998). The method is based on the
comparison of traveltime variance var[t̃(X = 0)], measured near the source (zero offset, X = 0)
with the variance at large offsets, X � lhor, which somewhat conditionally can be written as
var[t̃(∞)]. As shown by Iooss (1998) var[t̃(0)] happens to be twice as large as compared with
var[t̃(∞)]:

var[t̃(0)]

var[t̃(∞)]
≈ 2 . (1)

The transition from zero offset, X = 0, to sufficiently large offset, X � lhor, occurs at a spatial
scale X , comparable with lhor. Therefore measurements of var[t̃(X)] as a function of X might
be helpful for recovering the horizontal scale lhor from experimental data. A further numerical
analysis of the method of Touati and Iooss was presented in the paper of Gaerets et al. (2001).

The doubling of traveltime variance at X = 0 – also called the double passage effect (DPE)
– occurs when the wave passes twice through randomly inhomogeneous media with large scale
(as compared to wavelength λ) inhomogeneities. The double passage effect was revealed earlier
for phase-path fluctuations in other physical situations: for light waves, reflected from a mirror
in a turbulent atmosphere and for radiowaves reflected from the ionosphere (see Kravtsov and
Saichev, 1982, 1985 and references therein and also exercise I.7.6 from the textbook of Rytov et
al., 1989).

Let us remind the background relations for the DPE based on geometrical optics. As shown
in Fig. 1a, at zero offset X = 0 the incident (down-going) and reflected (up-going) rays, rd(0)
and ru(0) respectively, pass through one and the same inhomogeneities of the random medium.
Therefore the fluctuations of the traveltimes t̃d(0) and t̃u(0) are equal, t̃d(0) = t̃u(0), and the
variance of the total traveltime t̃(0) = t̃d(0) + t̃u(0) = 2t̃d(0) is four times larger than the
variance for one way passage t̃d(0):

var[t̃(0)] = 4var[t̃d(0)] . (2)

At the same time at sufficiently large offset X , X � lhor, down-going and up-going rays rd(X)
and ru(X) pass through different inhomogeneities (Fig. 1b). Therefore, the cross-product of
t̃d(X) and t̃u(X) in average is close to zero and as a result at X � lhor

var[t̃(∞)] = var[t̃d(X)] + var[t̃u(X)] + 2 covar[t̃d(X)t̃u(X)] ≈ 2var[t̃d(X)] , (3)

which is roughly half of var[t̃(0)]. The relationship between these equations and the DPE was
not clearly emphasized in the pioneering works of Touati (1996) and Iooss (1998), and in the
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Figure 1: Geometry of the double passage effect. Fig 1a – vertical ray intersects one and the
same inhomogeneities. Fig 1b – oblique ray, corresponding to large offset X � lhor, passes
mostly through different inhomogeneities.

successive studies by Gaerets et al. (2001).

This paper is devoted to the further analysis of DPE manifestations in seismics and to the
generalization of the above mentioned results of Touati (1996), Iooss (1998) and Gaerets et al.
(2001) in several directions. First of all, we describe the 3-D geometry of the DPE instead of
the 2D geometry in mentioned works. Secondly, we consider fluctuations of medium parame-
ters with quasi-homogeneous statistics. This model allows, in general, to take into account the
dependence of slowness variance on depth. Thirdly, the changes of mean slowness with depth
are taken into account, so the rays in our considerations might be curved. At fourth, horizontally
anisomeric (anisotropic) fluctuations are considered. At fifth, our consideration deals also with
covariance functions in a more general treatment than before. At last, estimates are given for the
inaccuracy, characteristic for the reconstruction of the reflector position in the presence of DPE.

BASIC RELATIONS

Traveltime fluctuations in the frame of geometrical optics method

Let us consider a point source placed at X = 0 (see Fig. 1) radiating a pulse signal which
propagates through a random medium, is reflected from a horizontal or slightly inclined plane
interface I and recorded by a receiver placed in the vicinity of the source.

Supposing the inhomogeneities of the medium are large in size compared to the typical wave-
length in a pulse spectrum, we apply the geometrical optics (GO) approximation for traveltime
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calculations. In this approximation the traveltime t in non-dispersive media obeys the formula

t =

∫
ds

v[r(s)]
=

∫
µ[r(s)]ds , (4)

where v(r) is the wave velocity, µ(r) = 1/v(r) is the slowness and ds is an elementary arclength
of the ray trajectory r(s). The last obeys the ray equations (Born and Wolf, 1999, Kravtsov and
Orlov, 1990)

dr

ds
= l ,

dl

ds
= ∇⊥n ≡ ∇n − l(l∇n) , (5)

where l is a unit vector tangent to the ray,

n(r) =
v0

v(r)
= v0µ(r) (6)

is the refractive index, v0 is the wave velocity near the source and ∇⊥n = ∇n − l(l∇n) is
a transversal (relative to the ray) gradient of the refractive index. In non-dispersive media the
traveltime (4) is proportional to the eikonal (’optical path’) Ψ =

∫
n[r(s)]ds:

t =

∫
µ[r(s)]ds =

1

v0

∫
n[r(s)]ds =

Ψ

v0
. (7)

Therefore all the results obtained earlier for the optical path fluctuations (Chernov 1960, Tatarskii,
1971, Ishimaru, 1978, Rytov et al., 1989) can be immediately used for traveltime calculations.

In a random medium slowness can be presented as a sum of regular (average), µ̄(r), and
random, µ̃(r) parts:

µ(r) = µ̄(r) + µ̃(r) , (8)

where the mean value of µ̃ is zero: 〈µ̃〉 = 0. The same is true for the ray trajectory r(s),
traveltime t(s) and the refraction index n(s):

r(s) = r̄(s) + r̃(s), t(s) = t̄(s) + t̃(s) , n(s) = n̄(s) + ñ(s) . (9)

For sufficiently weak fluctuations µ̃, when

σ2
µ ≡ var[µ̃(r)] ≡ 〈µ̃2(r)〉 � 1/v2

0 , (10)

and
σ2

n ≡ var[ñ(r)] � 1 , (11)

the ray trajectory deviates only slightly from a regular trajectory r̄(s) (here and henceforth both
upper bar (̄·) and angular brackets 〈(·)〉 are used for statistical averaging). Therefore, as com-
monly accepted, first order fluctuations of traveltime t̃ can be calculated by integrating the per-
turbation µ̃(r) along the unperturbed ray r̄(s) (Chernov 1960, Tatarskii, 1971, Ishimaru, 1978,
Rytov et al., 1989, Snieder and Sambridge, 1992):

t̃(s) ∼=
∫

µ̃[r̄(s)]ds . (12)

In following, we omit the upper bar over regular ray trajectory for brevity.
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Figure 2: Two up- and down-going ray trajectories in 3-D space.

Medium fluctuations with quasi-homogeneous statistics

Quasi-homogeneous fluctuations are described by the covariance of the form (Rytov et al., 1989):

Cµ(r1, r2) ≡ covar[µ̃(r1), µ̃(r2)] ≡ 〈µ̃(r1)µ̃(r2)〉 = σ2
µ(r+)K(r1 − r2; r+) . (13)

Here r+ = (r1 + r2)/2 is the radius vector of ’center of gravity’ of vectors r1 and r2, and K
is a normalized correlation function (’coefficient of correlation’), which turns out to be unit at
r1 − r2 = 0: K(0; r+)=1. This quantity is supposed to decrease rapidly with difference r1 − r2

with a small characteristic scale lc, but it can also slowly depend (along with σ2
µ) on r+ with a

large characteristic scale l+ � lc.

The model of quasi-homogeneous fluctuations seems to be sufficiently general and flexi-
ble for many seismological applications. On the basis of this model below we shall consider
traveltime statistics for depth-dependent fluctuations of medium parameters and for anisomeric
(statistically anisotropic) fluctuations.
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Traveltime Covariance function

The unperturbed ray trajectory r(s) of a ray reflected from interface I (Fig. 2), consists of a
down-going and an up-going part:

r(s) =

{
rd(sd;R), 0 < sd < Sd(R)
ru(su;R), 0 < su < Su(R)

, (14)

where sd and su are current arclengths along down-going and up-going sections, and Sd(R)
and Su(R) are the corresponding total arclengths, which depend on a receiver position: R =
(X, Y, 0) in a horizontal plane Z = 0. cIn equation (14) the final point rd(Sd;R) of the down-
going ray serves as the starting point of the up-going ray: ru(su = 0;R) = rd(Sd;R). According
to equation (14), the traveltime t̃(R) can be expressed as a sum

t̃(R) = t̃d(R) + t̃u(R) , (15)

where

t̃d(R) =

∫ Sd(R)

0

µ̃[rd(sd)]dsd (16)

and

t̃u(R) =

∫ Su(R)

0

µ̃[ru(su)]dsu (17)

are time-delay fluctuations along the down-going and up-going sections of the ray trajectory.

The covariance of traveltime, recorded by two receivers, placed at points R1 and R2, as
shown in Fig. 2, has the form

Ct(R1,R2) = 〈t̃(R1)t̃(R2)〉 = 〈[t̃d(R1) + t̃u(R1)][t̃d(R2) + t̃u(R2)]〉
= Cdd(R1,R2) + Cdu(R1,R2) + Cud(R1,R2) + Cuu(R1,R2) , (18)

where

Cdd(R1,R2) = 〈t̃d(R1)t̃d(R2)〉 Cud(R1,R2) = 〈t̃u(R1)t̃d(R2)〉
Cdu(R1,R2) = 〈t̃d(R1)t̃u(R2)〉 Cuu(R1,R2) = 〈t̃u(R1)t̃u(R2)〉 . (19)

According to equations (16) (17) and (13), all the values (19) can be expressed in the form of
double integrals over correlation function Cµ of slowness fluctuations along the non-perturbed
ray trajectories. For example, the covariance Cdd has the form

Cdd(R1,R2) =

∫ Sd(R1)

0

ds′d

∫ Sd(R2)

0

ds′′d Cµ[rd(s
′
d;R1), rd(s

′′
d;R2)]

=

∫ Sd(R1)

0

ds′d

∫ Sd(R2)

0

ds′′d σ2
µ(rdd+) K[rd(s

′
d,R1) − rd(s

′′
d,R2); rdd+] ,(20)

where rdd+ = [rd(s
′,R1) + rd(s

′′,R2)]/2. In what follows we analyze and simplify the expres-
sion (20) as well as the analogous expressions for Cdu, Cud and Cuu.
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TRAVELTIME COVARIANCE FUNCTION FOR SMALL OFFSETS

Ray trajectories for small offsets

We suppose that the interface I is horizontal and that the regular and statistical properties of a
medium depend only on depth z. In the simplest case when the horizontal offset vectors R1 and
R2 are small as compared to the depth D of the interface I ,

|R1,2| � D , (21)

the angles between the rays and the vertical axis z are also sufficiently small. In this case the rays
are only slightly curved, so that the ray trajectories can be approximated by straight lines and the
ray lengths Sd(R1) and Su(R2) are equal each other and practically coincide with depth D:

S(R1,2) =
√

D2 + (R1,2/2)2 ≈ D(1 + R2
1,2/8D2) ≈ D . (22)

Under these conditions the piece-wise rectilinear ray trajectory acquires a form:

rd(sd;R) = sd ld(R), 0 < sd < D ,

ru(su;R) = D ld(R) + su lu(R), 0 < su < D . (23)

Here, ld(R) and lu(R) are the unit vectors, tangent to the down-going and up-going rays, respec-
tively. In small offset (angle) approximation

ld(R) ∼= R

2D
+ iz, lu(R) ∼= R

2D
− iz , (24)

where iz is the unit vector in z-direction.

Traveltime covariance for down-going and up-going rays

Let us introduce new variables into equation (20)

ξ = s′d − s′′d , ζ = (s′d + s′′d)/2 , (25)

and let us expand trajectories rd(s
′
d;R1) and rd(s

′′
d;R2) into power series in difference variable

ξ, saving only the first order term in ξ in a difference rd(s
′
d;R1)−rd(s

′′
d;R2) and only the zeroth-

order term in rdd+, which in fact happens to be izζ .

Due to fast decrease of the correlation coefficient K with r1 − r2, one can extend the limits
of integration in ξ to infinity and take the least value of S(R1) and S(R2) as upper limit in the ζ
variable, as it is commonly used in statistical theory of wave propagation through random media
(Chernov, 1960, Rytov et al., 1989). In view of (22) min[S(R1), S(R2)] ≈ D. As a result

Cdd(R1,R2) = 2

∫ D

0

dζ σ2
µ(izζ)

∫ ∞

0

dξ K[izξ + pdd(ζ); izζ] . (26)
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Here

pdd(ζ) =
pζ

2D
, p = R1 − R2 , (27)

is the horizontal distance between rays at their down-going sections and izζ stands for the center
of gravity radius vector rdd+. The factor 2 in (26) arises because the integral over ξ from −∞ to
∞ of the even function K(r1 − r2) can be presented as doubled integral from 0 to ∞.

A formula, quite similar to (26), can also be obtained for the traveltime covariance of the
up-going part of the ray trajectory:

Cuu(R1,R2) = 2

∫ D

0

dζ σ2
µ(izζ)

∫ ∞

0

dξ K[izξ + puu(ζ); izζ] . (28)

Here
puu(ζ) = p(1 − ζ/2D) (29)

stands for a horizontal distance between up-going rays at the level ζ . This difference equals to
p = R2 − R2 at the surface of observation, where ζ = 0 and reduces to p/2 at the reflector
ζ = D.

Cross-covariances and total traveltime covariance

Somewhat more complex expressions take place for cross-covariances Cdu and Cud. In fact, they
are given by formulas similar to (26) and (28) only with other horizontal distances between rays:

pdu(ζ) = R2 + (p/2 − R2)
ζ

D
= R2 −

ζ

D
R+ , (30)

pud(ζ) = R1 − (p/2 + R1)
ζ

D
= R1 −

ζ

D
R+ , (31)

where R+ = (R1 + R2)/2. All the differences between the rays pdd,puu,pdu and pud are
schematically presented in Fig. 2.

The total covariance of traveltime is of the form

Ct(R1,R2) = 2

∫ D

0

dζ σ2
µ(izζ)

∫ ∞

0

dξ {K[izξ + pdd(ζ)] + K[izξ + puu(ζ)]+ (32)

+K[izξ + pdu(ζ)] + K[izξ + pud(ζ)]} .

TRAVELTIME VARIANCES

Traveltime variance for small offsets

Assuming R1 = R2 = R in (32) and taking into account that in this case p, pdd and puu vanish
and that

pdu(ζ) = pud(ζ) = R(1 − ζ/D) , (33)
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one can get the expression

var[t̃(R)] ≡ σ2
t (R) = Ct(R,R) (34)

= 4

∫ D

0

dζ σ2
µ(izζ)

∫ ∞

0

dξ [K(izξ) + K(izξ + R(1 − ζ/D))].

In the case of a constant variance σ2
µ this expression is equivalent to the result of Iooss (1998)

for the 2-D problem and is analogous to the formulas for eikonal fluctuations under double pas-
sage phenomena (Kravtsov and Saichev, 1985). At R = 0, when traveltime is measured directly
near the source, the traveltime variance equals

var[t̃(0)] = 8

∫ D

0

dζ

∫ ∞

0

dξ σ2
µ(izζ) K(izξ) , (35)

or, in the case σ2
µ = const,

var[t̃(0)] = 8Dσ2
µlz . (36)

Here lz is the vertical radius of correlation, defined as

lz =

∫ ∞

0

dξK(izξ) . (37)

It is worth to remind that variance (35) is four times larger than the one-way traveltime variances,
like (2) and twice as large as the variance at large offset |R| � lhor, like (1).

Asymptotic behavior of the traveltime variance at large offset

The second term in (34) which in fact is the doubled covariance Cdu(R) is close to the first one,
that is to 2Cdd(0) as long as the offset R is small as compared to the horizontal correlation radius
lhor:

R < lhor . (38)

If R > lhor, the value K(izξ + R(1 − ζ/D)) can be neglected at ζ = 0, but at the same time
it becomes comparable to K(izξ) when the distance pdu = R(1 − ζ/D) between down- and
up-going rays is less than lhor. It occurs at a critical distance (D − ζ)c = lhorD/R from the
reflecting surface z = D. Therefore the ratio γ(R) = Cdu(R)/Cdd(0) can be estimated as the
ratio of this critical distance (D − ζ)c to total depth D:

γ(R) ≡ Cdu(R)

Cdd(0)
≈ (D − ζ)c

D
≈ lhor

R
. (39)

These qualitative estimates can be supported by analytical calculations for the Gaussian cor-
relation function

K(r1 − r2) = exp

(
−(x1 − x2)

2

l2x
− (y1 − y2)

2

l2y
− (z1 − z2)

2

l2z

)
. (40)
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Figure 3: Asymptotic behavior of the traveltime variance for sufficiently large offsetsR �
lx. The ratio Cdu(R)/Cdd(0) and its asymptotic behavior (39) are schematically presented in
(a). The normalized cross-variance Cdu(R)/Cdd(0) as a function of vector R for a medium
characterized by anisomeric fluctuations, (b). Note that in (b) the quantities X, Y have arbitrary
length units.

Asymptotics of the ratio γ(R) = Cdu(R)/Cdd(0) in this case take the form γ(R) ≈ clhor/R,
with c ≈ √

π/2. A plot of the ratio γ(R) for the case lx = ly = lhor is presented by the black
curve in Fig. (3(a)). A grey line on the same figure corresponds to the asymptotic behavior
γ(R) ∼= clhor/R. It is worth to note that the analysis of the asymptotics of the ratio γ(R)
at R � lhor can serve as one more method to estimate horizontal correlation length lhor from
experimental data, additional to the straightforward estimate of lhor from the plot of σ2

+(R) (Iooss,
1998, Gaerets et al., 2001).

Horizontally anisomeric inhomogeneities

Expression (34) enables to consider anisomeric fluctuations, which are characterized by different
correlation lengths, say lx and ly, for different horizontal directions. Traditionally such fluctua-
tions are referred to as anisotropic ones, though spatial scales lx and ly are not connected with
the real anisotropy of an elastic medium. Here, the terminology ’anisomeric’ fluctuation might
be convenient and not confusing.

Let the statistical properties of the elastic medium be described by the anisomeric Gaussian
correlation function (40). Fig. 3(b) presents the normalized cross-variance γ(R) = Cdu(R)/Cdd(R)
as a function of the 2D vector R = (X, Y ) for the case lx = 2ly. The function γ(R) has different
spatial scales in X and Y direction, which are proportional to correlation lengths lx and ly.
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INFLUENCE OF DPE ON THE ACCURACY OF REFLECTOR DEPTH ESTIMATION

Estimate of inaccuracy in the frame of LMS method

As revealed first by Touati (1996) and Iooss (1998), the DPE represents new opportunities to re-
construct the horizontal scales of random inhomogeneities. However, doubling of the traveltime
variance at zero offset also reduces the accuracy of reflector depth estimation. In this section we
consider the influence of random inhomogeneities on the accuracy of the interface reconstruc-
tion. In our simplified analysis we ignore other sources of inaccuracy (noise in receivers, regular
changes of sound velocity along x, y and z directions, irregular form of interface and so on) and
concentrate only on influence of the DPE in the very simple geometry: constant mean velocity
v0, homogeneous fluctuations of medium parameters, near offsets.

The traveltime ti can be presented as

ti =
2

v0

√
D2 +

(xi

2

)2

+ t̃i , (41)

or, at (x/2) � D, as

ti ∼=
1

v0
(2D +

x2
i

4D
) + t̃i . (42)

Here, t̃i are traveltime fluctuations due to random inhomogeneities. Denoting the estimate for
depth D as De, and assuming that the difference δ ′ = De − D is small enough (due to the weak
fluctuations), we estimate a regular traveltime from the source to point xi as

tie ≡ te(xi) =
1

v0
(2De +

x2
i

4De
) ≈ 1

v0

[
2D +

x2
i

4D
+ δ(2 − x2

i

4D2
)

]
. (43)

The correction δ = De − D can be defined by least squares method, that is from requirement:

G =

N∑

i=1

(ti − tie)
2 = min , (44)

where N stands for the total amount of receivers. The condition ∂G/∂δ = 0 minimizes the error
for G and leads to the following equation for δ:

N−1∑

i=0

[
Mit̃i − M2

i

δ

v0

]
= 0 , M(xi) = 2 − x2

i

4D2
. (45)

Its solution

δ = v0

∑N
i=1 Mit̃i∑N
i=1 M2

i

(46)

expresses the inaccuracy of the estimate De via traveltime fluctuations t̃i. For moderate offsets
xi ≤ xmax = D/4, where the small offset approximation still works, the factors Mi are close to
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unit. Say at largest offset xmax = D/4 all the values Mi lay in the interval 1 (at xi = 0) and 0.94
(at xi = D/4). Therefore further calculations we perform for Mi = 1, which results in

δ =
v0

N

N−1∑

i=0

t̃i . (47)

The variance of the inaccuracy δ is given by the expression

var δ ≡ σ2
δ =

v2
0

N2

N−1∑

j=1

N−1∑

i=1

Ct(xi, xj) , (48)

which follows from (47). Here the traveltime covariances Ct(xi, xj) refer to a receiver line the
x-direction. Below, we analyze special cases of (48).

Uncorrelated traveltime fluctuations

If receivers are separated by a distance ∆x = xi+1 − xi, large as compared to the horizontal
characteristic length lx, ∆x � lx, all the cross-terms in (48) are close to zero, so that (48) takes
the form

σ2
δ =

v2
0

N2

N−1∑

i=0

σ2
t (xi) . (49)

Here, σ2
t (xi) = Ct(xi, xi). For small offsets all values σ2

t (xi), i > 0 are equal to each other:
σ2

t (xi) = const. Conditionally we name this constant value as σ2
t (∞) (see Introduction). In the

same time the term σ2
t (0) is twice as large: σ2

t (0) = 2σ2
t (∞). In this case one can rewrite the

sum (49) as

σ2
δ = v2

0σ
2
t (∞)

1

N

(
1 +

1

N

)
, (50)

where the factor 1
N

(1 + 1
N

) stands instead of traditional factor 1/N , characterizing the gain in
accuracy with growth of summands in (47). Thus doubling of the variance σ2

t (0) as compared to
σ2

t (∞) leads to insignificant increase of the resulting inaccuracy σδ as compared to the traditional
1/N law.

Correlated traveltime fluctuations

In this section we intend to show, that choosing the interval ∆x between receivers less than
horizontal correlation length lx does not lead to an improvement of the accuracy as compared to
(50). It becomes evident from the limit case of fluctuations t̃i, which are completely correlated
within the interval X = N∆x, small as compared to correlation length lx. In this case all the N
values in (47) are equal each other and resulting inaccuracy

δ =
v0

N

N−1∑

i=0

t̃i =
v0

N
Nt̃(0) = v0t̃(0) (51)
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is the same as for a single receiver. Grouping all the receivers from a sufficiently large receiving
system into correlated groups, not exceeding the correlation scale lx in length, one can arrive to
expression similar to (50) only with a number of correlated group M = X/lx. Thus, enlarging
amount of receivers N above M we can not count on reduced inaccuracy σδ . For X = 2km and
lx ≈ 100 − 400m (these are typical correlation lengths, used in Touati, 1996, Iooss, 1998, and
Gaerets et al., 2001) maximal number of receivers should not be larger than 5 – 20. Correspond-
ing gain 1/

√
N will not be larger than 2.3 – 4.4. It means that joint processing of data, obtained

from a large set of receivers, practically can provide inaccuracy which is only 2-4 times less than
inaccuracy of a single receiver.

CONCLUSIONS

In this paper we study the statistical properties of seismic reflection traveltimes in order to char-
acterize the inhomogeneities of the reflector overburden. Detailed analysis of these statistical
properties is presented for 3-D geometry, quasi-homogeneous fluctuations of the medium pa-
rameters, curved rays, etc.. In a forthcoming paper we will substantiate the results presented
above with help of numerical experiments.
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ABSTRACT

In seismic reflection experiments, the reflected wave is strongly influenced by hetero-
geneities in the reflector overburden. Thus, the amplitude of the reflected wave decreases
due to scattering attenuation. This effect must be taken into account when generating seis-
mic images of the reflector as well as for calculating the reflection coefficients. Using the
generalized O’Doherty Anstey formalism for 2-D and 3-D random media it is possible to
correct this transmission losses due to scattering. We apply this correction method to syn-
thetic data for 2-D randomly heterogeneous media. AVO/AVA analysis of the corrected data
yields more reliable estimations of reflection coefficient.

INTRODUCTION

Accurate estimations of reflection coefficients are of great importance for reservoir character-
ization as well as for seismological studies of crystalline-crustal structures. In deep seismic
soundings, assessments of reflection coefficients are generally obtained by calculating the ratio
of reflected to incident amplitudes. In traditional AVO/AVA-processing schemes the amplitudes
of the raw data are used, while in modern AVO/AVA analysis the use of the amplitudes of mi-
grated sections is common practice. So far, in conventional procedures geometrical spreading
was taken into account, but the transmission losses due to scattering at isomorphic small scale
heterogeneities within the overburden have been ignored.

It is well known that scattering attenuation and dispersion influence strongly the amplitudes
of waves propagating through an heterogeneous medium. These transmission losses due to scat-
tering cause an underestimation of the reflection coefficients. Widmaier et al. (1996) have shown
how to compensate for these effects in layered media. They included this compensation into an
amplitude-preserving Kirchhoff migration scheme, but they pointed out, that it can also be used
in traditional AVO/AVA- processing schemes shown e.g. by Castagna (1993). Another correction
strategy was proposed e.g. by Wapenaar and Herrman (1996). In respect of the work of Wid-
maier et al., we use the traditionally way here. This study proposes a method that compensates
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the scattering attenuation effects due to random isomorphic heterogeneities, so that it is possible
to obtain a more reliable estimation of reflection coefficients.

First, we outline the scattering attenuation description as proposed in a work of Müller and
Shapiro (2001) about pulse propagation in heterogeneous media. Thereafter, using synthetic
seismograms of a shot gather, we illustrate how to improve amplitude processing in order to
compensate for the effect of scattering attenuation. This is done by means of two numerical
examples. The first refers to the scaling typical for reflection seismology of a subducting plate
involving crystalline rocks. The second example refers to a the scaling typical for exploration
seismology, where the overburden of a target reflector is heterogeneous. Original and corrected
synthetic AVA-curves for both examples are then compared to results for the corresponding ho-
mogeneous reference models. Finally, in order to suppress random fluctuations of AVA curves,
we perform the same AVA-processing scheme using more than one shot and discuss the results
in comparison with those for a single shot.

THEORY OF SCATTERING ATTENUATION

Theoretical methods to describe the pulse propagation and to quantify scattering attenuation in-
clude the meanfield theory using the Born approximation or the traveltime-corrected meanfield
formalism developed by Sato (1982) and Wu (1982). The meanfield theory overestimates scatter-
ing attenuation, while the traveltime-corrected meanfield formalism excludes large wavenumbers
so that scattering at large-scale heterogeneities is not taken into account. Additionally, it requires
a heuristically chosen cut-off wavenumber which can be only determined by numerical tests.

Primary wavefields can be described by the generalized O’Doherty-Anstey formalism in sin-
gle realizations of 1-D random media Shapiro and Hubral (1999). Based on the Rytov and
Bourret approximations Müller and Shapiro (2001) described the seismic primary propagation
in single realizations of 2-D and 3-D random media. Using the causality principle, Müller et al.
(2001) extended this formalism to a broad frequency range. Due to sound analogies it can be
understood as an extension of the O’Doherty-Anstey theory to 2-D and 3-D random media. In
the case of a point source excitation in 2-D we find the following approximation for the Green’s
function from this theory:

G(t, L) =
1

2π

∫ ∞

−∞
dω e−αL+iϕLe−iωt , (1)

where

α(ω, L, a, σ2) ≈ 2πk2

∫ ∞

0

dκ Φ2D(κ)

[
H(2k − κ) −

cos(κ2L/4k) FC(
√

κ2L/2πk)√
κ2L/2πk

+

sin(κ2L/4k) FS(
√

κ2L/2πk)√
κ2L/2πk

]
(2)
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is the scattering attenuation coefficient and

ϕ(ω, L, a, σ2) ≈ k + 2πk2

∫ ∞

0

dκ Φ2D(κ)

[
2kH(2k − κ)√

κ2 − 4k2
−

sin(κ2L/4k) FC(
√

κ2L/2πk)√
κ2L/2πk

+

cos(κ2L/4k) FS(
√

κ2L/2πk)√
κ2L/2πk

]
(3)

denotes the phase increment. In equations (1)-(3) k = ω
c0

denotes the wavenumber, where c0 is
the constant background velocity, resulting from the averaged squared slowness, and L represents
the travel distance. Φ2D(κ) is the fluctuation spectrum which contains the second-order statistics
of the medium’s fluctuations, i.e. the variance σ2 of the P-wave (S-wave) velocity in rocks and the
correlation length a. H denotes the Heaviside step function. The functions FC and FS denote
the Fresnel cosine and sine integrals, respectively. The validity range of the Green’s function (1)
in terms of the wave parameter D = 2L/(ka2) is

max

{
λ

a
,
λ2

a2

}
< πD <

(
L

a

)2

min

{
1,

λ

a

}
, (4)

where λ denotes the wavelength. Note that equation (1) is also restricted to the weak wavefield
fluctuation regime. The formula for the scattering attenuation coefficient in the 3-D case could be
calculated by multiplying the integral in equation (2) with another π and the bracket term with κ.
We emphasize that the Green’s function (1) is suitable to estimate single realizations of seismo-
grams. More precisely, equation (1) describes maximum probable primaries. No averaging must
be applied to the wavefield. In principle, equations 1- 3 can be used to correct the wavefield for
amplitude as well as for velocity dispersions and traveltime shift effects of the elastic scattering
in the overburden. In this paper we restrict ourself to the correction of the impact of attenuation
effect, as the most significant scattering effect in disturbance of amplitudes.

The transmission losses are characterized by the scattering attenuation coefficient (2). Ac-
cording to equation (1), the transmissivity is approximately given by

T (L, ω0) ≈ e−α(L,ω0)L, (5)

where ω0 is the dominant frequency of the transmitted wavelet. Regarding equation (2) it is
clear that informations about the statistical properties of the medium have to be known. If near-
surface studies are performed, the statistical medium attributes can be obtained by using well-
log data. For deeper investigations, or in the case of deep reflection profiling of the lithosphere,
these properties have to be determined from statistical analysis of teleseismic or local seismicity
wavefield fluctuations (see e.g. Wu and Flatté, 1990).
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EXAMPLE FROM REFLECTION SEISMOLOGY: A SUBDUCTING PLATE

In our first example we used a model, which scaling is based on a section of the ANCORP96
profile in the Central Andes, South America. It illustrates a dipping reflector at a depth of about
60-70 km (“the subducting plate”) overlaid by a layer with randomly distributed velocity and
density fluctuations (see Figure 1 for details). We modeled wave propagation by using a 2-
D finite-difference staggered grid scheme for the elastodynamic wave equation (Saenger et al.,
2000). The heterogeneous overburden consists of statistically isotropic velocity fluctuations char-
acterized by an exponential autocorrelation function like B(r) = σ2e−

|r|
a . Thereby a standard

deviation of σ = 1.5% and a correlation length of a = 1 km are chosen, r represents the spatial
distance. Furthermore, the constant P-wave velocity in the part of the model below the reflector
is 8km/s and in the heterogeneous part the constant background velocity is 6km/s. S-wave
velocity is given by vs = vp√

3
, the density by an approximation of the Nafe-Drake (see e.g. Lud-

wig et al., 1970) relation ρ = (1.755 + 0.155 vp

1000
) · 1000[kg/m3]. Starting from a point source

at 80km (see Figure 1), the waveforms are recorded with 200 receivers over an offset range of
about 20km. Thus, the resulting travel distances are between 120km and 140km.

The right hand side of Figure 1 shows an example of some of the computed synthetic seis-
mograms. The magnification of the reflected P-waves in Figure 1 indicates that the amplitude
decreases with increasing travel distance. This amplitude decrease is mainly caused by geomet-

Figure 1: left: Model of a dipping reflector. The heterogeneous overburden is determined by
a constant background P- velocity of 6km/s. The S-velocity is about 3.5km/s and the mean
density is 2700kg/m3. Below the reflector the constant P-velocity is 8km/s, the S-velocity is
about 4.6km/s and the density is 3000kg/m3. The point source is located at x = 80km and 200
receivers are placed between 80km and 100km. Right: Shot gather (z-component). The zooms
shows some reflected p-wave amplitudes at short offsets (left) and large offsets (right).
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rical spreading, but its significant amount is also due to scattering. Later, synthetic sections will
show that the effect of scattering attenuation is smaller than the effect of geometrical spreading
but it also has to be taken into account to prevent an underestimation of the reflection coefficient.

For computing the reflection coefficient, the amplitudes of the direct and the reflected waves
are used. Using the traditional AVA-processing scheme as described by Castagna, we picked the
x- and z-components of both waves and performed a vector-addition of the components. After
this step, we corrected the amplitudes for geometrical spreading. Usually, this correction for ge-
ometrical spreading is the last step of the processing before calculating the reflection coefficient,
but we additionally introduced a travel distance- and frequency-dependent scattering correction
as a new step in the amplitude processing scheme. For this correction, the amplitudes have to be
multiplied with the reciprocal transmissivity T−1(L, ω0) = eα(L,ω0)L (see also equation 5) before
evaluating the reflection coefficient R = Aincident

Areflected
as a function of angle of incidence (or offset).

We calculated the amplitude spectrum of the reflected wave to get the dominant frequency (see
Figure 2). The amplitude spectrum indicates a dominant frequency between 6.4Hz and 8.4Hz.
Figure 3 illustrates the reciprocal transmissivity for several frequencies depending on travel dis-
tance for our model. The black line represents the reciprocal transmissivity for a frequency of
about 7.4Hz. The plot shows that the reciprocal transmissivity is not strongly sensitive to the
frequency in the interval between 6.4Hz and 8.4Hz. We chose the mean value (7.4Hz) as our
dominant frequency.
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Figure 2: Amplitude-spectrum of the reflected wave. The dominant frequency is approximately
fdom ≈ 7.4Hz.

By means of one trace with offset 5600m, Figure 4 shows the influence of the correction
of the transmission losses due to scattering. The black dashed line represents the uncorrected
trace, while the solid grey line shows the trace which has been corrected for the above mentioned
scattering losses. It is obvious, that the discrepancy between the corrected and the uncorrected
amplitude is quite significant. In this example the difference between corrected and uncorrected
amplitude is about 30%.

This difference exists for all reflected amplitudes. So, the comparison between corrected and
uncorrected amplitudes for all offsets results in an underestimation of about 30%, if the correction
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Figure 3: Reciprocal transmissivity versus travel distance for frequencies from 0Hz (bottom)
to 20Hz (top) in steps of 5Hz (blue lines). The black line shows the values for our dominant
frequency 7.4Hz.

is not used. Thus, this error occurs also in the estimation of the reflection coefficient. Our
computed corrected and uncorrected reflection coefficients in combination with the theoretical
value for a homogeneous reference model are shown in Figure 5. To calculate these theoretical
values we used an explicit equation for P-P reflectivity derived from the Zoeppritz equations by
Aki and Richards (see also Castagna, 1993), which is valid for small changes in layer properties.
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Figure 4: Part of the uncorrected (blue line) and the corrected (red line) reflected trace recorded
at 5600m offset.

Working with one shot and fitting the RPP in both cases (uncorrected and corrected) by a
straight line (Figure 5a), a significant improvement can be observed after the correction: The
grey line corresponding to the corrected reflection coefficients agrees reasonably well with the
black curve corresponding to the homogeneous reference model. Thus, the proposed amplitude
processing indeed corrects for scattering attenuation due to small scale heterogeneities (in respect
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to the travel distance) in the reflector overburden. Without the scattering attenuation correction
significantly smaller reflection coefficients are obtained. It can be seen that the proposed cor-
rection also improves the general behavior of the reflection coefficient. However, the relative
fluctuations of RPP remain uncompensated. A strategy to reduce these fluctuations is following.
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Figure 5: Variation of reflection coefficient by stepwise added shot points for a model of a
subducting plate. (a) The dashed blue line and the red solid represent the linear fits for corrected
and uncorrected RPP , respectively. (a-d) Blue points: Mean values of the uncorrected RPP , red
triangles: Mean values of the corrected RPP , black solid: RPP in the homogeneous reference
model.

Figure 5a shows that due to interaction with random heterogeneities in the overburden the
reflection coefficient RPP is not only decreased but exhibits strong fluctuations. Thus, the inter-
pretation of the AVO/AVA behavior is still difficult. We propose to reduce these fluctuations by
using more than one shot. To demonstrate this, we consider eight shot points with distances of
one correlation length (1km) from each other, whereas the first shot point is the same as in the
first experiment. Regarding same offsets of the different shots, the reflected rays pass through
different heterogeneities, so on an average the fluctuations should be decreased. After picking
the direct and reflected amplitudes of every trace, we calculated the reflection coefficients for
each shot and corrected them for transmission losses in the same way as described above. Then
we assigned the computed RPP values to their corresponding angles and averaged over the shots.
Moreover, the stepwise reduction of the fluctuations of the reflection coefficient with increasing
number of shot points involved into the averaging is illustrated in Figure 5b-5d. The mean values
of RPP for same angles for 4,6 and 8 shots are shown in this figure. A comparison of the result
with eight shots to that with one (Figure 5a) illustrates the improvement when many shots are
used: The use of the shot averaging reduces the fluctuations of RPP obviously. Now an inter-
pretation of the AVA behavior becomes possible. Because of the chosen geometry the reflection
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coefficients outside the interval [1.2◦, 7◦] are not averaged with as much values as the rest of the
points. This explains, why the fluctuations are still large there.

EXAMPLE FROM EXPLORATION SEISMOLOGY: A PLANE HORIZONTAL
REFLECTOR WITH A HETEROGENEOUS OVERBURDEN

In this example we construct a model with a plane target reflector, which is overlaid by random
heterogeneities. The depth of the reflector is supposed at 1.5km. Here, 700 receivers are dis-
tributed over an offset range of 2.8km, so that the maximum travel distance is about 4km. We
choose a correlation length of a = 40 m and a standard deviation of σ = 3%. For this example,
the heterogeneous overburden is determined with a constant background velocity of 3km/s and
the homogeneous part below the reflector with a constant P-wave velocity of 4km/s. S-wave
velocity and density are calculated as shown in the first example. The dominant frequency is
about 47Hz. The strategy to calculate the reflection coefficient for this example is the same as
described above.
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Figure 6: Reflection coefficient for a model of a plane horizontal reflector with a heterogeneous
overburden. (a-d) Blue points: mean values of the uncorrected RPP , red triangles: mean values
of the corrected RPP , black solid: RPP in the homogeneous reference model.

Figure 6 shows the results of the RPP calculations. As well as in the reflection seismology
example, we noticed an improvement of RPP after using the correction. However, the difference
between corrected and uncorrected reflection coefficient is not as large as in the example above.
For small offsets this difference is more significant than for large offsets. This is caused by the
small discrepancy between large offsets O and travel distances L, so that the exponential terms
in the correction formula RPP = Areα(L,ω0)L

Aieα(O,ω0)O practically cancel out.
The influence of the transmission losses due to scattering can obviously be seen in Figure
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6b-6d. At first glance, regarding Figure 6a, the computed results with one shot gather seem not
deal with the corresponding theoretical RPP curve at all. Reliable estimation and interpretation
of AVA behavior is not possible until more than one shots are used. Figure 6d shows, that the
underestimation for small offsets is about 25% while for large offset it is around 15% when the
correction is not used.

CONCLUSIONS

Normally, AVO-analysis is done by using geometrical spreading corrections only. Here we show
that scattering attenuation due to small scale heterogeneities (in respect to travel distance) in
the reflector overburden significantly influences the amplitudes of reflected P-waves. This study
demonstrates by means of two numerical examples how to compensate for this effect. For both
examples, one referring to a deep seismic sounding experiment, and the other to the scale of
a typical seismic exploration experiment, we obtain an improvement of calculated reflection
coefficients after using the correction for transmission losses due to scattering. Nevertheless, the
fluctuations of the reflection coefficient are quite strong in both cases when only one shot gather is
used. Taking into account the seismograms from more shots, the calculated and corrected angle-
dependent reflection coefficient resembles the situation when there were no velocity fluctuations
in the overburden. Thus, using our method to compensate for the transmission losses makes it
possible to estimate reflection coefficients more reliable and to reveal the actual AVA behavior in
complex structures.
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ABSTRACT

We present a scattering attenuation model based on the statistical wave propagation theory
in random media. It is suitable for the weak wavefield fluctuation regime and has practically
no restriction in the frequency domain. The presented formulas allow to quantify scattering
attenuation in complex geological regions using simple statistical estimates from well-log
data. This knowledge is important for further petrophysical interpretations of reservoir rocks.
To test our theory we perform numerical simulations of seismic wave propagation in 2-D
random media using a finite-difference solution of the elastodynamic wave equation. From
the synthetic seismograms we determine the quality factor Q with help of spectral decay
methods. We find good agreement of the frequency- and traveldistance-dependent Q values
and the theoretical predictions.

INTRODUCTION

Deterministic approaches are not suitable to describe the complex structures of reservoirs. In
contrast to this, stochastic models provide an interesting alternative and are ideally used com-
plementary with deterministic models. It is of great importance for the interpretation of seismic
data to quantify the magnitude as well as the frequency dependence of attenuation. Usually the
attenuation of seismic wavefields are characterized with help of the quality factor Q. Analyt-
ical results are obtained within the framework of wave propagation theory in random media.
Theoretical methods developed in order to quantify scattering attenuation include the meanfield
theory using the Born approximation or the traveltime-corrected meanfield formalism which is
commonly used in seismological studies (Sato and Fehler, 1998). The meanfield theory over-
estimates the scattering attenuation, whereas the traveltime-corrected meanfield excludes large
wavenumbers so that scattering on large-scale heterogeneities is not taken into account. It re-
quires a heuristically chosen cut-off wavenumber (or equivalently a scattering angle) which can
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be only determined by numerical tests. In addition, numerous numerical studies characterized
the scattering attenuation in random media (e.g. Frankel and Clayton, 1986, Shapiro and Kneib,
1993, Frenje and Juhlin, 2000).

It is the purpose of this study to present a model of scattering attenuation. Within the frame-
work of the extension of the O’Doherty-Anstey theory to 2-D and 3-D random media (Müller
and Shapiro, 2001a, Müller et al., 2001) we obtain formulas for scattering Q. To test this theory,
we perform numerical simulations of wave propagation in 2-D random media. With help of a
spectral decay analysis of the recorded seismograms we determine frequency- and traveldistance-
dependent Q−1 values and find good agreement with the theoretical predictions.

SEISMIC SCATTERING ATTENUATION

Based on the Rytov and Bourret approximations and the causality principle, we give a description
of scattering attenuation for plane waves propagating in 2-D and 3-D weakly heterogeneous
elastic solids (for a detailed derivation see Müller et al., 2001). For plane wave propagation in
3-D we obtain

Q−1(k, L) = 4π2k

∫ ∞

0

dκ κ Φ(κ)

[
H(2k − κ) − sin(κ2L/k)

κ2L/k

]
, (1)

where k = ω
c0

denotes the wavenumber, c0 is the constant background velocity, L the travel-
distance. Φ(κ) is the fluctuation spectrum which contains the second-order statistics of the
medium’s fluctuations, i.e. the variance σ2

n and the correlation length a of the P-wave (S-wave)
velocity in rocks. H denotes the Heaviside step function. Note that the corresponding results
in 2-D can be obtained by skipping κ in the integral over κ and dividing by π. The validity
range of equation (1) in terms of the wave parameter D = 2L/(ka2) is max{λ

a
, λ2

a2 } ≤ πD ≤(
L
a

)2
min{1, λ

a
}, where λ denotes the wavelength. Note that equation (1) is also restricted to the

weak wavefield fluctuation regime. We emphasize that the scattering attenuation estimate (1)
is dependent on the travel-distance. Another Q−1 estimate, which proves to be useful in order
to verify the numerical results, is obtained by averaging equation (1) over the travel-distance
interval [L0, L1] under consideration:

〈Q−1〉L ≡ 1

|L1 − L0|

∫ L1

L0

Q−1(L′)dL′ . (2)

For L0 = 0 we simply obtain

〈Q−1(k, L)〉L = 4π2k

∫ ∞

0

dκ κ Φ(κ)

[
H(2k − κ) − Si(κ2L/k)

κ2L/k

]
, (3)

where Si(·) denotes the sine integral and the subscript of L is omitted.

The action of the so-called Fresnel filter, the term in brackets in equations (1) and (3) on the
fluctuation spectrum, is illustrated in Figure 1(a) and 1(b) by the the thin and thick black curves,
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Figure 1: Behavior of the Fresnel filter: For large frequencies and small travel-distances (small
wave parameter D), the Fresnel filter (thin and thick black curves corresponding to the term in
brackets of equations (1) and (3), respectively ) excludes only the low wavenumber components
of the fluctuation spectrum Φ(κa) indicated by the grey curve (a). The opposite behavior can be
observed for low frequencies and large travel-distances (large D) (b).
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respectively. Figure 2(a) depicts the reciprocal quality factor as function of the dimensionless
wavenumber ka for plane waves propagating in 2-D and 3-D (exponentially and Gaussian corre-
lated) random media. Additionally we compute Q−1 for waves propagating in 1-D random media
according to the generalized O’Doherty-Anstey formalism of Shapiro and Hubral (1999). Note
that the scattering attenuation for frequencies larger than ka ≥ 1 is more pronounced in 2-D and
3-D than in 1-D random media. The opposite is true for frequencies smaller than ka < 1. The
travel-distance dependency of Q−1 according to equation (1) is shown in Figure 2(b).

NUMERICAL EXPERIMENTS

FD simulations in random media

In order to explore the accuracy of the scattering attenuation model (1) we simulate a plane
wave propagating in a single random medium realization characterized by an isotropic expo-
nential autocorrelation function (correlation distance=40m). Similar transmission simulations in
2-D acoustic random media were performed by Frankel and Clayton (1986), Shapiro and Kneib
(1993). 3-D acoustic finite-difference modeling was done by Frenje and Juhlin, 2000. Here,
we present results from 2-D random media modeling based on the elastodynamic wave equation
using a finite-difference method (Saenger et al., 2000). The geometry as well as the medium pa-
rameters are of the order of reservoir scales and rocks in hydrocarbon exploration, respectively.
The reservoir P-wave velocity fluctuations have an average velocity of 3km/s and a standard de-
viation of 4 percent. Density and S-velocities were derived from P-velocities using empirical
relations for sandstones. The source wavelet is a 42Hz Ricker wavelet.

Scattering attenuation estimates

In order to obtain scattering attenuation estimates we apply the so-called spectral decay method.
More specifically, we consider the decay of the logarithm of amplitude spectrum with travel-
distance. The slopes are then directly linked with a global scattering Q−1 estimate. However,
care should be taken how the analysis is done. Shapiro and Kneib (1993) investigated the influ-
ence of the different processing steps. Stacking all seismograms of the common-travel-distance
gather in the time domain and analyzing the logarithm of the amplitude spectra vs. L, yields the
the meanfield attenuation. Averaging the amplitude spectra and then analyzing its logarithm vs.
L corresponds to the traveltime-corrected attenuation estimate ttcQ−1 = − 2

k
ln(〈A(ω)〉)

L
, where the

angular brackets denote the averaging operator and A(ω) the amplitude spectrum. Changing the
order of operations, we obtain the scattering attenuation estimate corresponding to the mean of
the log-amplitude spectra Q−1 = − 2

k
〈ln(A(ω))〉

L
, which corresponds to equation (1).

Moreover, the determination of Q−1 values from the first arrivals in seismograms is very
sensitive to the applied window length around the primary arrivals (Frenje and Juhlin, 2000).
We applied a window length corresponding to 1.5 times the source wavelength for L = 0 and
that increases with L to account for the broadening and the traveltime fluctuations of the primary
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wavefield. The Q−1 estimates are shown in Figure 3. The overall frequency dependence as
well as the magnitude of Q−1 can be well explained using our scattering attenuation model.
The travel-distance dependency is somewhat more difficult to determine from the synthetic data.
However, averaging the Q−1 estimates over the travel-distances, which corresponds to a Q−1

estimate according to equation (3), yields a reasonably good agreement with the theory (see
thick black and red curves in Figure 3).
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Figure 3: The numerically determined Q−1 estimates as a function of frequency ka and travel-
distance L/a are illustrated by the colored lines (the corresponding travel-distance value is in-
dicated on the lefthand side of the curve). The theoretical Q−1 values are given by the dashed
curves (the corresponding travel-distance value is indicated on the righthand side of the curve).
The thick, red curve results from averaging over the travel-distance of the numerically determined
Q−1 estimates, whereas the thick, black curve results from averaging over the travel-distance of
the displayed theoretical Q−1 curves (or equivalently, from equation (3)).

CONCLUSIONS

In this paper we present a new model of scattering attenuation valid in weakly heterogeneous
elastic media. We perform finite-difference simulations of seismic wave propagation in 2-D ran-
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dom media to check the analytical results. The application of the spectral decay method proves to
be somewhat difficult for the inversion of the travel-distance dependency of Q−1. Nevertheless,
an accurate data processing yields Q−1 values whose magnitude and frequency dependence can
be explained with the proposed scattering attenuation model. To study the frequency dependence
of Q−1 in a broader frequency range, more simulations are required.

PUBLICATIONS

Detailed results were published in Müller and Shapiro (2001a) and Müller et al. (2001).
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ABSTRACT

This paper is concerned with numerical tests of rock physical relationships. The focus is
on effective velocities in fractured media. We apply the so-called rotated staggered finite
difference grid (RSG) technique. Using this modified grid it is possible to simulate the
propagation of elastic waves in a 2D or 3D medium containing cracks, pores or free sur-
faces without hard-coded boundary conditions. It is shown that the RSG can be applied in
displacement-stress and in velocity-stress finite-difference schemes whereby the latter is ad-
vantageous to model viscoelastic wave propagation. A comparison of the analytical solution
for the wavefield at a single crack with the numerical result using the RSG shows an excellent
agreement. Therefore the RSG allows an efficient and precise numerical study of effective
velocities in fractured structures. We model the propagation of plane waves through a set
of randomly cracked 3D media. In these numerical experiments we vary the crack density.
The synthetic results are compared with several theories that predict the effective P- wave
velocities in such materials. For randomly distributed and randomly oriented penny-shaped
dry cracks the numerical simulations of P-wave velocities are in good agreement with the
predictions of the self-consistent approximation.

INTRODUCTION

The problem of effective elastic properties of fractured solids is of considerable interest for geo-
physics, material science, and solid mechanics. Strong scattering caused by many dry cracks
can be treated only by numerical techniques because an analytical solution of the wave equation
is not available. In this paper we consider the problem of a fractured medium in two and three
dimensions.
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Finite difference (FD) methods discretize the wave equation on a grid. They replace spatial
derivatives by FD operators using neighboring points. The wave field is also discretized in time,
and the wave field for the next time step is generally calculated by using a Taylor expansion.
Elastic FD methods can be separated in displacement-stress FD methods (Dablain, 1986), using
the 2nd order wave equation, and velocity stress methods, solving two coupled first order equa-
tions (Virieux, 1986). Since the FD approach is based on the wave equation without physical
approximations, the method accounts not only for direct waves, primary reflected waves, and
multiply reflected waves, but also for surface waves, head waves, converted reflected waves, and
waves observed in ray-theoretical shadow zones (Kelly et al., 1976).

Velocity stress FD schemes are normally used for viscoelastic wave propagation. This fact
results in the basic numerical procedure which is described in section “The velocity-stress FD
scheme”. The RSG can also be implemented in this FD scheme to simulate the propagation
of viscoelastic waves in a 2D or 3D medium containing cracks, pores or free surfaces without
hard-coded boundary conditions.

A keypoint in numerical modeling is accuracy. There are only a limited number of analyt-
ical solutions of wave propagation in fractured media available. In section “The diffraction of
SH waves by a finite crack” we compare an analytical solution given by Sánchez-Sesma and
Iturrarán-Viveros (2001) with the numerical solution using the RSG.

We conclude this paper with a numerical study of effective velocities of fractured 3D-media
(numerical results of 2D-media with intersecting and non-intersecting rectilinear thin dry cracks
can be found in Saenger and Shapiro (2001)). Here we model the propagation of plane waves
through a well defined fractured region with dry penny-shaped cracks. Theories of effective
velocities, the numerical setup and our results are described and discussed in section “Effective
velocities in 3D fractured media”.

THE VELOCITY-STRESS FD SCHEME

3D viscoelastic wave equations

In this section we describe the velocity-stress formulation of the system of differential equations
which were the basis for the FD implementation. As shown below viscoelasticity can be im-
plemented in a very efficient way. A derivation of these equations can be found for example in
Robertsson et al. (1994).

The stress-strain relation for a generalized standard linear solid reads:

σ̇ij =
∂vk

∂xk

{
π

[
1 +

L∑

l=1

(
τ p
εl

τσl

− 1

)]
− 2µ

[
1 +

L∑

l=1

(
τ s
εl

τσl

− 1

)]}

+2
∂vi

∂xj
µ

[
1 +

L∑

l=1

(
τ s
εl

τσl
− 1

)]
+

L∑

l=1

rijl if i = j, (1)

σ̇ij =

(
∂vi

∂xj
+

∂vj

∂xi

)
µ

[
1 +

L∑

l=1

(
τ s
εl

τσl
− 1)

]
+

L∑

l=1

rijl if i 6= j (2)
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with the so-called memory equations:

ṙijl = − 1

τσl

{
∂vk

∂xk

[
π

(
τ p
εl

τσl
− 1

)
− 2µ

(
τ s
εl

τσl
− 1

)]

2
∂vi

∂xj
µ

(
τ s
εl

τσl
− 1

)
+ rijl

}
if i = j, (3)

ṙijl = − 1

τσl

{
µ

(
τ s
εl

τσl
− 1

)(
∂vi

∂xj
+

∂vj

∂xi

)
+ rijl

}
if i 6= j (4)

The equation of momentum conservation:

ρg
∂vi

∂t
=

σij

∂xj

+ fi (5)

completes the system of first order coupled partial differential equations which describe seismic
wave propagation in a 3-D viscoelastic medium. Following Bohlen (1998) we use the variables
τ p = (τ p

εl/τσl −1) and τ s = (τ s
εl/τσl −1) in the numerical implementation. The dot over symbols

indicates partial differentiation with respect to time. The meaning of the symbols is as follows:

π = v2
pρg<2

(√
1

1 +
∑L

l=1
iω0τσl

1+iω0τσl
τ p

)
, (6)

π = v2
sρg<2

(√
1

1 +
∑L

l=1
iω0τσl

1+iω0τσl
τ s

)
, (7)

ω0 center frequency of the source,

vp P wave phase velocity (at center frequency),

vs S wave phase velocity (at center frequency),

σij denotes the ijth component of the stress tensor,

vi denote the components of the particle velocities

xi indicate the three spatial directions (x,y,z)

rijl are the L memory variables (l=1,...,L),

fi denotes the components of external body force

τσl are the L stress relaxation times for both P- and S-waves

τ p, τ s define the level of attenuation for P- and S-waves, respectively

ρg is the gravitational density

The parameters τσl, τ p and τ s can be optimized for the desired Q-spectra (Bohlen, 1998).

Discretization

The coupled system of continuous differential equations presented above were recast into dis-
cretized equivalents using staggered-grid approaches. For the sake of simplicity, we consider
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here isotropic elastic medium in two dimensions with equal grid spacing in z- and x-direction.
However, the results shown in Fig. 1 are also transferable to rectangular cells in three dimensions
and all kinds of anisotropic elastic media. For the viscoelastic case in Fig. 1(b) the parameters
τσl, τ p and τ s have the same position as σij .
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Figure 1: Elementary cells of different staggered grids. Locations where strains, displace-
ments, velocities and elastic parameters are defined. (a) velocity-stress FD technique using a
standard staggered grid. (b) velocity-stress FD technique using the rotated staggered grid. (c)
displacement-stress FD technique using a standard staggered grid. (d) displacement-stress FD
technique using the rotated staggered grid. Please note that for the RSG all components of one
physical property are placed only at one location ((b) and (d))

Numerical stability and dispersion

In Saenger et al. (2000) numerical stability and grid dispersion of the RSG is investigated.
Though only the displacement-stress scheme is explicitly treated in this paper, all results also
apply to the velocity-stress scheme (compare with Moczo et al. (2000)).

Therefore the stability criterion for velocity-stress RSG schemes (2nd order time) can be
found in Saenger et al. (2000):

∆tvp

∆h
≤ 1/(

n∑

k=1

|ck|). (8)

In this equation ck denotes the difference coefficients (e.g. Central Limit coefficients (Karren-
bach, 1995)), vp the compressional wave velocity, ∆t the time increment, and ∆h the grid spac-
ing.
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For 2nd order schemes in time and space we obtain the following dispersion relation for
rotated staggered grid schemes (Saenger et al. (2000)):

sin2

(
ω̂∆t

2

)
=

∆t2v2
p,s

∆z2
sin2

(
kz∆z

2

)
cos2

(
kx∆x

2

)
cos2

(
ky∆y

2

)

+
∆t2v2

p,s

∆x2
cos2

(
kz∆z

2

)
sin2

(
kx∆x

2

)
cos2

(
ky∆y

2

)
(9)

+
∆t2v2

p,s

∆y2
cos2

(
kz∆z

2

)
cos2

(
kx∆x

2

)
sin2

(
ky∆y

2

)
.

This equation is the initial point of an extensive dispersion analysis which can be found in
Saenger et al. (2000).

Modeling example

In this example we created a relatively simple 2D model. We want to demonstrate that the rotated
grid can be applied for viscoelastic velocity-stress FD modeling (see Fig. 3) and can handle
the high contrasts at four (’free’) surfaces in the model. The model (gridspacing ∆h = 5m)
consists of a 2500m × 2500m area in which the compressional and shear wave phase velocity
is set to vp = 6300 m/s and vs = 3637 m/s; the density is ρg = 2100 kg/m3. At
the four boundaries around this area we set the velocities vp and vs to zero and the density to
ρg = 0.0001 kg/m3. An explosion source (ffund = 33 Hz, ∆t = 0.0002s) is placed
at the point (520m,1520m). The modeling is done using 2nd order time update and 2nd order
spatial differentiation operators. The corresponding Q-spectra using the viscoelastic parameters
τ = τ p = τ s = 0.0353 s, f1 = 2π/τσ1 = 8.2688 1/s and f2 = 2π/τσ2 = 84.6761 1/s (L=2) is
shown in Fig. 2.
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Figure 2: Desired Q-spectra for the modeling example.
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Figure 3: Modeling result using the viscoelastic velocity-stress rotated staggered FD grid. A
snapshot (y-velocities) at t = 0.28 s is displayed.

THE DIFFRACTION OF SH WAVES BY A FINITE CRACK

Introduction

Checking the accuracy of the rotated staggered grid FD code described in (Saenger et al., 2000)
we used an analytical solution for scattering and diffraction of SH waves by a finite crack given
by Sánchez-Sesma and Iturrarán-Viveros (2001). They present a set of equations that allow
the calculation of the frequency intensity distribution along the illuminated (Eq. 10) and shaded
(Eq. 11) side of a finite crack with appropriate accuracy:

v(d)− = v
(d)−

0 +
v1Z − v2

1 − Z2
s(r1)F (

√
2kr1) +

v2Z − v1

1 − Z2
s(r2)F (

√
2kr2), (10)

v(t)+ = 2voe
ikx sin γ − v(d)− , (11)

where:

v
(d)−

0 = v0[e
−ika sin γs(r1)F

(√
2kr1 sin

Θ1

2

)
+ eika sin γs(r2)F

(√
2kr2 sin

Θ1

2

)
],(12)

v1 = v0e
−ika sin γs(2a)F

(√
4ka sin

Θ1

2

)
, (13)

v2 = v0e
ika sin γs(2a)F

(√
4ka sin

Θ2

2

)
, (14)
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and:

Z = s(2a)F (
√

4ka), (15)

s(r) = (2/
√

π)eikr−π/4, (16)

F (z) = exp (−iz2)

∫ ∞

z

exp (−iτ)dτ, (17)

Θ1 = π/2 − γ, (18)

Θ2 = π/2 + γ, (19)

v0 initial intensity,

k wavenumber,

r1,2 position seen from the left or right end of the crack,

a half crack length,

γ incident angle of the wave field.

Our goal was to numerical implement a scenario of a plane SH wave interacting with a finite
crack at an angle of 0o (see Fig. 4) and to compare the numerical and analytical results. The
model parameters were chosen as follows:

model
dimensions 6200 × 5701 gridpoints (62cm x 57cm)

spacing 0.0001m in both directions
vs 2944 m/s
ρg 2500 kg/m3

wave
type ricker1 (first derivative of a Gaussian)
fdom 100 kHz

crack
length 2a 801 gridpoints (8cm)

vs 0 m/s
ρ 0.000001 kg/m3

Procedure

We chose one of several possible ways to compare the analytical and numerical results. We
intended to convert the numerical values to normalized values as they are used in the analytical
solution. Therefore the seismograms spectra had to be calculated. The source signal had to
be segregated from the seismograms. This was done by dividing the seismogram spectra by
the source signal spectrum. Finally two projections were made. The place of a geophone was
projected on to the interval [-1 ; 1] (normalized crack; see Eq. 20) and the frequencies of the
seismograms spectra had to be associated to the normalized frequencies (see Eq. 21).

x̃ = (x − a)/a, (20)

f̃ = 2fa/vs (21)
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Figure 4: The diffraction of the at the bottom generated plane wave can be observed at the
illuminated and the shaded side of the rectilinear crack.

with:

x̃ normalized position in [-1;1]

x geophone position in [-a;a]

a half crack length

f̃ normalized frequency

f frequency of the seismogram spectrum

vs S-wave velocity

Discussion

The comparison of analytical and numerical derived power spectra shows an astonishing confor-
mity for a vast range of frequencies, especially for the dominant frequency at f̃dom ≈ 2.72 (see
Fig 5). It was expected that higher frequencies are not as well resolved as lower frequencies in
the numerical solution and a slight difference to the analytical solution is seen (see Fig 6).
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Figure 5: Power spectra at the illuminated and the shadow side of the crack (f̃dom ≈ 2.72; for
details see text). Please note the low difference between numerical calculation and analytical
prediction.
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Figure 6: Five typical power spectra of different seismograms recorded at the illuminated side
of the crack (f̃dom ≈ 2.72) . A comparison with analytical predictions indicate the high accuracy
of the rotated staggered grid.

EFFECTIVE VELOCITIES IN 3D FRACTURED MEDIA

Theories of effective moduli

To describe wave propagation in fractured media we consider three different theories for dry
penny shaped cracks in 3D-media, namely, the “Kuster-Tuksöz formulation”, the “Self-Consistent
approximation” and the “Differential Effective Medium (DEM) theory”. They can be used to
predict effective wave velocities in the long wavelength limit in dependency on porosity φ. A
detailed review of these rock physical relationships can be found in Mavko et al. (1998). Our
goal is to test which theory can be applied for a high crack density. Therefore, in order to com-
pare our numerical results with these three theories we give here their respective effective bulk
modulus < K > and effective shear modulus < µ >.

For the case of penny-shaped dry cracks with aspect-ratio α one can obtain the following
formulae where K and µ are the bulk modulus and the shear modulus, respectively, of the ho-
mogeneous embedding. For the Kuster-Toksöz formulation one obtains:

(< K > −K)
K + 4

3
µ

< K > +4
3
µ

= −φKP, (22)

(< µ > −µ)
µ + ζ

< µ > +ζ
= −φµQ. (23)
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The self-consistent approximation reads:

< K > = K (1 − φP ), (24)

< µ > = µ (1 − φQ). (25)

The differential effective medium (DEM) can be expressed by two coupled linear differential
equations with initial conditions < K(0) >= K and < µ(0) >= µ which can be solved numer-
ically:

(1 − φ)
d

dφ
[< K(φ) >] = − < K(φ) > P (φ), (26)

(1 − φ)
d

dφ
[< µ(φ) >] = − < µ(φ) > Q(φ), (27)

with:

P =
K

παβ
, (28)

Q =
1

5
∗
[
1 +

8µ

πα(µ + 2β)
+

4µ

3παβ

]
, (29)

and

β = µ
3K + µ

3K + 4µ
, (30)

ζ =
µ

6

9K + 8µ

K + 2µ
. (31)

Numerical setup

As described above, the rotated staggered FD scheme is a powerful tool for testing theories about
fractured media. In order to test the three theories mentioned above we design some numerical
elastic models which include a region with a well known number of cracks and porosity. The
cracked region was filled at random with randomly oriented penny-shaped cracks. In Figure 7(a)
we can see a typical model. This model contains 804 × 400 × 400 grid points with an interval
of 0.0002m. In the homogeneous region we set vp = 5100 m/s, vs = 2944 m/s and ρg =
2540 kg/m3. For the dry penny-shaped cracks (α ≈ 1/30) we set vp = 0 m/s, vs = 0 m/s
and ρg = 0.0001 kg/m3 which approximate vacuum. It is important to note that we perform our
modeling experiments with periodic boundary conditions in the two horizontal directions. For
this reason our elastic models are generated also with this periodicity. Hence, it is possible for a
single crack to start at the right side of the model and to end at its left side. To obtain effective
velocities in different models we apply a body force plane source at the top of the model. The
plane wave generated in this way propagates through the fractured medium (see Figure 7(b)).
With two horizontal planes of geophones at the top and at the bottom, it is possible to measure
the time-delay of the mean peak amplitude of the plane wave caused by the inhomogeneous
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region. With the time-delay one can estimate the effective velocity. The source wavelet in my
experiments is always the first derivative of a Gaussian with a dominant frequency of 8 ∗ 105 1/s
and with a time increment of ∆t = 2.1 ∗ 10−9s. From the modeling point of view it is important
to note that all computations are performed with second order spatial FD operators and with a
second order time update. Due to the size of the models we have to use large-scale computers
(e.g. CRAY T3E) with a MPI implementation of our modeling software.

(a) Model; 1 gridpoint ≡ 0.0002m (b) Wavefield at T = 2000 ∆t

Figure 7: The left hand side shows a typical 3D fractured model with non-intersecting penny-
shaped cracks used for the numerical experiments. We introduce a cracked region (400 × 400 ×
400 gridpoints) in a homogeneous material. At the top we place a small strip of vacuum. This is
advantageous for applying a body force plane source with the rotated staggered grid. The right
side is a displacement-snapshot of a plane wave propagating through the model.
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Figure 8: Normalized effective velocity of compressional (P-) waves versus number of penny-
shaped cracks. Dots: Numerical results of this study. The dashed line is predicted by the self con-
sistent approximation. The dashed-dotted line is the prediction by differential effective medium
(DEM) theory and the solid line is due to the Kuster-Toksöz approach.

Numerical results

Our numerical results for penny-shaped dry cracks can be seen in Figure 8. We show the relative
decrease of the effective velocity in dependence of the number of cracks. The results and the
self-consistent approximation (see Mavko et al. (1998)) are in a good agreement.

CONCLUSIONS

We present a numerical tool, the rotated staggered FD grid, to calculate effective velocities in
fractured media. Finite-difference modeling of the elastodynamic wave equation is very fast
and accurate. In contrast to a standard staggered grid, high-contrast inclusions do not cause
instabilities for the rotated staggered grid (RSG). The RSG can be applied for velocity-stress and
for displacement-stress schemes. A comparison of an analytical solution with our numerical tool
for a single crack demonstrates the accuracy of our FD scheme. Thus, our numerical modeling
of elastic properties of dry rock skeletons can be considered as an efficient and well controlled
computer experiment. For 3D fractured models first results are discussed.

PUBLICATIONS

Detailed results regarding the rotated staggered grid and tests of rock physical relationships were
published by Saenger et al. (2000), Saenger et al. (2001) and Saenger and Shapiro (2001).
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ABSTRACT

The SBRC approach uses microseismicity for reservoir characterization. A geometrical op-
tic like formalism was proposed to describe the kinematics of the propagation of seismicity
triggering fronts (Shapiro et al., 2001). This formalism is similar to the eikonal equation for
seismic wavefronts and it serves as a base for the inversion of the passive monitoring data
for the permeability distribution. Here, the approach is further developed and numerically
tested. We show how it can be applied to Hot-Dry-Rock and hydrocarbon reservoirs. We
also attempt to model the phenomenon of the triggering process and to test the inversion al-
gorithms numerically. Therefore, methods are developed to create synthetic microseismicity
clouds induced by pore pressure perturbations in hydraulically homogeneous and heteroge-
nous media. Excellent agreements are found for theory and observations which emphasize
the main process of the triggering phenomenon and the practicability of the reconstruction
algorithms.

INTRODUCTION

The SBRC approach is based on the hypothesis that the triggering front of the hydraulic-induced
microseismicity propagates like the low-frequency second-type compressional Biot wave corre-
sponding to the process of pore-pressure relaxation (see Shapiro et al, 1997, 1999 and the recent
discussion of the method in Cornet 2000 and Shapiro et al, 2000). In realistic fluid injections
the dominant frequencies of pore-pressure perturbations are much lower than the critical Biot
frequency, which is usually greater than 104 Hz in well consolidated rocks.

In this paper we show practical applications of the approach for different data sets. For the
first time, numerical simulations are performed in order to better understand the phenomena of
the triggering mechanisms and to verify the SBRC algorithms. Firstly, we give a brief theoretical
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introduction into SBRC for homogeneous, anisotropic, poroelastic media. Then, we describe
the concept of the SBRC approach for the 3-D mapping of hydraulic diffusivity. Therefore, an
equation similar to the eikonal equation for seismic wavefronts is derived which serves as a basis
for the inversion procedure. For further details we refer to previous publications and the WIT
report 2000. We demonstrate the SBRC method on two case studies, including data from sed-
imentary environment. We show numerical methods to create synthetic microseismicity clouds
for different types of media and the verification of the reconstruction algorithms.

A SUMMARY OF THE CONCEPT OF THE SBRC-METHOD

In the low-frequency limit of the Biot equations (Biot 1962) the pore-pressure perturbation p can
be approximately described by the following differential equation of diffusion:

∂p

∂t
=

∂

∂xi

[
Dij

∂

∂xj

p

]
, (1)

where Dij are components of the tensor of the hydraulic diffusivity, xj (j = 1, 2, 3) are the
components of the radius vector from the injection point to an observation point in the medium
and t is the time. Equation (1) corresponds to the second-type Biot wave (the slow P-wave) in
the limit of the frequency extremely low in comparison with the global-flow critical frequency
(Biot 1962).

Often, a pore pressure perturbation at the injection point can be roughly approximated by a
step function (see e.g., Shapiro et al, 2000), which differs from zero till the time t0 of a particular
seismic event. The power spectrum of this signal has the dominant part in the frequency range
below 2π/t0. Thus, the probability that this event was triggered by signal components from the
frequency range ω ≤ 2π/t0 is high. This probability for the low energetic higher frequency
components is low. However, the propagation velocity of high-frequency components is higher
than those of the low frequency components. Thus, to a given time t0 it is probable that events
will occur at distances, which are smaller than the travel distance of the slow-wave signal with
the dominant frequency 2π/t0. The events are characterized by a significantly lower probability
for larger distances. The spatial surface which separates these two spatial domains we call the
triggering front.

Triggering fronts and scalar estimation of hydraulic diffusivity

In a first simple variant of the method, a homogeneous and isotropic medium is assumed. For a
time-harmonic perturbation of the pore-pressure Shapiro et al. (1997) obtain the following equa-
tion describing the spatial position of the triggering front in an effective isotropic homogeneous
poroelastic medium with the scalar hydraulic diffusivity D:

r =
√

4πDt. (2)



218 Annual WIT report 2001

Equation (2) provides scalar estimates of D only. For a homogeneously distributed diffusiv-
ity Dij , the complete heterogeneous seismically-active rock volume is replaced by an effective
homogeneous anisotropic poroelastic fluid-saturated medium. The permeability tensor of this ef-
fective medium is the permeability tensor of the heterogeneous rock upscaled to the characteristic
size of the seismically-active region.

Inversion for the permeability

The tensor of the hydraulic diffusivity is just proportional to the tensor of the permeability. The
coefficient A of this proportion is a poroelastic modulus divided by the fluid dynamic viscosity.
In real rocks variations of the permeability are much larger than variations of the coefficient A.
Thus, in order to estimate the permeability the most important step is to estimate Dij. Then, in
a good approximation, the diffusivity can be just scaled by a constant value of A estimated from
e.g., log data (for more details see Shapiro et al, 1999 and 1997).

As we have seen above, the propagation of the triggering front is approximately defined by
kinematic features of a slow-wave front of a particular frequency. For the SBRC approach, the
earliest microseismic events are of importance. It is natural to assume that for their triggering
in a heterogeneous medium a possibly quickest front configuration will be responsible. On the
other hand, in the low-frequency range, the slow wave represents the process of the pore pressure
relaxation and, therefore, is a diffuse wave. Recent observations on diffusive waves leads to the
idea to use a geometrical-optics like description of triggering fronts to approximate the inversion
procedure.

Considering relaxation of a harmonic component of a pressure perturbation of frequency ω,
a standard eikonal equation can be derived describing the frequency-dependent phase travel time
T in isotropic poroelastic media (see Shapiro et al., 2001):

|∇T |2 =
1

2ωD
. (3)

The right hand part of this equation is the squared slowness of the slow wave.

Equation (3) is equivalent to the Fermat’s principle which ensures the minimum time (station-
ary time) signal propagation between two points of the medium. Thus, it describes the minimum-
time maximum-energy front configuration. In the case of an isotropic poroelastic medium equa-
tion (3) can be directly used to reconstruct a 3-D heterogeneous field of the hydraulic diffusivity.
In the case of a step-function like pressure perturbation, from this an equation is derived which
will describe the triggering time t(r) (see Shapiro et al., 2001):

|∇t|2 =
t

πD
. (4)

Equation (4) will serve as a basis for the inversion procedure to reconstruct the spatial distribu-
tions of the hydraulic diffusivity in heterogeneous media.
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CASE STUDIES

The SBRC-method was already successfully applied to several field examples and data from dif-
ferent types of reservoirs and injection experiments so far (see e.g. Shapiro et al. (1997, 1999,
2000); Rothert et al. (2001)). In the following, we want to show two examples of microseismic-
ity data, which were created during a Hot-Dry-Rock experiment in crystalline rock and during a
hydraulic fracturing experiment in sedimentary environment. The SBRC-algorithms are applied
to reconstruct the maximum scalar value of hydraulic diffusivity/permeability as well as the 3D-
distribution of it’s magnitude within the seismically active rock volume on large spatial scales.

Figure 1(a) shows the spatio-temporal distribution of the microseismicity cloud collected in
December 1983 during an injection experiment into crystalline rock at a depth of 3460 meters at
the Fenton Hill (USA) geothermal energy site (for details and further references see Fehler et al.,
1998). For each event the color denotes its occurrence time with respect to the start time of the
injection.

If the value of the hydraulic diffusivity in equation (2) is selected correctly, then this equation
will correspond to the upper bound of the cloud of events in the plot of their spatio-temporal
distribution (i.e., the plot of r versus t). The scalar value of D is obtained by envelope fitting in
the space-time domain. Figure 1(b) shows the estimation of the scalar hydraulic diffusivity for
this data set. We observe good agreement between the theoretical curve with D = 0.17m2/s and
the data.
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Figure 1: (a) The cloud of events from the 1983 injection experiment at Fenton Hill (USA)
looking from the east. The color of the events corresponds to the event occurrence time. The
injection took place at a depth of 3460m, the spatial extend shown is approx 1200m. The solid
line indicates the borehole. (b) Estimation of the scalar hydraulic diffusivity at Fenton Hill
yielding the maximum estimate Dmax = 0.17 m2/s.
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Such good agreement supporting the concept of the triggering of microseismicity can be ob-
served in many other cases. Figure 2(a) shows the spatio-temporal distribution of microseismic
events observed during a hydrofracturing experiment in the Cotton Valley field, Panola country,
East Texas (USA) in May 1997. Data was provided by courtesy of Ted Urbancic, Engineering
Seismology Group Inc., Canada. About 994 events with high signal-to-noise ratio were localized
during the injection in sedimentary environment up to 10h after the start of the injection (see Ur-
bancic et al., (1999)). In Figure 2(b) the estimation of the scalar hydraulic diffusivity is shown.
According to equation (2) the distance of each event is plotted versus its occurrence time after
the beginning of the injection. The diffusivity D = 0.36m2/s was observed for the seismically-
active volume at the depth of 2750-2850 meters by envelope fitting. Nevertheless, note again
that these estimations only correspond to the maximum scalar value of hydraulic diffusivity for
the entire seismically active rock volume and don’t provide features like directions of increased
hydraulic diffusivity.

Recently, a new algorithm was proposed for estimating the global tensor of hydraulic diffu-
sivity. This algorithm is based on the transformation of the microseismicity cloud into a scaled
coordinate system. Like for the scalar case one can obtain the tensor of hydraulic diffusivity by
ellipsoidal fitting of the event cloud. With this estimation it is possible to study correlations of
main axes of hydraulic diffusivities and e.g. main stress directions. For details, see Rindschwent-
ner (2000) and Rindschwentner (2001).
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Figure 2: (a) The cloud of events from the 1997 injection experiment at the Cotton Valley site
(USA) looking from the south. The color of the events corresponds to the event occurrence time.
The injection took place at a depth of 2750-2850m, the spatial extend in x-direction is approx.
900m. The dark-blue line indicates the borehole. (b) Estimation of scalar hydraulic diffusivity at
Cotton Valley yielding the estimate D = 0.36 m2/s.

In order to show the practical application of the SBRC reconstruction algorithms for the
3D-distribution of hydraulic diffusivity, let us consider the aforementioned example of the mi-
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Figure 3: 3D-reconstruction of hydraulic diffusivity for Cotton Valley together with the mi-
croseismic events. Blue colors indicate low diffusivities, red colors indicate high values. The
diffusivity ranges from 0.001 to 1 m2/s. A high-permeable channel can be identified in the EW-
direction (x-direction) from this data set.

croseismicity cloud collected during the hydrofracturing experiment at the Cotton Valley test site
in May 1997 (see Urbancic al., 1999). If the space of the seismically active rock volume (Fig.
2(a)) is subdivided into a number of 3D cells, an arrival time of the triggering front can be de-
fined into each cell. Of course, some smoothing is required. Such a surface can be constructed
for any arrival time presented in microseismic data. Thus, the time evolution of the triggering
surface, i.e., the triggering front propagation can be characterized. In a heterogeneous porous
medium, the propagation of the triggering front is determined by its heterogeneously distributed
velocity. Given the triggering front positions for different arrival times, the 3-D distribution of
the propagation velocity can be reconstructed. In turn, the hydraulic diffusivity is directly related
to this velocity.

Figure 3 shows the 3D-reconstruction of hydraulic diffusivity for the Cotton Valley data set.
For the inversion, the isotropic variant of the method was used. A permeable channel can clearly
be identified in the EW-direction from the borehole (yellow and red zones in Fig. 3).

NUMERICAL SIMULATIONS OF THE TRIGGERING PHENOMENON

In order to better understand the phenomenon of the triggering process due to pore pressure per-
turbation, numerical experiments are performed. For the first time, it is thereby possible to test
the SBRC algorithms with synthetic data. Methods were developed making it possible to study
influences of different media types on the spatio-temporal behavior of induced seismicity clouds.

Using a finite element algorithm (FE) and the MATLAB R© computing environment, the time-
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Figure 4: Sketch of a simple model used for numerical tests. The dimensions of the 2D-model
are 100×100 m, the scalar diffusivity is distributed homogeneously in the medium. The source
point of injection is located in the center of the box with a step-function like perturbation of the
pressure. The duration of the injection is 100 seconds for which the time-dependent equation of
diffusion is solved to obtain the pressure perturbation within the model.

dependent parabolic equation of diffusion for a 2D homogeneous, isotropic background medium
is solved. The source point is located in the center of a model. As input signal a step-function
like pressure perturbation with constant amplitude is used. A sketch of the model is shown in
Figure 4. After obtaining the time-dependent pressure perturbation within the model for the
modeling duration of 100 seconds, the medium is divided into small cells. A failure-criterion
(trigger-criterion) is then randomly distributed. This procedure directly follows the concept of
the SBRC-method, that real rocks are in a subcritical state of stress in some randomly distributed
places. Triggering of microseismicity occurs in places, where the amplitude of pore pressure
perturbation exceeds the failure criterion. The graphical user interface (GUI) together with an
example for the distribution of the triggering-criterion is shown in Figure 5.

For each time step and within each cell the pressure variation (obtained by the solution of
the diffusion equation) is compared with the trigger-criterion. If the value of the failure-criterion
within one cell is exceeded by the pressure variation, an event triggered at this point is defined.
With this procedure we are able to create synthetic microseismicity clouds and to model the
spatio-temporal evolution of the events. Additionally we are able to study the influence of dif-
ferent types of the medium statistics on the triggering process. For this purpose it is possible to
correlate the failure-criterion spatially by including autocorrelation functions, e.g. like gaussian
or exponential. An example for gauss-correlated distributions of the trigger-criterion with differ-
ent correlation-distances is shown in Figure 6. Note, that of course we are not able to include
effects like reinforcement of the triggering effect due to self-induction so far, i.e. induced pore
pressure perturbation due to the release of an event itself.

Figure 7 shows the result of the numerical modeling procedure. The synthetic clouds of
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(a) Graphical user interface (GUI) (b) Distribution of failure criterion

Figure 5: Graphical user interface for performing numerical experiments (a). It is used to create
different distributions of the triggering criterion in the model. (b) Example for the distribution of
the failure criterion. Within each cell a random value of critical pore pressure is calculated which
- once exceeded - results in the triggering of a microseismic event. The color denotes the value
of the failure-criterion, blue colors correspond to zones where the medium is highly critical, red
colors denote a stable and unbreakable medium.

events generated after 100s of modeling using the distribution of the failure-criterion in Figure
6(a) and 5(b) are shown, respectively. In Figure 8 the estimation of the scalar hydraulic diffusiv-
ity using equation (2) is shown for the data set of Figure 7(b). It is obvious, that the observed
spatio-temporal distribution of the events agrees very well with the predicted behavior. The pre-
set value of diffusivity used in the homogeneous model (D = 1 m2/s) is reconstructed quite well
which is shown by the red line of the envelope function. Note again, that the envelope fit only
corresponds to the upper limit of the hydraulic diffusivity in the medium.

Heterogeneous model and reconstruction of diffusivity

The numerical modeling procedure does not only allow to study the triggering phenomenon
within homogeneous and isotropic media, it also provides the possibility to include any desired
type of background model. Media with heterogeneously distributed hydraulic diffusivity can be
treated as well as anisotropic ones. An example for a simple heterogeneous model is shown in
Figure 9(a). Here, two values of scalar diffusivity are used. The cross-shape structure is char-
acterized by an increased value of diffusivity (D1 = 50m2/s), whereas its value in the border
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(a) (b)

Figure 6: Examples for the distribution of the spatially correlated triggering criterion with gaus-
sian function for two different correlation distances. It is possible to include structures like
failure-zones in the medium and to study the effects of different medium statistics on the trig-
gering of microseismicity. The color corresponds to the criticality of the medium, blue zones
denotes small values of the failure-criterion (highly critical), red colors show stable zones within
the medium.
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Figure 7: Synthetic event clouds after modeling using the distribution of the failure-criterion of
Figure 6(a) and 5(b), respectively. The color denotes the event occurrence time. For model (a) a
total number of 1984 events were generated, model (b) results in 2636 events triggered.
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Figure 8: Estimation of the scalar hydraulic diffusivity for the event cloud (Figure 7(b) generated
by numerical modeling. The solid line corresponds to the predicted value of diffusivity used
in the homogeneous background model. 95.7 % of all events triggered are located below the
envelope function in the space-time-domain.

regions is 10 times smaller (D2 = 5m2/s). The purpose of the modeling is first to study the
spatio-temporal evolution of events triggered, second the verification of the approach to recon-
struct the maximum scalar value of diffusivity and lastly the reconstruction of the structure of the
medium by application of the SBRC-algorithms. The amplitude of pressure perturbation after
the modeling time of 100 seconds together with isolines is shown in Figure 9(b). As input signal
a step-function like pressure perturbation with constant amplitude in the center of the model is
used.

The result of the triggering process is shown in Figure 10(a). The value of hydraulic diffu-
sivity in the model as well as the distribution of the trigger-criterion was chosen in such a way to
fill out the whole model with events. This is an important factor, because the SBRC-method only
can reconstruct diffusivity in regions where the statistics of events is large enough, i.e. preferably
large amount of events in the cells used for reconstruction. A total amount of 20337 events were
triggered during the modeling procedure. The estimation of scalar hydraulic diffusivity from this
data set is shown in Figure 10(b). The coordinates of the events in the space-time domain are
shown as blue dots, the red solid lines represent the two values of hydraulic diffusivity used in the
model according to equation (2), respectively. It is obvious, that even for this model the spatio-
temporal structure of the events fulfill the predicted behavior. 99.91 % of all events are located
below the envelope-function with D = Dmax = 50m2/s. Thus, the SBRC-algorithms for esti-
mation of scalar hydraulic diffusivity even works quite well for heterogeneous media. Even for
anisotropic models (not shown here) the reconstruction of maximum value of diffusivity works
well.
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Figure 9: Sketch of a heterogeneous model used for numerical experiments (a) and solution of
the diffusion equation after 100 seconds of modeling (b). The color denotes the amplitude of
pressure perturbation, isolines are shown for constant amplitudes as black lines.
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Figure 11: Reconstruction of diffusivity distribution in the heterogeneous model. The color
denotes the amplitude of diffusivity. The geometry used in the model (indicated by the red lines)
is reconstructed quite well.

In order to reconstruct the distribution of hydraulic diffusivity in 2D, the SBRC-algorithms
on the basis of equation (3) are applied. The model is subdivided into 10 × 10 cells each contain-
ing approx. 475 potential events. Thus, the statistical requirements for the algorithm is fulfilled.
The result of the inversion procedure is shown in Figure 11. It is obvious, that the overall struc-
ture (cross-shape) of the medium is reconstructed quite well. However, problems occur due to
failures calculating of the time derivatives in the border regions.

CONCLUSIONS

We have shown the application of the SBRC approach for reconstructing the diffusivity/permeability
distribution in 3-D heterogeneous poroelastic media using microseismicity induced by a borehole-
fluid injection. Results of this inversion for hydraulic properties of reservoirs can be used at least
semi-quantitatively to characterize geothermal as well as hydrocarbon reservoirs. They can be
extremely helpful as constrains to reservoir simulations. In addition, we have proposed an ap-
proach to model the triggering phenomenon numerically. These numerical experiments support
the SBRC. Moreover, they can be used to study the influence of different statistics of media on
the triggering-phenomenon of events due to pore pressure relaxation.
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ABSTRACT

For multivalued traveltime computation, we propose a wavefront-oriented ray-tracing tech-
nique. At the source, we start with few rays which are propagated stepwise through a smooth
two-dimensional (2D) velocity model. The ray field is examined at wavefronts and a new
ray is inserted between two adjacent rays if one of the following criteria is satisfied: (1) the
distance between the adjacent rays is larger than a predefined threshold, (2) the difference in
wavefront curvature between the adjacent rays is larger than a predefined threshold, (3) the
adjacent rays cross each other. We insert the new ray by tracing it from the source. This is
a more accurate approach than the insertion of a new ray by interpolation on the wavefront.
The traveltimes computed along the rays are used for the estimation of traveltimes on a rect-
angular grid. This estimation is carried out within a region bounded by adjacent wavefronts
and rays. Considering the wavefront curvature, we extrapolate the traveltimes from the in-
tersection points between rays and wavefronts to the gridpoint. The extrapolated values are
weighted with respect to the distances to wavefronts and rays. Because dynamic ray tracing
is not applied, we approximate the wavefront curvature at a given point using the slowness
vector at this point and an adjacent point on the same wavefront. We analyze the influence of
the input parameters which control the wavefront and ray densities on the accuracy and the
computational speed of the proposed technique. We relate the wavefront and ray densities
to the shortest spatial wavelength of the smooth velocity model and show that the proposed
wavefront-oriented ray-tracing technique permits an accurate traveltime computation using
a small number of rays and wavefronts.

INTRODUCTION

During the last years several papers have shown the importance of multivalued traveltime ta-
bles for the quality of migrated images (Geoltrain and Brac, 1993; Ettrich and Gajewski, 1996;
Operto et al., 2000). However, multivalued traveltime tables are not widely used because their
computation is time consuming. In this paper we present a method for an efficient computation
of multivalued traveltime tables in smooth two-dimensional velocity models.
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Multivalued traveltime tables are usually computed by ray methods which propagate a ray
field rather than a single ray. To increase the efficiency of these methods, adjacent rays are
grouped into ray tubes, the ray density of the ray field is checked at certain positions, and if
necessary, new rays are inserted. The ray field may be examined at constant depth levels (Lam-
baré et al., 1992), at interfaces (Åstebøl, 1994), at the final surface (Bulant, 1999), or at the
wavefronts. The last approach was introduced by Vinje et al. (1993) and appears to be the most
powerful one. Since then, several improvements and other related implementations of the method
have been proposed (Sun, 1992; Vinje et al., 1996a,b; Lambaré et al., 1996; Ettrich and Gajew-
ski, 1996; Lucio et al., 1996; Moser and Pajchel, 1997; Vinje, 1997; Bulant and Klimeš, 1999).
Methods which check the ray field at wavefronts, are called wavefront construction (WFC) meth-
ods.

The main characteristics of the WFC methods are (see also Figure 1) :

• The propagation of the ray field with a constant traveltime step (wavefront propagation).

• The insertion of a new ray between two adjacent rays. Usually, a new ray is inserted by
interpolation on the wavefront. The technique which we propose – the wavefront-oriented
ray-tracing (WRT) technique – inserts a new ray by tracing it from the source. We also
introduce new criteria for the insertion of new rays.

• The estimation of ray quantities (e.g., traveltimes) within a ray cell, which is the part of
the ray tube between the last two constructed wavefronts. The ray quantities are estimated
(usually by interpolation) from the intersection points between wavefronts and rays onto
a rectangular grid. We estimate the traveltime at the gridpoints by a distance-weighted
average of extrapolated traveltimes.

In the following we use the term cell instead of ray cell and node as a shortcut for the intersection
point between wavefronts and rays (see Figure 1).

The insertion of a new ray by interpolation on the wavefront is considered to be a key feature
of the WFC methods (e.g., Vinje et al., 1993). However, we prefer to insert a new ray by tracing
it from the source because of the higher accuracy. This insertion approach also permits a lower
ray density. The insertion of a new ray by tracing it from the source was also used in the con-
trolled initial-value ray-tracing algorithm by Bulant, (1999). In this algorithm, the wave field is
estimated only at the final surface and the decomposition into cells is completely separated from
the interpolation of traveltimes. Checking the ray field only at the final surface, however, leads to
oversampling by cells and the advantages of the WFC methods are only partly used. The WRT
technique generates only a small number of cells, because it starts with few rays and inserts a
new ray only when necessary.

Usually, two main classes of criteria have been used to decide whether to insert a new ray.
The first class (e.g., Sun, 1992) uses the distance between two adjacent nodes and the difference
in direction between adjacent rays, while the second class (e.g., Lambaré et al., 1996) uses the
error of the paraxial approximation in terms of coordinates and slownesses. The first class of
criteria leads to undersampling in caustic regions (Lambaré et al., 1996), while the second one
might overlook small-scale velocity anomalies. None of the above mentioned criteria are directly
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Figure 1: Graphical description of the WFC methods. The traveltimes at nodes (large dots) are
computed by ray tracing. The traveltimes at gridpoints (small dots) are estimated within a ray
cell. Point S denotes the source point.

connected with the traveltime errors. To control this errors, Vinje (1997) suggested an insertion
criterion based on probe rays. This criterion is limited to relative traveltime errors and does not
consider the traveltime errors generated by a wrong direction of the interpolated ray.

We insert a new ray if one of the following criteria is satisfied: (1) the distance between
the adjacent rays is larger than a predefined threshold, (2) the difference in wavefront curvature
between the adjacent rays is larger than a predefined threshold, (3) the adjacent rays cross each
other. The criterion based on the distance between nodes avoids overlooking of small-scale
velocity anomalies, while the criterion based on the wavefront curvatures controls the error of
the traveltime estimation within the cells. The third criterion increase the ray density in caustic
zones. These criteria allow to control the accuracy of the WRT technique.

For the estimation of ray quantities (e.g., traveltimes, slownesses, amplitudes) within cells,
Vinje et al. (1993) projected the gridpoint on the old wavefront (for old wavefront see Figure
1), interpolated the ray quantities at the projection point and traced a ray back to the gridpoint.
Lambaré et al. (1996) split the cell into two triangles and performed linear interpolation within
triangles, while Bulant and Klimeš (1999) proposed a bicubic interpolation of traveltimes. Here,
we propose a distance-weighted average of extrapolated traveltimes. The extrapolation is per-
formed from nodes to gridpoints under consideration of the wavefront curvature.

The WRT technique uses a grid-based smooth velocity model. The velocity and its first
derivatives are estimated at an arbitrary point by bilinear interpolation. A similar model repre-
sentation has been used by Ettrich and Gajewski (1996).

The efficiency of the WRT technique strongly depends on the input parameters which control
the wavefront and ray densities. On the basis of traveltimes computed in a smoothed Marmousi
model, we analyze these dependencies and suggest some rules for a correct choice of input
parameters.
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DESCRIPTION OF THE METHOD

Propagation of wavefronts

The propagation of the ray field is done by kinematic ray tracing (KRT). For the 2D case, the
KRT system is given by (e.g., Červený, 1985)

dxI

dτ
= v2pI , (1)

dpI

dτ
= −1

v

∂v

∂xI
, I = 1, 2 (2)

where x1 and x2 are the horizontal and vertical Cartesian coordinates; p1 and p2 are the compo-
nents of the slowness vector; v is the velocity, τ the traveltime. To solve the KRT system we
use a fourth-order Runge-Kutta method. We call the integration step of the Runge-Kutta method
time step of rays. A new wavefront is constructed from the old one by propagating the ray field
with a constant traveltime step (time step of wavefronts). The time step of wavefronts can be the
same as the time step of rays, the time step of wavefronts can be a multiple of the time step of
rays.

After the construction of a new wavefront, we estimate the traveltimes in the region between
this wavefront and the previous one. Therefore, only two wavefronts are simultaneously stored
in the computer memory. For each node on these wavefronts, we store the Cartesian coordinates,
the slowness components of the ray, and the take-off angle of the ray.

Usually, the rays which are used for the propagation of the wavefront do not pass the grid-
points. To estimate the traveltimes at gridpoints, we approximate the wavefront between two
adjacent rays, and consider the wavefront curvature for the extrapolation of the traveltimes from
nodes to gridpoints. The approximation of the wavefront curvature is described in the next sec-
tion.

Approximation of the wavefront curvature

The standard way to compute the wavefront curvature is dynamic ray tracing (e.g., Červený,
1985). Because the WRT technique does not apply dynamic ray tracing, we approximate the
wavefront curvature at a given node using the slowness vector at this node and an adjacent node
on the same wavefront. These position of the nodes and the direction of the slowness vector
are sufficient to construct a circle which passes the nodes. We approximate the radius of the
wavefront curvature at the given point by the radius of this circle (Figure 2).

The wavefront curvature is used not only for the extrapolation of traveltimes within cells but
also as an insertion criterion for new rays. The insertion approach is described in the next section.

Insertion of new rays

In this section, we present the approach used for the insertion of a new ray and the criteria used
for the decision when to insert a new ray. Our goal is to compute accurate traveltimes using a
minimal number of rays (optimal ray density).
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Figure 2: Approximation of the wavefront curvature. The radius R of the wavefront curvature
at node A is approximated by the distance |OA|. Point M is the midpoint of the segment AB.
Point O, which is obtained by the intersection of the continuation of the slowness vector p at A
with the normal to the segment AB at M , is the center of the circle which passes the nodes A
and B.

Usually, a new ray is inserted by interpolation between two adjacent rays (parent rays) on
the wavefront. Because of higher accuracy, we prefer to insert a new ray by tracing it from the
source. The ray quantities of the traced ray have the same accuracy as the ray quantities of the
parent rays, while the accuracy of the interpolated rays is always worser than the accuracy of
the parent rays. Moreover, the accuracy of the ray inserted by tracing does not depend on the
distance between the parent rays. In conclusion, the insertion of a new ray by tracing is not only
more accurate but also permits a lower ray density than the insertion by interpolation. The initial
direction of the traced ray is given by the bisector of the angle between the parent rays at the
source.

We insert a new ray if one of the following criteria is satisfied: (1) the distance between two
adjacent nodes exceeds a predefined threshold (node-distance threshold), (2) the difference in
wavefront curvature between two adjacent rays exceeds a predefined threshold (time-difference
threshold, see below), (3) two adjacent rays cross each other.

Note that we prefer to express the difference in wavefront curvature in time units (millisec-
onds). For this reason we divide the difference of the radii of curvature by the velocity at the
midpoint between the adjacent nodes. In the following we use time difference as a shortcut
for the difference in wavefront curvature between two adjacent rays and node distance for the
distance between two adjacent nodes.

There are regions where rays cannot be sent directly form the source (shadow zones). If the
distance between adjacent rays exceeds twice the node-distance threshold, we allow new rays
to be inserted by interpolation on the wavefront. For details about this insertion procedure see
Ettrich and Gajewski (1996).

An optimal ray density is a precondition for an accurate estimation of traveltimes within cells.
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This estimation is described in the next section.

Estimation of traveltimes within ray cells

Using KRT, the traveltimes are computed along the rays at nodes, but for Kirchhoff depth mi-
gration the traveltimes are needed on a rectangular grid. The WRT technique uses the node-
traveltimes to estimate the gridpoint-traveltimes.

The estimation is carried out within cells, which are usually quadrangular. Non-quadrangular
cells are used close to the boundary of the model. The quadrangular cells are delimited by
two adjacent ray segments and two adjacent wavefront segments (Figure 3). Ray segments and
wavefront segments are the linear local approximation of rays and wavefronts. The corners of
quadrangular cells usually correspond to nodes, but a special situation occurs when a new ray
is inserted. In order to ensure that the new cells are in contact with the preceding cell, the node
of the inserted ray is projected onto the wavefront segment of the preceding cell (Figure 3). A
similar approach was used by Lucio et al. (1996).

For an accurate estimation, the gridpoint has to be within the cell. To satisfy this requirement,
we bound the cell by a rectangular area and check each gridpoint in this area for its position
relative to the cell. To decide if the gridpoint is inside or outside the cell, we use the approach
proposed by Ettrich and Gajewski (1996).

We have mentioned above that the insertion of a new ray by tracing from the source permits
a low ray density corresponding to large cell. Because linear interpolation in large cells is not
sufficient, we propose a distance-weighted averaging of extrapolated traveltimes instead. The
traveltimes are extrapolated from nodes to a gridpoint considering the wavefront curvature at the
nodes. The extrapolated values are weighted with respect to the distances from the gridpoint to
the ray-segments and to the wavefront-segments.

NUMERICAL EXAMPLES

The aim of the following numerical examples is to show the influence of the input parameters
(time step of wavefronts, node-distance threshold, time-difference threshold) on the accuracy and
the computational speed of the WRT technique. The results allow to propose some rules for the
choice of suitable input parameters. The numerical tests are carried out in a smoothed version
of the Marmousi model (Versteeg and Grau, 1990), where structures of spatial dimension lower
than 200 m are removed (Figure 4a,b). The velocity grid has been resampled from 4 m to 20 m
after smoothing.

We compute the traveltimes for five sets of input parameters, which are given in Table 1.
The first set of input parameters is tuned in order to compute reference traveltimes (it is not
possible to compute analytical traveltimes for complex models) and to estimate the number of
later-arrival traveltimes. To analyze the influence of the input parameters on the computational
speed, we consider the results from the second parameter set as a reference. For the last three
numerical examples, we change only one input parameter and keep the other parameters as in the
second set. To ensure that the traveltime errors are not related to the ray-tracing procedure, we
use the same time step of rays (10 ms) in all five examples (see Table 1). The source is located
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Figure 3: Rays, wavefronts and cells. The dotted lines are rays, the dashed lines are wavefronts,
and the solid lines are linear ray or wavefront segments. The dotted line C ′

2C3 is a newly inserted
ray. The quadrangles indicated by solid lines are cells. In most cases the cell corners lie on
nodes. Exceptions occur when a new ray is inserted. To ensure a continuous coverage with cells
the node C ′

2 is projected on the wavefront segment A2B2 (C ′
2C2 is perpendicular to the solid line

A2B2).

at coordinates x = 6 km and z = 0 km.
The accuracy of the proposed method depends on the accuracy of the ray-tracing procedure,

the accuracy of the insertion of new rays, and the accuracy of the estimation of traveltimes within
cells. Using the fourth-order Runge-Kutta method, the accuracy of the ray-tracing procedure can
be increased by decreasing the time step of rays. The errors connected with the insertion of a new
ray are the same as the errors of the ray-tracing procedure because the new ray is traced directly
from the source. Because a proper choice of the time step of rays permits a highly accurate
propagation of rays, the absolute traveltime errors are mainly given by the errors introduced by
the estimation of traveltimes within cells. The accuracy of this estimation can be increased by
increasing the ray and wavefront densities.

We quantify the accuracy of the estimated traveltimes with respect to the reference traveltime
by the mean traveltime error (expressed in milliseconds) and the percentage of arrivals with a
traveltime error larger than a predefined value (in this case 0.4 ms).

The total CPU-time mainly consists of the time required for the propagation of rays, the time
for the approximation of the wavefront curvature at nodes, and the time for the estimation of ray
quantities at gridpoints. The CPU-time needed for the propagation of rays depends on the number
of rays, while the CPU-time needed for the approximation of the wavefront curvature depends
on the number of cells. The CPU-time needed for the estimation of ray quantities depends on
the density of the output grid. The traveltimes can be estimated on a fine grid, which can be
directly used for Kirchhoff migration, or on a coarse grid. For practical applications, traveltimes
are computed on a coarse grid and interpolation from the coarse grid to the fine grid is performed
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during the migration process. For the interpolation from coarse grids to fine migration grids, we
recommend the hyperbolic interpolation (Vanelle and Gajewski, 2001).

Since we use a fine output grid (grid distance 20 m) in our examples, most of the CPU-time
is used for the estimation of traveltimes on this grid. We choose a fine grid because it permits
a better graphical representation of the spatial distribution of the traveltime errors. For practical
applications, however, the traveltimes are estimated on a coarser grid (which can have e.g., 100
times less gridpoints), and in this case the number of rays and cells is the most important factor
for the computational speed. Therefore, we quantify the computational speed by the number of
rays and cells. Actually, the number of cells is a more sensitive criterion because it includes the
number of rays and it also depends on the number of wavefronts.

Beside the accuracy and the computational speed, we also analyze the influence of the inser-
tion criteria on the number of later-arrivals found. This number depends on the ray density in
caustic regions.

In the first numerical example (reference data for traveltimes and for the number of later-
arrivals) we compute multivalued traveltime tables and estimate the number of later-arrivals by
using a huge number of rays and cells (see Table 1). Because a lower time step of rays and a
higher ray and wavefront density does not noticeable change the values of the traveltimes, we
define the traveltimes computed with the parameter set 1 as reference traveltimes. A new ray is
inserted if the node-distance becomes larger than 50 m, or if the time-difference becomes higher
than 1 ms. Figure 4c shows isochrones, which are obtained from the reference traveltimes.

In the second example (reference data for the number of rays and cells), we set the time step
of wavefronts to 40 ms, the time-difference threshold to 4 ms, and the node-distance threshold to
200 m. The resulting maximum number of rays is 318 and the number of cells is 2466. A number
of 14850 later-arrivals are found (96 % of the number of later-arrivals which are computed in the
first example). The decomposition of the model into cells is displayed in Figure 5a. Note the
uniform distribution of first-arrival rays and the high ray density in the caustic regions. Most of
the rays are inserted because the node-distance between adjacent rays becomes larger than 200 m.
The spatial distribution of traveltime errors (Figure 5b) follows both rays and wavefronts. The
mean traveltime error is 0.09 ms. Except for the boundary regions, there is only a small region
at an offset of 7 km and a depth of 2.2 km with an error larger than 2 ms. More than 70 % of the
errors are smaller than 0.1 ms and only 2.8 % are larger than 0.4 ms.

In the third example, we set the time step of wavefronts to 20 ms and keep the other input
parameters as in the second example. As expected the number of cells gets larger, because the
number of wavefronts is doubled. The decomposition of the model into cells is shown in Figure
6a. Because the distance between adjacent rays is larger than the distance between adjacent
wavefronts, the spatial distribution of the errors follows the rays (Figure 6b). Compared to the
second example, the accuracy of the computed traveltime increases (the mean error decreases
from 0.09 ms to 0,06 ms) and the computational speed decreases (the number of rays and cells
increase, see Table 1). Because the accuracy of the second example is sufficient for practical
applications (more than 99 % of the traveltimes have errors smaller than 1 ms), a further increase
of the accuracy does not justify the decrease of computational speed. The computational speed
can be increased by using a larger time step of wavefronts (e.g., 80 ms), but the accuracy (which
is comparable to the accuracy obtained for the fifth set of input parameters) might not be enough
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Example number 1 2 3 4 5

Time step of rays [ms] 10 10 10 10 10
Time step of wavefronts [ms] 10 40 20 40 40

Time-difference threshold [ms] 1 4 4 8 4
Node-distance threshold [m] 50 200 200 200 400

Max. number of rays 150518 318 374 237 216
Number of cells 2334337 2466 5052 2206 1692

Number of later-arrivals found 15428 14850 14820 14143 13517
Mean traveltime error [ms] - 0.09 0.06 0.10 0.39

Arrivals with errors > 0.4 ms [%] - 2.8 1.3 2.9 26.2

Table 1: Five sets of input parameters and the resulting quantities used for the estimation of the
efficiency of the WRT technique.

for practical applications.
In the fourth example, we set the time-difference threshold to 8 ms and keep the other input

parameters as in the second example. The number of rays decreases by 22 %, and the number
of cells by 10 %. At a first glance there is no difference between the distribution of cells in
the second example and in the fourth example (Figure 5a and Figure 7a). Moreover, the spatial
and percentual distribution of the traveltimes errors are nearly the same (Figure 5b and Figure
7b). However, a more careful comparison of the cell distribution shows differences in the caus-
tic regions. As a consequence the number of later-arrivals which are found decreases by 5 %
compared to the second example.

In the fifth example, we set the node-distance to 400 m and keep the other input parameter as
in the second example. The number of rays decreases by 32 %, and the number of cells by 31 %.
In contrast to the fourth example, this decrease of rays and cells is connected with a sizeable
increase of the traveltime error. The mean traveltime error is four times larger than in the second
example, and 26.2 % of arrivals have a traveltime error larger than 0.4 ms. The spatial distribution
of the error follows the rays. This example shows the importance of the node-distance criterion
for the accuracy of the computed traveltimes.

CONCLUSIONS

For multivalued traveltime computation, we have presented the wavefront-oriented ray-tracing
(WRT) technique. The technique starts with few rays which are propagated stepwise through a
smooth two-dimensional (2D) velocity model. To retain an optimal ray density, we insert a new
ray by tracing it from the source. This insertion approach is more accurate than the insertion of a
new ray by interpolation on the wavefront and it permits a larger distance between adjacent rays.
The traveltimes which are computed along the rays are used for the estimation of traveltimes
on a regular grid. The estimation is carried out in a region delimited by ray and wavefront
segments using a distance-weighted average of extrapolated traveltimes. The extrapolation is
performed from nodes to gridpoints considering the wavefront curvature. Because we do not
apply dynamic ray tracing, we approximate the wavefront curvature using quantities obtained
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Figure 4: Marmousi model: (a) Unsmoothed velocity distribution. (b) Smoothed velocity dis-
tribution. (c) Isochrones plotted by using the reference traveltimes computed in the smoothed
model. Contour interval is 0.1 s.
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Figure 5: Second numerical example (see input parameters in Table 1). (a) Distribution of cells.
Note that the rays are inserted by tracing from the source, but in this picture only the ray segments
which bound cells are drawn. (b) Spatial distribution of the traveltime errors.
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Figure 6: Third numerical example (see input parameters in Table 1). (a) Distribution of cells.
(b) Spatial distribution of the traveltime errors.
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Figure 7: Fourth numerical example (see input parameters in Table 1). (a) Distribution of cells.
(b) Spatial distribution of the traveltime errors.
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Figure 8: Fifth numerical example (see input parameters in Table 1). (a) Distribution of cells.
(b) Spatial distribution of the traveltime errors.
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by kinematic ray tracing. The insertion of new rays by tracing them from the source and the
estimation of traveltimes by considering the wavefront curvature permit the use of large cells.
The estimation of traveltimes in large cells requires less computational time than the estimation
in smaller cells.

The accuracy and computational speed of the WRT technique is based on an optimal ray
and wavefront density. The wavefront density is controlled by the time step of wavefronts. The
ray density is controlled by three criteria for insertion of new rays. The node-distance inser-
tion criterion minimizes errors caused by small-scale velocity anomalies. The time-difference
insertion criterion reduces errors connected with the estimation of traveltimes at gridpoints. The
crossing-ray insertion criterion reduces errors in caustic regions.

We have shown that the proposed WRT technique provides an efficient method for the com-
putation of accurate traveltimes. In future work the method will be extended to three dimensions,
where computational efficiency is even more important.
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ABSTRACT

Finite differences applied to the full 3-D wave equation is a rather time consuming process.
However, in the 2.5-D situation, we can take advantage of the medium symmetry. By tak-
ing the Fourier transform in the out-of-plane direction, the 3-D problem can be reduced to
a sequence of 2-D ones. The third dimension is taken in to account by a sum over the cor-
responding wave vector component. In this way, the 2.5-D finite differences program can
be improved by a factor that increases with the size of the model. Even for relatively small
models, this procedure reduces the computation time by a factor of about ten. The modeling
results obtained by the new 2.5-D finite-difference scheme are of comparable quality to a
standard 3-D finite-difference scheme.

INTRODUCTION

Finite difference modeling of wave propagation in heterogeneous media is a useful technique in
a number of disciplines, including seismology and ocean acoustics, among others. However, the
size of the models that can be treated by finite difference methods in three spatial dimensions has
been rather limited except on supercomputers.

In other forward modeling schemes, the medium symmetry in the so-called 2.5-D situation
has been made use of in order to reduce the computational costs (see, e.g., Novais, 1998). The
attribute 2.5-D designates a situation where the medium depends on two spatial coordinates only
and the seismic line is parallel to the symmetry axis.

In this work, we show how a finite difference scheme can be adapted to the 2.5-D situation.
The full 3-D finite-difference scheme can be reduced to a repeated 2-D FD scheme by applying
the Fourier transform with respect to the out-of-plane coordinate to the 3-D wave equation and
using the medium symmetry. The resulting 2-D equations are solved by finite differences for dif-
ferent values of the wave vector component. The necessary inverse Fourier transform is realized
by a simple sum over all 2-D finite-difference results in order to obtain the full 3-D wavefield.



246 Annual WIT report 2001

The technique was originally proposed by Zhou & Greenhalgh (1998), using a finite element
method in the frequency domain. Here we present the same approach for a finite-difference
scheme applied in the time domain.

2.5-D SOLUTION

We study seismic wave propagation governed by the acoustic wave equation

uxx + uyy + uzz =
1

v2
utt − f(t)δ(x − xs)δ(y − ys)δ(z − zs) , (1)

where u = u(x, y, z, t) is the acoustic wavefield, v = v(x, y, z) is the velocity of the medium
under consideration, and f(t) is a band-limited source function located at (xs, ys, zs).

We assume that the velocity wavefield is a function of x and z only, i.e., v = v(x, z) and
the source is located in the symmetry plane (ys = 0). Applying the Fourier transform in the
out-of-plane y-coordinate, the 3-D wave equation (1) can be reduced to the following form

Uxx − κ2U + Uzz =
1

v2
Utt − f(t)δ(x − xs)δ(z − zs) , (2)

where

U(x, κ, z, t) =

∫ ∞

−∞
dy u(x, y, z, t) e−iκy . (3)

The solution of equation (2) will be obtained by a finite-difference scheme followed by the
application of the inverse Fourier transform

u(x, y, z, t) =
1

2π

∫ ∞

−∞
dκ U(x, κ, z, t) eiκy . (4)

In particular, in the symmetry plane, i.e., for y = 0 we have

u(x, 0, z, t) =
1

2π

∫ ∞

−∞
dκ U(x, κ, z, t)

≈ ∆κ

π

∑

kn≥0

U(x, κn, z, t) , (5)

where ∆κ is the uniform increment in κ and we have used the fact that U(x, κ, z, t) is an even
function in κ. Equation (5) means that the field u(x, 0, z, t) can be obtained by summing the
contributions for all κn ≥ 0.

FINITE-DIFFERENCE FORMULAS

A set of indices i, j and l is chosen to establish a finite-difference scheme with uniform grid
spacing ∆x, ∆z and ∆t in x, z and t, respectively: xi = xmin + i ∆x, zj = zmin + j ∆z and
tl = tmin + l ∆t. Consequently, we denote, for a fixed κ, U(xi, κ, zj, tl) = U l

i,j.
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The finite-difference scheme for solving equation (2) was chosen to be fourth-order in space
and second-order in time, and is given by

U l+1
i,j = − 1

12
{ ai,j

[
U l

i−2,j + U l
i+2,j − 16

(
U l

i−1,j + U l
i+1,j

)
+ 30U l

i,j

]

+ bi,j

[
U l

i,j−2 + U l
i,j+2 − 16

(
U l

i,j−1 + U l
i,j+1

)
+ 30U l

i,j

]}

+ ∆t2κ2U l
i,j + 2U l

i,j − U l−1
i,j + f l

i,j , (6)

where
ai,j = (vi,j∆t/∆x)2, bi,j = (vi,j∆t/∆z)2, (7)

vi,j denotes the velocity at (xi, zj), and

f l
i,j =

{
f(tl) , if xi = xs and zj = zs,
0 , otherwise.

(8)

For initiating the propagation process, we set

U0
i,j = 0, for all i, j , (9)

and define the boundary conditions

U l
i,0 = U l

0,j = 0, for all i, j, l . (10)

We assume a uniform grid spacing such that ∆x = ∆z = h. Then, the maximum value for
the grid spacing h that can be used without causing excessive dispersion of energy, is determined
by the condition (Mufti, 1990)

h ≤ vmin

ϑfmax
. (11)

Here, vmin is the minimum value of the velocity field, fmax is the maximum frequency of the
source pulse, and ϑ is the number of samples per minimum wavelength (to be chosen). Moreover,
for a given value of the grid spacing, the process becomes numerically unstable unless the time
sampling interval satisfies the condition

∆t ≤ γ h

vmax
, (12)

where vmax represents the maximum value of velocity field and γ is a constant. According to
Mufti et al. (1996), the optimal values for the above parameters are γ = 0.5 and ϑ = 3.5.

NUMERICAL EXPERIMENTS

We illustrate the 2.5-D finite-difference process discussed above by means of two simple syn-
thetic experiments. The first model consists of a planar interface (Figure 1), separating two
homogeneous halfspaces with velocities 3.0 km/s and 3.5 km/s. The density in both halfspaces
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Figure 1: First model and ray family for the common-shot experiment.
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Figure 2: Second model and ray family for the common-shot experiment.
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Figure 3: First model - synthetic seismograms: (a) 2.5-D Finite-differences, (b) 3-D Finite-
differences.
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Figure 5: First model: (a) Comparison of traces modeled by 2.5-D FD (solid red line) and 3-D
FD (dash-dotted blue line). (a) Trace at x = 0m. (b) Trace at x = 300m.

is constant and equal to unity. For this model, we have simulated a split-spread experiment with
a omnidirectional point source located at x = 300 m and 31 receivers equally spaced at every
20 m between x = 0 m and x = 600 m.

The second model is an anticlinal interface (Figure 2), again separating two homogeneous
halfspaces with velocities 3.0 km/s and 3.5 km/s. As before, the density in both halfspaces is
constant and equal to unity. For this model, we have simulated a split-spread experiment with a
omnidirectional point source located at x = 800 m and 41 receivers equally spaced at every 40 m
between x = 0 m and x = 1600 m. In this situation, the recorded wavefield has encountered a
caustic.

For both models, the simulated seismic common-shot sections resulting from the 2.5-D finite-
difference scheme have been compared with the corresponding sections obtained using 3-D finite
differences (First model: Figure 3, and Second model: Figure 4). In both methods we have
used a uniform spatial grid with ∆x = ∆y = ∆z = 10 m. The time sampling interval is
∆t = 1 ms. As the source wavelet we have chosen a Küpper wavelet with fmax =35 Hz. The
summation to realize the inverse Fourier transform was performed with ∆κ = 1/1200 m−1 and
κmax = 0.1 m−1.

A trace-by-trace comparison reveals almost no differences between the two modeling results
(Figure 5 and Figure 6).

For a more quantitative analysis, the peak amplitudes along the reflections have been picked
for all seismograms. These are show in Figure 7 (a), first model, and Figure 8 (a), second
model. The 2.5-D finite-differences overestimate slightly the amplitudes as compared to 3-D
finite-differences.

Figures 7(b) and 8(b) show the relative error between 2.5-D finite-difference and 3-D finite-
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Figure 6: Second model: (a) Comparison of traces modeled by 2.5-D FD (solid red line) and
3-D FD (dash-dotted blue line). (a) Trace at x = 0m. (b) Trace at x = 800m.
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Figure 7: First model: (a) Comparison of the peak amplitudes: 2.5-D FD (dashed-dotted blue
line) 3-D FD (solid red line), (b) Relative error.
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Figure 8: Second model: (a) Comparison of the peak amplitudes: 2.5-D FD (dashed-dotted blue
line) 3-D FD (solid red line), (b) Relative error.

difference. Observe that the relative error in both models is less then 5%.

CONCLUSIONS

We have used the approach of Zhou and Greenhalgh (1998) with an application to finite differ-
ences in the time domain. For two simple models of smooth reflectors between two homogeneous
acoustic media, we have computed the seismogram using the described 2.5-D finite-difference
scheme. For the same models, we have also computed, as a reference, the corresponding seismo-
gram using a 3-D finite-difference scheme. We observed in both cases that the wavefield modeled
by 2.5-D finite differences agrees very well with the 3-D result.

It came as a surprise to us that the coincidence between the 2.5-D and 3-D wavefields is
even better in the second model that involves a caustic than in the first one that consists only of
a horizontal planar reflector. The relative amplitude error for the horizontal-reflector model is
between two and five percent, whereas for the caustic model it never exceeds two percent.

NEXT STEP

A presently open question regards the sampling of the wavenumber in the out-of-plane direction.
To be more specific, we are going to investigate what sampling interval and what maximum
wavenumber are necessary and sufficient to obtain an acceptable 2.5-D modeling result.

Further studies on the subject will also include investigations on the method in more realistic
earth models.
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ABSTRACT

A combination of finite-difference (FD) traveltime algorithm and first-order perturbation
theory is used for fast 3-D computation of traveltimes of P-waves in arbitrary anisotropic
medium. An isotropic medium as a reference medium works well for weak anisotropy. Us-
ing media of ellipsoidal anisotropy as a background medium in the perturbation approach
allows to consider stronger anisotropy without loosing the computational speed because
the traveltime computation in such a medium using FD eikonal solver is fast and accurate.
Traveltimes in the unperturbed reference medium are computed with an FD eikonal solver,
while perturbed traveltimes are obtained by adding a traveltime correction to the traveltimes
of the reference medium. To compute the traveltime correction, the raypaths between source
and receivers in the reference medium must be known. The FD eikonal solver computes
traveltimes on a discrete grid assuming local plane wavefronts inside the grid cells. Cor-
rected rays are not determined in this method. Therefore, we suggest to approximate rays by
ray segments corresponding to the plane wavefronts in each cell. We compute the traveltime
correction along these segments. Numerical examples show that the reference model with
ellipsoidal anisotropy allows to consider perturbed model of strong anisotropy with a higher
accuracy of the FD perturbation method.

INTRODUCTION

Robust and efficient methods for the traveltime computation are important in many seismic and
inversion applications. There are two major approaches which can be used for computing travel-
times: ray tracing methods and methods which are based on a direct numerical solution of the
eikonal equation using finite-differences (e.g. Vidale (1988), Vidale (1990), Qin et al. (1992)).
The ray tracing methods are complicated and time consuming when applied in anisotropic media
because for each propagation step an eigenvalue problem must be solved. Similar to the isotropic
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case the ray methods in anisotropic media fail in shadow zones or in the vicinity of a caustic.
In the isotropic case this problem disappears when using FD methods. FD eikonal solvers were
extended to anisotropic media by Dellinger (1991), Eaton (1993), Lecomte (1993). Dellinger
(1991) uses the upwind scheme of Van Trier and Symes (1991) for transversely isotropic media.
Eaton (1993) applies an expanding-wavefront scheme on a hexagonal grid in 2-D anisotropic
models. He approximates one component of the slowness vector using FD and finds the root
of the sixth-order polynomial for the other component numerically. Lecomte (1993) applied the
finite difference calculation of traveltimes for P-wave using the method of Podvin and Lecomte
(1991) for a 2-D model with elliptical and orthorhombic symmetry.

The aim of our work is to compute traveltimes of P-wave in arbitrary anisotropic media with-
out solving higher order polynomials numerically. Perturbation techniques are suitable tools
to describe wave propagation in complicated media. We suggest to combine the perturbation
method and the FD eikonal solver for the traveltime computation. Traveltime computation by
perturbation with FD eikonal solvers in isotropic and weakly anisotropic media in 2-D was con-
sidered by Ettrich (1998). Here we examine the FD perturbation method in the 3-D case for
media of strong anisotropy.

An isotropic medium as a reference medium works well for weak anisotropy. Using media of
ellipsoidal anisotropy as a background medium in the perturbation approach allows to consider
stronger anisotropy without loosing the computational speed because the traveltime computation
in such media is fast and accurate using the FD eikonal solver . A basic routine for the FD eikonal
solver for an elliptically anisotropic medium in the 3-D case was offered by Ettrich (1998). He
tested his routine in an ellipsoidal medium with identical velocities along two direction (ellipsoid
with the rotation symmetry). Our algorithm works in the ellipsoidal reference medium with three
different velocities along axes. Therefore it is possible to use a broader class of ellipsoidal media
as a reference medium.

To minimize errors in the perturbation approach, the reference medium should be chosen
closely to the given anisotropic medium. For construction of a reference medium we use formulas
for a best-fitting ellipsoidal reference medium which were derived by Ettrich et al. (2001). They
obtained linear relations for the coefficients of the ellipsoidal medium that depend on the elastic
coefficients of the anisotropic medium. In this study it is assumed that the polarization vector
coincides with the phase normal vector. Therefore, only P-wave anisotropy is approximated.

FINITE-DIFFERENCE PERTURBATION METHOD

The conception of the 2-D FD perturbation method was suggested in a paper of Ettrich and
Gajewski (1998). Our goal is the 3-D extension of this method and its implementation in the
case of arbitrary anisotropic media (for P-waves). We consider a reference model (isotropic or
elliptically anisotropic) and a perturbed arbitrary anisotropic model. For both models velocities
or elastic parameters are calculated on the same regular grid. The reference medium is given by
the P-wave velocity vref

p for the isotropic case or by 3×3 symmetric matrix Rij for the elliptically
anisotropic case. These parameters of the reference medium are determined from parameters of
the considered perturbed medium. In this paper the perturbed medium is given by the density
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normalized elastic parameters cijkl. Traveltimes for the reference model are computed directly
using the FD eikonal solver along expanding wavefront (Qin et al., 1992). For the perturbed
model we perform the traveltime computation using perturbation techniques. The traveltime
correction is calculated for every step of the FD scheme in every grid cell along the ray segment
corresponding to the plane wave in this grid cell.

Reference medium

To minimize errors in the perturbation approach the reference medium should be chosen as close
as possible to the given anisotropic medium. For the ellipsoidal reference medium construction
we used formulas for a best-fitting ellipsoidal reference medium which were derived by Ettrich
at al. (2001). They obtained linear relations for the coefficients of the ellipsoidal medium which
depend on the elastic coefficients of the anisotropic medium. In this study it is assumed that the
polarization vector of the wave coincides with the phase normal vector. Therefore, only P-wave
anisotropy can be considered. To construct the isotropic reference model we use formulas for the
best fitting isotropic medium derived by Fedorov (1968) by minimizing the norm of differences
between elastic coefficients of the anisotropic and the isotropic medium.

FD scheme

This section will briefly outline finite-difference scheme. In WIT report 2000 (p. 239–248) we
presented the algorithm of the FD eikonal solver for an 3-D elliptically anisotropic media in
detail.

We developed a FD eikonal solver for the traveltime computations in the reference medium
of ellipsoidal anisotropy Ellipsoidal anisotropy means three different velocities along the main
axes. The eikonal equation for this type of medium reads:

(p,Rp) = 1, (1)

where p is a slowness vector, R is a 3×3 symmetric matrix of parameters of the ellipsoidal
reference medium, ( ) denotes scalar product. The eikonal equation allows for the computation
of one slowness vector component if the other two and the medium parameters are known. In
our algorithm the approximating formulas of the eikonal equation for an elliptically anisotropic
medium are used. This formulas were suggested by Ettrich (1998). They are analogous to
Vidale’s approximating formulas of the eikonal equation for 3-D isotropic media (Vidale, 1990).

To retain causality and to guarantee stability we expand wavefronts (Qin et al. 1992). In
anisotropic media two kinds of velocities need to be considered: the ray velocity and the phase
velocity. The propagation of energy and, therefore, the causal continuation of computation is
governed by the ray velocity vectors. In isotropic models where the group and the phase velocity
vectors coincide, the causality is achieved by sorting the outer points of the irregular volume of
timed points with respect to traveltime from minimum to maximum. In anisotropic media the
group velocity vector and the phase velocity vector do not coincide. Therefore it is not sufficient
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to carry out the computation from the point with minimum traveltime to the point with maximum
traveltime. For every step of the FD scheme we must compare the direction of the scheme of
expansion with the direction of the group velocity. The traveltime in a given grid point has been
successfully computed if the directions coincide, otherwise the point with minimum traveltime
is not a point for a casual expansion and we have to consider the next timed point.

The phase velocity is determined from the eikonal equation, but the ray velocity in elliptically
anisotropic media must be calculated from vg = Rp.

Using a homogeneous model we tested the accuracy of the traveltime computation by the
3-D FD eikonal solver for an elliptically anisotropic medium. Figure 1 shows the numerically
calculated wavefronts for the elliptically anisotropic models which are the best-fitting ellipsoidal
reference medium for triclinic sandstone (a) and orthorhombic olivine (b). The parameters of
the ellipsoidal media used are given in equations (4) and (6). Because it is 3-D model we give
two slices: with zero (on the left-hand side) and non-zero offset (on the right-hand side). The
underlying grayscale images show the relative errors.

We consider a reference and a perturbed model for which elastic parameters are defined on the
same regular grid. Traveltimes must be calculated at all grid points for both models. We consider
the arbitrary anisotropic medium as a perturbed one and the elliptically anisotropic medium as a
reference one. The perturbed medium is given by the density normalized elasticity tensor λijkl,
the parameters of the reference medium which define an ellipsoid are constructed from λijkl

using the coefficients for the approximation of an arbitrary anisotropic medium from Ettrich et al.
(2001). The traveltimes in reference medium are computed directly using the FD eikonal solver
method for an elliptically anisotropic model. For the perturbed medium we perform traveltime
computations using perturbation techniques.

Basic perturbation formulas

To compute traveltimes for an arbitrary anisotropic medium a perturbation scheme is embedded
into the FD eikonal solver: traveltimes at every grid point of the reference model are computed
and the perturbation method is used for the computation of the traveltime corrections to yield
traveltimes in the perturbed (arbitrary anisotropic) model.

To compute the traveltime correction, the raypath between source and receivers in the refer-
ence medium must be known. Rays are not determined in the FD method. In the FD method
traveltimes are computed on a discrete grid assuming local plane wavefronts inside the grid cell,
therefore, we compute the traveltime correction along the ray segments corresponding to the
plane wavefronts in each cell. The ray segment is a straight line between the grid point (see
Figure 2), where the traveltime is to be found (point A7), and the point where the ray crosses the
cell boundary (point N) which is defined using the ray velocity vector. The ray velocity for the
reference ellipsoidal medium is given by the simple formula: vgr = Rp. Here R is the matrix
of the medium parameters (see equation 1), p is slowness vector computed for this grid cell. The
traveltime at a point on the cell boundary (point N) is obtained by linear interpolation between
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the corner points of the cell. Therefore, the traveltime at point A7 for the perturbed model is:

tpert(A7) = tref(A7) + ∆t′(N) + ∆t(N, A7),

where tpert is the traveltime in the perturbed model and tref is the traveltime in the reference
model, ∆t′ = tpert(N)−tref (N) is the difference between the traveltimes at point N in perturbed
and reference models, and ∆t(N, A7) is the traveltime correction derived by Červený (1982):

∆t(N, A7) = −1

2

tref (A7)∫

tref (N)

∆cijklpiplgjgkdt. (2)
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Figure 1: Wavefronts in a homogeneous elliptically anisotropic model: (a) — in the reference
medium for triclinic from equation (6); (b) — in the reference medium for olivine from equation
(4). For each model there are two slices with offset 0 km (left) and 0.4 km (right) from the source
located at point (0.5, 0.5 and 0.5 km). An underlying grayscale images shows the relative errors
of the traveltime computation. Maximum of relative errors in the whole 3-D model does not
exceeds 0.35% for the case (a) and 0.45% for the case (b).
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where:

∆cijkl = cpert
ijkl − cref

ijkl.

The parameters c
(pert)
ijkl are the density normalized elastic coefficients of the anisotropic medium,

pi are the components of the slowness vector, and gj are the components of the quasi P-wave
polarization vector. The vectors p and g depend on the reference medium. For isotropic reference
medium the P-wave polarization is a unit vector which is normal to the wavefront and the density

normalized elastic coefficients are defined from cref
ijkl =

λ

ρ
δijδkl +

µ

ρ
(δikδjl + δilδjk). In the case

of the ellipsoidal reference medium we substitute the wavefront normal vector n instead of the
unknown polarization vector A (see Ettrich et al., 2001), therefore, the traveltime correction
reads:

∆t(N, A7) ≈ −1

2

tref (A7)∫

tref (N)

(λijklnjnk − Ril)pipldt, (3)

where Ril is a 3×3 matrix as given in equation (1) of an ellipsoidal reference medium. The
assumption that the vector of polarization coincides with the wavefront normal introduces a
additional error, which is quantified by numerical examples in the following section.

NUMERICAL RESULTS

To illustrate the traveltime computation by the FD perturbation method in 3-D anisotropic media,
we choose two types of symmetry: triclinic and orthorhombic. To make an estimate of accuracy
we consider homogeneous media. For comparison, traveltimes for all models are computed for
isotropic and elliptically anisotropic reference models. In the figures, traveltimes are presented

ra
y
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A6

A0

A4 A5

A7

N

V

V

ph

g

Figure 2: Grid cell with timed points A1 through A6. A local plane wavefront is assumed to
propagate through the cell to calculate the traveltime at A7. The raypath in the cell defined from
the direction of the ray velocity Vg is the length between the intersection point N and A7. Vph is
a phase velocity.
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by first-arrival wavefronts. Traveltimes in a perturbed medium are called exact traveltimes (exact
wavefronts) if they are computed directly by anisotropic ray tracing or analytically. They are
considered to be exact with respect to the proved accuracy of the method used.

The traveltime errors in our examples are caused by three sources: the error of the numerical
computation of traveltimes in a reference ellipsoidal (or isotropic) model using an FD method,
the inherent error of the perturbation technique and the error by approximating the polarization
vector by the wavefront normal vector (in the case of an ellipsoidal reference model) in the
traveltime correction formula (equation 3).

A model cube of 100×100×100 is considered. The grid has 100 cells along each direction
and the grid spacing is 10 m. The source is placed at the center of the models, at point (0.5; 0.5;
0.5 km). A cubic region of 11 grid points around the source is initialized using the exact solution.
Since 3-D models are presented we always show two slices: with zero and non-zero offset from
the source.

First, we will consider a test model with orthorhombic anisotropic elastic parameters of
olivine. The density normalized parameters are:



97.77 21.62 20.05 0. 0. 0.

71.0 22.83 0. 0. 0.

59.68 0. 0. 0.

19.51 0. 0.

23.86 0.

23.77




→
(

91.99 0 0
67.35 0

57.25

)
; Vp = 8.5 km/s (4)

Coefficients for the best-fitting ellipsoid reference medium (Ettrich et al., 2001) and P-wave ve-
locity for the best-fitting isotropic reference medium (Fedorov, 1968) are listed on the right. To
compute traveltimes in this medium of strong P-wave anisotropy we use three types of reference
media: isotropic, elliptically anisotropic and transversely isotropic with elliptical P-wavefront.
The isotropic reference medium is constructed using formulas for the best fitting isotropic refer-
ence medium which were derived by Fedorov (1968). In this reference medium the polarization
of the P-wave is a unit vector in the direction of the slowness vectors. Figures 3a and 4a display
the exact wavefronts in the olivine model (solid lines) and the circular wavefronts in the best
fitting isotropic reference medium (dashed lines). Referring to Figures 3b and 4b we observe the
largest relative errors between exact (dashed lines) and FD perturbation traveltimes (solid lines)
where the isotropic reference medium does not give the best fit. The maximum of the relative
errors for the whole 3D model is 3.9 %. Such large errors are expected, because the anisotropy
of the perturbed model is too strong to use any isotropic reference medium.

An elliptically anisotropic reference medium for the perturbation method allows to consider
stronger anisotropy. However, for this type of reference medium we do not have the polariza-
tion vector to compute the traveltime correction (see equation (2)). The elliptically anisotropic
medium is constructed using formulas for the best fitting elliptically anisotropic (ellipsoidal)
medium (Ettrich et al. (2001)). (This formulas are linear relations for the coefficients of the el-
lipsoidal reference medium which depend on the elastic coefficients of the anisotropic medium,
therefore, are convenient to use). To obtain this formulas the authors assumed that the polar-
ization vectors coincides with the phase normal vector. We make the same assumption and use
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Figure 3: Wavefronts in a homogeneous model of olivine from equation (4); slice with zero off-
set from the source located at point (0.5, 0.5, 0.5 km). On the left-hand pictures solid lines show
exact wavefronts and dashed lines show wavefronts in the reference models: (a) — isotropic
model; (c) — elliptically anisotropic model; (e) — transversely isotropic model. On the right-
side pictures the FD perturbation method wavefronts (solid) for the corresponding reference
model and exact wavefronts (dashed) with the underlying grayscale images of relative errors.
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Figure 4: Wavefronts in a homogeneous model of olivine from equation (4); slice with offset
0.4 km from the source located at point (0.5, 0.5, 0.5 km). On the left-hand pictures solid lines
show exact wavefronts and dashed lines show wavefronts in reference models: (a) — isotropic
model; (c) — elliptically anisotropic model; (e) — transversely isotropic model. On the right-
side pictures FD perturbation method wavefronts (solid) for the corresponding reference model
and exact wavefronts (dashed) with the underlying grayscale images of relative errors.
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Figure 5: Wavefronts in a homogeneous model of triclinic sandstone from equation (6); slice
with zero offset from the source located at point (0.5, 0.5, 0.5 km). On the left-hand side ex-
act wavefronts (solid) and reference wavefronts (dashed): (a) — elliptically anisotropic model;
(c) — isotropic model. On the right-hand side FD perturbation method wavefronts (solid) for the
corresponding reference model and exact wavefronts (dashed) with underlying grayscale images
of relative errors: (b) — elliptically anisotropic model; (d) — isotropic reference medium.

equation (3) instead of equation (2) to compute the traveltime corrections in the perturbed model.
Figures 3c and 4c show the exact wavefronts in olivine (solid lines) and the reference wavefronts
in the best fitting elliptically anisotropic (ellipsoidal) medium (dashed lines). This reference
model gives the best fit to the perturbed medium. From Figures 3d and 4d we notice that the
accuracy of the computation is higher than for the isotropic background media. The maximum
of relative errors for the whole 3-D model is 1.89%. This error is mainly due to the approx-
imation of the unknown polarization vector by the phase normal, while the error produced by
the traveltime computation using the FD eikonal solver in the reference model does not exceed
0.45% (see Figure 1).

Following Burridge et al. (1983) there are three possibilities to simplify orthorhombic sym-
metry to ellipsoidal symmetry. One of these three possibilities is useful to construct a transversely
isotropic medium with elliptical P-wavefront. For this case we can compute the correct polariza-
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Figure 6: Wavefronts in a homogeneous model of triclinic sandstone from equation (6); slice
with offset 0.4 km from the source located at point (0.5, 0.5, 0.5 km). On the left-hand side
exact wavefronts (solid) and reference wavefronts (dashed): (a) — elliptically anisotropic model;
(c) — isotropic model. On the right-hand side FD perturbation method wavefronts (solid) for the
corresponding reference model and exact wavefronts (dashed) with underlying grayscale images
of relative errors: ((b) — elliptically anisotropic model; (d) — isotropic reference medium.

tion vector for the elliptically anisotropic reference medium. The transversely isotropic medium
with the axis of symmetry along X-axis direction has ellipsoidal symmetry if the non-zero elastic
parameters satisfy the relations:

C22 = C33; C12 = C13; C55 = C66; C44 =
1

2
(C22 − C23); C55 =

C11C22 − C2
12

C11 + C22 + 2C12
. (5)

Because of the non-linear relations between the elastic parameters in equation (5) we construct
the reference medium in the following simple manner. The transversely isotropic reference
medium for olivine using (5) was constructed in the following way:

C11 = Coliv
11 ; C12 =

1

2
(Coliv

12 + Coliv
13 ); C22 =

1

2
(Coliv

22 + Coliv
33 ); C23 = Coliv

23 .

Figures 3e and 4e display the exact wavefronts in olivine and the wavefronts in the reference
medium with transversely isotropic symmetry using equation (5). Underlying grayscale images



Annual WIT report 2001 265

in Figure 3f and 4f show the relative errors. The maximum of the relative errors in the whole
3-D model does not exceeds 1.2 %. We observe that the largest relative errors are located where
bigger differences of the angle between the wavefront normals in perturbed and reference me-
dia occur (in other words, the raypaths are too different). The perturbation method gives high
accuracy when the raypaths in both media are close to each other.

Now we will consider a test model of triclinic sandstone. The density normalized parameters
are:



6.77 0.62 1.0 −0.48 0. −0.24
4.95 0.43 0.38 0.67 0.52

5.09 −0.28 0.09 −0.09
2.35 0.09 0.

2.45 0.0
2.88




→
(

6.88 0.27 0.27
5.10 −0.05

5.08

)
; Vp = 2.38 km/s (6)

Coefficients for the best-fitting ellipsoid reference medium (Ettrich et al., 2001) and P-wave ve-
locity for the best-fitting isotropic reference medium (Fedorov, 1968) are listed on the right. This
medium has strong P-wave anisotropy and irregular velocity surfaces caused by the relatively
small non-orthorhombic coefficients. The left-hand sides of Figure 5 and Figure 6 display exact
wavefronts in the triclinic sandstone (solid lines) and reference wavefronts (dashes lines) in the
ellipsoidal model (Figures 5a and 6a) and in the isotropic model (Figures 5c and 6c). On the
right-hand side, these figures display results of the numerical computation by the FD perturba-
tion method with the ellipsoidal reference medium (Figures 5b and 6b) and with the isotropic
reference medium (Figure 5d and Figure 6d). The underlying grayscale images show relative
errors. The maximum of the relative errors in whole the 3-D model is 2.26% when the ellip-
soidal reference medium is used and 2.40% for calculations with the isotropic reference medium.
(The appropriate accuracy of the traveltime computation in the elliptically anisotropic reference
medium is displayed in Figure 1a). Although the maximum errors in traveltimes with the ellip-
tically anisotropic reference medium is close to the maximum errors in the traveltimes for the
isotropic medium for this particular model, we observe for the other models in Figures 5 and 6
that the accuracy for the ellipsoidal reference medium is considerably better for most grid points.

CONCLUSIONS

We have presented a finite-difference perturbation method for the efficient computation of travel-
times for P-waves in arbitrary anisotropic 3-D media. An arbitrary anisotropic medium is con-
sidered as a perturbed model with respect to a simple reference medium. Traveltimes in the
reference medium are computed using the FD eikonal solver which allows fast and accurate
computation of traveltimes, while traveltimes in the perturbed medium are obtained by adding
traveltime corrections to the traveltimes of the reference medium. Instead of the raypath between
source and grid point we use the ray segments corresponding to plane wavefronts in each grid
cell.

We suggest to use models of ellipsoidal symmetry as a reference model to compute travel-
times for strong anisotropic media. An elliptically anisotropic medium approximates a medium
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of strong anisotropic better than an isotropic one. The corresponding eikonal equation is only
slightly more complex then for the isotropic case. The primary source of errors related to the
elliptically anisotropic medium is the unknown polarization vector which is needed to carry out
the traveltime correction with the perturbation method. We have substituted the unknown polar-
ization vector by the phase normal vector to compute the traveltime correction and the compared
accuracy of the traveltime computations with the accuracy in the case of an isotropic reference
medium. The maximum of the relative errors in the whole 3-D model for the olivine model with
respect to the isotropic reference model is 3.9%, while with respect to the elliptically anisotropic
model it is 1.89%. In the case of the isotropic reference model, the deviation between the per-
turbed and the reference model is too large. On this case the inherent error of the perturbation
scheme is larger than the error caused by the approximation of the unknown polarization vectors
in the case of an elliptically anisotropic reference medium.

PUBLICATIONS

Previous results concerning traveltimes for anisotropic media using the FD perturbation method
were published Soukina et al. (2001). A paper containing these results will be submitted to
Geophysical Prospecting (Soukina et al. (2002).)
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ABSTRACT

In this paper I present a generalized Smirnov’s lemma and its application to ray theory. This
lemma can be used to establish the link between the kinematic and dynamic aspects of wave
propagation in the high-frequency hypothesis. This is accomplished by a formula which
connects traveltime and amplitude along the ray, converting the transport equation into a
ordinary differential equation. This formula is obtained by applying the Smirnov lemma to
the kinematic ray equations. Moreover, I provide an alternative proof of the lemma.

INTRODUCTION

When wave phenomena is investigated, we can observe that events or disturbances in the medium
are independently propagated. Beyond that, if the event has a short period, almost like a delta
pulse, this behavior remains throughout the propagation. These observations give a good clue
on how the solution should look like, at least under the high-frequency hypothesis. If we look
closely to only one event, the solution must take into account two basic aspects: the kinematic
and the dynamic. In rough words, for a fixed point inside the medium, the kinematic aspect
shows when the pulse reaches the point and the dynamic one shows how the pulse goes through
the point.

These two aspects can be assembled into a function representing an approximated solution.
These procedure works like the separation of variables method, where the guessed solution is
plugged into the equation, generating new equations, hopefully simpler ones, to be solved. In the
case of ray theory, the function responsible for the kinematic aspect is called traveltime function
and the function which rules the dynamics is called amplitude function. Once the assembled
function is plugged into the Helmholtz equation, after some manipulation and additional hypoth-
esis, two new partial differential equations (PDE) are generate. The first one is termed eikonal
equation and have only the traveltime function as unknown. The second one is called transport
equation and has both traveltime and amplitude functions as the unknowns.
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Using the eikonal equation as a starting point, we can derive a system of ordinary differential
equations (ODE), called kinematic ray equations. As the name says, this system provides the
traveltime solution. However this is only the first half of the game, where the amplitude solution
is still missing. Using the traveltime solution already available, we can try to convert the transport
equation, which is a PDE, into an ODE which is a version for transport equation valid for the ray.

At some point, this conversion procedure needs to transform a spatial operator acting on the
traveltime function into some derivative with respect to the independent variable of the ordinary
differential equation (ODE). The well-known method for doing this is to consider a very small
ray tube, perform the integration on it, and using of divergence theorem and some geometric
arguments to reach the desired result. Another way is to apply the Smirnov’s lemma to the
equation, reaching the very same result.

REVIEW OF RAY THEORY

When wave phenomena is studied under the high-frequency hypothesis, it is quite natural to
transform the acoustic wave equation into the frequency domain by the use of the Fourier trans-
form. This equation is called Helmholtz equation and it is given by

∆û(x, ω) +
ω2

c(x)2
û(x, ω) = −f̂ (ω)δ(x − xs), (1)

where x = (x1 , x2 , x3 ), c(x) is the velocity field, ω is the frequency and ∆ =
∂2

∂x2
1

+
∂2

∂x2
2

+

∂2

∂x2
3

is the laplacian operator. The functions f̂(ω) and û(x, ω) are the Fourier transforms of the

source wavelet and the wave equation solution, respectively.

An approximation for the solution of Helmholtz equation can be assumed to be the ansatz

û(x, ω) ≈ A(x)eiωτ(x), (2)

where A(x) is the amplitude and τ(x) is the traveltime. This solution is also known as the zero-
order high-frequency asymptotic solution and we can insert it in the Helmholtz equation to obtain
two partial differential equations: the eikonal equation

‖∇τ‖2 =
( ∂τ

∂x1

)2

+
( ∂τ

∂x2

)2

+
( ∂τ

∂x3

)2

=
1

c(x)2
(3)

and the transport equation

2∇A(x) · ∇τ(x) + A(x)∆τ(x) = 0 , (4)

where ∇is the gradient operator and · denotes the inner product.

The standard procedure is to solve the eikonal equation and then plug the solution τ(x) inside
(4) to seek the solution A(x). Considering equation (3) as a Hamiltonian to be solved, we can
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use the method of characteristics, which transforms the first order non-linear PDE into a system
of ordinary differential equations:

dx

dσ
= λp, (5)

dp

dσ
=

−λ

c3
∇c, (6)

dτ

dσ
=

λ

c2
, (7)

where p = ∇τ is the slowness vector, σ is a generic increasing parameter and λ is a function
which has the role to define explicitly any parameterization. In general, λ can achieve three
values, each one giving a special meaning for σ. For λ = 1, σ is the out-of-plane geometrical
spreading along the ray; for λ = c, σ is the ray arclength and for λ = c2, σ is the traveltime along
the ray.

If the transport equation (4) is expected to be valid for some domain in space, then it is also
valid for any chosen path inside it. In particular, choosing the path as a ray trajectory governed
by equations (5)–(7), we can use them to simplify (4), transforming it in another ODE which
represents the rule of propagation for amplitudes along a chosen ray.

Multiplying equation (4) by λA, using equation (5) and the definition of the slowness vector
we obtain

2 A∇A · dx

dσ
+ λA2∆τ = 0. (8)

Observing that the first term is a chain rule, after some manipulation we get

d

dσ

[
log(A2)

]
= −λ∆τ. (9)

At this point, we want to get rid of the Laplacian ∆, because it is a spatial operator and
we are interested only in quantities and operators depending on the parameter σ. A traditional
way of doing this is to consider a tubular neighborhood of a ray and integrate ∆τ on it. Using
divergence theorem and geometric arguments, it is possible to show the relation between ∆τ
and the Jacobian J along the ray. Bleistein et al. (2001) demonstrated this relation for the three
dimensional case using determinants properties and algebraic arguments

In this paper I show another algebraic proof of the relation between ∆τ and J . I present a
general lemma, named Smirnov’s lemma after Thomson et al.(1985), which can be applied to
any n-dimensional system of ODEs. Its demonstration is provided, using elementary matricial
notation and an auxiliary linear algebra result. To obtain the desired relation, I simply apply the
Smirnov’s lemma to the ray equation (5).

SMIRNOV’S LEMMA

Given a solution of a n-dimensional system of ODEs, the Smirnov’s lemma (Thomson & Chap-
man (1985); Smirnov (1964), p.442) provides a relationship between the jacobian of a trans-
formation of variables and the right-hand side of the system. Applying this lemma to the ray
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equation (5), we can solve the problem of getting rid of the Laplacian ∆ in the process to convert
the transport equation in some ODE depending on σ.

Smirnov’s Lemma: Let x = (x1 , x2 , . . . , xn) ∈ R
n be a solution of the system of ordinary

differential equations:
dx

dσ
= F (x) (10)

where F : R
n → R

n is a smooth function. If the transformation of variables

x = x(γ1 , γ2 , . . . , γn), with γ1 = σ, (11)

is carried out then
d

dσ

[
logJ

]
= ∇ · F, (12)

where J is the Jacobian of transformation of variables, defined by

J =
∂(x1, x2, . . . , xn)

∂(γ1, γ2, . . . , γn)
= det

[
∂x

∂γ1
,

∂x

∂γ2
, . . . ,

∂x

∂γn

]
. (13)

Proof : We simply differentiate the Jacobian in equation (13) with respect to σ and use the rule
for differentiation of determinants (Golub & Van Loan (1996); Bleistein et al. (2001)), obtaining

dJ
dσ

=
d

dσ
det

[
∂x

∂γ1

,
∂x

∂γ2

, . . . ,
∂x

∂γn

]

=
n∑

k=1

det

[
∂x

∂γ1

, . . . ,
∂x

∂γk−1

,
d

dσ

(
∂x

∂γk

)
,

∂x

∂γk+1

, . . . ,
∂x

∂γn

]
. (14)

By the use of equation (10), we have

d

dσ

(
∂x

∂γk

)
=

∂

∂γk

(
dx

dσ

)
=

∂

∂γk
F (x) = F ′(x)

∂x

∂γk

, (15)

where F ′(x) is the Jacobian matrix defined by
[
F ′(x)

]
ij

=
∂Fi(x)

∂xj

. (16)

Substituting equation (15) in (14), we obtain

dJ
dσ

=

n∑

k=1

det

[
∂x

∂γ1
, . . . ,

∂x

∂γk−1
, F ′(x)

∂x

∂γk

,
∂x

∂γk+1

, . . . ,
∂x

∂γn

]
(17)

=

(
n∑

k=1

∂Fk

∂xk

)
det

[
∂x

∂γ1
,

∂x

∂γ2
, , . . . ,

∂x

∂γn

]
. (18)

where I have used the linear algebra result (25) given in Appendix A

Therefore,
dJ
dσ

= (∇ · F )J , (19)

which leads to equation (12).
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APPLICATION

Using the Smirnov’s lemma, for F (x) = λp = λ∇τ ,

d

dσ

[
logJ

]
= ∇ · (λ∇τ), (20)

or, equivalently,
d

dσ

[
logJ /λ

]
= λ∆τ, (21)

where τ is the traveltime solution from the ray equations (5)–(7) and the Jacobian J is given by

J =
∂(x1, x2, x3)

∂(γ1, γ2, γ3)
= det

[
∂x

∂γ1
,

∂x

∂γ2
,

∂x

∂γ3

]
, (22)

with γ1 = σ.

Using equation (21) in equation (9), we are able to complete the conversion of the transport
equation (9) into an ordinary differential equation,

d

dσ

[
log(A2)

]
= − d

dσ

[
log(J /λ)

]
. (23)

The above equation can be directly integrated from σ0 to σ, resulting in

A(σ) = A(σ0)

√
λ(σ)J (σ0)

λ(σ0)J (σ)
, (24)

which is the explicit formula for the amplitude along the ray.
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APPENDIX A

Linear algebra identity: Given two square matrices M and X =
[
x1 ,x2 , . . . ,xn

]
, then

tr(M) det(X) = det
[
Mx1 , x2 , . . . , xn

]
+ det

[
x1 , Mx2 , . . . , xn

]
+ · · ·

· · ·+ det
[
x1 , x2 , . . . , Mxn

]
, (25)

where tr(M) is the trace of M, defined by

tr(M) =
n∑

k=1

Mkk . (26)

Proof : First, we prove the result for a non-singular matrix X. Let Y be a similar matrix to
M, defined by

Y = X−1MX. (27)

Therefore M and Y have the same eigenvalues, which implies

tr(M) =
n∑

k=1

Mkk =
n∑

k=1

Ykk = tr(Y). (28)

We can rewrite equation (27) as the solution of linear systems

Xyk = Mxk , k = 1 , 2 , . . . , n, (29)

where xk and yk are the columns of X and Y, respectively. By the use of Cramer’s rule, we have

yk
j =

det
[
x1 , . . . ,xj−1 ,Mxk ,xj+1 , . . . ,xn

]

det(X)
. (30)

Substituting equation (30) back into (28), we finally have

tr(M) = tr(Y) =
n∑

k=1

yk
k =

1

det(X)

n∑

k=1

det
[
x1 , . . . ,xk−1 ,Mxk ,xk+1 , . . . ,xn

]
, (31)

proving (25). For a singular matrix X, it is possible to construct a sequence of non-singular
matrices {X(k)}∞k=1 which converges to X. After applying all the above results to each member
of the sequence, we evaluate the limit, since all operations are continuous. Therefore, in the
limit, the result (25) is also valid for X singular.
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Extending the T2 −X2 method to 3-D heterogeneous media

D. Gajewski and C. Vanelle

email: gajewski@dkrz.de

keywords: traveltimes, T 2 − X2, interpolation

ABSTRACT

Traveltimes or time fields contain informations on wave field properties of seismic waves.
The wavefront curvature corresponds to one of the most important wave field properties. It
is related to the normal moveout and the geometrical spreading and therefore leads to many
important applications in seismic data processing, e.g., computation of migration weights,
NMO corrections, Fresnel zones as well as an accurate and economical interpolation of
traveltimes. We present a technique, which is based on the assumption that any arbitrarily
shaped wavefront can locally be approximated by a sphere. No particular type of model is
assumed. This corresponds to a hyperbolic expansion of traveltimes and leads to traveltime
hyperbolae. If an isotropic horizontally stratified medium is assumed, the obtained relations
reduce to the well known NMO relation. This relation is used in the T 2 − X2 method to
determine the NMO velocity for this particular type of model. Therefore, the described
technique can be understood as an extension of the T 2 −X2 method to arbitrary 3-D hetero-
geneous (and even anisotropic) media. A numerical example demonstrates the efficiency and
accuracy of the application of the technique to traveltime interpolation. Further applications
of the method are, e.g., in amplitude preserving migration where all required quantities are
determined alone from coarse gridded traveltime tables.

INTRODUCTION

The T 2−X2 method is a standard technique to determine NMO velocities of seismic reflections.
For a horizontally stratified medium the traveltime corresponds (in the short offset approxima-
tion) to a hyperbola of the form

T =

√
T 2

0 +
X2

V 2
RMS

. (1)

Here VRMS is the RMS velocity which controls the move out, T0 is the two way traveltime at the
zero offset receiver and X is the distance from the shot. The RMS velocity can be determined
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from the parameters of the horizontally stratified medium (Taner and Koehler, 1969). In the
T 2 − X2 domain the moveout is linear and can be directly determined from the slope of the T 2

curve, which is a straight line. The NMO velocity is related to the wave front curvature (Hubral
and Krey, 1980). This wave field property is obtained by simple differencing in the T 2 − X2

domain. Moreover, the wave front curvature is related to geometrical spreading, i.e., applications
with respect to NMO, divergence corrections and amplitude preserving migration are possible.

The classical T 2 − X2 method was derived for monotypic reflections under the assumption
of a horizontally stratified subsurface. In the following sections we will consider traveltimes or
time fields without assuming a particular model or wave type. The results represent an extension
of the T 2 − X2 method to 3-D heterogeneous media.

METHOD

In the following description we consider traveltimes and time fields synonymously. Time fields
are characterized by certain properties, like the traveltime itself, its slope (i.e., slowness or first
derivative of traveltime) and curvature (i.e., second derivative of traveltime). These quantities
are general properties of time fields and can be described without assuming a particular model
or wave type.

We assume locally smooth traveltime fields. This is a natural assumption, since a band limited
signal averages the subsurface over the dimension of the first Fresnel zone, leading to smooth
traveltimes in this area. Any locally smooth function can be expanded into a Taylor series.
Here we drop all terms which are higher than second order. Since we are inspired by traveltime
hyperbolae in the classical T 2 − X2 method, we do not expand T , but T 2, which leads to the
following expression:

τ 2(ŝ, ĝ) = (τ0 − p̂0∆ŝ + q̂0∆ĝ)2 − τ0 ∆ŝ>Ŝ ∆ŝ + τ0 ∆ĝ>
Ĝ ∆ĝ − 2 τ0 ∆ŝ>N̂ ∆ĝ + O(3) . (2)

For the 3-D case, the expansion has to be carried out in 6 variables: the 3 components of the
source position vector ŝ = (s1, s2, s3)

> and those of the receiver position ĝ = (g1, g2, g3)
>. The

values of ŝ and ĝ in the expansion point are ŝ0 and ĝ0 with the traveltime τ0 from ŝ0 to ĝ0. The
variations in source and receiver positions ∆ŝ and ∆ĝ are such that ŝ = ŝ0 +∆ŝ and ĝ = ĝ0 +∆ĝ.
p̂0 and q̂0 correspond to the slowness vectors (first derivatives of traveltime) at the source and
receiver position, i.e. (in index notation)

p0i = − ∂τ

∂si

∣∣∣∣
ŝ0,ĝ0

q0i =
∂τ

∂gi

∣∣∣∣
ŝ0,ĝ0

. (3)
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The second order derivatives in the expansion are given by the matrices Ŝ, Ĝ and N̂ with

Sij =− ∂2τ

∂si∂sj

∣∣∣∣
ŝ0,ĝ0

= Sji

Gij =
∂2τ

∂gi∂gj

∣∣∣∣
ŝ0,ĝ0

= Gji

Nij =− ∂2τ

∂si∂gj

∣∣∣∣
ŝ0,ĝ0

6= Nji . (4)

Provided that the distance to the expansion point is small, the Taylor series yields a good ap-
proximation for the original traveltime field. The size of the vicinity describing ‘small’ distances
depends on the scale of variations in the input model (but please note, that no particular type of
model is assumed yet since we consider time fields). A result similar to Eq. (2) for reflection
traveltimes was presented by Ursin (1982). Physically, the second order expansion described
above corresponds to a local approximation of an arbitrarily shaped wave front by a sphere.

Now we consider a CMP-situation. Here |ŝ| = −|ĝ| = r
2

is the half offset. For the zero offset
receiver Eq. (2) reduces to

τ 2 = τ 2
0 +

1

2
τ0Nr2 = τ 2

0 +
r2

v2
NMO

, (5)

with

v2
NMO =

2

τ0N
, (6)

where N depends on the matrix elements Nij .

Eq. (5) describes a traveltime hyperbola. Since we have not made any assumption on the
model yet, we can draw a general conclusion: For the CMP configuration the concept of travel-
time hyperbolae is universal and independent of the model and wave type under consideration.
The moveout of this reflection hyperbola is controlled by the moveout velocity vNMO which de-
pends on the 2nd derivatives of traveltimes N (which is related to curvature) and the zero offset
time (see also Hubral et al. 1993). With regard to time processing and NMO there is no particular
distinction between time fields from isotropic and anisotropic media and the particular wave type
considered. Both are described by a NMO velocity and zero offset time.

If we consider an isotropic laterally homogeneous layered model and monotypic waves, vNMO

turns into VRMS – the RMS velocity. In this sense, Eq. (5) can be considered as an extension of
the T 2 − X2 method to arbitrary reflected waves of any type in 3-D heterogeneous isotropic and
anisotropic media. For the layer cake model a closed form relation between the NMO velocity
and the model parameters exists (Taner and Koehler, 1969), which can be even inverted through
Dix’s formula (see, e.g., Yilmaz (1987) or any other text book on seismic data processing). For
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more complicated models (laterally heterogeneous, anisotropic, etc.) this relation can only be
obtained through modeling. In terms of time processing, however, there exists no distinction.

Eq. (2) represents an even further generalization of the NMO equation (5) since it is not
restricted to the CMP and zero offset situation. Therefore, it can be considered as a general
NMO formula. This allows to choose the point of expansion at any offset and the move out
remains hyperbolic. Only in the case of a large distance from the expansion point non-hyperbolic
moveout has to be considered. However, since the point of expansion can be arbitrarily chosen
in Eq. (2), we can always locate it close to the receiver under consideration. Therefore, non-
hyperbolic moveout is a not an issue using the NMO formula Eq. (2). However, if the expansion
point corresponds to the zero offset receiver like in Eq. (5) and we want to consider far away
receivers, the well known non-hyperbolic moveout problems arise. In the next section, we will
discuss some practical considerations concerning the generalized move out formula.

PRACTICAL CONSIDERATIONS

How can we take advantage of the NMO formula Eq. (2)? Let us consider a multi fold experiment
where the fold is higher than the number of unknowns (first and second derivatives of traveltimes)
in Eq. (2). Obviously we can solve for the unknowns here (referred to as coefficients in the fol-
lowing). This means we can solve for first (slownesses) and second derivatives (curvatures) of
traveltime. These are wave field properties which lead to many important applications like the
determination of geometrical spreading, migration weights, Fresnel zones, optimized migration
apertures, and an efficient and accurate (up to the second order) interpolation of traveltimes, just
to name a few. More details on this procedure and how the above mentioned applications are
linked to first and second derivatives of traveltimes is described in Vanelle and Gajewski (2001b)
and references therein.

For the above mentioned application traveltimes are needed. Thus, Eq. (2) is most easily
applied if traveltimes are directly available, like for Kirchhoff migration, where traveltime ta-
bles are generated for the diffraction stack. In reflection data, traveltimes can be determined by
picking. However, picking is a time consuming and unstable procedure. Fortunately the NMO
formula Eq. (5) is closely related to the common reflection surface (CRS) stack (Jäger et al.,
2001) and Eq. (2) is related to the common offset reflection surface stack (Zhang and Bergler,
2001). Thus, the coefficients in the NMO equations can also be determined by stacking.

APPLICATION

As an application of the extended T 2 − X2 method we present an interpolation of traveltimes
from a coarse grid to a fine grid (e.g., a migration grid) using Eq. (2) where the coefficients
are determined from coarse gridded traveltime tables. We use a 3-D extension of the Marmousi
model shown in Figure 1. First arrival traveltimes were computed with a 3-D-FD eikonal solver
using the Vidale (1990) algorithm on a 12.5m fine grid. These were used as reference data as
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Marmousi model
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Velocity [km/s]
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Figure 1: Marmousi model extended to three dimensions. The model was 100-fold smoothed.
Only a part of the original model was used. The grid spacing is 12.5m in either direction. The
source is placed on top of the model at 625m in x- and 6km in y-direction.

well as for the input traveltime tables, which were obtained from the fine grid data by resampling
them onto a 125m coarse grid. The resulting interpolated traveltimes were compared to the di-
rectly computed reference data on the fine grid. The relative traveltime errors for the hyperbolic
interpolation are shown in Figure 2. Except for a few areas a very good correspondence between
interpolated and exact traveltimes is observed (the median error is 0.025 %). Please note, that
the coefficients used here are the same as for the above mentioned other applications.

In this example there are, however, areas with higher errors. These are no measure for the
accuracy of the interpolation scheme because they only occur in the vicinity of ‘kinks’ in the
isochrones. These indicate triplications of the wavefronts. The resulting errors are not surpris-
ing because the assumption of smooth traveltimes does not hold here. A triplication consists of
wavefronts belonging to two different branches. These must be interpolated separately which
was not implemented in the program version used.

The NMO equation (2) not only allows to interpolate between grid points but also between
sources. This leads to considerable savings in storage of traveltime tables. If you consider only
every 10th grid point and source position (provided your model allows such a sampling) savings
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Figure 2: Relative traveltime errors for the Marmousi model using hyperbolic interpolation.
Isochrones are given in seconds. The correlation of errors and ‘kinks’ in the isochrones is clearly
visible. The arrow at the 1.2s isochrone indicates a higher error area that is caused by bad
quality of the input traveltimes (due to a deficiency of the FD implementation used). This can be
compensated by smoothing the input traveltimes.

in storage are 105 for a 3-D model and 103 for a 2-D model. These savings even allow to directly
compute traveltimes from every subsurface position of the coarse grid to the surface of the model
(in contrast to the usual top down approach, i.e., sources at the surface are considered and travel
times at depth are computed by combining appropriate sources). This technique is much more
suitable for sorting data into common angle gathers.

CONCLUSIONS

In a second order approximation traveltime hyperbolae are a general feature of seismic wave
propagation. This is valid for 3-D heterogeneous (an)isotropic media and any type of wave.
General NMO formulae were used to derive wave field properties like slownesses and curvatures
from time fields. These properties lead to a manifold of applications in seismic processing and
imaging, like traveltime interpolation, geometrical spreading, divergence corrections, dynamic
corrections, Fresnel zones and migration weights and apertures. The technique is particularly
suited for amplitude preserving prestack Kirchhoff migration leading to considerable savings in
computational time and storage (for details see Vanelle and Gajewski 2001c).



Annual WIT report 2001 283

PUBLICATIONS

More details on the traveltime interpolation and the determination of the coefficients can be
found in Vanelle and Gajewski (2001c). The application of the method to amplitude-preserving
migration was published in Vanelle and Gajewski (2001b). In Vanelle and Gajewski (2001a) the
authors describe how the optimum migration aperture can be obtained from traveltimes.

ACKNOWLEDGMENTS

This work was supported by the German Research Society (DFG, Ga 350-10) and the sponsors
of the Wave Inversion Technology (WIT) consortium. Continuous discussions with the members
of the Applied Geophysics Group Hamburg are appreciated.

REFERENCES

Hubral, P. and Krey, T. (1980). Interval Velocities from Seismic Reflection Time Measurements.
SEG, Tulsa, Oklahoma.

Hubral, P., Schleicher, J., and Tygel, M. (1993). Three-dimensional primary zero-offset reflec-
tions. Geophysics, 58:692–702.

Jäger, R., Mann, J., Höcht, G., and Hubral, P. (2001). Common-reflection-surface stack: Image
and attributes. Geophysics, 66:97–109.

Taner, M. T. and Koehler, F. (1969). Velocity spectra - digital computer derivation and applica-
tions of velocity functions. Geophysics, 34:859–881.

Ursin, B. (1982). Quadratic wavefront and traveltime approximations in inhomogeneous layered
media with curved interfaces. Geophysics, 47:1012–1021.

Vanelle, C. and Gajewski, D. (2001a). Determining the optimum migration aperture from travel-
times. Journal of Seismic Exploration (revised).

Vanelle, C. and Gajewski, D. (2001b). Second-order interpolation of traveltimes. Geophysical
Prospecting (in print).

Vanelle, C. and Gajewski, D. (2001c). True amplitude migration weights from traveltimes.
Pure and Applied Geophysics (in print).

Vidale, J. (1990). Finite-difference calculation of traveltimes in three dimensions. Geophysics,
55:521–526.

Yilmaz, O. (1987). Seismic Data Processing. SEG, Tulsa, Oklahoma.

Zhang, Y. and Bergler, S. (2001). Model-independent traveltime attributes for 2-D, finite-offset,
multicoverage reflections. 2nd WIT Workshop on Seismic True Amplitude Reflections.





The Wave Inversion Technology (WIT)
Consortium

W I T

The Wave Inversion Technology (WIT) Consortium was established
in 1997 and is organized by the Geophysical Institute, Karlsruhe Uni-
versity, Germany. It consists of four working groups, one at Karls-
ruhe University and three at other universities, being the Mathematical
Geophysics Group at Campinas University (UNICAMP), Brazil, the
Seismics / Seismology Group at the Free University (FU) in Berlin,
Germany, and the Applied Geophysics Group (AGG) of the Hamburg
University, Germany. The WIT Consortium offers the following ser-
vices to its sponsors: a) Research as described in the topic “Research
aims” below; b) Deliverables; c) Technology transfer and training.

RESEARCH AIMS

The ultimate goal of the WIT Consortium is a most accurate and efficient target-oriented seismic
modeling, imaging, and inversion using elastic and acustic methods.
Traditionally, exploration and reservoir seismics aims at the delineation of geological structures
that constrain and confine reservoirs. It involves true-amplitude imaging and the extrapolation
of the coarse structural features of logs onto space. Today, an understanding is emerging on how
sub-wavelength features such as small-scale disorder, porosity, permeability, fluid saturation,
etc. influence elastic wave propagation and how these properties can be recovered in the sense of
true-amplitude imaging, inversion, and effective media.
The WIT Consortium has the following main research directions which aim at characterizing
structural and stratigraphic subsurface characteristics and extrapolating fine grained properties
of targets:

1. Macromodel-independent multicoverage zero and finite offset simulations.

2. Macromodel determination.

3. Seismic image and configuration transformations (data mapping).

4. True-amplitude imaging, migration, and inversion.

5. Seismic and acoustic methods in porous media.
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6. Passive monitoring of fluid injection.

7. Fast and accurate seismic forward moelding.

8. Modeling and imaging in anisotropic media.

COMPUTING FACILITIES

In Karlsruhe, the research project uses computer facilities that consist of mainly Hewlett-Packard
(HP), Silicon Graphics (SGI), and Linux workstations. These are networked with a local compute
server, a SGI Origin 3200 (6 processors, 4GB shared memory). For large-scale computational
tasks, an IBM RS/6000 SP-SMP (256 nodes + 52 nodes) and a Fujitsu VPP 5000 are available
on campus. If there is still a request for more computing power, a Cray T3e (512 nodes), a NEC
SX-4/32, and a Hitachi SR8000 (16 nodes) can be used via ATM networks at the nearby German
National Supercomputing Center (HLRS) in Stuttgart.

The Hamburg group has direct access to the German Computer Center for Climate Research
(Deutsches Klimarechenzentrum, DKRZ). A Cray 916 and a Cray T3d (128 proc.) are used for
computationally intensive tasks.

The Geophysical Department of the Free University of Berlin has excellent computer facili-
ties based on Sun- and DEC-Alpha workstations and Linux PCs. Moreover, there exists access
to the parallel supercomputer Cray T3m (256 proc.) of ZIB, Berlin.

The research activities of the Campinas Group are carried out in the Mathematical Geo-
physics Laboratory. The Lab has many PC Linux workstations and Sun Ultra 60/80 workstations
connected by a dedicated network, suitable for parallel processing. For large-scale applications,
the Lab has full access to the National Center for High Performance Computing of São Paulo,
that maintains, among other machines, an IBM RS/6000 9076-308 SP (43 nodes) with 120GB
of RAM. Also available are seismic processing software packages from Paradigm and CGG.

WIT PUBLIC RELATIONS COMMITTEE

Name University Area
Peter Hubral Karlsruhe WIT headquarter
Claudia Payne Karlsruhe WIT headquarter
Steffen Bergler Karlsruhe WIT report
Thomas Hertweck Karlsruhe WIT report
Axel Kaselow Karlsruhe WIT homepage manager
Christoph Jäger Karlsruhe WIT homepage manager
Yonghai Zhang Karlsruhe WIT seminar organizer
Jürgen Mann Karlsruhe WIT poster organizer
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Steffen Bergler Karlsruhe Jürgen Meister BEB
Dirk Gajewski Hamburg Glyn M. Jones Chevron
Thomas Hertweck Karlsruhe Cesare Alberti ENI/AGIP
Peter Hubral Karlsruhe Gregg Rago Landmark
Axel Kaselow Karlsruhe Paul Krajewski Preussag
Jürgen Mann Karlsruhe Walter Söllner PGS Geophysical
Claudia Payne Karlsruhe Christian Henke RWE-DEA
Jörg Schleicher Campinas Norman Ettrich Statoil
Sergei Shapiro Berlin Mohammed Alfaraj Saudi Aramco
Ekkehart Tessmer Hamburg Paul Williamson TotalFinaElf
Martin Tygel Campinas Henning Trappe TEEC





WIT research personnel

Steffen Bergler received his diploma in geophysics from Karlsruhe University in February 2001.
Currently, he is working as a research associate at Karlsruhe University on the the implementa-
tion of the CRS stack for finite offset and the 3D CRS stack. He is a member of DGG, EAGE,
and SEG.

Tim Bergmann received his MSc (1995) in geophysics from the University of Kiel, Germany,
and a PhD (1998) from the Earth Science Department of the Swiss Federal Institute of Technol-
ogy (ETH) in Zuerich, Switzerland. Currently, he is a staff member at the Institute of Geophysics
at the University of Hamburg. His research interests include seismic and GPR theory, wave prop-
agation, and numerical methods. He is a member of AGU, EAGE, EEGS-ES, DGG, ISC, SIAM,
and SEG.

Ricardo Biloti received his B.Sc. (1995) and M.Sc. (1998) in Applied Mathematics from the
State University of Campinas (UNICAMP), Brazil, where he has been a PhD student since 1998.
In his PhD thesis he has been developing a macro-model velocity independent inversion method.
He has worked with CRS (Common Reflection Surface) type methods and developed a technique
to estimate some seismic attributes without the knowledge of macro-model velocity. He is also
interested in fractals. He is a member of SIAM and SEG.

Stefan Buske received his diploma in geophysics (1994) from Frankfurt University. From 1994
until 1998, he worked as research associate at Frankfurt University, and from 1998 until 1999 he
was with Ensign Geophysics Ltd. (Depth Imaging Department) in London. Since 1999 he has
been a university staff member at the Free University of Berlin. His research interests include
seismic modeling and inversion, deep seismic sounding and parallel programming. He is a mem-
ber of DGG, EAGE, and SEG.

Pedro Chira-Oliva obtained a master degree of Geophysics in Seismic Methods from Federal
University of Pará (Belem, Brazil). He started his PhD studies at the Geophysical Institute, Karl-
sruhe University. Currently, he is working on 3D CRS stack. His interests are macro velocity
model independent imaging and seismic image wave methods.

Radu Coman received his Diploma (1995) in geophysics from the University of Bucharest.
From 1995 until 1996, he worked as research assistant at Geoecomar Bucharest and also special-
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ized in geology at the University of Bucharest. After this, he spent two years at the Westfälische
Wilhelms-Universität Münster. Since 1999 he is a Ph.D. student at the University of Hamburg.
His interests are traveltime computation and Kirchhoff migration. He is a member of EAGE and
SEG.

Erik Ewig is a graduate student. He is planning to start his diploma thesis in April 2002. The
topic of the thesis will cover the use of CRS attributes for AVO analysis.

Dirk Gajewski received a diploma in geophysics in 1981 from Clausthal Technical University
and a PhD from Karlsruhe University in 1987. Since 1993, he has been associate Professor
(Applied Geophysics) at Hamburg University. After his PhD, he spent two years at Stanford
University and at the Center for Computational Seismology at the Lawrence Berkeley Lab in
Berkeley, California. From 1990 until 1992, he worked as an assistant professor at Clausthal
Technical University. His research interests include high-frequency assymptotics, seismic mod-
eling, and processing of seismic data from isotropic and anisotropic media. Together with Ivan
Psencîk, he developed the ANRAY program package. He is a member of AGU, DGG, EAGE,
and SEG, and serves as an Associate Editor for Geophysical Prospecting (section anisotropy).

Alexander Goertz received his diploma in geophysics in 1998 from Karlsruhe University. Since
1998 he has been research associate with Karlsruhe University. His research interests include 4D
modeling of geophysical systems with finite differences, imaging of complex fault zone struc-
tures and seismic sounding of lithospheric heterogeneities.

Zeno Heilmann is currently writing his diploma thesis at the Geophysical Institute, Karlsruhe
University. He works on the application of the CRS stack, especially with respect to the topog-
raphy of the measurement surface.

Thomas Hertweck received his diploma in Geophysics in May 2000 from Karlsruhe University,
Germany, where he passed the exams with distinction. Since August 2000, he has been a research
associate and teaching assistant at the Geophysical Institute, Karlsruhe University. His fields of
interest are numerical analyses, development of seismic software (especially on Linux PCs and
multi-processor shared memory systems), seismic ray theory, and seismic true-amplitude imag-
ing. Currently, he focuses on an implementation of true-amplitude (de)migration software and
applications of the Unified Approach Theory. He is a member of EAGE and SEG.

German Höcht received his diploma in geophysics in 1998 from Karlsruhe University. Since
1998 he has been a research associate at Karlsruhe University. His interests are macro velocity
model independent imaging methods. He is member of the SEG.

Peter Hubral received an M.Sc. in 1967 in geophysics from Clausthal Technical University and
a Ph.D. in 1969 from Imperial College, London University. Since 1986, he has been a full Profes-
sor of Applied Geophysics at Karlsruhe University specialising in Seismic Wave Field Inversion.
During 1970-73 he was with Burmah Oil of Australia and from 1974 to 1985 he was with the
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German Geological Survey in Hannover. He was a consultant in 1979 with AMOCO Research
and, during 1983-1984, a PETROBRAS-sponsored visiting professor in the PPPG project at the
Universidade Federal da Bahia in Brazil. In 1995-1996 he was an ELF- and IFP-sponsored visit-
ing professor at the University of Pau, France. He received EAEG’s Conrad Schlumberger Award
in 1978 and SEG’s Reginald Fessenden Award in 1979. He is a member of DGG, EAEG and an
honorary member of the SEG. Peter Hubral is involved in most of WIT’s activities, in particular
those including research on image resolution, image refinement, image attributes, multiple sup-
pression, incoherent noise suppression, true-amplitude imaging, interpretative processing, and
image animation.

Christoph Jäger has been a research assistant at the Geophysical Institute, Karlsruhe University
since 1999. He just finished his diploma thesis where he focused on practical aspects of true-
amplitude seismic imaging and an implementation of Kirchhoff true-amplitude migration and
demigration. He will continue his work as a Ph.D. student at Karlsruhe University.

Tina Kaschwich received her diploma in 2000 in geophysics from Hamburg University. Since
2001 she has been a Ph.D. student at the University of Hamburg. Her research interest is the
computation of traveltimes in anisotropic media. She is a member of EAGE.

Axel Kaselow received his diploma in Geology focused on hydrogelogy from the University of
Karlsruhe in 1999. Since April 1999 he is a research associate at Karlsruhe University. Currently,
he focuses on rock physics and finite difference modeling of wave propagation in fluid-saturated
fissured porous media. He is a member of AGU and SEG.

Ingo Koglin is a diploma student. His thesis focuses on the preparation and application of seis-
mic wave field attributes obtained by the CRS stack. He uses the attributes for inversion and to
improve imaging.

Oliver Krüger is a diploma student. Presently, he is working in the modeling group at the Freie
Universität Berlin. His thesis is about accuracy of numerical modeling methods.

L.W.B. Leite: Professor of Geophysics at the Graduate Course in Geophysics, and member
of the Department of Geophysics of the Federal University of Pará (Belem, Brazil). His main
emphasis at the present time is seismic wave propagation in thin layers for deconvolution and
inversion problems.

Stefan Lueth received his Diploma in geophysics from the TU Clausthal in August 1996. His
thesis was on numerical and methodical investigations on diving wave tomography. In 2000 he
received his Ph.D. from the FU Berlin. His research interests include refraction seismic data
interpretation, seismic processing and integration of geophysical and geodynamic data.

Jürgen Mann received his diploma in geophysics in 1998 from Karlsruhe University. Since
1998 he has been a research associate at Karlsruhe University. His fields of interest are seismic
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image wave methods and macro velocity model independent imaging methods. He is member of
the EAGE and the SEG.

Elive M. Menyoli received his diploma in Physics with specialization in Geophysics in 1998
at the University of Göttingen. From April 1998 until November 1998, he was with the Ger-
man Geological Survey in Hannover. Since December 1998 he has been a Ph.D. student at the
University of Hamburg. His research interest is in Kirchhoff migration of P-SV converted waves.

Alex Müller is a graduate student currently working on the implementation of the 3D CRS stack.
His main task is the development of efficient search strategies for the eight-parameter moveout
surface used in the 3D CRS stack.

Tobias M. Müller received a diploma in geophysics in 1998 from Karlsruhe University and his
Ph.D. in 2001 from Freie Universität Berlin. His research interests include the theoretical and
numerical description of seismic wave fields in randomly inhomogeneous (poro-)elastic media.

M. Amélia Novais received her M.Sc. in Mathematics from the Brazilian Institute of Pure and
Applied Mathematics (IMPA) in 1993 and her Ph.D. in Applied Mathematics from State Univer-
sity of Campinas (Unicamp) in 1998. At the present date, she is a professor for Mathematics at
the Federal University of Sao Carlos (UFSCar), Brazil. She will join Unicamp in the first months
of 2002. Her research interests include seismic forward modeling, in particular finite-difference
schemes and the common and different aspects of Born and Kirchhoff modeling. She is a mem-
ber of SEG, SBGf, SBMAC, and SBM.

Robert Patzig received his diploma in geophysics from Braunschweig. In the dipoma thesis he
developed a digital filter for the detection of the Stoneley-wave (borehole seismics) by combina-
tion of a prediction filter and the envelope of the wave. 1999 he received his Ph.D. for "Local
earthquake tomography in the region of Antofagasta (Chile)". Next he applied CRS stacking to a
seismic profile from the northern Chilean coast. His actual research interest is localizing acoustic
emissions with respect to the influence of seismic anisotropy and poor recording conditions (i.e.,
only on string of receivers in a single borehole).

Claudia Payne has been Peter Hubral’s secretary for 11 years. She is in charge of all WIT
administrative tasks, including advertising, arranging meetings, etc. Phone: ++49-(0)721-608-
4443, email: Claudia.Payne@gpi.uni-karlsruhe.de

Carlos Piedrahita received a B.Sc. in mathematics from UNAL of Colombia, and the M.Sc. in
mathematics from SUNY at Buffalo in 1986. He has worked in the laboratory of geophysics and
the material science group of ICP, the research group of ECOPETROL since 1988. Currently he
is working toward his Ph.D. at the State University of Campinas, Brasil. His thesis subject is ray
tracing using continuation procedures trying to extend these methods to complex structures. His
interests are in numerical methods and continuum mechanics.
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Rodrigo Portugal received his B.Sc. (1995) and M.Sc. (1998) in Applied Mathematics from the
State University of Campinas (UNICAMP), Brazil, where he is a PhD student since 1998. In
his PhD thesis he is currently working on employing wavefront construction based ray tracing
in 2.5D migration, demigration, and other image transformations. His research interests are in
numerical analysis, modeling, and imaging. He is a member of SEG.

Matthias Riede received his M.Sc. in Geophysics from the University of Karlsruhe, Germany,
in 1997. Currently he finishes his Ph.D. at the Geophysical Institute, University of Karlsruhe,
Germany. His research interests include signal processing, seismic imaging, and modeling.

Jan Rindschwentner is a diploma student. Presently, he is working in the reservoir characteriza-
tion group at the Freie Universität Berlin. His thesis deals with estimating the global permeability
tensor.

Elmar Rothert received his diploma in Geophysics in 1999 from the University of Göttingen. In
his diploma thesis he studied the scattering of teleseismic waves at small-scale heterogeneities in
the crust and lithosphere below the seismic receiver array GRF in Germany. Since January 2000
he has been a Ph.D. student of Prof. Shapiro at the Freie Universität Berlin. Currently, he focuses
on the reconstruction of permeability in heterogeneous, anisotropic, fluid-saturated media from
induced microseismicity. He is a member of AGU, EAGE, and SEG.

Erik H. Saenger received his diploma in Physics in March 1998 and his Ph.D. in Geophysics in
November 2000 from Karlsruhe University. Currently, he is working at FU Berlin where he fo-
cuses on Finite Difference modeling of fractured materials. He is member of the SEG and EAGE.

Lúcio Tunes Santos received his BS (1982) and MS (1985) in Applied Mathematics from the
State University of Campinas (UNICAMP), Brazil. In 1991 he earned his Ph.D. in Electrical
Engineering also from UNICAMP. From 1985 to 1988 he was employed as a Teaching Assistant
at the University of São Paulo (USP). Since 1988 he has been working for UNICAMP, first as
a Teaching Assistant and since 1991 as an Assistant Professor. Between August 1994 and Au-
gust 1995, he visited Rice University as a postdoc researcher. His professional interests include
seismic modeling and imaging as well as nonlinear optimization. He is a member of SIAM and
SBMAC (Brazilian Society of Applied Mathematics). His main areas of research are seismic
modeling and true-amplitude imaging. He’s also interested in nonlinear optimization algorithms
and fractals. His present activities include MZO for variable velocity and modeling by demigra-
tion. Moreover, he’s also working on exact penalty methods in nonlinear programming.

Jörg Schleicher received his "Diplom" (MSc equivalent) in Physics in 1990 and his Ph.D. in
Geophysics in 1993 from Karlsruhe University, Germany. After employment as a research fel-
low at the Geophysical Institute from February 1990 to September 1995, he became a visiting
scientist at the Institute for Mathematics, Statistics, and Scientific Computing of the State Uni-
versity of Campinas (IMECC/UNICAMP), Brazil, with a joint grant from the Brazilian National
Council for Scientific and Technological Development (CNPq) and Alexander von Humboldt
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foundation. Since October 1996, he has been employed as an Associate Professor for Applied
Mathematics at IMECC/UNICAMP. His research interests include almost all forward and in-
verse seismic methods. His main areas of research include true-amplitude imaging and ray trac-
ing. He’s also interested in any kind of seismic modeling or imaging theories and algorithms.
His present activities include research on resolution and aperture effects of Kirchhoff migration.
Moreover, part of his research is directed towards the extraction of more useful image attributes
from seismic data. In 1998, he received SEG’s J. Clarence Karcher Award. He is a member of
SEG, EAGE, DGG, SBGf, and SBMAC.

Sergei Shapiro received his M.Sc. in 1982 from Moscow University and the Ph.D. in 1987 from
All Union Research Institute of Geoinformsystem (AURIG) in Moscow, both in Geophysics.
During 1982-90 he worked for AURIG as a research geophysicist. In 1991-1997 he was a senior
research scientist at the Geophysical Institute of Karlsruhe University, Germany. The first two
years of this time he was an Alexander von Humboldt fellow. From January to August 1997,
he was a Heisenberg associate-research professor. Since September 1997 till January 1999, he
was a full professor in Applied Geophysics at the Nancy School of Geology, France, where he
was cooperating with GOCAD consortium. Since February 1999 he has been a full professor
of Geophysics at the Free University of Berlin, where he leads a research group in Seismology.
His interests include exploration seismology, rock physics, and forward and inverse scattering
problems. He is a member of SEG, EAGE, AGU, and DGG.

Christof M. A. Sick is a diploma student. Presently, he is working in the random media group
at the Freie Universität Berlin. His thesis is about analysis and modelling of the dynamic of
spatiotemporal signals.

Svetlana Soukina received her diploma in geophysics in 1995 from St. Peterburg State Univer-
sity, Russia. Until 1999 she was a research scientist in the Institute of Physics at St. Petersburg
State University. Since 1999 she has been a Ph.D. student at the University of Hamburg. Her
research interest is the computation of traveltimes in anisotropic media.

Sebastian Sperlich is a diploma student. Presently, he is working in the reservoir characteriza-
tion group at the Freie Universität Berlin. His thesis deals with induced microseismicity.

Ekkehart Tessmer received an MSc in 1983 in geophysics from Hamburg University and a PhD
in 1990 from Hamburg University. Since 1990, he has been senior research scientist at the In-
stitute of Geophysics at Hamburg University. Since 1994, he has a university staff position. His
research interests include exploration seismology, seismic and electromagnetic wave propagation
simulation, and migration. He is a member of DGG, EAGE, and SEG.

Martin Tygel received his BSc in physics from Rio de Janeiro State University in 1969, his
M.Sc. in 1976 and Ph.D. in 1979 from Stanford University, both in Mathematics. He was a
visiting professor at the Federal University of Bahia (PPPG/UFBa), Brazil, from 1981 to 1983
and at the Geophysical Institute of Karlsruhe University, Germany, in 1990. In 1984, he joined
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Campinas State University (UNICAMP) as an associate professor and since 1992 as a full pro-
fessor in Applied Mathematics. Professor Tygel has been an Alexander von Humboldt fellow
from 1985 to 1987. In that period, he conducted research at the German Geological Survey
(BGR) in Hannover. Since 1995, he has been president of the Brazilian Society of Applied
Mathematics (SBMAC). His research interests are in seismic wave propagation and processing,
including imaging, migration and inversion. He is a member of SEG, SBGf, and SBMAC. His
research combines wave propagation and seismic processing. This includes the development of
imaging, migration and inversion algorithms, that possess a sound wave theoretical basis and
can as well be applied to practical problems. His recent publications have been in the study of
amplitude aspects of seismic data, namely true-amplitude depth migration and migration to zero
offset (MZO). He is also working in kinematical imaging by stacking multi-coverage data, as for
example by the common reflection element (CRE) method.

Claudia Vanelle received her diploma in physics in 1997 at the University of Hamburg. Since
1997 she has been a research associate at the University of Hamburg; since 1998 at the Institute
of Geophysics in Hamburg. Her scientific interests focus upon true-amplitude migration and
anisotropy. She is a member of EAGE and SEG.

Kai-Uwe Vieth received his diploma in Geophysics from the University of Karlsruhe in March
1998. He received his Ph.D. from Karlsruhe University in Summer 2001. He focused on imaging
cracks/reflections in heterogeneous media and on new applications using the CRS stack. He is
member of the EAGE.

Mi-Kyung Yoon receeived her diploma from the TU/FU Berlin in 2001. Since 2001 she has
been working as a Ph.D. student within the imaging group of the FU Berlin on imaging in ran-
dom media. She is member of DGG, EAGE and AGU.

Yonghai Zhang received the Master Degree of Science in Theoretical Physics from Lanzhou
University in P.R.China in June 1991. Until October 1993 he worked as teaching assistant in
the Physics Department of Lanzhou University and, until September 1999 he worked as lecturer.
He is now a Ph.D student at the Geophysial Institute at Karlsruhe University where he works on
true-amplitude imaging.
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BEB Erdgas und Erdöl GmbH
Postfach 51 03 60
D-30633 Hannover
Contact: Dr. J. Meister
Tel: 49-511-641-2186
Fax: 49-511-641-1020
email: Juergen.Meister@beb.de

Chevron Petroleum Technology Co.
6001 Bollinger Canyon Rd
San Ramon, CA 94583
USA
Contact: Dr. Glyn M. Jones
Tel: 1-925 842-6499
Fax: 1-925 842-2076
email: gmjo@chevron.com



298 Annual WIT report 2001

ENI S.p.A. AGIP Division
Geological and Geophysical Research &
Development Departement
Via Emilia 1
20097 San Donato Milanese MI
Italy
Contact: Mr. Cristiano Salino
Tel: 39-02-520 63441
Fax: 39-02-520 63741
email: cristiano.salino@agip.it

Landmark Graphics Corp.
7409 S. Alton Court, Ste. 100
Englewood, CO 80112
USA
Contact: Mr. Gregg Rago
Tel: 0044-1932829999
Fax: 0044-1932832000

Preussag Energie GmbH
Waldstr. 39
D-49808 Lingen
Contact: Mr. Paul Krajewski
Tel: 49-591-612-381
Fax: 49-591-612-7000
email: P.Krajewski@preussagenergie.com



Annual WIT report 2001 299

PGS Geophysical
P.O. Box 354
Strandveien 4
1326 Lysaker
Norway
Contact: Dr. Walter Söllner
Tel: 47-67514511
Fax: 47-67526640
email: walter.sollner@pgs.com

RWE-DEA AG für Mineralöl und Chemie
Postfach 600449
D-22204 Hamburg
Contact: Dr. Christian Henke
Tel: 49-40-6375-2739
Fax: 49-40-6375-3384
email: Christian.Henke@rwedea.de

Statoil F&R, Datakral
Arkitekt Ebbels vei 10
7005 Trondheim
Norway
Contact: Dr. Norman Ettrich
Tel: 47-7358341
Fax: 47-73584325
email: NEt@statoil.com
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Saudi Aramco
P.O. Box 8073
Dhahran 31311
Saudi Arabia
Contact: Dr. Mohammed N. Alfaraj
Tel: +966-8747262
Fax: +966-38731020
email: farajmn@mail.aramco.com.sa

TotalFinaElf Exploration UK plc
33 Cavendish Square
London W1G 0PW
UK
Contact: Dr. Paul Williamson
email: Paul.Williamson@tfeeuk.co.uk

Trappe Erdöl Erdgas Consulting
Burgwedelerstr. 89
D-30916 Isernhagen HB
Germany
Contact: Dr. Henning Trappe
Tel: +49-511-724-0452
Fax. +49-511-724-0465
email: trappe@teec.de
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